FORTY- SECOND  ANNUAL  REPORT 

OF  THE 

NATIONAL  ADVISORY  COMMITTEE 
FOR  AERONAUTICS 


1956 


ADMINISTRATIVE  REPORT 
INCLUDING  TECHNICAL  REPORTS 
NOS.  1254  to  1295 


UNITED  STATES 

GOVERNMENT  PRINTING  OFFICE 
WASHINGTON  : 1957 


For  sale  by  the  Superintendent  of  Documents.  U.  S.  Government  Printing  Office,  Washington  25.  D.  C. 


Price  $7.50  (Buckram) 


CONTENTS 

Page 

Letter  of  Transmittal v 

Letter  of  Submittal vn 

Forty -second  Annual  Report ix 

Part  I.  Technical  Activities 1 

The  NACA — What  It  Is  and  How  It  Operates I 

Boundary -Layer  Control 2 

High-Speed  Flight  Research 5 

Aerodynamics 10 

Power  Plants  for  Aircraft 38 

Aircraft  Construction 53 

Operating  Problems 62 

Research  Publications 69 

Part  II.  Committee  Organization  and  Membership 80 

Part  III.  Financial  Report 89 

Technical  Reports 91 

n 


TECHNICAL  REPORTS 


No.  Page 

1254.  Friction,  Wear,  and  Surface  Damage  of  Metals  as 
Affected  by  Solid  Surface  Films.  By  Edmond  E. 

Bisson,  Robert  L.  Johnson,  Max  A.  Swikert  and 
Douglas  Godfrey,  NACA 91 


1255.  An  Analysis  of  the  Stability  and  Ultimate  Compres- 
sive Strength  of  Short  Sheet-Stringer  Panels  with 
Special  Reference  to  the  Influence  of  the  Riveted 
Connection  Between  Sheet  and  Stringer.  By 
Joseph  W.  Semonian  and  James  P.  Peterson, 


NACA 113 

1256.  Axially  Symmetric  Shapes  with  Minimum  Wave 

Drag.  By  Max.  A.  Heaslet  and  Franklyn  B. 

Fuller,  NACA 131 

1257.  On  the  Kernel  Function  of  the  Integral  Equation 

Relating  Lift  and  Down  wash  Distributions  of 
Oscillating  Wings  in  Supersonic  Flow.  By 
Charles  E.  Watkins  and  Julian  H.  Berman, 

NACA 147 

1258.  A Wind-Tunnel  Test  Technique  for  Measuring  the 

Dynamic  Rotary  Stability  Derivatives  at  Sub- 
sonic and  Supersonic  Speeds.  By  Benjamin  H. 

Beam,  NACA 165 

1259.  Some  Possibilities  of  Using  Gas  Mixtures  Other 

Than  Air  in  Aerodynamic  Research.  By  Dean  R. 
Chapman,  NACA 179 

1260.  Studies  of  the  Speed  Stability  of  a Tandem  Heli- 

copter in  Forward  Flight.  By  Robert  J.  Tap- 
scott  and  Kenneth  B.  Amer,  NACA 201 

1261.  The  Near  Noise  Field  of  Static  Jets  and  Some  Model 

Studies  of  Devices  for  Noise  Reduction.  By 
Leslie  W.  Lassiter  and  Harvey  H.  Hubbard, 

NACA 213 


1262.  Theoretical  and  Experimental  Investigation  of  the 
Effect  of  Tunnel  Walls  on  the  Forces  on  an 
Oscillating  Airfoil  in  Two-Dimensional  Subsonic 


Compressible  Flow.  By  Harry  L.  Runyan, 
Donald  S.  Woclston,  and  A.  Gerald  Rainey, 

NACA 225 

1263.  Investigation  of  the  Aerodynamic  Characteristics 

of  a Model  Wing-Propeller  Combination  and  of 
the  Wing  and  Propeller  Separately  at  Angles  of 
Attack  up  to  90°.  By  Richard  E.  Kuhn  and 
John  W.  Draper,  NACA 247 

1264.  A Thermal  Equation  for  Flame  Quenching.  By 

A.  E.  Potter,  Jr.,  and  A.  L.  Berlad,  NACA 287 

1265.  A Theory  for  Stability  and  Buzz  Pulsation  Ampli- 

tude in  Ram  Jets  and  an  Experimental  Investiga- 
tion Including  Scale  Effects.  By  Robert  L. 

Trim  pi,  NACA 295 

1266.  Charts  for  Estimating  Performance  of  High-Per- 

formance Helicopters.  B\r  Alfred  Gessow  and 
Robert  J.  Tapscott,  NACA 319 

1267.  Plastic  Deformation  of  Aluminum  Single  Crystals 

at  Elevated  Temperatures.  By  R.  D.  Johnson, 

A.  P.  Young,  and  A.  D.  Schwope,  Battellc 
Memorial  Institute 353 

1268.  Theoretical  Calculations  of  the  Pressures,  Forces, 

and  Moments  at  Supersonic  Speeds  Due  to 
Various  Lateral  Motions  Acting  on  Thin  Isolated 
Vertical  Tails.  By  Kenneth  Margolis  and  Percy 
J.  Bobbitt,  NACA 385 


No.  Page 

1269.  Theoretical  Span  Load  Distributions  and  Rolling  . 

Moments  for  Sideslipping  Wings  of  Arbitrary 
Plan  Form  in  Incompressible  Flow.  By  M.  J. 

Queijo,  NACA 429 

1270.  Review  of  Experimental  Investigations  of  Liquid- 

Metal  Heat  Transfer.  By  Bernard  Lubarsky 
and  Samuel  J.  Kaufman,  NACA 445 

1271 . On  Boattail  Bodies  of  Revolution  Having  Minimum 

Wave  Drag.  By  Keith  C.  Harder  and  Conrad 
Rennemann,  Jr.,  NACA 479 

1272.  A Reevaluation  of  Data  on  Atmospheric  Turbulence 

and  Airplane  Gust  Loads  for  Application  in 
Spectral  Calculations.  By  Harry  Press,  May  T. 
Meadows,  and  Ivan  Hadlock,  NACA 489 

1273.  A Study  of  the  Zero-Lift  Drag- Rise  Characteristics 

of  Wing- Body  Combinations  Near  the  Speed  of 
Sound.  By  Richard  T.  Whitcomb,  NACA 519 

1274.  Second-Order  Subsonic  Airfoil  Theory  Including 

Edge  Effects.  By  Milton  D.  Van  Dyke,  NACA_  541 

1275.  The  Proper  Combination  of  Lift  Loadings  for  Least 

Drag  on  a Supersonic  Wing.  By  Frederick  C. 

Grant,  NACA 565 


1276.  Wind-Tunnel  and  Flight  Investigations  of  the  Use 
of  Leading-Edge  Area  Suction  for  the  Purpose  of 
Increasing  the  Maximum  Lift  Coefficient  of  a 35° 
Swept- Wing  Airplane.  By  Curt  A.  Holzhauser 


and  Richard  S.  Bray,  NACA 575 

1277.  Interaction  of  a Free  Flame  Front  With  a Tur- 

bulence Field.  By  Maurice  Tucker,  NACA 599 

1 278.  Effect  of  Interaction  on  Landing-Gear  Behavior  and 

Dynamic  Loads  in  a Flexible  Airplane  Structure. 

By  Francis  E.  Cook  and  Benjamin  Milwitzky, 

NACA 619 

1279.  Theoretical  Analysis  of  Incompressible  Flow 

Through  a Radial-Inlet  Centrifugal  Impeller  at 
Various  Weight  Flows.  By  James  J.  Kramer, 

Vasily  D.  Prian,  and  Chung-Hua  Wu,  NACA__  649 

1280.  Theoretical  Investigation  of  Flutter  of  Two- 

Dimensional  Flat  Panels  With  One  Surface 
Exposed  to  Supersonic  Potential  Flow.  By 
Herbert  C.  Nelson  and  Herbert  J.  Cunningham, 

NACA 665 

1281.  Flight  Determination  of  Drag  of  Normal-Shock 

Nose  Inlets  with  Various  Cowling  Profiles  at 
Mach  Numbers  from  0.9  to  1.5.  By  R.  I.  Sears, 

C.  F.  Merlet,  and  L.  W.  Putland,  NACA 689 

12S2.  A Special  Method  for  Finding  Body  Distortions 
that  Reduce  the  Wave  Drag  of  Wing  and  Body 
Combinations  at  Supersonic*  Speeds.  By  Harvard 
Lomax  and  Max.  A.  Heaslet,  NACA 709 

1283.  Extrapolation  Techniques  Applied  to  Matrix 

Methods  in  Neutron  Diffusion  Problems.  By 
Robert  R.  McCready,  NACA 747 

1284.  Theory  of  Wing-Body  Drag  at  Supersonic  Speeds. 

By  Robert  T.  Jones,  NACA 757 

1285.  Summary  of  Derived  Gust  Velocities  Obtained  from 

Measurements  Within  Thunderstorms.  By  H. 

B.  Tolefson,  NACA 765 

1286.  Propagation  of  a Free  Flame  in  a Turbulent  Gas 

Stream.  By  William  R.  Mickelsen  and  Norman 
E.  Ernstein,  NACA 773 


in 


Preceding  Page  Blank 


IV 


TECHNICAL  REPORTS 


No.  Page 

1287.  Spark  Ignition  of  Flowing  Gases.  By  Clyde  C. 

Swett,  Jr.,  NACA 799 

1 288.  Cooperative  Investigation  of  Relationship  Between 

Static  and  Fatigue  Properties  of  Wrought  N-155 
Alloy  at  Elevated  Temperatures.  Bv  NACA 
Subcommittee  on  Power-Plant  Materials 817 

1289.  Contributions  on  the  Mechanics  of  Boundary- 

Layer  Transition.  By  G.  B.  Schubauer  and  P.  S. 
Klebanoff,  National  Bureau  of  Standards 853 

1290.  Development  of  Craze  and  Impact  Resistance  in 

Glazing  Plastics  by  Multiaxial  Stretching.  By 
G.  M.  Kline,  I.  Wolock,  B.  M.  Axilrod,  M.  A. 
Sherman,  D.  A.  George,  and  V.  Cohen,  National 
Bureau  of  Standards 865 


1291.  Lift  Hysteresis  at  Stall  as  an  Unsteady  Boundary- 
Layer  Phenomenon.  By  Franklin  K.  Moore, 

NACA 881 


No.  Page 

1292.  Intensity,  Scale,  and  Spectra  of  Turbulence  in  Mix- 

ing Region  of  Free  Subsonic  Jet.  By  James  C. 
Laurence,  NACA 891 

1293.  Similar  Solutions  for  the  Compressible  Laminar 

Boundary  Layer  with  Heat  Transfer  and  Pressure 
Gradient.  By  Clarence  B.  Cohen  and  Eli 
Reshotko,  NACA 919 

1294.  The  Compressible  Laminar  Boundary  Laver  with 

Heat  Transfer  and  Arbitrary  Pressure  Gradient. 

By  Clarence  B.  Cohen  and  Eli  Reshotko,  NACA_  957 


1295.  An  Analysis  of  Once-Per-Re volution  Oscillating 
Aerodynamic  Thrust  Loads  on  Single-Rotation 
Propellers  on  Tractor  Airplanes  at  Zero  Yaw. 

By  Vernon  L.  Rogallo,  Paul  F.  Yaggy,  and  John 
L.  McCloud  III,  NACA 973 


Letter  of  Transmittal 

To  the  Congress  oj  the  United  States : 

In  compliance  with  the  provisions  of  the  act  of  March  3,  1915, 
as  amended,  establishing  the  National  Advisory  Committee  for  Aero- 
nautics, I transmit  herewith  the  Forty-second  Annual  Report  of  the 
Committee  covering  the  fiscal  year  1956. 

Dwight  D.  Eisenhower. 

The  White  House, 

January  28,  1957. 


Preceding  Page  Blank 


Letter  of  Submittal 


National  Advisory  Committee  for  Aeronautics 

Washington,  D.  C.,  October  17 , 1956 . 

Dear  Mr.  President: 

In  compliance  with  the  act  of  Congress  approved  March  3,  1915, 
as  amended  (U.  S.  C.  title  50,  sec.  151),  I submit  herewith  the  Forty- 
second  Annual  Report  of  the  National  Advisory  Committee  for 
Aeronautics  for  1956. 

Aeronautics  is  progressing  at  a remarkable  rate.  Scientific  prob- 
lems are  multiplying  in  number,  difficulty,  and  cost.  Under  military 
stimulation,  development  efforts  are  extending  beyond  our  basic 
knowledge.  Real  progress  can  be  accelerated,  and  on  a more  eco- 
nomical basis  were  scientific  research  accorded  priority  and  conducted 
on  an  adequate  basis  in  advance  of  development. 

There  is  a growing  demand  for  more  scientists  and  engineers. 
Long  range  measures  are  being  taken  to  stimulate  the  education  of 
larger  numbers.  In  the  meantime,  the  law  of  supply  and  demand  is 
forcing  salaries  up.  Government  research  organizations,  operating 
under  rates  of  compensation  fixed  by  law,  cannot  recruit  or  retain 
adequate  numbers  of  scientists  and  engineers.  NACA  is  losing  .out- 
standing and  irreplaceable  leaders  in  aeronautical  science.  This 
weakening  trend  must  be  reversed.  The  simplest  and  the  best 
remedy  is  the  enactment  of  legislation  authorizing  the  Government 
to  pay  the  going  rates  for  scientists  and  engineers.  Leadership  in 
aeronautical  science  and  American  supremacy  in  the  air  are  at  stake. 
The  necessary  legislation  is  strongly  recommended. 

Respectfully  submitted. 

Jerome  C.  Hunsaker, 

Chairman . 

The  President, 

The  White  House , Washington,  D.  C . 
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FORTY-SECOND  ANNUAL  REPORT 

OF  THE 

NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Washington,  D.  C.,  October  17,  1956 . 

To  the  Congress  of  the  United  States: 

In  accordance  with  Act  of  Congress,  approved  March 
3,  1915,  as  amended  (U.  S.  C.  title  50,  sec.  151),  which 
established  the  National  Advisory  Committee  for 
Aeronautics,  the  Committee  submits  its  Forty-second 
Annual  Report  for  the  fiscal  year  1956. 

The  airplane  looms  as  the  instrumentality  that  has 
changed  previous  concepts  of  military  power  and  the 
course  of  history.  In  addition  to  the  airplane,  the 
missile  has  become  a major  factor  in  warfare.  In  the 
emergency  created  by  the  present  international  situa- 
tion, the  United  States  is  expending  unprecedented 
sums  for  the  production  of  aircraft  and  missiles,  on  the 
effectiveness  of  which  the  security  of  the  Nation  may 
largely  depend. 

Numbers  of  aircraft  and  missiles  alone  are  insufficient 
unless  their  performance  is  at  least  equal  to  those  they 
may  be  called  upon  to  oppose.  This  makes  it  essential 
to  choose  the  most  advanced  designs  for  production, 
but  allows  little  time  to  prove  the  new  features  incor- 
porated. It  falls  to  the  aeronautical  laboratories  not 
only  to  provide  the  new  ideas  necessary  to  insure 
superior  performance,  but  at  the  same  time  to  prove  in 
advance  the  soundness  of  the  design  as  a whole.  The 
Committee’s  work,  therefore,  falls  into  two  principal 
categories;  namely,  research  to  furnish  new  ideas;  and 
the  application  of  those  ideas  to  current  military  designs 
in  cooperation  with  industry.  The  present  emergency 
has  naturally  revised  the  priorities  in  connection  with  the 
long-range  research  program,  to  the  end  that  those 
things  which  give  most  immediate  promise  are 
emphasized. 

Only  continued  scientific  research,  on  a scale  adequate 
to  meet  growing  needs,  can  give  the  Nation  assurance 
that  its  aircraft  and  missiles  will  be  kept  at  least  the 
equal  of  those  of  any  other  nation.  In  order  to  develop 
them  to  their  full  potentialities,  both  in  peace  and  in 
war,  scientific  research  must  be  prosecuted  with  vigor 
and  imagination. 

In  the  last  fifteen  years,  the  speed  of  tactical  aircraft 
has  been  increased  from  less  than  400  to  more  than 
1,000  mph.  Through  the  use  of  special  research  air- 
planes, we  have  been  able  to  penetrate  the  so-called 
sound  barrier  to  the  point  where  our  research  airplanes 
are  flying  faster  than  2 % times  the  velocity  of  sound. 
We  see  the  day,  not  too  distant,  when  man  can  fly  to 
any  point  on  the  globe  in  but  a few  hours. 


To  satisfy  military  requirements  we  must  learn  how 
to  project  missiles  at  thousands  of  miles  per  hour,  along 
ballistic  trajectories  to  targets  far  across  the  seas. 
At  the  same  time,  we  are  striving  for  the  knowledge  that 
will  make  possible  satellites  probing  into  regions  beyond 
the  earth’s  atmosphere  and  obtaining  valuable  informa- 
tion. 

For  the  ballistic  missile,  a temperature  of  many 
thousands  of  degrees — higher  than  that  on  the  surface 
of  the  sun — will  be  generated  in  the  air  near  the  surface 
of  the  missile.  Under  such  conditions,  the  air  molecules 
dissociate  or  split  apart  into  their  constituent  atoms,  and 
electrons  are  knocked  out  of  atoms  to  make  the  air 
ionized  and  electrically  conducting. 

We  need  to  duplicate  in  the  laboratory  the  strange 
and  difficult  conditions  of  future  flight,  so  that  practical 
solutions  of  these  problems  can  be  found.  Recently 
it  has  become  possible  to  make  small,  pilot  models 
with  which  to  prove  the  practicability  of  constructing 
the  expensive  new  tools  of  research  necessary  for  the 
extension  of  the  present  limits  of  our  knowledge. 

But  laboratory  equipment  for  the  experimental 
study  of  aerodynamic  heating  and  other  complex  flight 
problems  is  only  one  requirement.  More  teams  of 
talented  young  men  competent  to  work  in  the  new 
scientific  fields  are  urgently  needed.  This  requires  a 
realistic  approach  to  the  pa}7  problem.  The  attractive- 
ness of  public  service  has  been  critically  depreciated  by 
private  industry  offering  salaries  and  “fringe  benefits” 
far  greater  than  the  NACA  is  allowed  by  law  to  pay. 
We  do  not  quarrel  with  the  salaries  paid  by  industry. 
We  must,  however,  not  only  provide  additional  fringe 
benefits,  but  also  offer  rates  of  compensation  sufficient 
to  recruit,  and  to  hold,  the  scientists  and  engineers 
necessary  to  perform  the  fundamental  research  that 
governs  progress. 

Over  the  years  the  career  scientists  of  the  NACA 
have  made  large  contributions  to  the  advancement  of 
aeronautics,  yet  the  cost  has  been  very  small  when 
compared  with  the  value  of  the  results.  Costs  are 
increasing.  Further  advances  in  the  art  and  science 
at  a greatly  accelerated  rate  are  essential  to  our  national 
security.  We  are  confident  that  the  National  Advisory 
Committee  for  Aeronautics  can  continue  to  show  the 
way  to  important  advances  in  aeronautics  if  the  Con- 
gress will  provide  the  required  support. 

Respectfully  submitted. 

Jerome  C.  Hunsaker, 

Chairman . 
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IX 


Part  I— TECHNICAL  ACTIVITIES 
THE  NACA— WHAT  IT  IS  AND  HOW  IT  OPERATES 


During  the  41  years  since  the  Congress  founded  it  as 
an  independent  Federal  agency,  the  National  Advisory 
Committee  for  Aeronautics  has  sought  to  assess  the 
current  stage  of  development  of  aircraft,  both  civil  and 
military ; to  anticipate  the  research  needs  of  aeronautics; 
to  build  the  scientific  staff  and  unique  research  facilities 
required  for  these  research  needs;  and  to  acquire  the 
needed  new  knowledge  as  rapidly  as  the  national 
interest  requires. 

By  discharging  its  primary  responsibility — scientific 
laboratory  research  in  aeronautics — the  NACA  serves 
the  needs  of  all  departments  of  the  Government.  The 
President  appoints  the  17  unpaid  members  of  the  Com- 
mittee, who  report  directly  to  him.  The}7  establish 
policy  and  plan  the  research  to  be  carried  out  by  the 
7,900  scientists,  engineers,  and  other  persons  who  make 
up  the  staff  of  the  agency. 

The  NACA  research  programs  have  both  the  all- 
inclusive,  long-range  objective  of  acquiring  new  scien- 
tific knowledge  essential  to  assure  United  States  leader- 
ship in  aeronautics  and  the  immediate  goal  of  solving, 
as  quickly  as  possible,  the  most  pressing  problems.  In 
this  way,  the}7  effectively  support  the  Nation’s  current 
aircraft  and  missile  construction  program. 

Most  of  the  problems  to  be  studied  are  assigned  to  the 
NACA’s  research  centers.  The  Langley  Aeronautical 
Laboratory  in  Virginia  works  on  structural,  general 
aerodynamic,  and  hydrodynamic  problems.  The  Ames 
Aeronautical  Laboratory  in  California  concentrates  on 
high-speed  aerodynamics.  The  Lewis  Flight  Propul- 
sion Laboratory  in  Ohio  is  a center  for  power-plant 
studies.  At  the  High-Speed  Flight  Station  in  Cali- 
fornia special  fully  instrumented  research  aircraft  probe 
transonic  and  supersonic  problems  in  flight.  The 
Pilotless  Aircraft  Research  Station  at  Wallops  Island, 
Virginia,  is  a branch  of  the  Langley  Laboratory  where 
rocket-powered  free-flight  models  are  used  to  attack 
aerodynamic  problems  in  the  transonic  and  supersonic 
speed  ranges. 

A major  task  of  the  NACA  since  its  beginning  in  1915 
has  been  coordinating  aeronautical  research  in  the  U.  S. 
Through  the  members  of  the  Committee  and  its  28 
technical  subcommittees,  the  NACA  links  the  military 
and  civil  government  agencies  concerned  with  flight. 
The  aviation  industry,  allied  industries,  and  scientific 
institutions  are  also  represented. 

Assisting  the  Committee  in  determining  and  co- 
ordinating research  programs  are  4 major  and  24  sub- 
ordinate technical  committees  with  a total  membership 


of  nearly  500.  Members  are  chosen  because  of  techni- 
cal ability,  experience,  and  recognized  leadership  in 
a special  field.  They  also  serve  without  pay,  in  a 
personal  and  professional  capacity.  They  furnish  val- 
uable assistance  in  considering  problems  related  to  their 
technological  fields,  review  research  in  progress  at 
NACA  laboratories  and  in  other  establishments, 
recommend  new  research  to  be  undertaken,  and  assist 
in  coordinating  research  programs. 

Members  of  the  technical  committees  and  sub- 
committees and  of  the  Industry  Consulting  Com- 
mittee are  listed  in  Part  II  of  this  report,  beginning 
on  page  80. 

Research  coordination  is  also  accomplished  through 
frequent  discussions  by  NACA  scientists  with  the 
staffs  of  research  organizations  of  the  aircraft  industry, 
educational  and  scientific  institutions,  and  other  aero- 
nautical agencies.  Through  a west  coast  office  the 
NACA  maintains  close  liaison  with  aeronautical  re- 
search and  engineering  staffs  in  that  important 
aviation  area. 

The  NACA  sponsors  and  finances  a coordinated 
research  program  at  33  nonprofit  scientific  and  educa- 
tional institutions,  including  the  National  Bureau  of 
Standards.  In  this  way  scientists  and  engineers  whose 
skills  and  talents  might  otherwise  not  be  available 
contribute  importantly  to  Federal  aeronautical  research. 

During  the  fiscal  year  1956,  the  following  institutions 
participated  in  NACA  contract  research: 

National  Bureau  of  Standards 

University  of  Alabama 

Battelle  Memorial  Institute 

Polytechnic  Institute  of  Brooklyn 

Brown  University 

California  Institute  of  Technology 

University  of  California 

Carnegie  Institute  of  Technology 

Case  Institute  of  Technology 

University  of  Cincinnati 

Columbia  University 

Cornell  University 

Franklin  Institute 

Forest  Products  Laboratory 

Georgia  Institute  of  Technology 

Johns  Hopkins  University 

University  of  Kentucky 

Lightning  & Transients  Research  Institute 

Massachusetts  Institute  of  Technology 

University  of  Michigan 
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University  of  Minnesota 
New  York  University 
University  of  North  Carolina 
University  of  Oklahoma 
Purdue  University 
Syracuse  University 
University  of  Washington 
University  of  Wisconsin 
Southwest  Research  Institute 
Stanford  Research  Institute 
Stanford  University 
Stevens  Institute  of  Technology 
Yale  University 

Proposals  from  such  institutions  are  carefulty  weighed 
to  assure  best  use  of  the  limited  funds  available  to  the 
NACA  for  sponsoring  research  outside  its  own  facilities. 
Published  research  reports  of  the  useful  results  of  this 
part  of  the  NACA  program  are  distributed  as  widely  as 
other  NACA  publications. 

During  the  fiscal  year,  most  of  the  NACA  technical 
subcommittees  reviewed  research  proposals  from  out- 
side organizations  or  gave  attention  to  research  reports 


of  completed  contracts.  There  were  43  sponsored- 
research  reports  released  during  fiscal  1956. 

Most  of  NACA’s  research  information  is  distributed 
by  means  of  its  publications.  Technical  Notes  and 
Reports  are  not  classified  for  militarj7  security  reasons 
and  are  available  to  the  public  in  general.  Translations 
of  important  foreign  research  reports  appear  as  Tech- 
nical Memorandums.  The  NACA  also  prepares  re- 
search reports  containing  classified  information.  For 
reasons  of  national  security,  these  receive  carefully  con- 
trolled circulation.  When  such  information  can  be  de- 
classified, the  research  reports  may  be  given  wider  dis- 
tribution. Current  NACA  publications  are  announced 
in  the  NACA  Research  Abstracts. 

Every  year  the  NACA  holds  a number  of  technical 
conferences  with  representatives  of  the  aviation  in- 
dustry, the  universities,  and  the  military  services  pres- 
ent. Attendance  at  these  conferences  is  restricted  be- 
cause classified  material  is  presented  and  the  subject 
matter  discussed  at  each  conference  is  focused  on  a 
specific  field  of  interest. 


BOUNDARY-LAYER  CONTROL 


“It  is  established  by  reliable  experiments  that  fluids 
like  water  and  air  never  slide  on  the  surface  of  the  body; 
what  happens  is  the  final  fluid  layer  immediately  in  con- 
tact with  the  body  is  attached  to  it  (is  at  rest  relative 
to  it),  and  all  the  friction  of  fluids  with  solid  bodies  is 
therefore  an  internal  friction  of  the  fluid.  Theory  and 
experiment  agree  in  indicating  that  the  transition  from 
the  velocity  of  the  body  to  that  of  the  stream  in  such  a 
case  takes  place  in  a thin  layer  of  the  fluid,  which  is  so 
much  the  thinner,  the  less  the  viscosity.  In  this  layer, 
which  we  call  the  boundary  layer,  the  forces  due  to  vis- 
cosity are  of  the  same  order  of  magnitude  as  the  forces 
due  to  inertia.  . . 

Publication  35  years  ago  of  the  NACA  document  con- 
taining the  above  definition  of  the  boundary  layer  (Re- 
port 116,  “Applications  of  Modern  Hydrodynamics  to 
Aeronautics,”  by  Ludwig  Prandtl,  1921)  together  with 
issuance  of  Glauert’s  volume,  “Aerofoil  and  Airscrew 
Theory,”  in  1926  has  been  credited  by  Sir  William  S. 
Farren  with  having  “revolutionized  our  understanding 
and  powers  of  analyzing  the  main  phenomena  which  de- 
termine the  lift  and  drag  of  aircraft,  the  thrust  and 
torque  of  propellers,  and  the  interference  of  wind  tun- 
nel constraints.  It  is  hardly  too  much  to  say  that  a 
mass  of  indigestible  'facts’  was  rendered  of  historical 
interest  by  a few  pages  of  inspired  theoretical  work.” 
Even  earlier  (in  1904  in  a paper  read  to  the  Third  Con- 
gress of  Mathematicians  at  Heidelberg)  Prandtl  had 
laid  down  the  bases  of  the  boundary-layer  theory. 

For  more  than  a half  century,  then,  the  very  compli- 
cated mechanics  of  the  boundary  layer  have  been 
studied.  Especially  at  high  lift,  high  pressure  gradi- 


ents exist  on  the  upper  surface  of  a wing,  that  is,  re- 
gions where  the  upper  surface  pressures  increase  rap- 
idly in  a positive  sense  toward  the  wing  trailing  edge. 
Such  a gradient  will  exist  just  aft  of  the  wing  leading 
edge  and  at  the  forward  edge  of  a deflected  flap. 

As  boundary-layer  air  traverses  these  pressure  gra- 
dients, the  pattern  of  velocity  distribution  within  the 
boundary  layer  changes  from  one  in  which  velocity  in- 
creases rapidly  from  zero  at  the  surface  to  a free-stream 
value  just  above  the  surface  to  a pattern  in  which  for  a 
short  distance  above  the  surface  velocity  is  zero,  and 
thence  to  a pattern  in  which  flow  reverses  in  a region 
just  above  the  surface  and  goes  toward  the  wing  leading 
edge.  This  condition  arises  when  the  air  next  to  the 
surface  has  not  enough  dynamic  energy  to  move  in  the 
direction  of  the  wing  trailing  edge  against  the  increasing 
pressure  of  the  stagnant  layer. 

With  the  occurrence  of  reverse  flow,  the  whole  flow 
mass  breaks  away,  or  separates,  from  the  upper  surface 
and  lift  is  sharply  reduced.  The  pressure  gradient  at 
the  leading  edge  increases  with  increase  in  angle  of 
attack;  when  the  pressure  gradient  becomes  so  steep 
that  the  boundary  layer  separates  from  the  airfoil  sur- 
face, further  increase  in  angle  of  attack  produces  no 
increase  in  lift,  and  frequently  produces  a significant 
loss. 

Aerodynamicists  recognized  early  that  gains  of  in- 
creased lift,  and  reduced  drag  could  be  made  by  pre- 
venting or  delaying  this  separation  of  the  air  flowing, 
over  the  upper  surface  of  the  wing.  Suggested.ways  to 
provide  a measure  of  boundaty-layer  control  included 
slots  and  flaps  actuated  by  the  pressure  difference 
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between  the  upper  and  lower  surface  of  the  wing,  served 
as  “natural”  pumps  by  providing  a flow  of  air  that 
delayed  separation. 

What  is  believed  to  have  been  the  first  use  of  such  a 
device  came  soon  after  World  War  I.  Gustav  Lach- 
mann  in  Germany  and  Sir  Frederick  Handley-Page  in 
England,  working  independently  at  first  and  then  to- 
gether, developed  leading  edge  slots.  These  opened 
when  the  wing  was  inclined  to  a high  angle  of  attack, 
thus  preventing  flow  separation  near  the  leading  edge. 
Another  device,  developed  for  delaying  separation  and 
installed  on  airplanes  in  later  years,  is  the  slotted  flap 
near  the  trailing  edge  of  the  wing. 

- In  the  late  thirties,  the  NACA  developed  airfoils 
which  provided  laminar  (non  separated)  flow  to  a degree 
far  greater  than  that  previously  obtainable. 

This  work  of  changing  the  shape  of  the  airfoil,  per- 
formed at  the  Langley  Aeronautical  Laboratory,  made 
it  possible  to  delay  the  transition  from  smooth,  laminar 
flow  to  turbulent  or  eddying  flow  to  such  an  extent  that 
the  skin  friction,  or  basic  air  resistance,  of  a wing  could 
be  reduced  by  almost  two-thirds.  When  first  adapted 
for  use,  on  the  North  American  P-51  Mustang,  the  so- 
called  laminar-wing  principle  enabled  design  of  a high- 
speed fighter  with  superior  long-range  capabilities. 

Another  way  of  postponing  the  transition  to  turbu- 
lent air  flow  through  boundary-layer  control  is  that  of 
using  mechanical  pumps  to  suck  in  air  and  thereby  limit 
the  growth  of  the  boundary  layer.  By  1940,  stud}7  of 
this  aspect  of  the  boundary-layer-control  problem  had 
begun  at  the  Langley  Laboratory,  and  by  the  early 
years  of  World  War  II  the  work  had  progressed  to  full- 
scale  flight  testing. 

In  1927,  to  cite  an  example  of  early  research  on  the 
use  of  mechanical  methods  to  provide  boundary-layer 
control  for  high  lift,  a Navy  trainer,  a Curtiss  TS-1, 
was  modified  at  the  Langley  Laboratory  for  flight  study 
of  the  system  of  boundary-layer  control  by  blowing 
which  Richard  Katzmayr  of  Vienna  had  suggested. 
Two  spamvise  slots  were  installed  on  the  upper  surface 
of  the  upper  wing  to  blow  away  the  boundary-layer  air. 
Blowing  air  was  supplied  by  a conventional  super- 
charger. 

In  the  following  20  years,  wind-tunnel  investigations 
repeatedly  demonstrated  that  large  aerodynamic  gains 
could  be  obtained  from  use  of  boundary-layer  control. 
NACA  Report  385,  published  in  1931,  presented  results 
showing  that  the  maximum  lift  coefficient  could  be  in- 
creased as  much  as  96  percent.  Although  large  aero- 
dynamic benefits  were  thus  demonstrated,  there  was 
little  enthusiasm  for  adapting  such  boundary-layer  con- 
trol schemes  to  airplanes  of  those  days.  Not  only  was 
the  weight  of  the  required  pumping  equipment  con- 
sidered prohibitively  high,  but,  for  airplanes  of  low 
wing  loading,  the  use  of  large  span  flaps  usually  pro- 
vided lift  coefficients  sufficiently  high  to  permit  accept- 
ably low  landing  speeds. 


In  the  middle  forties,  the  design  changes  required  to 
enable  airplanes  to  reach  supersonic  speeds  (as  well  as 
very  low  flight  speeds)  made  development  of  useful, 
mechanical  boundary-layer-control  systems  which  could 
produce  high  lift  a matter  of  greatly  increased  interest. 
Too,  the  tremendous  increase  in  power  available  in  the 
newly  developed  turbojet  engines  offered  attractive  pos- 
sibilities for  the  needed  supplies  of  suction  or  blowing  air. 

Among  factors  limiting  the  high-lift  capabilities  of 
modern  high-speed  airplanes  have  been  the  following: 
(1)  Reduced  wing  aspect  ratio  and  increased  wing  sweep, 
which  reduce  wing  lift  at  a given  angle  of  attack  and 
also  reduce  the  lift  increment  produced  by  flap  deflec- 
tion; (2)  wing-thickness  reduction  which  lowers  the 
stalling  angle  of  attack,  and  thus  limits  maximum  lift, 
and  (3)  reduction  in  wing  stiffness,  requiring  that  ai- 
lerons be  moved  inboard  to  avoid  aileron  reversal  at 
high  speeds,  leaving  little  or  no  wing  area  to  convert 
to  flaps. 

Boundary-layer  control  is  applied  to  trailing-edge 
flaps  to  achieve  all  the  lift  that  theory  indicates  is 
available.  If  the  increase  in  lift  with  increasing  flap 
deflection  for  an}7  given  wing  with  conventional  flaps  is 
compared  with  that  under  the  ideal  conditions  of  theory, 
it  is  found  that  even  for  flap  deflections  as  low  as  20° 
the  lift  increment  falls  short  of  the  theoretical  value. 
At  flap  deflections  as  high  as  60°,  the  lift  increment 
may  be  only  half  that  suggested  by  theory.  If  the 
flaps  could  be  made  to  act  as  theory  predicts,  a sub- 
stantial increase  in  lift  could  be  realized  on  any  flapped 
wing,  without  changes  in  other  design  features. 

Proper  application  of  boundary-layer  control  to  the 
flaps  will  result  in  approaching  the  theoretical  values 
of  lift  up  to  flap  deflections  of  60°  to  70°.  This  has 
been  demonstrated  on  a wide  variety  of  wings  ranging 
from  those  typical  of  fighters  (thin,  low  aspect  ratio, 
and  high  sweep)  or  bombers  and  jet  transports  (moder- 
ate thickness,  high  aspect  ratio,  and  moderate  sweep) 
to  those  of  slow-speed  airplanes  (thick,  high  aspect 
ratio,  and  no  sweep). 

Design  details  differ,  of  course,  but  the  prime  objec- 
tive was  realized  in  each  of  these  cases.  An  interesting 
corollary  of  these  results  is  that  with  the  flap  effective- 
ness maintained  to  high  flap  deflections,  the  function 
of  flaps  and  ailerons  can  be  combined  in  a single  unit 
without  a major  sacrifice  in  the  effectiveness  of  either. 

Research  has  demonstrated  that  boundary-layer  con- 
trol applied  to  a wing  leading  edge  or  to  a wing  leading- 
edge  flap  can  greatly  extend  the  useful  angle-of-attack 
range.  Boundary-layer  control  of  the  wing  leading 
edge  has  also  been  successfully  applied  to  a variety 
of  airplane  types. 

Again,  design  details  must  differ  because  of  differences 
in  airplane  design.  For  example,  the  application  of 
boundary-layer  control  to  the  wing  leading  edge  can 
have  powerful  and  differing  effects  on  the  longitudinal 
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stability  of  the  airplane,  depending  on  the  location  of 
the  horizontal  tail. 

It  is  believed,  however,  that  sufficient  research  has 
been  completed  on  the  application  of  boundaiy-layer 
control  to  a wing  leading  edge  to  enable  the  designer  to 
use  it  with  no  more  detailed  “ tailoring”  for  his  specific 
design  than  would  be  required  for  a leading  edge  with- 
out boundary-layer  control. 

One  point  worth}1*  of  comment  has  been  noted  often 
in  the  course  of  boundary-layer-control  studies.  This 
is  the  need  for  more  effort  to  be  devoted  to  the  problem 
of  stall  occurring  at  the  wing  leading  edge  as  a result  of 
trailing-edge  flap  effectiveness  being  increased.  It  was 
found  that  with  boundary-layer  control  applied  to 
trailing  edge  flaps  of  wings  incorporating  conventional 
slats  at  the  leading  edge  the  greater  lift  due  to  boundary- 
layer  control  results  in  the  slats  being  unable  to  delay 
leading-edge  stall  to  the  desired  angles  of  attack.  In 
other  words,  although  the  flap  lift  increment  of  the 
basic  design  was  increased  a significant  amount,  the 
maximum  total  lift  was  limited  by  leading-edge  stall. 
It  may  well  be  that  the  stall  ma}7  be  delayed  sufficiently 
at  the  wing  leading  edge  onl}7  through  mechanical 
boundary-la}^er  control. 

It  is  important  to  note,  then,  that  the  apparently 
simple  expedient  of  applying  boundary-layer  control  to 
the  trailing-edge  flaps  of  an  existing  airplane  may 
result  in  disappointing  lift  characteristics.  Like  many 
other  facets  of  airplane  design,  satisf  actor}7  application 
of  boundary-layer  control  cannot  be  realized  by  focusing 
attention  on  one  phase  only.  The  effects  of  boundary- 
layer  control  must  be  considered  in  the  whole  design. 

In  achieving  boundary-la}rer  control  by  removing  the 
low-energy  air,  a theor}7  was  developed  which  predicted 
that  if  suction  over  one  long  slot,  rather  than  through 
a number  of  separate  slots  could  be  realized,  the  total 
volume  of  air  required  would  be  reduced  very  greatly. 
Experiments  showed  that  this  result  could  be  largely 
realized  where  use  of  sintered  metals  permitted  approxi- 
mate^ continuous  suction.  Although  the  flow  volume 
needed  to  achieve  boundary-layer  control  was  not 
reduced  to  the  level  predicted  by  theory,  it  was  brought 
down  to  a practical  value  when  considered  in  terms  of 
duct  size  and  pumping  equipment. 

The  range  of  experiments,  using  suction  through 
sintered  metal,  covered  applications  to  wing  leading 
edges  and  leading-edge  flaps  and  to  wing  leading-edge 
flaps  on  10  different  wings  typical  of  turbojet  fighters 
and  bombers  and  propeller-driven  transports.  For 
example,  on  a North  American  F-86  airplane,  area- 
suction  boundar}r-layer  control  increased  flap  lift  50 
percent  at  a flap  deflection  of  55°. 

In  this  instance  the  required  boundary-layer  control 
was  obtained  with  a 12-horsepower  motor  drawing  20 
cubic  feet  of  air  per  second  through  a 20-square-inch 
duct.  Similarly,  practical  installations  appear  possible 


in  other  instances  of  area  suction  that  have  been 
examined. 

Major  research  effort  on  blowing  boundary-layer 
control  has  been  directed  toward  reducing  the  mass 
flows  required  at  high  pressure  ratios  to  a point  where 
the  use  of  flowing  boundar}7-la37er  control  would  not 
compromise  the  engine  or  airplane  operation.  For 
example,  the  amount  of  bleed  air  required  at  the  pres- 
sure ratios  available  during  take-off  must  be  low 
enough  that  the  accompanying  engine  thrust  loss  does 
not  cancel  potential  improvement  in  take-off  charac- 
teristics resulting  from  the  higher  lift  due  to  boundary- 
layer  control.  Also,  the  bleed  air  required  at  the 
pressure  ratios  available  during  approach  and  landing 
must  be  low  enough  that  the  engine  is  not  operated  at 
high  valves  of  rpm  and  thrust  simply  to  provide  an  air 
supply*  for  the  boundar}7-layer  control. 

The  effectiveness  of  blowing-air  boundary-layer  con- 
trol depends  upon  the  thrust  of  the  issuing  jet.  In  other 
words,  the  same  effectiveness  can  be  obtained  by  dis- 
charging small  quantities  of  air  at  very  high  velocities 
as  with  large  quantities  of  air  at  relatively  low  velocities. 
This  fact  makes  easier  the  matching  of  boundary-layer- 
control  requirements  with  jet-engine  characteristics. 

The  experiments  and  analyses  made  to  date  show  that 
in  every  case  studied,  careful  design  based  on  the  re- 
search data  will  enable  these  conditions  to  be  met 
while  realizing  full  benefits  of  the  boundary-layer  con- 
trol. For  instance,  on  a swept-wing  airplane  design 
typical  of  proposed  light  transports  for  bombers  and 
powered  by  two  Pratt  & Whitney  J-57  turbojet  engines, 
full  boundary-layer  control  on  the  trailing-edge  flaps 
could  be  realized  by  use  of  6 pounds  of  air  per  second  at 
a pressure  ratio  of  5.  This  air  quantity  can  be  pro- 
vided by  one  J-57  engine  at  idle  conditions,  without 
affecting  its  operation  significantly.  At  higher  engine 
thrust  conditions,  of  course,  the  engine  can  supply  con- 
siderably more  pressure  and  air  than  is  required. 

Flight  research  on  boundary-layer  control  has  been 
carried  on  at  the  Ames  and  Langley  Laboratories. 
Principal  goals  of  this  full-scale  research,  now  concen- 
trated at  Ames,  are  three-fold:  (1)  to  verify  results 
which  were  demonstrated  in  the  wind  tunnels,  (2)  to 
gain  firsthand  experience  with  the  practical  problems  of 
using  boundary -layer  control,  and  (3)  to  obtain  both 
qualitative  and  quantitative  measurements  of  pilots 7 
reactions  to  the  use  of  boundary-layer  control. 

At  the  Ames  Laboratory,  North  American  F-86  and 
FJ-3  airplanes  have  been  modified  and  flown  with  area 
suction  boundary-layer  control  applied  to  the  wing 
leading  edge  and  to  the  trailing-edge  flaps  and  with 
blowing  boundary-layer  control  applied  to  the  trailing- 
edge  flaps.  In  no  case  was  it  practicable  to  modify  the 
structure  to  permit  installation  of  a complete  (both 
leading-edge  and  trailing-edge)  system.  In  all  cases, 
because  the  boundary -layer-control  installation  was 
not  part  of  the  basic,  original  design,  the  improvement 
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in  the  overall  performance  characteristics  fell  short  of 
what  otherwise  would  have  resulted. 

Nevertheless,  very  useful  results  have  been  obtained 
and  the  program  is  being  extended  at  Ames  to  include 
application  of  blowing  boundary-layer  control  to  both 
leading-edge  and  trailing-edge  flaps  on  a North  Ameri- 
can F-100.  In  addition,  NACA  pilots  have  flown,  and 
to  varying  degrees  evaluated,  most  of  the  few  airplanes 
modified  by  the  aircraft  industry  to  include  boundary- 
layer  control. 

The  study  of  pilot  reaction  to  the  use  of  boundary- 
layer  control  for  high  lift  is  being  expanded  into  a more 
general  study  of  the  factors  involved  in  choice  of  landing 
and  take-off  techniques.  It  has  been  noted  that  every 
pilot  has  taken  advantage  of  some  or  all  of  the  gain  in 
lift  brought  about  by  the  use  of  boundary-layer  control, 
resulting  in  reduced  landing  speeds.  Without  exception, 
pilots  have  commented  on  the  increased  smoothness  of 
flight  and  increased  controllability  resulting  from 
boundary -layer  control.  The  chosen  approach  speed  of 
a North  American  F-86  in  a GCA  approach  was  dropped 
from  140  to  115  knots,  and  the  pilot  commented  that 
even  at  the  lower  speed  the  airplane  was  easier  to  hold 
to  the  desired  flight  path. 

Perhaps  the  most  interesting,  though  as  yet  tentative, 
conclusion  drawn  from  the  flight-test  results  is  that 
boundary-layer  control  is  tending  to  remove  lift  as  a 
limiting  factor  in  choosing  a minimum  flight  speed. 
In  its  place  the  pilots  are  stating  that  “altitude  control” 
or  “ability  to  check  sink”  is  becoming  the  limiting 
speed  factor.  Exploratory  studies  indicate  that  the 
pilots  are  using  engine  thrust  for  this  control  and  that 
their  minimum  speed  choice  is  significantly  affected  by 


the  minimum  rpm  at  which  adequate  engine  response 
can  be  obtained. 

Lack  of  space  in  this  report  prevents  consideration  of 
a number  of  other  interesting  aspects  of  boundary-layer- 
control  research  by  NACA  scientists.  Among  them 
are  the  investigation  of  the  whole  area  of  boundary- 
layer  control  from  inlet  to  exhaust  of  the  power-plant 
system  and  the  renewed  efforts  being  made  to  learn 
how  to  employ  boundary-layer  control  for  drag  reduc- 
tion at  very  high  speeds. 

To  da}7,  the  necessary  basic  research  on  the  problems 
of  boundary- layer  control  for  high-lift  conditions  have 
been  essentially  completed.  Now,  it  is  possible  to 
estimate  with  a fair  degree  of  accuracy  the  gains  to  be 
realized  in  lift,  the  necessary  cost  in  power  required, 
and  the  design  details  associated  with  the  use  of 
boundary-layer  control  for  a specific  airplane.  Infor- 
mation now  in  hand  strengthens  the  belief  that  further 
effort  to  utilize  boundary-layer  control  in  future  designs 
will  be  repaid  by  substantial  performance  improvement. 

As  wing  loadings  are  increased  to  values  beyond  100 
pounds  per  square  foot,  entirely  new  concepts  may  be 
required  to  provide  desired  landing  and  take-off  per- 
formance. Under  study  at  the  Langley  Laboratory  is 
the  jet-flap  principle,  where  a large  percentage,  or  even 
all,  of  the  primary  power-plant  jet  exhaust  thrust  is 
used  to  augment  lift.  Exploitation  of  this  idea  may 
make  it  possible  for  the  high-performance  airplanes  of 
the  future,  both  civil  and  military,  to  take  off  and  land 
at  airports  of  present  day  proportions.  Substantial 
application  of  the  concept  in  the  design  of  vertical- 
and  short-takeoff-and-landing  aircraft  also  appears 
likely7. 


HIGH-SPEED  FLIGHT  RESEARCH 


From  its  conception  in  1944  as  a device  for  obtaining 
essential  information  about  the  problems  of  transonic 
and  supersonic  flight  (information  at  the  time  mostly 
unobtainable  in  wind  tunnels)  the  specially-designed, 
specially-instrumented  airplane  has  become  one  of  the 
most  valuable  tools  of  aeronautical  research.  So  rapid 
and  so  spectacular  have  been  the  performance  gains 
that  it  may  be  difficult  to  recall  that,  only  12  years  ago, 
even  the  most  advanced  airplanes  were  limited  by 
“compressibility”  to  Mach  numbers  below  0.85. 

The  first  and  most  obvious  benefit  from  the  trail- 
blazing  speeds  and  altitudes  made  by  research  airplanes 
was  the  confidence  engendered  b\T  the  demonstration 
in  1947  that  flight  through  the  fully  unknown  transonic 
range  was  possible.  Almost  overnight,  supersonic  flight 
by  tactical  aircraft  became  possible  by  straightforward 
means. 

More  important  to  the  rapid  performance  improve- 
ment of  our  tactical  airplanes  has  been  the  mass  of 
detailed  information  resulting  from  intensive  use  of  the 
research  airplanes.  To  date,  nearly  400  technical 


reports  have  been  prepared  by  the  NACA,  covering 
flight-test  results  together  with  related  wind  tunnel 
investigations  and  theoretical  studies.  So  rapidly  has 
the  information  been  assimilated  into  design  practice 
that  today  one  of  the  most  challenging  aspects  of  the 
continuing  research-airplane  program  is  the  task  of 
acquiring  additional  data  fast  enough  to  stay  ahead  of 
the  new,  high-performance  airplanes  now  being  designed 
and  built. 

Conduct  of  the  research-airplane  program  has  been 
a wholly  cooperative  venture,  with  the  resources  of  the 
Air  Force  and  the  Navy,  the  participating  airframe  and 
engine  manufacturers,  and  the  NACA  being  used  as 
needed.  The  military  services  have  provided  funds 
and  generally  have  performed  the  mission  of  exploring 
and  exploiting  the  maximum  performance  capabilities 
of  the  airplanes.  The  manufacturers,  of  course,  have  de- 
signed and  built  the  airplanes  and  engines  and  in  most 
instances,  their  pilots  have  carried  out  demonstration 
flights  to  satisfy  contractual  requirements.  The 
NACA  has  furnished  the  latest  research  information  for 
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application  in  design  of  the  airplanes,  has  made  neces- 
sary wind-tunnel  investigations  using  models  of  the 
airplanes,  has  provided  data-gathering  instrumentation 
for  the  planes,  and  has  conducted  the  research  flight 
programs. 

What  follows  is  a summary  of  this  fruitful  program, 
with  special  emphasis  on  the  part  the  NACA  has  played. 

Although  the  bulk  of  the  NACA’s  research  effort  in 
the  years  of  World  War  II  was  concentrated  upon  obtain- 
ing the  quick-fix  answers  needed  for  performance 
improvement  of  airplanes  already  in  production,  it  was 
obvious  as  early  as  1943  that  the  very  large  amounts  of 
thrust  inherent  in  the  turbojet  and  rocket  engines 
coming  into  use  offered  the  means  of  attaining  super- 
sonic flight.  It  was  realized,  however,  that  diligent  and 
vigorous  research  effort  using  new  tools  and  new  tech- 
niques was  essential — new  aerodynamic  knowledge  had 
to  be  acquired  before  the  supersonic  speed  potential 
could  be  exploited. 

Existing  knowledge  of  transonic  air  flow  was  pitifully 
small,  and  earlier  efforts  to  develop  a body  of  useful 
transonic  theory  generally  had  been  unsuccessful.  It 
was  necessary  to  use  experiment,  but  the  principal  tool 
of  aerodynamic  research,  the  wind  tunnel,  was  subject 
to  “choking”  near  the  speed  of  sound  and  new  tech- 
niques had  to  be  devised.  As  victory  loomed  in  Europe 
and  the  Far  East,  the  NACA’s  effort  in  this  direction 
was  increased  and  broadened  to  include  all  approaches 
which  offered  promise. 

Among  the  techniques  employed  were:  (1)  Specially 
instrumented  aerodynamic  bodies  dropped  from  air- 
planes at  high  altitude;  (2)  small  models  placed  on  the 
wings  of  airplanes  to  capitalize  upon  the  accelerated  air 
flow  above  a curved  surface,  and  (3)  rocket-propelled 
models  fired  from  the  ground.  With  later  advances 
in  radar  and  radio-telemetering  equipment,  the  rocket- 
propelled  model  has  proved  most  valuable  in  research. 

One  of  the  earliest  ideas  for  exploring  the  transonic 
speed  range  was  suggested  in  1943.  Specially  designed 
airplanes  could  be  used  to  probe  the  transonic  speed 
range.  They  could  be  propelled  by  the  most  powerful 
engines  available;  they  could  be  loaded  with  data- 
recording  instruments.  Danger  could  be  minimized 
if  the  research  were  performed  at  great  altitude  and  in 
level  flight;  the  loads  imposed  upon  the  structure  would 
thus  be  kept  low,  and,  if  trouble  developed,  the  pilot 
could  throttle  back  to  lower  speed.  For  this  conception 
of  the  research  airplane,  John  Stack  of  the  Langley 
Aeronautical  Laboratory  shared  the  1947  Collier  Troph}7 
with  the  late  Lawrence  D.  Bell,  president  of  Bell  Aircraft 
Corp.  which  built  the  X-l,  and  with  then  Capt.  Charles 
E.  Yeager,  USAF,  the  first  man  to  fly  supersonically. 

In  1944  contracts  were  let  for  construction  of  the  first 
two  research  airplanes.  Bell  Aircraft  Corp.  began 
design  of  the  X-l  (originally  known  as  Project  MX653 
and  later  as  XS-1)  under  Air  Force  sponsorship,  and 
the  Douglas  Aircraft  Co.  about  the  same  time  undertook 


construction  of  the  D-558,  sponsored  by  the  Navy. 
The  first  of  these  was  to  be  powered  by  a rocket  motor; 
the  second,  by  a turbojet  engine. 

First  to  reach  the  flight-test  stage  was  the  X-l,  of 
which  two  originally  were  constructed.  The  fuselage 
lines  were  adapted  from  the  basic  shape  of  a 0.50 
calibre  bullet.  Straight  wings,  with  thick,  tapered 
aluminum  skin,  were  provided  to  insure  enough  struc- 
tural strength  to  withstand  the  loads  expected  at  the 
altitudes  and  speeds  programmed.  The  strength  factor 
was  specified  at  18g,  instead  of  the  12g  then  required  for 
fighters.  One  set  of  wings  had  a thickness  of  10  per- 
cent, much  less  than  anything  then  flying;  the  second 
set  was  only  8 percent  thick. 

The  power  plant  of  the  X-l  was  a four-barrel  rocket 
engine  developed  by  Reaction  Motors,  Inc.,  under  Navy 
contract.  The  engine  used  a simple  but  effective 
system  of  regenerative  cooling  (one  of  the  liquid  pro- 
pellants was  passed  over  the  outer  surface  of  the  com- 
bustion chamber  before  being  injected  into  the  com- 
bustor) conceived  in  the  midthirties  b}7  James  H. 
Wyld,  one  of  the  founders  in  1941  of  Reaction  Motors, 
Inc.  Each  rocket  barrel  produced  1,500  pounds  of 
thrust,  for  a total  engine  thrust  of  6,000  pounds. 

Originally  the  R.  M.  I.  rocket  engine  was  to  have 
incorporated  a turbine  pump  to  force  the  liquid-oxygen 
and  alcohol-water  fuel  into  the  combustion  chamber  at 
a high  rate.  When  development  of  a pump  capable  of 
operating  at  the  required  low  temperatures  • impeded 
construction  of  the  rocket  engine,  it  was  decided  to  use 
nitrogen  under  pressure  to  handle  the  fuel  flow  despite 
the  resulting  reduction  in  fuel  carried. 

In  the  fall  of  1945,  before  the  rocket  engine  was  read}7, 
the  airframe  of  the  X-l  was  completed.  To  save  time, 
Bell  engineers  proposed  carrying  the  airplane  aloft  in 
a “mother  ship,”  then  releasing  it  to  fly  without  power. 
In  this  way  the  general  airworthiness  of  the  X-l  could 
be  determined  before  the  rocket  motor  was  completed. 
These  tests  were  conducted  early  in  1946  at  Pinecastle 
Air  Force  Base,  Florida,  and  a group  from  the  Langley 
Laboratory  was  sent  to  maintain  and  operate  the  500 
pounds  of  instrumentation  carried  by  the  X-l  and  to 
provide  technical  guidance.  The  “mother  ship” 
technique  has  been  used  since  with  others  of  the  re- 
search-airplane series. 

Following  the  successful  glide  tests  it  was  decided 
that,  in  the  interest  of  maximum  safety  for  the  pilot, 
powered  flights  should  be  made  in  the  vicinity  of  the 
largest  available  landing  area.  The  choice  was  the  Air 
Force  installation  on  the  edge  of  Rogers  Dry  Lake  in 
the  Mojave  Desert  of  California,  known  then  as  Muroc 
and  now  as  Edwards  Air  Force  Base. 

After  installation  of  the  R.  M.  I.  engine  at  Bell  Air- 
craft’s Niagara  Falls  plant,  the  first  of  two  X-l  research 
airplanes  was  taken  to  Edwards  early  in  October  1946. 
The  previous  month,  13  engineers,  instrument  tech- 
nicians, and  technical  observers,  all  from  Langley,  were 
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designated  the  NACA  Muroc  Flight  Test  Unit.  On 
September  30  they  began  work  at  the  desert  base.  The 
first  successful  rocket-powered  flight  was  made  Decem- 
ber 9 by  Chalmers  H.  (“Slick”)  Goodlin,  companj7  test 
pilot.  By  June  1947  performance  up  to  a Mach  number 
of  0.8  was  fully  demonstrated  by  Bell  Aircraft  pilots  in 
a series  of  21  powered  flights. 

On  June  30,  at  a meeting  at  Wright-Patterson  Air 
Force  Base  the  Air  Force  and  NACA  agreed  to  divide 
responsibilities.  Each  agency  was  to  use  one  of  the 
X-l  airplanes  in  complementary  flight  programs.  The 
Air  Force  objective  was  to  exploit  the  airplane’s  maxi- 
mum performance  in  as  few  flights  as  were  reasonable, 
consistent  with  safety.  The  NACA  program  was 
necessarily  more  extensive:  to  acquire  the  desired 
detailed  information.  The  NACA  group,  now  perma- 
nently assigned  at  Edwards,  was  to  furnish  engineering 
and  instrumentation  assistance  to  the  Air  Force  group, 
while  the  air  launching  of  the  NACA  airplane  was  to 
be  handled  by  the  Air  Force. 

The  Air  Force  received  its  X-l  in  August  1947; 
mechanical  difficulties  delayed  flights  of  the  other  model 
by  the  NACA  until  after  the  first  of  the  year.  Details 
of  the  historic  first  supersonic  flight  on  October  14,  1947, 
by  then  Capt.  Charles  E.  Yeager,  USAF,  are  so  well 
known  as  to  need  no  recounting  here.  On  March  4, 
1948,  NACA  pilot  Herbert  Hoover  became  the  first 
civilian  to  fly  faster  than  sound. 

Before  turning  attention  to  the  research  airplanes 
which  came  later,  the  following  quotation  from  Maj. 
Gen.  Albert  Boyd,  USAF,  himself  one  of  the  first  to 
fly  supersonically,  is  given  as  a summation  of  the 
effectiveness  of  the  cooperative  program: 

“The  combination  of  talents  served  two  purposes. 
First,  the  accelerated  USAF  program  permitted  a 
rapid  exploration  of  the  capabilities  of  the  X-l  to  the 
highest  speed  attained;  and,  secondly,  the  detailed 
NACA  program  provided  the  comprehensive  data 
needed  to  develop  complete  envelopes  of  aircraft  per- 
formance which  might  reveal  unsatisfactory  flight 
characteristics  at  some  intermediate  point.  When 
considered  separately,  each  program  was  a notable 
contribution  to  flight  research,  however,  when  combined, 
the  results  stand  as  a monumental  tribute  to  both  the 
USAF  and  NACA  since  the  sonic  barrier  monster  was 
not  only  completely  licked,  but  a blow-by-blow  account 
of  its  defeat  was  recorded  for  future  use. 

“The  end  results  of  high-speed  flight-research  pro- 
grams conducted  jointly  made  available  to  aircraft 
designers,  for  the  first  time  in  the  history  of  flight 
testing,  sorely  needed  information  which  served  a 
dual  purpose.  The  rapid  but  sketchy  USAF  portion 
of  the  program  supplied  answers  which  went  toward 
determining  the  military  applicability  of  a research 
aircraft,  whereas  the  lengthy  but  detailed  NACA 
program  confirmed  or  refuted  wind-tunnel  data  and 
at  the  same  time  provided  information  which  would 


permit  aircraft  designers  to  avoid  dangerous  flight 
characteristics  in  future  military  and  civilian  aircraft 
of  a more  advanced  design.” 

The  Douglas  D-55S  research  airplane  project,  spon- 
sored by  the  Navy,  quickly  became  a two-fold  effort. 
The  phase-one  airplane,  christened  Skystreak,  was 
similar  to  the  X-l  in  general  la}rout.  It  was  powered 
by  a General  Electric  TG-180  turbojet  instead  of  a 
rocket  engine,  and,  because  its  potential  was  limited  to 
transonic  speed,  the  strength  requirement  was  dropped 
from  18g  to  12g. 

Flown  for  the  first  time  in  mid-March,  1947,  the 
Skystreak  was  used  in  manufacturer’s  performance 
demonstrations  for  about  5 months.  On  August  20  of 
that  year  the  Navy  Skystreak  project  officer,  then 
Comdr.  Turner  Caldwell,  flew  the  airplane  to  a new 
world’s  speed  record,  640.7  mph.  Five  days  later,  then 
Maj.  Marion  Carl,  USMC,  added  another  10  mph. 

Three  Skystreaks  were  built.  One  was  destroyed  on 
take-off  in  May  1948.  The  two  other  D-558-I  air- 
planes were  used  intensively  by  the  NACA  in  study  of 
flight  problems  at  speeds  up  to  a Mach  number  of  0.9. 
As  the  program  developed,  the  X-l  and  D-588-I  were 
used  in  combination.  The  turbojet-powered  Skystreak, 
having  longer  flight  duration,  was  used  for  the  heavy 
work  up  to  low  transonic  speeds,  while  the  X-l  flights 
were  at  higher  speeds. 

Instrumentation  for  these  flights  made  possible  pre- 
cise measurement  of  performance  (lift  and  drag), 
stability  and  control,  and  aerodynamic  loads.  For 
the  loads  work,  instrumentation  covered  measurements 
both  by  strain  gauges  and  detailed  pressure-distribution 
pickups.  This  basic  pattern,  supplemented  by  special 
recording  devices  to  obtain  other  data,  has  been  used 
with  the  later  research  aircraft. 

NACA’s  first  facilities  at  the  Dry  Lake  base  were 
entirely  makeshift,  consisting  of  wire  cages  in  one  Air 
Force  hangar.  In  fact,  Air  Force  facilities  at  the  Base 
were  generally  inadequate.  In  1948,  the  NACA  took 
over  a small  hangar  and  built  lean-to  structures  along- 
side for  shops  and  offices.  By  the  end  of  1948,  the 
complement  of  the  NACA’s  Muroc  Flight  Test  Unit 
had  been  increased  to  60;  the  following  year  the  group 
name  was  changed  to  High  Speed  Flight  Research 
Station. 

By  early  1949  the  Douglas  Skyrocket,  the  second 
phase  of  the  D-558  program,  was  nearing  completion 
of  contractor  performance  demonstrations,  using  only 
turbojet  power.  The  airplane  differed  from  the 
Phase  I in  two  important  details.  It  had  both  a 
Westinghouse  J-34  turbojet  engine  and  a R.  M.  I. 
rocket  motor,  and  its  wings  were  swept.  At  first  the 
wing  sweep  was  specified  at  45°,  but  because  so  little 
about  its  effect  was  then  known  (except  that  it  reduced 
lift  capabilities  of  the  wing)  sweep  was  reduced  first  to 
40°  and  finally  to  35°.  Automatic  leading-edge  slots 
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and  wing  fences  were  provided  to  overcome  some  dis- 
advantages of  sweepback. 

Later  in  1949,  the  Skyrocket  first  flew  with  both  jet 
and  rocket  power.  It  soon  became  clear  that  the 
rocket  engine  would  be  necessary,  in  addition  to  the 
turbojet,  for  ground  take-off  in  the  heavily  loaded 
condition.  Such  a requirement  meant  there  would  be 
little  rocket  fuel  available  for  high-speed  flight  at  alti- 
tude. Consequently,  the  NACA  recommended  modi- 
fication of  the  D-558-II  for  air-launching.  While  this 
work  was  being  done,  one  of  the  Skyrockets  was  further 
modified  by  removing  the  jet  engine  and  its  fuel  tanks, 
to  provide  additional  rocket  fuel  for  longer  high-speed 
flight. 

The  Douglas  Company  in  1950  began  air-launched 
flights,  and  early  the  next  year  began  maximum  per- 
formance flights  for  the  Navy,  using  the  all-rocket 
D-558-II.  William  Bridgeman,  the  pilot,  that  year 
exceeded  1,200  mph  (Mach  number  of  1.87).  In  the 
summer  of  1951,  Col.  Carl,  USMC,  reached  82,000  ft. 
altitude.  It  was  not  until  November  20,  1953,  how- 
ever, that  the  maximum  velocity  of  the  D-558-II  was 
attained.  On  that  day,  NACA  pilot  Scott  Crossfield 
became  the  first  man  to  reach  a Mach  number  of  2,  or 
1,328  mph. 

The  problem  of  longitudinal  stability  (pitch-up),  as 
experienced  by  airplanes  with  swept-back,  low-aspect- 
ratio  wings,  was  first  met  in  flight  with  the  D-558-II 
airplanes.  The  onset  of  pitch-up  (where  the  airplane 
noses  up  abruptly)  was  not  unexpected;  wind-tunnel 
investigations  had  suggested  this  might  happen.  It 
was  not  until  the  problem  could  be  studied  in  flight 
that  its  severity  could  be  fully  evaluated.  In  the  Sky- 
rocket, many  types  of  wing  devices  were  used  in  efforts 
to  lessen  the  pitch-up  severity. 

The  Skyrocket  further  was  used  effectively  in  the 
stud}7  of  the  violent  lateral  oscillations  which  may 
occur  at  high  speed  when  the  airplane  is  in  low-angle-of- 
attack  attitude.  When  Bridgeman  made  his  flight 
at  a Mach  number  of  1.87,  he  experienced  lateral 
oscillations  of  as  much  as  75°.  After  a detailed  study 
of  the  stability  problems  in  flight,  the  NACA  was 
able  to  dampen  the  lateral  oscillations  sufficiently  to 
permit  maximum  flight  to  Mach  number  of  2.01. 

One  of  the  major  problems  faced  by  designers  of 
supersonic  fighters  which  can  be  studied  in  the  wind 
tunnel  as  well  as  in  flight  is  the  decrease  in  directional 
stability  that  occurs  as  speed  increases.  What  hap- 
pens is  that  conventional  lifting  surfaces,  such  as  the 
vertical  tail,  tend  to  lose  their  lift  effectiveness  with 
increase  in  Mach  number.  The  positive  directional 
stability  of  an  airplane  may  decrease  to  the  point 
where  it  is  unacceptable.  By  increasing  the  wind- 
tunnel  speed  to  and  above  this  point,  the  advent  and 
seriousness  of  the  phenomenon  as  it  affects  a particular 
design  can  be  studied  in  detail. 


This  problem  was  experienced  first  in  the  Skyrocket 
program.  It  has  been  studied  with  succeeding  air- 
planes available  to  the  NACA  Station. 

During  1949  and  the  first  months  of  1950,  the 
Northrop  X-4,  a tailless,  swept-wing  airplane  powered 
by  two  Westinghouse  J-30  turbojet  engines  was 
undergoing  contractor  trials.  Sponsored  by  the  Air 
Force,  the  airplane  was  assigned  to  the  NACA  in  mid- 
1950.  For  several  years  thereafter,  the  X-4  was 
flown  many  times  to  investigate  problems  peculiar 
to  a tailless  design.  Stability  difficulties  encountered 
at  higher  speeds  made  impossible  attainment  of  speed 
beyond  a Mach  number  of  0.95.  In  the  X-4  program, 
much  of  value  was  learned  about  the  stability  and  con- 
trol characteristics  of  this  type  of  airplane.  Perhaps 
of  even  greater  importance  was  the  ability  to  acquire 
trend  information  (hints  of  things  to  come)  about 
dynamic  stability  involving  the  coupling  of  the  aero- 
dynamic and  mass  characteristics  of  an  airplane. 

By  the  beginning  of  1952,  when  the  variable-sweep 
wing  Bell  X-5  became  available  to  the  NACA,  the 
staff  of  its  High-Speed  Flight  Research  Station  num- 
bered nearly  200.  The  X-5  was  designed  to  permit 
flight  investigation  of  difficulties  resulting  from  the 
fact  that  although  wing  sweep  was  obviously  of  great 
utility  in  alleviating  or  delaying  the  large  drag  rise 
occuring  near  the  speed  of  sound,  its  use  entailed 
numerous  problems  associated  with  landing  at  low 
speeds.  An  airplane  able  to  land  and  take  off  with  its 
wings  essentially  straight,  and  then  sweep  them  back 
20°  to  60°  in  flight,  offered  obvious  advantages.  The 
most  modern  airplanes  being  flown  at  the  time  had 
little  more  than  35°  sweepback.  It  was  felt  necessary 
to  acquire  flight  experience  with  airplanes  having 
highly  swept  wings,  up  to  60°,  and  the  X-5  offered 
the  best  means  of  accomplishing  this. 

Before  the  end  of  the  year  the  X-5,  powered  by  an 
Allison  J-35  engine,  was  flying  supersonically.  Among 
other  studies,  it  was  used  to  investigate  the  change 
in  gust  response  with  large  differences  in  sweep.  When 
flown  with  59°  of  sweep,  the  airplane  showed  con- 
siderably less  response  to  gusts  than  when  flown  with 
20°  of  sweep.  In  fact,  although  lateral  stability  de- 
teriorated as  expected  with  the  extreme  angle  of  sweep, 
pilots  could  fly  it  with  59°  of  sweep  under  atmospheric 
conditions  that  were  impossible  with  20°.  The  air- 
plane was  simple  to  maintain  and  easy  to  fly.  The 
X-5  program  never  was  spectacular  but  the  airplane 
proved  itself  a most  useful  research  vehicle. 

In  1952  the  research  airplane  program  was  broadened 
to  include  flight  studies  with  the  XF-92A.  Convair 
built  this  model  to  acquire  experience  with  the  delta- 
wing configuration  prior  to  design  of  the  F-102.  The 
XF-92A  originally  was  powered  by  an  Allison  J-33 
turbojet;  modified  to  use  an  afterburner,  it  was  capable 
of  transonic  performance.  The  NACA  cooperated 
with  the  Air  Force  in  evaluating  the  airplane,  which 
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work  37ielded  some  of  the  first  full-scale  information 
about  drag  of  delta-wing  designs.  Detailed  measure- 
ments were  made  of  pressure  distributions  over  the 
aircraft  surfaces. 

Perhaps  most  important  among  test  results  was  the 
evaluation  of  pitch -up  characteristics  of  the  delta- 
wing, which  proved  unlike  those  of  the  other  research 
airplanes.  In  flight  at  Edwards  and  in  NACA  wind 
tunnels,  the  XF-92A  program  concentrated  on  prob- 
lems of  pitch-up  and  lateral  stability,  resulting  in  an 
arrangement  of  wing  fences  which  gave  satisfactory 
flight  characteristics  later  on  the  F-102. 

A “by-product”  of  the  research-airplane  program 
was  the  cooperative  effort  in  1952  by  the  Air  Force, 
Northrop,  and  the  NACA  to  determine  the  cause  of  a 
series  of  structural  failures  in  the  F-89.  It  was  be- 
lieved the  wings  might  be  under  strength  because, 
loadings  encountered  in  flight  were  higher  than  stress- 
analysis  estimates.  The  NACA  Station  had  large 
experience  in  the  art  and  science  of  flight  measurement 
of  aerodynamic  loads  by  strain  gauges.  NACA 
scientists  were  assigned  temporarily  to  the  Edwards 
Northrop  facility  to  direct  installation  and  calibration 
of  strain  gauges,  and  reduction  and  analysis  of  data  to 
determine  the  validity  of  beliefs.  Once  this  work  was 
done  and  remedies  were  applied,  the  F-89  structural 
failures  ended. 

From  1950  to  1953  the  NACA  Station  continued  to 
grow,  but  slowly,  reaching  222  employees  in  early  1953. 
Additional  temporary7  structures  were  erected  and  other 
temporary  buildings  were  obtained  from  the  Air  Force. 
The  result  was  an  operation  spread  over  a greater  part 
of  the  east  end  of  Edwards  AFB.  Meantime,  beginning 
in  1951,  the  USAF  master  plan  for  enlargement  of  the 
Base  was  approved,  and  construction  of  large,  perm- 
anent structures  began.  At  about  the  same  time,  it 
became  apparent  the  NACA  flight  research  operation 
at  Edwards  would  be  continued  indefinitely.  A per- 
manent facility  was  requested  and  approved  by  the 
Congress,  with  appropriations  voted  for  the  fiscal  year 
1952.  The  Air  Force  leased  175  acres  of  land  to 
NACA,  and  in  1953  NACA  began  construction  of  a 
large,  single  building  to  include  hanger  space,  instru- 
mentation facilities,  shops  and  offices. 

In  1953,  the  High-Speed  Flight  Research  Station 
obtained  a Boeing  B-47  for  study  of  the  problems 
peculiar  to  an  airplane  with  a high  degree  of  structural 
flexibility.  It  was  desired  especially  to  investigate 
aeroelastic  effects  on  the  loading  encountered  by  this 
airplane  in  flight  and  its  stability  and  control  charac- 
teristics. The  test  program  was  conducted  in  coop- 
eration with  the  Langley  and  Ames  Aeronautical 
Laboratories.  This  long-term  program,  now  com- 
pleted, has  provided  valuable  information  about  the 
effects  of  the  flexing  of  the  wing,  fuselage,  and  tail 
group  upon  the  characteristics  of  an  airplane.  At 
present  the  B-47  is  being  used  in  a program  to  measure 


accurately  the  noise  created  b}7  a large  turbojet- 
powered  airplane  and  the  several  sources  of  noise. 
It  is  hoped  the  research  results  will  aid  efforts  to  quiet 
the  jet  transports  which  will  soon  be  put  into  commer- 
cial service  in  the  United  States. 

Flight  tests  of  the  Douglas  X-3,  powered  by  two 
Westinghouse  J-34  turbojet  engines,  began  in  1953. 
The  Air  Force  sponsored  airplane  was  delivered  the 
following  year  to  the  NACA.  This  research  craft, 
because  of  development  difficulties  with  more  advanced 
engines,  never  reached  the  desired  performance  goals. 

Nevertheless,  its  layout  (a  very  thin,  straight  wing 
mounted  on  a long  fuselage  in  which  most  of  the  weight 
was  concentrated  along  the  centerline)  generally 
represented  the  design  thinking  about  high-perform- 
ance tactical  aircraft  of  the  future.  As  such,  the  X-3 
was  of  considerable  interest,  especially  in  the  field  of 
airplane  dynamics,  and  much  valuable  information 
was  obtained  in  flights  reaching  into  the  low  super- 
sonic range. 

It  was  in  the  X-3  that  the  frightening  phenomenon, 
now  known  generally  as  inertia  coupling,  was  first 
experienced.  Inertia  coupling,  characterized  by  large 
divergent  motions  of  the  airplane  in  rapid  aileron  rolls, 
was  determined  to  result  from  high  rates  of  rolling 
and  from  the  concentration  of  the  weight  of  the  air- 
plane within  the  fuselage  and  on  a great  length. 

Work  to  analyze  and  understand  the  problem  was 
just  getting  well  under  way  in  mid-1954,  when  an 
NACA  aeronautical  research  pilot  experienced  the 
inertia  coupling  in  a North  American  F-100  Super 
Sabre.  During  preliminar}7  tests  the  airplane  exhibited 
strange  behavior  in  rapid  aileron  rolling  maneuvers, 
resulting  in  large  divergencies  in  yaw  and  pitch  that 
could  be  both  destructive  to  the  airplane  and,  to  say 
the  least,  extremely  disconcerting  to  the  pilot. 

The  F-100  was  just  going  into  Air  Force  service, 
where  the  phenomenon  likewise  was  encountered 
Several  airplanes  were  lost  and  the  F-100  was  grounded 
until  a solution  to  the  problem  could  be  found.  Fol- 
lowing intensive  cooperative  action  by  the  Air  Force, 
North  American  Aviation,  Inc.,  and  the  NACA,  a 
joint  flight  test  program  was  undertaken.  Fortunately, 
both  unproved  understanding  of  the  phenomenon  and 
a practical  solution  were  soon  determined.  By  en- 
larging the  vertical  tail  of  the  airplane  and  performing 
other  seemingly  minor  modifications,  the  airplane  was 
“cured”  of  its  troubles  and  soon  returned  to  full  service. 

In  1954,  when  the  new  quarters  for  the  NACA  at 
Edwards  were  completed  and  occupied,  the  name  of 
the  unit  was  changed  to  High  Speed  Flight  Station. 
At  the  same  time  it  was  raised  to  independent  status, 
directly  under  NACA  Headquarters  instead  of  reporting 
to  the  Langley  Laboratory.  Additions  to  the  staff 
since  have  increased  its  total  complement  to  300. 

Research  on  problems  of  delta-wing  airplanes  con- 
tinued with  the  acquisition  in  the  fall  of  1954  of  the 
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Convair  YF-102.  Flight  measurements  of  lift  and 
drag  with  this  aircraft  were  especially  useful  in  corrobo- 
rating wind-tunnel  data  on  Richard  T.  Whitcomb's 
area  rule.  These  data  indicated  that  the  Whitcomb 
principle  would  be  valuable  when  applied  to  the 
Convair  airplane.  A study  also  was  made  of  the 
inertia-coupling  characteristics  and,  on  the  basis  of 
information  about  the  delta  wing,  together  with  data 
from  the  F-100  and  X-3  designs,  the  manufacturer 
was  enabled  to  free  the  production  F-102A  of  inertia- 
coupling troubles.  More  recently,  the  High  Speed 
Flight  Station  has  received  an  F-102A.  This  model 
permits  extension  of  flight  research  with  delta-wing 
airplanes  into  the  supersonic  range. 

Looking  back  for  a moment,  the  X-lA,  carrying  a 
larger  store  of  rocket  fuel  than  the  original  X-l,  under- 
went contractor  trials  in  1952-53.  This  program  was 
climaxed  December  12,  1953  when  Maj.  Yeager 
reached  a Mach  number  of  2.5,  approximately  1,650 
mph.  Military  pilots  later  flew  it  to  altitudes  as  high 
as  90,000  feet. 

In  1954,  both  the  X-lA  and  the  X-lB  (specially 
instrumented  for  full  scale  aerodynamic-heating  re- 
search in  flight)  were  delivered  to  the  NACA.  The 
first  of  these  was  lost  in  1955  when,  in  the  course  of  air 
launching  from  the  B-29  mother  ship,  an  explosion 
caused  serious  structural  damage  to  the  X-lA.  Unable 
to  jettison  fuel,  the  crew  found  it  necessary  to  release 
the  research  plane  and  let  if  fall  to  earth.  Fortunately 
there  was  no  injury  to  personnel — due  in  no  small  part 
to  the  heroism  of  the  flight  crews. 

Among  the  newer  airplanes  now  being  used  at  the 
Station  is  the  Lockheed  XF-104A,  which  is  capable  of 
speeds  near  a Mach  number  of  2.0.  This  airplane  will 
offer  the  opportunity  to  study  inlet  problems  or 
problems  of  air-breathing  engines,  as  well  as  problems 
associated  with  sustained  high  supersonic  speeds, 
including  aerodynamic  heating,  supersonic  speed  sta- 
bility, and  related  subjects. 

Another  of  the  X-l  series,  the  “E”  model,  was 
modified  from  one  of  the  original  X-l's.  It  incor- 
porates a 4-percent-thick  wing  and  a new  propellant 
and  tankage  system.  The  X-lE  is  being  used  to  study 
problems  of  very  thin  wings  (proportionally  about  as 
thin  as  a razor  blade)  at  high  supersonic  speeds  and 
altitudes. 


In  1956,  following  more  than  a decade  of  development 
effort,  the  Bell  X-2  became  operational.  Made  of 
stainless  steel  and  Monel  metal,  it  was  designed  for 
study  of  aerodynamic  heating  at  speeds  near,  if  not 
above,  a Mach  number  of  3.0.  Because  of  fabrication 
difficulties  inevitable  with  new  materials  and  techniques, 
and  even  more,  because  of  problems  of  developing 
satisfactory  throttling  apparatus  for  the  Curtiss-Wright 
rocket  engine,  the  airplane  was  delivered  several  years 
late. 

Late  in  the  spring,  Col.  Frank  Everest,  USAF,  flew 
the  X-2  to  a new  speed  record  and  soon  after,  Maj. 
Iven  Kincheloe  climbed  to  a higher  altitude  than  ever 
previously  reached  by  man.  In  one  of  the  last  flights 
scheduled  in  the  Air  Force  performance  program,  Capt. 
Milburn  G.  Apt  was  killed. 

The  tragic  loss  of  the  Bell  X-2  inevitably  will  slow 
the  rate  of  full-scale  research  on  aerodynamic-heating 
problems,  but  both  the  X-lB  and  X-lE  are  being  used 
profitabty  in  this  program.  The  first  of  these  airplanes, 
instrumented  with  some  500  thermocouples  to  permit 
detailed  evaluation  of  the  heating  problem,  can  be 
flown  at  speeds  above  a Mach  number  of  2.0.  The 
thin-wing  X-lE,  with  its  increased  fuel  supply,  can 
fly  above  a Mach  number  of  2.0  for  a somewhat  longer 
time. 

How  serious  the  aerodynamic-heating  problem 
already  has  become  may  be  seen  from  the  fact  that  at 
sustained  speed  in  the  Mach  number  2.0  range  a 
temperature  rise  of  as  much  as  300°  F may  be  expe- 
rienced. Further,  the  temperature  due  to  aerodynamic 
heating  rises  as  the  square  of  the  velocity:  at  a Mach 
number  of  3.0  the  temperature  rise  during  sustained 
flight  would  be  about  660°  F. 

Also  planned  for  use  in  study  of  such  problems  as 
aerodynamic  heating  and  stability  and  control  at  high 
altitude,  and  now  under  construction,  is  the  X-15. 
North  American  Aviation,  Inc.,  is  the  contractor,  and 
the  Air  Force  the  sponsoring  service.  As  with  previous 
research  airplanes,  the  NACA  is  an  active  partner, 
participating  fully  in  the  grave  decisions  implicit  in 
design  and  construction  of  an  airplane  of  new  concept 
that  is  intended  to  fly  still  faster  and  higher  than  man 
has  attempted.  Because  of  the  loss  of  the  X-2,  the 
need  for  earliest  possible  completion  of  this  project  has 
become  imperative. 


AERODYNAMIC  RESEARCH 


Man's  efforts  to  fly  faster  and  higher  have  never 
before  been  so  intense,  and  success  is  dependent  upon 
gaining  a greater  knowledge  and  understanding  of 
the  fundamental  problems  of  fluid  mechanics  of  super- 
sonic and  hypersonic  flows  along  with  other  factors 
affecting  aircraft  performance,  stability,  and  control. 
Hence  a major  portion  of  NACA  research  has  been 


devoted  to  experimental  and  theoretical  aerodynamic 
investigations.  In  addition  to  many  studies  of  gener- 
alized aircraft  configurations,  programs  have  been 
undertaken  at  the  request  of  the  miJitary  services  to 
assist  in  the  development  of  specific  military  airplanes 
or  missiles.  Such  studies  uncover  problems  which  lead 
to  general  research  programs.  In  the  past  year,  for 
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example,  considerable  effort  has  been  expended  on  the 
methods  of  eliminating  the  decrease  in  directional 
stability  associated  with  increasing  Mach  number  and 
angle  of  attack,  which  is  a serious  problem  in  the  design 
of  high-speed  airplanes. 

Aerodynamic  problems  of  the  long-range  ballistic 
missile,  such  as  aerodynamic  heating,  dynamic  stability, 
and  the  determination  of  optimum  shapes  for  reentering 
the  earth's  atmosphere,  have  also  become  increasingly 
important. 

The  results  obtained  from  flight  programs  on  research 
airplanes  undertaken  at  the  NACA  High-Speed  Flight 
Station  are  of  considerable  value  for  future  airplane 
designs.  Flight  programs  conducted  on  current  service 
airplanes  by  the  various  laboratory  flight  groups  are 
also  of  special  value  to  the  services  and  their  contrac- 
tors. The  results  often  lead  to  the  development  of 
more  advanced  airplanes  and,  in  particular,  aid  in 
obtaining  satisfactory  ftying  qualities. 

Continued  assistance  has  been  given  the  NACA  in 
planning  and  conducting  its  aerodynamic  research 
programs  by  the  Committee  on  Aerodynamics  and  its 
technical  Subcommittees  on  Fluid  Mechanics,  High- 
Speed  Aerodynamics,  Internal  Flow,  Propellers  for 
Aircraft,  Seaplanes,  and  Helicopters.  In  order  to 
handle  the  large  field  formerly  covered  by  the  Sub- 
committee on  Stability  and  Control  more  effectively, 
two  new  subcommittees  were  formed  during  the  year: 
The  Subcommittee  on  Aerodynamic  Stability  and  Con- 
trol and  the  Subcommittee  on  Automatic  Stabilization 
and  Control. 

As  in  previous  years,  dissemination  of  important  new 
aerod}7namic  research  results  by  means  of  a special 
NACA  conference  was  found  to  be  effective.  The 
conference,  attended  by  representatives  of  the  military 
services  and  many  of  their  contractors,  was  concerned 
with  the  aerodynamic  problems  of  high-speed  aircraft. 

Some  of  the  recent  unclassified  studies  conducted  by 
the  NACA  in  the  field  of  aerodynamics  are  described 
in  the  following  paragraphs. 

FLUID  MECHANICS 

Boundary- Layer  Research 

The  importance  of  obtaining  extensive  regions  of 
laminar  flow  on  all  surfaces  during  high-speed  flight 
stems  from  the  benefits  of  reduced  heat  transfer, 
equilibrium  temperatures,  and  skin  friction.  The 
Reynolds  number  for  transition  at  a Mach  number  of 
6.9  was  found  in  the  Langley  11-inch  hypersonic 
tunnel.  The  test  model  was  a hollow  cylinder  and 
measurements  were  made  on  its  outside  surface  with 
heat  transfer  from  the  boundary  layer  to  the  wall. 
The  boundary-layer  nature  was  determined  from 
impact-pressure  surveys.  As  reported  in  Technical 
Note  3546,  the  data  obtained  at  a Reynolds  number  of 


0.34  X 106  per  inch  in  a portion  of  the  nozzle  which  had  a 
small  Mach  number  variation  show  that  the  transition 
Re}7nolds  number  occurred  between  4X106  and  6X106. 
When  the  C3Tlinder  protruded  into  a region  of  the  nozzle 
where  a considerable  negative  pressure  gradient  existed, 
the  Reynolds  number  for  transition  approached  8X10® 
for  one  set  of  data.  At  a Reynolds  number  of  0.26X  106 
per  inch,  the  Reynolds  number  for  transition  varied 
from  about  4X106  to  4.5X106.  From  a correlation 
of  results  obtained  at  lower  supersonic  Mach  numbers 
(Mach  numbers  from  2.0  to  4.5),  leading-edge  thick- 
ness and  free-stream  Reynolds  number  per  inch  appear 
important  in  determining  flat-plate  transition.  Re- 
sults from  various  research  facilities  would  not  appear 
to  be  comparable  unless  these  factors  are  taken  into 
account.  At  a given  Mach  number  the  Re}Tnolds 
number  based  on  leading-edge  thickness  appears  to  be 
a significant  parameter  and  should  be  considered 
in  comparisons  of  flat-plate  or  hollow-cylinder  boundary 
layer- transition  data  obtained  from  various  research 
facilities. 

A number  of  the  factors  that  presumably  affect 
boundary-layer  transition  have  been  investigated  at 
the  Lewis  Laboratory.  The  effects  on  transition  of 
heating  and  cooling  the  surfaces  of  cone-cylinder  and 
parabolic-nose-cylinder  models  are  reported  in  Tech- 
nical Note  3562.  Cooling  the  cone-cylinder  model  to 
a ratio  of  wall  to  free-stream  static  temperature  of 
approximately  1.4  increased  the  transition  Reynolds 
number  from  about  2.0X10  6 to  10.6X10°  at  equi- 
librium. For  temperature  ratios  less  than  1.4,  the 
boundary-layer  flow  was  laminar  over  the  entire  model. 

For  the  parabolic-nosed  body,  the  boundary- 
layer-transition  Reynolds  number  was  about  twice 
that  of  the  cone-cylinder  model  over  the  temperature 
range  investigated. 

Another  factor  considered  was  the  effect  of  leading- 
edge  geometry  on  transition  position,  recovery-factor 
distribution,  boundary-layer  profile,  and  the  roughness 
required  to  induce  transition.  Results  of  the  investi- 
gation conducted  at  Mach  3.1  with  a hollow  cylinder 
alined  with  the  air  stream  are  reported  in  Technical 
Note  3659.  A large  downstream  displacement  of  the 
transition  point  and  an  increase  in  recovery  factor  were 
noted  when  a sharp  leading  edge  was  blunted  very 
slightly.  These  effects  may  be  attributed  to  the  forma- 
tion of  an  inviscid  shear  layer  near  the  surface  which 
was  caused  by  the  curvature  of  the  leading-edge  shock. 
The  boundary  layer  thus  develops  in  a region  of  lower 
Mach  number  which  exists  within  this  shock-produced 
shear  layer.  The  delay  in  transition  is  predominantly 
an  effect  of  a Reynolds  number  reduction  within  the 
reduced  velocity  region  of  the  inviscid  shear  layer.  A 
still  larger  downstream  displacement  of  the  transition 
point  was  observed  for  an  externally  beveled  leading 
edge. 
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Much  work  has  been  done  to  determine  the  transition 
point  on  bodies  of  revolution  and  unswept  surfaces  at 
zero  angle  of  attack.  For  supersonic  configurations, 
however  swept  wings  operating  at  angles  of  attack  are 
common,  and  questions  about  the  effects  of  sweep  and 
angle  of  attack  on  boundary-layer  transition  arise. 
Very  little  theoretical  or  experimental  work  has  been 
done  on  these  problems  at  supersonic  speeds. 

An  experimental  investigation  was  therefore  con- 
ducted at  the  Langley  Laboratory  to  determine  the 
effects  of  leading-edge  sweep,  angle  of  attack,  and 
leading-edge  thickness  on  boundary-layer  transition 
of  flat-plate  wings  at  a Mach  number  of  4.04.  The  data 
presented  in  Technical  Note  3473  show  that  transition 
always  occurred  along  a front  parallel  to  the  leading 
edge  of  the  wing.  Increasing  the  leading-edge  sweep 
angle  or  increasing  the  angle  of  attack  between  the 
undisturbed  air  stream  and  the  wing  surface  caused 
the  'transition  line  to  move  closer  to  the  wing  leading 
edge  and  generally  decreased  the  Reynolds  number  at 
which  transition  occurred.  An  increase  in  leading-edge 
thickness  from  0.25  mil  to  6 mils  caused  large  increases 
in  the  local  Reynolds  numbers  at  which  transition 
occurs  for  a flat-plate  wing  with  an  unswept  leading 
edge.  On  wings  with  45°  and  60°  leading-edge  sweep, 
however,  an  increase  in  the  leading-edge  thickness  had 
no  apparent  effect  on  the  local  normal  transition 
Reynolds  number.  For  small  angles  of  leading-edge 
sweep,  the  favorable  pressure  gradient  due  to  the 
curved  profile  of  the  NACA  65A004  airfoil  section 
produced  longer  lengths  of  laminar  flow  than  were 
obtained  on  the  flat-plate  section.  For  larger  sweep 
angles,  the  destabilizing  effect  of  the  curved  streamline 
outside  the  boundary  layer  caused  transition  to  occur 
earlier  than  on  the  flat  plate. 

Until  recently,  studies  of  unsteady  laminar  boundary 
layers  were  limited  to  either  the  early  stages  of  the 
motion  (i.  e.,  the  transient  state)  or  oscillatory  motions 
without  a mean  flow.  The  fluid,  furthermore,  was 
assumed  to  be  incompressible.  It  was  felt  that  the 
boundar3r-la3Ter  growth  occurred  in  so  short  a period  of 
time  that,  for  engineering  purposes,  the  flow  could  be 
assumed  to  be  steady.  However,  in  many  present-da37 
applications,  consideration  must  be  given  to  the  un- 
stead37  flow  effects  for  long  time  periods  and  to  high- 
speed flows  in  which  compressibility  becomes  important. 
For  example,  the  skin  friction  and  heat  transfer  of  a 
rocket  missile  varies  over  its  entire  flight  because  of  the 
unsteady  flow  caused  b37  the  varying  flight  speed 
throughout  its  trajectoiy.  Blades  rotating  in  non- 
uniform  air  streams,  unsteady  nozzle  flow,  and  oscillat- 
ing wings  are  some  of  the  other  important  cases. 

The  results  of  a study  at  the  Lewis  Laboratory*  con- 
cerned with  such  unsteady  flow  are  given  in  Technical 
Note  3569.  In  this  paper,  consideration  is  given  to  the 
laminar  compressible  boundary  la37er  and  heat  transfer 
over  a semi-infinite  flat  plate.  The  plate  was  main- 


tained at  a uniform  (both  temporal^7  and  spatially) 
temperature  and  moved  with  a continuous  but  other- 
wise arbitral  time-dependent  velocity.  The  solutions 
were  obtained  as  a series  about  the  quasi-stead37  state. 

The  lack  of  knowledge  about  the  proper  definition  of 
an  “origin,”  that  is,  of  an  absolute  streamwise  Re3molds 
number  scale  of  a turbulent  bounda^  layer,  makes  it 
difficult  to  find  a satisfactory  way  of  comparing  skin- 
friction  coefficients  of  low-  and  high-speed  turbulent 
boundar}7  la37ers. 

This  problem,  which  is  of  major  importance  at  some 
Reynolds  numbers,  is  discussed  in  Technical  Note  3486. 
The  report  describes  the  design  and  construction  of  a 
floating-element  skin-friction  balance.  This  instru- 
ment, which  is  similar  to  Dhawan’s  balance,  measured 
the  local  skin  friction  in  the  turbulent  boundar37  la37er 
of  a smooth  flat  plate  at  high-subsonic  Mach  numbers 
and  supersonic  Mach  numbers  up  to  1.75.  The 
measured  skin-friction  coefficients  are  consistent  with 
the  results  of  other  investigations  at  subsonic  and 
supersonic  speeds.  The  principal  difficulties  in  com- 
paring skin-friction  coefficients  at  various  Mach  num- 
bers are  discussed.  The  study  was  conducted  1:>3T  the 
Guggenheim  Aeronautical  Laboratory  of  the  California 
Institute  of  Technology  under  the  sponsorship  of  the 
NACA. 

In  recent  3rears  the  phenomena  associated  with 
shock-induced  separation  of  the  boundaiy  la37er  have 
received  increased  attention  because  of  the  important 
influence  that  separation  may  have  upon  the  overall 
aerod3mamic  characteristics  of  complete  aircraft  con- 
figurations by  affecting  the  performance  of  individual 
components.  A study  has  been  made  at  the  Langley 
Laboratory  of  some  recent  contributions  to  the  problem 
of  shock-induced  boundary -layer  separation.  Anatyt- 
ical  and  experimental  results  of  this  study  are  pre- 
sented in  Technical  Note  3601.  The  probable  ranges 
within  which  the  pressure  rise  and  flow  deflections 
associated  with  separation  ma37  be  expected  to  lie  are 
shown.  Consideration  is  given  to  the  effects  of  Mach 
number,  adverse  pressure  gradients,  and  Reynolds 
number  for  laminar  boundary  layers,  and  to  the  effects 
of  Mach  number,  Reynolds  number,  and  ratio  of 
specific  heat,  for  turbulent  boundary  layers. 

The  results  of  a study  at  the  Lewis  Laboratory  of  the 
boundar37  layer  behind  a shock  wave  advancing  into  a 
stationaiy  fluid  are  presented  in  Technical  Note  3712. 
In  this  stud37,  the  laminar-boundar37-la37er  problem, 
except  for  the  weak  wave  case  (which  can  be  solved 
analytically),  was  solved  by  numerical  integration. 
Integral  (Karman-Pohlhausen  t3Tpe)  solutions  were 
obtained  to  provide  a guide  for  determining  expressions 
which  accurately  represent  the  numerical  data.  Ana- 
l37tical  expressions  for  various  boundary-layer  param- 
eters are  presented  and  these  agree  with  the  numerical 
integrations  to  within  1 percent.  The  turbulent- 
boundar37-layer  problem  was  solved  b37  using  integral 
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methods  similar  to  those  employed  for  the  solution  of 
turbulent  compressible  flow  over  a semi-infinite  flat 
plate.  The  fluid  velocity,  relative  to  the  wall,  was 
assumed  to  have  a seventh-power  profile.  A form  of 
the  Blasius  equation  which  accounted  for  compressi- 
bility and  related  turbulent  skin  friction  and  boundaiy- 
layer  thickness  was  utilized. 

In  flows  which  are  suddenly  accelerated  in  a shock 
tube,  departures  of  the  real  fluid  from  results  predicted 
by  both  the  nonviscous-unsteady-flow  theory  and  the 
viscous  steady-flow  theory  occur.  The  effect  of  skin 
friction  has  been  studied  at  the  Langley  Laboratory 
by  artificially  increasing  the  friction  by  using  surface 
roughness,  which  created  very  thick  boundary  layers. 
Measurements  of  the  unsteady-flow  turbulent-bound- 
ar}7-layer  characteristics  were  made  using  a ne.w 
technique  involving  study  of  the  shape  of  the  bow  wave 
from  a bullet  fired  through  the  flow.  The  boundary- 
layer- thickness  measurements  agreed  well  with  both 
steady-flow  experiments  and  theoiy.  The  measured 
unsteady-flow  velocity  profiles  were  considerably  less 
full  than  the  stead}7-flow  theoretical  profiles  but  agreed 
with  some  of  the  steady-flow  data.  Shock-attenuation 
measurements  were  also  made  and  agreed  with  the 
results  of  simple  theory  at  small  values  of  boundary- 
layer-displacement  thickness  but  were  much  lower  than 
theoretical  results  at  large  values.  Results  of  this 
stud}7  are  presented  in  Technical  Note  3627. 

Heat  Transfer 

Aerodynamic  heating  in  supersonic  flight  has  long 
been  recognized  as  a major  problem  in  the  design  of 
supersonic  aircraft,  and  experimental  heat-transfer 
data  for  high  Mach  numbers  and  Reynolds  numbers 
are  in  great  demand.  Except  for  some  work  done  on 
the  V-2  rocket,  most  of  the  convective  heat-transfer 
work  has  been  done  in  wind  tunnels  under  stead}7-state 
conditions.  In  Technical  Note  3623  results  are  pre- 
sented for  the  transient  conditions  encountered  along 
the  trajectory  of  two  parabolic  bodies  of  revolution  as 
obtained  in  free  flight  at  the  Langley  Pilotless  Aircraft 
Research  Division.  The  tests  covered  Mach  numbers 
from  1.02  to  2.48  and  Reynolds  numbers  from  3X106 
to  164X106.  The  experimental  heat-transfer  coeffi- 
cient values  obtained  are  about  15  percent  higher  than 
those  measured  in  other  tests  on  a V-2  research  missile 
and  approximate  the  values  given  by  subsonic  flat-plate 
theory  with  a Reynolds  number  analogy  factor  of  0.6. 

In  order  to  extend  the  Mach  number  range  of  previ- 
ous studies  of  heat  transfer  over  hemisphere  cylinders, 
an  investigation  was  conducted  in  the  Langley  11-inch 
hypersonic  tunnel  at  a Mach  number  of  6.8  and 
Reynolds  numbers  from  approximately  1.09X105  to 
1.03X106  based  on  diameter  and  free-stream  conditions. 
In  this  investigation  the  boundary  layer  was  laminar 
and  had  average  T./T^  values  of  about  7 at  the  nose 
and  about  6 on  the  cylinder  (Ts  is  the  local  free-stream 


temperature  just  outside  the  boundary  la}7er  and 
is  the  free-stream  temperature  ahead  of  the  normal 
shock).  The  investigation  utilized  data  from  transient 
nonisothermal  temperature  distributions  since,  at  the 
high-temperature  levels  involved,  an  isothermal  surface 
is  difficult  to  obtain.  The  data  presented  in  Technical 
Note  3706  have  been  correlated  with  theoretical  anal- 
yses and  the  results  of  other  experiments  obtained  at 
lower  Mach  numbers.  The  experimental  heat-transfer 
coefficients  from  this  investigation  were  slightly  less 
over  the  whole  body  than  those  predicted  by  the  theory 
of  Stine  and  Wanlass  for  an  isothermal  surface.  A 
modification  of  Sibulkin’s  stagnation-point  solution 
gave  the  trend  of  the  local  Stanton  number  with  local 
Reynolds  number  for  angles  up  to  45°  from  the  stagna- 
tion point.  The  calculated  values,  however,  were 
approximately  12  percent  higher  than  the  experimental 
values. 

Pitot  profiles  taken  in  this  study  at  a Mach  number  of 
6.8  verify  that  the  local  Mach  number  or  velocity  out- 
side the  boundary  layer,  required  in  the  use  of  theory, 
may  be  computed  from  the  surface  pressures  by  using 
isentropic  flow  relations  and  conditions  behind  a normal 
shock.  The  experimental  pressure  distribution  at  a 
Mach  number  of  6.8  is  closely  predicted  by  the  modified 
Newtonian  theoiy.  The  velocity  gradients  calculated 
by  using  the  modified  Newtonian  theory  at  the  stagna- 
tion point  vary  with  Mach  number  and  are  in  good 
agreement  with  those  obtained  from  measured  pressures 
for  Mach  numbers  from  1.2  to  6.8. 

At  the  stagnation  point  a second  modification  of  the 
theory  of  Sibulkin  using  the  diameter  and  condition 
behind  the  normal  shock  was  in  good  agreement  with 
experiment  when  the  velocity  gradient  at  the  stagnation 
point  appropriate  to  the  free-stream  Mach  number 
was  used. 

Engineering  information  relative  to  the  heat-transfer 
coefficient  and  temperature  recovery  factor  is  required 
over  a wide  range  of  Mach  numbers  and  Reynolds  num- 
bers. Such  information  is  especially  important  in  the 
computation  of  aerodynamic  heating.  A project  is 
under  way  at  the  Langley  Laboratory  to  obtain  such 
information  for  the  zero-pressure-gradient,  two-dimen- 
sional case  with  turbulent  flow  for  values  of  Rejmolds 
number  from  about  1X106  to  1X108.  Previously,  data 
have  been  published  at  Mach  numbers  of  1.62,  2.06,  and 
3.03.  In  the  past  year  the  range  has  been  extended 
with  results  for  a Mach  number  of  0.87  published  in 
Technical  Note  3599.  The  heat-transfer  coefficients 
and  recovery  factors  determined  in  this  study  are  in 
fairly  good  agreement  with  the  theoretical  predictions  of 
Van  Driest  throughout  the  investigated  range  of  Macb 
numbers  and  Reynolds  numbers. 

An  interesting  natural  convection  problem  is  that 
concerning  the  thermally  unstable  configuration  ob- 
tained when  a fluid  is  heated  from  below.  The  effects 
of  frictional  heating  and  heat  sources  on  this  phenome- 
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non,  as  determined  from  a study  at  the  Lewis  Labora- 
toiy,  are  reported  in  Technical  Note  3458.  In  this 
study,  the  effects  of  heat  sources  and  frictional  heating 
on  the  laminar  fully  developed  channel  flow  subject  to 
a body  force  between  two  parallel  plates  oriented  in  the 
direction  of  the  bod}7  force  are  analyzed.  Solutions 
are  obtained  for  combined  forced-  and  natural-convec- 
tion flows  for  the  cases  in  which  the  wall  temperature 
variations  are  linear  and  (1)  the  wall  temperatures  are 
specified,  (2)  the  walls  are  insulated,  and  (3)  the  net 
mass  flow  in  the  channel  is  zero.  These  solutions 
depend  on  the  Rayleigh  number  which  was  previously 
found  to  be  the  factor  determining  the  stability  and 
type  of  flow  for  horizontal  and  vertical  layers  of  fluids 
heated  from  below  but  without  heat  sources  or  fric- 
tional heating.  Similar  stability  characteristics  were 
displayed  in  this  study,  and  the  heat  sources  affect  the 
flows  only  in  a quantitative  manner. 

The  cooling  of  aerodynamically  heated  surfaces  has 
gained  attention  in  connection  with  rocket  walls,  turbine 
blades,  and  high-speed  flow  over  aircraft  surfaces.  A 
promising  means  of  cooling  such  surfaces  appears  to  be 
transpiration  or  sweat  cooling,  a method  in  which  the 
surface  is  made  porous  and  a comparatively  small 
quantity  of  cool  fluid  per  unit  time  is  injected  through 
the  pores  into  the  main  stream.  Separation  may  be  of 
particular  interest  in  connection  with  flow  over  a 
transpiration-cooled  surface  because  a normal  mass 
flow  strongly  tends  to  promote  separation  by  moving 
the  separation  point  upstream.  On  the  other  hand, 
cooling  of  the  wall  tends,  by  itself,  to  delay  separation 
by  moving  the  separation  point  downstream. 

In  order  to  determine  the  actual  net  effect  of  simul- 
taneous normal  mass  flow  and  cooling  of  the  wall  on 
conditions  of  separation  over  a sweat-cooled  surface,  a 
theoretical  analysis  of  laminar  separation  in  compres- 
sible flow  over  a transpiration-cooled  surface  maintained 
at  a uniform  wall  temperature  has  been  made  at  the 
Polytechnic  Institute  of  Brooklyn  under  NACA  spon- 
sorship. In  Technical  Note  3559  a simple  method  of 
calculating  the  separation  point  over  such  surfaces  for 
a given  adverse  pressure  gradient,  Mach  number,  wall 
temperature,  and  uniform  coolant  temperature  is  de- 
veloped. This  method  is  expected  to  be  sufficiently 
accurate  for  most  purposes.  To  show  the  effects  of 
these  parameters  on  the  separation  point  a numerical 
example  is  worked  out  in  detail.  The  normal  mass 
flow  was  found  to  have  a predominate  effect  on  the 
separation-point  location,  since  separation  over  a trans- 
piration-cooled wall  occurs  upstream  of  the  separation 
point  location  of  a heat-insulated  wall  without  normal 
mass  flow  at  the  same  adverse  pressure  gradient  and 
Mach  number. 

Gas  Dynamics 

The  calculation  of  flows  about  objects,  primarily 
missiles,  traveling  at  high  supersonic  speeds  is  a matter 


of  great  practical  interest.  These  calculations  are  diffi- 
cult because  at  high  supersonic  speeds  the  disturbance 
velocities  are  not  necessarily  small  compared  with  the 
velocity  of  sound,  nor  are  entropy  gradients  necessarily 
negligible  in  the  disturbed  flow  field  about  a body,  even 
though  it  may  be  of  normal  slenderness.  Thus,  for 
example,  the  simple  linear  theory,  which  is  valuable  in 
studying  flows  at  low  supersonic  speeds,  loses  much  of 
its  utility  in  the  study  of  high-supersonic-speed  flows. 

A procedure  has  been  developed  at  the  Ames  Labora- 
tory for  calculating  three-dimensional  steady  and  non- 
steady supersonic  flows  using  the  method  of  character- 
istics. An  approximate  method  was  deduced  and  shown 
to  be  of  practical  value  for  pointed  bodies  of  revolution 
at  high  supersonic  speeds.  In  the  application  of  the 
approximate  method,  flow  at  the  vertex  is  analyzed 
using  a generalized  Prandtl-Meyer  expansion  theory. 
Surface  pressures  and  bow  shock  waves  for  inclined 
ogives  determined  by  using  the  approximate  method 
were  compared  with  experimental  results  obtained  at 
Mach  numbers  from  3 to  6.3.  Theoretical  predictions 
and  experimental  results  are  in  good  agreement  for 
values  of  the  hypersonic  similarity  parameter  greater 
than  about  1.  It  was  also  found  that  the  concept  of 
two-dimensionality  in  inviscid  hypersonic  flows  has  a 
counterpart  in  hypersonic  boundary-layer  flows.  From 
this  result,  a unified  two-dimensional  approach  to  three- 
dimensional  hypersonic  flows  was  developed.  The 
results  of  this  investigation  are  presented  in  Report 
1249. 

The  application  of  this  theory  to  bodies  traveling  at 
large  Mach  numbers  is  often  limited,  however,  by  the 
restriction  that  the  maximum  slope  of  the  body  must  be 
less  than  the  slope  of  a free-stream  Mach  line.  The 
applicability  of  the  generalized  shock-expansion  method 
and  that  of  the  second-order  potential  theory  do  not 
always  overlap,  and  there  remain  flows  at  certain  com- 
binations of  Mach  number  and  body  shape  which  can- 
not be  treated  by  either  theory.  Normally,  these  inter- 
mediate flows  are  encountered  when  the  hypersonic  sim- 
ilarity parameter  based  on  nose  fineness  ratio  is  in  the 
neighborhood  of  1. 

Since  this  is  a range  of  practical  interest,  a new 
second-order  shock-expansion  method  has  been  devel- 
oped at  the  Ames  Laboratory.  This  method  applies 
to  flows  about  bodies  of  revolution  characterized  by 
values  of  the  hypersonic  similarity  parameter  near  1 
(i.  e.,  the  ratio  of  free-stream  Mach  number  to  body 
fineness  ratio).  The  method  has  been  applied  to  the 
calculation  of  pressure  distribution,  normal-force  curve 
slope,  and  center-of-pressure  position  on  bodies  of  revo- 
lution at  zero  lift.  An  experimental  investigation  was 
conducted  in  the  Ames  10-  by  14-inch  supersonic  wind 
tunnel  to  assess  the  accuracy  of  the  method.  Cone- 
cylinder  and  ogive-cylinder  bodies  with  fineness  ratios 
from  3 to  17  were  tested, at  Mach  numbers  from  3.0  to 
6.3  to  determine  normal -force-curve  slope  and  center- 
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of-pressure  position  at  zero  lift.  The  theoretical  method 
predicts  these  aerodynamic  characteristics  within  the 
accuracy  of  the  experimental  results  throughout  the 
range  of  test  variables  investigated.  The  results  of  this 
investigation  are  reported  in  Technical  Note  3527. 

A method  based  upon  the  theory  of  characteristics 
has  been  developed  at  the  Langley  Laboratory  to  com- 
pute the  contour  of  a body  of  revolution  for  a pre- 
scribed pressure  distribution  at  isupersonc  speeds.  The 
design  of  such  a body  would  be  useful  in  the  investiga- 
tion of  many  aerodynamic  problems  such  as  those 
associated  with  body-wing  interaction,  inlets,  boundary- 
layer  transition,  separation,  and  shock-wave  inter- 
action. The  evaluation  of  the  flow  properties  at  any 
point  along  the  surface  of  the  body  is  determined  by  an 
iteration  process.  This  method,  described  in  Technical 
Note  3555,  was  used  to  compute  the  contour  of  a body 
with  a constant  pressure  gradient.  This  pressure  dis- 
tribution was  chosen  because  the  theoretical  approach 
to  the  transition  problem  indicated  that  a constant 
pressure  gradient  would  be  desirable  for  certain  experi- 
mental studies.  A model  was  constructed  and  tested 
at  Mach  numbers  of  3.05  and  3.13.  Excellent  agree- 
ment with  the  computed  distribution  was  obtained. 

Even  when  the  compressible-flow  equations  can  be 
solved  precisely  in  a particular  case,  the  numerical 
computation  is  usually  laborious.  If  it  becomes  neces- 
sary to  extend  the  calculations  to  related  and  perhaps 
more  complicated  cases,  it  is  often  desirable,  or  neces- 
sary to  resort  to  approximate  solutions.  In  Technical 
Note  3485,  it  is  shown  that  the  streamlines  near  an 
unyawed  circular  cone  with  an  attached  shock  wave  are, 
to  a first  approximation,  portions  of  hyperbolas.  This 
result  is  used  as  a basis  for  the  development  of  an 
approximate  solution  for  the  cone  in  which  the  shock- 
wave  orientation  and  the  flow  field  behind  the  shock 
wave  are  given  explicitly  in  terms  of  the  free-stream 
Mach  number,  the  vertex  angle  of  the  bod}7  cone,  and 
the  ratio  of  specific  heats  of  the  gas.  The  possible 
application  of  a part  of  this  solution  to  the  analysis  of 
real-gas  effects  on  the  high-speed  flow  over  a cone  is 
discussed. 

One  of  the  transonic  flow  problems  of  interest  is  that 
of  a double-wedge  airfoil  in  slightly  supersonic  flow. 
Previous  experimental  work  has  provided  a detailed 
description  of  the  flow  characteristics  for  nonlifting 
wedges.  The  data  for  lifting  wedges,  however,  are  far 
less  complete.  Measurements  were,  therefore,  made 
at  the  Langley  Gas  Dynamics  Laboratory  of  the  flow 
around  two  wedges  at  Mach  numbers  of  1.30  and  1.41 
by  means  of  a Mach-Zehnder  interferometer  for  various 
angles  of  attack  up  to  5°.  The  results  presented  in 
Technical  Note  3626  show  that  pressure  distributions  for 
different  Mach  numbers  on  wedges  of  different  thickness 
are  similar  at  the  same  values  of  transonic  similarity 
parameter  and  reduced  angle  of  attack  for  angles  of 
attack  as  large  as  the  thickness  ratio,  that  the  lift-curve 


slope  is  nearly  independent  of  the  angle  of  attack  for 
angles  of  attack  from  —2°  to  2°,  and  that,  for  the  air- 
foils tested  at  Mach  numbers  greater  than  the  attach- 
ment value,  the  center-of-pressure  location  is  nearly 
independent  of  the  angle  of  attack. 

The  problem  of  determining  the  shape  of  slender  boat- 
tail  bodies  of  revolution  for  minimum  wave  drag  has 
been  reexamined.  In  Technical  Note  3478  it  is  shown 
that  minimum  solutions  for  Ward’s  slender-body  drag 
equation  can  exist  only  for  the  restricted  class  of  bodies 
for  which  the  rate  of  change  of  cross-sectional  area  at 
the  base  is  zero.  In  order  to  eliminate  this  restriction, 
certain  higher  order  terms  must  be  retained  in  the  drag 
equation  and  isoperimetric  relations.  The  minimum 
problem  for  the  isoperimetric  conditions  of  given  length, 
volume,  and  base  area  is  treated  as  an  example.  Ac- 
cording to  Ward’s  drag  equation,  the  resulting  body 
shapes  have  slightly  less  drag  than  those  determined 
by  previous  investigators. 

If  especially  advantageous  arrangements  for  super- 
sonic aircraft  are  not  to  be  overlooked  it  becomes  neces- 
sary to  study  completely  general  or  arbitrary  arrange- 
ments of  airfoils  and  bodies  in  three-dimensional  space. 
In  Technical  Note  3530  the  problem  of  minimizing  the 
wave  drag  for  a given  total  volume  and  a given  total 
lift  is  discussed.  The  volume  and  lift  may  be  carried 
by  any  number  of  slender  bodies  or  thin  airfoils,  but  to 
make  the  problem  definite,  they  are  confined  to  the 
interior  of  a given  fixed  region  which  may  outline  the 
maximum  permissible  dimensions  of  the  aircraft. 

In  a related  study,  reported  in  Technical  Note  3667, 
several  variations  involving  optimum  wing  and  body 
combinations  having  minimum  wave  drags  are  analyzed 
for  different  geometrical  restraints.  Particular  attention 
is  paid  to  the  effect  on  the  wave  drag  of  shortening  the 
fuselage  and,  for  slender  axially  symmetric  bodies,  the 
effect  of  fixing  the  fuselage  diameter  at  several  points 
or  even  of  fixing  portions  of  its  shape. 

A great  deal  of  effort  is  presently  being  expended  in 
correlating  the  zero-lift  drag  rise  of  wing-body  combi- 
nations on  the  basis  of  their  stream  wise  distribution  of 
cross-section  area.  This  work  is  based  on  the  discovery 
of  the  concept,  known  as  the  transonic  area  rule,  that 
“near  the  speed  of  sound,  the  zero-lift  drag  rise  of  thin 
low-aspect-ratio  wing-body  combinations  is  primarily 
dependent  on  the  axial  distribution  of  cross-sectional 
area  normal  to  the  airstream.”  Since  an  accurate  pre- 
diction of  drag  is  vital  to  the  designer  and  since  the  use 
of  such  a simple  rule  is  appealing,  it  is  very  important 
to  investigate  the  applicability  of  the  rule  to  the  widest 
variety  of  shapes  of  aerodynamic  interest.  Some  in- 
sight into  the  applicable  range  of  the  transonic  area 
rule  has  been  gained  in  a study  at  the  Ames  Laboratory 
comparing  it  with  the  appropriate  similarity  rule  of 
transonic-flow  theory  and  its  results  with  available  ex- 
perimental data  for  a large  family  of  rectangular  wings 
having  NACA  63AXXX  profiles.  In  spite  of  the  small 
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number  of  geometric  variables  available  for  such  a fam- 
ily, the  range  is  sufficient  to  include  cases  both  compat- 
ible and  incompatible  with  the  area  rule.  A resume  of 
the  study  is  given  in  Technical  Note  3673. 

The  precise  experimental  determination  of  the  struc- 
ture and  thickness  of  the  normal  shock  wave  is  of 
fundamental  interest  in  the  stud}'  of  gas  dynamics  be- 
cause it  does  much  to  define  the  usefulness  of  the  Navier- 
Stokes  equations,  or  of  alternative  equations,  for  pre- 
dicting the  behavior  of  a nonuniform  gas.  In  addition, 
observations  of  the  nature  of  the  shock  wave  shed  con- 
siderable light  on  the  magnitude  and  character  of  so- 
called  “relaxation  effects”  associated  with  the  finite 
time  required  to  obtain  equipart.ition  of  energy  among 
the  translational  and  internal  motions  of  a polyatomic 
molecule. 

To  provide  additional  information,  the  profiles  and 
thicknesses  of  normal  shock  waves  of  moderate  strength 
have  been  determined  experimentally  at  the  Univer- 
sity of  California  under  the  sponsorship  of  the  NACA 
in  terms  of  the  variation  of  the  equilibrium  temperature 
of  an  insulated  transverse  cylinder  in  free-molecule  flow. 
Steady-state  shock  waves  were  produced  in  the  jet  of 
a low-density  wind  tunnel  at  initial  Mach  numbers  of 
1.72  and  1.82  in  helium  and  1.78,  1.85,  1.90,  1.98,  3.70, 
and  3.91  in  air.  The  shock  thickness,  determined  from 
the  maximum  slope  of  the  cylinder  temperature  profile, 
varied  from  3%  to  5 times  the  length  of  the  Maxwell 
mean  free  path  in  the  supersonic  stream.  A comparison 
between  the  experimental  shock  profiles  and  various 
theoretical  predictions  leads  to  the  tentative  conclu- 
sions that:  (1)  The  Navier-Stokes  equations  are  ade- 
quate for  the  description  of  the  shock  transition  for 
initial  Mach  numbers  up  to  2,  and  (2)  the  effects  of 
rotational  relaxation  times  in  air  can  be  accounted  for 
by  the  introduction  of  a “second”  or  “bulk”  viscosity 
coefficient  equal  to  about  two-thirds  of  the  ordinary 
shear  viscosity. 

The  results  of  a study  conducted  at  Iowa  State 
College  under  the  sponsorship  of  the  NACA  in  which 
the  relaxation  times  for  the  excitation  of  molecular 
vibrations  in  a number  of  heavy  gases  were  measured 
with  an  acoustic  interferometer  are  reported  in  Tech- 
nical Note  3558.  All  the  gases  studied  were  found  to 
have  a single  relaxation  time,  indicating  that  intermodal 
coupling  in  these  gases  is  strong.  Only  binary  collisions 
were  found  to  be  important  in  the  excitation  of  vibra- 
tions. The  probability,  in  a given  collision,  of  exciting 
or  deexciting  molecular  vibrations  in  the  halogen- 
substituted  methanes  appears  to  depend  upon  the  rela- 
tive energy  of  approach  of  the  colliding  molecules 
rather  than  upon  the  relative  velocity.  The  excitation 
of  vibrations  in  polyatomic  gases  may  involve  the 
formation  of  a complex  molecule  with  a very  short  life. 

The  shock  waves  produced  during  flight  at  higher 
hypersonic  speeds  result  in  air  temperatures  high 
enough  to  cause  at  least  a partial  dissociation  of  the 


air  molecules.  This  dissociation  has  some  effect  on  the 
rate  of  aerodynamic  heating.  Since  dissociation  occurs 
at  a finite  rate,  a thorough  understanding  of  aero- 
dynamic heating  requires  information  on  the  rate  of 
dissociation.  In  Technical  Note  3634,  the  collision- 
theory  equation  for  rate  of  dissociation  has  been  applied 
to  the  flow  behind  normal  shock  waves  at  Mach  num- 
bers of  10,  12,  and  14  to  find  the  distance  required  for  a 
moderately  large  fraction  of  the  oxygen  to  dissociate. 
This  distance  was  found  to  vary  widely  with  Mach 
number  and  density  from  a fraction  of  a millimeter  to 
hundreds  of  meters. 

Research  Equipment  and  Techniques 

Proper  design  of  wings,  flaps,  inlets,  or  wind  tunnels 
in  which  area  suction  is  to  be  used  requires  accurate 
and  comprehensive  information  on  the  permeability 
characteristics  of  the  porous  materials  involved.  In 
most  instances,  the  available  information  on  each  porous 
material  was  obtained  with  a single  fixed  relation  be- 
tween Mach  number  and  Reynolds  number,  which  is 
not  sufficient  for  predicting  permeability  characteristics 
for  a range  of  operating  conditions.  Experiments  per- 
formed in  the  Langley  19-foot  pressure  tunnel  on  rolled 
wire  cloth  and  sintered  bronze  showed  that  the  perme- 
ability characteristics  were  affected  by  absolute  pres- 
sure, flow  choking,  and  material  thickness.  This  infor- 
mation has  been  presented  in  Technical  Note  3596 
together  with  simple  calculation  and  correlation  pro- 
cedures for  determining  permeability  characteristics 
with  reasonable  accuracy  when  experimental  data  are 
limited. 

A general  investigation  is  being  conducted  to  de- 
termine the  relative  smoothness  of  the  flows  in  the 
various  supersonic  facilities  of  the  National  Advisory 
Committee  for  Aeronautics.  As  part  of  this  investiga- 
tion, tests  have  been  conducted  in  the  Langley  4-  by 
4-foot  supersonic  wind  tunnel  to  determine  the  transi- 
tion Reynolds  number  for  a 10°  cone  at  Mach  numbers 
of  1.41,  1.61,  and  2.01.  The  results  of  these  tests,  given 
in  Technical  Note  3648,  indicate  that,  on  the  average, 
the  transition  Reynolds  numbers  for  a smooth  cone 
increased  with  tunnel  stagnation  pressure  from  about 
7X106  at  a test  Reynolds  number  of  4X106  per  foot  to 
approximately  8X106  at  a test  Reynolds  number  of 
9X106  per  foot  for  all  test  Mach  numbers.  There  was 
no  effect  of  Mach  number  on  transition  Reynolds  num- 
ber in  the  range  investigated.  The  results  also  indicated 
that  the  transition  point  was  unsteady  and  tended  to 
oscillate  approximately  ±10  percent  about  the  mean 
value  of  transition  Reynolds  number.  The  values  of 
transition  Reynolds  number  obtained  were  higher  than 
those  for  any  other  tunnel  for  which  similar  data  were 
available,  which  is  indicative  of  a low  tunnel  turbulence 
level  and  freedom  from  extraneous  flow  distrubances. 
In  addition,  it  was  found  that  a single-element  two- 
dimensional  surface  roughness  of  one  layer  of  /2-inch- 
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■wide  and  0.003-inch-thick  cellulose  tape  caused  a larger 
decrease  in  transition  Reynolds  number  than  was  ex- 
perienced in  low-speed  or  in  other  supersonic  wind- 
tunnel  investigations. 

A continuing  search  is  being  carried  out  for  techniques 
for  producing  high-stagnation-temperature  hypersonic 
airstreams.  One  method  involves  use  of  the  heat 
release  given  by  chemical  reactions.  Here,  the  require- 
ment is  that  not  only  the  chemical  used  must  liberate 
sufficient  heat  but  also  that  the  products  of  the  reaction 
must  have  as  nearly  as  possible  the  same  flow  properties 
as  air  for  tunnel  flow.  Nitrous  oxide  was  found  to  be 
promising  for  this  use.  Theory  indicates  that  the 
thermal  decomposition  of  nitrous  oxide  at  constant 
volume  can  produce  a temperature  of  4,050°  F and 
that  the  end  products  consist  of  two  parts  of  nitrogen 
to  one  part  of  oxygen,  which  is  reasonably  close  to  the 
composition  of  air. 

Preliminary  laboratory  tests  made  to  verify  theory 
for  both  a constant-volume  and  a constant-pressure 
decomposition  show,  as  reported  in  Technical  Note 
3624,  that  a more  complete  decomposition  was  obtained 
at  high-pressure  conditions.  Pressure  up  to  1,930 
atmospheres  was  obtained  for  the  constant-volume 
process,  whereas  the  constant-pressure  process  was 
operated  at  70  atmospheres,  and  theoretically  predicted 
temperatures  were  approached.  Decompositions  up 
to  98  percent  complete  for  the  constant- volume  process 
and  90  percent  complete  for  the  constant-pressure 
process  were  obtained.  Results  of  comparison  tests 
made  in  a small-scale  wind  tunnel  at  Mach  numbers 
up  to  about  7 on  air  and  on  the  products  of  nitrous 
oxide  decomposed  at  constant  pressure  showed  no 
significant  difference. 

In  order  to  simplify  the  problem  of  model  support  for 
the  measurement  of  forces  at  large  angles  of  attack  at 
high  Reynolds  numbers  and  supersonic  speeds,  nozzles 
exhausting  directly  to  the  atmosphere  are  used  at  the 
Langley  gas  dynamics  laboratory.  At  the  higher  Mach 
numbers  the  separation  of  the  boundary  layer  from  the 
nozzle  contours  resulted  in  excessive  stagnation  pres- 
sures being  required  for  establishing  supersonic  flow  in 
the  test  section.  An  investigation,  reported  in  Techni- 
cal Note  3545,  was  made  at  Mach  numbers  of  2.7,  3.0, 
3.5,  4.0,  and  4.5  to  determine  the  effect  of  short,  fixed, 
wedge  diffusers  on  the  starting  characteristics  of  these 
jets.  Wedge  diffusers  that  were  extensions  of  the  nozzle 
contours  reduced  the  pressure  ratios  required  for  start- 
ing to  less  than  one-half  the  values  obtained  without  a 
diffuser.  Central-body  diffusers  were  not  so  effective 
as  wedge  extensions  of  the  nozzle  contours.  With 
the  wedge  extensions  of  the  nozzle  contours,  the  jets 
could  be  started  at  each  test  Mach  number  for  values 
of  diffuser  minimum  area  considerably  below  the  values 
predicted  by  one-dimensional  theory.  The  central- 
body  diffusers  required  diffuser  minimum  area  at  least 
as  large  as  theoretical  values. 


A series  of  wind-tunnel  investigations  has  been  con- 
ducted to  determine  the  effect  of  inclination  of  the  air- 
stream  on  the  measured  pressures  of  a number  of  total- 
pressure  tubes  through  a wide  angle-of-attack  range  at 
subsonic,  transonic,  and  supersonic  speeds. 

These  investigations  were  conducted  to  obtain  in- 
formation which  would  lead  to  the  design  of  rigid- t}7pe 
tubes  capable  of  measuring  total  pressures  correctl}7 
at  high  angles  of  attack  and  at  high  speeds.  The 
need  for  this  information  has  arisen  because  of  the 
development  of  airplanes  capable  of  maneuvering  to 
high  angles  of  attack  at  supersonic  speeds  and  because 
conventional  tubes,  both  rigid  and  swiveling,  are  un- 
satisfactory under  these  conditions.  Conventional 
rigid  tubes,  that  is,  those  with  hemispherical  or  ogival 
nose  shapes,  are  unsatisfactory  because  the  measured 
pressure  begins  to  deviate  from  the  free-stream  value  at 
moderate  angles  of  attack.  Swiveling  tubes,  on  the 
other  hand,  are  considered  undesirable  because  of 
possible  structural  failure  at  high  speeds.  Technical 
Note  3641  summarizes  these  results  and  presents  the 
data  in  a form  permitting  a more  detailed  comparison 
of  the  effects  of  pertinent  design  variables. 

The  various  tubes  studied  differed  in  regard  to  ex- 
ternal shape,  internal  shape,  and  type  of  total-pressure 
entry.  For  simple  nonshielded  tubes,  the  best  com- 
bination of  these  design  variables  produced  a usable 
angle-of-attack  range  of  ±28°  at  a Mach  number  of 
0.26.  For  the  more  complicated  shielded  tubes,  the 
best  design  produced  a usable  angle-of-attack  range  of 
±63°  at  a Mach  number  of  0.26.  The  throats  of  the 
shielded  tubes  were  vented  through  the  walls  of  the 
shields,  a design  feature  permitting  end-mounting  of  the 
tube  on  a horizontal  boom.  There  was  considerable 
effect  of  Mach  number  on  both  unshielded  and  shielded 
tubes.  For  most  of  the  unshielded  tubes,  the  usable 
range  increased  the  Mach  number,  whereas  that  of  the 
shielded  tubes  decreased  with  Mach  number. 

In  the  description  of  random  fields,  the  correlation 
function  is  an  important  tool.  An  instrument  of  fairly 
simple  design  for  measuring  time  correlation  functions 
of  two  stationary  random  electrical  signals  is  discussed 
in  Technical  Note  3682.  It  is  intended  primarily  for 
use  in  problems  connected  with  aerodynamicaily  pro- 
duced acoustic  fields  but  has  properties  suitable  for  ap- 
plication to  a rather  wide  range  of  aerodynamic  prob- 
lems involving  turbulent-flow  fields.  It  has  been  de- 
signed and  constructed  with  a view  to  econom}7  and 
simplicity  of  operation  and  makes  extensive  use  of  the 
general  statistical  properties  of  the  problems  for  which 
it  is  intended.  A few  experimentally  determined  auto- 
correlation functions  are  given  in  the  Technical  Note 
to  indicate  the  degree  of  accuracy  achieved.  The  Four- 
ier transform  of  the  autocorrelation  function  of  a ran- 
dom input  is  compared  with  the  power  spectrum  of  the 
same  function.  The  study  was  conducted  at  the  Gug- 
genheim Aeronautical  Laboratory  of  the  California 
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Institute  of  Technology  under  the  sponsorship  of  the 
NACA. 

HIGH-SPEED  AERODYNAMICS 
Airfoils  and  Wings 

Designers  of  aircraft  and  aircraft  propellers  have  re- 
peatedty  expressed  the  need  for  airfoil-section  data  in 
the  transonic  speed  range.  Almost  all  airfoil-section 
data  in  the  subsonic  speed  range  have  been  obtained 
from  closed-throat  tunnels  which  limited  the  tests  to 
Mach  numbers  less  than  about  0.9.  One  method  of 
extending  speed  range  of  two-dimensional  experimental 
tests  is  by  utilization  of  the  open-jet  principle  to  elim- 
inate the  choking  limitations  of  closed-throat  tunnels. 
Tests  of  a group  of  related  NACA  airfoil  sections  vary- 
ing in  maximum-thickness  location,  design  lift  coeffi- 
cient, and  thickness  distribution  have  been  conducted 
in  a two-dimensional,  open- throat- type  wind  tunnel  at 
Mach  numbers  from  0.3  to  about  1.0  and  Reynolds 
numbers  from  0.7X106  to  1.6X106.  The  re- 
sults of  the  tests,  reported  in  Technical  Note  3607, 
indicate  that  near  sonic  speeds  the  maximum  normal- 
force— drag  ratio  approaches  the  low  values  theoret- 
ically determined  for  a biconvex  airfoil  in  supersonic 
flow.  Contrary  to  low-speed  results,  the  maximum 
normal-force — drag  ratio  increased  as  either  the  thick- 
ness ratio  or  the  camber  was  decreased.  At  all  Mach 
numbers  the  normal-force  coefficient  for  maximum  nor- 
mal-force — drag  ratio  generally  increased  with  increases 
in  thickness  ratio  and  camber,  and  also  with  forward 
movement  of  the  position  of  maximum  thickness.  The 
trends  of  the  data  in  the  highest  test  Mach  number 
range  indicated  that  the  normal-force-curve  slopes  of 
all  airfoils  tested  are  approximately  equal  at  a Mach 
number  of  1.0,  the  value  being  about  the  same  as  at 
low  speeds. 

As  part  of  the  NACA  program  to  determine  the  zero- 
lift  drag  characteristics  of  various  wings  at  supersonic, 
transonic,  and  high-subsonic  speeds,  the  Langley  Pilot- 
less Aircraft  Research  Station  has  conducted  tests  of  a 
series  of  60°  delta  wings.  These  wings  had  varying  air- 
foil sections  and  were  mounted  on  rocket-propelled  test 
bodies. 

The  sections  investigated  were  three  double-wedge 
airfoils  of  6-percent- thickness  ratio  with  the  position 
of  maximum  thickness  at  20,  50,  and  80  percent  of  the 
chord,  an  NACA  65-006  airfoil  section,  and  a double- 
wedge 3-percent- thick  wing  with  maximum  thickness  at 
50  percent  chord.  The  results,  determined  at  Mach 
numbers  from  0.7  to  1.6  and  presented  in  Technical 
Note  3650,  show  that  the  forward  locations  of  wing 
maximum  thickness  were  better  from  a drag  standpoint 
and  that  the  thinnest  section  gave  the  lowest  drag. 
Theoretical  wing  drag  compared  well  with  experimental. 
In  related  tests  on  6-percent-thick,  2.7-aspect-ratio  rec- 
tangular wings,  varying  the  section  from  a circular  arc 


to  a symmetrical  diamond  section,  as  reported  in  Tech- 
nical Note  3548,  decreased  the  drag  at  supersonic  speeds 
and  increased  it  at  high  subsonic  speeds. 

The  aerod3mamic  properties  of  wedges  of  infinite 
span  at  Mach  numbers  near  shock  attachment  have 
now  been  well  explored.  Information  on  wedges  of 
finite  span  is  less  extensive.  Since  three-dimensional 
problems  are  beyond  the  reach  of  presently  used 
transonic  theory,  knowledge  here  must  come  from 
experiment.  A wind-tunnel  study  has  therefore  been 
made  in  the  Ames  6-  by  6-foot  supersonic  tunnel  of  the 
transonic  flow  over  two  rectangular  wings  of  double- 
wedge section  and  aspect  ratios  of  2 and  4.  The  data 
cover  the  Mach  number  range  from  1.166  to  1.377, 
which  brackets  the  theoretical  value  at  which  the 
shock  wave  attaches  to  the  leading  edge  of  these 
wings  at  zero  angle  of  attack.  The  effects  of  finite 
aspect  ratio  on  the  section  characteristics  of  a double 
wedge  were  determined  bv'  comparing  the  present 
results  with  previous  data  for  an  infinite  aspect-ratio 
wedge  and  also  with  two-dimensional  theory  for  this 
shape. 

The  pressure-drag  coefficient  at  zero  lift  is  found  to 
decrease  with  decrease  in  aspect  ratio  for  all  values  of 
the  test  Mach  number.  Also,  decreasing  the  aspect 
ratio  reduces  the  lift-curve  slope.  The  drag  due  to 
angle  of  attack  is  affected  by  variation  of  chord  forces 
as  well  as  normal  force. 

Theoretical  considerations  also  lead  to  certain 
conclusions  regarding  wave  detachment.  In  particular, 
detachment  of  a shock  wave  from  a wedge  of  finite 
span  occurred  at  the  same  free-stream  Mach  number 
as  that  from  a wedge  of  infinite  span.  Results  of  this 
investigation  are  presented  in  Technical  Note  3522. 

Recent  systematic  experimental  investigations  of 
the  effects  of  wing  aspect  ratio,  thickness,  and  camber 
for  wings  of  rectangular  plan  form  at  transonic  speeds 
have  provided  data  ideally  suited  for  correlation  by 
means  of  the  transonic  similarity  parameters.  Report 
1253  indicates  that  the  experimental  data  obtained 
on  a series  of  40  wings  in  the  Ames  14-foot  wind  tun- 
nel could  be,  for  the  most  part,  successful^  correlated 
throughout  the  subsonic,  transonic,  and  moderate 
supersonic  regimes.  By  proper  choice  of  parameters, 
the  force  and  moment  data  could  be  presented  in  a 
concise  manner  effective^  displaying  the  transonic 
characteristics  of  wings  of  both  large  and  small  aspect 
ratios.  In  many  instances,  it  was  found  possible  to 
predict  from  the  correlation  studies  an  expected  range 
of  validity  for  slender-body  concepts.  It  appears  that 
slender-body  theory  is  adequate  at  sonic  speed  for 
rectangular  wings  of  symmetrical  profile  if  the  product 
of  the  aspect  ratio  and  the  % power  of  the  thickness 
ratio  is  less  than  unity.  A study  of  simple  flow  com- 
pression or  expansion  at  near  sonic  speeds  is  also 
included.  Transonic  approximations  for  the  classical 
shock  polar  and  for  Prandtl-Meyer  flow  are  derived 
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and  a limit  for  linearized  two-dimensional  flow  theory 
at  slightly  supersonic  speeds  is  given. 

The  problem  of  minimizing  the  supersonic  drag  for  a 
given  lift  on  a fixed  plan  form  has  been  approached 
in  several  different  ways.  In  Technical  Note  3533, 
Lagrange's  method  of  undetermined  multipliers,  is 
applied  to  the  problem.  The  method  indicates  that  a 
constant  interference  drag  exists  between  the  optimum 
loading  and  any  other  loading  at  the  same  lift  co- 
efficient. This  is  an  integral  form  of  a criterion  estab- 
lished by  Dr.  Robert  T.  Jones.  The  best  combination 
of  four  simple  lift  loadings  on  a delta  wing  with  sub- 
sonic leading  edges  is  calculated  as  a numerical  example. 
The  calculations  show  that  the  best  combination  of  the 
four  nonsingular  loadings  has  about  the  same  drag 
as  a flat  plate  with  full  leading-edge  thrust. 

Recent  experiments  indicate  that  airfoil  sections 
having  sharp  leading  and  trailing  edges,  heretofore 
considered  good  at  supersonic  speeds,  may  be  inferior 
to  blunt-trailing-edge  airfoils  when  compared  on  the 
basis  of  drag-stiffness  ratio  and  when  used  as  control 
surfaces.  The  results  of  a Langley  free-flight  rocket- 
propelled  model  investigation  of  the  effect  of  trailing- 
edge  thickness  on  the  zero-lift  drag  for  an  unswept 
wing  mounted  on  an  ogive-cylinder  body  for  Mach 
numbers  from  0.7  to  1.6  are  presented  in  Technical 
Note  3550.  The  basic  wing  had  an  aspect  ratio  of  3.11, 
a taper  ratio  of  0.423,  and  4-percent-thick  circular-arc 
sections.  The  trailing-edge  thicknesses  investigated 
were  0,  H,  %,  and  % of  the  maximum  thickness.  It  was 
found  that  wing  drag  increased  with  trailing-edge 
thickness,  whereas  the  trailing-edge  base  pressures 
appeared  independent  of  the  thicknesses  used.  The 
calculated  wing  drag  compared  favorably  with  the 
experimental. 

Results  of  tests,  reported  in  Technical  Note  3548,  of 
a rectangular  wing  of  aspect  ratio  2.7  with  6-percent- 
thick  diamond  sections  through  the  aforementioned 
range  show  that  the  blunt  trailing  edge  gives  the  higher 
drag  because  of  trailing-edge  suction  throughout  the 
test  range. 

The  effects  of  drooped  leading  edges  on  the  flow  over 
delta  wings  are  described  in  Technical  Note  3614. 
Vapor-screen,  pressure-distribution,  and  ink-flow  tests 
were  conducted  at  the  Langley  Gas  Dynamics  Labora- 
tory on  a series  of  semispan  delta  wings.  The  delta 
wings  had  semiapex  angles  of  15°,  22.5°,  and  31.75° 
and  10  and  20  percent  of  the  semispans  drooped  15°  in 
streamwise  sections.  The  tests  were  made  at  a Mach 
number  of  1.9  and  indicate  that  flow  separation  oc- 
curred on  all  the  wings  in  the  series  tested.  The  sep- 
arated regions  on  the  wings  with  10  and  20  percent  of 
the  semispans  drooped  were  similar  to  one  another. 
Integrated  pressure  distributions  show  that,  for  equal 
angles  of  attack,  the  loadings  on  the  wings  with  20  per- 
cent of  the  semispans  drooped  were  less  than  those  on 
the  wings  with  10  percent  of  the  semispans  drooped.  In 


a general  comparison  with  undrooped  delta  wings,  the 
drooped-leading-edge  wings  show  no  particular  advan- 
tage from  a standpoint  of  preventing  separation.  The 
drooped-leading-edge  wings  had  a disadvantage  in  load- 
ing, the  loading  in  some  cases  being  considerably 
less  than  that  on  the  corresponding  undrooped  wings. 

A knowledge  of  the  effectsjof  sweep  and  Mach  num- 
ber on  wing  aerodynamic  characteristics  near  maxi- 
mum lift  is  becoming  more  important  as  the  speeds 
and  altitudes  flown  by  modern  aircraft  continue  to 
increase.  High-speed,  high-altitude  aircraft  fly  at 
rather  high  lift  coefficients  and  in  maneuvers  may 
reach  or  exceed  the  angle  of  attack  for  maximum  lift 
of  the  aircraft.  Since  sweptback  wings  are  being  used 
to  delay  and  to  minimize  the  effects  of  compressibility 
on  some  aircraft,  it  is  important  that  the  effects  of 
sweep  on  the  maximum  lift  coefficient  are  known. 
Considerable  data  are  available  for  both  swept  and  un- 
swept wings  up  to  maximum  lift  at  low  Mach  numbers, 
but  only  a limited  amount  is  available  above  a Mach 
number  of  approximately  0.60. 

An  investigation  at  transonic  speeds  was  therefore 
made  in  the  Langly  high-speed  7-  by  10-  foot  tunnel  to 
determine  the  effect  of  wing  sweep  on  the  maximum-lift 
characteristics  of  a series  of  wings  having  aspect  ratio 
of  4,  taper  ratio  of  0.6,  and  NACA  65A006  airfoil  sec- 
tions. The  Mach  number  varied  from  0.61  to  1.20. 
It  was  found,  as  reported  in  Technical  Note  3468,  that 
the  maximum  lift  coefficients  increased  with  increased 
sweep  at  the  lower  Mach  numbers  but  decreased  with 
increased  sweep  at  the  higher  Mach  numbers.  This 
resulted  in  less  variation  of  the  maximum  lift  coefficient 
with  Mach  number  as  the  sweep  was  increased. 

Several  other  studies  concerned  with  the  effects  of 
wing  plan  form  have  been  reported  recently.  For 
example,  an  investigation  reported  in  Technical  Note 
3671  was  conducted  on  the  transonic  bump  of  the  Ames 
16-foot  high-speed  wind  tunnel  to  determine  the  effect 
of  clipping  the  tips  of  a triangular  wing.  Four  basic 
triangular-wing  plan  forms  having  aspect  ratios  of 
2.0,  2.5,  3.0,  and  4.0  were  tested.  The  tips  of  these 
wings  were  progressively  clipped  to  provide  taper 
ratios  of  0.1,  0.2,  0.3,  0.4,  and,  in  some  cases,  0.5. 
The  NACA  63A004  profile  was  used  with  thickness-to- 
chord  ratios  of  0.02,  0.04,  and  0.06.  Lift,  drag,  and 
pitching-moment  data  were  obtained  for  Mach  num- 
bers from  0.60  to  1.10,  corresponding  to  test  Reynolds 
numbers,  from  1.85X106  to  2.90X106.  For  aspect 
ratios  of  2.0  or  greater  the  wings  with  pointed  tips  had 
lift-curve  slopes  that  were  consistently  lower  than 
those  for  the  wings  with  clipped  tips.  Values  of  drag- 
rise  factor  were  higher  in  each  case  for  the  wings  with 
taper  ratios  of  0 than  for  an}7  other  values  of  taper 
ratio.  Generally,  the  most  significant  decreases  in 
drag-rise  factor  were  realized  when  the  taper  ratio  was 
increased  from  0 to  0.1.  The  cambered  wings  had 
consistently  lower  values  of  drag-rise  factor  than  the 
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uncambered  wings.  In  general,  the  values  of  the  pitch- 
ing-moment curve  slope  became  less  negative  with 
increasing  taper  ratio.  All  wings  tested  exhibited  a 
characteristic  rearward  shift  of  the  center  of  pressure 
in  going  from  subsonic  to  supersonic  speeds.  In 
general,  decreasing  the  taper  ratio  decreased  this 
rearward  shift  of  the  center  of  pressure. 

In  another  stud}7  the  effect  of  taper  ratio  on  the 
zero-lift  drag  of  a sweptback  wing  has  been  determined 
using  rocket-powered  models.  Theoretical  calcula- 
tions were  made  for  Mach  numbers  from  1.2  to  1.8  and 
were  found  to  be  in  good  agreement  with  the  experi- 
mental data.  The  results  are  presented  in  Technical 
Note  3697. 

Bodies 

The  Langley  Pilotless  Aircraft  Research  Division  has 
conducted  an  investigation  to  determine  the  drag  of 
practical  fuselage  shapes  at  transonic  and  supersonic 
speeds.  One  phase  of  this  program  is  an  investigation 
of  how  changes  in  nose  shape  affect  the  drag  of  an  air- 
plane or  missile  configuration.  Linearized  theory  and 
some  experimental  data  have  indicated  that,  for  mini- 
mum drag  at  supersonic  speeds,  the  fuselage  nose 
profile  must  be  of  high  fineness  ratio  and  tapered  to 
almost  a point  at  the  vertex.  It  is  of  particular  interest 
to  determine  how  far  practical  designs  can  deviate  from 
such  profiles  without  severe  reductions  in  speed  and 
range. 

In  Technical  Note  3549,  drag  data  obtained  during 
this  study  are  presented  for  fin-stabilized  bodies  of 
revolution  whose  noses,  originally  pointed  with  fineness 
ratios  about  of  3 % have  been  rounded  off  with  radii 
equal  to  }{  the  maximum  body  radii.  By  comparing 
the  measured  values  of  drag  coefficient  based  on  frontal 
area  for  the  blunt-  and  pointed-nose  models,  it  is  found 
that,  within  the  accuracy  and  range  of  the  present 
tests,  rounding  off  the  sharp  noses  produced  no  increase 
in  the  total  drag  of  either  configuration. 

Considerable  interest  exists  at  the  present  time  in  the 
drag  characteristics  at  supersonic  speeds  of  nonlifting 
bodies  of  revolution  designed  for  minimum  wave  drag. 
One  such  family  of  boattail  bodies  has  been  investi- 
gated previously  to  assess  the  effect  of  Reynolds  num- 
ber and  Mach  number  upon  the  wave-drag  character- 
istics. 

In  order  to  find  body  profiles  which  have  minimum 
total  drag,  the  base-pressure  drag  (if  no  jet  exists  at  the 
body  base)  and  the  skin-friction  drag  must  also  be  con- 
sidered. The  results  of  experimental  measurements 
made  in  the  Langley  9-inch  supersonic  tunnel,  pre- 
sented in  Technical  Note  3708,  show  that  the  base 
drag  and,  in  general,  the  total  drag,  increase  with  in- 
creasing values  of  the  ratio  of  base  area  to  the  max- 
imum cross-sectional  area  B/Smax-  The  results  also 
show  that  the  laminar  skin-friction  drag  is  in  agree- 
ment with  the  theoretical  predictions  used,  and,  within 


the  Mach  number  range  of  the  tests  (1.62,  1.93,  and 
2.41),  the  simple  Blasius  incompressible  theory  gives  a 
satisfactory  prediction.  Except  for  the  values  of 
B/Smax  near  1,  the  transition  Reynolds  number  increases 
with  increasing  Mach  number  and,  as  this  ratio  ap- 
proaches 1,  the  variation  reverses.  These  variations  in 
Reynolds  number  of  transition  with  Mach  number 
appear  to  be  associated  with  changes  in  the  pressure 
gradient  over  the  rear  of  the  bodies. 

The  shapes  of  nonlifting  bodies  of  revolution  having 
minimum  pressure  drag  at  supersonic  speeds  have  also- 
been  the  subject  of  numerous  theoretical  investigations. 
In  Technical  Note  3666,  Newtonian  impact  theory  is 
used  in  combination  with  the  calculus  of  variations  to 
determine  body  shapes  for  minimum  pressure  drag, 
neglecting  base  drag,  at  high  supersonic  airspeeds. 
Shapes  are  determined  for  various  combinations  of 
given  length,  base  diameter,  surface  area,  and  volume. 
In  addition,  an  estimate  is  made  of  centrifugal  forces 
and  their  effects  on  the  minimum-drag  shapes  were 
considered.  In  order  to  check  the  analysis,  an  experi- 
mental investigation  was  conducted  in  the  Ames  10- 
by  14-inch  supersonic  wind  tunnel  on  a family  of  bodies, 
including  two  of  the  minimum-drag  shapes.  The  test 
results  were  found  to  substantiate  the  theoretical 
analysis. 

A body  moving  at  supersonic  speeds  has  a wave  drag 
which  can  be  calculated  either  from  integrations  based 
upon  the  pressure  at  the  surface  of  the  body  or  by 
means  of  a momentum  balance  over  a control  surface- 
surrounding the  body.  The  control-surface  approach 
shows  more  clearly  that  the  wave  drag  is  related  to  the 
transport  of  momentum  in  the  Mach  waves  created 
by  the  body.  This  approach  also  suggests  the  scheme 
of  reducing  or  destroying  the  wave  drag  through  the 
use  of  a shroud  as  first  shown  by  Ferrari.  With  such 
a shroud,  the  waves  are  caught  and  reflected  to  the 
body  surfaces  where  they  may  be  absorbed  without 
further  reflection.  From  the  standpoint  of  the  pressure 
exerted  on  the  body  itself,  it  follows  that  the  reflected 
waves  may  strike  the  rear  portion  of  the  body  in  such 
a way  as  to  provide  a buoyancy  to  overcome  the 
resistance  of  the  body  alone. 

In  Technical  Note  3718,  formulas  for  the  wave  drag 
of  shrouded  symmetrical  airfoils  and  shrouded  bodies- 
of  revolution  of  arbitrary  shape  are  derived.  The 
airfoil  is  shrouded  by  flat  plates  and  the  body  of 
revolution  is  shrouded  by  a cylindrical  shell.  Although 
many  configurations  are  possible,  this  analysis  con- 
siders the  particular  arrangement  where  the  shroud 
extends  at  least  far  enough  forward  to  catch  the  Mach 
wave  emanating  from  the  body  nose  and  far  enough 
rearward  to  cast  Mach  waves  on  the  base  of  the  body. 
As  a special  application  of  the  results  obtained,  a- 
class  of  body  shapes,  similar  to  those  given  by  Busemann 
and  Ferri,  was  found  for  which  the  wave  drag  is- 
theoretically  zero. 
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Wing-Body  Combinations 

As  part  of  a transonic-speed  research  program 
recommended  by  the  NACA  special  subcommittee  on 
research  problems  of  transonic  aircraft  design,  a 
systematic  investigation  of  the  effects  of  wing  thickness 
and  plan  form  on  the  aerodynamic  characteristics  in 
the  transonic  range  has  been  conducted  in  the  Langley 
highspeed  7-  by  10-foot  tunnel  by  the  transonic-bump 
method. 

A summary  of  the  results  of  this  investigation, 
presented  in  Technical  Note  3469,  indicates  that,  for 
subsonic  Mach  numbers  below  the  force  break,  theo- 
retical lift-curve-slope  calculations  were  in  fair  agree- 
ment with  the  experimental  results.  In  the  supersonic 
range,  however,  the  theoretical  values  were  considerably 
higher  than  the  experimental  values.  Increasing  the 
thickness  ratio  caused  rather  large  losses  of  lift  in  the 
transonic  speed  range,  and  increasing  the  sweep  angle 
decreased  these  losses.  Decreasing  the  thickness  ratio 
and  increasing  the  sweep  angle  increased  the  drag-rise 
Mach  number  and  reduced  the  pressure  drag.  In 
general,  the  drag  due  to  lift  was  increased  by  decreases 
in  thickness  ratio,  increases  in  sweep  angle,  and 
decreases  in  aspect  ratio. 

The  effect  of  sweep  on  deling  the  onset  of  com- 
pressibility drag  has  generally  been  somewhat  less 
beneficial  than  that  indicated  by  simple  sweep  theory. 
This  is  caused,  for  the  most  part,  by  an  adverse  pressure 
distribution  at  the  root  of  swept  wings.  A body- 
contouring  method  for  alleviating  this  adverse  inter- 
ference at  the  root  of  a high-aspect-ratio  swept-back 
wing  has  been  studied  in  the  Ames  14-foot  wind  tunnel. 
In  this  method  the  design  objective  is  to  alter  the  body 
shape  so  that  the  pressure  distribution  at  zero  lift,  for 
a given  subsonic  design  Mach  number,  will  be  the  same 
at  the  wing-body  junction  as  that  on  an  infinite  yawed 
wing  at  the  same  Mach  number.  This  method  of  body 
contouring  is  primarily  concerned  with  eliminating  the 
interference  at  the  root  of  a swept  wing  and  should  not 
be  confused  with  the  area  rule  which  alters  the  axial 
distribution  of  cross-sectional  area  so  as  to  minimize 
the  wave  drag  at  near  sonic  or  supersonic  speeds. 
Results  of  the  study,  presented  in  Technical  Note  3672 
show  that  beneficial  results  were  obtained  at  free-stream 
Mach  numbers  above  the  critical,  although  modifying 
the  bod}7  shape  did  not  significantly  affect  the  aero- 
dynamic characteristics  at  subcritical  speeds.  Im- 
proved aerodynamic  characteristics  were  evidenced  by 
large  reductions  of  drag,  an  increase  in  lift-curve  slope, 
and  a reduced  change  of  pitching-moment-curve  slope 
with  increasing  Mach  number. 

In  Report  1252  a theoretical  method  developed  at 
the  Ames  Laboratory  is  presented  for  calculating  the 
supersonic  flow  field  about  wing-body  combinations  of 
bodies  deviating  only  slightly  in  shape  from  a circular 
cylinder.  If  the  combinations  possess  horizontal  planes 


of  symmetry,  no  restrictions  are  required  on  wing  plan 
form  for  the  zero-angle-of-attack  condition;  if  the  com- 
bination is  lifting,  the  method  requires  that  the  flow 
over  the  wing  leading  edges  be  supersonic.  The 
method  was  applied  to  the  calculation  of  the  pressure 
field  acting  between  a circular  cylindrical  body  and  a 
rectangular  wing.  An  experiment  was  performed  espe- 
cially for  the  purpose  of  checking  the  calculated  ex- 
amples. For  very  small  angles  of  attack  the  method 
predicted  the  pressure  distribution  with  good  accuracy. 
For  higher  angles,  nonlinear  effects  of  viscosity  and 
compressibility  were  encountered. 

In  problems  involving  interference  drag,  the  detailed 
pressure  distributions  are  usually  not  calculated.  In 
Technical  Note  3674,  slender-body  theory  is  used  to 
calculate  the  pressure  distribution  for  some  nonlifting 
wing-body  combinations  in  subsonic  and  supersonic 
flow.  It  was  found  that  when  the  body  is  indented  so 
that  a constant  total  area  of  the  cross  sections  normal 
to  the  stream  is  maintained,  the  pressures  over  the  wing 
remain  small  throughout  the  transonic  range  and  the 
isobars  tend  to  remain  smooth  and  nearly  parallel  to 
the  sweep  angle  of  the  wing. 

The  flow  fields  and  shock  formations  about  a wing- 
body  combination  and  its  equivalent  body  of  revolution 
as  determined  by  the  transonic  area  rule  must  corre- 
spond if  there  is  to  be  a correspondence  between  the 
drags  of  the  two  bodies.  Some  limited  information  on 
the  flow  fields  indicated  that  such  a correspondence 
existed.  In  the  absence  of  information  whereby  a com- 
parison of  the  complete  flow  fields  past  a wing-body 
combination  and  its  equivalent  body  could  be  made, 
tests  utilizing  the  schlieren  method  of  flow  photography 
have  been  conducted  in  the  Langley  4-  by  19-inch 
tunnel.  In  Technical  Note  3703,  the  flow  fields  past 
an  unswept-  and  a swept- wing-body  combination  are 
compared  with  the  flow  fields  past  their  equivalent 
bodies  of  revolution  at  Mach  numbers  around  1.0. 
The  results  of  the  tests  indicate  that  the  flow  past  the 
equivalent  body  of  revolution  duplicates,  or  closely 
approximates,  that  past  the  wing-body  combinations. 
The  results  indicate,  furthermore,  that,  as  the  bump 
representing  the  wing  area  on  the  equivalent  body 
departs  radically  from  a slender  bump  or  small  dis- 
turbance, the  similarity  of  flow  between  the  wing-body 
combination  and  its  equivalent  body  decreases. 

AERODYNAMIC  STABILITY  AND  CONTROL 
Static  Stability 

Considerable  information  is  available  on  the  influence 
of  the  wing,  fuselage,  and  tail  geometry  on  the  static 
stability  characteristics  of  high-aspect-ratio  unswept- 
wing  configurations.  However,  there  is  little  informa- 
tion of  a systematic  nature  on  the  effects  of  wing  aspect 
ratio  for  complete  models.  An  experimental  investiga- 
tion has  therefore  been  made  at  low  speed  in  the  Langley 
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stabilit}7  tunnel  to  determine  the  effects  of  the  various 
components  and  combinations  of  components  on  the 
static  longitudinal  and  static  lateral  stability  charac- 
teristics of  models  having  unswept  wings  with  aspect 
ratios  of  2,  4,  or  6.  The  results  of  this  investigation, 
presented  in  Technical  Note  3649,  show  that,  at  angles 
of  attack  near  maximum  lift,  there  was  a pronounced 
increase  in  longitudinal  stability  for  all  wing-body  com- 
binations. At  low  and  moderate  angles  of  attack,  de- 
creasing the  wing  aspect  ratio  decreased  the  tail  contri- 
bution to  longitudinal  stability.  For  the  complete 
model,  changes  in  wing  aspect  ratio  generally  had  little 
effect  on  the  tail  contribution  to  directional  stability 
throughout  the  angle-of-attack  range  investigated.  The 
most  noticeable  effect  of  wing  aspect  ratio  on  the 
lateral  stability  characteristics  occurred  for  configura- 
tions involving  wing-fuselage  combinations  having  an 
aspect  ratio  of  2.  These  configurations  showed  abrupt 
variations  in  the  sideslip  derivatives  occurring  at  small 
angles  of  sideslip  for  angles  of  attack  of  about  20°  and 
26°,  respectively. 

A large  decrease  existed  in  the  vertical-horizontal  tail 
contribution  to  directional  stability  at  moderate  and 
high  angles  of  attack.  This  was  caused  by  the  effect  of 
wing-fuselage  interference  at  the  tail  which  was  counter- 
acted by  a stable  shift  in  the  directional  stability  of  all 
wing-fuselage  combinations  investigated.  As  a result 
of  these  combined  effects,  all  complete-model  configura- 
tions were  directionally  stable  throughout  the  angle-of- 
attack  range  investigated. 

The  stability  derivatives  of  such  midwing  research 
models  which  have  simple  bodies  of  revolution  can,  in 
general,  be  estimated  with  good  accuracy  in  the  low 
angle-of-attack  range  by  various  theoretical  and  em- 
pirical methods.  Unpredictable  interference  effects 
caused  by  the  addition  of  ducts,  canopies,  or  other 
protuberances,  makes  the  estimation  of  the  stability 
derivatives  more  difficult  and  often  impossible. 

These  models  were  modified  to  find  the  effects  of  size 
and  position  of  closed  wing-root  air  ducts  on  the  static 
longitudinal  and  static  lateral  stability  characteristics. 
In  addition,  the  effects  of  top  and  bottom  fuselage  ducts 
on  these  characteristics  were  found  for  model  configura- 
tions employing  the  wing  having  an  aspect  ratio  of  2. 

These  results,  reported  in  Technical  Note  3481,  show 
that,  in  the  low  angle-of-attack  range,  the  addition  of 
and  increase  in  size  of  the  wing-root  ducts  on  model  con- 
figurations employing  the  unswept  wing  with  an  aspect 
ratio  of  2 resulted  in  a large  forward  movement  of  the 
aerodynamic  center.  This  forward  movement  resulted 
regardless  of  whether  the  horizontal  tail  was  located  at 
the  base  or  at  the  tip  of  the  vertical  tail.  Increasing 
the  wing  aspect  ratio  from  2 to  6 made  this  effect  more 
pronounced.  A slight  rearward  movement  in  the 
areodynamic  center  resulted  from  the  addition  of  and 
increase  in  size  of  the  top  and  bottom  fuselage  ducts. 
Regardless  of  the  aspect  ratio  of  the  wing,  the  addition 


of  and  increase  in  size  of  the  wing-root  ducts  caused  an 
increase  in  directional  stability  for  the  complete  models 
at  low  angles  of  attack.  The  addition  of  and  increase  in 
size  of  top  and  bottom  fuselage  ducts  on  the  complete 
model  with  the  aspect-ratio-2  wing,  however,  resulted 
in  a large  decrease  in  directional  stability  which  was 
about  constant  throughout  the  angle-of-attack  range 
investigated. 

In  another  study  the  effect  of  fuselage  cross-sectional 
shape  was  determined  for  models  having  0°  or  45° 
sweptback  wing.  The  results,  presented  in  Technical 
Note  3551,  show  that  the  direct  contribution  of  the 
fuselage  cross  section  affects  the  longitudinal  and 
directional  stability  characteristics  at  low  angles  of 
attack.  At  high  angles  of  attack,  in  addition  to  the 
direct  contributions  of  the  fuselage,  wing-fuselage 
interference  (sidewash)  with  the  tail  decreases  the 
directional  stability.  The  configuration  with  the  shal- 
low fuselage  suffered  the  least  from  this  detrimental 
effect.  In  general,  the  configuration  with  a deep 
fuselage  had  the  poorest  directional  characteristics  of 
the  models  investigated. 

One  longitudinal  stability  problem  of  particular 
concern  with  respect  to  swept-wing  airplanes  is  the 
“pitch  up”  which  manifests  itself  essentially  in  a 
reversal  of  the  variation  of  elevator  control  position 
and  force  with  normal  acceleration.  This  pitch-up 
behavior,  as  far  as  the  pilot  is  concerned,  limits  the 
useful  maneuvering  range  of  the  aircraft.  Tests  are 
continuing,  therefore,  so  that  this  condition  can  be 
better  understood  and  eliminated.  In  one  Ames 
Laboratory  study,  flight  tests  were  conducted  on  a 35° 
swept-wing  aircraft  to  determine  the  origin  of  the 
pitch  up.  The  results,  presented  in  Report  1237, 
show  that  the  pitch  up  encountered  in  a turn  at  con- 
stant Mach  number  was  caused  by  an  unstable  break 
in  the  wing  pitching  moment  with  a corresponding 
increase  in  lift.  The  pitch  up  encountered  at  about 
0.95  Mach  number  in  a dive-recovery  maneuver  was 
due  chiefly  to  a reduction  in  the  wing-fuselage  stability 
with  decreasing  Mach  number.  The  unstable  break  in 
the  wing  pitching  moment  has  been  linked  in  part  to 
separated  flow  over  the  wings.  This  can  also  result  in 
buffeting  and  wing  dropping. 

Among  the  modifications  studied  at  the  Ames 
Laboratory  to  reduce  the  effects  of  flow  separation, 
vortex  generators,  a development  by  H.  D.  Taylor  of 
the  United  Aircraft  Corporation,  are  shown  in  Tech- 
nical Note  3523  to  be  effective.  These  devices  are 
small  airfoils  placed  perpendicular  to  the  surface  in  a 
flow  field  in  such  a manner  as  to  create  vortices  with 
axes  alined  in  the  flow  direction.  Properly  designed 
vortex  generators  thus  provide  intermixing  of  the 
retarded  boundary-layer  flow  with  the  higher  energy 
flow  further  from  the  surface  and,  hence,  tend  to  delay 
separation.  Vortex  generators  of  proper  design  were 
effective  in  delaying  the  lift  coefficient  at  which  the 
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pitch  up  occurs  as  well  as  in  reducing  the  severity  of 
wing  dropping. 

Considerable  research  effort  has  also  been  devoted  to 
improving  undesirable  pitching-moment  characteristics 
of  swept  wings  by  use  of  slats,  fences,  and  other  devices. 
In  one  flight  investigation  made  at  the  Ames  Labora- 
tory with  a 35°  swept-wing  airplane,  the  effects  of  a 
partial-span,  15-percent-chord  leading-edge  extension 
were  evaluated.  The  extension  was  found  to  be 
highly  effective  in  eliminating  the  stick-fixed  instability 
(pitch  up)  for  Mach  numbers  below  0.84,  though  no 
benefit  was  observed  at  Mach  numbers  between  0.84 
and  0.88.  For  Mach  numbers  above  0.88,  the  lift 
coefficient  at  which  the  pitch  up  commenced  was 
increased  somewhat  but  the  severity  was  not  signif- 
icantly changed.  Pilot  opinion  indicated  improve- 
ment in  the  modified  airplane  flight  characteristics  at 
Mach  numbers  at  which  the  pitch  up  was  eliminated.  . 

In  another  flight  investigation,  undertaken  at  the 
Ames  Laboratory,  the  effect  on  the  outboard  wing 
sections  of  reducing  the  trailing-edge  angle  by  using 
blunt  trailing-edge  ailerons  was  determined.  Wind- 
tunnel  tests  had  indicated  that  reduced  trailing-edge 
angles  would  be  beneficial.  The  results  show  significant 
improvement  in  the  pitch-up  characteristics  at  Mach 
numbers  around  0.90. 

Another  strong  influence  on  the  longitudinal  stability 
of  an  airplane  is  the  downwash.  Until  recently,  little 
information  of  a systematic  nature  was  available  rela- 
tive to  the  effects  of  wing  geometry  on  the  downwash 
characteristics  at  transonic  speeds.  As  part  of  a 
transonic  research  program,  however,  the  effects  of 
changes  in  wing  plan  form  and  thickness  were  investi- 
gated through  a Mach  number  range  of  approximately 
0.6  to  1.1  by  utilizing  the  Langley  high-speed  7-  by 
10-foot  tunnel  transonic  bump.  Downwash  informa- 
tion was  obtained  by  the  use  of  floating  vanes  mounted 
at  various  positions  behind  eleven  wings  of  various 
plan  forms  and  profiles.  Theoretical  estimates  of  the 
downwash  were  made  for  all  of  the  wings  at  subsonic 
and  low  supersonic  speeds  by  use  of  compressible  vortex 
theory  and  20-step  wing  spamvise  loadings.  Reason- 
able agreement  between  theory  and  experiment  was 
obtained  except  for  the  chord-plane  location  at  subsonic 
speeds.  It  was  found  that  the  agreement  for  this 
condition  could  be  improved  by  assuming  a completely 
rolled-up  vortex  sheet.  Results  are  presented  in  Tech- 
nical Note  3628. 

The  effects  of  wing  sidewash  on  the  vertical  tail  can 
also  be  of  considerable  importance.  In  Technical 
Note  3609,  results  are  presented  of  a theoretical  analy- 
sis, conducted  in  the  theoretical  aerodynamics  section 
of  the  Langley  Stability  Research  Division  to  determine 
by  means  of  linearized  lifting-surface  and  lifting-line 
theories  the  sidewash  field  behind  rolling  triangular 
wings  with  subsonic  leading  edges  for  supersonic  flight 
speeds.  The  analysis  also  includes  the  development 
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of  an  expression  for  the  sidewash  based  on  horseshoe- 
vortex  approximate-lifting-line  theory.  The  approxi- 
mate procedure,  which  is  useful  in  computing  the  side- 
wash  for  wings  of  arbitrary  plan  form  and  span  loading 
is  in  good  agreement,  in  general,  when  compared  with 
the  more  exact  calculations  for  the  triangular  wing. 
Variations  of  the  sidewash  with  longitudinal  distance 
in  the  vertical  plane  of  symmetry  are  presented  in 
graphical  form;  illustrative  calculations  of  the  resultant 
induced  force  acting  on  various  vertical  tails  are  also 
included. 

It  has  been  recognized  for  some  time  that  interference 
among  the  various  airplane  components  can  be  very 
important  in  determining  the  aerodynamic  characteris- 
tics of  slender  configurations.  The  use  of  slender-body 
theory  for  treating  entire  wing-body  combinations  is 
not  new,  and  for  cases  falling  into  this  category  con- 
siderable simplification  has  resulted.  The  calculation 
of  interference  effects  due  to  wing  wakes  (wing-tail  or 
wing-afterbody  interference),  on  the  other  hand,  is 
not  so  clear  cut.  Unlike  the  wing-body  problem,  this 
calculation  becomes  more  difficult  as  the  effects  become 
more  important,  since  the  rolling  up  and  displacement 
of  the  wing  vortex  sheets  cannot  be  ignored  for  long 
slender  configurations. 

In  Technical  Note  3525,  formulas  are  developed  for 
the  forces  and  moments  caused  by  vortex  interference 
on  slender  wing-body-tail  combinations  of  general 
cross  section  in  terms  of  the  positions  and  strengths  of 
the  shed  vortices.  The  analysis  is  applicable  to  steady 
motion  and  to  motions  which  can  be  considered  as  a 
succession  of  stead}7  states  (i.  e.,  quasi-steady  motions). 
In  order  to  illustrate  the  application  of  the  analysis, 
the  interference  lift  of  a plane  wing-body-tail  com- 
bination in  steady  straight  flight  was  determined  by 
utilizing  vortex  positions  obtained  by  numerical 
methods.  It  was  found  that  the  impulse  of  each  shed 
vortex  and  its  image  vortex  in  a transformed  circle 
plane  enter  into  all  the  interference  forces  and  moments 
on  the  airplane.  A simple  theorem  is  given  for  the 
interference  forces  in  steady  straight  flight;  these 
forces  are  found  to  depend  on  this  impulse  evaluated 
only  at  the  wing  trailing  edge  and  at  the  base  of  the 
configuration. 

In  another  theoretical  study,  the  pressures,  loadings, 
forces,  and  vortex  wake  associated  with  low-aspect- 
ratio  cruciform  wing  arrangements  were  determined. 
For  45°  bank,  the  wake  of  a cruciform  wing  is  treated 
numerically  with  40  vortices  and  analytically  with  4 
vortices.  Comparisons  are  made  with  water-tank 
measurements.  Formulas  are  also  given  for  the  cal- 
culation of  loads  on  a cruciform  tail  operating  in  the 
wake  of  a wing.  These  results  are  reported  in  Tech- 
nical Note  3528. 

A method  (described  in  Technical  Note  3670)  has 
also  been  developed  by  the  Ames  Laboratory  for  calcu- 
lating vortex  paths.  The  method  is  applicable  to  any 
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situation  where  the  initial  positions  and  strengths  of 
the  vortices  are  known.  The  method  was  then  applied 
to  computation  of  vortex  positions  behind  a slender 
equal-span  cruciform  wing  at  several  different  bank 
angles  and  from  these  computed  positions  the  inter- 
ference forces  on  a tail  were  calculated.  Comparison 
with  the  known  analytical  solution  for  45°  bank  angle 
shows  good  agreement. 

In  exploring  the  possibilities  for  the  attainment  of 
long  range  in  airplanes  designed  to  fty  at  high  subsonic 
speeds,  consideration  lias  been  given  to  the  aero- 
dynamic problems  associated  with  the  use  of  turbine- 
driven  propellers  operating  ahead  of  a sweptback  wing 
of  high  aspect  ratio.  The  effects  of  operating  pro- 
pellers on  the  stability  and  control  of  multiengined  air- 
craft having  unswept  wings  have  been  quite  thoroughly 
investigated  in  past  years.  The  newer  configurations, 
however,  involve  several  elements  which  make  the 
results  of  the  earlier  work  either  inapplicable  or  inade- 
quate. Of  paramount  importance  is  the  large  increase 
in  propeller  disk  loading  (with  the  associated  increase 
in  slipstream  intensity)  which,  in  combination  with 
wing  sweepback,  might  be  expected  to  create  longi- 
tudinal stability  difficulties. 

A related  investigation  was  carried  out  in  the  Ames 
12-foot  pressure  wind  tunnel  to  evaluate  the  effects  of 
operating  propellers  on  the  longitudinal  aerodynamic 
characteristics  of  a representative  four-engine  airplane 
configuration  with  a 40°  sweptback  wing.  The  wind- 
tunnel  model  was  designed  to  simulate  an  airplane 
capable  of  long-range  operation  at  a cruising  speed  of 
.550  miles  per  hour  at  an.  altitude  of  40,000  feet  with 
very  high  wing  loadings.  ..The  thrust  of  the  single- 
rotation propellers  was  sufficient  to  simulate  up  to 
10,000  horsepower  per  engine  at  sea  level,  assuming  the 
model  to  be  1/12  scale.  The  tests  were  conducted  at 
Mach  numbers  from  0.08  to  0.92  and  included  measure- 
ments of  lift,  longitudinal  force,  pitching  moment, 
propeller  thrust,  and  propeller  power  for  a number  of 
model  configurations.  These  results,  published  in 
Technical  Note  3789,  show  that  for  the  configuration 
investigated,  the  use  of  propellers  presents  no  serious 
longitudinal-stability  problems  at  high  speeds  nor  is 
the  drag  or  the  Mach  number  for  drag  divergence 
adversely  affected  by  propeller  operation.  At  low- 
speed  conditions  corresponding  to  take-off  and  landing, 
however,  destabilizing  effects  of  operating  propellers 
may  be  very  large,  requiring,  therefore,  careful  attention 
in  aerodynamic  design.  The  measurements  were  in 
sufficient  detail  to  permit  determination  of  the  origin, 
nature,  and  intensity  of  the  various  components  of  the 
total  measured  effects  of  the  operating  propellers. 
-Such  an  anatysis  has  been  published  in  Technical  Note 
3790,  along  with  recommendations  for  reducing  or 
avoiding  adverse  effects  of  propellers  on  similar 
configurations. 

With  the  trend  of  modern  high-speed  aircraft, 


particularly  missiles,  toward  the  use  of  tail  configura- 
tions incorporating  surfaces  of  low  aspect  ratio,  a 
number  of  theoretical  papers  have  been  published  on 
the  determination  of  the  stability  characteristics  of 
this  type  of  configuration.  Although  most  of  these 
papers  are  concerned  primarily  with  supersonic  flow, 
some,  which  are  based  on  slender-body  theory  (i.  e., 
covering  thin  wings  of  extremely  low  aspect  ratio 
and  slender  bodies),  are  applicable  also  at  subsonic 
speeds.  The  theoretical  stability  characteristics  for 
some  tail  configurations  have  been  verified  experi- 
mentally; however,  only  meager  or  no  experimental 
data  exist  for  a range  of  V-,  Y-,  and  cruciform-tail 
configurations,  particularly  at  low  speeds.  A low-speed 
experimental  investigation  was  therefore  made  in  the 
Langle}7  stability  tunnel  to  determine  the  static  lateral 
and  static  rolling  stability  derivatives  of  a series  of 
cruciform,  inverted  T-,  V-,  and  Y-configurations  com- 
posed of  low-aspect-ratio  triangular  surfaces.  The 
derivatives  are  presented  as  functions  of  the  geometric 
characteristics  of  the  models  in  Technical  Note  3532, 
and  for  two  configurations  (a  planar  wing  and  an 
inverted  T),  as  functions  of  angle  of  attack.  Where 
possible,  comparisons  have  been  made  between  experi- 
ment and  existing  theory;  in  general,  it  was  found  that 
better  agreement  between  theory  and  experiment  was 
obtained  for  the  sideslip  derivatives  than  for  the  rolling 
derivatives. 

Dynamic  Stability 

As  part  of  a general  research  program  concerned  with 
the  lateral  dynamic  stability  and  handling  character- 
istics of  high-speed,  high-altitude  airplanes,  the  Ames 
Aeronautical  Laboratory  has  tested  a 35p  swept-wing 
fighter  airplane  through  a wide  range  of  flight  speeds 
and  altitudes.  In  Technical  Note  3521  are  presented 
results  of  tests  of  the  lateral  oscillatory  characteristics 
made  during  a series  of  four  flights.  Comparisons  are 
included  of  the  computed  variation  of  period  and  damp- 
ing of  the  lateral  oscillation  with  the  measured  values. 
These  comparisons  indicate  the  accuracy  with  which 
the  oscillatory  behavior  of  an  airplane  can  be  predicted 
under  various  flight  conditions  using  available  or  esti- 
mated mass  parameters  and  stability  derivatives  and 
neglecting  such  effects  as  aeroelasticity  and  unsteady 
lift. 

The  airplane  was  found  to  be  laterally  stable, 
statically  and  dynamically,  throughout  the  speed 
range  tested.  The  variation  with  Mach  number  of  the 
period  of  the  lateral  oscillation  was  satisfactorily 
predicted  from  available  and  estimated  aerodynamic 
and  mass  parameters.  The  time  required  to  damp  to 
half  amplitude,  as  measured  from  flight,  varied  with 
Mach  number  in  essentially  the  same  manner  as  pre- 
dicted from  computations.  The  measured  damping 
was  somewhat  better  than  that  obtained  from  com- 
putations at  an  altitude  of  35,000  feet,  particularly 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


25 


at  a Mach  number  of  0.92.  An  increase  in  time  to 
damp  to  half  amplitude  was  noted  between  Mach 
numbers  of  0.95  and  1.04. 

Several  modern  high-speed  airplanes  incorporate 
structural  components  that  are  more  flexible  than  those 
previously  used.  There  has  been  concern  that  the 
increased  flexibility  might  appreciably  modify  the 
dynamic  stability  characteristics  as  predicted  by 
rigid-airplane  theory.  Particular  concern  was  felt  for 
the  possibility  of  interaction  between  structural  and 
stability  vibratory  modes  because  the  natural  fre- 
quencies of  the  major  structural  components  are 
approaching  the  natural  frequencies  of  the  short-period 
stability  mode. 

The  problem  of  the  effect  of  wing  flexibility  on  the 
dynamic  longitudinal  stability  of  large  airplanes  has 
already  been  treated  analytically  in  the  subcritical 
speed  range  by  a simplified  semirigid  method.  In 
Technical  Note  3543,  the  effects  of  fuselage  flexibility 
are  studied  by  the  same  method  for  the  same  class 
of  airplanes. 

Results  of  the  study  indicate  that  no  serious  problems 
are  introduced  insofar  as  the  dynamic  longitudinal 
stability  of  high-speed  bomber  airplanes  in  the  sub- 
critical  speed  range  is  concerned.  The  results  further 
indicate  that,  if  desired,  future  designs  may  incorporate 
somewhat  more  flexible  fuselages  than  the  typical 
current  design  studied  and  still  have  dynamic  longi- 
tudinal characteristics  approximately  equal  to  those 
predicted  by  quasi-static  theory  and  roughly  equivalent 
to  those  predicted  by  rigid-body  theory.  The  aero- 
dynamic restoring  forces  which  act  on  the  airplane 
are  sufficient  to  increase  the  frequency  of  the  fuselage 
oscillatory  mode  in  flight  so  that  the  latter  frequency 
is  always  higher  than  either  the  fuselage-ground  struc- 
tural frequency  or  the  airplane-stability  natural  fre- 
quency. Thus,  the  occurrence  of  a resonant  condition 
is  avoided.  The  changes  in  static  characteristics  caused 
by  increased  fuselage  flexibility  appear  as  decreased 
straight-flight  and  increased  maneuvering-flight  sta- 
bility margins  and  increased  elevator  control  deflections 
required  for  balance.  The  need  for  a means  of  longi- 
tudinal balance  in  steady  maneuvering  flight,  other 
than  elevator  or  horizon tal-tail  deflection,  is  indicated 
if  flight  is  desired  at  low  altitude  and  high  speed  with 
large  airplanes  that  have  fuselage  natural  frequencies 
much  below  those  representative  of  current  design 
practice. 

In  the  design  of  automatic-control  equipment  for 
high-performance  aircraft,  the  dynamic  response  charac- 
teristics of  the  aircraft  must  be  considered.  Often 
these  dynamic  characteristics  can  be  predicted  by 
using  stability  derivatives  obtained  from  wind-tunnel 
tests.  In  many  cases,  however,  particularly  in  the 
transonic  speed  range,  flight-test  procedures  are  de- 
sirable to  document  the  dynamic  behavior  of  the 


airplane.  Flight  tests  also  serve  the  additional  purpose 
of  enabling  comparisons  to  be  made  with  predicted 
results,  thus  aiding  in  the  development  of  more  refined 
prediction  methods. 

A related  flight  investigation  has  been  conducted  by 
the  Ames  Laboratory  in  which  the  longitudinal  and 
lateral-directional  dynamic-response  characteristics  of 
a 35°  swept- wing  fighter-type  airplane  were  evaluated 
from  Mach  numbers  of  0.50  to  1.04.  The  results  of 
the  stud}7  are  given  in  Report  1250.  Responses  to 
transient  rather  than  sinusoidal  control  inputs  were 
chosen  for  analysis  because  of  convenience  in  making 
flight  measurements.  These  transient  data  were  con- 
verted into  frequency-response  form  by  means  of  the 
Fourier  integral  and  compared  with  predicted  responses 
calculated  from  the  basic  equations  of  motion.  The 
equations,  or  transfer  functions,  that  best  describe 
the  various  measured  responses  were  evaluated  by  a 
curve-fitting  process  involving  the  use  of  templates  and 
an  analog  computer.  By  this  method  it  was  generally 
possible  to  find  equations,  of  simple  form,  that  closely 
matched  the  experimental  frequency  responses  between 
1 and  10  radians  per  second  and  at  the  same  time 
adequately  described  the  recorded  time  histories. 
Experimentally  determined  transfer  functions  were 
used  for  the  evaluation  of  the  stability  derivatives 
that  have  the  greatest  effect  on  the  dynamic  response 
of  the  airplane.  The  values  of  these  derivatives,  in 
most  cases,  agreed  favorably  with  predictions  over  the 
Mach  number  range  of  the  tests. 

Recent  work  on  wing  configurations  designed  to 
redirect  propeller  slipstreams  downward  has  demon- 
strated that  this  principle  can  be  used  to  provide  direct 
lift  for  vertical  take-off  and  landing.  With  transport 
aircraft,  using  this  principle,  it  is  possible  to  keep  the 
fuselage  approximately  horizontal  at  all  times. 

The  program  of  the  Langley  7-  by  10-foot  tunnels 
which  is  concerned  with  the  study  of  the  promising 
double-slotted-flap  configurations,  has  been  extended 
to  determine  the  effect  of  ground  proximity  and  to 
develop  a leading-edge  longitudinal-control  device. 
In  Technical  Note  3629  it  is  shown  that,  with  the 
propeller-thrust  axis  on  the  wing-chord  plane,  both  the 
slipstream  deflection  and  the  ratio  of  resultant  force 
to  thrust  are  reduced  as  the  ground  is  approached. 
It  is  also  shown  that  lowering  the  thrust  axis  below  the 
wing-chord  plane  tends  to  alleviate  these  adverse  ground 
effects  while  at  the  same  time  reducing  the  large  diving 
moments  associated  with  the  slotted-flap  configuration. 
Technical  Note  3692  presents  results  which  indicate 
that,  for  configurations  utilizing  deflected  slipstreams, 
a leading-edge  slat,  preferably  above  the  wing-chord 
plane,  can  provide  increments  of  pitching  moment  of 
the  order  of  those  required  for  control  and  change  in 
trim  with  center -of-gravity  travel  for  a vertically  rising 
airplane  in  hovering  flight.  In  the  ground-effect  region. 
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however,  the  slat  is  generally  ineffective  as  a longi- 
tudinal-control device. 

In  another  Langley7  investigation,  the  stability  and 
control  characteristics  of  a low-wing  four-engine  trans- 
port vertical-take-off  airplane  have  been  determined 
with  a remotely  controlled  free-flight  model.  In  order 
to  provide  direct  lift  for  hovering  flight  with  the  fuselage 
horizontal,  the  wing  and  propellers  were  rotated  90° 
with  respect  to  the  fuselage.  Despite  the  fact  that  the 
pitching  and  rolling  motions  of  the  model  were  unstable 
oscillations,  the  model  could  be  flown  smoothly  and 
easily  without  the  use  of  any7  automatic  stabilization 
devices  because  the  periods  of  the  oscillations  were 
fairly  long  and  the  controls  were  powerful.  The  pitch- 
ing oscillation  could  be  completely  stabilized  by7  the 
use  of  artificial  damping  in  pitch;  thus  the  model  could 
be  flown  in  pitch  for  long  periods  of  time  without  the 
use  of  the  manual  pitch  control.  Although  there  was 
no  stability  of  yaw  position,  the  model  was  easy  to 
control  in  yaw  because  the  motions  were  slow  and  the 
yaw  control  was  powerful.  There  were  no  noticeable 
interactions  between  the  rolling  and  yawing  motions 
or  between  the  roll  and  yaw  controls.  Vertical  take-offs 
and  landings  could  be  performed  fairly7  easily7,  although 
some  forward  or  backward  motion  of  the  model  was 
often  present.  Results  of  the  study7  are  given  in  Tech- 
nical Note  3630. 

Damping  Derivatives 

One  of  the  more  important  factors  entering  in  air- 
craft stability  and  control  calculations  is  the  aero- 
dymamic  resistance  to  roll  or  damping  in  roll.  The 
damping  in  roll  is  generally7  expressed  in  terms  of  the 
nondimensional  parameter  Cip  which  is  the  rate  of 
change  of  rolling-moment  coefficient  with  change  of 
wing-tip  helix  angle,  pb/2V.  To  check  the  validity  of 
theoretical  results,  data  were  obtained  by7  means  of  a 
forced-roll  technique  which  consisted  of  rolling  various 
wings  in  the  Langley  9-inch  supersonic  tunnel  at  vari- 
ous constant  rolling  velocities  and  then  measuring  the 
aerodymamic  resistance.  Some  of  the  results  for  the 
rectangular  and  triangular  plan  forms,  obtained  at 
Mach  numbers  of  1.62  and  1.92,  are  reported  in  Tech- 
nical Notes  3740  and  3745.  Comparisons  of  the  experi- 
mental results  with  predictions  based  on  linearized 
theory7  indicate  that  the  damping  in  roll  was  predicted 
accurately7  for  rectangular  wings  and  for  all  other  wings 
at  Mach  numbers  for  which  the  leading  edge  was  de- 
cidedly7 supersonic  (leading  edge  swept  well  ahead  of 
the  Mach  trace  emanating  from  the  apex).  When  the 
leading  edge  was  substantially7  subsonic  (leading  edge 
swept  well  behind  the  Mach  trace) , theory7  satisfactorily 
predicted  the  damping  for  triangular  wings  but  appeared 
to  overestimate  (in  some  cases  considerably)  the  values 
obtained  for  the  sweptback,  tapered  wings.  In  the 
transition  range,  where  the  leading  edge  was  near  sonic, 


the  theory7,  as  expected,  overestimated  the  damping  in 
roll  for  all  applicable  plan  forms. 

As  part  of  a continuing  investigation  of  the  effects  of 
unsteady  motion  on  the  lateral  stability7  derivatives  of 
airplane  models,  tests  were  made  in  the  Langley7  stabil- 
ity7 tunnel  at  low  speeds  to  determine  the  effects  of  fre- 
quency and  amplitude  on  the  yrawing  moment  due  to 
rolling  and  the  damping  in  roll  for  an  unswept-wing  air- 
plane model.  These  tests,  which  were  preliminary7  in 
nature,  involved  the  forced  oscillation  in  roll  of  the 
model  about  its  longitudinal  wind  axis  through  a range 
of  frequencies  and  amplitudes  of  motion.  The  results 
obtained  were  primarily7  for  an  angle  of  attack  of  0°. 
Steady7-state  derivatives  were  measured  by7  means  of 
tests  made  with  the  model  stationary7  in  rolling  flow  and 
with  the  model  rolling  steadily  at  several  rotary7  veloci- 
ties in  straight  flow.  These  steady7  results  are  regarded 
as  zero-frequency7  oscillation  data  and  form  the  basis 
for  a comparison  of  the  unsteady7-state  and  the  steady7- 
state  rolling  derivatives.  Theoretical  values  for  the 
steady-state  rolling  derivatives  were  also  used  for  com- 
parison with  the  experimental  data. 

The  results  of  the  investigation,  presented  in  Techni- 
cal Note  3554,  show  that,  in  the  range  covered,  varia- 
tions in  the  frequency  and  the  amplitude  of  oscillation 
at  0°  angle  of  attack  had  no  important  effect  on  either 
the  y7awing  moment  due  to  rolling  or  the  damping  in 
roll  of  the  complete  model.  The  fuselage-tail  combina- 
tion experienced  a reduction  in  the  y7awing  moment  due 
to  rolling  as  either  the  frequency  or  amplitude  was  in- 
creased. The  values  of  the  rolling  derivatives  obtained 
by7  oscillation  methods  were  consistent  with  the  values 
measured  by  means  of  rolling-flow  tests  at  an  angle  of 
attack  of  0°.  At  a high  angle  of  attack,  the  model  with 
the  wing  had  a different  oscillatory  yawing  moment  due 
to  rolling  when  compared  with  that  determined  under 
steady-state  conditions. 

Control 

Some  effects  of  wing  geometric  characteristics,  aero- 
elasticity,  and  Mach  number  (from  0.6  to  1.8)  on  the 
rolling  effectiveness  of  various  types  of  ailerons  have 
been  obtained  from  a general  investigation  of  lateral 
controls  by  the  Langley  Pilotless  Aircraft  Research 
Division  with  the  use  of  free-flight  rocket-propelled 
models.  For  plain,  sealed,  0.2-chord,  full-span,  flap- 
tyrpe  ailerons,  the  control  effectiveness  at  supersonic 
speeds  was  found  to  be  markedly7  less  than  at  subsonic 
speeds  for  all  the  configurations  tested;  however,  in- 
creasing the  wing  sweepback  decreased  the  abruptness 
of  the  change  in  rolling  effectiveness  between  subsonic 
and  supersonic  speeds  and  reduced  the  general  level 
of  rolling  effectiveness  throughout  the  speed  range. 
Furthermore,  the  effectiveness  increases  with  decreas- 
ing aspect  ratio.  Tapering  the  wing  was  found  to  have 
a beneficial  effect  on  control  effectiveness  for  unswept 
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wings  but  somewhat  detrimental  effect  in  the  transonic 
region  for  wings  swept  back  45°.  It  was  also  shown  that 
increased  control  effectiveness  in  the  transonic  region 
resulted  from  reducing  the  section  thickness  from  0.09 
to  0.06  for  an  unswept  wing  but  had  little  or  no  effect 
upon  a 45°  swept  whig. 

It  was  also  found  that  small  changes  in  the  shape  of 
the  forward  part  of  the  airfoil  do  not  appreciably 
change  the  control  effectiveness,  but  trailing-edge 
angle  has  a powerful  effect  upon  the  control  effective- 
ness; that  is,  positive  control  was  obtained  over  the 
Mach  number  range  when  the  airfoil-section  trailing- 
edge  angle  was  of  the  order  of  10°  or  less;  control 
reversal  was  encountered  when  the  trailing-edge  angle 
was  of  the  order  of  16°  to  20°.  A convenient  way  to 
achieve  the  beneficial  effects  of  a small  trailing-edge 
angle  is  to  use  slab-sided  ailerons  with  thickened 
trailing  edges.  Camber  was  found  to  have  little  or 
no  effect  upon  the  rolling  effectiveness  of  an  outboard 
partial-span  aileron  on  an  inverse  tapered  swept  wing. 

Results  of  tests  of  a thin  unswept  wing  with  out- 
board partial-span  ailerons  show  a very  rapid  decrease 
in  control  effectiveness  with  increasing  Mach  number 
above  about  0.9.  At  supersonic  speeds,  the  rolling 
effectiveness  was  only  a small  fraction  of  that  obtained 
for  a Mach  number  of  0.9.  Tests  with  steel  and 
aluminum-alloy  wings  indicate  that  the  losses  in  control 
effectiveness  due  to  aeroelasticity  were  negligible  for 
this  configuration.  Other  tests  of  a swept-tapered- 
wing  research  airplane  with  outboard  partial-span 
ailerons  show  severe  losses  in  control  effectiveness 
(including  control  reversal)  because  of  wing  flexibility 
when  scale  wing  stiffness  was  considered.  Increasing 
the  swecpback  angle  of  the  wings  increased  the  Mach 
number  for  control  reversal. 

Results  of  tests  of  delta  wings  with  ailerons  show 
that  the  rolling  effectiveness  of  constant-chord  full- 
span  flap-type  ailerons  on  45°  and  60°  swept  delta 
wings  and  a delta-wing  tip  aileron  on  a 45°  swept 
wing  were  about  the  same  at  Mach  numbers  less  than 
0.9.  All  controls  exhibited  a loss  in  effectiveness  at 
supersonic  speeds,  but  the  rolling  effectiveness  of  the 
delta-wing  tip  ailerons  was  about  twice  that  of  the 
constant-chord  ailerons. 

The  control  forces  on  aircraft  operating  at  supersonic 
speeds  are  so  high  that  very  substantial  power-boost 
systems  are  usually  required  to  handle  the  hinge  mo- 
ments. In  an  attempt  to  find  a solution  to  the 
problem  of  reducing  the  size  and  work  require- 
ments of  boost  sys terns  for  such  aircraft,  theoretical 
analyses  have  been  made  of  the  hinge  moments  due 
to  deflection  of  unbalanced  trailing-edge  flap-type 
controls.  These  controls  had  plan  forms  varying 
throughout  the  range  in  which  the  control  leading 
and  trailing  edges  are  supersonic  and  the  control  tips 
are  streamwise.  Ratios  of  lift  and  rolling  moment 
to  hinge  moment  and  ratios  of  lift  and  rolling  moment 


to  deflection  work  at  fixed  values  of  lift  and  rolling 
effectiveness  were  used  as  bases  for  the  anatyses, 
reported  in  Technical  Note  3471. 

Results  of  the  anatyses  for  longitudinal  controls 
show  that  high-aspect-ratio  un tapered  controls  possess 
maximum  ratios  of  lift  to  hinge  moment.  When 
low-aspect-ratio  controls  must  be  used,  however, 
controls  with  triangular  plan  forms  and  highly  swept 
hinge  lines  are  shown  to  have  higher  values  of  the  ratio 
of  lift  to  hinge  moment  than  un  tapered  controls. 
Ratios  of  lift  to  deflection  work  for  untapered  controls 
are  in  most  cases  shown  to  be  higher  than  those  for 
controls  with  tapered  plan  forms. 

On  wings  with  sweptforward  and  unswept  trailing 
edges,  inversely  tapered  controls  with  triangular  plan 
forms  of  moderate  or  low  aspect  ratio  are  shown  to 
have  maximum  ratios  of  rolling  moment  to  hinge 
moment.  On  wings  with  sweptback  trailing  edges, 
maximum  values  of  this  ratio  are  shown  for  either 
untapered  or  normally  tapered  controls.  For  any 
given  control  shape,  the  analysis  illustrates  the  im- 
portance of  using  small  controls  with  high  deflections 
to  obtain  large  values  of  rolling  moment  to  hinge 
moment  ratio. 

Maximum  ratios  of  rolling  moment  to  deflection  work 
on  wings  with  sweptforward  trailing  edges  are  in  most 
cases  obtained  with  inversely  tapered  controls  with 
triangular  plan  forms.  On  wings  with  unswept  and 
sweptback  trailing  edges,  the  deflection  work  required 
is  near  minimum  for  untapered  controls  with  spans 
of  about  two-thirds  the  wing  semispan.  Results  indi- 
cate that  large  controls  will  in  most  cases  have  higher 
ratios  of  rolling  moment  to  deflection  work  than  smaller 
controls. 

Another  approach  to  this  problem  is  to  link  the 
trailing-edge  control  to  a leading-edge  flap  to  cancel 
hinge  moments.  A theoretical  study  of  such  linked 
controls  operating  at  supersonic  speeds  has  been  made 
in  the  Langley  19-foot  pressure  tunnel.  The  results 
reported  in  Technical  Note  3617  indicate  that  sub- 
stantial reductions  in  hinge  moment  can  be  realized, 
particularly  for  sweptback  wings. 

Another  related  investigation  was  made  in  the 
Langley  high-speed  7-  by  10-feet  tunnel  to  determine 
the  feasibility  of  using  a servovane  control  at  high 
subsonic  and  low  transonic  speeds.  This  servovane 
control,  located  ahead  of  and  geared  to  a flap-type 
control,  could  presumedly  be  deflected  with  relatively 
low  control  forces  compared  with  flap-type  controls. 
The  control  was  tested  on  an  untapered  semispan  wing 
of  aspect  ratio  3 with  35°  of  sweepback.  Throughout 
the  speed  range  tested  (Mach  numbers  from  0.6  to  1.0), 
increments  of  lift,  pitching  moment,  and  rolling  moment 
were  produced  in  the  correct  direction  over  most  of  the 
angle-of-attack  range  tested.  At  an  angle  of  attack  of 
0°  the  servovane  control  gave  a higher  incremental  lift 
coefficient  and  had  a more  forward  location  of  center  of 


28 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


pressure  of  lift  than  a comparable  flap-type  control. 
Results  of  the  study  are  given  in  Technical  Note  3689. 

The  emphasis  on  simplifying  or  eliminating  power- 
boost  S37stems  required  to  move  the  controls  of  high- 
speed aircraft  has  led  to  consideration  of  using  some 
part  or  all  of  the  jet-engine  air  to  provide  control.  In 
order  to  keep  the  quantity  of  air  used  to  a minimum,  a 
control  system  has  been  devised  that  obtains  its  effec- 
tiveness both  from  the  reaction  of  the  jet  of  air  being 
ejected  out  of  the  wing  and  from  the  change  in  circula- 
tion about  the  wing  resulting  from  the  jet  acting  as  a 
spoiler.  The  fact  that  a jet  of  air  provides  changes  in 
lift  similar  to  a plain  spoiler  has  been  known  for  some 
time,  but  the  results  have  been  limited  to  two-dimen- 
sional, very  thick,  airfoils.  One  advantage  of  this  type 
of  control  is  that  an  emergency  control  can  be  obtained 
by  using  air  at  stagnation-  pressure  if  the  jet  engine 
fails. 

A related  low-speed  wind-tunnel  investigation  was 
made  in  the  Langley  300  mph  7-  by  10-foot  tunnel  of 
such  a jet  control  as  an  aileron,  a 35°  sweptback  wing 
having  an  aspect  ratio  of  4.76.  The  investigation  was 
of  an  exploratory  nature  and  was  limited  to  the  case 
where  the  jet  was  supplied  with  air  at  stagnation  pres- 
sure. The  results  indicate  that  the  air  at  stagnation 
pressure  will  provide  adequate  control  for  emergency 
flight  for  a system  in  which  normal  control  is  obtained 
by  using  a jet  of  air  at  high  pressure  or  in  which  a spoiler 
is  used  in  conjunction  with  the  jet  at  stagnation  pres- 
sure. 

The  spoiler  used  as  a lateral-control  device  has  been 
the  subject  of  considerable  investigation  at  low  and 
high  speeds,  and  on  both  swept  and  unswept  wings. 
Recent  investigations  of  spoilers  used  as  lateral -con- 
trol devices  have  shown  that  on  thin  wings  with  small 
leading-edge  radii  the  unvented  spoiler  loses  effective- 
ness rapidly  as  the  angle  of  attack  is  increased  above 
about  8°.  It  has  been  found  that  this  loss  in  effective- 
ness at  the  higher  angles  of  attack  can  be  reduced  at 
low  speeds  by  using  a slot  in  the  wing  behind  the  spoiler 
that  allows  the.  air  to  flow  through  the  wing  from  the 
lower  to  the  upper  surface  when  the  spoiler  is  deflected. 

To  determine  whether  a slot  plus  a deflector  is  as 
effective  at  high  subsonic  speeds  as  it  was  at  low  speeds, 
an  investigation  was  conducted  in  the  Langley  high- 
speed 7-  b}r  10-foot  tunnel  for  a Mach  number  range 
from  0.40  to  0.91  of  a 50-percent-semispan,  inboard, 
spoiler-slot-deflector  configuration  on  an  aspect-ratio-4 
wing  with  the  quarter-chord  line  swept  back  32.6°.  The 
spoiler-slot  deflector  was  located  between  the  55-  and 
70-percent-chord  line.  The  results  of  the  investigation 
indicate  that  the  loss  in  rolling-moment  effectiveness  of 
an  unvented  spoiler  at  high  wing  angles  of  attack  is 
materially  reduced  by  the  incorporation  of  a slot  and 
deflector  at  Mach  numbers  up  to  0.91.  The  optimum 
ratio  of  deflector  to  spoiler  projection  for  best  results 
varied  with  angle  of  attack,  but  a ratio  of  three-fourths 


to  one  gave  appreciable  rolling-moment  effectiveness 
through  the  angle-of-attack  range  from  0°  to  20°. 

High  Lift  and  Stall 

Final  results  of  an  extensive  investigation  into  the 
possibilities  of  obtaining  reliable  lateral  control  at  the 
lowest  flight  speeds  of  light  airplanes  are  reported  in 
Technical  Notes  3676  and  3677.  Previous  results  were 
reported  in  Technical  Note  2948.  This  investigation 
was  conducted  at  the  Texas  Agricultural  and  Mechan- 
ical College  under  the  sponsorship  of  the  NACA.  It 
was  found  that,  for  all  of  the  aircraft  tested,  adequate 
lateral  control  is  available  up  to  some  critical  angle  of 
attack  that  is  always  within  2°  of  the  angle  of  attack 
for  maximum  lift.  The  elevator  deflection  required  to 
trim  at  this  condition  has  been  found,  with  power  off 
and  power  on,  for  each  of  the  aircraft  tested,  as  well  as 
the  elevator  deflection  required  to  make  a three-point 
landing.  Flight  tests  were  also  made  with  one  airplane 
having  two  different  horizontal  tail  configurations  in  an 
attempt  to  provide  an  arrangement  that  would  give 
near-optimum  conditions  with  regard  to  the  effect  of 
power  change  on  longitudinal  trim  near  the  stall.  This 
attempt  was  successful  with  one  of  the  configurations 
tested,  so  that  under  all  of  the  conditions  of  power 
setting  and  center-of -gravity  position  tested  the  avail- 
able elevator  deflection  was  sufficient  only  to  maintain 
the  angle  of  attack  at  a point  where  lateral  control 
remained  adequate.  The  increase  in  minimum  speed 
was  negligible. 

Analytical  means  are  provided  by  which  designers 
may  estimate  the  elevator  deflection  required  to  trim 
in  steady  longitudinal  flight;  the  effects  on  longitudinal 
trim  of  changes  in  some  of  the  more  important  design 
parameters  are  demonstrated  in  a quantitative  manner. 
It  is  concluded  that  the  procedures  suggested  can 
result  in  a design  in  which  the  maximum  up-elevator 
deflection  may  be  maintained  within  the  highest  value 
that  will  result  in  satisfactory  damping  in  roll  and 
reliable  lateral  control  under  all  flight  conditions, 
while,  at  the  same  time,  adequate  longitudinal  control 
is  available. 

In  view  of  the  successful  application  of  vortex  gen- 
erators for  reducing  or  eliminating  flow  separation  under 
certain  conditions,  a limited  flight  investigation  was 
made  to  determine  whether  vortex  generators  might 
reduce  the  separation  on  a trailing-edge  flap  sufficiently 
to  improve  the  flap  effectiveness.  The  results,  pre- 
sented in  Technical  Note  3536,  show  that  none  of  the 
three  vortex-generator  configurations  tested  provided 
any  increase  in  flap  effectiveness  for  flap  deflections  of 
45°.  With  a flap  deflection  of  20°,  one  of  the  configura- 
tions gave  an  increase  in  lift  at  a given  angle  of  attack 
equivalent  to  about  an  8°  increase  in  flap  deflection. 
However,  the  drag  was  also  increased  by  about  the 
amount  that  would  be  caused  by  the  equivalent  increase 
in  flap  deflection.  The  vortex-generator  arrangements 
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tested,  therefore,  provided  no  net  improvement  in  flap 
effectiveness  from  the  standpoint  of  high-lift  capabili- 
ties, although  the}7  appeared  to  offer  some  possibilities, 
through  then'  effect  at  moderate  flap  angles,  of  improve- 
ment of  flap-type  control  characteristics. 

Spinning 

In  order  to  obtain  a broader  understanding  of  the 
factors  which  affect  spin  and  recovery  motions,  a tech- 
nique has  been  devised  for  determining  time  histories 
of  the  attitudes  and  velocities  of  free-spinning-tunnel 
models  from  film  taken  by  two  motion-picture  cameras 
operating  simultaneously.  The  method  devised  and 
the  results  of  an  initial  application  of  the  method  in 
which  time  histories  of  attitudes  and  velocities  have 
been  determined  for  one  medium-attitude,  moderately 
oscillatory,  developed  spin  and  the  recovery  therefrom 
for  a model  representative  of  a contemporary  fighter 
airplane,  are  described  in  Technical  Note  3611. 

The  time-history  curves  indicate  that  the  oscillator}7 
motion  of  the  spin  was  not  completely  regular,  inas- 
much as  the  period  and  amplitude  of  any  one  cycle  of 
the  time  histories  were  not  exactly  the  same  as  those 
for  the  preceding  and  following  cycles.  After  rudder 
reversal  from  “with”  to  “against”  the  spin,  some 
increases  occurred  in  the  amplitude  of  the  oscillations, 
particularly  in  the  lateral  attitude  angles  of  sideslip 
and  wing  tilt.  The  recovery  was  completed  about  1)4 
turns  after  the  rudder  was  reversed.  One  factor  which 
appeared  to  have  an  important  part  in  the  recovery 
from  the  spin  in  this  investigation  was  a relatively  high 
inward  sideslip  reached  during  the  oscillations  following 
rudder  reversal.  Analysis  indicates  that  the  high  in- 
ward sideslip  apparently  caused  a relatively  large 
negative  aerodynamic  rolling  moment  which  caused  a 
large  decrease  in  rolling  velocity.  As  a result,  there 
was  a corresponding  large  decrease  in  the  gyrodynamic 
pitching  moment  which  had  been  holding  the  model 
in  a nose-up  spinning  attitude. 

The  results  of  an  investigation  made  in  the  Langley 
20-foot  free-spinning  tunnel  to  study  the  gyroscopic 
effects  of  jet-engine  rotating  parts  (or  of  rotating  pro- 
pellers) on  erect  spin  and  spin-recovery  characteristics 
are  presented  in  Technical  Note  3480.  The  angular 
momentum  of  the  rotating  parts  was  simulated  on  the 
model  by  a rotating  flywheel  powered  by  a model  air- 
plane engine.  The  rotating  flywheel  (rotating  clock- 
wise as  viewed  from  the  cockpit)  generally  caused  the 
model  to  spin  at  a decreased  angle  of  attack  and  an 
increased  rate  of  rotation  in  right  spins,  and  at  an 
increased  angle  of  attack  and  a decreased  rate  of  rota- 
tion in  left  spins.  The  recovery  characteristics  gener- 
ally changed  from  satisfactory  to  unsatisfactory  for 
right  spins.  For  left  spins,  however,  the  satisfactory 
recovery  characterists  obtainable  with  the  flywheel  not 
rotating  were  not  appreciably  altered  when  the  fly- 


wheel was  rotating.  Results  indicate  that  the  effect 
of  rotating  the  flywheel  could  be  influenced  by  loading. 

Research  Equipment  and  Techniques 

A simplified  method  for  obtaining  free-flight  measure- 
ments of  longitudinal  aerodynamic  characteristics  of 
airplanes  and  missiles  has  been  developed  by  the 
Langley  Pilotless  Aircraft  Research  Division  for  use 
with  rocket-powered  models.  The  basic  principle  of 
this  method  is  that  the  horizontal  tail  of  a configura- 
tion is  mass  balanced  and  hinged  rearward  of  its  aero- 
dynamic center  as  an  all-movable  tail.  A continuous 
pitching  oscillation  of  approximately  constant  ampli- 
tude is  sustained  throughout  the  Mach  number  range 
as  the  tail  automatically  flips  between  stop  settings 
when  the  tail  lift  changes  direction.  This  technique 
has  been  applied  experimentally  to  a rocket-powered 
model  of  an  arrow-wing  airplance  configuration  having 
a T-tail  arrangement.  Data  were  obtained  for  this 
configuration  on  the  drag  due  to  lift,  lift-curve  slope, 
tail  effectiveness,  and  effective  downwash  at  the  tail. 
Both  preflight  calculations  and  flight-test  data  showed 
that  downwash  from  the  wing  increases  the  angle  of 
attack  at  which  the  tail  will  flip.  The  steady-state 
angle-of-attack  response  to  a unit  tail  deflection,  there- 
fore, should  be  slightly  greater  than  the  required  angle 
of  attack  to  flip  the  tail  in  order  to  insure  that  a con- 
tinuous pitching  oscillation  will  develop. 

Free-flying  dynamic  scale  models,  frequently  used 
for  securing  aerodynamic  research  data,  generally  use 
movable  aerodynamic  surfaces  in  order  to  furnish  dis- 
turbing or  restoring  forces  and  moments  for  purposes 
of  investigating  the  response  of  the  model.  Often, 
these  aerodynamic  surfaces  are  in  unsteady  or  unknown 
flow  fields;  consequently,  the  magnitudes  of  forces  or 
moments  being  applied  are  not  accurately  known.  The 
use  of  small  rockets  to  produce  the  required  disturbing 
forces  or  moments  minimizes  these  difficulties.  Rocket 
motors  have  been  used  with  good  results  to  disturb  the 
flight  of  rocket-powered  research  models  in  pitch  and 
yaw.  Recently,  a requirement  for  the  disturbance  of 
a free-spinning  model  in  the  Langley  20-foot  free- 
spinning  tunnel  resulted  in  the  development  of  a minia- 
ture rocket  producing  3 ounces  of  thrust  for  2 seconds. 
The  engineering  methods  necessary  to  produce  the 
desired  characteristics  and  the  steps  of  research  and 
design  necessary  to  fabricate  such  a rocket  are  presented 
in  Technical  Note  3620. 

AUTOMATIC  STABILIZATION  AND  CONTROL 

The  problem  of  determining  the  differential  equations 
governing  the  behavior  of  a dynamical  system,  given 
a time  history  of  the  response  of  the  system  to  some 
input,  has  been  of  interest  to  aerodynamicists  for 
some  years.  A general  theory  for  the  analysis  of 
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dynamical  systems  has  been  developed  at  the  Ames 
Laboratory  (“equations-of-motion”  method).  This 
theory  was  presented  at  the  Conference  on  Nonlinear 
Control  Systems  conducted  jointly  by  the  American 
Society  of  Mechanical  Engineers  and  the  American 
Institute  of  Electrical  Engineers.  It  was  noted  that, 
when  looked  at  from  a new  point  of  view,  all  such 
methods  can  be  generalized  so  as  to  apply  to  linear 
and  nonlinear  systems  alike.  Use  of  this  theory  also, 
has  shown  how  new  methods  can  be  developed  to 
satisfy  the  requirements  of  particular  problems.  One 
method  developed  has  certain  advantages  over  methods 
heretofore  used.  Its  superiority  is  based  on  two  facts: 
(1)  The  heavy  dependence  on  the  initial  conditions 
which  occur  when  using  most  of  the  previously  known 
equations-of-motion  methods  is  eliminated,  and  (2) 
there  is  no  need  for  infinitely  long  records  of  the 
motions  of  the  system  following  a disturbance.  Finally, 
the  time  of  application  of  the  new  method  is  no  greater 
than  that  for  existing  methods  and  it  is  well  suited  to 
machine  computation. 

One  of  the  factors  that  affects  the  precision  of  such 
flight  operations  as  landing  and  air  gunnery  is  the 
response  of  the  airplane  to  gust  disturbances.  There- 
fore, it  is  highly  desirable  to  study  the  motions  of 
airplanes  and  airplane-autopilot  combinations  which 
result  from  gusts  and  to  establish  which  combinations 
are  best  suited  to  minimize  the  motions.  A related 
theoretical  study  has  been  made  at  the  Langley 
Laboratory  to  determine  the  lateral  response  of  a 
fighter  airplane  to  atmospheric  turbulence  as  approxi- 
mated by  side  gusts  and  rolling  gusts.  The  frequency 
response  and  power  spectral  density  of  the  motions  of 
the  airplane  with  controls  fixed  and  in  combination 
with  three  different  basic  types  of  attitude  autopilots 
are  presented  in  Technical  Note  3603.  It  was  found 
that  the  airplane  alone  exhibited  a large  resonance  to 
gust  inputs  associated  with  the  Dutch  roll  mode. 
The  addition  of  a yaw  damper  eliminated  the  resonance. 
The  autopilot  designed  to  provide  regulation  in  yaw 
and  roll  greatly  reduced  the  response  to  gusts.  The 
autopilots  designed  to  provide  good  course  response 
to  automatic  lateral-steering  command  signals  resulted 
in  a large  undesirable  roll  and  yaw  response  to  side 
gusts. 

It  was  felt  that  this  difficulty  might  not  be  basic  and 
that  the  gust-response  characteristics  might  be  improved 
without  deteriorating  the  command  characteristics.  A 
simplified  theoretical  study  of  methods  to  correct  the 
undesirable  gust  response  was  therefore  undertaken. 
The  results  of  this  stud}7  are  presented  in  Technical 
Note  3635  which  describes  a simple  modification  to 
the  yaw  channel  of  an  autopilot  which  reduces  the  roll 
response  to  side  gusts  while  causing  no  change  in 
course  response.  The  study  indicates  that  response  to 
side  gusts  will  be  greatly  reduced. 

A theoretical  study  using  an  electronic  analog 


computer  has  also  been  made  of  the  response  to  step 
gusts  of  an  airplane  equipped  with  a system  which 
operates  to  reduce  accelerations  in  rough  air.  In  this 
system,  modified  wing  flaps  and  the  elevator  are 
actuated  by  an  automatic  control  system  in  response 
to  the  indications  of  an  angle-of-attack  vane.  The 
effect  of  interconnection  of  the  flap-operating  mecha- 
nism with  the  pilot’s  control  system  is  also  included. 
The  analysis,  given  in  Technical  Note  3597,  shows  that 
modified  trailing-edge  wing  flaps  and  a coupled  elevator 
operated  by  a vane-controlled  servo  system  are  effective 
in  reducing  normal  acceleration  and  pitching  velocity 
due  to  step  gusts  when  the  flap-elevator  system  is 
adjusted  to  maintain  a steady-state  constant  lift  and 
zero  pitching  moment  about  the  wing  aerodynamic 
center. 

It  was  also  found  that  desirable  dynamic  stability 
and  control  characteristics  of  this  arrangement  could 
be  obtained  without  greatly  altering  the  normal- 
acceleration  alleviation  characteristics  of  the  system  by 
providing  a small  but  reasonable  static  margin  for  the 
airplane.  Interconnection  of  the  flap-operating 
mechanism  and  the  pilot’s  elevator  control  appears  to 
allow  satisfactory  longitudinal  control  of  the  airplane. 
In  addition,  it  was  found  that  the  interconnected 
system  resulted  in  a more  rapid  change  in  normal 
acceleration  than  was  obtained  by  elevator  control 
alone. 

Based  on  the  results  of  the  theoretical  investigation 
just  discussed  a light  transport  airplane  was  modified 
at  the  Langley  Laboratory  to  incorporate  the  controls 
necessary  for  gust  alleviation.  Fundamentally,  the  sys- 
tem used  full-span  wing  flaps  to  maintain  constant  lift 
in  flight  through  rough  air.  A portion  of  the  elevator 
control  was  geared  to  the  flaps  to  adjust  the  pitching 
moment  due  to  flap  deflection.  An  angle-of-attack  vane 
located  on  a boom  at  the  nose  of  the  airplane  was  used  to 
sense  the  variations  in  gust  velocity.  Signals  from  the 
vane  were  supplied  to  an  automatic  control  system 
which  operated  the  flap  controls  in  proportion  to  the 
change  in  angle  of  attack.  The  automatic  control 
system  was  designed  to  attenuate  sharply  the  gust 
inputs  at  frequencies  in  the  neighborhood  of  the  air- 
plane structural  frequencies  in  order  to  prevent  excita- 
tion of  flutter. 

The  initial  results,  reported  in  Technical  Note  3612, 
indicate  that  the  system  is  at  least  capable  of  reducing 
the  normal  accelerations  due  to  gusts  by  about  50  per- 
cent at  a frequency  of  0.6  cycle  per  second,  the  natural 
frequency  of  the  airplane,  and  by  about  40  percent  at 
a frequency  of  2 cycles  per  second.  The  controllability 
of  the  airplane  with  the  gust-alleviation  system  in  opera- 
tion is  adequate  and  it  is  felt  that  this  type  of  control 
may  result  in  improved  handling  qualities  of  the  air- 
plane. 

As  a result  of  the  present  interest  in  the  spiral-sta- 
bility problem  associated  with  most  personal-owner  air- 
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planes,  the  Flight  Research  Division  of  the  Langley 
Laboratory  has  undertaken  a program  to  investigate 
the  effectiveness  of  a spiral-stability  augmenting  device. 
The  specific  problem  facing  the  pilot  of  a personal-owner 
airplane  is  to  maintain  his  airplane  in  wings-level  flight 
during  times  when  he  has  no  natural-horizon  reference 
and  to  keep  the  airplane  from  diverging  spirally  while 
he  may  be  preoccupied  with  navigational  problems.  It 
has  been  demonstrated  that  the  pilot's  sense  of  orienta- 
tion is  unreliable  in  the  absence  of  a visual  reference, 
as  may  be  the  case  when  inadvertently  or  unavoidably 
encountering  instrument  weather.  Also,  many  personal 
airplanes  are  equipped  with  only  the  basic  instruments 
for  instrument  flight  (turn  indicator,  ball-bank  indi- 
cator, altimeter,  and  airspeed  meter).  Considerable 
proficiency  in  instrument  flying  is  required  to  interpret 
the  indications  of  these  instruments  properly  and,  in 
many  cases,  personal-airplane  pilots  are  not  sufficiently 
skilled  in  instrument  flying  to  undertake  it  with  safety. 
Although  most  present-day  personal-owner  airplanes, 
particularly  those  with  high-wing  designs,  possess  a 
slight  degree  of  inherent  spiral  stability  in  cruising 
flight,  they  show  unstable  spiral  tendencies  under  opera- 
tional conditions.  The  main  reasons  for  this  apparent 
spiral  instability  are  a lack  of  means  for  trimming  the 
airplane  laterally  or  directionally,  a variation  of  lateral 
and  directional  trim  with  airspeed,  and  control-system 
friction  which  prevents  the  control  surfaces  from  return- 
ing to  trim  position  after  a control  deflection,  even  if 
there  had  been  a means  for  initially  trimming  the  air- 
plane. 

The  device  studied  utilizes  a rate-gyro  sensing  ele- 
ment to  switch  the  control  effort  of  an  on-off  type  of 
control.  This  control  deflects  the  ailerons  at  a con- 
stant rate  relative  to  a spring  preloaded  aileron  neutral 
position.  An  analytical  study  using  phase-plane  and 
and  analog-computer  methods  was  carried  out  to  de- 
termine a desirable  control-effort  switching  function  for 
the  on-off  or  nonlinear  control  used  in  this  device.  Re- 
sults of  the  analytical  study  indicate  that  the  nonlinear 
control  is  effective  in  compensating  for  directional  trim 
changes  of  the  airplane  due  to  changing  flight  condi- 
tions and  also  in  rapidly  returning  the  airplane  to  level 
flight  from  an  initial  roll  displacement.  Results  of  the 
flight-test  program  reported  in  Technical  Note  3637  es- 
sentially verified  the  analytical  results;  that  is,  the  de- 
vice is  capable  of  maintaining  the  airplane  in  equilib- 
rium over  its  operational  speed  range  under  directional 
out-of-trim  conditions  that  would  cause  rapid  diver- 
gence of  the  normal  airplane,  The  device  also  prevents 
excessive  heading  wander  and  airplane  gyrations  in  tur- 
bulent air  without  pilot  control.  A means  for  holding 
the  airplane  in  a stabilized  turn  to  facilitate  mild 
maneuvering  through  use  of  the  automatic  control  is 
provided. 

As  part  of  a general  research  program  for  testing 
various  means  of  automatic  stabilization,  the  Pilotless 


Aircraft  Research  Division  of  the  Langley  Aeronautical 
Laboratory  has  been  conducting  an  investigation  of 
various  autopilot  systems,  including  both  linear  and 
nonlinear  systems.  Nonlinear  control  systems  have 
been  considered  as  an  effective,  and  possibly  a simple 
way,  of  obtaining  desired  missile  responses  automati- 
cally. One  such  system,  using  a mechanical  linkage 
with  a dead  or  inoperative  region  as  a means  of  provid- 
ing an  effective  rate  signal  in  an  autopilot,  has  been 
studied  in  laboratory  tests  and  through  calculations  of 
resulting  missile  motions  in  roll.  Thus,  a mechanical 
device  is  used  to  improve  system  performance  in  a 
manner  similar  to  that  which  would  be  obtained  by 
using  a rate  gyroscope.  Laboratory  tests  of  an  actual 
servo  using  this  device  in  connection  with  an  electro- 
mechanical simulator  of  the  rolling  motion  of  a missile 
show  the  conditions  under  which  a higher  degree  of 
stability  is  obtained  with  this  nonlinear  arrangement 
than  with  that  of  a comparable  linear  system.  Results 
of  this  study  are  given  in  Technical  Note  3602. 

The  Ames  Aeronautical  Laboratory  has  conducted 
extensive  research  on  the  various  factors  which  influence 
a pilot's  ability  to  track  a target  with  fighter-type  air- 
planes. Normally,  simulated  aerial  attacks  have  been 
made  against  target  airplanes  and  tracking  errors  have 
been  evaluated  from  motion  pictures  of  the  target.  In 
order  to  eliminate  the  trouble  and  expense  of  a second 
airplane,  it  appeared  desirable  to  replace  the  target 
airplane  by  a simulated  target  projected  on  the  wind- 
screen. Selected  attack  situations  and  target  maneu- 
vers could  thus  be  repeated  quickly  and  accurately, 
and  tracking  errors  could  be  continuously  recorded  for 
rapid  analysis.  To  investigate  this  method,  which  is 
described  in  a paper  presented  at  the  Institute  of 
Aeronautical  Sciences,  a prototype  optical  target  simu- 
lator was  constructed  and  evaluated  in  flight.1  Initial 
experience  with  this  equipment  led  to  application  of  its 
principles  to  other  flight-research  devices  and  problems. 
The  related  equipment  which  has  been  developed  in- 
cludes a target  simulator  for  tracking  research  on  a 
scope-presentation  fire-control  s}^stem;  an  airborne 
drone  aircraft  simulator  for  use  in  studies  of  simple 
remote-control  systems,  and  a windscreen-instrument 
display  for  the  pilot's  use  in  performing  prescribed 
maneuvers. 

Pilot  opinions  indicated  that  an  optical  target  simu- 
lator (installed  in  an  F-80  airplane)  provided  good 
qualitative  matching  of  actual  tracking  problems. 
Tracking  errors  against  actual  and  simulated  targets 
were  equal  in  steady,  straight  tail  chases  and  slightly 
greater  against  the  simulated  target  in  steady  turning 
flight.  The  most  apparent  difference  was  the  large 
error  against  the  simulated  target  during  abrupt  turn 
entries,  due  possibly  to  a lack  of  bank-angle  information 
to  the  tracking  pilot. 


1 See  Kauffman  paper  listed  on  p.  77. 
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The  target  simulator  used  with  the  scope-presentation 
fire-control  system  included  a tracking  radar  for  ob- 
taining target-motion  data,  and  an  oscilloscope  for 
displaying  computed  steering  errors  to  the  pilot  for 
corrective  action.  It  was  the  pilot’s  opinion  that  the 
scope-presentation  target  simulator  gave  a good  repre- 
sentation of  the  steering  problem  encountered  in  final 
attack  runs  against  actual  targets. 

In  the  airborne  drone  simulator,  pilots’  maneuvering 
commands  to  the  drone  are  applied  by  use  of  a switch 
on  the  control  stick.  These  signals  are  then  fed  to  an 
airborne  drone  dynamic  analog  computer  which  ap- 
proximates the  behavior  of  the  line  of  sight  to  the 
actual  drone.  The  output  of  the  analog  then  controls 
a dot  appearing  on  the  windscreen,  indicating  the 
simulated  drone  motions. 

Principles  and  features  similar  to  those  used  in  these 
studies  appear  to  have  application  to  a wide  variety 
of  weapon-systems  development,  training,  and  instru- 
ment-flight problems. 

INTERNAL  FLOW 

Inlets 

Although  external  compression  inlets  have  produced 
relatively  efficient  supersonic  compression  of  the  induc- 
tion air,  the  wave  drag  of  the  external  cowl  has  been 
high  and  as  much  as  10  to  20  percent  of  the  total  air- 
plane drag  at  Mach  numbers  above  2.  An  experi- 
mental investigation  was  conducted  at  the  Ames 
Laboratory  therefore  to  stud}7  the  feasibility  of  using 
inlets  having  internal  contraction  at  supersonic  speeds 
and  in  which  the  external  angle  of  the  lip  would  be  small, 
thereby  resulting  in  little  or  no  drag  penalty.  The 
internal  compression  inlet  studied  was  circular  in  cross 
section  and  had  a translating  center  bod}7  which  could 
be  moved  forward  in  order  to  increase  the  throat  area  of 
the  inlet,  thereby  permitting  supersonic  flow  to  start  in 
the  converging  portion  of  the  inlet.  The  center  body 
then  could  be  moved  rearward  in  order  to  reduce  the 
throat  area  to  nearly  the  isentropic  value  for  a con- 
vergent-divergent nozzle.  The  results  have  shown 
that  with  such  an  inlet  the  external  drag  was  essentially 
zero  and  the  total  pressure  measured  at  the  simulated 
compressor  face  was  as  good  as  that  measured  with 
single-cone,  external  compression  fillets  at  Mach  num- 
bers from  2.1  to  3,  the  limit  of  the  investigation. 

The  use  of  a deflector  ahead  of  the  inlet  at  angle  of 
attack  resulted  in  maintaining  satisfactory  pressure- 
recovery  characteristics  up  to  angles  of  attack  of 
approximately  12°.  Boundary-layer  control  on  the 
center-body  annulus  through  porous  surfaces  in  the 
vicinity  of  the  throat  of  the  internal  contraction  inlet 
improved  the  pressure-recovery  characteristics  of  the 
inlets  by  as  much  as  10  percent.  In  addition  to  satis- 
factory total  pressure-recovery  characteristics,  the  total 
pressure  variation  at  the  simulated  compressor  station 


was  small  and  within  12  percent  of  the  average  value  for 
the  Mach  number  range  from  2.1  to  2.5. 

The  design  of  the  internal-flow  system  of  a turbojet- 
powered  aircraft  for  optimum  operation  at  transonic  or 
supersonic  speeds  usually  compromises  operation  of  the 
system  during  take-off  and  low-speed  operation.  In 
order  to  study  this  problem,  two  annular  conical-shock 
inlets  and  several  open-nose  inlets  of  varying  propor- 
tions and  lip  profiles  have  been  investigated  in  the 
Langley  8-foot  transonic  tunnel  under  static  operating 
conditions.  Measurements  were  made  of  pressure 
recovery,  lip  pressure  distribution,  total-pressure  dis- 
tribution, and  mass  flow.  Results  indicate  that  the 
pressure  recovery  and  the  choking  mass-flow  rate  were 
greatly  improved  by  replacing  the  sharp  lip  on  the 
open-nose  inlet  with  more  rounded  lips.  The  open- 
nose  inlets  provided  greater  pressure  recoveries  than  did 
the  annular  conical-shock  inlets. 

Charts  and  tables  for  the  design  of  axisymmetric  and 
two-dimensional  inlets  and  exits  have  been  prepared  at 
the  Lewis  Laboratory  and  are  presented  in  Technical 
Note  3589  for  supersonic  Mach  numbers  up  to  4.0, 
The  report  also  indicates  a compression  limit  for 
isentropic  inlets  that  restricts  obtainable  pressure 
recoveries  to  values  considerably  less  than  unity. 

The  internal  space  requirements  for  instrumentation 
and  armament  frequently  dictate  that  the  engine  air 
inlet  be  located  on  the  sides  of  the  fuselage  as  a single- 
or  twin-scoop  configuration.  An  investigation  has 
been  conducted  in  the  Langley  8-foot  transonic  tunnel 
of  a twin  divergent- walled  submerged  inlet.  The 
pressure  recoveries  of  the  inlet  at  zero  angle  of  attack 
varied  from  98  percent  at  a free-stream  Mach  number, 
M0,  of  0.60  to  93  percent  at  M0=l.l.  Extensive  total- 
pressure  losses,  together  with  severe  flow  oscillations, 
were  observed  at  angles  of  attack  greater  than  7.3°  for 
all  Mach  numbers. 

Preliminary  flight  tests  at  the  Ames  Laboratory  on  a 
jet  airplane  equipped  with  submerged-type  side  inlets 
indicated  performance  considerably  below  the  design 
estimates.  Further  flight  tests  were  made  on  a similar 
airplane  which  featured  a scoop-type  inlet  and  a fuselage 
with  a smaller  aft  end.  In  order  to  determine  to  what 
extent  the  inlet  change  contributed  to  the  performance 
increase,  the  two  different  inlets  were  flight  tested  using 
the  same  after-fuselage  configuration.  The  comparison 
was  made  on  three  bases:  (1)  The  induction-system 
efficiency  (ram  recovery  ratio  at  the  inlet  and  at  the 
compressor  face,  and  engine  power  output),  (2)  the 
overall  airplane  drag  coefficient,  and  (3)  a computed 
factor  of  relative  effectiveness. 

The  results  indicate  that  the  submerged  inlet  had  a 
higher  pressure  recovery  but  also  had  a higher  drag 
than  the  scoop  inlet.  Compared  on  the  basis  of  a 
factor  of  relative  effectiveness,  the  two  inlet  installa- 
tions were  found  to  be  of  about  equal  merit.  Sealing 
the  boundary-layer  bleeds  on  the  scoop  inlet  raised 
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the  low  recovery  (below  a Mach  number  of  0.85), 
whereas  sealing  the  bleeds  on  the  submerged  inlet 
decreased  the  airplane  drag  coefficient. 

One  of  the  problems  associated  with  the  design  of  an 
efficient  twin-scoop  air-induction  system  on  the  side 
of  the  fuselage  is  the  manner  of  handling  the  boundary- 
layer  air  ahead  of  the  inlet.  Two  methods  of  boundary- 
layer  control  in  a twin-scoop  induction  system  were 
recently  investigated  at  the  Ames  Laboratory:  one 
allowed  the  low-energy  air  to  pass  under  a compres- 
sion ramp  placed  one  boundary-layer  height  away 
from  the  fuselage;  and  in  the  other  a portion  of  the 
low-energy  air  was  drawn  off  through  a permeable 
compression  ramp  placed  contiguous  to  the  fuselage 
surface.  The  results  indicated  that  in  both  cases  the 
boundary-layer  control  had  a favorable  effect  on  the 
total-pressure  recovery  and  inlet  airflow  steadiness. 
A comparison  of  the  two  types  of  boundary-layer- 
control  systems  investigated  showed  that,  in  general, 
the  system  in  which  the  boundary-layer  air  was  al- 
lowed to  pass  under  the  compression  ramp  had  a 
higher  net  propulsive  thrust  and  a larger  stable  range 
of  operation  than  the  system  in  which  the  boundary- 
layer  air  was  drawn  off  through  the  permeable  com- 
pression ramp. 

In  the  design  of  auxiliary  air  inlets  or  boundary- 
layer-removal  systems,  estimates  of  the  entering 
boundary-layer  mass  flow  and  momentum  must  be 
made.  Charts  have  been  prepared  at  the  Lewis 
Laboratory  for  evaluating  these  quantities  for  various 
turbulent  boundary-layer  profiles  and  are  presented 
in  Technical  Note  3583. 

Inlets  designed  for  supersonic  jet  engines  are  gen- 
erally unstable  at  certain  operating  conditions.  It 
is  desirable  to  determine  criteria  which  define  the  stable 
operating  range  of  such  inlets.  This  problem  has  been 
studied  at  the  Lewis  Laboratory  and  is  presented  in 
Technical  Note  3506,  wherein  the  jet  engine  is  likened 
to  a Helmholtz  resonator  having  a through  flow.  It 
is  assumed  therein  that  at  each  instant,  conditions 
in  the  combustion  chamber  are  uniform.  The  latter 
assumption  is  relaxed  in  Technical  Note  3574,  which 
applies  acoustic  impedance  techniques  in  a study  of 
inlet  stability. 

Supersonic  inlets  of  ram-jet-engine  installations  are 
also  susceptible  to  unstable  oscillations  when  the 
engine  is  not  operating  at  either  design  Mach  number 
or  air-fuel  ratio.  Since  this  unstable  inlet  operation, 
known  as  buzz,  has  a strong  detrimental  effect  on 
ram-jet  performance,  it  is  essential  that  this  phenome- 
non be  thoroughly  understood  so  that  the  problem 
may  be  eliminated.  Technical  Note  3695,  prepared 
at  the  Langley  Laboratory,  reports  on  a study,  in 
which  a modified  nonstationary  one-dimensional  wave 
theory  is  employed,  of  the  various  waves  which  com- 
prise the  buzzing  cycle.  This  analysis  predicts  the 
complex  pressure-time  variation  in  the  ram  jet,  found 


experimentally,  and  also  shows  how  the  oscillation 
begins  and  is  perpetuated. 

Diffusers 

Tests  have  been  conducted  with  a series  of  diffuser 
shapes  defined  by  empirical  equations  having  constants 
which  are  related  to  the  initial  bound  ary -layer  thick- 
ness. The  shapes  were  designed  to  provide  high  pres- 
sure recovery  at  near-sonic  inlet  Mach  numbers.  The 
tests  were  conducted  at  the  Ames  Laboratory  through 
the  mass-flow  range  with  a varietj^  of  attached  and 
separated  initial  boundary  layers  and  also  with  two 
offset  ducts,  with  a variety  of  surface  conditions  in 
the  shortest  duct. 

The  experimental  results,  reported  in  Technical 
Note  3668,  provide  substantiation  for  the  design  trends 
upon  which  the  empirical  equations  were  based.  In 
addition,  it  was  found  that,  for  the  axially  symmetric 
ducts  tested,  the  effect  of  initial  boundary-layer  thick- 
ness on  pressure  recovery  was  as  important  as  that  of 
duct  shape.  The  best  performance  was  obtained  with 
a short  duct  with  a thin  initial  boundary*  layer.  With 
separated  boundary  layers,  extended  entry  lengths 
provided  markedly  improved  pressure  recovery  and 
flow  steadiness  relative  to  a similar  duct  with  no  entry 
extension.  The  offset  ducts  suffered  losses  in  all  per- 
formance parameters  relative  to  a similar  axially 
symmetric  duct.  Near  maximum  mass  flow,  the  surface 
conditions  investigated  had  only  small  adverse  effects 
on  pressure  recovery.  A loss  of  several  percent  in 
total-pressure  recovery  occurred  with  air  leakage  into 
the  duct  near  the  throat. 

In  many  installations  a short  diffuser  would  be 
extremely  desirable,  but  its  use  has  been  prevented  by 
the  total-pressure  and  static-pressure  losses  incurred  by 
airflow  separation  resulting  from  the  large  included 
angles  of  a short  diffuser.  To  determine  whether  this 
separation  could  be  eliminated  by  using  area  suction,  an 
exploratory  investigation  was  performed  with  a 30° 
and  a 50°  porous,  conical  diffuser  having  area  ratios  of 
2.  The  tests,  at  the  Ames  Laboratory,  made  at  a mean 
inlet  Mach  number  of  0.2,  indicated  that  area  suction 
eliminated  airflow  separation  in  the  30°  and  50°  dif- 
fusers with  suction  mass  flows  of  3 and  4-percent  of  the 
inlet  mass  flows,  respectively.  By  eliminating  airflow 
separation,  the  total-pressure  and  static-pressure  losses 
of  the  30°  and  50°  diffusers  were  less  than  those  of  a 10° 
diffuser  without  boundary -layer  control. 

Studies  of  various  means  of  boundary-layer  control 
for  the  purpose  of  increasing  the  efficiency  of  short  dif- 
fusers have  continued  at  the  Langley  Laboratory  also. 
The  results  obtained  in  two  investigations  of  the  appli- 
cation of  vortex  generators,  boundary-layer  suction, 
and  high-energy-air  injection  into  the  boundary  layer 
to  short,  annular  diffusers  show  that  vortex  generators 
are  ineffective  for  extremely  short  diffusers.  It  also 
was  found  that  a net  gain  in  overall  efficiency  cannot  be 
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obtained  by  suction  or  injection  boundary-layer  con- 
trols unless  the  auxiliary  pumping  power  is  held  to  a 
minimum  by  eliminating  all  flow  separation  upstream  of 
the  control  point  and  by  specially  shaping  the  wall 
contours  downstream  of  this  point  to  suit  the  flow 
conditions  prevailing  with  the  control  operating.  The 
increase  in  static-pressure  rise  obtained  through  the  use 
of  boundary-layer  controls  was  of  the  order  of  40 
percent. 

Ducts  and  Outlets 

In  continuation  of  the  studies  of  the  Langley  Labora- 
tory of  means  for  increasing  the  efficiency  of  internal- 
flow  s\7stems,  an  investigation  was  conducted  to  deter- 
mine the  maximum  flow  capacity  and  the  pressure  drop 
of  90°  bends  in  ducts  of  circular  cross  section.  It  was 
found,  in  Technical  Note  3696,  that  a mean  radius  of 
turn  of  2.5  duct  diameters  was  approximately  optimum 
with  regard  to  both  characteristics.  A duct  bend  with 
this  radius  of  turn  provided  a maximum  flow  equal  to 
95  percent  of  the  theoretical  choking  flow  and  experi- 
enced an  increase  in  total -pressure-loss  coefficient  of 
only  31  percent  as  its  entrance  Mach  number  was  varied 
from  low  values  to  the  choking  value.  The  effects  of 
changes  in  inlet  boundary -layer  thickness  were  found  to 
be  unimportant. 

The  high  auxiliary-air  requirements  of  high-speed 
aircraft  continue  to  emphasize  the  importance  of  the 
handling  of  this  air.  In  order  to  obtain  additional 
design  information  applicable  to  this  problem,  a tran- 
sonic investigation  of  the  performance  of  rectangular 
thin-plate  and  ducted  outlets  located  in  a surface 
parallel  to  the  flow  has  been  made  by  the  Langley  in- 
ternal aerodynamics  laboratory.  As  reported  in  Tech- 
nical Note  3466,  it  was  found  that  the  thin-plate  outlets 
provided  higher  discharge  coefficients  at  low  discharge 
pressure  differentials  and  that  their  performance  in- 
creased substantially  as  their  aspect  ratio  was  decreased 
below  unity.  All  of  the  flush  ducted  outlets  had 
approximately  the  same  discharge  coefficients  regardless 
of  inclination  or  curvature  of  the  duct  axis  and  pro- 
vided more  flow  than  the  thin-plate  outlets  at  high 
supply  pressures.  The  discharge  coefficients  of  these 
outlets  were  increased  by  recessing  their  downstream 
surfaces.  Surface  dynamometer  measurement  showed 
that  the  thrusts  produced  by  outlets  of  these  types 
corresponded  approximately  to  the  streamwise  com- 
ponents of  the  calculated  theoretical  thrusts. 

Thrust  Reversers 

Many  uses  for  thrust  reversers  on  jet  aircraft  have 
been  proposed.  They  include  braking  the  landing  roll, 
reversing  or  spoiling  thrust  during  the  landing  approach 
so  that  maximum  engine  speed  may  be  maintained, 
and  braking  during  diving  maneuvers  to  limit  flight 
speed.  To  be  used  effectively,  the  reverser  must  give 
the  desired  amount  of  reverse  thrust  without  affecting 


engine  operation.  Also,  the  design  must  lend  itself  to 
stowage  with  a minimum  amount  of  boattail  or  base 
drag. 

As  part  of  an  overall  investigation  of  thrust  reversers 
and  their  associated  problems,  studies  were  conducted 
with  cold  flow  on  thrust-reverser  models.  This  work 
was  done  on  a small-scale  unheated-air-duct  setup 
equipped  with  a 4-inch-diameter  exhaust  nozzle  at  the 
Lewis  Laboratory. 

The  performance  of  a hemispherical  thrust  reverser 
over  a range  of  geometric  variables  and  some  of  the 
factors  that  affect  reverse- thrust  performance  were 
investigated.  The  effects  of  most  of  the  design  vari- 
ables of  the  reverser  were  obtained  at  an  exhaust-nozzle 
total-  to  ambient-pressure  ratio  of  2.0.  The  basic  data 
over  a wide  range  of  conditions  were  also  obtained, 
however,  so  that  other  comparisons  could  be  made. 

The  performance  of  cylindrical-type  thrust  reversers 
and  the  effects  of  several  modifications  on  their  per- 
formance were  also  investigated  at  an  exhaust-nozzle 
pressure  ratio  of  2.0.  These  modifications  included 
changes  in  frontal  area,  width -to-height  ratio,  depth, 
lip  angle,  end-plate  depth,  and  end-plate  shape.  The 
performance  of  swept-type  cylindrical  thrust  reversers, 
the  relation  of  reverse- thrust  ratio  to  reversed-flow 
attachment,  and  thrust-modulation  characteristics  were 
included  in  the  study. 

Preliminary  data  have  been  obtained  on  the  per- 
formance of  several  cascade-type  thrust  reversers  lo- 
cated upstream  of  the  exhaust  nozzle  at  exhaust-nozzle 
pressure  ratios  up  to  2.4.  Such  reversers  are  referred  to 
as  the  tail-pipe-cascade  t}7pe.  A total  of  15  different  tail- 
pipe-cascade configurations  was  investigated.  These  in- 
cluded two  blade  shapes,  several  cascade  length-to-span 
ratios,  and  various  innerbody  lengths.  For  some  of 
the  configurations,  modulation  performance  and  sur- 
veys of  total  pressure  and  flow  angle  were  obtained 
at  the  cascade  discharge. 

Technical  Note  3664  presents  several  types  of  thrust 
reversers  investigated  under  the  overall  NACA  pro- 
gram, summarizes  the  important  performance  charac- 
teristics, and  presents  proposed  operation  methods. 
Three  types  of  reversers  were  investigated:  target, 
tail-pipe  cascade,  and  ring  cascade.  The  effects  of 
design  variables  on  performance,  reversed-flow  fields, 
and  thrust-modulation  characteristics  were  determined 
for  each  type. 

PROPELLERS  FOR  AIRCRAFT 
Aerodynamic  Problems 

Continued  interest  in  propellers  as  propulsive  devices 
capable  of  efficiently  utilizing  the  high  power  available 
from  modern  gas-turbine  engines  has  emphasized  the 
need  for  data  defining  their  characteristics  in  their 
various  flight  regimes.  In  addition  to  their  perform- 
ance at  high  speeds,  there  is  equal  need  to  know  their 
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behavior  in  the  negative-thrust  range,  where  extremely 
large  forces  can  result  in  the  event  of  engine  failure 
and  in  the  high-thrust  conditions  occurring  during  the 
low-speed  take-off  run.  The  dual-rotation  propeller  is 
of  particular  interest  since  it  offers  the  advantage  of 
smaller  diameter,  higher  efficiency,  absence  of  reaction 
torque,  and  less  noise  as  compared  with  the  single- 
rotation propeller  capable  of  absorbing  the  same  power. 
To  provide  data  useful  in  the  design  and  development 
of  these  propellers,  an  investigation  has  been  made  in 
the  Ames  12-foot  pressure  wind  tunnel  of  NACA 
4-(5)(05)-037,  six-  and  eight-blade,  dual-rotation  pro- 
pellers. These  propellers  were  operated  at  positive 
and  negative  thrusts,  at  blade  angles  from  —20°  to  70°, 
and  at  Mach  numbers  up  to  0.90,  including  operation 
at  low-speed,  near-static  conditions.  At  high  speed, 
M = 0.72,  these  propellers  had  an  efficiency  of  0.80  for 
a blade  angle  of  65°,  and  at  low-speed  near-static  con- 
ditions the}7  produced  about  3 pounds  of  thrust  per 
horsepower  at  their  design  power  loading. 

The  flow  of  air  through  the  plane  of  a propeller  is 
greatly  influenced  by  the  type  of  spinner  used.  Gen- 
erali}7, propellers  are  designed  for  operation  in  a flow 
having  uniform  axial  velocity  over  the  propeller  disk. 
Frequently  this  ideal  flow  is  not  realized  because  of 
spinner  disturbance  to  the  flow  field.  A flight  investiga- 
tion was  made  on  three  full-scale  propeller  spinners  using 
the  XF-88B  propeller  research  airplane  to  obtain  in- 
formation on  the  spinner  pressure  distributions  and  on 
the  radial  extent  of  flow-field  distortion  by  the  spinner. 
One  was  a conventional  conical  spinner  and  the  others, 
differing  in  size,  had  spherical  midsections.  Measure- 
ments reported  in  Technical  Note  3535  show  that 
distortion  of  the  flow  in  the  propeller  plane  amounting 
to  10  percent  of  the  free-stream  velocity  extended  out- 
ward from  the  spinner  surface  from  30  to  100  percent 
of  the  spinner  radius.  On  the  large  spherical  and 
conical  spinner,  the  extent  was  greater  than  with  the 
small  spherical  spinner;  this  indicates  that  there  are 
some  shapes  for  which  the  extent  of  flow  disturbance 
can  be  minimized.  Also,  it  is  apparent  from  measure- 
ments with  the  conical  spinner  that  the  velocity  of 
flow  may  be  considerably  reduced  in  the  vicinity  of  the 
spinner.  It  is  also  pointed  out  that  unfavorable  flow 
separation  could  result  with  spherical  spinners. 

As  part  of  a general  investigation  of  the  static  char- 
acteristics of  propellers,  empirical  methods  for  estimat- 
ing static  thrust,  based  on  propeller  charts,  have  been 
compared  with  a newer  strip-theory  method.  The 
comparisons  of  experimental  data  with  thrust  and 
power  coefficients  calculated  by  strip  theory  show  good 
agreement  where  adequate  airfoil  data  are  available, 
and  the  strip  theory  yields  better  results  than  the 
empirical  method. 

In  the  increasingly  important  field  of  vertical  and 
short  takeoff  and  landing,  high  thrust  at  low  speeds 


and  cancellation  of  torque  reaction  make  dual-rotation 
propellers  an  attractive  means  of  propulsion.  In  order 
to  fulfill  a need  for  information  concerning  dual-rotation- 
propeller  static-thrust  characteristics,  an  investigation 
of  six-  and  eight-blade  dual-rotation  propellers  operat- 
ing at  zero  advance  was  conducted  at  the  propeller 
static  test  stand  of  the  Langley  16-foot  transonic 
tunnel.  These  propellers  were  made  up  of  blades  having 
the  NACA  8.75-(5)(05)-037  design  number.  Static 
thrust  and  torque  characteristics  were  investigated. 
Some  types  of  vertical-take-off  aircraft  depend,  for 
longitudinal  and  directional  control,  .at  zero  or  low 
forward  speeds,  upon  the  action  of  the  slipstream  on 
control  surfaces.  Velocity  distributions,  therefore, 
were  also  measured  in  the  wake  of  the  six-  and  eight- 
blade  dual-rotation  propellers.  A major  part  of  the 
investigation  of  dual-rotation  propellers  pertained  to  a 
study  of  vibratory  stresses  excited  by  mutual  inter- 
ference of  the  propeller  blades  of  the  front  and  rear 
components.  The  principal  finding  is  that  blade  pas- 
sage in  a dual-rotation  propeller  is  a fairly  strong 
source  of  aerodynamic  vibratory  excitation.  High 
stresses,  however,  were  not  encountered  under  any  of 
the  test  conditions,  and  only  moderate  stress  rise  was 
encountered  at  resonant  conditions,  primarily  in  the 
torsional  mode. 

In  connection  with  research  leading  to  improved 
aerodynamic  qualities  in  vertical-take-off  aircraft,  an 
investigation  (reported  in  Technical  Note  3547)  was 
made  to  determine  the  effects  of  airspeed  and  angle  of 
attack  on  the  lift,  drag,  and  pitching  moment  of  a 
shrouded-propeller  model.  The  model  had  a shroud 
length  of  about  two-thirds  the  propeller  diameter  and 
was  tested  over  an  angle-of-attack  range  from  0°  to 
90°.  Tests  were  made  of  the  complete  model  with  the 
propeller  operating  and  also  of  the  shroud  and  motor 
combination  with  the  propeller  removed.  Static-thrust 
efficiency  was  found  to  increase  with  increasing  radius 
of  the  shroud  inlet  lip. 

Propeller  Stall  Flutter 

In  the  design  of  a supersonic-type  propeller,  primary 
consideration  has  been  given  to  reducing  blade-section 
thickness  ratios  to  as  low  a value  as  stress  considera- 
tions will  permit.  However,  the  propeller  blade  with 
very  thin  sections  has  low  torsional  rigidity  and  is 
susceptible  to  stall  flutter;  consequently,  the  power 
capacity  of  such  propellers  during  take-off  may  be 
limited  by  flutter  rather  than  by  aerodynamic  charac- 
teristics. In  an  effort  to  improve  the  flutter  character- 
istics of  propellers  and  yet  maintain  thin  blade  sections, 
the  effect  of  blade-section  camber  on  the  stall-flutter 
characteristics  of  three  NACA  propellers  was  investi- 
gated. An  increase  in  blade-section  camber  was  found 
to  produce  an  important  reduction  in  blade  stresses 
due  to  flutter  at  blade-angle  settings  up  to  28°. 
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HELICOPTERS 
Rotor  Aerodynamics 

The  need  for  research  work  on  helicopters  arises 
both  from  the  desire  of  the  user  for  a better,  more 
reliable,  or  less  expensive  helicopter  to  do  an  existing 
job  and  from  the  desire  to  develop  designs  which  will 
permit  successful  application  to  new  missions.  For 
both  purposes,  improved  rotor  aerodynamic  theory 
and  coordinated  experimental  research  are  required. 
In  recent  years,  modern  high-speed  automatic  com- 
puting machines  have  become  generally  available  to 
research  institutions  and  to  industry.  This  availability, 
in  turn,  has  made  possible  the  application  of  these 
machines  to  the  problem  of  computing  the  aerodynamic 
characteristics  of  lifting  rotors  by  numerical  methods. 
By  means  of  such  methods,  factors  that  are  normally 
omitted  from  conventional  analytical  rotor  treatments, 
such  as  stall  and  compressibility  effects  and  combina- 
tions of  such  design  parameters  as  binge  offset,  blade 
twist  and  taper,  and  root  cutout,  can  be  accounted  for. 
Greater  accuracy  is  thus  obtained  for  designs  of  con- 
ventional types,  while  design  studies  for  radically 
different  helicopters  (particularly  designs  aimed  at 
higher  forward  speeds)  become  practical.  The  necessary 
equations  and  procedures  for  carrying  out  the  numerical 
computations  involved  are  presented  in  Technical 
Note  3747.  Rotor  characteristics  considered  included 
thrust,  profile  drag,  total  power,  flapping,  rolling  and 
pitching  moments,  direction  of  the  resultant-force 
vector,  and  the  harmonic  contributions  of  the  shear- 
force  input  to  the  hub. 

A knowledge  of  the  steady-state  flapping  behavior 
of  lifting  rotors  is  necessary  in  the  design  of  helicopter 
hubs  and  control  systems,  in  estimating  rotor-fuselage 
clearances,  and  as  a prerequisite  to  the  numerical 
evaluation  of  the  aerodynamic  characteristics  of  rotors. 
Equations  for  calculating  rotor-blade  flapping  have 
been  available  from  various  theories.  In  order  to 
reduce  computation  to  a minimum,  theoretical  flapping 
values  can  be  obtained  directly  from  charts  which 
were  constructed  and  are  presented  in  Technical 
Note  3616.  The  charts  are  applicable  over  a wide 
range  of  helicopter  operating  conditions  and  for  blade 
twists  of  0°,  — 8°,  and  —16°. 

The  recent  emphasis  on  helicopter-rotor  vibration 
and  the  consideration  of  compound  helicopters  and 
convertiplanes  require  a more  complete  evaluation  of 
the  induced  velocity  field  near  a lifting  rotor  and  of  the 
rotor  downwash  in  the  regions  of  wings  and  tail  planes. 
The  preliminary  report  of  this  experimental  investi- 
gation has  been  supplemented  in  Technical  Note  3691 
by  a complete  presentation  of  results  and  a comparison 
with  theoretically  predicted  flow  fields. 

The  normal  component  of  induced  velocity  of  a 
lifting  rotor  can  be  calculated  with  good  accuracy  as 
far  rearward  as  three-quarters  of  a diameter  behind 


the  front  edge  of  the  rotor,  provided  a realistic  non- 
uniform  (essentially  triangular)  disk  loading  is  assumed. 
Because  of  the  rapid  rolling  up  of  the  trailing  vortex 
system,  the  induced-velocity  calculations  at  the  rear 
quarter  of  the  disk  do  not  accurately  predict  the 
measured  results.  In  the  far  field  behind  the  rotor  the 
induced  flow  can  be  more  accurately  predicted  by 
considering  a uniformly  loaded  rotor  in  the  same 
manner  as  a rectangular  wing.  Charts  of  the  normal 
component  of  induced  velocity  in  the  longitudinal 
plane  of  symmetry  in  the  near  and  far  fields  of  the  rotor 
determined  analytically  for  different  nonuniform, 
circularly  symmetrical  disk  loadings  are  presented  in 
Technical  Note  3690. 

One  of  the  more  difficult  problems  facing  the  heli- 
copter designer  is  the  calculation  of  the  rotor-blade 
aerodynamic  loading.  The  problem  is  difficult  because 
of  the  complexity  of  the  rotor  flow  and  the  uncertainties 
of  the  assumed  distribution  of  induced  velocity  across 
the  rotor  disk.  An  extensive  investigation  to  determine 
experimentally  the  helicopter  rotor-blade  loads  for  both 
the  hovering  and  forward-flight  conditions  has  been 
conducted  in  the  Langley  full-scale  tunnel.  The  static- 
thrust  information  on  a single  rotor  is  presented  in 
Technical  Note  3688.  A rapid  dropoff  in  load  per  foot 
of  span  is  shown  near  the  blade  tip.  A comparison  of 
the  blade-section  loadings  with  theory  shows  that  a 
tip-loss  factor  which  varies  with  thrust  coefficient  gives 
more  accurate  results  than  the  commonly  employed 
constant  tip-loss  factor. 

The  effects  of  compressibility  arising  from  high  tip- 
speed  operation  on  the  flapping,  thrust,  and  power  of  a 
helicopter  rotor  over  a wide  range  of  forward  flight 
conditions  were  investigated  by  the  use  of  numerical 
methods  and  are  reported  in  Technical  Note  3798. 
With  the  particular  airfoil  characteristics  used,  the 
results  indicated  minor  increases  in  rotor  flapping  and 
thrust  when  rotor  tip  speed  was  increased  from  350  to 
750  feet  per  second.  The  largest  effect  noted  was  an 
increase  in  profile-drag  power  in  the  advancing  side  of 
the  disk  that  was  proportional  to  the  amount  by  which 
the  blade-tip  Mach  number  exceeded  the  drag-diver- 
gence Mach  number.  These  effects  of  compressibility 
appeared  to  be  independent  of  blade  twist  but  are,  of 
course,  a function  of  the  airfoil  characteristics  employed 
in  the  analysis. 

Propulsion 

The  large  load-lifter  type  of  helicopters  are  particu- 
larly well  suited  to  benefit  from  use  of  rotor-blade  tip- 
mounted  jet-propulsion  power  plants.  A pulse-jet  unit 
having  high  ratios  of  thrust  to  frontal  area  had  pre- 
viously been  studied  on  the  Langley  helicopter  test 
tower.  In  order  to  determine  centrifugal-field  effects 
on  the  propulsive  characteristics,  the  same  pulse-jet 
unit  was  tested  over  a range  of  yaw  angles  and  forward 
speeds  in  the  Langley  16-foot  transonic  tunnel.  A 
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comparison  of  the  nonwhirling  and  whirling  results, 
presented  in  Technical  Note  3625,  indicates  that  the 
pulse  jet  is  subject  to  reduced  performance.  This  re- 
duction results  from  centrifugal  distortion  of  the  fuel- 
spray  pattern  for  centrifugal  accelerations  greater  than 
200g  (a  value  high  enough  to  indicate  that  no  difficulty 
of  this  nature  should  be  encountered  with  the  largest 
load  lifters  but  indicating  an  area  requiring  careful 
consideration  for  smaller  pulse-jet  designs). 

A performance  analysis  of  fixed-  and  free-turbine 
helicopter  engines  has  resulted  in  performance  charts 
and  comparisons  of  the  off-design  specific  fuel  consump- 
tion, altitude  performance,  power-speed  characteristics, 
and  response  times.  The  results  presented  in  Technical 
Note  3654  indicate  that  power  modulation  of  the  fixed- 
turbine  engine  was  more  rapid  than  the  free-turbine 
engine  at  constant  shaft  speed,  although  simultaneous 
changes  in  speed  and  power  were  executed  by  both 
engines  in  about  the  same  time.  At  constant  tempera- 
tures, the  free-turbine  power  varies  only  slightly  with 
shaft  speed,  whereas  the  fixed- turbine  power  decreases 
significantly  with  shaft  speed. 

Solutions  of  the  problems  of  excessive  vibration,  struc- 
tural fatigue,  roughness  of  control,  and  rotor  interfer- 
ence would  become  more  evident  if  the  nature  of  the 
rotor  disturbances  was  known.  With  a reasonable 
knowledge  of  inflow  variations,  it  may  at  least  be  pos- 
sible to  design  away  from  these  adverse  characteristics. 
The  available  current  experimental  inflow  data  are  not 
adequate  to  permit  a thorough  evaluation  of  existing 
theories.  With  the  exception  of  the  hovering  condition, 
therefore,  only  a limited  amount  of  material  has  been 
published  about  the  correlation  between  inflow  theory 
and  experiment.  Since  no  force  and  moment  data  for 
offset-flapping-hinge  rotors  were  available,  a study  was 
undertaken  by  the  Massachusetts  Institute  of  Tech- 
nology, under  the  sponsorship  of  the  NACA. 

Inflow  distributions,  azimuth  and  spanwise,  were 
determined  analytically  from  measured  pressure  distri- 
butions and  blade-motion  data  on  a model  helicopter 
rotor  blade  under  hovering  and  simulated  forward -flight 
conditions.  Pressures  and  corresponding  blade  flapping 
were  recorded  for  various  rotor  conditions  at  tip-speed 
ratios  of  0.10  to  1.00.  Covered  in  this  study  are  one- 
bladcd-rotor  operation  effects,  deliberate  blade  stall, 
data  on  the  effects  of  cyclic  pitch,  and  tests  on  a rotor 
with  a 13-percent-offset  flapping  hinge.  Since  the  offset- 
flapping-hinge  rotor  was  used  primarily  as  a means  of 
alleviating  stall  in  order  to  obtain  inflow  data  at  high 
tip-speed  ratios,  n,  in  the  vicinity  of  1.0,  no  cyclic  pitch 
was  used  to  balance  out  the  hub  moments  resulting 
from  the  incorporation  of  offset  hinges.  It  is  these 
moments  which  are  the  primary  source  of  stall  allevia- 
tion. The  inflow  plots  presented  in  Technical  Note 
3492  indicate  variations  very  different  from  the  uniform 
distributions  which  are  sometimes  associated  with  a 
rotor  disk.  An  extensive  investigation  of  the  /z  = 0.30, 


zero-offset  rotor  condition  showed  that  larger  inflow 
variations  than  those  predicted  b}7  theory  can  exist.  In 
addition,  however,  upflow  over  the  forward  portion  of 
the  disk  and  relatively  large  induced  velocity  at  the 
trailing  edge  are  verified.  The  inflow  patterns  for  the 
zero-offset  and  13-percent-offset  rotors  under  the  same 
conditions  of  operation,  except  for  the  presence  of  hub 
moments  in  the  offset-hinge  case,  are  found  to  be  very 
different  in  general  character. 

SEAPLANES 
Hydrodynamic  Elements 

Experimental  and  theoretical  research  on  planing 
surfaces  has  been  extended  to  include  pressure-distri- 
bution surveys  for  a series  or  related  prismatic  planing 
surfaces  having  angles  of  dead  rise  from  0°  to  40°,  with 
and  without  chine  flare.  These  pressure  distributions 
are  presented  in  Technical  Note  3477  for  a wide  range 
of  wetted  length  and  trim. 

The  results  substantiate  the  use  of  the  normal-load 
coefficient  as  the  key  parameter  in  predicting  flat-plate 
center-line  pressures.  The  results  further  show  that 
flat-plate  pressure  distributions  can  be  adequately  pre- 
dicted from  existing  theories.  The  reduction  in  pres- 
sure accompanying  an  increase  in  angle  of  dead  rise  is 
about  as  expected  on  the  basis  of  previous  force  measure- 
ments. The  addition  of  horizontal  chine  flare  increases 
the  pressure  near  the  chines  and  extends  the  region  of 
positive  pressures  further  forward  of  the  stagnation 
point  in  the  vicinity  of  the  chines.  Existing  theories 
are  in  poor  agreement  with  the  experimental  pressure 
distributions  obtained  for  surfaces  having  dead  rise. 
The  lift  and  centers  of  pressure,  predicted  on  the  basis 
of  the  pressure  distributions,  are  in  good  agreement 
with  recent  experimental  and  theoretical  NACA  re- 
search on  planing  surfaces. 

Interest  has  been  developing  in  the  operation  of 
water-based  aircraft  off  ramps  or  beaches  where  the 
water  depth  approaches  zero.  In  view  of  this,  an  ex- 
perimental investigation  was  made  to  determine  the 
effect  of  shallow  water  on  the  hydrodynamic  character- 
istics of  a flat-bottom  planing  surface.  These  data  are 
reported  in  Technical  Note  3642  and  show  that  the 
lift,  drag,  and  trimming  moment  about  the  trailing  edge 
of  the  model  increased  as  the  clearance  between  the 
model  and  the  tank  bottom  decreased.  The  most  ap- 
parent increases  occurred  at  clearances  below  one  beam. 
With  combinations  of  high-wetted  length  and  high  trim, 
however,  the  values  began  to  increase  at  somewhat 
greater  clearances.  The  lift-drag  ratio  increased  with 
decreasing  clearance  for  wetted  length-beam  ratios 
greater  than  0.S  and  trims  less  than  16°.  The  roach 
in  the  wake  of  the  model  increased  in  height  and  moved 
aft  of  the  model  as  the  clearance  decreased. 

In  the  past,  seaplane-spra}7  investigations  were  pri- 
marily concerned  with  the  definition  and  reduction  of 
spray  impinging  on  the  seaplane.  Recent  develop- 
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merits  have  somewhat  altered  the  spray  considerations 
since  modern  seaplane  designs  have  closely  coupled 
aerodynamic  and  hydrodynamic  components  which  are 
constructed  strong  enough  that  considerable  forces  may 
be  developed  on  the  surfaces  by  impinging  spra}7.  A 
stud}7  of  the  scale  relations  for  converting  model  spray- 
force  data  to  full  size  is  reported  in  Technical  Note  3615. 
The  results  show  that  spray  lift  forces  can  be  scaled  by 
the  conventional  Foude  relations  but  that  a Reynolds 
number  effect  on  spray  drag  is  indicated.  An  empirical 
method  is  suggested  for  correcting  the  spray  frictional- 
drag  coefficients  on  a Re}7nolds  number  basis. 

Results  of  a preliminary  investigation  of  self-ex  cited 
vibrations  of  a single  planing  surface  are  reported  in 
Technical  Note  3698.  Research  on  vibrations  of 
planing  surfaces  is  of  considerable  significance  in  the 
application  of  hydro-skis  to  water-based  aircraft,  since 
such  vibrations  have  been  known  to  cause  structural 
damage  to  the  aircraft.  This  research  has  indicated 
that  self-excited  vibrations  occur  with  high  aspect  ratio 
(on  the  order  of  10)  of  the  wetted  portion  of  the  planing 
surface  and  appear  to  be  essentially  an  oscillation  in 
trim  or  rise,  or  a combination  of  these  motions.  The 
oscillations  can  be  decreased  in  severity  or  eliminated 
by  using  planing  surfaces  which  limit  the  wetted  aspect 
ratio.  Dead  rise,  transverse  curvature,  and  a pointed 
trailing  edge  are  all  effective. 

In  order  to  provide  for  flush  retraction  of  h}7dro-skis 
on  high-speed  water-based  aircraft,  it  is  sometimes 
desirable  to  form  these  components  from  portions  of  the 
airplane  which  can  be  extended  for  landing  and  take-off. 
Since  the  bottom  of  these  skis  will  then  conform  to  the 
shape  of  the  fuselage  which  is  generally  rounded  or  to  that 
of  the  wing  which  is  more  or  less  flat,  the  skis  also  will  gen- 
erally have  rounded  or  flat  cross  sections.  Because  of  this, 

POWER  PLANTS 

The  ever  increasing  range,  speed,  and  altitude  require- 
ments specified  for  supersonic  airplanes  and  missiles 
has  necessitated  consideration  of  new  types  of  power 
plants  as  well  as  the  refinement  of  the  more  familiar 
types  of  turbojet,  ram-jet,  and  rocket  engines.  As  in  the 
past  the  goal  of  NACA  research  in  this  field  has  been 
information  leading  to  the  development  of  light-weight, 
highl}7  efficient  propulsion  s}7stems,  utilizing  both  chemi- 
cal and  nuclear  fuels. 

Increased  emphasis  has  been  placed  on  new  fuels  and 
rockets  problems  and  on  the  effects  of  high  temperature 
environment  on  engine  performance  and  reliability. 
Of  particular  interest  at  high  altitude  is  the  performance 
of  the  combustion  chamber.  Much  research  has  been 
done  in  order  to  understand  the  differences  between 
theory  and  experiment  for  the  effects  of  turbulence  on 
flame  ignition,  propagation,  and  heat  release. 

In  order  to  summarize  the  present  “state-of-the-art” 
of  airbreathing  powerplants  research,  a technical  con- 


an investigation  was  initiated  to  determine  the  charac- 
teristics of  planing  surfaces  of  several  plan  forms  and 
transversel}7  curved  bottoms.  One  surface  was  of 
rectangular  plan  form  with  a flat  bottom;  the  second 
had  a rectangular  plan  form  with  transversely  curved 
bottom;  and  a third  surface  had  a flat  bottom  but  was 
triangular  in  plan  form.  The  trims  investigated  ranged 
from  4°  to  20°.  The  data  were  reduced  in  the  form  of 
load,  resistance,  trimming  moment,  and  draft  plotted 
against  wetted  area. 

Research  Equipment  and  Techniques 

The  rapid  increase  in  the  landing  speeds  of  current  air- 
planes has  caused  a corresponding  increase  in  the  water 
speeds  at  which  seaplanes  operate.  As  a result,  the 
gap  between  the  speeds  available  in  the  existing  hydro- 
dynamic  testing  facilities  and  full-scale  speeds  has 
widened  to  an  extent  sufficient  to  make  it  advisable 
to  ascertain  whether  these  differences  in  speed  are  caus- 
ing any  significant  differences  in  force  coefficients.  In 
an  attempt  to  close  this  gap,  an  investigation  has  been 
made  of  the  feasibility^  of  obtaining  hydrodynamic  data 
at  full-scale  speeds  by  utilizing  a rectangular  3-  b}7 
3%-inch  free-water  jet  actuated  by  compressed  air. 
A comparison  of  planing  data  obtained  in  the  water 
jet  with  similar  data  obtained  in  conventional  towing 
tanks  indicates  that  it  is  feasible  to  use  a free-water 
jet  as  a hydrodynamic  test  facility  for  obtaining  planing 
data  at  very  high  speeds.  The  main  problem  appears 
to  be  in  establishing  an  adequate  method  of  correcting 
the  jet  data  for  the  limited  boundaries.  Consideration 
has  been  given  to  a simple  empirical  method  of  cor- 
recting planing  data  for  the  jet  boundaries.  This 
method  gave  reasonable  results  for  the  limited  data 
available. 

FOR  AIRCRAFT 

ference  was  held  at  the  Lewis  Laboratory  in  December 
1955. 

A description  of  the  Committee’s  recent  unclassified 
research  in  the  field  of  aircraft  propulsion  is  given  on  the 
following  pages. 

AIRCRAFT  FUELS 

Fuels  Performance  Evaluation 

Because  the  ram-jet  engine  requires  no  significant 
moving  parts  for  its  operation,  a greater  variety  of 
potential  fuels  is  available  for  the  ram-jet  engine  than 
for  the  turbojet  and  reciprocating  engines.  Specifically, 
the  ram-jet  engine  is  capable  of  utilizing  fuels  that  may 
produce  considerable  solid  materials  in  the  process  of 
combustion.  A number  of  conventional  and  uncon- 
ventional ram-jet  fuels  have  been  suggested  for  research 
because  of  the  need  for  ram-jet  fuels  that  may  permit 
the  realization  of  flight  range  and  thrust  beyond  the 
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limits  attainable  with  conventional  hydrocarbon  fuels. 
The  adiabatic  combustion  flame  temperature,  com- 
bustion equilibrium-gas  composition,  air  specific  im- 
pulse, and  fuel-weight  specific  impulse  were  investi- 
gated for  each  of  several  fuels.  These  fuels  included 
octene-1 , aluminum,  aluminum-octene-1  slurries, 
magnesium,  magnesium-octene-1  slurries,  diborane, 
pentaborane,  boron,  boron-octene-1  slurries,  hydrogen, 
a-methylnapthalene,  and  graphite. 

The  desire  for  higher  flight  speeds  has  increased  the 
demand  for  greater  power  per  pound  of  fuel,  and  per 
unit  volume  of  fuel.  Emphasis  has  therefore  been 
placed  on  the  development  of  ram-jet  engines  and  on 
turbojet  engines  equipped  with  afterburners  suitable 
for  operation  on  special  fuels. 

An  analytical  investigation  was  conducted  to  de- 
termine the  theoretical  air-specific-impulse  perform- 
ance of  several  fuels  over  a range  of  equivalence  ratios, 
inlet-air  temperatures,  and  combustion  pressures.  The 
fuels  included  octene-1,  50-percent-magnesium  slurry, 
boron,  pentaborane,  diborane,  hydrogen,  carbon, 
and  aluminum.  Inlet-air  temperatures  between  100° 
and  900°  F are  considered  at  a combustion  pressure 
of  2 atmospheres;  a combustion  pressure  of  0.2  atmos- 
phere is  also  considered  at  an  inlet-air  temperature 
of  100°  F.  Also  discussed  are  the  determination  of 
air-specific-impulse  efficiency  and  combustion  efficiency 
for  experimental  data  by  the  use  of  theoretical  results 
and  the  estimation  of  the  relative  amounts  of  various 
fuels  required  to  maintain  a fixed  engine  thrust  level. 

For  some  time  fuel  cost  has  been  accepted  as  a major 
consideration  in  the  conversion  of  commercial  airline 
operations  from  piston-engine  aircraft  to  gas-turbine- 
engine  aircraft.  The  most  frequently  proposed  fuel 
for  use  in  gas-turbine  transports  is  kerosene;  however, 
there  has  been  interest  in  the  possibility  of  further 
fuel-cost  reductions  by  use  of  low-cost  distillate  and 
the  residual  fuel  oils.  These  fuel  oils  are  considerably 
cheaper  than  aviation  gasoline,  and  the  residual  types 
are  substantially  less  costly  than  kerosene.  Despite 
the  cost  attractiveness  the  physical  properties  and 
combustion  characteristics  of  such  fuels  offer  many 
problems  that  must  be  solved  before  the}7  can  be  suc- 
cessfully utilized  in  commercial  aircraft.  The  prop- 
erties of  distillate  and  residual  fuel  oils  and  the  influence 
of  these  properties  on  engine  performance  and  handling 
procedures  have  been  studied. 

Combustion-chamber  carbon  deposition  is  a signifi- 
cant factor  influencing  the  choice  of  fuels  for  the  tur- 
bojet engine.  A number  of  carbon-deposition  tests 
were  conducted  in  a single-tube  combustor  and  in  full- 
scale  engines  to  provide  some  information  concerning 
the  relation  between  single-combustor  and  full-scale- 
engine  carbon  deposition.  These  data  together  with 
limited  flight  operational  data  provide  some  indication 
of  the  tolerable  limits  of  deposition  and  of  the  neces- 
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sarv  control  test  limits  that  would  ensure  adequate 
fuel  quality. 

Thermal  Properties  of  Aircraft  Fuels 

Sodium,  beryllium,  and  magnesium  alkyls  thermalhr 
decompose  under  vacuum  at  100°  to  200°  F.  The 
main  products  are  a metal  hydride  or  an  alkyl  metal 
Iwdride  and  an  olefin  of  the  same  number  of  carbon 
atoms  as  the  original  alkyl  group.  Recently,  it  has 
been  observed  that  a boron  alkyl,  tri-n-butylborane, 
decomposed  upon  heating  under  vacuum;  the  products 
were  dibutyldiborane  and  butene.2  The  similarity  both 
in  the  nature  of  the  products  and  the  experimental 
conditions  suggests  that  the  same  mechanism  is  involved 
in  all  these  metal  alkyl  decompositions. 

In  some  present-day  turbojet  engines,  the  engine 
lubricant  is  cooled  in  a heat  exchanger  by  means  of  the 
fuel  as  it  flows  to  the  combustor.  As  a result,  the  fuel 
ma}7  be  heated  to  temperatures  high  enough  to  cause 
the  formation  of  insoluble,  gum-like  substances.  These 
insoluble  materials,  if  not  removed  or  adequately  dis- 
persed, ma}7  foul  the  heat  exchanger  so  that  the  lubri- 
cant is  not  adequately  cooled  or  clog  the  filter  screens 
or  the  injector  orifices  so  that  the  fuel  flow  is  reduced 
to  the  point  of  engine  failure.  The  thermal  stability 
of  jet  fuels  is  affected  not  only  by  the  temperature,  but 
also  by  the  residence  time  of  the  fuel  in  the  heated  zune. 
Since  fuel-flow  rates  decrease  with  increasing  altitude, 
the  problem  becomes  more  severe  at  high  altitudes 
where  both  higher  fuel  temperatures  and  longer  resi- 
dence times  are  encountered.  The  effect  of  dissolved 
oxygen  on  the  filter-clogging  characteristics  of  three 
JP-4  and  two  JP-5  fuels  was  studied  at  300°  to  400°  F. 
in  a bench-scale  rig  employing  filter  paper  as  the  filter 
medium. 

Synthesis  and  Analysis 

Only  recently  have  accurate  thermochemical  data  on 
boron-containing  molecules  become  available.  The 
data  have  been  used  to  calculate  the  electronegativit}7 
of  boron  and  the  boron-to-boron  bond  energy  which 
were  used  to  compute  the  average  bond  energies 
Dgm(B-Z)  from  the  Paul  mg  electronegativity  equation. 
The  calculated  values  of  Dgm(B-Z)  were  compared  with 
experimental  values,  and  the  differences  between  the 
values  have  been  interpreted  in  terms  of  partial  double- 
bond character  and  resonance  in  BZ3  compounds. 

Recent  measurements  of  the  lattice  constants  of  the 
alkali  metal  boroh}7drides  make  possible  a theoretical 
calculation  of  the  lattice  energies  of  NaBH4,  KBH4, 
RbBH4,  and  CsBH4.  The  entropies  and  free  energies 
of  the  reactions  of  BH3(g)  and  B2H6(g)  with  H“(g)  to 
form  BH4~(g)  can  also  be  calculated.  These  various 
thermodynamic  properties  were  obtained  in  an  investi- 
gation.3 

8 See  paper  by  Rosenblum  listed  on  p.  78. 

8 See  paper  by  Altschuller  listed  on  p.  76. 
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COMBUSTION 

Fundamentals  of  Combustion 

Although  conditions  which  may  lead  to  the  spon- 
taneous ignition  of  fuels  have  been  a subject  of  investi- 
gation for  many  j^ears,  the  results  of  various  researchers 
are  in  most  instances  not  directly  comparable,  since 
the  experimental  conditions  at  the  point  of  ignition 
may  vary.  An  attempt  was  made  to  clarify  in  par- 
ticular the  effects  of  such  parameters  as  fuel  and 
oxygen  concentration,  pressure,  temperature,  and  inert 
diluents  on  ignition  delay.  Furthermore,  such  data 
may  help  to  elucidate  the  chemistry  of  the  ignition 
reactions.  Reactants  were  mixed  at  the  desired  tem- 
perature in  a time  much  shorter  than  the  ignition  lag. 
The  results  on  propane  flames  were  obtained  over  a. 
wide  range  of  fuel  percentages  at  atmospheric  pressure 
and  temperatures  from  520°  C to  740°  C. 

The  spontaneous  ignition  temperatures  of  eight 
structurally  different  hydrocarbons  were  determined 
and  correlated  with  the  behavior  of  the  same  hydro- 
carbons toward  vapor-phase  oxidation  (Technical  Note 
3579). 

Much  work  has  been  done  on  the  relative  ease  of 
oxidation  of  hydrocarbons,  but  the  similarity  in  suscep- 
tibility to  oxidation  of  the  different  bonds  within  the 
hydrocarbon  molecule  makes  it  difficult  to  isolate  the 
separate  steps  in  the  reaction.  The  introduction  of  a 
metal  atom  into  a molecule  may  add  certain  bonds 
which  are  more  easily  attacked  by  oxygen  than  the 
remainder  of  the  molecule,  and,  hence,  it  may  be 
possible  to  follow  more  readily  the  initial  attack  on 
the  molecule  by  oxygen.  Because  of  its  similarity  to 
carbon,  silicon  is  a reasonable  metal  atom  to  use  in 
such  a study.  Consequently,  several  alkylsilanes  were 
prepared,  and  a study  of  the  oxidation  properties  of 
these  fuels  was  conducted. 

In  spite  of  the  expanded  efforts  on  combustion  re- 
search in  recent  years,  there  is  relatively  little  informa- 
tion on  the  detailed  mechanism  of  the  combustion  of 
metals.  The  gross  physical  mechanism  of  the  com- 
bustion of  relatively  small  quantities  of  magnesium 
metal  was  studied  in  order  to  determine  whether  a vapor 
phase  or  surface  mechanism  is  involved;  further,  to 
examine  the  effect  of  the  composition  of  the  oxidizing 
atmosphere,  both  as  a matter  of  general  interest  and  to 
determine  if  such  studies  might  be  informative  as  to  the 
details  of  the  physical  and/or  chemical  processes 
involved. 

. A previous  investigation  resulted  in  a theory  of  spark 
ignition  in  nonturbulent  and  turbulent  flowing  gases 
using  long-duration  discharges.  This  theory  is  based 
on  thermal  processes  and  relates  the  spark  discharge 
energy  with  gas  density  and  velocity,  electrode  spacing, 
spark  duration,  intensity  of  turbulence,  and  constants 
of  the  fuel.  A recent  study  was  conducted  to  show  the 
effect  of  fuel-air  ratio  and  initial  temperature  on  spark- 


ignition  energy  and  to  apply  these  results  to  this  de- 
veloped theory  of  ignition.  Data  were  obtained  at  a 
pressure  of  5.0  inches  of  mercury  absolute,  gas  velocity 
of  50  feet  per  second,  low-turbulent  flow  condition,  and 
with  long-duration  spark  discharges. 

Flame  quenching  may  be  studied  by  simple  experi- 
ments. A flame  is  introduced  into  one  end  of  a tube 
filled  with  a combustible  mixture.  The  flame  will 
either  burn  through  the  length  of  the  tube  or  wall  be 
extinguished  (quenched)  by  the  tube.  Experiments 
show  that  the  ability  of  a flame  to  get  through  the  tube 
depends  on  the  following  factors:  (1)  pressure;  (2)  tem- 
perature; (3)  kind  of  fuel,  oxidant,  and  inert  diluent; 
(4)  relative  concentrations  of  fuel,  oxidant,  and  inert 
diluent;  and  (5)  cross-sectional  shape  and  size  of  the 
tube.  Recently,  a diffusional  quenching  equation  was 
proposed.  This  equation  correlates  the  effect  on 
quenching  of  such  diverse  factors  as  fuel  type,  tube 
geometry,  fuel  and  oxygen  concentrations,  and  tem- 
perature. A thermal  analog  of  this  equation  has  been 
developed  and  shown  to  correlate  the  same  quenching 
data  satisfactorily.  The  two  equations  predict  effects 
of  different  extent  when  helium  is  replaced  by  argon  in 
an  inflammable  mixture.  Thus,  comparisons  with  ex- 
periment should  indicate  which  of  the  two  approaches 
is  more  useful.  Consequently,  a study  was  made  of  the 
effect  produced  by  replacement  of  helium  by  argon  on 
the  quenching  of  propane-ox3rgen-inert  flames.4 

Recent  flame-quenching  research  has  indicated  that 
there  should  be  a set  of  simple  relations  among  the 
various  channel  geometries  which  are  capable  of  just 
quenching  a given  flame  at  a given  pressure.  In  an 
investigation  recently  conducted  and  reported,  the  fol- 
lowing points  were  discussed:  (1)  The  derivation  of  a 
set  of  equations  which  predict  the  relations  among  the 
dimensions  of  a number  of  simple  geometries  capable  of 
just  quenching  a given  flame  at  a given  pressure  and  (2) 
the  evaluation  of  several  of  these  relations  by  deter- 
mining experimentally  the  wall  quenching  of  downward- 
propagating  propane-air  flames  as  a function  of  fuel-air 
ratio  and  pressure  for  rectangular  slots,  cylinders,  and 
cylindrical  annuli.5 

With  the  growing  interest  in  high-speed  combustion 
systems  in  which  the  attainment  of  greater  heat-release 
rates  per  unit  volume  is  demanded,  it  becomes  more 
important  to  know  how  faster-burning  fuel-air  mixtures 
can  be  obtained.  It  has  long  been  known  that  one 
way  to  increase  the  burning  rate  of  a gaseous  mixture 
is  to  preheat  it.  The  question  arises  as  to  how  far  this 
process  of  increasing  the  flame  velocity  by  increasing 
the  initial  temperature  can  be  carried.  Therefore,  a 
study  was  made  to  (1)  determine  experimentally 
whether  the  flame  velocity  is  affected  by  contact  time 
between  fuel  and  air  at  temperatures  previously  studied, 
(2)  extend  propane-air  flame  velocity  data  to  higher 

* See  paper  by  Potter  and  Berlad  listed  on  p.  78. 

s See  paper  by  Berlad  and  Potter  listed  on  p.  7G 
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temperatures,  (3)  increase  contact  times  and  tempera- 
tures until  appreciable  effects  of  slow  oxidation  on 
flame  velocity  were  observed,  and  (4)  obtain  informa- 
tion on  the  major  products  of  the  slow  oxidation  in 
near-stoichiometric  propane-air  mixtures  as  deter- 
mined under  steady-state  flow  conditions. 

Space-heating-rate  measurements  can  yield  informa- 
tion useful  in  characterizing  turbulent  combustion. 
Technical  Note  3277  indicates  that  for  Bunsen  burner 
flames  stabilized  over  a field  of  pipe-induced  turbu- 
lence, the  space-heating  rate  was  decreased  with  in- 
creasing linear  flow  and  burner  diameter  and  was 
independent  of  pilot  conditions.  Turbulent  burning 
velocities  over  the  same  flow  range  were  correlated  by 
linear  velocity  at  constant  burner  diameter,  but  the 
variation  with  burner  diameter  could  not  be'  expressed 
by  a simple  correlation. 

For  laminar  flames,  the  determination  of  burning 
velocity  is  fairly  direct  because  the  reaction  zone  is  thin 
and  stream  tubes  may  be  identified.  Turbulent 
flames,  however,  are  not  so  easily  characterized  in  this 
way.  Even  when  a turbulent  flame  is  stabilized,  the 
volume  occupied  by  the  fluctuating  reaction  zone  is 
large  compared  with  the  volume  of  a laminar  flame 
zone.  A characterization  parameter,  the  space  rate, 
for  turbulent  flames  has  been  defined.6  Measurements 
show  that  the  space  rate  is  directly  proportional  to  the 
laminar  burning  velocity  and  indirectly  proportional  to 
the  burner  diameter.  The  space  rate  multiplied  by  the 
heat  of  combustion  gives  directly  the  heat-release  rate 
per  unit  volume  of  space  needed  for  the  combustion. 

The  effect  of  turbulence  on  the  propagation  of  a free 
flame  has  recently  been  investigated  and  reported.  In 
this  study  free  flames  were  spark  ignited  in  a flowing 
turbulent  stream  of  combustible  gas.  The  propagation 
rate  of  the  free-flame  globule  was  observed  photo- 
graphically and  with  ionization  gaps  which  defined  the 
cone  swept  out  by  the  globule  as  it  was  carried  along 
by  the  stream. 

Jet  engine  requirements  have  increased  the  need  for 
understanding  the  mechanism  governing  the  high  volu- 
metric heat-release  rates  of  a fuel-air  mixture.  The 
burning  velocities  of  premixed  open  propane  turbulent 
flames  and  the  effect  of  turbulence  and  turbulent-flow 
parameters  on  a variety  of  these  flames  was  studied 
(Technical  Note  3575). 

The  turbulent  mixing  of  mass  and  heat  is  of  major 
importance  to  the  performance  of  jet-engine  combus- 
tors. For  example,  mixing  is  largely  responsible  for  the 
preparation  of  desired  fuel-air  mixtures  and  also  affects 
the  overall  combustion  process.  In  Technical  Note 
3570  an  experimental  comparison  is  presented  between 
the  Lagrangian  and  Eulerian  correlation  coefficients  in 
the  homogeneous  isotropic  central  core  of  a turbulent 
pipe  flow.  The  Lagrangian  correlation  coefficient  was 
characterized  by  measurements  of  the  turbulent  diffu- 

See  paper  by  Simon  and  Wagner  listed  on  p.  79 


sion  of  helium  from  a point  source.  The  general 
objective  of  this  investigation  was  to  determine  rela- 
tions between  turbulent-mixing  theory  and  experiment 
that  would  provide  sufficient  information  for  the  direct 
solution  of  practical  mixing  problems. 

Low-volatility7  fuels,  such  as  JP-5,  are  desirable  for 
use  in  high-altitude  jet  engines  from  the  standpoint  of 
low  fuel-tank  losses.  Also  they  present  less  fire 
hazard,  under  some  conditions,  than  currently  used 
JP-4  fuel.  The  very  low  evaporation  rate  of  such 
fuels,  however,  may  3d  eld  poor  combustor  performance. 
Therefore,  knowledge  of  the  factors  that  affect  the 
evaporation  rate  of  JP-5  fuel  is  useful  to  the  combustor 
designer.  A continuous  sampling-probe  technique  was 
used  to  determine  the  percentage  of  JP-5  fuel  spray 
evaporated  under  conditions  common  in  ram -jet 
engines. 

Experimental  and  calculated  mass  and  temperature 
histories  of  fuel  drops  vaporizing  with  a constant 
velocity  relative  to  the  air  were  determined  and 
reported  in  Technical  Note  3490.  Under  some  condi- 
tions the  unsteady7  state  or  time  required  for  the  drops 
to  reach  the  wet-bulb  temperature  is  an  appreciable 
portion  of  the  total  vaporization  time. 

The  burning  of  clouds  of  particles,  such  as  those 
existing  in  fuel  sprays,  has  received  relatively  little 
attention  because  of  the  difficult}7  of  the  problems. 
With  respect  to  theor}7,  there  are  such  complicating 
factors  as  interaction  between  drops,  extinction  of 
flame  surrounding  drops  at  high  relative  drop-air 
velocities,  and  complex  turbulent  s}7stems  such  as  those 
existing  in  the  combustion  chamber.  There  may  be 
conditions  under  which  diffusion  is  no  longer  the  con- 
trolling element,  and  the  rate  of  chemical  reaction 
becomes  dominant.  A discussion  of  those  factors 
normall}7  associated  with  diffusion  flames  is  presented. 
In  addition,  the  efficienc}7  of  combustion  of  liquid  fuels 
in  turbojet  combustors  as  affected  by  fuel  volatility, 
spra}7  characteristics,  and  the  burning  rate  of  single 
drops  is  treated . 

The  use  of  liquid  fuels  in  combustion  s}7stems  involves 
the  processes  of  atomization,  evaporation,  mixing,  and 
burning.  In  some  systems,  atomization,  evaporation, 
and  mixing  of  fuel  and  air  may  be  accomplished 
sufficientl}7  remote  from  the  flame  that  the  principles  of 
gaseous  combustion  are  applicable.  Usuall}7,  however, 
the  small  available  combustion  volumes  and  residence 
times  preclude  the  separation  of  these  individual  steps, 
and  burning  occurs  in  the  presence  of  liquid  fuel  which 
acts  as  a local  source  of  combustible.  Although  the 
usual  liquid-fuel  combustion  s}7stem  involves  a simul- 
taneous occurrence  of  all  these  steps,  much  of  the 
published  research  deals  with  onl}7  the  individual  steps 
in  the  use  of  liquid  fuels.  This  is  necessar}7  because  of 
the  great  complexit}7  which  results  when  the  problems 
of  atomization  and  evaporation  are  added  to  the  al- 
ready7 difficult  problem  of  combustion.  The  status  of 
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research  pertinent  to  the  combustion  of  sprays  is  pre- 
sented with  the  intention  of  indicating  fruitful  areas  for 
further  research. 

A number  of  theories  have  been  proposed  to  explain 
the  mechanism  by  which  smoke  is  formed  in  diffusion 
flames,  but  at  present  no  definite  and  completely  con- 
sistent theory  seems  to  be  available.  With  the  belief 
that  still  more  experimental  work  might  be  helpful  in 
understanding  the  overall  mechanism,  several  experi- 
mental projects  were  undertaken.  Smoke  formation 
was  investigated  from  the  standpoint  of  the  effect  of 
pressure,  fuel  type,  external  airflow,  rate,  oxygen 
enrichment,  argon  substitution  in  external  air,  and  fuel 
temperature.  The  experimental  results  were  inter- 
preted to  indicate  a possible  step  involved  in  the  early 
stages  leading  to  smoke  formation.  The  understanding 
gained  from  these  experiments,  together  with  informa- 
tion from  the  literature,  has  been  used  to  postulate  a 
possible  and  relatively  complete  mechanism  of  smoke 
formation. 

A comparison  of  the  reaction  kinetic  processes  of 
several  aliphatic  hydrocarbons  with  those  of  heptane 
and  isooctane  is  presented  in  Technical  Note  3384. 
This  study  included  work  on  the  behavior  of  olefines 
and  exploratory  work  on  the  effect  of  surface-volume 
ratio  on  the  extent  of  early  stage  oxidation  of  the 
hydrocarbon. 

In  aircraft  operations  there  is  a need  for  potent  fire- 
extinguishing agents.  In  addition  to  potency,  the 
agents  must  have  properties  that  make  them  suitable 
for  use  in  aircraft  environments.  For  example,  the 
corrosiveness,  freezing  point,  toxicity,  and  electrical 
conductivity  must  be  considered.  The  chemical  mech- 
anism chosen  for  study  is  that  of  chain-breaking  reac- 
tions between  agent  and  active  particles  (hydrogen  and 
oxygen  atoms  and  hydroxyl  radicals).  The  action  of 
halogenated  agents  in  preventing  flame  propagation  in 
fuel-air  mixtures  in  laboratory  tests  is  discussed  in 
Technical  Note  3565. 

Aerodynamic  mixing  is  an  important  factor  in  fuel-air 
preparation,  combustion,  and  exhaust-gas  mixing  in  jet- 
engine  combustors.  Because  of  its  importance,  it  is  of 
interest  to  investigate  aerodynamic  mixing  under  flow 
conditions  commonly  found  in  combustors.  Although 
jet-engine  combustors  often  have  extremety  intense 
sound  fields,  little  attention  has  been  given  to  the  effect 
of  sound-wave  disturbances  on  aerodynamic  mixing. 
Technical  Note  3760  describes  a theoretical  and  experi- 
mental investigation  of  the  aerodynamic  mixing  of  heat 
by  standing  sound  wave  downstream  of  a continuous 
line  source. 

In  many  technical  problems  involving  heat  transfer, 
the  thermal  conductivities  of  gas  mixtures  are  required, 
often  under  conditions  in  combustion  s}7stems  where 
measurement  is  difficult  or  impossible.  An  empirical 
technique  for  estimating  conductivities  of  mixtures  of 


nonpolar  gases  is  presented.7  Thermal  conductivities  of 
a mixture  may  be  estimated  quickly;  only  the  composi- 
tion of  the  mixture  and  conductivities  of  component 
gases  are  required.  Accuracy  is  comparable  to  that  of 
the  more  complicated  methods  which  have  been 
previous^7  proposed. 

A knowledge  of  the  combustion  temperature  or  of  the 
quantity  of  fuel  required  to  obtain  a specified  combus- 
tion temperature  is  necessary  in  the  performance  anal- 
yses of  turbojet  and  ram-jet  engines.  With  dissociation, 
the  ideal  combustion  temperature  is  dependent  on  com- 
bustion-pressure level.  Nomographic  charts,  from 
which  the  ideal  temperature  rise  or  the  ideal  quantity 
of  fuel  required  for  a specified  combustion  temperature 
may  be  obtained  for  a comprehensive  range  of  operating 
conditions  of  turbojet-  and  ram-jet  engines,  have  been 
prepared.  These  charts  are  applicable  only  to  a fuel 
having  a hydrogen-carbon  mass  ratio  of  0.168,  which 
closely  approximates  the  fuel  presentty  used  in  most 
turbojet  and  ram-jet  engines.  The  charts  are  based 
on  a constant-pressure  adiabatic  combustion  process 
covering  a range  of  fuel-air  ratios  from  0 to  1.2  fraction 
of  stoichiometric,  a range  of  combustion  pressures  from 
1/16  to  64  atmospheres,  and  a range  of  inlet-air  tempera- 
tures from  400°  to  1600°  R. 

Combustion-Chamber  Research 

In  the  calculation  of  total-pressure  loss  and  liner  air- 
flow distribution  for  turbojet  and  can-type  ram-jet 
combustors,  it  is  essential  to  know  the  discharge  coeffi- 
cients of  combustor-liner  wall  openings.  A study  was 
made  to  determine  the  effects  of  various  geometric  and 
flow  factors  on  the  discharge  coefficients  for  circular 
holes  having  flow  parallel  to  the  plane  of  the  hole 
(Technical  Note  3663).  The  geometric  and  flow  factors 
considered  were  hole  diameter,  wall  thickness  at  the 
hole,  parallel-flow  duct  height,  boundary-layer  thick- 
ness, parallel-flow  velocity,  static-pressure  level,  and 
pressure  ratio  across  the  test  hole. 

Because  the  effectiveness  of  the  turbojet  engine  in- 
creases with  flight  speed  and  altitude,  the  service  re- 
quirements of  turbojet  engines  demand  operation  at 
even  higher  and  higher  altitudes  and  flights  speeds. 
The  problem  of  maintaining  high  combustion  efficiency 
is  one  of  the  most  important  problems  of  altitude 
operation.  The  research  approach  to  the  problem  has 
involved  both  s}7stematic  investigations  of  the  effect  of 
individual  variables  on  combustor  performance  and 
attempts  to  relate  fundamental  combustion  parameters 
such  as  fuel-spra}7  characteristics,  ignition  limits,  and 
flame  speeds  to  the  observed  combustor  performance.8 

While  performance  studies  of  various  gas-turbine 
combustors  have  yielded  a large  amount  of  combustor 
performance  data,  no  method  has  been  presented  for 

* See  paper  by  Brokaw  listed  on  p.  76. 

8 See  paper  by  Olson,  Childs,  and  Jonash  listed  on  p.  78. 
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correlating  these  data  in  terms  of  fundamental  param- 
eters. An  empirical  correlation  of  the  combustion 
efficiency  data  previous^  obtained  in  experimental 
investigations  with  fourteen  aircraft  gas-turbine  com- 
bustors has  been  developed.  A theoretical  analysis 
based  on  the  kinetics  of  a bimolecular  chemical  reaction 
is  also  presented  which,  with  additional  assumptions 
regarding  the  mechanism  of  the  combustion  process, 
yields  the  correlation  parameter  previously  obtained  b}7 
empirical  means. 

The  low  pressure  and  low  temperature  encountered 
at  altitude  result  in  reduced  combustion  efficiency.  An 
explanation  of  this  effect  in  terms  of  basic  processes  is 
one  of  the  goals  of  fundamental  combustion  research. 
Therefore,  an  investigation  was  made  to  determine  the 
importance  of  molecular-scale  processes  in  the  overall 
turbojet  combustion  process.  Attempts  were  made  to 
correlate  combustion  efficiency  with  selected  funda- 
mental combustion  properties  and  with  a simplified 
reaction-kinetics  equation. 

In  order  to  determine  the  relative  importance  of  the 
basic  processes  involved  in  the  overall  turbojet  com- 
bustion mechanism,  a study  was  conducted  of  the  effect 
of  oxygen  concentration  of  the  inlet  oxygen-nitrogen 
mixture  on  the  combustion  efficiency  of  a J33  single 
combustor  operating  with  gaseous  propane  fuel. 

Experimental  investigations  with  both  turbojet  and 
ramjet  combustors  have  shown  that  combustion  effi- 
ciency is  adversely  affected  by  the  high  velocities  at 
which  these  combustors  are  required  to  operate  and  by 
the  low  pressures  and  low  inlet  temperatues  encountered 
at  high  altitudes.  A theory  of  the  jet-engine  combus- 
tion process  is  therefore  needed  in  order  to  explain  these 
effects  and  to  indicate  the  design  approaches  that  are 
most  promising  for  alleviating  these  adverse  effects.  A 
preliminar}7  theoretical  treatment  of  the  combustion 
process  as  it  occurs  in  turbojet  combustors  has  been 
completed. 

The  trend  in  afterburner  and  ramjet-combustor 
development  for  increased  thrust  has  resulted  in  com- 
bustors that  operate  at  higher  pressures,  higher  com- 
bustion temperatures,  and  higher  velocities.  With  the 
development  of  these  high-output  combustors,  the 
phenomenon  known  as  screech  has  been  widely  en- 
countered. Screech  derives  its  name  from  the  high- 
pitched  audible  sound  produced.  Other  manifestations 
of  screech  are  high-frequency  pressure  oscillation  in  the 
combustor  and  an  increased  rate  of  heat  transfer,  which 
have  resulted  in  rapid  deterioration  or  failure  of  com- 
bustor shell,  flameholder,  and  other  combustor  parts. 
Screech  instrumentation  has  therefore  been  developed 
and  the  mechanism  of  screech  studied  in  a 6-inch- 
diameter  simulated  afterburner  (Technical  Note  3567). 

Violent  lateral  oscillations  which  often  occur  in  the 
combustion  chambers  of  rocket  and  jet  engines  are 
analyzed.9 

« See  paper  by  Maslen  and  Moore  listed  on  p.  78. 


The  formation  of  carbon  in  turbojet  combustors 
presents  a number  of  major  engine  operational  problems. 
Carbon  deposition  on  walls,  fuel-injector  nozzles,  and 
ignitors  affects  combustion  efficienc}7,  altitude  opera- 
tional limit,  and  ignition  characteristics  of  the  combus- 
tor. Also,  the  distorted  airflow  and  fuel-flow  patterns 
which  result  from  carbon  deposits  frequentty  cause 
warping  and  burning  of  the  combustor  liners.  Carbon 
dispersed  in  the  gas  stream  as  smoke  would  also  be 
objectionable  in  military  operations  where  smoke  trails 
remaining  in  the  wake  of  jet-powered  aircraft  may  be 
easity  detected.  An  investigation  was  therefore  con- 
ducted to  determine  the  effect  of  systematic  variations 
in  inlet-air  and  fuel  parameters  on  the  smoking  char- 
acteristics of  a single  tubular  turbojet-engine 
combustor. 

Research  has  been  conducted  on  design  and  operating 
factors  which  ma}7  affect  ignition  limits  of  combustors 
and  improve  the  altitude  starting  characteristics  of 
turbojet  engines.  Prior  studies  have  evaluated  the 
influence  of  fuel  volatility,  spark-plug  location,  and 
spark  energy  on  ignition  characteristics  in  both  full- 
scale  turbojet  engines  and  single-combustor  installa- 
tions. In  addition  to  these  factors,  still  another  vari- 
able, spark-repetition  rate,  must  be  considered  in  the 
stud}7  of  ignition  limits.  Data  have  been  obtained  for 
two  fuels  of  different  volatility,  two  spark-energy  levels, 
and  three  airflow  rates  in  the  range  of  altitude  engine- 
windmilling conditions. 

An  understanding  of  the  basic  processes  controlling 
combustion  in  a ram-jet  engine  is  one  of  the  ultimate 
goals  of  research.  Research  into  the  combustion 
mechanism  was  continued  by  determining  the  variation 
of  combustion  efficienc}7  with  several  pure  fuels  and 
fuel  blends  in  a simple  ram-jet-type  combustor.  Com- 
bustion-efficiency data  were  obtained  for  a 5-inch 
ram-jet-type  combustor  employing  a simple  V-gutter 
flameholder  over  a range  of  inlet  static  pressures  and 
velocities. 

Combustion  in  a ram-jet  engine,  or  other  engines 
requiring  a similar  high-speed  combustion,  may  be 
considered  to  be  a stepwise  process.  An  attempt  to 
evaluate  the  importance  of  any  one  of  the  steps  in 
controlling  the  rate  of  the  overall  process  is  obviously 
difficult  in  a system  in  which  all  the  steps  vary  simul- 
taneously. It  is  possible  to  investigate  the  combustion 
process  separately  from  the  fuel  preparation  by  the 
use  of  homogeneous  fuel-air  mixtures.  Such  an  experi- 
mentally idealized  system  does  not  necessarily  represent 
a practical  ram-jet-type  combustor,  but  will  con- 
tribute to  a better  understanding  of  high-speed  com- 
bustion processes  for  such  an  application.  Combustion- 
efficiency  data  have  been  obtained  from  a 5-inch- 
diameter  combustor  employing  a straight  V-gutter 
flameholder  and  a simple  cone  flameholder.  The  data 
obtained  cover  a range  of  inlet  static  pressures,  tem- 
peratures, and  velocities  for  four  fuels. 
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The  maintenance  of  stable  and  efficient  combustion 
with  low-drag  combustors  at  high  heat-release  rates 
is  an  important  objective.  The  phenomenon  of  surface 
combustion  and  its  coincident  high  reaction  rates  is 
well  known;  however,  the  process  normally  involves 
high  pressure  losses,  which  prohibit  the  conventional 
use  of  surface  combustion  in  a ram-jet  combustor. 
The  beneficial  effects  on  stability  limits  and  combustion 
efficiency  produced  by  the  application  of  surfaces 
immersed  in  the  combustion  zone  to  a ram-jet  type 
burner  have  been  determined.  Investigations  were 
made  with  one,  two,  three,  and  four  rows  of  wedges  at 
simulated  sea-level  and  at  altitude  subsonic  ram-jet 
flight  conditions. 

A study  was  made  of  combustor  design  factors 
leading  to  a sufficientl}7  high  heat  release  and  low 
internal  drag  to  power  a high-thrust,  low-drag  ram-jet 
engine.  Two  design  principles  investigated  were  the 
use  of  flameholders  that  employed  incandescent  sur- 
faces heated  by  immersion  in  flame  and  the  elimination 
of  the  separate  fuel -air  mixing  length  by  injecting  the 
fuel  directly  at  the  upstream  end  of  the  flameholder. 
The  scope  of  this  investigation  included  a series  of 
flameholders  designed  to  provide  a high  combustion 
efficiency  in  a 4-  by  8-inch  ram-jet  combustor  24  inches 
long  at  an  inlet-air  velocity  of  200  feet  per  second, 
inlet-air  pressure  of  60  inches  of  mercury  absolute, 
inlet-air  temperature  of  200°  F,  and  near  stoichiometric 
fuel-air  ratio. 

Several  investigations  have  been  made  on  the 
operational  characteristics  of  the  V -gutter  flameholder. 
These  studies  demonstrate  that  fuel  distribution  exerts 
an  important  influence  on  combustor  performance.  At 
lean  overall  fuel-air  ratios,  the  fuel  distribution  has  a 
greater  effect  than  that  of  flameholder  geometry  upon 
combustor  performance.  The  primary  objective  of  this 
work  was  therefore  to  determine  the  effect  of  com- 
bustion on  the  diffusion  coefficient  in  the  fuel  prepara- 
tion zone  and  to  design,  with  the  aid  of  this  information, 
a combustor  that  will  provide  the  fuel-air  distribution 
necessary  for  efficient  combustion  at  lean  fuel-air  ratios. 

Jet-engine  combustion-chamber  design  must  conform 
to  many  requirements  specified  b}7  carbon  deposition, 
liner  temperature,  size,  combustion  stability,  tempera- 
ture profile,  pressure  drop,  and  combustion  efficiency. 
Many  of  these  requirements  may  be  evaluated  by 
inspection  and  simple  measurements,  but  evaluation 
of  temperature  profile,  pressure  drop,  and  combustion 
efficiency  entails  more  elaborate  research  instrumenta- 
tion. An  automatic  polar-coordinate  traversing  system 
for  determining  jet-engine  combustor  performance  was 
devised  (Technical  Note  3566).  A combined  tempera- 
ture and  pressure  probe  is  swept  circumferentially 
through  a quarter-annular  exhaust  duct  at  selected 
radial  positions.  Data  are  recorded  as  a function  of 
probe  position.  This  method  furnishes  complete 


temperature,  pressure,  and  flow  profiles  with  a single 
probe. 

LUBRICATION  AND  WEAR 
Fundamentals  of  Friction  and  Wear 

The  lubricated  parts  of  turbine  engines  and  aircraft 
components  are  required  to  operate  at  continually 
increasing  temperature  levels.  This  trend  is  un- 
avoidable where  higher  performance  engines  and 
greater  flight  speeds  are  the  ultimate  objectives. 
Adequate  bearings,  seals  and  lubricants  must  be 
available  for  operation  at  these  high  temperature 
levels. 

To  fill  the  lubricant  need,  silicone-diester  blends 
were  formulated  on  the  basis  of  fundamental  studies 
on  lubrication  with  silicones.  Because  it  had  excellent 
viscometric  properties  and  relatively  good  thermal 
stability,  one  blend  (SD-17)  was  considered  as  a 
possible  turboprop-engine  lubricant.  It  was  found 
to  be  a very  good  gear  lubricant.  The  blend  per- 
formed satisfactorily  in  more  than  17  hours  of  operation 
at  moderate  power  levels  during  a functional  check 
in  a T-3S  turboprop  engine.  However,  subsequent 
studies  showed  the  blend  to  be  subject  to  foaming 
at  bulk  oil  temperatures  (300°  F)  necessary  for  high- 
performance  turbojet  engines.  Under  foaming  con- 
ditions and  at  high  temperatures,  excessive  oxidative 
and  thermal  degradation  occurred. 

Halogen-substituted  methane  and  ethane  gases 
continue  to  be  of  interest  as  liigh-temperature  boundary 
lubricants.  Because  the  functioning  of  these  gases 
depends  on  chemical  reaction  between  chlorine  atoms 
of  the  decomposed  gas  and  the  surfaces  being  lubri- 
cated, the  bearing  materials  are  very  important.1® 
With  steel  surfaces,  the  best  results  were  obtained 
when  both  slider  surfaces  were  of  nearly  the  same 
hardness.  Modified  H-Monel  and  beryllium  copper 
were  successfully  lubricated  by  difluoro-dichlorometh- 
ane;  in  both  cases  the  mating  material  was  hardened 
tool  steel.  Other  common  bearing  materials  such  as 
silver  were  not  lubricated  by  the  gas.  Boundary 
lubrication  by  gases  appears  feasible  for  temperatures 
up  to  1,000°  F.;  few  known  liquids  have  an}^  promise 
for  lubrication  of  bearing  surfaces  operating  at  tem- 
peratures above  700°  F. 

Because  solid  lubricants  are  among  the  most  promis- 
ing high-temperature  lubricants,  an  experimental  fric- 
tion study  was  made  using  graphite  and  mixtures  of 
graphite  with  lead  oxide,  cadmium  oxide,  sodium 
sulfate,  or  cadmium  sulfate  as  solid  lubricants.  Runs 
were  made  at  temperatures  to  1,  000°  F.  with  various 
steel  and  Inconel  combinations  (Technical  Note 
3657). 

Graphite  powder  lubricated  metal  surfaces  at  tem- 
peratures sufficiently  high  to  promote  oxidation  of  the 

10  See  paper  by  Murray,  Johnson,  and  Swikert  listed  on  p.  78. 
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metal  surfaces.  At  intermediate  temperatures,  graphite 
powder  alone  failed  to  function  as  a lubricant.  Graph- 
ite would  not  lubricate  cast  Inconel  on  Inconel  X 
at  temperatures  between  approximately  150°  and  800° 
F.  Similarly,  with  steel,  which  oxidized  more  readily 
than  Inconel,  the  temperature  below  which  graphite 
would  not  lubricate  was  475°  F.  as  compared  with  800° 
F.  for  Inconel.  Mixtures  of  some  metallic  compounds 
and  graphite  were  effective  lubricants  from  room 
temperature  to  1,000°  F.  In  some  room-temperature 
experiments,  Cdl2  and  CdCl2  were  effective  solid 
lubricants  for  titanium.11 

The  usefulness  of  liquid  lubricants  has  been  seriously 
impaired  by  oxidation  at  engine  operating  tempera- 
tures. One  method  of  minimizing  this  problem  is  to 
obtain  more  effective  sealing  of  the  lubrication  system 
and  thereby  limit  the  amount  of  air  to  which  the  lubri- 
cant is  exposed.  Sliding-contact  seals  are  necessary 
for  closed  lubrication  systems.  Wear  and  friction 
studies  were  therefore  made  to  show  the  effects  on 
performance  of  temperature,  type  of  mating  material, 
and  minor  composition  changes  in  typical  carbon-seal 
materials  (Technical  Note  3595).  Wear  of  carbon-seal 
materials  increased  rapidly  with  temperatures  between 
400°  and  700°  F.  The  effect  of  temperature  on  wear 
was  reduced  by  using  chromium-plated  steel  as  the 
mating  surface  rather  than  stainless  or  tool  steel. 
In  general,  the  type  of  carbon  and  impregnation  of  the 
carbon-seal  material  had  little  effect  on  wear  compared 
with  the  effect  of  the  mating  material. 

Bearing  Research 

The  effect  of  air  and  nitrogen  atmospheres  on  the 
temperature  limitations  of  liquid  and  solid  lubricants 
was  studied  using  small  ball  bearings.12  All  lubricants 
tested  in  both  nitrogen  and  air  atmospheres  were 
effective  to  higher  temperatures  in  a nitrogen  atmos- 
phere, and  the  solid  lubricants  (molybdenum  disulfide 
and  graphite)  were  best.  Both  graphite  in  air  and 
molybdenum  disulfide  in  nitrogen  were  effective  to 
1,000°  F.  These  studies,  which  showed  that  the  limit- 
ing temperatures  of  liquid  lubricants  could  be  extended 
by  preventing  oxygen  from  the  atmosphere  from  con- 
tacting the  lubricant,  led  to  further  tests  to  determine 
the  role  of  oxygen.  The  results  of  an  investigation 
to  determine  the  effect  of  oxygen  concentration  in  the 
atmosphere  on  oil  lubrication  of  small  ball  bearings  at 
high  temperatures  are  reported.13  The  results  showed 
that  a 20-millimeter-bore  ball  bearing  will  run  at  tem- 
peratures to  850°  F.  with  oil  lubrication  if  the  oil  flow 
exceeds  a critical  amount. 

Early  detection  of  bearing  failures  in  bearing  research 
is  important  because  detection  of  incipient  failure  early 
enough  can  often  avoid  a total  failure,  and  additional 

11  See  paper  by  Peterson  and  Johnson  listed  on  p.  78. 

11  See  paper  by  Nemeth  and  Anderson  listed  on  p.  78. 

11  See  paper  by  Nemeth  and  Anderson  listed  on  p.  78. 


information  on  the  cause  of  failure  can  be  obtained.  In 
contrast  to  the  slow  response  of  temperature,  the  second 
derivative  of  temperature  with  respect  to  time  (the 
acceleration)  reaches  a high  positive  value  before 
significant  temperature  changes  are  noticed.  Accord- 
ingly, an  instrument  for  measuring  the  magnitude  and 
sign  of  temperature  acceleration  was  developed  and 
found  to  be  effective  in  detecting  incipient  bearing 
failures  in  75-millimeter-bore  roller  bearings.14  Incipient 
failures  were  reproduced  by  shutting  off  the  oil  flow, 
and  in  each  test  it  was  found  that  temperature  accelera- 
tion gave  a faster  warning  than  temperature,  motor 
torque,  or  noise  level.  Total  failures  were  thus  avoided 
when  using  temperature  acceleration  as  a warning 
device. 

An  experimental  investigation  of  eccentricity  ratio, 
friction  and  oil  flow  of  long  and  short  journal  bearings 
was  conducted  at  Cornell  University  under  NACA 
sponsorship  and  is  reported  in  Technical  Note  3491. 
The  data  provide  charts  of  plain  bearing  performance 
which  cover  the  range  of  length-diameter  ratio  of  / to  2. 

COMPRESSORS  AND  TURBINES 
Compressor  Research 

As  part  of  the  investigation  of  the  fundamental  nature 
of  compressor  stall,  a theory  of  stall  propagation  was 
developed  and  reported  in  Technical  Note  3580.  Ex- 
perimental results  obtained  from  a stationary  circular 
cascade  and  a single-stage  axial-flow  compressor  indicate 
that  the  theory  predicts  propagation  velocities  within 
25  percent  over  a wide  range  of  wave  lengths. 

To  obtain  a better  understanding  of  the  stall  phe- 
nomenon by  providing  detailed  information  regarding 
the  stall  mechanism,  pressure,  temperature,  and  flow 
fluctuations,  an  investigation  of  the  rota  ting-stall 
characteristics  of  a compressor  with  a 0.9  hub-tip 
radius  ratio  was  undertaken.  A study  of  a rotor  having 
a 0.9  hub-tip  ratio  (no  guide  vanes  or  stators)  showed 
stall  patterns  consisting  of  two,  three,  and  one  total- 
span  stall  zones  developing  in  that  order  upon  reduc- 
tion of  flow  coefficient.  The  one-stall-zone  pattern 
caused  the  most  severe  pressure,  temperature,  and  flow 
fluctuations  (Technical  Note  3518).  The  rotating-stail 
characteristics  of  the  0.9  hub- tip-ratio  stage  were  ex- 
tended to  include  several  guide-vane  rotors  and  guide- 
vane  rotor-stator  configurations.  Guide  vanes  having 
turning  angles  of  —22.5°,  0°,  22.5°,  and  40°  were  used. 
Results  indicate  that  the  initial  rotating-stall  point, 
number  of  stall  zones  formed,  and  stall  propagation 
rate  of  a configuration  depend  not  only  upon  blade-row 
inlet  angle  and  pressure-rise  characteristic  but  also  upon 
the  overall  characteristics  of  the  multiblade  row  unit 
as  well.  The  addition  of  stators  to  a particular  guide- 
vane-rotor  configuration  generally  increased  the  flow 
coefficient  where  rotating  stall  was  initial!}7  encountered 


14  See  paper  by  Schmidt  and  Anderson  listed  on  p.  78 
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and  lowered  the  stall  propagation  rate.  The  number  of 
stall  zones  formed  in  the  annulus  did  not  appear  to 
depend  upon  guide-vane  turning  or  the  presence  of 
stators  (Technical  Note  3711). 

Incompressible  two-dimensional  flow  was  analyzed 
specifically  to  establish  simplified  equations  and  con- 
siderations that  may  prove  useful  in  the  estimation  of 
profile  losses  and  in  the  correlation  of  experimental  data 
in  the  low-speed  two-dimensional  cascades.  The  rel- 
ative importance  of  the  various  factors  entering  the 
loss  relations  was  evaluated  and  relations  were  obtained 
for  the  mixing-loss  ratio  and  for  the  effect  of  trailing- 
edge  thickness  (Technical  Note  3662). 

Information  was  obtained  (Technical  Note  3568)  on 
the  average  pressure  indicated  by  a total-pressure  probe 
subjected  to  a stagnation  pressure  that  alternates  pe- 
riodically between  two  constant  values.  The  errors  were 
reduced  when  the  probe  design  was  such  as  to  ensure 
laminar-flow  pulsations  in  the  probe  at  all  times.  The 
averaging  error  was  minimized  when  the  inside  diam- 
eter of  the  probe  entrance  tube  was  made  as  small  as 
possible  and  its  length  as  great  as  possible  consistent 
with  an  acceptable  time  lag. 

Turbine  Aerodynamics 

The  smoke-visualization  studies  of  the  secondary- 
flow  in  turbine-blade  passages  have  been  continued  hy 
investigating  secondary  flow  in  the  rotor-blade  tip  re- 
gion of  a low-speed  turbine.  The  present  investiga- 
tion (Technical  Note  3519)  was  conducted  to  obtain  a 
visualization  of  the  tip-flow  phenomena  and  to  deter- 
mine which  factors  of  blade  geometry  and  tip  condition 
influence  the  types  of  secondary-flow  behavior  encoun- 
tered at  the  blade  tip.  Results  of  the  investigation  in- 
clude qualitative  information  on  tip-clearance  flow, 
crossflow,  and  scraping  flow  and  should  aid  in  extending 
the  study  to  higher  air  speeds. 

An  analysis  was  derived  (Technical  Note  3651)  for 
three-dimensional  boundary-layer  flow  over  a flat  sur- 
face with  a leading  edge  under  main-flow  streamlines 
which  are  representable  by  potynomial  expressions. 
The  boundary  layers  are  laminar  and  incompressible, 
and  the  profiles  of  their  velocit}7  components  have  simi- 
larity with  respect  to  their  rectangular  coordinates. 
Solutions  were  obtained  for  main-flow  streamlines  repre- 
sentable by  polynomials  up  to  the  eleventh  order. 
Flow-visualization  experimental  checks  of  the  theory 
are  provided  for  several  flow  configurations  and  for 
comparisons  of  the  behavior  of  thick  and  thin  bound ar}r 
layers. 

One  of  the  principal  objectives  of  turbine  research  is 
a better  understanding  of  the  fundamental  nature  of  the 
flow  and  the  loss  sources  encountered  in  turbomachine 
blade  rows.  The  effect  of  compressibility  on  the  loss 
characteristics  downstream  of  two-dimensional  turbo- 
machine blade  rows  is  therefore  analyzed  in  Technical 
Note  3515.  Equations  are  derived  for  obtaining  the 


compressible-flow  boundaiy-layer  characteristics  for  a 
simple  power- velocity  distribution.  Loss  coefficients 
at  the  blade  trailing  edge  are  then  obtained  in  terms  of 
these  characteristics.  Finall}7,  overall  loss  coefficients, 
including  the  effect  of  mixing  downstream  of  the  blade 
row,  are  obtained  in  terms  of  these  characteristics. 

Turbine  Cooling 

Gas -to -gas  heat  exchangers  find  many  uses  in  modern 
aircraft  and  missiles.  Usually,  a large  number  of  calcu- 
lations must  be  carried  out  for  the  design  of  such  a heat 
exchanger.  It  is,  therefore,  of  advantage  to  have  a 
simple  method  available  by  which  the  dimensions  of  the 
heat-exchanger  core  can  be  rapidly  calculated.  Such 
a calculation  procedure  is  described  in  Technical  Note 
3655.  The  dimensions  of  the  core  of  a gas-to-gas  cross- 
flow  heat  exchanger  with  prescribed  heat- transfer  sur- 
face can  be  determined  rapidty. 

The  problem  of  selecting  heat-exchanger  configura- 
tions for  optimum  performance  was  investigated.  The 
fluid  on  one  side  of  the  exchanger  was  assumed  to  have 
negligible  heat-transfer  resistance,  and  the  amount  of 
heat  exchanged  per  unit  time  and  the  mass  flow  and 
inlet  state  of  each  fluid  were  prescribed.  Any  one  of 
the  parameters,  power  expended,  weight,  volume,  or 
frontal  area,  can  be  optimized  with  respect  to  any  one 
of  the  three  remaining  parameters  when  the  heat  ex- 
changer is  arranged  normal  to  the  approaching  primary 
fluid . When  the  heat  exchanger  is  inclined  at  an  angle 
to  the  upstream  direction,  any  one  of  the  parameters, 
power,  weight,  or  volume,  can  be  optimized  with  re- 
spect to  any  one  of  the  two  remaining  parameters. 
With  this  arrangement,  the  projected  frontal  area  of 
the  inclined  heat  exchanger  will  be  equal  to  that  of  the 
heat  exchanger  requiring  the  minimum  duct  cross-sec- 
tional area  when  arranged  normal  to  the  primary  fluid 
flow  (Technical  Note  3713). 

Experimental  investigations  of  free-convection  effects 
on  heat  transfer  for  fluids  flowing  vertically  through 
tubes  with  small  and  large  length-to-diameter  ratios 
were  made  by  NACA  and  the  Massachusetts  Institute 
of  Technolog}7,  respectively.  However,  the  data  from 
the  two  investigations  were  not  analyzed  on  the  same 
basis.  In  Technical  Note  3584,  therefore,  experimental 
heat-transfer  data  for  the  turbulent  flow  of  fluids 
through  stationary  vertical  tubes  with  both  small  and 
large  length-to-diameter  ratios  (to  40)  are  compared. 
The  limits  of  the  different  regions,  originally  established 
for  a tube  with  small  length-to-diameter  ratio,  apply 
on  the  basis  of  existing  data  to  a tube  with  large  length- 
to-diameter  ratio. 

The  literature  contains  many  investigations  on 
wedge-type  flow,  including  results  for  fluids  with  differ- 
ent Prandtl  numbers  flowing  through  porous  flat  plates. 
A summar}7  of  exact  solutions  of  the  laminar  boundary- 
la}7er  equations  for  wedge-t}7pe  flow,  useful  in  estimat- 
ing heat  transfer  to  such  arbitrarily  shaped  bodies  as 
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turbine  blades,  is  presented  in  Technical  Note  3588. 
The  principal  results  are  restricted  to  a Prandtl  number 
of  0.7  at  the  wall  and  are  presented  for  large  tempera- 
ture changes  through  the  boundary  layer  adjacent  to 
a constant-temperature  wall  and  for  small  temperature 
changes  through  the  boundaiy  layer  adjacent  to  a wall 
of  either  a constant  or  a variable  temperature. 

Blade  Vibration  and  Flutter 

The  problem  of  the  failure  of  compressor  blades  in 
the  stall  region  has  become  more  acute  in  recent  years 
with  the  greater  use  of  high-compression-ratio  engines. 
A stud}7  of  the  vibrations  occurring  in  the  stall  region  is 
described  in  Technical  Note  3581.  A compressor-type 
annular  cascade  of  airfoils  was  used  to  determine  the 
effects  of  varying  the  angle  of  attack,  blade  chord  and 
spacing,  number  of  blades,  and  air  velocity  on  the 
vibrations. 

The  phenomenon  of  rotating  stall  or  stall  flutter  in 
axial  compressors  is  discussed  in  Technical  Note  3571 
by  means  of  an  unsteady  boundary-layer  analysis. 

Heat  Transfer 

Knowledge  of  the  flow  characteristics  of  various 
liquids  in  passages  having  both  circular  and  noncircular 
cross  sections  is  important  in  the  removal  of  heat  from 
nuclear  reactors.  An  experimental  investigation  of  the 
flow  patterns  in  a narrow  vertical  enclosure  was  there- 
fore made.  A shadowgraph  was  used  in  the  investiga- 
tion to  study  the  free-convection  flow  of  water  in  the 
narrow  enclosure,  which  was  cooled  at  the  top  through 
a copper  surface  and  open  at  the  bottom  to  a heated 
reservoir.  This  visual  inspection  of  flow  patterns 
yielded  information  on  the  steadiness  of  flow  patterns 
with  time,  the  size  and  uniformity  of  the  various  upfiow 
and  downflow  regions,  and  the  direction  of  flow  veloc- 
ities with  particular  attention  to  nonvertical  com- 
ponents. The  dominating  characteristics  of  the  flow 
patterns  were  instability  and  change. 

It  is  often  desirable  to  use  short  passages  in  heat 
exchangers  in  order  to  take  advantage  of  the  high 
heat-transfer  coefficients  in  the  entrance  region.  The 
effect  of  various  factors  on  the  turbulent  heat  transfer 
and  friction  in  the  entrance  regions  of  smooth  passages 
was  investigated  analytically.15  The  influence  of  Reyn- 
olds number,  Prandtl  number,  initial  velocity  distribu- 
tion, wall  boundary  condition,  passage  shape,  and  of 
variable  fluid  properties  was  predicted.  The  results 
indicated  that  approximately  fully  developed  heat 
transfer  and  friction  are,  in  general,  attained  in  an 
entrance  length  of  less  than  10  diameters.  Substantial 
agreement  between  analysis  and  experiment  was  ob- 
tained for  heat  transfer  to  air  in  the  entrance  regions 
of  tubes  and  parallel  plates. 


15  See  paper  by  Deissler  listed  on  p.  77. 


ENGINE  PERFORMANCE  AND  OPERATION 

Turbine  Engines  for  Helicopters 

The  gas-turbine  engine  shows  considerable  promise 
as  a solution  to  the  propulsion  requirements  of  the 
high-performance  helicopter.  These  requirements  are 

(1)  high  ratio  of  rotor  power  available  to  engine  weight, 

(2)  speed-power  characteristics  that  permit  a rela- 
tively free  choice  of  rotor  tip  speeds,  (3)  satisfactory 
fuel  economy  over  a wide  range  of  speed  and  power 
settings,  and  (4)  dynamic  response  characteristics  that 
are  suitable  to  transitional  flight  operations.  In  a 
number  of  prior  investigations  these  requirements  were 
shown  to  be  more  nearly  satisfied  by  the  free-turbine 
engine  than  by  the  fixed-turbine  engine. 

An  analysis  of  fixed-  and  free-turbine  engines  appli- 
cable to  helicopter  propulsion  was  made.  Calculated 
performance  characteristics  of  the  two  engines  are 
presented  in  Technical  Note  3654  in  terms  of  the 
appropriate  equivalent  parameters.  Performance  com- 
parisons are  drawn  for  off-design-point  and  altitude 
conditions  of  engine  operation.  The  behavior  of  the 
engines  during  rapid  power  and  speed  modulation  and 
their  dynamic  response  characteristics  when  coupled  to 
a helicopter  rotor  are  also  examined. 

The  flow  with  heat  addition  in  which  a body  force 
acts  transverse  to  the  flow  is  treated  in  Technical  Note 
3594.  The  results  may  be  applied  to  flow  with  heat 
addition  in  pipe  bends,  through  helicopter  rotor-tip 
combustors,  and  through  ram  jets  in  abrupt  maneuvers. 

Foreign-Object  Damage 

Severe  damage  to  jet  engines  may  result  from  the 
impact  of  foreign  objects  on  compressor  and  turbine 
blades.  An  investigation  was  therefore  undertaken  to 
determine  the  effect  of  typical  impact  damage  on  the 
fatigue  strength  of  jet-engine  compressor  blades. 
First-stage  compressor-rotor  blades  from  a production 
engine  which  had  suffered  foreign-object  damage  were 
fatigue  tested  at  the  endurance  limit  of  the  blade 
material.  The  number  of  cycles  to  failure  was  corre- 
lated with  the  depth,  location,  frequency,  and  type  of 
damage.  The  most  serious  damage  to  the  blades,  as 
measured  by  the  reduction  in  fatigue  strength,  resulted 
from  nicks  at  the  leading  and  trailing  edges  in  the 
vicinity  of  the  maximum-vibratory-stress  section  of  the 
airfoil.  The  strength  of  dented  blades  could  be  restored 
by  reworking,  but  seriously  nicked  blades  could  not  be 
reliably  restored  (Technical  Note  3275). 

Ground  and  Flight  Investigations  of  Ram- Jet 
Engines 

An  investigation  was  conducted  in  a blowdown  jet 
of  a 6.5-inch-diameter  ram-jet  engine  at  Mach  numbers 
of  1.81  and  2.00.  The  engine  was  demonstrated  to  have 
wide  combustion  limits,  reliable  ignition  character- 
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istics,  and  good  combustion  efficiency  when  operated 
on  ethylene  (C2H4)  fuel.  The  same  type  of  engine  was 
used  to  perform  flight  tests.  The  flight  investigation 
covered  Mach  numbers  from  1.9  to  3.0  and  altitudes 
from  1,800  to  40,900  feet.  Good  agreement  with  the 
static  test  performance  was  obtained.  The  engines 
operated  reliably  until  the  fuel  was  expended.  During 
the  flight  tests,  the  engines  accelerated  the  test  vehicle 
at  a maximum  acceleration  of  3.6(7. 

Miniature  Ram- Jet  Engine 

In  order  to  facilitate  the  determination  of  jet  effects 
in  wind-tunnel  model  tests  at  supersonic  speed,  a small 
(1 .1 -inch-diameter)  ram-jet  was  designed  and  its 
performance  was  investigated.  The  engine,  which 
burned  a gaseous  fuel,  was  operated  over  at  Mach  num- 
bers from  1.42  to  2.28  and  at  Reynolds  numbers  which 
were  equivalent  to  an  18-inch-diameter  ram-jet  fh7ing 
at  an  altitude  of  74,000  feet.  Reliable  operation  was 
obtained  over  a wide  range  of  thrust  coefficients  and 
fuel-air  ratios.  Spark  ignition  was  demonstrated  to  be 
rapid  and  reliable. 

Thrust  Reversal 

Many  uses  for  thrust  reversers  on  jet  aircraft  have 
been  proposed.  They  include  braking  the  landing 
roll,  reversing  or  spoiling  thrust  during  the  landing 
approach  so  that  maximum  engine  speed  may  be 
maintained,  and  braking  during  diving  maneuvers  to 
limit  flight  speed.  To  be  used  effectively,  the  reverser 
must  give  the  desired  amount  of  reverse  thrust  without 
affecting  engine  operation.  Also,  the  design  must  lend 
itself  to  stowage  with  a minimum  amount  of  boattail 
or  base  drag. 

As  part  of  an  overall  investigation  of  thrust  reversers 
and  their  associated  problems,  studies  were  conducted 
with  cold  flow  on  thrust  reverser  models.  This  work 
was  done  on  a small-scale  unheated-air-duct  setup 
equipped  with  a 4-inch-diameter  exhaust  nozzle. 

The  performance  of  a hemispherical  thrust  reverser 
over  a range  of  geometric  variables  and  some  of  the 
factors  that  affect  reverse-thrust  performance  have 
been  obtained.  The  effects  of  several  simplifications 
to  the  hemispherical  design  are  also  shown.  The 
effects  of  most  of  the  design  variables  of  the  reverser 
were  obtained  at  an  exhaust-nozzle  total-  to  ambient- 
pressure  ratio  of  2.0.  The  basic  data  over  a wide 
range  of  conditions  are  also  included,  however,  so 
that  other  comparisons  may  be  made. 

The  performance  of  C37lindrical-type  thrust  reversers 
and  the  effects  of  several  modifications  on  their  per- 
formance were  investigated  at  an  exhaust-nozzle 
pressure  ratio  of  2.0.  These  modifications  include 
changes  in  frontal  area,  width-to-h eight  ratio,  depth, 
lip  angle,  end-plate  depth,  and  end-plate  shape.  The 
performance  of  swept-type  c}7lindrical  thrust  reversers, 
the  relation  of  reverse-thrust  ratio  to  reversed-flow 


attachment,  and  thrust-modulation  characteristics  were 
also  investigated. 

Preliminary  data  were  obtained  on  the  performance 
of  several  cascade-type  thrust  reversers  located  up- 
stream of  the  exhaust  nozzle  up  to  an  exhaust-nozzle 
pressure  ratio  of  2.4.  Such  reversers  are  herein  referred 
to  as  the  tail-pipe-cascade  type.  A total  of  15  different 
tail-pipe-cascade  configurations  were  investigated. 
These  included  two  blade  shapes,  several  cascade  lengtli- 
to-span  ratios,  and  various  innerbody  lengths.  Basic 
airflow  characteristics  and  re  verse- thrust  ratio  are 
plotted  against  exhaust-nozzle  pressure  ratio  for  all  15 
configurations  at  full  reversal.  For  some  of  the 
configurations,  modulation  performance  and  surveys  of 
total  pressure  and  flow  angle  were  obtained  at  the 
cascade  discharge. 

Technical  Note  3664  presents  the  types  of  thrust 
reversers  investigated  under  the  overall  NACA  pro- 
gram, summarizes  the  important  performance  char- 
acteristics, and  presents  proposed  operation  methods. 
Three  types  of  reversers  were  investigated,  target,  tail- 
pipe cascade,  and  ring  cascade.  The  effects  of  design 
variables  on  performance,  reversed-flow  fields,  and 
thrust-modulation  characteristics  were  determined  for 
each  type. 

The  performance  of  a hemispherical  target,  which 
is  a basic  thrust-reverser  type,  was  evaluated  in  full- 
scale  tests  (Technical  Note  3665).  A turbojet  engine 
equipped  with  such  a device  was  pylon-mounted  under 
the  wing  of  a cargo  airplane,  the  installation  simulating 
that  on  a jet  bomber  or  transport.  The  thrust  reverser 
was  operated  at  both  stationary  and  taxi  conditions, 
but  the  airplane  was  not  flown.  In  addition  to  obtain- 
ing the  performance  of  the  thrust  reverser,  the  heat-rise 
patterns  and  rates  resulting  from  impingement  of  the 
reversed  hot  gases  on  a simulated  lower  wing  surface 
were  also  measured.  Because,  during  stationa^  opera- 
tion, some  of  the  hot  reversed  gases  penetrated  as  far 
forward  as  the  engine  inlet  and  were  reingested,  taxi 
tests  were  conducted  to  estimate  the  ground  speeds 
required  to  disperse  the  reversed  gas  flow  and  prevent 
reentry  into  the  engine  inlet. 

Ducts 

Size  and  weight  penalties  of  air-induction  systems 
would  be  decreased  by  the  development  of  efficient  short 
subsonic  diffusers.  Preliminary  tests  on  a series  of 
such  diffusers  employing  various  flow  control  devices 
have  been  completed. 

Engine  Controls 

In  order  to  facilitate  consideration  of  control  systems 
for  two-spool  turbojet  engines,  a brief  anatysis  of  the 
linear  response  characteristics  of  this  type  of  engine  is 
presented  in  Technical  Note  3274.  The  analysis  is 
concerned  with  the  linear  responses  of  the  two  spools 
to  changes  in  turbine-inlet  temperature  at  constant 
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exhaust-nozzle  area  and  to  changes  in  exhaust-nozzle 
area  at  constant  turbine-inlet  temperature. 

General  equations  of  response  are  developed  from 
linearization  of  functional  relations.  The  general  equa- 
tions are  then  evaluated  at  design  speed  by  means  of 
representative  engine  thermodynamic  relations.  The 
resultant  equations  are  corroborated  with  experimental 
data. 

POWER-PLANT  MATERIALS 
High-Temperature  Materials 

Improved  performance  of  turbojet  engines  and  the 
realization  of  nuclear-powered  weapons  is  to  a large 
degree  dependent  on  the  development  of  materials 
capable  of  withstanding  severe  conditions  of  corrosion, 
temperature,  and  stress.  Research  is  continuing  in  an 
effort  to  improve  existing  materials  and  to  develop  new 
materials  to  fulfill  these  conditions. 

Many  intermetallic  compounds  have  for  some  time 
been  of  interest  for  high-temperature  application.  How- 
ever, there  is  very  little  generalized  knowledge  bv 
which  the  potentialities  of  materials  in  this  category  can 
be  evaluated.  To  build  up  a background  of  informa- 
tion from  which  theories  can  be  formulated,  as  well  as  to 
provide  specific  data  on  an  intermetallic  of  interest, 
Ni3Al  was  studied.  This  material  is  of  particular  inter- 
est because  of  its  high  melting  point  and  stability  at 
high  temperatures.  An  investigation  (Technical  Note 
3660)  of  the  effects  of  homogenization  and  of  composi- 
tion on  the  tensile  properties  of  as-cast  Ni3Al  inter- 
metallic phase  alloys  showed  that  the  tensile  strengths 
of  these  alloys  at  both  room  and  elevated  temperature 
are  very  sensitive  to  composition,  structure,  and  grain 
size. 

For  high-temperature  applications,  many  brittle 
alloys,  cermets,  and  ceramics  are  of  interest.  In  order 
to  utilize  these  materials  in  advanced  turbojet  engines, 
improved  methods  of  fastening,  designed  to  reduce 
bending  stresses  and  to  minimize  stress  concentrations, 
are  required.  An  improved  cermet  bladed  design, 
utilizing  a curved  root,  was  developed.  This  design 
eliminates  the  need  for  a blade  platform  and  results  in 
significantly  reduced  stresses. 

Recent  efforts  to  develop  alloys  of  superior  elevated- 
temperature  creep  resistance  have  heightened  interest 
in  the  function  of  grain  boundaries  in  creep,  both 
because  coarse  grained  materials  are  found  to  exhibit 
greater  creep  resistance  at  high  temperature  and  be- 
cause high-temperature  creep  is  usually  intergranular. 
The  gliding  of  one  metal  crystal  with  respect  to  another 
parallel  to  their  mutual  grain  boundary  has  been 
studied  in  pure  aluminum  bicrystals  (99.95%  Al, 
balance  copper,  iron,  chromium,  silicon,  and  magnesium) 
during  isothermal  creep  at  temperatures  ranging  from 
200°  to  650°  C under  static  stresses  from  10  to  1,600  psi 
(Technical  Note  3556).  The  mechanism  of  grain 
boundary  gliding  was  found  to  be  a coordinated  alterna- 


tion of  slip  and  recovery  in  a chain  of  subgrains  along 
the  grain  boundary  which  was  highly  sensitive  to 
crystal  orientation.  It  was  postulated  that  the  addi- 
tion of  alloying  elements  should  affect  the  process  most 
markedly  in  those  respects  relating  to  the  occurrence  of 
recovery.  Consequent^7,  studies  of  the  effects  of  Cu 
(0.1  to  3 percent)  on  Al  were  made  (Technical  Note 
3678).  It  was  found  that  the  minimums  in  stress  and 
temperature,  below  which  grain  boundary  motion  does 
not  occur,  increase  regularly  with  the  copper  content, 
as  would  be  expected  if  recovery  is  necessary  for  move- 
ment. Otherwise,  the  effects,  if  any,  of  the  copper 
solute  upon  grain  boundar}7  displacement  and  its  rate 
were  too  small  for  identification  by  the  experimental 
technique  employed. 

The  mechanism  responsible  for  the  bonding  of 
ceramics  to  metals  has  been  under  study  for  several 
years.  Earlier  work  was  concerned  with  the  manner 
in  which  adherence  develops  when  cobalt  ions  are 
present  in  the  coating,  using  radioactive  cobalt  60  as  a 
tracer  technique.  A similar  stud}7  of  the  effect  of 
nickel  dipping  on  adherence  has  been  conducted  using 
radioactive  nickel  63,  produced  by  pile  irradiation  of 
highly  purified  cobalt-free  nickel  (Technical  Note 
3577).  It  may  be  concluded  that  the  nickel  from  the 
nickel  dip  remains  as  metal  at  the  enamel-metal  inter- 
face as  it  does  not  oxidize  during  the  firing  treatment. 
Further,  the  presence  of  nickel  from  the  nickel  dip  had 
little  or  no  effect  on  the  deposition  of  cobalt  metal 
during  firing.  A further  study  of  the  influence  of 
copper  ions  on  adherence  of  vitreous  coatings  to  stain- 
less steel  has  been  completed  (Technical  Note  3679). 
In  general,  the  presence  of  copper  ions  in  the  coating 
produced  a significant  increase  in  adherence.  How- 
ever, this  effect  decreased  with  increased  firing  time  and 
temperature. 

Stresses  Research 

The  thermal-shock  problem  is  of  vital  importance  in 
jet  engines,  nuclear  powerplants,  rockets,  and  high- 
speed missiles  subjected  to  aerodynamic  heating. 
Since  structural  damage  may  be  caused  by  rapid 
temperature  changes,  there  is  a need  for  a better 
understanding  of  the  factors  affecting  the  thermal- 
shock  resistance  of  materials.  Two  theories  predicting 
the  thermal-shock  resistance  of  brittle  materials  are 
described  and  compared  with  experimental  results.16 
Equipment  for  testing  specimens  over  a wide  range  of 
heat-transfer  coefficient  is  described  and  four  inde- 
pendent methods  of  determining  the  thermal-shock 
parameter  are  shown.  A simple  approximate  method 
for  computing  transient  thermal  stresses  in  hollow 
cylinders,  plates,  and  hollow  spheres  is  reported.17 
These  bodies  were  used  to  approximate  the  more  com- 
plex configurations  found  in  practice.  The  method 

is  See  paper  by  Manson  and  Smith  listed  on  p.  78. 

n See  paper  by  Mendelson  and  Manson  listed  on  p.  78. 
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makes  use  of  polynomial  approximations  to  the  tem- 
perature distribution.  Using  these  approximations 
reduces  the  partial  differential  equations  of  the  problem 
to  first-order  ordinary  differential  equations,  making 
possible  practical  solution  of  the  problems  in  relatively 
little  time. 

In  tension  or  creep  testing,  misalinement  between 
the  specimen  axis  and  the  loading  axis  can  influence  the 
results  by  causing  a bending  stress  to  be  superimposed 
on  the  applied  tensile  stress.  This  bending  stress  is 
particularly  important  when  materials  of  limited 
ductility  such  as  some  of  the  very  high-strength  creep- 
resisting  alloys  and  cermets  are  used.  Conventional 
testing  equipment  permits  considerable  misalinement, 
which  varies  in  an  uncontrollable  manner  from  test  to 
test.  This  variation  introduces  scatter  into  the  test 
results.  A new  axial-loading  creep  machine  was 
developed  that  reduces  the  misalinement  to  a minimum 
and  represents  a large  improvement  over  conventional 
equipment.18 

Physics  of  Solids 

In  order  to  continue  the  advanced  development  of 
materials  for  aircraft  applications,  a basic  knowledge 
of  the  solid  state  must  be  acquired.  Physics-of-solids 
research  is  designed  to  gain  a greater  understanding  of 
solids  on  an  atomic  and  micros  true  tural  level  in  those 
areas  related  to  the  mechanical,  corrosion,  and  tem- 
perature properties  of  materials. 

Because  of  the  presence  of  oxygen  atoms  in  rocket- 
engine  and  reactor  atmospheres,  it  is  important  to  con- 
sider the  effect  of  oxygen  atoms  on  the  oxidation  rate  of 
metals.  An  investigation  has  been  mad(  of  this  effect 
on  platinum.  The  rate  of  surface  oxidation  was  found 
to  be  markedly  increased  by  the  presence  of  oxygen 
atoms.  Surface  oxidation  was  examined  at  1000°  C 
and  a pressure  of  0.50  millimeter  of  mercury  under 
such  conditions  that  ionic  sputtering  was  insignificant. 
The  reaction  was  found  to  obey  a linear  law,  and  oxygen 
atoms  were  shown  to  be  at  least  400  times  more  reac- 
tive than  oxygen  molecules.19  In  studies  of  the  oxida- 
tion of  metals  at  high  temperatures,  an  accurate  method 
of  measuring  the  extent  of  oxidation  is  necessary.  The 
conductometric  method  has  been  successfully  applied 
to  the  oxidation  of  iron  at  approximately  600°  C.  Iron 
ribbons  of  known  thickness  were  used  in  the  tests  and 
the  conductance  of  the  central  portion  of  the  specimens 
was  measured  by  the  potentiometer  method.  A con- 
stant current  of  50  milliamperes,  small  enough  to 
prevent  heating  even  in  vacuum,  was  used.  The  con- 
ductometric method  gave  a true  measure  of  the  extent 
of  oxidation,  which  is  in  agreement  with  the  gravimetric 
method.  An  analytical  method  of  measuring  the 
amount  of  unoxidized  iron  remaining  in  the  specimens 
is  briefly  described. 

*8  See  paper  by  Jones  and  Brown  listed  on  p.  77. 

I®  See  papers  by  Fryburg  listed  on  p.  77. 


It  has  been  known  for  man}7  years  that  surfa.ee  cracks 
play  a large  part  in  decreasing  the  strength  of  materials 
below  the  theoretical  maximum  value.  The  presence 
of  such  cracks  was  previously  inferred  by  indirect 
methods.  It  is  shown  that  the  crystallization  behavior 
of  metallic  films  deposited  on  alkali-halide,  single- 
crystal surfaces  allows  a direct  method  of  observing  the 
formation  of  cracks  on  surfaces.20  This  method  was 
used  to  measure  the  rate  of  crack  formation  at  various 
temperatures. 

The  nature  of  solid  surfaces  is  important  in  deter- 
mining the  physical  properties,  such  as  strength,  of 
solids.  An  investigation  was  conducted  to  clarify  the 
effects  of  radiation  on  the  surface  of  brittle  materials. 
Electron-diffraction  studies  have  shown  that  after  suffi- 
cient irradiation  the  surfaces  of  sodium  chloride  crystals 
break  up  into  small  crystallites,  which  exhibit  pre- 
ferred orientations.  The  irradiation  time  required  to 
produce  surface  damage  is  much  greater  for  water- 
polished  crystals  than  for  untreated  ones.  The  results 
are  discussed  on  the  hypothesis  that  the  large  increase 
in  vacancy  concentration  accompanying  F-center  for- 
mation may  aid  in  relieving  strains  and  result  in  re- 
orientation of  blocks  of  ions.21 

The  effect  of  vacancy  and  F-center  concentration, 
as  produced  by  X-irradiation,  on  the  room-temperature 
creep  properties  of  NaCl  single  crystals  has  been  studied. 
Under  a load  of  1.200  grams  per  square  millimeter, 
logarithmic  creep  behavior  was  noted  for  both  annealed 
and  quenched  crystals  before  or  after  irradiation.  Ir- 
radiation with  50-kilovolt  X-rays  was  found  to  have  a 
marked  effect  on  both  initial  deformation  and  subse- 
quent creep,  causing  an  initial  softening  followed  by 
hardening  as  irradiation  is  continued.  The  behavior 
after  irradiation  can  be  explained  on  the  basis  of  the 
changes  in  vacancy  concentration  and  distribution 
that  accompany  F-center  formation.  Experiments  in 
which  the  vacancy  concentration  was  changed  by 
quenching  from  various  temperatures  indicate  that  the 
creep  rate  may  depend  in  a simple  way  on  the  number 
of  vacancies.22 

Further  work  on  color-center  precursors  is  reported. 
It  was  previously  found  that  NaCl  crystals  which  had 
undergone  electrolysis,  but  which  remained  colorless, 
were  much  more  sensitive  to  irradiation  with  X-rays. 
Recent  work  shows  that  these  same  properties  exist  in 
NaCl  crystals  when  they  are  colored  additively  and 
then  bleached  by  electrolysis. 

An  insight  into  the  nature  of  the  state  of  cold-worked 
alloys  is  provided.  Measurements  were  made  of  the 
resistivity  and  thermoelectric  power  of  samples  of 
AuCu  in  various  nonequilibrium  states.  One  set  of 
samples  was  disordered  by  quenching  from  750°  C,  and 
annealing  curves  were  obtained  at  various  tempera- 


20  See  paper  by  Metz  and  Lad  listed  on  p.  78 

21  See  paper  by  Leider  listed  on  p.  78. 

22  See  paper  by  Lad  and  Metz  listed  on  p.  77. 
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tures.  A second  set  was  first  ordered  and  then  cold- 
worked  essentially  to  complete  disorder,  and  annealing 
curves  were  taken  at  several  temperatures.  It  follows 
from  the  detailed  results  that  to  specif}7,  the  state  of  an 
alloy,  it  is  necessary  to  give,  in  addition  to  resistivity 
and  thermoelectric  power,  at  least  one  other  quantity 
such  as  the  coefficient  of  magnetoresistivity. 

Near  the  melting  point,  solids  may  be  disordered 
sufficiently  so  that  the}7  could  be  described  by  the 
methods-of-liquid  theory.  One  of  the  difficulties  in 
liquid  theory  is  the  computation  of  the  potential  energy 
of  a molecule  in  the  liquid.  A method  of  computing 
this  energy  has  been  devised  which  is  based  on  a knowl- 
edge of  the  radial-distribution  function  and  the  inter- 
molecular-potential-energy  function.  Calculations  for 
. argon  indicate  that  the  method  gives  satisfactory  re- 
sults. The  unique  properties  of  the  MgCd  alloy  sys- 
tem afford  a convenient  “testing  ground”  for  the  vari- 
ous theories  of  ordering  in  binary  alloys.  An  experi- 
mental investigation  of  the  specific  heat  of  this  system 
as  a function  of  temperature  was  carried  out  with  an 
adiabatic  vacuum  calorimeter. 

In  studying  the  fundamental  properties  of  some  semi- 
conducting materials,  it  was  found  that  the  electro- 
motive force  developed  parallel  to  the  gradient  of  light 
absorption  in  germanium  crystal  is  reduced  by  the  ap- 
plication of  a transverse  magnetic  field. 

The  logarithmic  expression  for  the  temperature  de- 
pendence of  viscosit}7  satisfactorily  describes  the  be- 
havior of  a large  number  of  normal  liquids  but  fails 
when  applied  to  associated  liquids.  A method  is  given 
for  deriving  the  temperature  dependence  of  viscosity 
by  considering  the  molecule  to  consist  of  two  force 
centers,  an  ordinary  van  der  Waals  force  center,  and  a 
dipole  center.  The  resulting  equation  is  successfully 
applied  to  a number  of  associated  liquids.  The  rela- 
tion between  this  equation  and  vapor  pressure  is  also 
deduced,  and  results  are  given  for  water. 

In  designing  nuclear  reactors,  calculation  of  neutron 
flux  distributions  and  the  critical  mass  is  essential.  The 
fuel  elements  consist  of  thin  strips  of  uranium  adjacent 
to  moderator  material  or  of  solutions  of  enriched  ura- 
nium salt  in  a liquid  moderator.  The  analysis  is  usu- 
ally simplified  by  assuming  the  fuel  and  moderator  to  be 
homogeneously  mixed.  In  practical  assemblies,  the 
core  may  consist  of  repetitive  “cells”  in  a fuel-moderator 
assembly.  These  are  much  less  than  the  order  of  a 
mean  free  path,  so  that  solutions  of  a higher  order  than 
diffusion  theory  are  required  to  evaluate  departures 
from  homogeneous  conditions.  The  steady-state  diffu- 
sion-theory solutions  and  the  next  higher  order  approxi- 
mation of  several  self-shi elding  problems  have  been 
obtained  for  multiregion  cells  of  rectangular  and  cylin- 
drical geometry  (Technical  Note  3661).  The  neutrons 
were  assumed  to  be  monoenergetic,  and  their  distribu- 
tion function  was  assumed  to  be  dependent  only  upon 
one  spatial  coordinate.  A spherically  symmetrical 


scattering  in  the  center  of  the  mass  system  was  also  as- 
sumed. The  solutions  of  the  diffusion  theory  and  the 
transport- theory  flux  equations  were  obtained  by  a 
differential  analyzer.  Additional  results  were  obtained 
by  approximating  the  effects  of  molecular  binding  in 
the  water  molecule.  The  thermal  neutron  flux  distribu- 
tions were  used  to  compute  the  ratio  of  total  absorption 
in  uranium  to  the  total  absorption  in  the  cell. 

Additional  studies  of  the  multiple  scattering  of  slow 
(less  than  100  kiloelectronvolts)  alpha-particles  were 
made.  These  studies  had  previously  been  neglected 
because  of  the  difficulty  of  introducing  the  particles 
into  apparatus  with  known  energies.  This  difficulty 
was  overcome  by  first  passing  the  alpha-particles 
through  a velocity  selector  and  then  through  a thin 
nylon  window  into  the  cloud  chamber.  For  charged 
particles  of  medium  energies,  the  experimental  data  and 
the  theory  are  in  reasonable  agreement.  For  low-energy 
nuclear  particles,  however,  there  is  no  adequate  theory 
and  there  are  very  few  data.23 

ROCKET  ENGINES 

Propellants 

A continuing  interest  in  hydrocarbon  fuels  and  liquid 
oxygen  as  rocket  propellants  is  assured  by  favorable 
logistics  and  relatively  high  specific  impulse.  Theo- 
retical rocket  performance  for  frozen  composition  during 
expansion  was  calculated  for  the  propellant  combination 
of  JP-4  fuel  and  liquid  oxygen  at  two  chamber  pres- 
sures and  several  pressure  ratios  and  oxidant-fuel  ratios. 

A knowledge  of  flame  propagation  limits  is  necessary 
for  designing  combustors  and  specifying  pressures,  com- 
positions, and  temperatures  in  which  a given  gaseous 
fuel-oxidant  combination  will  burn.  With  respect  to 
theory,  flame  propagation  limits  are  important  because 
they  can  be  correlated  with  other  combustion  param- 
eters and  thus  aid  in  the  fundamental  understanding 
of  combustion.  Flame-propagation  limits  of  propane 
and  n-propane  in  oxides  of  nitrogen  were  obtained 
(Technical  Note  3520)  at  subatmospheric  pressures  in 
a 2-inch-diameter  by  48-inch-length  tube. 

Experiments  in  which  the  rocket  propellant,  crude 
N-ethylaniline  (monoethylaniline)  and  mixed  acid  (nitric 
plus  sulfuric),  failed  to  ignite  satisfactorily  at  low  tem- 
perature indicated  the  necessity  of  a knowledge  of  the 
self-ignition  properties  of  certain  rocket  propellants  at 
low  temperatures  as  well  as  at  moderate  temperatures 
inasmuch  as  rockets  may  be  required  to  start  at  high 
altitudes  or  under  arctic  conditions.  An  investigation 
was  therefore  conducted  to  determine  possible  rocket 
fuels  that  ignite  spontaneously  at  low  temperatures 
with  mixed  acid  (nitric  plus  sulfuric)  in  a more  reliable 
manner  than  crude  N-ethylaniline.  Experiments  were 
also  conducted  at  sea  level  and  at  a pressure  altitude  of 
approximately  55,000  feet  at  various  temperatures  in 

* See  paper  by  Allen,  Webeler,  and  Barile  listed  on  p.  76. 
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order  to  determine  the  starting  characteristics  of  a 
commercial  220-pound-thrust  rocket  engine  using  crude 
monoethylaniline  and  other  fuels  with  mixed  acid. 

The  freezing  points  and  low- temperature  fuel-igniting 
properties  of  fuming  nitric  acids  are  of  current  interest 
because  of  a demand  to  extend  the  use  of  these  oxidants 
to  rockets  operating  at  low  temperature.  The  inter- 
related effects  of  water,  from  0 to  10  percent  by  weight, 
and  nitrogen  tetroxide,  from  0 to  25  percent  by  weight, 
in  fuming  nitric  acid  were  studied  with  respect  to  the 
freezing  points  of  the  acid  and  the  ignition  delays  with 
several  fuels.  Several  possible  chemical  causes  for  the 
opposing  effects  of  water  and  nitrogen  tetroxide  on 
ignition  have  been  proposed. 

Ignition  delays  of  several  propellant  combinations 
obtained  with  a modified  open-cup  apparatus  and  a 
small-scale  rocket  engine  of  approximately  50  pounds 
thrust  were  compared  to  study  any  correlations  that 
might,  exist  between  the  two  methods  of  ignition-delay 
determination.  The  results  were  used  in  determining 
the  relative  utility  of  each  apparatus. 

The  literature  pertaining  to  the  preparation,  physical 
properties,  corrosiveness,  thermal  stability,  constitu- 
tion, and  analysis  of  various  nitric  acids  has  been  re- 
viewed primarily  with  respect  to  their  use  as  rocket 
oxidants.  Conflicting  data  are  evaluated  and  recom- 
mendations for  additional  experimental  work  are 
indicated. 

Numerous  studies  have  been  made  of  the  vapor 
pressure  of  essentially  pure  nitric  acid  and  of  the  binary 
system,  nitric  acid-water.  Data  for  the  ternary  system, 
nitric  acid-water-nitrogen  dioxide,  are  for  the  most 
part  lacking.  Work  was  therefore  undertaken  to  pro- 
vide more  complete  vapor-pressure  data  for  the  ternary 
system  at  physical  equilibrium.  Mixtures  containing 
71  to  97  weight-percent  nitric  acid,  0 to  20  percent 
nitrogen  dioxide,  and  0 to  15  percent  water  were  used.24 

Because  the  storage  of  fuming  nitric  acids  presents  a 
seridus  operating  problem,  means  for  improving  the 
storage  properties  of  this  acid  were  sought.  The  storage 
properties  of  fuming  nitric  acids,  with  and  without 
additives,  were  studied  at  a temperature  of  170°  F in 
closed  containers  of  approximately  100-milliliter  capac- 
ity; the  containers  had  aluminum  bodies  and  stainless- 
steel  caps. 

Among  the  storage  properties  of  fuming  nitric  acid, 
corrosion  and  decomposition  are  of  foremost  concern. 
Additional  information  concerning  the  effectiveness  of 
fluorides  as  corrosion  inhibitors  in  fuming  nitric  acid  was 
therefore  obtained.  It  was  found  that  for  acids  con- 
taining no  fluorides,  the  weight  loss  of  aluminum  was 
appro  xim  a tel}7  one-fifth  that  of  stainless  steel.  Addi- 
tion of  1-percent  fluoride  ion  to  the  acid  reduced  the 


weight  loss  of  both  metals  to  practically  zero  even  after 
26  days  of  exposure  to  the  acid  at  170°  F.  Additional 
information  concerning  the  effect  of  fluorides  on  corro- 
sion was  obtained  by  measuring  the  electrode  potentials 
of  the  metals  against  a platinum  reference  electrode. 

Rocket  Combustion 

Ignition-delay  determinations  of  several  fuels  with 
nitric-acid  oxidants  were  made  at  simulated  altitude 
conditions  from  sea  level  to  100,000  feet  utilizing  a 
small-scale  rocket  engine  of  approximately  50  pounds 
thrust.  Included  in  the  fuels  were  aniline,  hydrazine 
hydrate,  furfuryl  alcohol,  furfuryl  mercaptan,  turpen- 
tine, and  mixtures  of  triethylamine  with  mixed  xylidines 
and  diallvlaniline.  Red-fuming,  white-fuming,  and 
anhydrous  nitric  acids  were  used  with  and  without 
additives. 

The  rocket  phenomenon  known  as  screaming  often 
causes  chamber,  injector,  or  nozzle  burnout  failures  and 
has  been  observed  to  increase  the  specific  impulse. 
Rocket- engine  screaming  is  a type  of  combustion-driven 
oscillation,  with  frequencies  from  1,000  to  10,000  cycles 
per  second,  and  is  characterized  by  an  audible  wailing 
exhaust  sound,  by  a bluish  almost-in visible  exhaust  jet 
in  which  the  shock  positions  oscillate  (making  the  shock 
pattern  appear  fuzzy  to  the  eye)  and  by  increased  heat 
transfer  to  the  chamber  surfaces.  The  high-frequency 
oscillations  have  been  attributed  to  a combustion-rein- 
forced pressure  wave  passing  through  the  chamber  and 
reflecting  from  the  chamber  surfaces  to  trigger  the 
succeeding  combustion  surge.  The  frequency  would 
therefore  be  governed  by  the  velocity  of  wave  propaga- 
tion and  the  geometry  of  the  chamber.  A simplified 
analysis,  based  on  the  concept  of  acoustical  resonance, 
has  been  developed  to  correlate  scream  frequencies  with 
chamber  geometry  in  terms  of  experimentally  measur- 
able quantities.  The  derived  parameter  is  substan- 
tially independent  of  propellant  combination  or  oper- 
ating conditions. 

The  application  of  radiation-measurement  techniques 
to  the  determination  of  gas  temperatures  in  the  flame 
resulting  from  liquid  propellant  reactions  has  recently 
been  investigated.  Such  techniques  are  desirable  in 
rocket  combustion  and  injector  design  studies  because 
they  permit  the  study  of  conditions  in  a flame  zone 
without  disturbing  the  flow  and  without  the  necessity 
of  maintaining  a probe  in  the  chamber.  Radiation- 
temperature  measurements  were  made  throughout  the 
flame  developed  within  an  open -tube  combustor  using 
liquid  oxygen  and  a heptane-turpentine  mixture  as  the 
reactants.25  The  temperature  measurement  utilizes 
carbon  radiation  from  the  flame. 


24  See  paper  by  McKeown  and  Belles  listed  on  p.  78. 


“ See  paper  by  Auble  and  Heidmann  listed  on  p.  76. 
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AIRCRAFT  CONSTRUCTION 


Problems  associated  with  the  structural  integrity  of 
aircraft  in  the  subsonic  and  lower  supersonic  range  are 
many  and  complex.  Aerodynamic  heating  resulting 
from  greater  speeds  continues  to  add  a host  of  new 
problems  and  to  complicate  those  of  a long  standing 
nature  further.  The  need  for  increased  research  in  the 
field  of  aircraft  construction  is  evident. 

The  NACA,  during  the  past  year,  has  continued  its 
efforts  on  the  important  problems  associated  with 
structural  strength,  efficiency,  loading,  flutter,  fatigue, 
and  materials  under  normal  temperatures.  It  has  also 
developed  research  tools  and  techniques  for  investi- 
gating aircraft  under  the  elevated-temperature  condi- 
tions encountered  in  high-speed  flight.  Further,  it  has 
succeeded  in  defining  and  exposing  new  thermal  prob- 
lems which  future  high-speed  aircraft  will  encounter 
and  has  found  solutions  to  certain  of  these  problems. 

Most  of  this  research  has  been  performed  at  the 
NACA  laboratories  with  additional  assistance  provided 
by  educational  and  other  nonprofit  institutions  under 
contract  to  the  NACA.  A description  of  the  Commit- 
tee's recent  unclassified  research  in  the  field  of  aircraft 
construction  is  given  in  the  following  pages  and  is 
divided  into  four  sections:  (1)  Aircraft  Structures; 
(2)  Aircraft  Loads;  (3)  Vibration  and  Flutter;  and  (4) 
Aircraft  Structural  Materials. 

AIRCRAFT  STRUCTURES 
Static  Properties 

The  use  of  integrally  stiffened  skins  on  aircraft  is 
increasing  because  of  the  possibilities  of  saving  weight 
and  eliminating  rivets  and  bolts.  Compared  with 
riveted-on  stiffeners,  integral  stiffeners  participate  more 
fully  with  the  skin  in  resisting  external  loads  but, 
because  of  this  action,  may  lead  to  an  undesirable 
coupling  of  plate  distortions  for  certain  proportions  and 
loading  conditions.  The  nature  of  this  problem  is 
discussed  in  Technical  Note  3646  where  the  modifica- 
tions to  the  equations  for  stress  distribution  and 
deflection  are  made  to  account  for  the  effects  of  coup- 
ling. Conditions  under  which  the  effects  of  coupling 
are  significant  are  given  in  this  paper. 

Because  engineering  beam  theory  fails  for  deflection 
analysis  of  thin  low-aspect-ratio  wings,  the  development 
of  efficient  methods  of  anatysis  has  become  a problem. 
A matrix  method  based  on  energy  principles  for  obtain- 
ing influence  coefficients  is  presented  in  Technical  Note 
3640.  The  required  matrices  may  be  set  directly  from 
the  data  of  the  wing  design.  The  necessary  calcula- 
tions have  been  arranged  to  take  full  advantage  of 
automatic  computing  machines. 

The  thick-skin  multi  web  box  beam  is  representative 
of  wings  of  high-speed  aircraft.  Experimental  data 
and  strength  analysis  of  this  component  are  presented 


in  Technical  Note  3633.  The  combinations  of  design 
parameters  which  lead  to  minimum  structural  weight 
for  various  values  of  a loading  index  are  given.  The 
results  are  presented  in  such  a manner  that  the  lightest 
weight  structure  which  satisfies  wing-stiffness  require- 
ments can  be  found. 

Classical  theories  of  the  structural  strength  and 
stability  of  plates  ass  ime  that  the  plate  deflections 
experienced  are  small  in  comparison  with  the  plate 
thickness.  In  order  to  evaluate  the  inaccuracies 
resulting  when  this  assumption  is  not  fulfilled,  Colum- 
bia University  has  developed  a nonlinear  plate  theory 
of  motion  and  solved  the  equations  for  certain  dynamic 
cases.  Undertying  assumptions  of  various  plate  equa- 
tions have  also  been  studied.  The  results  of  this  study 
are  presented  in  Technical  Note  3578. 

Comparisons  between  the  results  of  a theory  for 
calculating  stresses  around  cutouts  in  stiffened  cylinders 
and  the  results  of  experiment  are  presented  in  Tech- 
nical Note  3544.  The  data  and  the  theory  were  pre- 
viously published  and  coefficients  for  use  with  the 
theory  have  been  calculated  and  published  in  Tech- 
nical Note  3460.  The  theory  takes  into  account  the 
bending  flexibility  of  the  ring  stiffeners.  The  com- 
parisons show  that  good  agreement  is  obtained  if  this 
factor  is  correctly  accounted  for. 

New  York  University  has  conducted,  under  NACA 
sponsorship,  a critical  review  of  the  literature  pub- 
lished since  1940  on  buckling  and  failure  of  plate  ele- 
ments. The  results  of  this  review,  including  a com- 
pilation of  existing  theories  and  experimental  data,  are 
presented  in  Technical  Note  3781.  A similar  review 
has  also  been  made  at  New  York  University  of  the 
existing  literature  on  budding  of  composite  elements. 
The  results  of  this  review  are  presented  in  Technical 
Note  37S2.  During  these  reviews,  general  equations 
for  the  plastic  buckling  of  cylinders  were  derived. 
These  equations  were  then  used  to  obtain  solutions  for 
the  compressive  and  torsional  buckling  of  long  c}dinders 
in  the  plastic  region.  These  results,  as  well  as  com- 
parisons between  computed  and  test  data,  are  presented 
in  Technical  Note  3726. 

An  analysis  of  the  stresses  in  the  plastic  range  around 
a circular  hole  in  a plate  was  made  both  to  explore 
means  for  solving  stress  problems  in  the  plastic  range 
and  to  obtain  the  solution  of  this  basic  problem.  The 
results  are  presented  in  Technical  Note  3542.  Calcula- 
tions were  made  for  four  different  materials  and  the 
resulting  stress-concentration  factors  are  compared 
with  those  derived  from  a previously  developed  approxi- 
mate formula. 

Dynamic  Properties 

The  major  role  that  flutter  plays  in  the  design  of 
high-performance  aircraft  requires  that  methods  for 
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computing  accurate  vibration  modes  and  frequencies 
be  obtained.  In  Technical  Note  3636,  the  investiga- 
tion of  the  usefulness  of  the  substitute-stringer  method 
for  including  the  effects  of  shear  lag  in  the  calculation 
of  the  transverse  modes  and  frequencies  of  box  beams 
is  continued.  Box  beams,  the  covers  of  which  consist 
of  normal -stress-cartying  stringers  on  sheets  carrying 
not  only  shear  but  also  normal  stress,  are  analyzed 
exactly.  Frequencies  of  beams  with  various  numbers 
of  stringers,  obtained  by  means  of  this  exact  anatysis, 
serve  to  determine  the  possible  accuracy  of  the  fre- 
quencies obtained  by  the  substitute-stringer  approach. 
A combined  experimental  and  theoretical  investigation 
of  the  modes  and  frequencies  of  a large-scale  built-up 
box  beam  is  reported  in  Technical  Note  3618.  For 
.bending  vibrations,  frequencies  obtained  from  an 
analysis  of  a substitute-stringer  structure  which  in- 
cludes the  influence  of  transverse  shear  deformation 
and  shear  lag  were  found  to  agree  very  well  with  those 
obtained  experimentally.  In  the  case  of  torsional 
vibrations,  the  frequencies  obtained  from  either  an 
elementary  or  a four-flange  beam  analysis  which 
includes  the  effects  of  restraint  of  warping  were  found 
to  be  in  satisfactory  agreement  with  the  experimental 
frequencies. 

The  vibration  characteristics  of  hollow  thin-walled 
rectangular  beams  have  been  investigated  to  obtain 
insight  into  the  factors  affecting  the  modes  and  fre- 
quencies of  wings.  The  experimental  results  from  this 
stud3^  are  presented  in  Technical  Note  3463  and  indicate 
that  the  effect  of  shear  deformation  of  the  cross  section 
on  the  torsional  frequencies  can  be  large.  Further 
evaluation  of  this  effect  has  been  made  and  is  presented 
in  Technical  Note  3464. 

Thermal  Properties 

Rapid  changes  in  temperature  of  the  surface  of  an 
aircraft  can  induce  thermal  loads  in  the  primary  struc- 
ture which  may  have  serious  aerodynamic  and  struc- 
tural consequences.  The  nature  of  this  problem  was 
investigated  by  subjecting  box  beams  which  simulate 
high-speed-wing  structure  to  a high-intensity  heat 
source.  These  tests  are  reported  in  Technical  Note 
3474.  It  was  found  that  the  internal  structure  of  the 
beams  provided  enough  restraint  against  expansion  of 
the  heated  skin  surfaces  to  cause  severe  buckling  of  the 
skin.  Buckling  of  the  shear  webs  occurred  during  the 
cooling  phase  of  the  test  when  the  temperature  of  the 
internal  structure  exceeded  that  of  the  skin.  Measured 
strains  were  used  to  determine  distortions  and  stresses 
which  were  found  to  agree  with  a thermal  stress  analysis 
of  the  test  conditions. 

One  of  the  most  important  structural  problems 
resulting  from  aerodynamic  heating  is  the  deterioration 
of  material  properties  at  elevated  temperatures.  This 
deterioration  of  material  properties  produces  loss  of 
strength  and  creep  of  structures  and  can  lead  to  weight 


increases  that  adversety  affect  the  performance  of 
high-speed  aircraft.  A study  has  been  made  of  the 
strength  and  creep  behavior  of  aircraft  structural 
elements  at  elevated  temperatures  to  obtain  methods 
for  predicting  structural  behavior  from  material 
characteristics.  One  of  these  studies,  reported  in 
Technical  Note  3552,  was  concerned  with  the  elevated- 
temperature  compressive  strength  and  creep  lifetime  of 
simply  supported  plates.  A similar  study  on  the  com- 
pressive strength  and  creep  lifetime  of  skin-stringer 
panels  is  reported  in  Technical  Note  3647.  Both 
studies  indicate  that  elevated -temperature  strength  of 
structural  elements  can  be  predicted  from  methods 
available  for  determining  room-temperature  strength 
provided  that  the  appropriate  stress-strain  curve  for 
elevated-temperature,  material  is  used.  Previously 
reported  studies- of~ the  elevated-temperature  buckling 
strength  of  structural  components  have  indicated 
similar  results.  The  present  studies  also  show  that 
creep  lifetime  of  structural  elements  may  be  determined 
from  methods  used  to  determine  structural  strength  if 
the  compressive . creep  properties  of  the  material  are 
substituted  for  the  material  stress-strain  curve.  The 
results  make  it  possible  to  estimate  the  effect  of  creep 
on  the  weight  of  structures  that  are  designed  to  operate 
at  elevated  temperatures. 

The  transient  thermal  stresses  produced  by  aero- 
dynamic heating  of  supersonic  aircraft  depend  upon 
the  temperature  distribution  within  the  structure, 
which,  in  turn,  can  be  markedly  influenced  by  the  ther- 
mal conductivity  of  any  joints  present.  In  order  to 
investigate  the  effects  of  joint  conductivity  on  the 
thermal  stresses  in  aerodynamically  heated  skin-stiffener 
combinations  under  various  aerod}mamie  conditions, 
a theoretical  study  was  made.  In  this  study  an  aero- 
dynamic heat-transfer  parameter  (called  the  Biot 
number),  a joint-conductivity  parameter,  and  geo- 
metrical proportions  were  varied.  The  results,  pre- 
sented in  Technical  Note  3699,  indicate  that  increasing 
the  joint  conductivity  beyond  a certain  value  results 
in  almost  no  change  in  the  maximum  skin  or  stiffener 
stresses;  but,  as  the  joint  conductivity  approaches  zero, 
the  maximum  skin  and  stiffener  stresses  increase 
appreciabty.  Increasing  the  Biot  number,  an  index  of 
the  rate  of  transfer  of  external  heat  to  internal  heat, 
can  also  cause  a considerable  increase  in  the  maximum 
skin  and  stiffener  stresses.  However,  when  the  Biot 
number  is  large  (high  rate  of  external  heating),  the 
value  of  the  joint  conductivity  is  relatively  unim- 
portant since  the  structure  is  heated  so  fast  that  there 
is  no  time  for  heat  to  be  conducted  into  the  interior  of 
the  structure;  the  joint  conductivity  thus  affects  the 
thermal  stresses  most  significantly  when  the  external 
heating  rate  is  low.  Changing  the  geometric  character- 
istics produces  results  which  are  essentialty  independent 
of  the  joint  conductivity  and  the  Biot  number. 

In  the  design  of  aircraft  structures,  vdiere  aerody- 
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namic  heating  is  encountered,  knowledge  of  the  tem- 
perature distribution  within  the  structure  is  of  consid- 
erable importance.  Because  interior  elements  of  the 
structure  are  heated  b)7  conduction  through  joints,  the 
influence  of  various  joint  properties  on  thermal  con- 
ductance has  been  investigated  previously  and  reported 
by  S}7racuse  University.  Before  extending  this  investi- 
gation, Syracuse  University  explored  the  influence  of 
joint  conductance  on  the  transient  temperature  distri- 
bution in  composite  aircraft  joints.  Fabricated  speci- 
mens representative  of  typical  skin-stringer  cross  sec- 
tions, as  well  as  geometrically  similar  specimens  without 
joints,  were  tested  under  aerodynamic  heating  condi- 
tions and  the  results  from  the  two  sets  of  joints  were 
compared.  The  results,  which  are  presented  in  Tech- 
nical Note  3824,  indicate  that,  in  the  practical  case, 
joint  conductance  must  be  taken  into  account  if  tem- 
perature distributions  throughout  composite  structures 
are  to  be  predicted  accurately. 

Aircraft  structures  for  high-speed  flight  must  be  de- 
signed so  that  excessive  creep  deformation,  and  creep 
rupture  does  not  occur  during  the  design  lifetime  of  the 
structure.  An  understanding  of  the  creep  behavior  of 
structures  is  therefore  necessary  in  order  to  eliminate 
such  failures.  A previously  reported  investigation  by 
the  National  Bureau  of  Standards  indicated  that  creep 
deformations  within  joints  may  be  responsible  for  a con- 
siderable portion  of  the  overall  deformation  of  struc- 
tures. However,  no  correlation  was  obtained  between 
the  creep  of  a riveted  joint  and  the  creep  of  its  compo- 
nent materials.  This  study  has  now  been  extended  and 
creep-test  results  of  a number  of  additional  joints  are 
reported  in  Technical  Note  3842.  Methods  are  pre- 
sented by  which  the  time  to  rupture,  the  mode  of  rup- 
ture, and  the  deformation  of  structural  joints  in  creep 
may  be  predicted.  These  methods  are  based  upon  the 
creep  properties  of  the  materials  of  the  joint  in  tension, 
shear  and  bearing. 

Aircraft  structural  elements  subjected  to  long  periods 
of  heating  and  compressive  loadings  can  buckle  even 
though  the  applied  load  is  less  than  the  critical  load  of 
the  element  at  the  elevated  temperature.  This  phe- 
nomenon is  called  creep  buckling.  Research  equipment 
and  techniques  have  been  developed  at  the  Polytechnic 
Institute  of  Brooklyn  and  are  presented  in  Technical 
Note  3493.  Additional  creep-buckling  tests  of  2024T-4 
aluminum  alloy  columns  besides  those  published  in  this 
report  have  been  conducted  and  the  results  correlated 
with  theory. 

The  aircraft  designer  at  the  present  time  must  deal 
with  a multiplicity  of  materials  and  material  properties 
which  vary  with  temperature.  It  is  essential,  therefore, 
that  speedy  and  accurate  methods  for  predicting  the 
influence  of  changes  in  material  properties  on  structural 
strength  be  available.  Such  methods  are  given  in  Tech- 
nical Note  3553  and  Technical  Note  3600  for  various 
types  of  structural  components  which  fail  by  compres- 
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sive  crippling.  The  methods  utilize  the  concept  of 
crippling-strength  moduli  which  are  readily  calculated 
from  the  compressive  properties  of  the  material  in  the 
structure.  Accuracy  of  the  methods  is  illustrated  with 
experimental  data  obtained  in  various  materials  and 
under  different  temperature  conditions. 

The  transient  temperature  distributions  produced  by 
aerodynamic  heating  of  thin  solid  wings  induce  thermal 
stresses  that  may  effectively  reduce  the  stiffness  of  the 
wing.  This  is  a new  problem  that  can  be  a significant 
factor  in  the  aero-elastic  behavior  of  aircraft  structures. 
Such  reductions  in  stiffness  have  been  investigated  ex- 
perimentally by  rapidly  heating  the  edges  of  a cantilever 
plate.  The  midplane  thermal  stresses  imposed  by  the 
nonuniform  temperature  distribution  caused  the  plate 
to  buckle  torsionally,  increased  the  deformations  of  the 
plate  under  a constant  applied  torque,  and  reduced  the 
frequency  of  the  first  two  natural  modes  of  vibration. 
Small-deflection  plate  theory,  employing  energy  meth- 
ods, predicted  the  general  effects  of  the  thermal  stresses 
but  became  inadequate  when  plate  deflections  were 
large.  Additional  studies  have  been  initiated  to  investi- 
gate these  effects. 

AIRCRAFT  LOADS 
Basic  Load  Distribution 

Extensive  flight  investigations  have  been  made  with 
the  X-5  variable-wing-sweep  research  airplane  at 
Mach  numbers  up  to  1.0  to  determine  the  effects  on 
the  wing  and  horizontal  tail  loads  of  varying  the  angle 
of  wing  sweep  without  modifying  the  other  character- 
istics of  the  airplane.  Up  to  a Mach  number  of  0.85, 
the  balancing  horizontal-tail  loads  measured  in  flight 
show  a consistent  variation  as  the  wing  sweep  angle  is 
increased  from  20°  to  59°  with  the  greatest  down  tail 
load  occurring  at  sweep  angles  of  about  36°.  The  wing 
loads  were  found  to  have  a nonlinear  variation  with 
airplane  angle  of  attack  and  to  reflect  the  changes  that 
occurred  in  the  wing  characteristics.  In  another  flight 
investigation,  pressure  measurements  over  the  midspan 
station  of  the  8-percent-thick  wing  on  the  X-l  airplane 
in  the  transonic  speed  range  showed  a rearward  move- 
ment of  the  chordwise  load  center  with  increasing 
Mach  number  with  a particularly  rapid  and  large 
movement  in  the  Mach  number  range  of  0.82  to  0.88. 
In  the  Mach  number  range  0.95  to  1 .25  at  high  normal 
force  coefficients,  upper  surface  pressure  distributions 
approached  a rectangular  slope. 

In  Technical  Note  3476,  spanwise  lift  distributions 
have  been  calculated  for  61  swept  wings  with  various 
aspect  and  taper  ratios  and  a variety  of  angle-of-attack 
distributions  including  flap  and  aileron  deflections. 
The  information  presented  can  be  used  both  in  the 
analysis  of  untwisted  wings  or  wings  with  known  twist 
distributions  and  in  aeroelastic  calculations  involving 
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initially  unknown  twist  distributions.  The  information 
presented  in  Technical  Note  3476  supplements  similar 
information  previously  given  in  Technical  Note  3014 
for  unswept  wings  so  that  the  two  papers  cover  all 
practical  plan  forms. 

A method  for  computing  the  span  loads  and  the 
resulting  rolling  moments  for  sideslipping  wings  of 
arbitrary  plan  form  in  incompressible  flow  is  presented 
in  Technical  Note  3605.  The  basic  method  requires 
mechanical  differentiation  and  integration  to  obtain 
the  rolling  moment  for  a wing  of  arbitrary  plan  form  in 
sideslip  when  the  span  load  at  zero  sideslip  is  known 
The  mechanical  differentiation  and  integration  can 
be  avoided,  however,  by  use  of  a step-load  method 
which  is  also  derived.  A comparison  of  the  calculated 
span  loads  and  rolling-moment  parameters  with  avail- 
able experimental  data  shows  good  agreement. 

The  development  of  new-type  control  devices  requires 
that  structural  design  data  be  provided.  The  effects, 
therefore,  on  the  chordwise  pressures  and  section  forces 
and  moment  coefficients  near  midspan  of  deflecting 
various  plain  spoilers  and  a flap-type  control  with  and 
without  an  attached  tab  on  a swept  wing  have  been 
investigated  at  Mach  numbers  from  0.60  to  0.93. 

In  order  to  design  aircraft  one  must  have  a knowledge 
of  body  effects  on  the  wing  span  wise  load  distribution 
at  all  speeds.  Although  methods  exist  for  predicting 
such  body  effects  on  sweptback  wings  at  low  speeds, 
practically  no  direct  experimental  verifications  have 
been  available.  In  a recent  investigation,  detailed 
wing  pressure-distribution  data  that  permit  the  desired 
comparison  were  obtained.  The  data,  reported  in 
Technical  Note  3730,  indicated  that,  although  previous 
methods  did  not  satisfactorily  predict  body  effects  on 
the  unflapped  uncambered  wing,  a swept-wing  method 
employing  19  spanwise  lifting  elements  and  control 
points  gave  good  agreement  except  when  the  wing  had 
deflected  trailing-edge  flaps  or  was  cambered  and 
twisted. 

Normal-force  and  normal-pressure  distributions  for 
an  ogive-c}Tlmder  body  of  revolution  of  fineness  ratio  10 
are  reported  in  Technical  Note  3716  for  a free-stream 
Mach  number  of  1.98  and  an  angle-of-attack  range 
from  0°  to  20°.  Comparisons  of  experimental  and 
theoretical  normal-force  and  normal-pressure  distri- 
butions indicate  that  available  theoretical  methods 
can  be  used  to  predict  experimental  results  with  good 
accuracy  for  angles  of  attack  to  about  onty  5°.  At 
greater  angles  of  attack,  the  normal-force  distributions 
differ  significantly  from  those  calculated  in  accordance 
with  theories  which  include  methods  of  estimating  the 
effects  of  viscosity  on  the  forces  and  moments  for 
inclined  bodies.  Analysis  of  the  data  shows  that  these 
differences  are,  in  general,  attributable  to  inadequate 
estimates  of  the  magnitude  and  distribution  of  the 
cross  forces  resulting  from  flow  separation.  A correla- 
tion curve  for  the  longitudinal  distribution  of  the 


cross-flow  drag  coefficient  for  laminar  boundary-layer 
flow  has  been  developed  and  is  based  upon  the  assump- 
tion that  the  distribution  depends  primarily  upon  the 
body  shape.  It  is  believed  that  use  of  this  curve  for 
the  viscous  cross-force  contribution  in  conjunction 
with  first-order  linear  theory  for  the  potential  cross 
force  provides  a satisfactory  method  for  estimating 
normal-force  and  pitching-moment  characteristics  for 
similarly  shaped  bodies  with  laminar-boundary-layer 
flow. 

In  Technical  Note  3479,  horizontal-tail  loads  meas- 
ured in  gradual  and  abrupt  longitudinal  maneuvers  on 
two  configurations  of  a four-engine  jet  bomber  are 
presented.  The  least-squares  procedures  were  used  to 
determine  aerodynamic  loads  from  strain-gage  measure- 
ments of  structural  loads.  The  results  are  analyzed  to 
determine  the  flight  values  of  the  aerodynamic  coeffi- 
cients which  are  important  in  calculations  of  horizontal- 
tail  loads  for  comparison  with  wind-tunnel  results. 
The  effects  of  fuselage  flexibility  on  the  loads  are  de- 
termined and  some  calculations  of  critical  horizontal- 
tail  loads  be}7ond  the  range  of  the  tests  are  compared 
with  the  design  loads. 

Some  indication  of  the  importance  of  the  directional- 
stability  characteristics  of  present-day  high-speed  air- 
planes with  increasing  angle  of  attack  and  Mach  num- 
ber has  become  apparent  from  recent  wind-tunnel  tests. 
An  analysis  of  wind-tunnel  data  has  shown  that  the 
vorticity  shed  from  the  nose  of  the  fuselage  and  directed 
by  the  wing  to  strategic  locations  in  the  vicinity  of  the 
vertical  tail  markedly  affects  the  load  on  the  vertical 
tail  in  sideslip  at  high  angles  of  attack  and  supersonic 
Mach  numbers.  For  such  conditions,  the  directional 
stability  of  the  airplane  may  become  negative. 

Gust  Loads 

The  collection  of  data  with  NACA  VG  and  VGH 
recorders  to  determine  the  magnitude  and  frequency  of 
occurrence  of  the  gusts  and  gust  loads  and  the  operating 
air  speeds  and  altitudes  of  commercial  transport  air- 
planes has  been  continued.  The  VGH  data  covering 
about  3,000  hours  of  operation  from  two  types  of  four- 
engine  transport  airplanes  currently  in  use  on  trans- 
continental and  eastern  United  States  routes  are  pre- 
sented in  Technical  Notes  3475  and  3483.  The  analysis 
of  these  data  indicates  that  the  more  severe  gust  loads 
occurred  for  operations  over  the  eastern  portion  of  the 
United  States,  a result  attributable  to  the  higher  operat- 
ing speeds  in  rough  air  for  these  operations.  A related 
study  of  approximately  70,000  hours  of  VG  data  from 
six  different  operations  of  twin-engine  transport  air- 
planes over  the  past  eight  or  nine  years,  presented  in 
Technical  Note  3621,  indicates  that  the  loads  and  gusts 
were  comparable  with  those  experienced  in  previous 
operations  of  the  same  type  of  airplane. 

The  information  available  on  the  spectrum  of  atmos- 
pheric turbulence  is  briefly  reviewed  in  Technical  Note 
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3540  and  a method  is  presented  for  converting  available 
gust  statistics  normally  given  in  terms  of  counts  of 
gust  peaks  into  a form  appropriate  for  use  in  spectral 
calculations.  The  fundamental  quantity  for  this  pur- 
pose appears  to  be  the  probability  distribution  of  the 
root-mean-square  gust  velocity.  Estimates  of  the  vari- 
ation of  this  distribution  with  altitude  and  weather 
condition  are  also  derived  from  available  gust  statistics. 
A critical  problem  in  connection  with  the  design  and  oper- 
ation of  missiles  and  airplanes  capable  of  high-speed  ver- 
tical flight  arises  from  the  loads  and  motions  experienced 
when  intense  layers  of  wind  shear  are  encountered. 
As  a consequence,  data  on  the  magnitude  and  frequency 
of  occurrence  of  the  shear  layers  at  different  altitudes 
and  seasons  were  determined  from  U.  S.  Weather  Bureau 
rawinsonde  data  and  are  reported  in  Technical  Note 
3732.  These  data  indicate  that  maximum  shear  inten- 
sities of  about  120  feet  per  second  per  1,000  feet  occur 
at  altitudes  of  about  50,000  feet  during  the  spring  and 
winter  seasons  but  occur  in  relatively  thin  layers  having 
thicknesses  not  greater  than  about  3,000  feet. 

A method  for  obtaining  a power  spectrum  of  vertical 
gust  velocity  over  a wide  range  of  wave  length  has  been 
devised  and  test  results  are  published  in  Technical 
Note  3702.  A spectrum  of  vertical  gust  velocity  was 
measured  at  low  altitude  in  clear-air  turbulence  having 
a root-mean-square  intensity  of  5 feet  per  second  for 
wave  lengths  from  10  feet  to  60,000  feet.  At  the  higher 
frequencies  (short  wave  lengths),  the  power  spectral 
density  varied  at  a rate  which  was  approximately  pre- 
dicted by  theory.  The  spectrum  which  was  obtained 
tended  to  flatten  out  for  the  longest  test  wave  lengths. 
The  break  frequency  which  provides  an  indication  of 
the  scale  of  the  turbulence  occurred  at  a wave  length 
of  approximately  6,000  feet. 

Calculated  unsteady-lift  functions  and  spanwise  lift 
distributions  for  delta,  rectangular,  and  elliptical  wings 
undergoing  a sudden  change  in  sinking  speed  are  pre- 
sented in  Technical  Note  3639.  These  data  indicate 
that  the  normalized  unsteady-lift  functions  are  substan- 
tially independent  of  the  plan  form  for  elliptical,  rec- 
tangular, or  moderately  tapered  wings,  but  for  delta 
wings  the  increase  of  lift  toward  the  steady-state  value 
is  much  more  rapid.  The  results  in  this  report  corrobo- 
rate the  results  of  other  investigations  which  show  that 
the  rate  of  growth  of  lift  tends  to  increase  with  a de- 
crease in  aspect  ratio  and  that  spanwise  distributions 
of  the  indicial  lift  seem  to  be  independent  of  time  for 
rectangular  and  elliptical  wings.  In  Technical  Note 
374S,  reciprocal  relations  for  unstead}7  flow  are  used  to 
calculate  total-lift  responses  of  wings  to  sinusoidal  gusts 
and  to  sinusoidal  vertical  oscillations.  A variety  of 
plan  forms  are  considered  for  incompressible,  subsonic 
compressible,  sonic,  and  supersonic  flow.  A theory  is 
presented  in  Technical  Note  3805  for  calculating  the 
variation  with  frequency  of  the  lateral-force  and  yaw- 
ing-moment  coefficients  due  to  sinusoidal  side  gusts 


passing  over  the  profile  of  a simple  fuselage  combined 
with  a vertical  fin.  Since  slender-body  theory  is  used, 
the  results  are  applicable  to  both  subsonic  and  super- 
sonic airspeeds,  provided  the  local  flow  angles  between 
the  profile  and  the  airstream  are  small. 

An  investigation  to  determine  the  gust-alleviation 
capabilities  of  fixed  spoilers  and  deflectors  on  a trans- 
port-airplane model  incorporating  a straight  wing  is 
reported  in  Technical  Note  3705.  The  results  indicate 
about  equal  effectiveness  (from  20  to  40  percent)  of 
spoilers  or  deflectors  in  reducing  normal  accelerations 
in  rough  air  through  reductions  in  lift-curve  slope. 
Both  devices  were  also  equally  effective  in  decreasing 
the  airspeed  through  increased  drag.  In  Technical 
Note  3746,  the  wing  and  horizontal-tail  loads  and  spar 
strains  measured  on  a twin-engine  light  transport  air- 
plane, modified  by  a gust-alleviating  device  for  passen- 
ger comfort,  were  presented.  The  results  presented  are 
an  initial  analysis  of  samples  of  measurements  obtained 
in  clear-air  turbulence  with  the  alleviation  system  both 
off  and  on.  Although  the  alleviation  system  was  not 
optimum,  the  root-mean-square  normal  acceleration  at 
the  airplane  center  of  gravity  was  reduced  by  43  per- 
cent and  the  whig  bending  strains  were  reduced,  but 
wing-shear  strains  and  horizontal-tail  shear  and  bending 
strains  were  increased. 

Landing  Loads 

In  Technical  Note  3541,  a method  is  presented  for 
statistically  deriving  contact  vertical  velocities  of  air- 
planes from  measurements  of  maximum  incremental 
center-of-gravity  acceleration  at  contact.  Probability 
curves  of  derived  velocities  for  a test  airplane  when 
compared  with  curves  of  measured  velocities  show  a 
difference  of  less  than  0.2  foot  per  second  throughout 
the  velocity  range  covered  in  the  investigation.  A sta- 
tistical comparison  of  the  landing-impact  velocities  of 
the  first  and  second  wheel  to  touch  ground  from  about 
350  transport  landings  is  reported  in  Technical  Note 
3610.  The  comparison  indicates  that  the  mean  verti- 
cal velocity  at  the  instant  of  contact  was  about  the 
same  for  either  wheel  but  that  the  probability  of  a 
high  value  of  vertical  velocity  was  somewhat  greater 
for  the  second  wheel  to  touch  than  for  the  first.  The 
effect  of  the  rolling  velocity  of  the  airplanes  at  the 
instant  of  initial  contact  was  to  increase  the  vertical 
velocity  of  impact  of  Lhe  wheel  toward  which  the  air- 
plane was  rolling  regardless  of  whether  it  was  the  first 
or  second  wheel  to  touch.  There  appeared  to  be  no 
definite  influence  of  the  ratio  of  landing-gear  tread  to 
radius  of  gyration  of  the  airplanes  on  the  relative  ver- 
tical velocities  of  the  first  and  second  wheels  to  touch, 
as  would  be  expected  from  theoretical  considerations. 

Technical  Note  3604  reports  results  of  tests  made  to 
determine  the  lateral  or  cornering  force,  drag  force, 
torsional  moment  or  self-alining  torque,  pneumatic  cas- 
ter, vertical  tire  deflection,  lateral  tire  deflection,  wheel 
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torsion  or  yaw  angle,  rolling  radius,  relaxation  length, 
tire  footprint  area,  and  variation  of  unloaded  tire 
radius  with  inflation  pressure  for  two  26-  by  6.6-inch, 
type  VII,  12-ply -rating  tires.  Data  were  recorded  for 
conditions  of  rectilinear-yawed  rolling  over  a range  of 
inflation  pressures  and  yaw  angles  at  the  rated  vertical 
load  and  at  twice  the  rated  vertical  load.  Vibration 
tests  were  made  to  determine  the  dynamic  lateral 
elastic  characteristics  of  the  tires.  During  rectilinear- 
yawed  rolling,  the  normal  force  generally  increased 
with  increasing  yaw  angle  within  the  test  range,  the 
variation  of  normal  force  with  yaw  angle  differed  for 
the  two  vertical  loads  tested,  the  pneumatic  caster  was 
a maximum  at  small  yaw  angles  and  tended  to  decrease 
with  increasing  yaw  angle,  and  the  sliding  drag  coeffi- 
cient of  friction  tended  to  decrease  with  increasing 
bearing  pressure. 

A comprehensive  correlation,  evaluation,  and  ex- 
tension of  linearized  theories  for  tire  motion  and  wheel 
shimmy  has  been  made  and  is  reported  in  Technical 
Note  3632.  It  is  demonstrated  that  most  of  the  pre- 
viously published  theories  represent  varying  degrees 
of  approximation  to  a summary  theory  developed 
therein  which  is  a minor  modification  of  the  basic 
theory  of  Von  Schlippe  and  Dietrich.  In  most  cases 
where  strong  differences  exist  between  the  previously 
published  theories  and  the  summary  theory,  the  pre- 
viously published  theories  are  shown  to  possess  certain 
deficiencies.  Comparison  of  the  existing  experimental 
data  with  the  predictions  of  the  summary  theory  pro- 
vides a fair  substantiation.  Some  discrepancies  exist 
however,  which  may  be  due  to  tire  hysteresis  effects  or 
other  unknown  influences. 

Theory7  indicates  a sharp  increase  in  the  hydro- 
dynamic  load  as  the  dead-rise  angle  approaches  zero. 
There  have  been,  however,  few  experimental  data 
available  for  verifying  the  loads  predicted  by  theory  for 
angles  of  dead  rise  below  20°.  Results  of  a brief  inves- 
tigation of  the  loads  in  smooth  water  for  10°  angle  of 
dead  rise  are  reported  in  Technical  Note  3608  and  are 
compared  with  theory  for  immersed  hydrodynamic 
impact  of  nonchine  bodies.  The  trend  of  the  experi- 
mental variation  of  load-factor  coefficient,  draft  co- 
efficient, time  coefficient  and  velocity  ratio  is  in  good 
agreement  with  the  theoretical  variation. 

Technical  Note  3619  presents  data  showing  the 
effect  of  horizontal  restraint  of  carriage  mass  in  experi- 
mental testing  facilities  upon  the  general  theoretical 
equations  of  motion  for  the  prismatic  body  during  a 
hydrodynamic  impact.  The  data  indicate  that  the 
carriage  mass  has  little  effect  for  the  low  trims,  since 
at  this  condition  the  resisting  water  force  has  only  a 
small  component  in  the  horizontal  direction,  but  for 
the  higher  trims  the  effect  is  appreciable.  For  the 
more  usual  seaplane-design  conditions,  that  is,  approach 
parameters  larger  than  1.0  and  trims  up  to  15°,  the 


maximum  correction  for  any  of  the  coefficients  is  10 
percent  or  less. 

Research  Techniques 

It  is  frequently  desirable  to  predict  the  loads  that 
would  be  experienced  with  more  hazardous  control 
motions  or  flight  conditions  than  those  for  which  test 
data  exist.  Accordingly,  considerable  effort  has  been 
expended  in  developing  and  comparing  various  methods 
by  which  such  predictions  can  be  made.  Fourier  and 
Laplace  transforms  and  the  type  of  analyses  used  in 
studies  of  servomechanisms  have  been  used  extensively 
in  this  development.  It  appears  from  the  work  ac- 
complished that  the  concept  and  use  of  a unit  impulse 
as  a research  technique  has  considerable  merit.  Simple 
and  rapid  methods  for  determining  the  time  response  to 
a unit  impulse  from  frequency-response  data  and  for 
evaluating  the  Fourier  transform  as  a function  of  time 
have  been  derived  and  are  presented  in  Technical 
Note  3598.  These  methods  are  applicable  to  linear 
functions  for  which  Fourier  transforms  exist,  which  is 
usually  the  case  in  the  treatment  of  airplane  maneuvers. 
In  Technical  Note  3701,  the  method  developed  in 
Technical  Note  3598  is  compared  with  several  other 
methods  of  obtaining  the  time  response  of  linear  sys- 
tems to  either  a unit  impulse  or  to  an  arbitrary  input 
from  frequency-response  data.  The  comparisons  in- 
dicate that  most  methods  gave  good  accuracy7  when 
applied  to  a second-order  system;  the  main  difference 
is  in  the  computing  time.  In  general,  the  method  of 
Technical  Note  3598  was  advantageous  in  all  respects, 
since  it  was  more  accurate  and  required  less  time. 

VIBRATION  AND  FLUTTER 

Flutter 

The  sonic  and  supersonic  speeds  of  modern  aircraft 
plus  their  use  of  relatively  flexible  thin  wings  and 
stabilizers  have  caused  flutter  to  assume  a more  im- 
portant role  in  aircraft  design.  In  addition  to  research 
on  the  flutter  characteristics  of  ty7pical  aircraft  con- 
figurations, research  is  also  being  carried  out  to  under- 
stand better  the  aerodynamic,  structural,  and  inertial 
considerations  inherent  in  flutter. 

On  the  basis  of  an  analysis  of  a large  quantity  of 
flutter  data  taken  from  subsonic,  transonic,  and  super- 
sonic wind  tunnels  and  from  rocket-  and  bomb-drop 
tests  for  a wide  variety7  of  wing  plan  forms,  a criterion 
was  derived  which  permits  a rapid  estimate  of  the 
probability  of  flutter  for  lifting  surfaces.  This  criterion 
groups  the  significant  parameters  into  simple  geometric 
dimensions  and  structural  properties.  Another  simple 
criterion  was  developed  for  stall  flutter. 

A number  of  swept  wings  having  systematic  varia- 
tions in  plan  form  and  structural  characteristics  have 
been  flutter  tested  in  transonic  and  supersonic  wind 
tunnels  to  establish  the  effect  of  various  parameters 
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on  flutter  and  to  serve  as  a basis  for  evaluating  ana- 
lytical procedures.  Because  of  the  large  number  of 
parameters  involved,  this  is  a large  test  program  and 
is  still  underway. 

An  alternative  to  the  testing  of  a systematic  series  of 
wind-tunnel  models  in  order  to  establish  the  influence 
on  flutter  of  clastic  and  inertial  structural  characteristics 
is  to  employ  an  analog  computer  whose  electrical 
elements  and  behavior  approximate  the  elements  and 
dynamic  behavior  of  the  structure.  Such  an  analog 
study  has  been  carried  out  at  the  California  Institute 
of  Technology  and  is  discussed  in  Technical  Note  3780. 
Four  wings  representative  of  those  of  current  aircraft 
were  considered  and  the  effects  of  changes  in  bending 
and  torsional  stiffnesses,  mass  distribution  and  angle  of 
sweep  on  the  flutter  characteristics  were  determined. 
A sufficient  number  of  cases  were  treated  to  establish 
the  trend  over  a sizeable  range  for  each  parameter. 

As  reported  in  the  Forty -First  Annual  Report,  1955, 
a theoretical  study  of  the  flutter  of  two-dimensional 
panels  was  reported  in  Technical  Note  3465.  More 
recently,  flutter  of  panels  mounted  on  the  wall  of  a 
supersonic  wind  tunnel  was  obtained  at  a Mach  num- 
ber of  1.3.  It  was  found  that,  at  the  flow  conditions  of 
these  tests,  increasing  the  tensile  forces  in  the  panel 
was  effective  in  eliminating  flutter,  as  was  shortening 
the  panels  or  increasing  their  bending  stiffness.  No 
apparent  systematic  trends  in  the  flutter  modes  or 
frequencies  could  be  observed,  and  it  is  significant  that 
the  panel  flutter  sometimes  involved  higher  modes  and 
frequencies.  The  presence  of  a pressure  differential 
between  the  two  surfaces  of  a panel  was  observed  to 
have  a stabilizing  effect.  Initially  buckled  panels  were 
more  susceptible  to  flutter  than  panels  without  buckling. 
Buckled  panels  with  all  four  edges  clamped  were  less 
liable  to  flutter  than  budded  panels  clamped  only  on 
the  front  and  rear  edges. 

In  Technical  Note  3638,  a preliminary  theoretical 
investigation  of  the  panel  flutter  and  divergence  of 
infinitely  long,  unstiffened  and  ring-stiffened,  thin- 
walled,  circular  cylinders  is  described.  Linearized 
unsteady  potential-flow  theory  was  utilized  in  con- 
junction with  Donnell's  cylinder  theory  to  obtain 
equilibrium  equations  for  panel  flutter.  Where  neces- 
sary, a simplified  version  of  Flugge's  cylinder  theory 
was  used  to  obtain  greater  accuracy.  By  applying 
Nyquist  diagram  techniques,  analytical  criteria  for  the 
location  of  stability  boundaries  were  derived.  This 
report  also  includes  a limited  number  of  computed 
results. 

One  of  the  most  troublesome  types  of  flutter  is  that 
involving  oscillations  of  a control  surface  at  transonic 
speeds,  commonly  referred  to  as  buzz.  In  Technical 
Note  3687,  results  of  wind-tunnel  tests  of  three  wing 
models  are  presented  and  it  is  shown  that  a large  range 
of  change  in  density  of  the  test  medium  had  little  effect 
on  the  initial  magnitude  and  initial  Mach  number  of 


buzz.  The  buzz  frequency  decreased  somewhat  with 
decrease  in  density.  The  Mach  number  corresponding 
to  the  onset  of  buzz  decreased  as  the  wing  angle  of 
attack  was  increased.  Mass  balance  and  changes  in 
spring  stiffness  changed  only  the  oscillation  frequency. 
The  test  results  indicated  that  placing  the  aileron  at 
the  wing  tip  delayed  the  onset  of  buzz  to  higher  Mach 
numbers.  A comparison  of  the  experimental  results 
with  two  published  empirical  analyses  showed  only 
qualitative  agreement. 

Designers  of  thin  aircraft  wings  must  consider  the 
possibility  of  wing  torsion  flutter  at  high  angles  of 
attack,  which  is  referred  to  as  stall  flutter.  The  results 
of  an  exploratory,  analytical,  and  experimental  study 
of  some  of  the  factors  which  might  be  of  importance  in 
the  stall-flutter  characteristics  of  thin  wings  are  pre- 
presented in  Technical  Note  3622.  The  factors  con- 
sidered were  Mach  number,  Reynolds  number,  density, 
aspect  ratio,  sweepback,  structural  damping,  location 
of  the  torsion  node  line,  and  presence  of  concentrated 
tip  weights.  The  importance  of  aerodynamic  torsional 
damping  on  the  stall  flutter  of  thin  wings  was  demon- 
strated by  comparison  of  the  regions  of  negative 
torsional  damping  measured  on  a spring-mounted  model 
with  the  regions  of  flutter.  The  results  of  a series  of 
experiments  on  a thin  wing  tested  at  various  spans 
indicated  that  compressibility  alters  the  stall-flutter 
characteristics  and  that  these  effects  depend  upon 
aspect  ratio.  A brief  study  of  the  inertia  effects  of  con- 
centrated weights  at  the  tip  indicated  that  such  effects 
can  be  important.  An  approximate  analysis  is  pre- 
sented for  such  configurations. 

Aerodynamics  of  Flutter 

It  has  been  demonstrated  that  generalized  forces  for  a 
harmonically  oscillating  wing  in  pure  supersonic  flow 
may  be  expressed  in  terms  of  certain  integrals  commonly 
referred  to  as  fx  functions.  These  functions  have  been 
tabulated  on  a large  computer  for  a wide  range  of  param- 
eters important  to  flutter  and  the  tabulated  results  are 
presented  in  Technical  Note  3606. 

A fundamental  stud}7  of  the  aerodynamic  forces  on  an 
oscillating  wing  is  presented  in  Technical  Note  3643. 
This  report  presents  the  magnitude  and  phase  angle  of 
the  components  of  normal  force  and  pitching  moment 
acting  on  an  airfoil  oscillating  in  pitch  about  the  mid- 
chord at  both  high  and  low  mean  angles  of  attack  and 
for  Mach  numbers  of  0.35  and  0.70.  The  magnitudes 
of  normal-force  and  pitching-moment  coefficients  were 
much  higher  at  high  mean  angles  of  attack  than  at  low 
angles  of  attack  for  some  conditions.  Large  regions  of 
angle  of  attack  and  reduced  frequency  were  found 
wherein  one-degree-of -freedom  torsion  flutter  is  possible. 
It  was  shown  that  the  effect  of  increasing  the  Mach 
number  from  0.35  to  0.70  was  to  decrease  the  initial 
angle  of  attack  at  which  unstable  damping  occurred. 
In  addition,  the  aerodynamic  damping  in  essentially  the 
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first  bending  mode  was  measured  for  two  finite-span, 
3-  and  10-percent-thick  wings  for  a range  of  mean 
angles  of  attack  and  reduced  frequencies.  No  regions 
of  negative  damping  were  found  for  this  motion,  and  it 
was  found  that  the  damping  measured  at  high  angles  of 
attack  was  generally  larger  than  that  at  low  angles 
of  attack. 

An  experimental  study  of  the  lift  and  moment  about 
the  quarter  chord  of  an  oscillating  wing  at  high  subsonic 
Mach  numbers  is  presented  in  Technical  Note  3686. 
A comparison  of  the  experimental  magnitude  of  the  lift 
vector  with  the  theory  as  given  by  Dietze  showed  good 
agreement.  Comparisons  with  theory  of  the  moments 
and  the  out-of-phase  component  of  lift  indicated  that 
some  refinements  in  the  testing  technique  are  necessary 
for  the  experimental  determination  of  these  quantities 
in  the  transonic  speed  range. 

An  experimental  wind-tunnel  investigation  was  car- 
ried out  of  the  forces,  moments,  and  phase  angles  on  a 
two-dimensional  wing  equipped  with  an  oscillating 
circular-arc  spoiler.  Schlieren  photographs  were  ob- 
tained which  showed  the  flow  over  and  behind  the 
spoiler  while  it  was  oscillating.  The  forces  and  mo- 
ments on  the  wing  were  obtained  from  instantaneous 
pressure-distribution  measurements.  The  results  indi- 
cated that  the  effects  of  Reynolds  number  on  the  nor- 
mal-force and  moment  coefficients  and  their  phase 
angles  were  very  small  and  somewhat  erratic.  An 
increase  in  Mach  number  increased  the  normal-force 
coefficient  and  had  no  consistent  effect  on  the  moment 
coefficient,  while  the  phase  lag  of  both  the  normal  force 
and  moment  decreased.  There  was  little  effect  of  re- 
duced frequency  on  the  normal-force  coefficient;  how- 
ever, increasing  the  reduced  frequency  produced  an 
essentiall}7  linear  increase  in  the  phase  lag  of  the  normal 
force. 

Buffeting 

Several  studies  have  been  made  of  the  available 
transonic  Mach  number  data  on  wing  dropping,  low- 
lift  buffeting,  buffet  boundaries,  and  changes  in  the 
angle  of  zero  lift  for  S37mmetrical  airfoils  and  various 
airplane  configurations.  These  phenomena  are  indi- 
cated to  be  allied  and  are  probably  the  result  of  shock- 
induced  separated  flow.  It  was  found  that  unswept 
wings  which  have  airfoil  sections  9 percent  thick  or 
thicker  are  susceptible  to  wing  dropping  at  transonic 
speeds.  Wing  dropping  may  occur  even  for  thin  wings, 
however,  if  the  airfoil  contour  is  not  fair.  Sweepback 
only  partially  relieves  the  wing  dropping  and  buffeting 
problem  for  thick  wings.  The  studies  have  also  indi- 
cated that  there  are  combinations  of  airfoil-thickness 
ratio,  aspect  ratio,  and  sweep  angle  which  may  allow 
flight  through  the  transonic  speed  range  without  either 
wing  dropping  or  buffeting  at  low  lift.  Decreases  in 
aspect  ratio  and  thickness  ratio  and  increases  in  sweep- 
back  all  tend  to  alleviate  high-speed  buffeting.  Low- 


lift  buffeting,  however,  may  be  induced  by  the  inter- 
ference effects  of  thin  intersecting  surfaces  such  as  a 
tail  arrangement  in  which  the  horizontal  tail  is  mounted 
above  the  fuselage  on  the  vertical  tail.  Such  a tail 
arrangement  may  also  be  partially  responsible  for  large 
transonic  trim  changes  and  may  exhibit  an  increase  in 
drag  over  that  for  a comparable  tail  arrangement  where 
the  horizontal  tail  is  mounted  on  the  fuselage. 

An  analysis  of  some  statistical  properties  of  the  buffet 
loads  measured  on  the  unswept  wing  and  tail  of  a fighter 
airplane  has  indicated  that  buffeting  can  be  considered 
as  a random  process.  Buffet  loads  measured  on  the 
wing  and  tail  in  both  the  stall  and  shock  regimes  indi- 
cated that  the  wing  loads  in  buffeting  can  be  treated 
as  the  response  of  a simple  elastic  system  to  a random 
input.  The  wing  buffet  loads  were  normall}7  distributed 
and  the  probabilit}7  that  a peak  load  would  exceed  a 
given  level  was  in  agreement  with  theoretical  results. 
There  was  evidence  that  the  tail  buffet  loads  were  not 
normally  distributed  as  the  wing  loads  but  appeared 
to  represent  a more  complicated  process.  The  spectrum 
of  the  wing-root  shear  indicated  that  the  buffet  loads 
were  primarily  associated  with  response  in  first  sym- 
metrical bending.  The  spectrum  for  the  tail-root  shear 
indicated  that  the  tail  buffet  loads  were  associated  with 
the  fuselage-torsion  or  tail-rocking  mode.  This  study 
was  reported  in  Technical  Note  3733. 

AIRCRAFT  STRUCTURAL  MATERIALS 

Structural  Materials  at  High  Temperatures 

Aerodynamic  heating  continues  to  be  the  source  of 
the  most  perplexing  and  urgent  problems  in  the  field 
of  aircraft  structural  materials.  This  is  true  in  extreme 
cases  such  as  long-range  ballistic  missiles  where  the 
severity  of  the  requirements  will  clearly  necessitate  the 
development  of  new  kinds  of  structural  materials  and 
new  kinds  of  test  facilities.  In  addition,  it  is  true  for 
less  severe  applications  such  as  manned  airplanes,  where 
the  effects  of  high  temperatures  on  the  common  engi- 
neering properties  of  existing  materials  are  so  inade- 
quate^7 known  that  the  designer  lacks  the  handbook 
data  he  needs  to  arrive  at  an  efficient,  j7et  safe,  design. 
In  effect,  heat  has  introduced  a new  dimension  in  all 
material  problems;  strain-rate  effects,  changes  in  mod- 
ulus, creep,  stress  rupture,  thermal  stress,  thermal 
conductivity,  and  many  other  temperature-linked  char- 
acteristics, which  heretofore  could  be  ignored,  will  have 
to  be  taken  into  consideration  in  the  future.  Some  of 
these  problems  are  under  attack  on  several  fronts. 

The  tensile  properties  of  a number  of  structural  ma- 
terials under  rapid-heating  conditions  were  determined 
by  means  of  a new  type  of  test  (a  so-called  rapid-heating 
test)  in  which  the  material  is  first  loaded  and  then 
heated  at  various  heating  rates  until  yield  and  failure 
occur.  Sheet  materials  used  in  this  investigation  in- 
cluded 7075-T6  and  2024-T3  aluminum  allo37s  (Tech- 
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nical  Note  3462,  reported  in  the  Fort}7-first,  1955,  An- 
nual Report),  Inconel  andRS-120  titanium  alloy  (Tech- 
nical Note3731),HK3lXA-H24magnesium  alloy  (Tech- 
nical Note  3742), and  AZ31A-0  magnesium  alloy  (Tech- 
nical Note  3752).  In  these  tests,  heating  rates  have 
been  varied  from  0.2°  to  100°F  per  second.  At  the 
higher  heating  rates,  the  materials  were  found  to  be 
stronger,  in  general,  than  under  constant- temperature 
conditions  when  loaded  at  a strain  rate  of  0.002  per 
minute.  In  most  cases,  yield  stress,  rupture  stress,  and 
temperature  have  been  found  to  be  correlated  by  means 
of  a temperature-rate  parameter.  Some  of  the  ma- 
terials, such  as  the  new  bigh-temperature  magnesium 
alloy  HK31XA-H24,  exhibited  a marked  increase  in 
strength  at  high  heating  rates  in  the  high- temperature 
region.  Other  materials,  such  as  2024-T3  aluminum 
alloy  and  RS-120  titanium  alloy,  behaved  in  a ver}7 
complicated  manner  under  rapid  heating. 

In  an  investigation,  conducted  at  the  University  of 
Alabama  under  NACA  sponsorship,  the  fatigue  strengths 
at  10  million  cycles  of  two  of  the  more  promising  tita- 
nium allo}7s,  3Mn  Complex  and  3Al-5Cr,  were  deter- 
mined at  200°,  400°,  600°,  800°,  and  1,000°F.  Data  of 
this  sort  are  needed  for  the  evaluation  of  these  new 
alloys  of  titanium  before  the  role  they  can  play  in  the 
solution  of  some  phases  of  the  high-temperature  prob- 
lem can  be  predicted. 

The  use  of  thermal  insulation  on  the  surface  of  struc- 
tural materials  is  one  of  several  possible  methods  of 
defeating  the  adverse  effects  of  aerodynamically  gener- 
ated heat.  However,  there  are  many  fundamental  and 
technological  difficulties,  such  as  the  realization  of  ade- 
quate strength  of  the  coating-to-metal  bond,  which 
stand  in  the  way  of  achieving  practicable  coatings. 
Results  of  an  investigation  conducted  at  the  National 
Bureau  of  Standards  and  reported  in  Technical  Note 
3679  show  that  copper  ions  in  the  coating  have  the 
effect  of  producing  a significant  increase  in  the  adhesion 
between  the  coating  and  the  surface  of  stainless  steel. 

Laminates  of  nonmetallic  materials  possess  charac- 
teristics which  uniquel}7  suit  them  for  use  in  certain 
components  of  aircraft.  The  rate  of  deterioration  of 
their  mechanical  properties  with  temperature,  however, 
is  a deterrent  to  their  use  in  very  fast  aircraft.  Future 
progress  demands  that  improved  materials  be  developed 
and  further  test  data  be  obtained  to  enable  the  designer 
to  gage  the  range  of  applicabilit}7  of  existing  laminates. 
In  an  investigation  conducted  at  the  University  of 
Illinois  and  reported  in  Technical  Note  3414  the  static- 
tension,  static-compression,  tension-creep,  and  time-to- 
fracture  characteristics  of  melamine-resin  glass-fabric 
laminates  and  silicone-resin  glass-fabric  laminates  at 
temperatures  up  to  600°F  were  determined.  In  the 
analysis  of  the  creep  data  an  equation  based  on  the 
activation-energy  theory,  which  describes  the  effects  of 
stress,  time,  and  temperature  is  reported. 


Fatigue 

Failure  by  fatigue  has  always  been  and  still  is  a 
potential  hazard  in  aircraft  structures  and  is  therefore  an 
important  subject  for  research.  Although  steady  and 
significant  progress  has  been  made  in  understanding  the 
phenomena  of  fatigue  and  in  designing  structures  that 
will  incorporate  characteristics  that  both  lessen  the 
likelihood  of  fatigue  cracks  and  preserve  the  integrity  of 
the  structure  when  a crack  does  develop,  there  are  still 
many  aspects  of  the  fatigue  problem  that  require  solu- 
tion. Among  these  is  the  stress-concentration  effect  of 
geometrical  discontinuities  on  fatigue  properties*of  air- 
craft structural  materials.  Technical  Note  3631  pre- 
sents the  results  of  axial-load  fatigue  tests  on  2024-T3 
and  7075-T6  aluminum-alloy  sheet  specimens  with 
central  holes.  Specimens  with  various  combinations  of 
hole  diameters  and  widths  were  tested  to  provide  data 
suitable  for  stud}7  of  the  geometrical  size  effect. 

In  Technical  Note  3293,  which  reports  an  investiga- 
tion conducted  at  the  National  Bureau  of  Standards, 
the  results  of  cumulative-damage  tests  of  7075S-T6  and 
2024S-T3  aluminum-all oy  sheets  under  various  loading 
conditions  are  given.  The  cumulative  damage  ratio, 
which  should  be  unity  if  the  theory  were  absolutely 
correct,  was  found  to  vary  from  0.568  to  1.440;  however, 
40  percent  of  the  cumulative  damage  ratios  were  within 
10  percent  of  unity. 

At  the  University  of  California,  a study  (Technical 
Note  3495)  was  made  of  fatigue  under  combined  re- 
peated stresses  with  superimposed  static  stress.  A 
comprehensive  critical  review  of  the  literature  where 
such  tests  were  reported  was  made.  In  addition,  tests 
were  performed  to  determine  the  effects  of  static  com- 
pression on  alternating  torsion,  which  was  the  only 
combination  that  had  received  no  previous  attention. 
The  results  were  compared  with  the  predictions  of 
theory.  It  was  shown  that  the  Orowan  theory  of  the 
effects  of  combined  stress  and  cyclic  stress  on  fatigue 
can  be  modified  to  predict  the  observed  test  results. 

In  an  investigation  conducted  at  the  Battelle  Me- 
morial Institute,  effectsof  notch  severity  on  the  initiation 
and  propagation  of  fatigue  cracks  in  and  2-inch- 
diameter  notched  bars  were  determined  in  rotating 
bending  fatigue  tests.  These  bars  consisted  of  2024S- 
T4  aluminum  alloy  with  stress  concentration  factors  of 
5.2  and  13.9.  The  results  reported  in  Technical  Note 
3685  indicate  that  cracks  initiate  in  severely  notched 
bars  earlier  than  in  unnotched  or  mildly  notched 
bars.  Discernible  cracks  occurred  at  1,000  cycles  at 
stress  levels  that  would  result  in  failure  at  200,000  to 
1,700,000  cycles.  Differences  in  results  of  the  tests  of 
the  %-  and  2-inch-diameter  bars  indicated  a size  effect, 
which  was  attributed  to  residual  stresses  in  the  larger 
bars. 

Fatigue  stressing  and  the  accumulation  of  damage 
have  effects  on  the  internal  friction  of  metals  and  alloys. 
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Internal  friction  measurements  are  therefore  useful  in 
the  study  of  the  fundamentals  of  fatigue.  In  an  inves- 
tigation conducted  at  the  California  Institute  of  Tech- 
nology and  reported  in  Technical  Note  3755,  a corre- 
lation of  internal  friction  and  torsional  fatigue  was 
made  at  various  temperatures.  The  results  indicated 
the  existence  of  a critical  temperature  at  which  fatigue 
life  reached  a minimum,  and  the  effect  of  this  tempera- 
ture on  internal  friction  was  found  to  be  substantial. 
In  addition,  the  recover}7  of  internal  friction  during 
periods  of  rest  after  fatigue  stressing  was  observed. 
This  recovery  was  found  to  be  dependent  on  both 
stress  level  and  temperature.  Attempts  were  made  to 
rationalize  the  relationship  between  the  changes  in  the 
characteristics  of  internal  friction  and  the  inadequately 
understood  phenomena  of  damage,  recover}7,  and  coax- 
ing in  fatigue. 

Plastic  Behavior  of  Metals 

An  understanding  of  the  plasticity  of  metals  is  essen- 
tial to  the  understanding  of  strength,  ductility,  resist- 
ance to  brittle  fracture,  workability,  and  other  proper- 
ties of  metals  which  account  for  their  usefulness  as 
aircraft  structural  materials.  The  NACA  is  conducting 
research  in  various  areas  of  this  field. 

Technical  Note  3681  reports  results  of  an  investiga- 
tion conducted  at  the  Battelle  Memorial  Institute  on  the 
plastic  behavior  of  binary  aluminum  alloys  by  internal- 
friction  methods.  Effects  of  strain  rate,  amount  of 
strain,  heat  treatment,  temperature,  and  cyclic  fre- 
quency on  internal  friction  were  determined,  and  the 
results  were  analyzed  and  rationalized  in  the  framework 
of  the  dislocation  theory  of  plasticity. 

During  plastic  deformation  of  materials,  distortions 
occur  which  are  not  predictable  by  the  usual  assumption 
of  isotropy.  Errors  in  strain  of  50  percent  and  more 
resulting  from  anisotropy  in  the  plastic  range  would 

OPERATING 

During  the  past  year,  the  NACA  has  continued  to 
conduct  research  on  various  problems  that  are  associ- 
ated with  the  operation  of  today’s  modern  high-speed 
aircraft.  It  is  recognized  that  as  the  performance  of 
the  nation’s  aircraft  is  increased  new  problems  are 
encountered  and  some  old  problems  become  more  im- 
portant in  the  day-to-day  operation  of  these  aircraft. 
Some  of  the  most  important  current  problems  include 
the  effect  of  aircraft  noise  on  aircraft  and  people; 
atmospheric  effects  such  as  icing,  turbulence,  lightning, 
temperature,  and  density;  and  flight  safety,  which  in- 
cludes crash  fire,  survival,  aircraft  braking,  visibility, 
engine  reliability,  foreign-object  damage,  and  other 
problems.  Working  with  the  NACA  Committee  on 
Operating  Problems  are  the  Subcommittee  on  Aircraft 
Noise,  the  Subcommittee  on  Meteorology  Problems, 
the  Subcommittee  on  Icing  Problems,  and  the  Subcom- 
mittee on  Flight  Safety. 


not  be  uncommon  for  some  of  the  materials  used  in 
aircraft  construction.  A series  of  tests,  described  in 
Technical  Note  3736,  are  utilized  to  establish  semi- 
empirical  relationships  between  Poisson’s  ratio  and 
the  properties  of  the  materials  as  shown  by  their  stress- 
strain  curves.  The  tests  also  show  that  there  is  no 
permanent  change  in  volume  of  the  metals  tested  after 
stressing  into  the  plastic  range. 

In  an  investigation  conducted  at  Battelle  Memorial 
Institute  and  reported  in  Technical  Note  3728,  the 
structure  of  slip  lines  developed  in  single  crystals  of 
aluminum  at  various  stages  during  tensile  deformation 
were  examined  in  an  electron  microscope.  On  the 
basis  of  experimental  results  from  this  work  and  others 
from  the  literature,  a mechanism  for  slip-band  forma- 
tion based  on  dislocation  theory  was  formulated.  The 
possible  effects  of  short-range  ordering  on  deformation 
modes  are  discussed. 

Non-Metallic  Materials 

Cotton  fabric-phenolic  laminates  are  useful  struc- 
tural materials  for  aircraft,  but  the  knowledge  of  the 
effects  of  processing  and  manufacturing  variables  on 
their  properties  is  inadequate.  In  an  investigation 
conducted  at  the  National  Bureau  of  Standards  and 
reported  in  Technical  Note  2825,  tests  were  conducted 
to  determine  strength  properties  of  (1)  several  untreated 
commercial  cotton  fabric-phenolic  sheet  laminates,  (2) 
the  same  materials  after  exposure  to  typical  postform- 
ing heating  cycles,  (3)  industrially  postformed  shapes 
made  from  one  of  these  materials,  (4)  industrially-made 
and  laboratory-molded  shapes,  and  (5)  flat  panels  post- 
formed  from  the  laboratory-molded  shapes.  It  was 
shown  that  molding  of  phenolic  laminates  may  or  may 
not  affect  the  strength,  depending  on  the  fabrication 
techniques  used. 

PROBLEMS 

The  effects  of  the  intense  noise  from  modern  aircraft 
and  missiles  present  one  of  the  most  serious  problems 
which  faces  the  civil  and  military  aircraft  operators 
today.  This  problem  offers  a great  challenge  to  our 
technical  ability  to  find  a satisfactory  solution.  The 
NACA  with  the  advice  and  active  help  of  the  Subcom- 
mittee on  Aircraft  Noise  has  expanded  its  research  on 
noise  with  particular  emphasis  on  understanding  the 
mechanisms  of  noise  production  and  noise  suppression. 
The  scope  of  the  last  several  meetings  of  this  Sub- 
committee has  been  expanded  to  be,  in  effect,  limited 
conferences  on  aircraft  noise  and  have  had  international 
participation.  These  meetings  were  arranged  to  pro- 
vide a free  and  comprehensive  discussion  of  the  noise 
problems  and  research  efforts  of  various  groups  active 
in  this  field.  The  results  of  such  meetings  have  been 
profitable:  A cooperative  effort  to  utilize  the  intellectual 
resources  and  research  facilities  of  all  concerned  with 
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aircraft  noise  is  essential  to  the  solution  of  the  noise 
problem* 

As  part  of  the  constant  NACA  effort  to  summarize, 
discuss,  and  present  recent  NACA  research  results  so 
that  industry  can  best  use  these  results  for  practical 
aircraft  applications,  technical  conferences  are  held 
when  appropriate  for  representatives  of  pertinent  seg- 
ments of  the  aircraft  industry.  On  April  17,  1956,  the 
NACA  Conference  on  Airplane  Crash-Impact  Loads, 
Crash  Injuries,  and  Principles  of  Seat  Design  for  Crash 
Worthiness  was  held  at  the  Lewis  Flight  Propulsion 
Laboratory.  The  NACA  summarized  the  results  of 
several  years'  work  in  the  field  of  crash  survival  and 
proposed  design  criteria  which,  if  applied,  could  im- 
prove aircraft  seat  design  for  crash  survival.  Civil  and 
Military  aircraft  operators,  manufacturers,  and  seat 
manufacturers  now  have  the  material  presented  at  this 
conference  as  a guide  for  seat  design.  This  material 
for  the  first  time  includes  experimental  data  from  actual 
dynamic-crash-load  studies  utilizing  actual  full-scale 
cargo,  transport,  and  fighter-type  aircraft. 

A Summary  of  results  of  most  of  the  recent  unclassi- 
fied investigations  on  operating  problems  is  presented 
in  the  following  paragraphs. 

AIRCRAFT  NOISE 

The  noises  produced  by  current  aircraft  and  missile 
power  plants  have  increased  to  such  intense  levels  that 
they  affect  the  integrity  of  aircraft  and  missile  struc- 
tures, equipment,  and  control  systems  as  well  as  pre- 
sent serious  bioacoustic,  efficiency,  and  annoyance  prob- 
lems for  persons  exposed  to  the  noises.  The  effect  of 
noises  and  related  vibrations  must  now  be  considered  as 
one  of  the  principal  elements  of  aircraft  or  missile 
design,  and  a specific  NACA  research  program  is 
directed  toward  obtaining  full  understanding  and  con- 
trol of  the  production  and  effects  of  high-intensity 
noises. 

While  the  noises  produced  by  jet  exhausts  remain  of 
primary  concern  to  the  NACA,  research  is  also  being 
conducted  on  boundary-layer  and  propeller  noise,  on 
the  effects  of  noise  on  structures,  and  on  propagation  of 
noise  through  the  atmosphere. 

Jet  Noise 

NACA  research  has  established  that  jet  noise  is 
produced  by  the  turbulent  mixing  of  the  jet  exhaust 
with  the  surrounding  air;  consequently,  detailed  in- 
vestigations of  the  mixing  phenomena  are  under  way. 
One  phase  of  this  study  consisted  of  measuring  the 
turbulence  in  a subsonic  jet  by  use  of  a hot-wire  ane- 
mometer. The  results  are  described  in  Technical 
Note  3561. 

The  studies  begun  last  year  of  devices  for  altering  the 
jet  exhaust  flow  and  thereby  reducing  jet  noise  are  con- 
tinuing. Tests  on  toothed  and  ejector  nozzles  are 
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described  in  Technical  Notes  3516  and  3573.  Tests  of 
the  use  of  square,  rectangular,  and  elliptical  nozzles  for 
subsonic  jets,  as  reported  in  Technical  Note  3590,  showed 
that  simple  changes  in  jet-nozzle  shape  had  very  little 
effect  on  noise  generation.  It  is  shown  in  that  report, 
however,  that  if  the  exiting  flow  is  supersonic,  a con- 
vergent-divergent nozzle  operating  near  its  design  point 
will  produce  less  noise  than  an  ordinary  convergent 
nozzle. 

With  the  data  presented  in  Technical  Note  3591  for 
an  investigation  of  the  scaling  parameters  between 
various  jet  engines  and  model  jets,  it  is  possible  to 
estimate  the  far  noise  field  of  a jet  engine  from  its  flow 
characteristics.  Detailed  data  are  also  presented  in 
that  report  for  the  noise  field  around  a modern  jet 
engine  operating  under  static  conditions  with  and  with- 
out afterburner. 

A method  for  limiting  the  noise  received  on  the 
ground  during  takeoff  of  a jet  aircraft  is  to  control  the 
operational  techniques.  A study  of  the  effects  of  var- 
ious climbing  procedures,  reported  in  Technical  Note 
3582,  showed  that  lowest  effective  noise  levels  over  the 
largest  ground  area  will  be  obtained  when  the  aircraft  is 
climbing  on  the  steepest  flight  path  consistent  with 
minimum  safe  airspeed. 

Boundary  Layer  Noise 

In  addition  to  the  noise  problems  caused  by  a jet 
exhaust,  serious  problems  result  from  the  noise  produced 
by  the  boundary  layer  flow  over  the  surface  of  the  fuse- 
lage and  wings.  Preliminary  flight  tests  have  been 
made  to  determine  the  surface  pressure  fluctuations 
caused  by  a turbulent  boundary  layer.  The  relation  of 
boundary-layer  noise  to  Reynolds  number,  velocity, 
and  altitude  has  been  studied  and  further  work  is  being 
done  on  flight  at  high  subsonic  velocities. 

A study  by  the  California  Institute  of  Technology  of 
subsonic  and  supersonic  flow  of  air  past  rectangular 
cavities  cut  into  a flat  surface  indicated  that  the 
cavities  would  emit  a strong  acoustic  radiation.  From 
that  work  as  reported  in  Technical  Note  3487  and  the 
above  NACA  flight  tests  it  appears  that  noise  consider- 
ations may  be  a primary  factor  in  establishing  the 
limits  for  such  items  as  surface  finish  and  size  and  shape 
of  surface  cutouts  or  protuberances  for  high-speed 
aircraft. 

As  a part  of  its  work  on  aerodynamic  noises  under 
NACA  sponsorship,  the  California  Institute  of  Tech- 
nolog}7 developed  an  instrument  of  fairly  simple  design 
for  measuring  time  correlation  functions  of  two  sta- 
tionary random-input  signals.  The  device  and  its  use 
in  determining  auto-correlation  functions  are  discussed 
in  Technical  Note  3682. 

Propeller  Noise 

Instrumentation  suitable  for  making  flight  measure- 
ments of  the  free-space  sound  pressures  in  the  immedi- 
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ate  vicinity  of  a propeller  in  forward  flight  has  been 
developed  and  successfully  used  on  a fighter  airplane  up 
to  a Mach  number  of  0.72.  The  sensing  element  is  a 
capacity  microphone  housed  in  a streamlined  probe  and 
used  in  conjunction  with  an  oscillator  to  convert  the 
pressure  pulses  into  a frequency-modulated  signal  which 
is  telemetered  to  the  ground.  At  the  ground  receiving 
station,  the  telemetered  signal  is  detected  and  recorded 
on  magnetic  tape.  Subsequently,  the  recorded  signal 
is  converted  to  a varying  voltage  which  is  fed  into  a 
heterodyne  frequency  analyzer.  This  instrumentation 
is  reported  in  Technical  Note  3534. 

Effects  of  Noise  on  Structures 

NACA  research  is  continuing  on  the  problems  of 
designing  and  constructing  structures  that  will  be 
suitable  for  use  in  the  intense-noise-pressure  fields  near 
propellers  and  jets.  The  response  of  various  structural 
systems  to  acoustic  inputs,  the  stresses  encountered 
in  the  S3rstems,  the  fatigue  characteristics  of  the  s}rstems, 
and  the  effects  of  insulation  and  damping  on  the  struc- 
ture are  all  under  study.  Stress  data  has  been  obtained 
for  panels  exposed  to  discrete  and  random  noise  levels 
of  over  160  decibels.  The  fatigue  life  of  panels  was 
noted  to  decrease  markedty  for  further  nominal  in- 
creases in  the  noise  intensity  level.26  27 

Attenuation  of  Noise 

The  NACA  has  continued  its  sponsorship  of  research 
at  the  Massachusetts  Institute  of  Technology  to  deter- 
mine the  effects  of  terrain  and  atmospheric  conditions 
on  the  attenuation  of  noise.  A theoretical  and 
experimental  investigation  of  the  sound  field  about  a 
point  source  over  a plane  boundary  in  the  presence  of  a 
vertical  temperature  gradient  is  reported  in  Technical 
Note  3494.  Methods  are  presented  for  analyzing  the 
effects  of  temperature  gradients  on  the  attenuation  of 
sound  in  the  shadow  zone  of  a sound  field.  A further 
study  has  produced  a semiempirical  method  for  the 
calculation  of  a sound  field  about  a source  over  ground. 
This  stud}7  considered  the  effects  of  vertical  temperature 
as  well  as  wind  gradients  and  the  scattering  of  sound  by 
turbulence  into  the  shadow  zone  (Technical  Note  3779). 

A theoretical  study  of  the  sound  field  from  a random 
noise  source  above  ground  as  measured  by  a receiver 
with  finite  band  width  is  presented  in  Technical  Note 
3557.  It  is  shown  that  the  far  sound  field  still  contains 
two  major  regions  so  far  as  attenuation  over  ground  is 
concerned.  In  the  first  region,  the  sound  pressure  level 
decreases  approximately  6 decibels  per  doubling  of 
distance.  In  the  second  region,  however,  beyond  a 
certain  distance  from  the  source,  the  level  decreases 
monotonicalty  12  decibels  per  doubling  of  distance. 


w See  Regier  paper  listed  on  p.  78. 

See  Lassiter,  Hess,  and  Hubbard  paper  listed  on  p.  78. 


FLIGHT  SAFETY 

During  this  second  year  of  its  existence  the  NACA 
Subcommittee  on  Flight  Safety  has  not  only  monitored 
research  into  problems  direetty  related  to  safety,  such 
as  fire,  ditching,  engine  reliability,  crash  loads,  and 
crash  survival,  but  also  studied  results  of  research  in 
other  specialized  fields  so  that  they  could  be  channeled 
directly  to  aircraft  designers  and  operators  through 
their  safety  organizations  for  immediate  consideration. 
The  following  information  shows  the  results  of  varied 
research  projects  that  are  significant  for  particular 
phases  of  aircraft  operation  which  are  considered  to 
be  most  important  from  a safety  standpoint. 

Landing  Problems 

Operating  statistics  indicate  that  the  landing  phase 
of  flight  is  most  important  from  the  standpoint  of 
safety.  There  is  much  to  be  learned  about  the  many 
facets  of  the  landing  problem.  The  NACA  is  actively 
studying  many  parts  of  the  problem  and  has  during  the 
past  year  reported  the  results  obtained  with  respect 
to  landing  loads,  landing  statistics,  runway  roughness 
and  aircraft  braking.  In  addition,  the  NACA  has 
given  wide  distribution  to  the  results  obtained  by  other 
organizations  investigating  specific  phases  of  the  prob- 
lem, namely  nose-wheel  shimmy  (Technical  Memo- 
randum 1391)  and  friction  of  aircraft  tires  (Technical 
Note  3294).  In  the  first  of  these  two  reports,  general 
concepts  regarding  the  effects  of  the  condition  of  the 
tire,  the  type  of  rolling  motion,  and  the  loading  are 
discussed.  In  Technical  Note  3294,  the  results  of 
a systematic  study  to  determine  the  effects  of  tempera- 
ture and  normal  pressure  on  frictional  resistance  be- 
tween tire- tread  material  and  concrete  are  given. 
Although  these  data  are  on] y a small  part  of  the  overall 
problem,  they  do  offer  some  insight  into  the  problem 
of  tire-to-runway  friction  coefficient  problem  which  is 
being  attacked  through  both  experimental  flight  and 
laboratory  studies  at  the  NACA  Langley  Laboratory. 

In  recent  years,  propeller  reversing  has  been  em- 
ployed very  effectively  to  assist  in  braking  the  aircraft 
during  the  landing  roll  on  modern  propeller-driven 
aircraft.  A similar  reverse-thrust  device  for  the  mod- 
ern jet  aircraft  would  be  equally  useful  and  can  be 
accomplished  by  the  reversing  of  the  direction  of  the 
propulsive  jet  during  landing.  The  NACA  has  com- 
pleted an  experimental  investigation  in  which  three 
types  of  thrust  reversers  were  studied.  Models  of  a 
target  type,  a tailpipe  cascade  type,  and  a ring  cascade 
type  were  tested  and  the  effects  of  design  variables  on 
performance  and  reversed-flow  boundaries  were  de- 
termined. This  work  was  reported  in  Technical  Note 
3664  and  the  results  indicate  that  reverse-thrust 
ratios  of  from  40  to  80  percent  could  be  obtained  and 
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that  all  three  types  had  satisfactory  thrust-modulation 
characteristics.  Performance  and  operational  studies 
of  a full-scale  jet  engine  thrust  reverser  (Technical 
Note  3665)  of  the  target  type  utilized  on  a turbojet 
engine  were  also  conducted.  This  device  was  pylon 
mounted  under  the  wing  of  a cargo  airplane  to  simulate 
a jet  transport.  The  thrust  reverser  was  operated  for 
both  stationary  and  taxi  conditions,  but  the  airplane 
was  not  flown.  In  addition  to  obtaining  the  perform- 
ance of  the  thrust  reverser,  heat-rise  patterns  and 
rates  resulting  from  impingement  of  the  reversed  hot 
gases  on  a simulated  lower  wing  were  also  measured 
during  periods  of  thrust  reversal.  Reingestion  of  the 
reversed  hot  gases  into  the  engine  inlet  constituted  an 
additional  operating  problem  in  that  the  temperature 
levels  were  raised  throughout  the  engine  and  the  re- 
versed-thrust  ratio  was  reduced.  Taxi  tests  indicated 
that  at  ground  speeds  of  62  knots,  the  free-stream 
velocity  was  sufficient  to  prevent  the  reversed  gas 
flow  from  entering  the  engine  inlet. 

Fire 

The  NACA  has  continued  its  research  with  turbojet 
and  turboprop  types  of  engines  into  the  problems  of 
crash-fire  inerting  and,  in  addition,  has  been  studying 
the  problems  of  flight  fires  in  jet  aircraft.  Effective 
fire-fighting  methods  are  still  an  important  aspect 
of  the  problem.  At  the  heart  of  the  problem  is  the 
need  for  potent  fire-extinguishing  agents  which  have 
properties  that  make  them  suitable  for  use  on  aircraft. 
In  Technical  Note  3565,  the  results  of  a study  which 
explains  the  quenching  action  of  halogenated  agents  in 
the  fire-extinguishing  process  are  given.  It  is  con- 
cluded that  the  presence  of  halogen  in  an  agent  need 
not  reduce  its  fire-fighting  ability  provided  that  there 
is  enough  halogen  to  make  the  agent  noninflammable. 
The  assumption  that  halogenated  agents  act  merely 
by  chain-breaking  reactions  with  active  particles  is 
consistent  with  the  experimental  facts  available  and 
will  help  guide  the  selection  of  other  halogenated 
agents  for  further  tests  of  their  fire-fighting  properties. 

Technical  Note  3560  presents  the  results  of  an 
investigation  conducted  at  the  University  of  Cincin- 
nati under  the  sponsorship  of  the  NACA  on  the  spon- 
taneous ignition  of  lubricants  of  reduced  inflammability. 
In  the  initial  phase  of  the  investigation,  the  spon- 
taneous-ignition characteristics  of  approximately  50 
organic  compounds  were  investigated  and  observa- 
tions were  made  on  the  effects  of  structure  on  ignition. 
In  studying  compounds  of  interest  as  lubricants,  it 
was  found  that  hydrogenated  polyisobutylene  showed 
remarkable  resistance  to  spontaneous  ignition.  Re- 
sults indicate  that  those  esters  possessing  high  auto- 
ignition temperatures  have  low  molecular  weights, 
while  those  having  low  molecular  weights  in  the  lubri-. 
cant  range  show  poor  resistance  to  spontaneous  ignition. 


Gust  Alleviation 

Whenever  rough  air  is  encountered  in  flight,  the 
recommended  practice  is  to  reduce  the  speed  of  the 
airplane  to  the  design  speed  for  maximum  gust  inten- 
sity. When  encountering  rough  air,  the  pilot  does  not 
always  have  time  or  advanced  warning  so  that  he  can 
reduce  the  airspeed  to  the  design  speed.  In  these 
cases,  the  distance  and  maneuvering  required  to  reduce 
speed  may  have  an  important  bearing  on  the  loads 
imposed  on  the  airframe.  Technical  Note  3613  pre- 
sents the  results  of  an  investigation  of  the  problem 
of  reducing  the  speed  of  a jet  transport  in  flight.  It 
was  found  that  the  required  distance  was  much  greater 
for  a jet  transport  than  for  a typical  piston-engine 
transport  at  the  same  altitude.  The  distance  was  also 
found  to  increase  with  altitude  up  to  the  altitude  for 
maximum  true  airspeed.  The  increased  distance  for 
the  jet  transport  was  primarily  the  result  of  increased 
kinetic  energy  and  to  a lesser  extent  that  of  lower 
drag  coefficients.  These  results  are  believed  to  be 
qualitatively  correct  for  high-speed  transport  air- 
craft. The  use  of  aerodynamic  brakes,  thrust  re-, 
versal,  or  a climbing  maneuver  has  been  shown  to  be 
effective  in  reducing  the  distance  required  to  reach 
the  rough-air  speed. 

The  ability  of  the  human  pilot  to  fly  a precision 
course  in  rough  air  has  been  questioned  and  compared 
with  the  ability  of  an  airplane  autopilot  combination 
to  do  the  same  task.  Although  the  NACA  has  not 
studied  this  question  directly,  it  has  conducted  theo- 
retical studies  involving  various  types  of  autopilots 
in  an  attempt  to  learn  the  characteristics  of  airplane 
response  to  gusts.  The  results  of  two  such  investiga- 
tions have  been  published  in  Technical  Notes  3635 
and  3603.  The  results  given  in  the  former  report 
indicate  that  the  response  to  side  gusts  can  be  notice- 
ably reduced.  In  the  latter  report,  when  the  air- 
plane was  flown  by  various  autopilots,  the  increased 
yaw  damping  greatly  reduced  the  resonance  associated 
with  Dutch-roll  of  the  airplane.  The  addition  of  an 
autopilot  supplied  directional  stability  and  roll  stability 
and  greatly  reduced  the  yaw  and  roll  responses  to 
gusts.  Autopilots  that  held  side  forces  to  low  values 
and  provided  good  course  response  to  command 
signals  allowed  large  roll  response  to  side  gusts. 

The  NACA  has  been  studying  various  means  of 
increasing  the  smoothness  of  flight  through  rough  air, 
both  theoretically  and  experimentally.  One  of  the 
most  promising  methods  utilizes  an  autocontrol  system 
in  which  the  flaps  and  elevators  are  operated  in  accord- 
ance with  indications  of  changes  in  angle  of  attack 
to  maintain  constant  lift  and  zero  pitching  moment 
of  the  airplane.  A detailed  analysis  of  this  system 
and  its  various  refinements  is  presented  in  Technical 
Note  3597,  including  a stud}7  of  the  transient  response 
of  the  airplane  for  both  gust  disturbances  and  longi- 
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tudinal  control  inputs.  The  aerod}7namic  characteris- 
tics necessary  for  optimum  gust  alleviation  are  derived 
and  the  response  of  this  system  is  compared  with  that 
of  the  basic  airplane.  In  order  to  study  these  analyti- 
cal results  in  flight,  an  experimental  investigation  was 
conducted  with  a light  transport  airplane  whose  con- 
trols were  modified  to  the  extent  necessary  to  provide 
gust  alleviation.  The  results  indicate  that  the  gust 
alleviation  system  is  at  least  capable  of  alleviating 
the  normal  acceleration  due  to  gusts  b}r  50  percent 
at  a frequency  of  0.6  cycle  per  second,  the  natural 
frequency  of  the  airplane,  and  by  40  percent  at  a 
frequency  of  2 c}7cles  per  second.  The  airplane  can 
be  controlled  adequately  when  this  gust  alleviation 
system  is  operating. 

Other  devices  that  have  been  proposed  for  reducing 
the  acceleration  effects  of  rough  air  are  spoilers,  deflec- 
tors, and  spoiler-deflector  combinations.  These  devices 
have  been  investigated  for  both  swept-  and  unswept- 
wing  models.  The  results  have  been  reported  in 
Technical  Note  3705  and  it  would  appear  from  gust- 
tunnel  and  wind-tunnel  tests  that  a forward-located 
fixed  deflector  would  be  a practical  and  effective 
alleviator  of  gust  loads  on  an  airplane  having  unswept 
wings.  Preliminary  results  on  a model  having  a 35°- 
swept-back  wing  have  indicated  that  deflectors,  in  order 
to  have  the  same  effectiveness  as  reported  for  the 
unswept  wing  model,  would  have  to  be  located  more 
to  the  rearward  on  the  swept  wing  and  would  possibly 
require  larger  projections  if  they  are  to  have  the  same 
effectiveness  they  had  on  the  unswept-wing  airplane. 

Optimum  Flight  Paths 

The  climb  of  turbojet  aircraft,  and  the  effects  of 
.tangential  accelerations,  have  been  analytically  deter- 
mined for  minimum  time  of  climb,  climb  with  mini- 
mum fuel  consumption,  and  steepest  climb.  For  each 
flight  condition,  the  optimum  Mach  number  was  ob- 
tained from  the  solution  of  a sixth-order  equation  whose 
coefficients  are  functions  of  two  fundamental  param- 
eters: the  ratio  of  minimum  drag  in  level  flight 

to  the  thrust  and  the  Mach  number  which  represents 
the  flight  at  constant  altitude  and  maximum  lift-drag 
ratio.  Diagrams  have  been  prepared  for  the  quick 
calculation  of  the  optimum  Mach  numbers  and  the 
effect  of  acceleration  on  the  rate  of  climb  in  tropospheric 
and  stratospheric  flight. 

Airspeed  Measuring  Systems 

Accurate  determination  of  Mach  number  is  funda- 
mental to  any  detailed  flight  research  and  is  of  particular 
importance  in  the  transonic  speed  range  where  man}7 
of  the  aerodynamic  parameters  vary  markedly  with 
Mach  number.  In  order  to  conduct  extensive  research 
in  this  speed  range,  it  was  necessary  that  a suitable 
airspeed  system  be  devised.  Accordingly,  calibrations 
of  four  airspeed  systems  installed  in  a turbojet  fighter 


were  determined  in  flight  at  Mach  numbers  up  to  1.04 
by  the  NACA  radar-phototheodolite  method  (Technical 
Note  3526).  The  results  indicate  that,  of  the  systems 
investigated  (a  nose  boom,  two  different  wing-tip 
booms,  and  a fuselage-mounted  service  system),  the 
nose-boom  installation  is  the  most  suitable  for  research 
use  at  transonic  and  low  supersonic  speeds.  The 
static-pressure  error  of  the  nose-boom  s}7stem  is  small 
and  constant  above  a Mach  number  of  1.03  after  pas- 
sage of  the  fuselage  bow  shock  wave  over  the  airspeed 
head. 

The  need  for  design  information  to  provide  rigid 
tubes  to  measure  total  head  pressures  correctl}7  at 
high  angles  of  attack  and  at  high  speeds  has  arisen 
because  of  the  development  of  airplanes  having  good 
maneuverability  at  supersonic  speeds.  Conventional 
tubes,  both  rigid  and  swiveling,  are  unsatisfactory 
under  these  conditions.  In  Technical  Note  3641, 
the  results  of  wind-tunnel  tests  of  54  total-pressure 
tubes  have  been  summarized  and  data  are  presented 
on  the  effects  of  inclination  of  the  airstream  on  meas- 
ured pressures  at  subsonic,  transonic,  and  supersonic 
speeds.  These  data  are  in  a form  which  permits  a 
more  detailed  comparison  of  the  effects  of  pertinent 
design  values. 

Spin  Hazards  and  Recovery 

The  pilot’s  loss  of  orientation  during  spins,  especially 
during  unintentional  spins,  is  a rising  problem  and  has 
apparently  led  to  a number  of  recent  accidents  and 
near-accidents  with  both  trainer  and  fighter  aircraft 
during  acrobatic  maneuvers  and  after  recovery  from 
erect  spins.  In  Technical  Note  3531,  the  nature  of 
inverted  spins,  the  optimum  control  technique  for 
recovery,  and  some  of  the  apparent  reasons  for  a pilot’s 
loss  of  orientation  are  discussed.  It  is  pointed  out  that 
a pilot  in  an  inverted  spin  should  attempt  to  orient 
himself  with  respect  to  direction  of  turn  by  referring 
to  the  airplane  rate-of-turn  indicator  in  order  to  de- 
termine properly  the  direction  of  the  yawing  component 
of  the  total  spin  rotation.  Optimum  recovery  from 
the  inverted  spin  should  then  be  obtainable  by  rapidly 
reversing  the  rudder  from  full  with  this  yawing  rotation 
to  full  against  it  while  the  control  stick  is  held  full 
forward  and  laterally  neutral  and,  shortly  thereafter, 
the  stick  should  be  moved  from  full  forward  to  full 
back  while  it  is  maintained  laterally  neutral. 

The  general  policy  for  recovery  from  either  intentional 
or  accidental  spins  has  been  to  cut  off  power  as  soon  as 
possible  after  the  spin  is  initiated,  because  of  possible 
adverse  effects.  In  some  instances  however,  pilots 
have  flown  out  of  an  otherwise  uncontrollable  spin  by 
application  of  full  power  in  a propeller-driven  airplane. 
Such  results  from  power-on  spins  may  have  been  due  to 
increased  effectiveness  of  the  controls  in  the  slipstream. 
For  a jet  engine,  however,  the  situation  is  different,  and 
unpublished  data  indicate  that  thrust  alone  might  be 
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of  little  assistance.  For  both  propeller-driven  and  jet- 
propelled  airplanes,  spin  and  spin-recovery  character- 
istics may  differ  for  power-on  and  power-off  conditions, 
as  well  as  for  power-on  spins  to  the  right  and  to  the 
left.  These  differences  may  at  times  have  caused 
serious  difficult}7  in  recovering  from  spins  in  one  direc- 
tion, whereas  recoveries  from  spins  in  the  other  direc- 
tion could  be  readily  achieved.  The  differences  in 
spins  and  recoveries  may  have  been  due,  in  part,  to  the 
gyroscopic  moments  produced  by  rotating  propellers  or 
rotating  parts  of  jet  engines.  For  a jet-propelled  air- 
plane, the  rotating  parts  of  the  engine  may  continue  to 
rotate  at  nearly  full  speed  for  a long  time  after  power  is 
cut  off.  A preliminary  investigation  has  been  made 
and  reported  in  Technical  Note  3480  to  determine  the 
gyroscopic  effects  of  jet-engine  rotating  parts  on  the 
erect  spin  and  recover}7  characteristics  of  a model  of  a 
military  attack  airplane.  Results  indicate  that  rotat- 
ing parts  affected  the  spin  characteristics  differently 
depending  on  the  type  of  mass  load  distribution  and 
the  direction  of  spin. 

Control  Device  for  Personal-Owner-Type  Airplanes 

Although  most  present-day  personal-owner-type  air- 
planes possess  a slight  degree  of  inherent  spiral  stability 
in  cruising  flight,  they  show  unstable  spiral  tendencies 
under  operational  conditions.  The  main  reasons  for 
this  apparent  spiral  instability  are  a lack  of  means  for 
trimming  the  airplane  laterally  and  directionally.  A 
variation  of  lateral  and  directional  trim  with  airspeed 
and  control-system  friction  prevents  the  control  sur- 
faces from  returning  to  trim  position  after  control  de- 
flection. The  specific  problems  facing  the  pilot  of  a 
personal-owner-type  airplane  are  that  of  maintaining 
the  airplane  in  wings-level  position  during  times  when 
there  is  no  natural  horizon  reference  and  that  of  keeping 
the  airplane  from  diverging  spirally  while  he  may  be 
preoccupied  with  navigational  problems.  It  has  been 
demonstrated  that  the  pilot’s  sense  of  orientation  is 
unreliable  in  the  absence  of  a visual  reference,  as  may 
be  the  case  when  inadvertently  or  unavoidably  en- 
countering instrument  weather.  Technical  Note  3637 
describes  the  results  of  a flight  investigation  to  deter- 
mine the  effectiveness  of  an  automatic  aileron  trim 
control  device  installed  in  a personal-owner-type  air- 
plane. The  results  indicate  that  the  device  is  capable 
of  maintaining  the  airplane  in  equilibrium  over  its 
operational  speed  range  under  directional  out-of-trim 
conditions  that  would  cause  rapid  divergence  of  the 
basic  airplane.  The  device  also  prevents  excessive 
heading  wander  and  airplane  gyration  in  turbulent  air 
without  pilot  control.  A means  is  provided  for  holding 
the  airplane  in  a stabilized  turn  to  facilitate  mild 
maneuvering  through  the  use  of  the  automatic  control. 

Precision  of  Instrument  Flight  in  Helicopters 

Early  studies  of  helicopter  instrument  flight  indicated 


the  need  for  improved  handling  qualities,  particularly 
for  low-speed  flight  and  for  precision  maneuvers  such  as 
instrument  approaches,  sonar  dipping,  or  hoist  opera- 
tions. Although  a number  of  stability  parameters 
affect  the  handling  characteristics,  damping  about  the 
principal  axes  appeared  to  be  a worthwhile  subject  for 
initial  study.  Technical  Note  3537  presents  the  results 
of  a study  of  the  effects  of  increased  damping  in  roll, 
pitch,  and  yaw  on  the  instrument  flight-handling  quali- 
ties of  a single-rotor  helicopter.  Electronic  components 
were  used  to  vary  the  damping  of  the  helicopter,  and 
these  variations  were  evaluated  by  performing  precision 
maneuvers  while  flying  on  instruments.  The  studies 
indicated  that,  for  a representative  single-rotor  heli- 
copter, increased  damping  can  improve  the  accuracy  of 
the  maneuvers  and  reduce  the  effort  required  of  the 
pilot,  particularly  at  low  forward  speeds.  For  the 
speed  range  considered  (25  to  65  knots),  increased 
damping  in  roll  was  found  to  be  particularly  effective, 
much  more  effective  than  corresponding  changes  in 
yaw  and  pitch. 

AERONAUTICAL  METEOROLOGY 
Atmospheric  Turbulence 

Previously  evaluated  effective  gust  velocities,  Ue. 
from  the  data  available  for  both  convective  and  frontal 
types  of  thunderstorms  have  been  converted  to  the 
recently  defined  derived  gust  velocities,  Ude,  which 
take  into  account  the  variations  with  altitude  of  the 
airplane  response  to  gusts.  The  results,  given  in 
Technical  Note  3538,  indicate  that  the  intensities  of 
the  derived  gust  velocities  are  essentially  constant  for 
altitudes  up  to  approximately  20,000  feet  in  thunder- 
storms and  that  an  approximate  10-percent  reduction 
in  the  intensity  occurs  as  altitude  is  increased  to  30,000 
feet. 

The  NACA  provided  the  Cambridge  Research  Center 
of  the  Air  Force  with  a VGH  recorder  for  measuring 
turbulence  in  a flight  investigation  of  the  jet  stream 
and  the  Sierra  Mountain  Wave.  Evaluation  of  the 
data  showed  that  the  turbulence  encountered  during 
the  flights  was  generally  light. 

A review  was  made  of  available  information  concern- 
ing continuous  operation  of  airplanes  through  rough  air 
at  low  altitudes  and  high  speeds.  From  the  stand- 
points of  crew  efficiency  and  flight  precision,  it  appears 
that  reductions  in  the  loads  and  motions  due  to  turbu- 
lent air  to  about  one-third  of  those  for  present  opera- 
tional airplanes  may  be  required  for  low-altitude  flight. 
A study  of  design  features  indicated  that  the  major 
factors  that  effect  such  reductions  are  increased  wing 
loadings  and  reduced  lift-curve  slopes.  Reductions  in 
lift-curve  slopes  accompany  low-aspect-ratio,  swept- 
back,  and  flexible  wings.  Changes  in  stability  for  air- 
planes with  satisfactory  stability  characteristics  were 
not  significant  when  the  loads  were  changed  in  rough 
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air.  For  configurations  with  low  damping,  which  causes 
amplification  of  the  loads  in  continuous  turbulence,  the 
use  of  augmented  damping  can  result  in  significant 
reductions  in  loads. 

Characteristics  of  Icing  Cloud 

A statistical  survey  and  a preliminary  analysis  were 
made  of  icing  data  collected  from  scheduled  flights  over 
the  United  States  and  Canada  from  November  1951  to 
June  1952  by  airline  aircraft  equipped  with  NACA 
pressure-type  icing-rate  meters.  Over  600  icing  en- 
counters were  logged  by  three  airlines  operating  in  the 
United  States,  one  operating  in  Canada,  and  one  oper- 
ating up  the  Pacific  Coast  to  Alaska.  The  data  provide 
relative  frequencies  of  icing  cloud  variables  such  as 
horizontal  extent  of  icing,  vertical  thickness  of  icing 
clouds,  air  temperature,  icing  rate,  liquid-water  content, 
and  total  ice  accumulation. 

Liquid-water  contents  were  higher  than  those  from 
earlier  research  flights  in  layer-type  clouds  but  slightly 
lower  than  previous  ones  from  cumulus  clouds.  Broken- 
cloud  conditions,  indicated  by  intermittent  icing,  ac- 
counted for  nearly  one-half  of  all  the  icing  encounters. 
About  90  percent  of  the  encounters  did  not  exceed  a 
distance  of  120  miles,  and  continuous  icing  did  not 
exceed  50  miles  for  90  percent  of  the  unbroken  condi- 
tions. Icing-cloud  thicknesses  measured  during  climbs 
and  descents  were  less  than  4,500  feet  for  90  percent  of 
the  vertical  cloud  traverses. 

ICING  PROBLEMS 
Droplet  Impingment 

Experimental  studies  have  been  made  in  the  NACA 
icing  tunnel  to  determine  the  effect  of  a flapped  trun- 
cated airfoil  on  surface  velocity  distribution  and  droplet- 
impingement  rates  and  limits.  A 6-foot-chord  NACA 
65i-212  airfoil  was  cut  successively  at  the  50-  and  30- 
percent-chord  stations  to  produce  the  truncated  airfoil 
sections,  which  were  equipped  with  trailing-edge  flaps 
to  alter  the  flow  field.  The  results  indicated  that  the 
correct  use  of  such  airfoils  may  permit  impingement  and 
icing  studies  to  be  conducted  with  full-scale  leading-edge 
sections  in  existing  small  icing  tunnels. 

The  paths  of  icing  cloud  droplets  into  two  engine 
inlets  have  been  calculated  (Technical  Note  3593)  for 
0°  angle  of  attack  and  for  a wide  range  of  meteorological 
and  flight  conditions.  In  both  t}7pes  of  inlets,  the  inlet 
air  velocity  of  one  being  0.7  that  of  the  other,  a prolate 
ellipsoid  of  revolution  (10  percent  thick)  represents 
either  part  or  all  of  the  forebody  at  the  center  of  an 
annular  inlet  to  an  engine.  The  configurations  can  also 
represent  the  fuselage  of  an  airplane  with  side  ram- 
scoop  inlets.  Results  indicated  that  the  amount  of 
water  ingested  is  not  sensitive  to  small  changes  in  shape 
of  the  outer  wall,  that  impingement  on  the  cowl  (i.  e., 


amount  and  distribution)  is  quite  sensitive  to  the 
physical  shape  and  surface  condition  of  the  wall,  and 
that  the  use  of  screens  and  boundaiy-layer-removal 
scoops  at  the  entrance  requires  careful  design  because  of 
the  shadow  zone  (zero  water  concentration)  and  regions 
of  high  concentration.  In  addition,  a general  concept 
showed  that  lowering  the  inlet  velocity  ratio  lowers  the 
ingestion  efficiency. 

The  impingement  characteristics  of  several  other 
bodies  have  been  obtained  from  droplet- trajectory  cal- 
culations. For  an  NACA  65A004  airfoil  at  0°  angle  of 
attack,  the  amount  of  water  in  droplet  from  impinging 
on  the  airfoil,  the  area  of  droplet  impingement,  and  the 
rate  of  droplet  impingement  per  unit  area  of  the  airfoil 
surface  were  calculated  as  given  in  Technical  Note  3586. 
The  results  were  compared  with  those  previously  re- 
ported for  the  same  airfoil  at  angles  of  attack  of  4°  and 
8°. 

For  a sphere  in  an  ideal  fluid  flow,  droplet  impinge- 
ment data  and  equations  for  determining  the  collection 
efficiency,  the  area,  and  the  distribution  of  impingement 
have  been  presented  in  terms  of  dimensionless  para- 
meters (Technical  Note  3587).  The  range  of  flight  and 
atmospheric  conditions  covered  in  the  calculations  was 
extended  considerably  beyond  the  range  covered  by 
previously  reported  calculations  for  a sphere. 

A study  has  also  been  made  of  water-droplet  impinge- 
ment on  a rectangular  half  body  in  a two-dimensional 
incompressible  flow  field  (Technical  Note  3658).  Data 
on  collection  efficienc}7  and  distribution  of  water-droplet 
impingement  were  obtained  b}7  means  of  a mechanical 
differential  analyzer. 

Icing  Protection 

A better  understanding  of  the  performance  and  penal- 
ties of  pneumatic  de-icers  can  aid  in  selecting  ice-protec- 
tion systems  for  aircraft.  According^7,  an  evaluation  in 
icing  conditions  was  made  of  two  t}7pes  of  pneumatic 
de-icers,  one  having  spanwise  inflatable  tubes  and  the 
other  having  chordwise  inflatable  tubes  (Technical 
Note  3564).  Measurements  were  made  to  determine 
lift,  drag,  and  pitching-moment  changes  caused  by 
inflation  of  the  de-icer  boots  and  by  ice  formations  on 
the  boots.  In  order  to  help  determine  the  aerod}7namic 
effects  of  size  and  location  of  ridge-type  ice  formations 
on  an  airfoil,  spanwise  spoilers  mounted  on  the  airfoil 
at  various  chordwise  locations  were  also  studied. 

A preliminary  experimental  study  was  conducted  to 
determine  the  feasibilit}7  of  preventing  rain  from 
impinging  on  aircraft  windshields  by  use  of  a high- 
velocity  jet-air  blast.  By  this  means,  raindrops  are 
broken  up  into  a multitude  of  small  droplets  by  the  jet- 
air  blast  and  deflected  around  the  windshield.  The 
deflection  appears  feasible  for  flight  speeds  up  to  150 
miles  per  hour  for  low-angle  (35°  or  less)  windshields. 
However,  visibility  through  the  mist  generated  by 
raindrop  breakup  is  a problem  requiring  solution. 
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Part  II— COMMITTEE  ORGANIZATION  AND  MEMBERSHIP 


The  National  Advisory  Committee  for  Aeronautics 
was  established  by  Act  of  Congress  approved  March  3, 
1915  (U.  S.  Code,  title  50,  sec.  151).  The  Committee 
consists  of  seventeen  members  appointed  by  the  Presi- 
dent,  and  includes  two  representatives  each  of  the 
Department  of  the  Ah  Force,  the  Department  of  the 
Navy,  and  the  Civil  Aeronautics  Authority7;  one  repre- 
sentative each  of  the  Smithsonian  Institution,  the 
United  States  Weather  Bureau,  and  the  National 
Bureau  of  Standards;  and  “one  Department  of  Defense 
representative  who  is  acquainted  with  the  needs  of 
aeronautical  research  and  development.”  In  addition 
seven  members  are  appointed  for  five-year  terms  from 
persons  “acquainted  with  the  needs  of  aeronautical 
science,  either  civil  or  military,  or  skilled  in  aeronautical 
engineering  or  its  allied  sciences.”  The  representatives 
of  the  Government  organizations  serve  for  indefinite 
periods,  and  all  members  serve  as  such  without  com- 
pensation. 

The  following  changes  in  membership  have  taken 
place  during  the  past  year: 

The  Committee  lost  a valuable  member  by  the  death 
on  January  4,  1956,  of  Mr.  Ralph  S.  Damon,  President 
of  Trans  World  Air  Lines,  Inc.,  who  had  been  serving 
as  Chairman  of  the  important  NACA  Committee  on 
Operating  Problems.  In  its  tribute  to  Mr.  Damon's 
memory,  the  NACA  at  its  meeting  on  January  19,  1956, 
said:  “His  intelligence,  enthusiasm,  sound  judgment, 
and  high  qualities  of  integrity  and  sincerity,  together 
with  his  wealth  of  experience,  enabled  him  to  support 
most  effectively  the  responsibilities  of  the  Committee 
and  to  provide  highly  competent  leadership.” 

To  succeed  Mr.  Damon,  President  Eisenhower  on 
April  14,  1956,  appointed  the  well-known  World  War  I 
ace  and  aviation  executive,  Captain  Edward  V.  Ricken- 
backer,  Chairman  of  the  Board  of  Eastern  Air  Lines, 
Inc.,  to  membership  on  the  NACA. 

On  January  6,  1956,  the  President  appointed  Hon. 
Clifford  C.  Furnas,  Assistant  Secretary  of  Defense 
(Research  and  Development),  a member  of  NACA. 
Dr.  Furnas  succeeded  Hon.  Donald  A.  Quarles,  Secre- 
tary of  the  Air  Force,  who  had  previously  served  in 
Dr.  Furnas'  present  post  in  the  Department  of  Defense. 

Vice  Admiral  William  V.  Davis,  USN,  Deputy  Chief 
of  Naval  Operations  (Ah),  was  appointed  a member  of 
the  NACA  on  August  2,  1956,  succeeding  Vice  Admiral 
Thomas  S.  Combs,  who  had  just  been  detached  from  the 
same  Navy  post  and  assigned  to  other  duty. 

In  accordance  with  the  regulations  of  the  Committee 
as  approved  by  the  President,  the  chairman  and  vice 
SO 


chairman  and  the  chairman  and  vice  chairman  of  the 
Executive  Committee  are  elected  annually. 

Prior  to  the  annual  meeting  of  the  NACA  on  October 
17,  1956,  Dr.  Jerome  C.  Hunsaker,  who  had  been  chair- 
man since  August  1941,  indicated  his  desire  to  retire 
from  the  chairmanship  of  the  NACA  and  of  the  Execu- 
tive Committee.  At  the  meeting  the  NACA  elected 
Dr.  James  H.  Doolittle  chairman  of  the  NACA  and  of 
the  Executive  Committee.  Dr.  Leonard  Carmichael 
was  re-elected  vice  chairman  of  the  NACA  and  Dr. 
Detlev  W.  Bronk  vice  chairman  of  the  Executive 
Committee. 

The  Committee  membership  is  as  follows: 

James  II.  Doolittle,  Sc.  D.,  Shell  Oil  Company,  Chairman. 
Leonard  Carmichael,  Ph.  D.,  Secretary,  Smithsonian  Institution, 
Vice  Chairman. 

Joseph  P.  Adams,  LL.  B.,  Vice  Chairman,  Civil  Aeronautics 
Board. 

Allen  V.  Astin,  Ph.  D.,  Director,  National  Bureau  of  Standards. 
Preston  R.  Bassett,  M.  A.,  Vice  President,  Sperry  Rand  Corpora- 
tion. 

Detlev  W.  Bronk,  Ph.  D.,  President,  Rockefeller  Institute  for 
Medical  Research. 

Frederick  C.  Crawford,  Sc.  D.,  Chairman  of  the  Board,  Thomp- 
son Products,  Inc. 

William  V.  Davis,  Jr.,  Vice  Admiral,  United  States  Navy, 
Deputy  Chief  of  Naval  Operations  (Air). 

Clifford  C.  Furnas,  Ph.  D.,  Assistant  Secretary  of  Defense 
(Research  and  Development). 

Jerome  C.  Hunsaker,  Sc.  D.,  Massachusetts  Institute  of  Tech- 
nology. 

Carl  J.  Pfingstag,  Rear  Admiral,  United  States  Navy,  Assistant 
Chief  for  Field  Activities,  Bureau  of  Aeronautics. 

Donald  L.  Putt,  Lieutenant  General,  United  States  Air  Force, 
Deputy  Chief  of  Staff,  Development. 

Arthur  E.  Raymond,  Sc.  D.,  Vice  President— Engineering, 
Douglas  Aircraft  Company,  Inc. 

Francis  W.  Reichelderfer,  Sc.  D.,  Chief,  United  States  Weather 
Bureau. 

Edward  V.  Rickenbacker,  Sc.  D.,  Chairman  of  the  Board,  Eastern 
Air  Lines,  Inc. 

Louis  S.  Rothschild,  Under  Secretary  of  Commerce  for  Trans- 
portation. 

Nathan  F.  Twining,  General,  United  States  Air  Force,  Chief  of 
Staff. 

Assisting  the  Committee  in  its  coordination  of  aero- 
nautical research  and  the  formulation  of  its  research 
programs  are  four  main  technical  committees : Aerody- 
namics, Power  Plants  for  Aircraft,  Aircraft  Construc- 
tion, and  Operating  Problems.  Each  of  these  commit- 
tees is  assisted  by  four  or  more  subcommittees.  Effec- 
tive January7  1,  1956,  two  new  subcommittees  were 
established  under  the  Committee  on  Aerodynamics  in 
place  of  the  Subcommittee  on  Stability  and  Control, 
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namely:  Aerochmamic  Stability  and  Control,  and  Auto- 
matic Stabilization  and  Control.  This  action  was  taken 
because  of  the  increase  in  the  importance  of  the  prob- 
lems of  automatic  stabilization  and  control  in  connec- 
tion with  both  piloted  aircraft  and  missiles. 

The  Committee  is  advised  on  matters  of  policy 
affecting  the  aircraft  industry  by  an  Industiy  Consult- 
ing Committee. 

The  membership  of  the  committees  and  their  sub- 
committees is  as  follows: 

COMMITTEE  ON  AERODYNAMICS 

Mr.  Preston  R.  Bassett,  Vice  President,  The  Sperry  Rand  Corp., 
Chairman. 

Dr.  Theodore  P.  Wright,  Vice  President  for  Research,  Cornell 
University,  Vice  Chairman. 

Col.  Daniel  D.  McKee,  USAF,  Wright  Air  Development  Center. 
Rear  Adm.  W.  A.  Schoech.  USN,  Assistant  Chief  of  the  Bureau  of 
Aeronautics  for  Research  and  Development,  Department  of 
the  Navy. 

Mr.  F.  A.  Louden,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Dr.  H.  H.  Kurzweg,  Associate  Technical  Director  for  Aero- 
ballistic  Research,  Naval  Ordnance  Laboratory. 

Maj.  Gen  August  Schomburg,  USA,  Assistant  Chief  of  Ordnance 
for  Research  and  Development,  DejDartment  of  the  Army. 

Mr.  D.  M.  Thompson,  Office  of  the  Chief  of  Transportation, 
Department  of  the  Army. 

Mr.  Harold  D.  Hoekstra,  Civil  Aeronautics  Administration. 

Dr.  Hugh  L.  Dryden  (ex  officio). 

Mr.  Floyd  L.  Thompson,  NACA  Langley  Aeronautical  Labora- 
tory. 

Mr.  Russell  G.  Robinson,  NACA  Ames  Aeronautical  Laboratory. 
Capt.  W.  S.  Diehl,  USN  (Ret.). 

Mr.  L.  L.  Douglas.  Vice  President — Engineering,  VERTOL 
Aircraft  Corp. 

Rear  Adm.  R.  S.  Hatcher,  USN  (Ret.),  Professor  and  Chairman, 
Department  of  Aeronautical  Engineering,  New  York  Univer- 
sity. 

Mr.  Clarence  L.  Johnson,  Chief  Engineer,  Lockheed  Aircraft 
Corp. 

Dr.  A.  Kartveli,  Vice  President — Engineering,  Republic  Aviation 
Corp. 

Mr.  Schuyler  Kleinhans,  Assistant  Chief  Engineer,  Santa 
Monica  Division,  Douglas  Aircraft  Co. 

Dr.  Albert  E.  Lombard,  Jr.,  Director  of  Research,  McDonnell 
Aircraft  Corp. 

Dr.  Clark  B.  Millikan,  Director,  Daniel  Guggenheim  Aero- 
nautical Laboratory,  California  Institute  of  Technology. 

Dr.  William  J.  O'Donnell,  Assistant  Chief  Engineer — Develop- 
ment and  Experimental,  Republic  Aviation  Corp. 

Mr.  Kendall  Perkins,  Vice  President — Engineering,  McDonnell 
Aircraft  Corp. 

Mr.  II.  A.  Storms,  Jr.,  Chief,  Technical  Engineering,  North 
American  Aviation,  Inc. 

Mr.  Charles  Tilgner,  Jr.,  Chief  Aeronautical  Engineer  (Staff), 
Grumman  Aircraft  Engineering  Corp. 

Mr.  George  S.  Trimble,  Jr.,  Vice  President — Chief  Engineer, 
The  Martin  Co. 

Mr.  Robert  J.  Woods,  Chief  Design  Engineer,  Bell  Aircraft  Corp. 

Mr.  Milton  B.  Ames,  Jr.,  Secretary 


Subcommittee  on  Fluid  Mechanics 

Dr.  William  R.  Sears,  Cornell  University,  Chairman. 

Maj.  Eugene  W.  Geniesse,  USAF,  Air  Research  and  Develop- 
ment Command. 

Mr.  E.  Haynes,  Air  Research  and  Development  Command. 

Mr.  Phillip  Eisenberg,  Office  of  Naval  Research,  Department  of 
the  Navy. 

Mr.  John  D.  Nicolaides,  Bureau  of  Ordnance,  Department  of 
the  Navy. 

Dr.  Joseph  Sternberg,  Ballistic  Research  Laboratories,  Aberdeen 
Proving  Ground. 

Dr.  G.  B.  Schubauer,  Chief,  Fluid  Mechanics  Section,  National 
Bureau  of  Standards. 

Dr.  Adolf  Busemann,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  John  Stack,  NACA  Langley  Aeronautical  Laboratory. 

Dr.  D.  R.  Chapman,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Robert  T.  Jones,  NACA  Ames  Aeronautical  Laboratory. 

Dr.  John  C.  Evvard,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Prof.  Walker  Bleakney,  Princeton  University. 

Dr.  J.  V.  Char\'k,  Aeronutronics  Systems,  Inc. 

Dr.  Francis  H.  Clauser,  The  Johns  Hopkins  University. 

Dr.  Wallace  D.  Hayes,  Princeton  University. 

Dr.  Hans  W.  Liepmann,  California  Institute  of  Technology. 

Prof.  C.  C.  Lin,  Massachusetts  Institute  of  Technology. 

Prof.  Wilbur  C.  Nelson,  Chairman,  Aeronautical  Engineering 
Department,  University  of  Michigan. 

Prof.  E.  L.  Resler,  Jr.,  Cornell  University. 

Mr.  Ernest  O.  Pearson,  Jr.,  Secretary. 

Subcommittee  on  High-Speed  Aerodynamics 

Dr.  Clark  B.  Millikan,  Director,  Daniel  Guggenheim  Aeronau- 
tical Laboratory,  California  Institute  of  Technology,  Chair- 
man. 

Maj.  Eugene  W.  Geniesse,  Jr.,  USAF,  Air  Research  and  Develop- 
ment Command. 

Mr.  Joseph  Flatt,  Wright  Air  Development  Center. 

Mr.  Oscar  Seidman,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Dr.  H.  H.  Kurzweg,  Associate  Technical  Director  for  Aero- 
ballistic  Research,  Naval  Ordnance  Laboratory. 

Mr.  C.  L.  Poor,  3d,  Chief,  Exterior  Ballistics  Laboratory, 
Ballistic  Research  Laboratories,  Aberdeen  Proving  Ground. 

Mr.  John  Beebe,  Office  of  the  Chief  of  Transportation,  Depart- 
ment of  the  Army. 

Mr.  John  Stack,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  II.  Julian  Allen,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Abe  Silverstein,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Mr.  Walter  C.  Williams,  NACA  High-Speed  Flight  Station. 

Mr.  John  R.  Clark,  Assistant  Chief  Engineer,  Chance  Vought 
Aircraft,  Inc. 

Mr.  Philip  A.  Colman,  Chief  Preliminary  Design  Engineer, 
Lockheed  Aircraft  Corp. 

Mr.  Alexander  H.  Flax,  Vice  President — Technical  Operations, 
Cornell  Aeronautical  Laboratory,  Inc. 

Mr.  L.  P.  Greene,  Chief  Aenxhmamicist,  North  American 
Aviation,  Inc. 

Mr.  Robert  L.  Gustafson,  Chief  of  Aerodynamics,  Grumman 
Aircraft  Engineering  Corp. 

Mr.  C.  J.  Koch,  The  Martin  Co. 

Mr.  John  G.  Lee,  Director  of  Research,  United  Aircraft  Corp. 

Mr.  David  S.  Lewis,  Jr.,  McDonnell  Aircraft  Corp. 

Mr.  Harlowe  J.  Longfelder,  Chief — Preliminary  Design,  Seattle 
Division,  Boeing  Airplane  Co. 
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Prof.  John  R.  Markham,  Professor  of  Aeronautical  Engineering, 
Massachusetts  Institute  of  Technology. 

Mr.  K.  E.  Van  Every,  Chief,  Aerodynamics  Section,  El  Segundo 
Division,  Douglas  Aircraft  Co.,  Inc. 

Mr.  Albert  J.  Evans,  Secretary 
Subcommittee  on  Aerodynamic  Stability  and  Control 

Capt.  W.  S.  Diehl,  USN  (Ret.),  Chairman. 

Mr.  Melvin  Shorr,  Wright  Air  Development  Center. 

Mr.  Jerome  Teplitz,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Mr.  L.  L.  Liccini,  Bureau  of  Ordnance,  Department  of  the  Navy. 

Maj.  William  H.  Brabson,  Jr.,  USA,  Office  of  the  Chief  of  Re- 
search and  Development,  Department  of  the  Army. 

Mr.  John  A.  Carran,  Civil  Aeronautics  Administration. 

Mr.  Thomas  A.  Harris,  NACA  Langley  Aeronautical  Laboratory. 

Dr.  J.  N.  Nielsen,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Hubert  M.  Drake,  NACA  High-Speed  Flight  Station. 

Mr.  M.  J.  Abzug,  Douglas  Aircraft  Co.,  Inc. 

Prof.  Joseph  Bicknell,  Massachusetts  Institute  of  Technology. 

Mr.  E.  A.  Bonney,  Applied  Physics  Laboratory,  The  Johns 
Hopkins  University. 

Mr.  J.  E.  Goode,  Jr.,  Convair,  Division  of  General  Dynamics 
Corp. 

Mr.  George  S.  Graff,  Chief  of  Aerodynamics,  McDonnell  Aircraft 
Corp. 

Mr.  William  T.  Hamilton,  Chief  Aerodynamics  Engineer,  Boeing 
Airplane  Co. 

Mr.  Maxwell  W.  Hunter,  Assistant  Chief  Project  Engineer — 
Missiles,  Douglas  Aircraft  Co.,  Inc. 

Mr.  R.  B.  Katkov,  Northrop  Aircraft,  Inc. 

Mr.  Conrad  A.  Lau,  Chance  Vouglit  Aircraft,  Inc. 

Mr.  W.  F.  Miiliken,  Jr.,  Manager,  Flight  Research,  Cornell 
Aeronautical  Laboratory,  Inc. 

Mr.  Frank  J.  Mulholland,  Assistant  Chief  Development  Engineer, 
Republic  Aviation  Corp. 

Mr.  Jack  D.  Brewer,  Secretary 

Subcommittee  on  Automatic  Stabilization  and  Control 

Mr.  Warren  E.  Swanson,  North  American  Aviation,  Inc.  Chair- 
man. 

Mr.  George  L.  Yingling,  Wright  Air  Development  Center. 

Mr.  William  Koven,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Mr.  Marvin  Schuldenfrei,  Bureau  of  Aeronautics,  Department 
of  the  Navy. 

Mr.  J.  M.  Lee,  Bureau  of  Ordnance,  Department  of  the  Navy. 

Mr.  Paul  R.  Miles,  Signal  Corps  Engineering  Laboratories. 

Mr.  Charles  W.  Mathews,  NACA  Langley  Aeronautical  Labo- 
ratory. 

Mr.  Harry  J.  Goett,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  M.  J.  Abzug,  Douglas  Aircraft  Co.,  Inc. 

Mr.  Frank  A.  Gaynor,  General  Electric  Co. 

Dr.  William  J.  Jacobi,  The  Ramo- Wooldridge  Corp. 

Mr.  W.  F.  Miiliken,  Jr.,  Manager,  Flight  Research,  Cornell 
Aeronautical  Laboratory,  Inc. 

Mr.  Louis  A.  Payne,  Convair,  Division  of  General  Dynamics 
Corp. 

Mr.  Thomas  L.  Phillips,  Raytheon  Manufacturing  Co. 

Mr.  Donald  J.  Povejsil,  Westinghouse  Electric  Corp. 

Dr.  Allen  E.  Puckett,  Head,  Missile  Aerodynamics  Department, 
Hughes  Aircraft  Co. 

Mr.  O.  H.  Schuck,  Minneapolis-Honeywell  Regulator  Co. 

Dr.  Robert  C.  Seamans,  Jr.,  RCA  Aviation  Systems  Laboratory. 

Mr.  Bernard  Maggin,  Secretary 


Subcommittee  on  Internal  Flow 

Dr.  William  J.  O’Donnell,  Assistant  Chief  Engineer — Develop- 
ment and  Experimental,  Republic  Aviation  Corp.,  Chairman. 

Mr.  Frederick  T.  Rail,  Jr.,  Wright  Air  Development  Center. 

Mr.  Robert  E.  Roy,  Wright  Air  Development  Center. 

Mr.  R.  T.  Miller,  Bureau  of  Aeronautics,  Department  of  the 
Navy. 

Dr.  Thomas  W.  Williams,  Office  of  Naval  Research,  Department 
of  the  Navy. 

Mr.  V.  S.  Kupelian,  U.  S.  Naval  Ordnance  Experimental  Unit, 
at  National  Bureau  of  Standards. 

Mr.  John  V.  Becker,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Wallace  F.  Davis,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  DeMarquis  D.  Wyatt,  NACA  Lewis  Flight  Propulsion 
Laboratory. 

Mr.  J.  S.  Alford,  General  Electric  Co. 

Mr.  Bernard  F.  Beckelman,  Boeing  Airplane  Co. 

Mr.  William  J.  Blatz,  McDonnell  Aircraft  Corp. 

Mr.  John  A.  Drake,  Director  of  Long-Range  Planning  and 
Research  Programs,  Marquardt  Aircraft  Co. 

Mr.  Harry  Drell,  Group  Engineer — Power  Plant  Analysis,  Lock- 
heed Aircraft  Corp. 

Dr.  Antonio  Ferri,  Polytechnic  Institute  of  Brooklyn. 

Mr.  Donald  J.  Jordan,  Pratt  & Whitney  Aircraft,  United  Air- 
craft Corp. 

Mr.  M.  A.  Sulkin,  Chief  Thermodynamicist,  North  American 
Aviation,  Inc. 

Mr.  William  M.  Zarkowsky,  Chief  of  Propulsion,  Grumman 
Aircraft  Engineering  Corp. 

Mr.  Albert  J.  Evans,  Secretary 
Subcommittee  on  Propellers  for  Aircraft 

Mr.  D.  H.  Jacobson,  Aeroproducts  Operations,  Allison  Division, 
General  Motors  Corp.,  Chairman. 

Capt.  William  G.  Alexander,  USAF,  Air  Research  and  Develop- 
ment Command. 

Mr.  Daniel  A.  Dickey,  Wright  Air  Development  Center. 

Lt.  Commander  Hugh  L.  H.  Collins,  USN,  Bureau  of  Aero- 
nautics, Department  of  the  Navy. 

Mr.  John  Beebe,  Office  of  the  Chief  of  Transportation,  Depart- 
ment of  the  Army. 

Mr.  John  C.  Morse,  Civil  Aeronautics  Administration. 

Mr.  Eugene  C.  Draley,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Donald  H.  Wood,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  George  W.  Brady,  Director  of  Engineering,  Propeller  Divi- 
sion, Curtiss- Wright  Corp. 

Mr.  Frank  W.  Caldwell. 

Mr.  R.  Richard  Heppe,  Department  Head,  Aerodynamics,  Lock- 
heed Aircraft  Corp. 

Mr.  R.  S.  Kelso,  Cornell  Aeronautical  Laboratory,  Inc. 

Mr.  Frank  W.  Kolk,  American  Airlines,  Inc. 

Mr.  Thomas  B.  Rhines,  Assistant  Chief  Engineer,  Hamilton 
Standard  Division,  United  Aircraft  Corp. 

Mr.  Kenneth  E.  Ward,  Convair,  Division  of  General  Dynamics 
Corp. 

Mr.  Ralph  W.  May,  Secretary 
Subcommittee  on  Seaplanes 

Rear  Adm.  R.  S.  Hatcher,  USN  (Ret.),  Professor  and  Chairman, 
Department  of  Aeronautical  Engineering,  New  York  Uni- 
versity, Chairman. 

Mr.  Robert  F.  Robinson,  Air  Research  and  Development  Com- 
mand. 

Mr.  Eugene  H.  Handler,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 
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Mr.  F.  W.  S.  Locke,  Jr.,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Mr.  Marshall  P.  Tulin,  Office  of  Naval  Research,  Department  of 
the  Navy. 

Mr.  M.  St.  Denis,  David  W.  Taylor  Model  Basin. 

Comdr.  H.  C.  Weart,  USN,  Naval  Air  Test  Center,  Patuxent. 

Mr.  Joseph  Matulaitis,  Office  of  the  Chief  of  Transportation, 
Department  of  the  Amr^. 

Capt.  Reinhold  R.  Johnson,  USCG,  Coast  Guard  Station, 
Brooklyn. 

Mr.  Robert  Rosenbaum,  Civil  Aeronautics  Administration. 

Mr.  John  B.  Parkinson,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  H.  E.  Brooke,  Chief  of  Hydrodynamics,  Convair,  Division 
of  General  Dynamics  Corp. 

Mr.  Robert  B.  Cotton,  Vice  President,  All  American  Engineer- 
ing Co. 

Mr.  C.  L.  Fenn,  Chief  Engineer,  Edo  Corp. 

Mr.  Wilfred  C.  Hugli,  Jr.,  Stevens  Institute  of  Technology. 

Mr.  Grover  Loening. 

Mr.  J.  D.  Pierson,  The  Martin  Co. 

Mr.  Ralph  W.  May,  Secretary 

Subcommittee  on  Helicopters 

Mr.  L.  L.  Douglas,  Vice  President — Engineering,  VERTOL 
Aircraft  Corp.,  Chairman. 

Mr.  Bernard  Lindenbaum,  Wright  Air  Development  Center. 

Mr.  Paul  A.  Simmons,  Jr.,  Wright  Air  Development  Center. 

Capt.  James  W.  Ivlopp,  USN,  Bureau  of  Aeronautics,  Depart- 
ment of  the  Navy. 

Mr.  T.  L.  Wilson,  Office  of  Naval  Research,  Department  of 
the  Navy. 

Lt.  Col.  M.  J.  Strok,  USA,  Office  of  the  Chief  of  Research  and 
Development,  Department  of  the  Army. 

Mr.  J.  Wallace  McDonald,  Office  of  the  Chief  of  Transportation, 
Department  of  the  Army. 

Comdr.  James  W.  Williams,  USCG,  Headquarters,  U.  S.  Coast 
Guard. 

Mr.  Herbert  H.  Slaughter,  Jr.,  Civil  Aeronautics  Administration. 

Honorable  Joseph  P.  Adams  (ex  officio),  Vice  Chairman,  Civil 
Aeronautics  Board. 

Mr.  Richard  C.  Dingeldein,  NACA  Langley  Aeronautical 
Laboratory. 

Mr.  F.  B.  Gustafson,  NACA  Langley  Aeronautical  Laboratory. 

Mr.  Charles  W.  Harper,  NACA  Ames  Aeronautical  Laboratory. 

Mr.  Friedrich  L.  V.  Doblhoff,  Chief  Engineer,  Helicopter 
Engineering  Division,  McDonnell  Aircraft  Corp. 

Mr.  Jack  E.  Gallagher,  Chief  Engineer  and  Operations  Manager, 
New  York  Airways,  Inc. 

Mr.  Bartram  Kelley,  Chief  Helicopter  Engineer,  Bell  Aircraft 
Corp. 

Mr.  Ralph  B.  Lightfoot,  Sikorsky  Aircraft,  United  Aircraft  Corp. 

Prof.  R.  H.  Miller,  Associate  Professor  of  Aeronautical  Engineer- 
ing, Massachusetts  Institute  of  Technology. 

Mr.  Charles  M.  Seibel,  Chief  Engineer,  Helicopter  Division, 
Cessna  Aircraft  Co. 

Mr.  N.  M.  Stefano,  Chief — Rotary  Wing,  Fairchild  Aircraft 
Division,  Fairchild  Engine  and  Airplane  Corp. 

Mr.  Robert  Wagner,  Chief  Engineer,  Hiller  Helicopters 

Mr.  P.  M.  Lovell,  Jr.,  Secretary 

COMMITTEE  ON  POWER  PLANTS  FOR  AIRCRAFT 

Dr.  Frederick  C.  Crawford,  Chairman  of  the  Board,  Thompson 
Products,  Inc.,  Chairman. 


Dean  C.  R.  Soderburg,  Dean  of  Engineering,  Massachusetts 
Institute  of  Technology,  Vice  Chairman. 

Col.  Donald  Heaton,  USAF,  Directorate  of  Research  and 
Development. 

Col.  John  J.  B.  Calderbank,  USAF,  Wright  Air  Development 
Center. 

Capt.  Thomas  B.  Haley,  USN,  Bureau  of  Aeronautics,  Depart- 
ment of  the  Navy. 

Col.  C.  L.  Register,  USA,  Ballistic  Research  Laboratories, 
Aberdeen  Proving  Ground. 

Lt.  Col.  Michael  J.  Strok,  USA,  Office  of  Chief  of  Research  and 
Development,  Department  of  the  Army. 

Mr.  Stephen  H.  Rolle,  Chief,  Power  Plant  Branch,  Aircraft 
Engineering  Division,  Civil  Aeronautics  Administration. 

Dr.  Hugh  L.  Dryden  (ex  officio). 

Mr.  Abe  Silverstein,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Mr.  John  G.  Borger,  Pan  American  Airways  System. 

Mr.  Allan  Chilton,  Chief  Engineer,  Aircraft  Gas  Turbine 
Division,  Westinghouse  Electric  Corp. 

Mr.  D.  Cochran,  General  Manager,  AGT  Development  Depart- 
ment, General  Electric  Co. 

Mr.  J.  T.  Cooley,  Vice  President,  California  Research  Corp. 

Mr.  Dimitrius  Gerdan,  Director  of  Engineering,  Allison  Division, 
General  Motors  Corp.  * 

Mr.  Wilton  G.  Lundquist,  Vice  President,  Curtiss-Wright 
Corp. 

Mr.  Thomas  E.  Myers,  North  American  Aviation,  Inc. 

Mr.  Wright  A.  Parkins,  General  Manager,  Pratt  & Whitney 
Aircraft,  United  Aircraft  Corp. 

Mr.  Ivar  L.  Shogran,  Douglas  Aircraft  Co.,  Inc. 

Mr.  Rudolf  H.  Thielemann,  Senior  Metallurgist,  Stanford 
Research  Institute. 

Mr.  William  H.  Woodward,  Secretary 

Subcommittee  on  Aircraft  Fuels 

Mr.  J.  L.  Cooley,  Vice  President,  California  Research  Corp., 
Chairman. 

Maj.  Eugene  Finke,  USAF,  Directorate  of  Research  and  Develop- 
ment, U.  S.  Air  Force. 

Mr.  Marc  P.  Dunnam,  Wright  Air  Development  Center. 

Comdr.  B.  L.  Towle,  USN,  Bureau  of  Aeronautics,  Department 
of  the  Navy. 

Mr.  Donald  D.  Weidhuner,  Office  of  Chief  of  Transportation, 
Department  of  the  Army. 

Mr.  N.  L.  Klein,  Office  of  the  Chief  of  Ordnance,  Department 
of  the  Army. 

Mr.  Ralph  S.  White,  Civil  Aeronautics  Administration. 

Mr.  Henry  C.  Barnett,  NACA  Lewis  Flight  Propulsion  Lab- 
oratory. 

Dr.  D.  P.  Barnard,  Standard  Oil  Co.  of  Indiana. 

Mr.  A.  J.  Blackwood,  Esso  Research  and  Engineering  Co. 

Mr.  C.  S.  Brandt,  Convair,  Division  of  General  Dynamics  Corp. 

Mr.  F.  G.  Dougherty,  Allison  Division,  General  Motors  Corp. 

Mr.  E.  A.  Droegemueller,  Pratt  & Whitney  Aircraft,  United 
Aircraft  Corp. 

Mr.  D.  N.  Harris,  Shell  Oil  Co. 

Dr.  J.  Bennett  Hill,  Director,  Research  and  Development 
Department,  Sun  Oil  Co. 

Mr.  W.  M.  Holaday,  Deputy  Assistant  Secretary  of  Defense 
(Research  and  Development). 

Mr.  J.  N.  Krebs,  General  Electric  Co. 

Prof.  Carl  C.  Monrad,  Head,  Department  of  Chemical  Engi- 
neering, Carnegie  Institute  of  Technology. 

Mr.  James  S.  Reid,  Phillips  Petroleum  Co. 

Mr.  Harold  F Hipsher,  Secretary 
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Subcommittee  on  Combustion 

Dr.  Alfred  G.  Cattaneo,  Shell  Development  Co.,  Chairman. 

Mr.  Howard  P.  Barfield,  Wright  Air  Development  Center. 

Dr.  Lloyd  A.  Wood,  Wright  Air  Development  Center. 

Mr.  Nelson  F.  Rekos,  Bureau  of  Aeronautics,  Department  of 
the  Navy. 

Mr.  Alfred  G.  Lundquist,  Office  of  Naval  Research,  Department 
of  the  Navy. 

Dr.  Frank  E.  Marble,  Jet  Propulsion  Laboratory,  California 
Institute  of  Technology  (representing  Department  of  the 
Army) . 

Mr.  F.  R.  Caldwell,  National  Bureau  of  Standards. 

Dr.  Walter  T.  Olson,  NACA  Lewis  Flight  Propulsion  Laboratory. 

Dr.  W.  II.  Avery,  Applied  Physics  Laboratory,  The  Johns 
Hopkins  University. 

Mr.  William  J.  Bennet,  Marquardt  Aircraft  Co. 

Mr.  William  V.  Hanzalek,  Assistant  to  General  Manager,  Re- 
search Division,  Curtiss- Wright  Corp. 

Dr.  Bernard  Lewis,  Combustion  and  Explosives  Research,  Inc. 

Dr.  John  P.  Longwell,  Esso  Research  and  Engineering  Co. 

Dr.  S.  S.  Penner,  California  Institute  of  Technology. 

Mr.  Paul  A.  Pitt,  Chief  Development  Engineer,  Solar  Aircraft 
Co. 

Mr.  W.  D.  Pouchot,  Supervising  Engineer,  Combustion  Section, 
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FRICTION,  WEAR,  AND  SURFACE  DAMAGE  OF  METALS  AS  AFFECTED  BY  SOLID  SURFACE 

FILMS1 


Bv  Edmond  E.  Bisson,  Robert  L.  Johnson,  Max  A.  Swikert,  and  Douglas  Godfrey 


SUMMARY 

As  predicted  by  friction  theory , experiments  showed  that 
friction  and  surface  damage  of  metals  can  be  reduced  by  solid 
surface  films.  The  ability  of  materials  to  form  surface  films 
that  prevent  welding  was  a very  important  factor  in  wear 
of  dry  and  boundary  lubricated  surfaces.  Films  of  graphitic 
carbon  on  cast  irons , NiO  on  nickel  alloys , and  FeO  and 
FezOA  on  ferrous  materials  were  found  to  be  beneficial. 
Abrasive  films  such  as  Fe203  or  AI0O3  were  definitely  detri- 
mental. It  appears  that  the  importance  of  oxide  films  to 
friction  and  wear  processes  has  not  been  fully  appreciated. 

The  chemical  reaction  films  FeS  and  FeCl2  were  both  effective 
in  the  prevention  of  surface  toelding.  Because  of  its  lower 
shear  strength , FeCl2  was  more  effective  than  FeS  in  reducing 
friction. 

Solid  lubricants  such  as  molybdenum  disulfide  and  graphite 
warrant  careful  consideration  for  use  under  severe  conditions 
such  as  high  temperatures.  Surface  films  of  those  materials 
were  found  to  have  beneficial  results  in  friction  studies  at  high 
loads  and  high  sliding  velocities.  Bonding  mechanism  studies 
showed  that  both  MoS2  and  graphite  can  be  bonded  to  many 
surfaces  by  use  of  a resin-forming  liquid.  Rolling  contact 
bearing  experiments  showed  that  effective  lubrication  could  be 
maintained  at  temperatures  of  1000°  F by  injection  of  minute 
amounts  (i 0.001  Ib/min)  of  these  solids.  In  the  presence  of 
oxygen , MoS2  oxidizes  to  MoOs  at  a very  low  rate  at  750°  F}  the 
process  becoming  rapid  at  temperatures  above  1050°  F. 

INTRODUCTION 

This  paper  is  based  on  NACA  research  data  obtained 
during  a series  of  investigations  in  the  field  of  lubrication, 
friction,  and  wear  conducted  from  1946  to  1954.  Each  in- 
vestigation in  the  series  had  specific  objectives,  but  all  were 
directed  toward  determination  of  the  role  of  surface  films 
in  friction  and  wear. 

As  is  well  known,  the  presence  of  a contaminating  film 
between  sliding  surfaces  can  have  a marked  effect  on  friction, 
wear,  and  surface  damage.  (A  contaminant  is  defined  as 
any  material  other  than  those  comprising  tfi€*sliding  sur- 
faces.) Some  contaminants  are  beneficial  (lubricants),  while 
others  are  detrimental  (abrasives).  Considerable  evidence 
(refs.  1 to  8)  indicates  the  importance  of  solid  surface  films 
to  the  compatability  of  sliding  surfaces.  Physical  and 
chemical  surface  changes  have  been  associated  with  satis- 
factory and  with  unsatisfactory  operation  of  metallic  sliding 


surfaces  (ref.  2).  As  an  example,  “run-in”  has  long  been 
known  to  be  effective  in  improving  the  performance  and  the 
load-carrying  capacity  of  surfaces.  Among  the  factors  that 
lead  to  satisfactory  performance  are  the  formation  and 
maintenance  of  certain  beneficent  solid  surface  films. 

Such  solid  films  are  commonly  formed  on  sliding  surfaces 
by  use  of  extreme-pressure  additives  in  lubricants;  chemical 
films  of  low  shear  strength  or  of  low  melting  point  are  formed 
by  reaction  between  additives  and  the  sliding  surfaces  under 
conditions  of  extreme  pressure  and  temperature.  Theories 
for  the  mechanism  of  extreme  pressure  lubrication  are  dis- 
cussed in  references  3 and  8. 

A complete  study  of  the  mechanism  of  action  of  solid 
surface  films  and  their  effect  on  friction  and  surface  damage 
to  sliding  surfaces  encompasses  a large  number  of  factors. 
Some  of  the  fundamental  factors  are  discussed  in  the 
THEORY  section  of  this  report;  factors  that  are  important 
in  the  use  of  solid  films  have  been  studied  experimentally, 
and  the  results  obtained  are  presented  herein. 

The  purpose  of  this  report  is  to  show  the  relation  of  surface 
films  to  the  friction,  wear,  and  surface  damage  of  sliding 
metals.  Study  of  the  role  of  surface  films  requires  con- 
sideration of  how  the  film  is  formed.  The  film  may  be  (1) 
formed  naturally,  (2)  preformed,  or  (3)  formed  by  other 
methods  having  practical  value. 

A modified  version  of  this  paper  was  submitted  by  E.  E. 
Bisson  to  the  University  of  Florida,  College  of  Engineering, 
as  a thesis  in  partial  fulfillment  of  the  requirements  for  the 
professional  degree  of  Mechanical  Engineer,  May,  1954. 

THEORY 

Analysis  of  the  effects  of  solid  surface  films  should  include 
a review  of  the  generally  accepted  theory  of  dry  friction. 
This  theory  predicates  adhesion  between  contacting  surfaces. 
(It  is  of  interest  to  note  that,  as  early  as  1785,  Coulomb 
(ref.  9)  recognized  that  “cohesion”  between  solids  was  a fac- 
tor, although  he  believed  “cohesion”  contributed  a relatively 
small  part  of  the  total  friction  force.)  The  adhesion  theory 
of  friction  (appendix  A)  was  independently  advanced  by 
Merchant  in  this  country  (ref.  10)  and  by  Bowden  and  Tabor 
in  England  (ref.  8)  at  about  the  same  time  (1940  to  1942). 

The  adhesion  theory  of  friction  predicates  the  contact  of 
surfaces  through  asperities;  this  theory  proposes  that  friction 
force  is  equal  to  the  sum  of  two  terms:  a shear  term  and  a 
ploughing  or  a roughness  term.  Since  the  contact  of  surfaces 


i Supersedes  NACA  TN  3444,  “Friction,  Wear,  and  Surface  Damage  of  Metals  as  Affected  by  Solid  Surface  Films,”  by  Edmond  E.  Bisson,  Robert  L.  Johnson,  Max  A.  Swikert,  and 
Douglas  Godfrey,  1955. 
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is  through  surface  asperities,  it  has  been  postulated  (ref.  8) 
that  plastic  flow  occurs  at  the  points  of  contact  until  the  real 
contact  area  A is  great  enough  to  support  the  load.  The 
area  A then  equals  W/p,  where  W is  load  and  p is  flow 
pressure  (yield  strength  in  compression).  The  initial  surface 
contact  stress  under  these  conditions  is  not  a low  value, 
but  is  equal  to  the  flow  pressure.  Pressure  welding  occurs 
at  these  highly  stressed  contact  points,  and  the  welded 
junctions  must  shear  before  relative  motion  can  take  place. 
The  force  required  to  shear  them  is  one  of  the  components 
of  the  friction  force,  generally  called  the  “shear”  term. 

Appendix  A shows  the  development  of  the  equations  ex- 
pressing the  adhesion  theory  by  Bowden  and  Tabor  and  by 
Merchant.  Under  certain  conditions  (as  when  the  surfaces 
are  quite  clean),  the  shear  term  may  be  the  more  important 
of  the  two,  and  the  second  term  may  be  neglected.  In 
appendix  A,  surface  contact  pressure  is  represented  by 
Bowden  and  Tabor  as  the  symbol  p for  flow  pressure  and  by 
Merchant  as  the  symbol  H for  pressure  surface  hardness. 
These  two  pressures  are  the  same. 

For  cases  in  which  the  ploughing  term  is  negligible, 
coefficient  of  friction  n (defined  as  ratio  of  friction  force  to 
applied  load)  is  shown  (appendix  A)  to  be  equal  to  the  ratio 
of  shear  strength  to  flow  pressure,  that  is,  n=s/p.  Reduction 
in  friction  coefficient  for  this  case  therefore  depends  on  reduc- 
tion in  the  value  of  ratio  of  shear  strength  to  yield  strength. 
The  ratio  can  be  reduced  by:  (1)  decreasing  shear  strength, (2) 
increasing  yield  strength,  or  (3)  a combination  of  (1)  and  (2). 
Obtaining  both  conditions  in  one  material  is  practically 
impossible  because  those  materials  with  low  shear  strength 
have  low  yield  strength  and  vice  versa.  However,  by  the 
use  of  low-shear-strength  films  (with  thicknesses  as  small  as 
millionths  of  an  inch)  on  hard  base  materials,  both  desirable 
conditions  may  be  obtained  (ref.  8,  p.  112).  Thus,  low  shear 
strength  is  obtained  without  appreciable  decrease  of  the  yield 
strength  of  the  combination.  The  load  will  thus  be  sup- 


ported through  the  film  by  the  hard  base  material,  while  shea 
occurs  within  the  soft  thin  film.  These  low-shear-strengt 
films  can  be  of  the  following  types:  chemical  reaction  proc 
ucts  (oxides,  chlorides,  sulfides),  metals,  fluid  lubricants,  an 
so  forth. 

Among  the  properties  other  than  shear  strength,  flo^ 
pressure,  and  hardness  that  are  important  in  the  action  c 
solid  films  are:  crystalline  structure  and  orientation,  chemic* 
composition,  chemical  activity,  and  adsorption. 

An  important  function  of  surface  films  (frequentl 
neglected  in  analyses  of  their  action)  is  to  act  as  a contain' 
nant  for  the  reduction  of  welding  or  adhesion  betwee 
rubbing  surfaces;  contaminants  reduce  welding  b}^  reducin 
contact  of  clean  metal  to  clean  metal.  The  better  the  bon 
between  film  and  surface,  the  greater  the  resistance  to  rup 
ture  of  the  film,  and,  consequently,  the  greater  the  protectio 
from  welding. 

The  discussion  of  this  section  shows  that  the  basic  requirt 
ment  for  reduction  of  friction,  wear,  and  surface  damage  c 
sliding  surfaces  is  the  presence  of  a low-shear-strength  cor 
taminant.  This  contaminant  serves  two  functions,  eithe 
or  both  of  which  may  be  influential:  (1)  to  reduce  the  amoun 
of  welding  at  the  surface  asperities,  and  (2)  to  decrease  th 
shear  force.  In  order  to  carry  out  the  second  function,  th 
contaminant  must  be  a material  of  lower  shear  strength  tha 
the  softer  of  the  two  materials  which  are  sliding  one  agains 
the  other  (appendix  A) . 

APPARATUS  AND  PROCEDURE 

APPARATUS 

In  the  investigations  reported,  five  different  pieces  c 
apparatus  were  used.  These  are  identified  as  A,  B,  C,  E 
and  E;  general  descriptions  of  them  are  given  in  the  followin 
paragraphs,  and  detailed  descriptions  in  the  references  notec 
Data  presented  in  this  report  are  identified  in  the  variou 
figures  according  to  the  apparatus  used. 

Apparatus  A;  for  kinetic  friction  (ref.  11). — Most  of  th 
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Figure  1. — Kinetic-friction  apparatus;  apparatus  A (ref.  11). 
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experimental  friction  and  wear  studies  were  conducted  with 
the  kinetic  friction  apparatus  shown  in  figure  1.  The  princi- 
pal elements  of  the  apparatus  are  the  specimens,  which  are 
an  elastically  restrained  spherical  rider  (either  }&-  or  %6- in. 
radius)  and  a rotating  disk  13  inches  in  diameter.  The  rider 
is  loaded  by  a weight  applied  along  its  vertical  axis.  Friction 
force  between  the  rider  and  the  disk  is  measured  by  four 
strain  gages  mounted  on  a beryllium-copper  dynamometer 
ring.  The  coefficient  of  friction  is  computed  by  dividing  the 
measured  friction  force  by  the  applied  normal  load:  p—F/W. 
A radial-feed  mechanism,  when  operating,  causes  the  rider 
to  traverse  a spiral  track  on  the  rotating  disk;  the  rider  then 
slides  on  virgin  surface  of  the  disk.  Where  solid  surface 
films  were  investigated,  they  were  usually  applied  to  the  disk 
specimen  before  testing. 

Apparatus  B;  for  kinetic  friction  (ref.  12). — In  some  of  the 
endurance  runs  to  check  the  wear  or  life  of  bonded  films,  an 
apparatus  similar  in  principle  to  apparatus  A was  used.  It 
differs  from  apparatus  A in  that  no  radial  traverse  takes 
place;  the  rider  thus  slides  in  the  same  wear  track  on  the 
disk  specimen  at  all  times.  It  is  a modification  of  the 
apparatus  described  in  detail  in  reference  12.  The  spherical 
rider  specimens  have  a radius  of  inch  and  the  disk  speci- 
mens are  2}{  inches  in  diameter. 

Apparatus  C;  for  static  friction  (ref.  13). — The  principal 
elements  of  the  static-friction  apparatus  are  a rider  assem- 
bly, in  which  three  K-inch  steel  balls  are  rigidly  clamped,  and 
a stationary  horizontal  plate  on  which  the  rider  assembly  is 
supported  by  the  balls.  The  applied  load  was  distributed 
equally  among  the  three  balls,  and  the  rider  assembly  was 
moved  over  the  plate  by  application  of  a horizontal  tugging 
force.  Friction-force  measurements  were  made  with  strain 
gages  mounted  on  a beryllium-copper  dynamometer  ring 
between  the  tugging  force  and  the  rider  assembly.  Force 
was  applied  slowly,  elastically  extending  the  dynamometer 
ring  until  the  force  was  great  enough  to  overcome  static 
friction  and  slip  of  the  carriage  occurred.  Initial  slip  of  the 
rider  assembly  was  determined  by  observation  through  a 
telescope  equipped  with  cross  hairs.  When  motion  was  ob- 
served, an  indicating  mark  was  made  on  the  time-force 
record  of  the  potentiometer  chart. 

Apparatus  D;  for  reciprocating  sliding  (ref.  2). — Some  of 
the  earlier  studies  of  naturally  forming  surface  films  were 
made  with  a reciprocating  slider  mechanism.  It  applied 
normal  load  to  two  contacting  surfaces,  and  slowly  recipro- 
cated one  of  the  surfaces. 

Apparatus  E;  for  kinetic  friction  (ref.  14).— Experiments 
on  solid  lubricants,  used  in  loose  powder  form,  were  con- 
ducted on  an  apparatus  similar  in  principle  to  apparatus  A. 
A ring  with  three  equally  spaced  axial  nodes  was  used  as  the 
rider  specimen.  The  nodes  were  ground  with  a cylindrical 
face  of  2-inch  radius,  parallel  to  the  ring  radius,  so  that  in 
theor}7,  line  contact  existed  between  each  of  the  three  sliding 
nodes  and  the  disk.  The  rider  specimens  were  of  SAE  4620 
steel,  case  hardened  to  Rockwell  C-62.  The  disk  specimens 
were  of  SAE  1020  steel. 

MATERIALS  AND  PROCEDURE 

Most  of  the  studies  have  been  made  with  both  specimens 
of  steel,  with  the  films  under  stud}7  applied  to  the  disk 
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Figure  2. — Friction  at  high  sliding  velocities  of  steel  on  steel  (ref.  11). 
Apparatus  A;  radius  of  spherical  rider  specimen,  l/i  inch. 


specimen.  Some  studies  were  made  with  a nonferrous 
alloy,  such  as  one  of  the  various  nickel  or  copper  alloys,  as 
the  spherically  tipped  (/ie-in.  radius)  rider  specimen.  Solid 
films  investigated  included  various  oxides,  sulfides,  and 
chlorides  of  iron,  as  well  as  materials  such  as  molybdenum 
disulfide  and  graphite.  Formation  of  various  preformed 
films  is  described  in  detail  in  appendix  B. 

In  most  cases,  the  specimens  were  a sphere  and  a flat 
surface  so  as  to  enable  calculation  of  both  initial  contact 
area  and  initial  contact  stress  by  the  Hertz  equations.  The 
friction  data  presented  are  typical  of  data  obtained  in  man}7 
runs.  The  limits  of  experimental  error  in  the  friction  values 
presented  were  not  uniform  among  all  experiments  because 
of  the  difficulties  in  maintaining  absolute  control  of  film  thick- 
ness. In  all  but  isolated  cases,  however,  the  maximum  experi- 
mental error  in  friction  coefficient,  based  on  reproducibility, 
was  ±0.03.  In  most  cases,  it  was  considerably  less  than 
0.03.  For  comparative  purposes,  a load  of  269  grams  was 
used  in  obtaining  most  of  the  data  presented.  This  load 
produces  an  initial  Hertz  surface  stress  (126,000  psi)  that  is 
in  the  range  of  contact  stresses  commonly  present  in  air- 
craft engine  components  that  require  lubrication.  Accord- 
ing to  reference  15,  this  stress  is  within  the  range  of  normal 
stresses  (69,000  to  282,000  psi)  for  turbine-engine  rolling 
contact  bearings.  At  the  same  time,  surfaces  in  contact 
under  relatively  light  load  and  having  a large  apparent  area 
of  contact  can  have  high  stresses  at  localized  contact  areas 
(the  contacting  asperities).  Even  with  lightly  loaded  sur- 
faces, local  pressure  at  these  small  points  of  contact  is  equal 
to  the  flow  pressure  of  the  materials  (ref.  8)  and  causes 
plastic  flow  at  these  points. 

RESULTS  AND  DISCUSSION 

CLEAN  STEEL  ON  CLEAN  STEEL 

For  steel-on-steel  surfaces  cleaned  by  outgassing  at  1000°  C 
in  vacuum,  friction  coefficients  in  vacuum  as  high  as  3.5  have 
been  measured  (ref.  16).  These  surfaces  were  considered  to 
be  free  of  ordinary  contaminants  and  most  of  the  oxides. 
For  steel-on-steel  surfaces  cleaned  in  air  by  the  method 
presented  in  appendix  B,  maximum  friction  coefficient  in 
air  is  0.54  (fig.  2).  The  surfaces  operating  with  a friction 
coefficient  of  0.54  were  known  to  have  a film  of  Fe304  approxi- 
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(b) 


(a)  Clean  and  dry.  (b)  Effective  boundary  lubrication. 
Figure  3. — Surfaces  of  rider  specimens  after  tests  of  figure  2. 
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Figure  4. — Recording  potentiometer  tracing  showing  effect  of  high- 
velocity  sliding  over  a continuous  path  (without  radial  traverse)  on 
coefficient  of  kinetic  friction.  Black  wear  debris  (ferrous  oxide 
FeO)  was  visible  at  beginning  of  lower  stable  friction  value  (ref.  11). 
Apparatus  A;  unlubricated  steel;  load,  269  grams;  sliding  velocity, 
4000  feet  per  minute;  radius  of  spherical  rider  specimen,  % inch. 


mately  25  A thick  (about  10"7  in.)  (refs.  17  and  18).  As 
sliding  velocity  is  increased,  friction  coefficient  is  relatively 
constant  at  a value  of  0.54  up  to  about  1600  feet  per  min- 


ute; above  this  value,  a downward  trend  can  be  observed. 
For  steel-on-steel  surfaces  lubricated  with  either  oleic  acid 
or  SAE  10  lubricant,  friction  coefficient  was  approximately 
0.10  at  minimum  sliding  velocity,  decreasing  to  0.06  at  6600 
feet  per  minute  (fig.  2).  For  these  results  (discussed  in  more 
detail  in  ref.  11)  the  classical  laws  of  friction  are  confirmed: 
friction  coefficient  is  essentially  independent  of  load  and,  at 
the  lower  speeds,  is  independent  of  sliding  velocity. 

Surface  appearance  of  the  ball  specimens  from  the  dry 
and  the  lubricated  runs  of  figure  2 is  shown  in  figure  3.  The 
photomicrographs  show  that  surface  failure  by  welding  oc- 
curred with  the  dry  specimen;  no  surface  failure  (welding)  is 
evident  for  the  lubricated  specimens  but  ploughing  is  appar- 
ent. The  welding  for  dry  steel  was  extensive,  resulting  in 
appreciable  “tearing-out”  and  metal  transfer. 

NATURALLY  FORMED  SURFACE  FILMS 

Iron  oxide  films. — In  figure  2,  the  downward  trend  of 
friction  coefficient  for  the  dry  steel  specimens  at  the  higher 
sliding  velocities  is  not  considered  a violation  of  one  of  the 
classical  friction  laws  (friction  is  independent  of  velocity); 
rather,  it  is  considered  the  result  of  other  variables  entering 
into  the  mechanism.  The  downward  trend  is  considered 
primarity  a result  of  formation  of  beneficial  iron  oxide  films 
of  appreciable  thickness;  formation  of  oxide  films  would  be 
accelerated  at  higher  sliding  velocities  because  of  higher  rate 
of  heat  generation  at  the  sliding  sufaces  resulting  from  the 
greater  release  of  frictional  energy.  In  partial  confirmation 
of  this  concept,  when  the  steel  slider  was  permitted  to 
traverse  the  same  wear  track  on  the  disk  (fig.  4),  FeO  was 
identified  (by  X-ray  diffraction)  as  the  chief  constituent  in 
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•he  wear  debris;  there  was  a coincident  reduction  in  friction 
coefficient  from  0.38  to  0.24.  It  is  reasonable  to  assume 
that  the  FeO  film  was  being  formed  at  all  times;  during  the 
50-second  traverse  of  the  same  track  on  the  disk,  the  film 
ittained  a thickness  such  that  it  became  visible  to  the 
unaided  eye.  The  gradual  decrease  in  friction  coefficient 
could  be  the  result  of  the  gradual  increase  in  film  thickness. 
Inasmuch  as  film  thickness  growth  is  limited  by  wear  and 
rupture,  friction  coefficient  would  be  expected  to  reach  a 
stable  value  as  film  thickness  stabilizes.  No  measurement 
;>f  the  film  thickness  could  be  made  under  the  dynamic  con- 
ditions; the  appearance  of  the  wear  track  was,  however, 
somewhat  similar  to  wear  tracks  produced  on  prepared 
oxide  films  approximately  1000  A thick. 

It  is  hypothesized  that,  under  sliding  conditions  of  vari- 
able severity  for  specimens  of  steel  on  steel,  surface  oxides 
form  m the  order  FeO  to  Fe304  to  Fe203.  Considerable  con- 
firming evidence  (refs.  2,  4,  5,  16,  19,  and  20)  shows  the 
importance  of  oxides  in  the  reduction  of  friction,  wear,  and 
surface  damage  of  sliding  surfaces.  On  most  run-in  surfaces, 
oxides  have  been  identified  (refs.  2,  19,  and  20).  Figure 
5,  based  on  references  2 and  19  shows  (qualitatively  only) 
the  estimated  amounts  of  Fe304  and  Fe203  present  after 
various  degrees  of  run-in.  As  shown,  the  amount  of  Fe304 
increases  to  a maximum  for  the  “fully  run-in”  condition; 
after  further  operation  at  higher  load,  less  Fe304  is  present. 
On  the  other  hand,  Fe203  shows  a slight  increase  with  degree 
of  run-in  to  the  “fully  run-in”  point,  after  which  a marked 
increase  in  Fe203  is  observed  with  failure  of  the  surfaces. 
The  surface  films  were  identified  by  X-ray  diffraction.  In 
reference  19,  it  is  shown  that,  at  the  minimum  wear  rate 
(which  is  usually  associated  with  attainment  of  a “well 
run-in”  condition),  the  amount  of  Fe304  is  large;  at  the 
maximum  wear  rate  (implying  incipient  surface  failure),  the 
amount  of  Fe304  is  lower  and  the  amount  of  Fe203  is  larger 
than  at  the  minimum  wear  rate.  These  data  may  also  show 
why  there  has  been  considerable  controversy  in  published 
literature  about  whether  oxides  of  iron  are  good  or  bad 
from  considerations  of  friction  and  wear.  This  controversy 
was  an  incentive  for  the  NACA  to  obtain  fundamental  infor- 
mation on  the  specific  oxides  of  iron:  Fe304  and  Fe203. 


Degree  of  run-in 

Figure  5. — Effect  of  run-in  on  formation  of  natural  films  of  Fe304 
and  Fe203.  Data  are  qualitative  and  are  estimated  from  X-ray 
diffraction  results  of  reference  2 (apparatus  D)  and  from  reference  19. 


In  agreement  with  the  implications  of  figure  5,  Finch  (ref. 
20)  states  that  iron  oxide  layers  are  detected  on  most  run-in 
surfaces.  He  indicates  (as  does  Campbell,  ref.  6)  that  oxides 
play  a part  in  the  mechanism  of  friction  by  affecting  the  ratio 
of  welded  to  unwelded  area.  He  also  indicates  that  injurious 
oxides  can  be  formed  by  excessive  loading.  This  point  is 
confirmed  in  the  data  of  figure  5,  which  show  that  the  oxide 
film  Fe203  appears  on  the  surface  under  “surface  failure” 
conditions. 

Recent  experiments  on  the  influence  of  adsorbed  films 
were  conducted  by  Bowden  and  Young  (ref.  16).  Their 
experiments  showed  the  very  marked  effect  of  oxygen  in 
reducing  friction  for  iron-iron  combinations  that  had  been 
thorough^  outgassed  at  1000°  C in  vacuum  (10~6  mm  Hg). 
The  surfaces  used  had  a coefficient  of  friction  of  0.4  before 
outgassing.  Removal  of  contaminating  films,  including  the 
oxides,  increased  coefficient  of  friction  to  3.5,  and  led  to 
complete  seizure  under  certain  conditions.  Admission  of 
oxygen  to  the  vacuum  chamber  reduced  friction  coefficient 
from  3.5  to  1.2;  with  oxygen  present,  complete  seizure  no 
longer  occurred. 

Data  of  reference  21  show  that  exclusion  of  oxygen  from 
clean  specimens  by  use  of  a “blanketing”  medium,  such  as 
highly  purified  cetane  for  steel-on-steel  specimens,  produces 
a high  friction  coefficient;  these  data  are  shown  in  figure  6. 
As  sliding  velocity  increases  above  2000  feet  per  minute, 
friction  coefficient  shows  a downward  trend  for  the  dry 
specimens,  but  shows  a very  marked  upward  trend  for  similar 
specimens  immersed  in  cetane,  reaching  a value  greater  than 
1.0.  The  increase  in  friction  is  probably  due  to  the  absence 
of  the  beneficial  oxide  films;  their  formation  would  be  pre- 
vented by  the  cetane,  which  excludes  oxygen.  Figure  6 
shows  that  at  low  sliding  velocities  friction  coefficient  is 
lower  for  specimens  with  cetane  than  for  dry  specimens;  the 
cetane  may  act  as  a contaminant  between  the  surfaces. 
This  beneficial  effect  might  be  expected  to  be  greater  at  low 
than  at  high  sliding  velocities  because  of  lower  surface  tem- 
peratures. Similar  results  on  the  action  of  benzene  as  a 
“blanketing”  medium  in  metal  cutting  experiments  are 
reported  bv  Ernst  and  Merchant  (ref.  22);  they  found  that 


Sliding  velocity,  ft/min 


Figure  6. — Data  showing  effect  of  cetane  as  blanketing  medium  (to 
restrict  availability  of  oxygen  to  specimen  surfaces)  on  friction  of 
steel  against  steel  (ref.  21).  Apparatus  A;  load,  269  grams;  radius 
of  spherical  rider  specimen,  }4  inch. 


98 


REPORT  1254 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  7. — Wear  of  several  materials  sliding  against  hardened  SAE 

52100  steel  without  lubricant  (ref.  23).  Apparatus  A;  sliding 

velocity,  5000  feet  per  minute;  load,  50  grams;  radius  of  spherical 

rider  specimen,  %6  inch. 

friction  coefficient  was  increased  in  the  presence  of  benzene 
and  decreased  in  its  absence. 

Thus,  there  is  considerable  evidence  indicating  the  funda- 
mental and  important  effect  of  oxides  on  the  friction  and 
surface  damage  of  sliding  metals.  Not  all  oxides,  however, 
are  beneficial;  detrimental  oxide  films  can  be  produced  under 
certain  conditions  (refs.  2 and  20).  Additional  discussion 
of  the  effect  of  specific  oxides  is  given  in  the  section  Pre- 
formed Films. 

Miscellaneous  films. — In  some  practical  applications, 
surface  films  have  a marked  effect  on  friction,  wear,  and 
damage  of  sliding  surfaces  (refs.  23  to  25).  Most  of  the 
bearings  employed  in  turbine-type  aircraft  engines  are  rolling 
contact  bearings  (ref.  23).  One  of  the  principal  sources  of 
failure  in  such  bearings  has  been  the  cage  (separator  or 
retainer).  As  discussed  in  reference  23,  most  cage  failures 
are  caused  by  faulty  lubrication  at  the  cage-locating  surface. 
This  location  is  particularly  susceptible  to  failure  because 
the  surfaces  are  in  pure  sliding  at  relatively  high  sliding 
velocities;  also,  the  configuration  is  such  that  it  is  difficult 
to  maintain  a lubricant  film  between  the  sliding  surfaces. 
These  conditions  reduce  lubrication  to  extreme  boundar}- 
conditions,  and  excessive  metallic  adhesion  frequently  occurs. 
One  means  of  reducing  the  severity  of  this  problem  is  use  of 
a cage  material  that  has  less  tendency  to  adhere  to  steel 
(under  marginal  conditions  of  lubrication)  than  the  materials 
in  current  use.  The  NACA  approach  was  to  study  the 
friction  and  wear  properties  of  various  materials,  both  dry 
and  lubricated;  the  results  were  analyzed  to  determine  the 
film-forming  properties  of  the  several  materials.  The  studies 


Figure  8. — Wear  of  several  materials  sliding  against  hardened  SAE 

52100  steel  without  lubricant  (ref.  25).  Apparatus  A;  sliding 

velocity,  5000  feet  per  minute;  load,  50  grams;  radius  of  spherical 

rider  specimen,  inch. 

of  reference  1 show  that  the  mechanism  of  lubrication  pre- 
vailing in  bearing  materials  containing  low-shear-strength 
components  and  in  cast  iron  containing  graphite  involves 
the  smearing  of  the  low-shear-strength  phase  ever  a hard 
matrix. 

Results  of  the  NACA  study  of  cage  materials  are  described 
in  detail  in  reference  23.  The  investigation  covered  the 
sliding  against  SAE  52100  of  materials  such  as  bronze  (con- 
taining 7.5  percent  lead),  beryllium  copper,  Nichrome  V, 
nodular  iron,  and  gray  cast  iron.  Figure  7 shows  some  of 
the  wear  data  obtained  at  a sliding  velocity  of  5000  feet  per 
minute  and  a load  of  50  grams.  (For  these  experiments, 
the  rider  specimen,  /i6-in.  radius,  was  of  the  various  mate- 
rials and  the  disk  specimen  was  of  SAE  52100  steel  hardened 
to  Rockwell  C-60.  Size  of  the  wear  spot  on  the  rider  was 
measured,  and  wear  volume  was  calculated  from  this  meas- 
urement.) 

From  this  investigation,  ability  of  materials  to  form  surface 
films  that  prevent  welding  appears  to  be  a most  important 
factor  in  both  dry  friction  and  boundary  lubrication  (ref. 
23).  The  surface  films  formed  weix  lerived  from  within  the 
structure  of  the  various  materials  (e.  g.,  graphitic  carbon  in 
the  cast  iron  and  lead  in  the  bronze).  Under  both  dry  and 
lubricated  conditions,  monel,  Nichrome  V,  and  beryllium 
copper  formed  films  believed  to  be  nickel  oxides.  When 
present,  the  films  improved  the  performance  of  these  mate- 
rials. In  this  investigation,  the  films  apparently  had  a 
greater  effect  on  reduction  of  surface  damage  and  of  wear 
than  on  reduction  of  friction.  The  friction  coefficient  with 
the  best  materials  of  this  investigation,  the  cast  irons,  was 
relatively  high  (approximately  0.5). 
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Nickel  oxide  films. — References  24  and  25  report  an 
investigation  of  the  wear  and  sliding  friction  properties  of 
nickel  alloys  operated  against  various  steels.  Several  monel 
metal  alloys  and  other  nickel  alloys  that  have  good  high- 
temperature  physical  properties  (such  as  Inconel  and  Nim- 
onic  80)  were  investigated.  As  in  the  studies  of  reference 
23,  it  was  found  that  desirable  performance  characteristics 
and  absence  of  extreme  mass  welding  of  all  the  materials 
studied  could  be  associated  with  the  development  on  the 
sliding  surfaces  of  a naturally  formed  film.  The  film  was 
identified  as  nickel  oxide  NiO  by  X-ray  diffraction.  Wear 
data  for  some  of  these  alloys  at  a sliding  velocity  of  5000 
feet  per  minute  and  a load  of  50  grams  are  shown  in  figure 
8 (note  that  the  wear  scale  for  figs.  7 and  8 are  different). 
On  the  basis  of  wear  and  friction  properties,  cast  Inconel 
performed  very  well  in  these  experiments  and  compares 
favorably  with  nodular  iron  (which  proved  better  than 
bronze,  ref.  23).  Nimonic  80  also  showed  promise  as  a 
possible  cage  material.  Both  of  these  nickel  alloys  have 
considerably  better  high-temperature  properties  than  does 
nodular  iron. 

Other  studies  showing  the  important  effect  on  wear  of 
nickel  oxide  are  described  in  the  section  Preformed  Films. 

Wear  and  friction  experiments  were  conducted  with  some 
of  the  cage  materials,  listed  in  figures  7 and  8,  sliding  against 
disks  of  tool  steels  (molybdenum  and  tungsten  types).  The 
wear  and  friction  results  showed  trends  similar  to  those  for 
tests  against  52100  disks  (figs.  7 and  8). 

Lacquer  or  varnish  films. — With  reciprocating  engines, 
good  wear  performance  of  piston  ring — cylinder  barrel  com- 
binations has  been  associated  with  formation  of  a very  thin 
lacquer  or  varnish  film  on  the  surfaces.  It  has  also  been 
shown  (ref.  26)  that,  for  a journal  bearing  employing  a 
lubricant  of  relatively  poor  lubricating  ability  or  “film 
strength”  (a  silicone),  formation  of  a lacquer  film  provides 
a margin  of  safety  and  increases  the  load-carrying  capacity 
of  the  bearing. 

The  aircraft  turbine  engine  is  generally  characterized  by 
high  operating  temperatures;  these  high  temperatures 
accelerate  the  process  of  oxidation,  polymerization,  and 
decomposition  of  the  lubricant.  These  processes  of  degrada- 
tion of  lubricant  result  in  formation  of  lacquer  films  on  hot 
surfaces  such  as  bearings.  Because  these  films  are  naturally 
occurring,  a fundamental  evaluation  of  the  role  of  such  films 
in  friction  and  surface  damage  would  be  worth  while. 
Their  influence  on  surface  damage  is  particularly  important 
in  the  case  of  the  aircraft  gas-turbine  engine,  which  has  a 
bearing  or  bearings  operating  dry  for  a short  time  after 
start  of  the  engine.  This  condition  is  the  result  of  the 
“high-temperature  soak-back”  of  the  turbine  bearing  after 
shutdown  of  the  engine  (refs.  27  and  28).  Since  the  flow  of 
coolant  (lubricant)  stops  with  shutdown,  the  bearing  tem- 
perature increases  because  of  the  large  reservoir  of  heat  in 
adjacent  large  metal  masses  (such  as  the  turbine  wheel, 
immediately  adjacent  to  the  turbine  bearing).  Both  Hunt 
(ref.  27)  and  Gurney  (discussion,  ref.  28)  show  that  bearing 
temperatures  on  the  order  of  500°  F prevail  under  the  soak- 
back  condition.  When  the  engine  is  restarted  after  a 
period  of  shutdown,  the  bearings  operate  without  lubricant 


for  a short  time  until  lubricant  flow  is  established.  During 
this  initial  period,  the  bearing  parts  (including  the  cage)  are 
operating  under  conditions  of  dry  friction.  Because  the 
cage  has  been  a principal  source  of  bearing  failures  and  these 
cage  failures  have  been  established  as  lubrication  failures 
(ref.  28),  a study  was  made  of  the  friction  and  surface- 
damage  charactistics  of  films  formed  on  steel  surfaces  by  de- 
composition of  several  types  of  lubricant.  These  results  are 
reported  in  the  following  section  under  Lacquers  or  varnishes. 

PREFORMED  FILMS 

Studies  were  made  of  a number  of  preformed  solid  surface 
films  of  the  type  formed:  (1)  naturally  (as  in  the  case  of 
oxides),  (2)  hy  chemical  reaction  of  surfaces  with  chemically 
active  additives  (extreme  pressure  lubricant  additives),  or  (3) 
from  solid  lubricants  (such  as  molybdenum  disulfide  and 
graphite)  that  function  as  supplemental  lubricants  (ref.  29). 
Formation  of  the  various  preformed  films  is  described  in 
detail  in  appendix  B. 

Iron  oxide  films.- — Because  of  the  importance  of  iron 
oxides,  data  were  obtained  on  films  (1200  A thick)  of  the 
specific  oxides  Fe304  and  Fe203.  These  data,  shown  in 
figure  9,  are  from  reference  30.  The  friction  coefficients,  as 
well  as  visual  examination  of  the  surfaces,  show  that  Fe304. 
can  be  quite  beneficial  in  decreasing  friction  and  in  preventing 
surface  damage.  In  comparison,  Fe203  showed  high  friction 
and  excessive  welding  and  surface  damage.  Figure  10 
shows  a comparison  of  the  rider  specimens  after  investigation; 
surface  protection  was  much  better  with  the  Fe304,  which 
largely  prevented  surface  welding  and  metal  transfer. 

Confirming  evidence  of  the  importance  of  the  specific 
iron  oxide  is  available  in  references  31  and  32.  Fretting 
(fretting  corrosion)  is  a concentrated  and  severe  form  of 
wear.  With  specimens  of  steel  against  glass  (ref.  31),  the 
first  wear  particles  produced  during  fretting  were  extremely 
small  and  apparently  virgin  material.  These  particles 
oxidized  when  exposed  to  air.  Visual  observations  (ref.  31) 
showed  color  changes  that  suggested  successive  oxidation  of 


Figure  9. — Friction  at  high  sliding  velocities  of  dry  unlubricated 
steel  against  steel  with  no  film  and  with  preformed  films  of  Fe304 
and  Fe203  approximately  1200  A thick  (ref.  30).  Apparatus  A; 
radius  of  spherical  specimen,  % inch. 
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Fe  to  FeO,  to  Fe304,  and  finally  to  Fe203,  which  is  hard  and 
highly  abrasive.  Friction  coefficient  of  powdered  Fe203 
compacts  reciprocated  against  each  other  was  relatively 
constant  (after  a few  hundred  cycles)  at  a value  of  approxi- 
mately 0.5  (ref.  32).  The  friction  coefficient  of  steel  on 
steel  (0.6)  was  not  too  different  from  that  with  the  Fe203 
compacts.  With  powdered  Fe304  compacts  reciprocating 
against  each  other,  friction  coefficient  was  at  first  low  (0.3), 
but  gradually  increased  until,  at  600  cycles,  the  value  was 
0.5,  the  same  as  that  for  the  Fe203  compacts.  Examination 
and  chemical  analysis  of  the  debris  on  the  surface  of  the 
Fe304  compacts  showed  that  Fe203  was  present.  Thus  the 
fretting  in  all  three  cases,  (1)  steel  on  steel;  (2)  Fe203  on  Fe203; 
and  (3)  Fe304  on  Fe304,  was,  after  a number  of  cycles,  es- 
sentially that  of  Fe203  against  Fe203  as  suggested  by  the 
measured  values  of  friction  coefficient. 

These  data,  as  well  as  the  data  on  naturally  occurring  iron 
oxide  films  previously  discussed,  emphasize  the  importance 
of  iron  oxide  films  to  friction,  wear,  and  surface  damage. 
Effective  lubrication  under  conditions  of  extreme  boundary 
lubrication  (where  metal-to-metal  contact  takes  place)  is 
very  often  a function  of  the  nature  of  the  oxide  films  present. 
When  surfaces  are  lubricated  with  fatty  acids,  oxide  films 
may  also  contribute  to  the  formation  of  metallic  soap  films 
at  the  surface.  This  point  is  developed  in  the  section  Metal- 
lic soaps. 

Chlorides  and  sulfides. — The  mechanism  of  the  action 
of  extreme  pressure  lubricants  is  considered  to  be  one  of 
chemical  reaction  between  active  additives  and  the  metal 
surfaces.  Compounds  of  chlorine,  sulfur,  or  phosphorous 
are  formed,  depending  upon  the  type  of  additive  used. 


Figure  11. — Friction  at  high  sliding  velocities  of  steel  against  ste< 
with  no  film  and  with  preformed  films  of  FeCl2  and  FeS  approx 
mately  1000  A thick  (ref.  30).  Apparatus  A;  radius  of  spheric: 
rider  specimen,  % inch. 

Results  of  an  investigation  (ref.  30)  on  preformed  chlorid 
and  sulfide  films  approximately  1000  A thick  are  shown  i 
figure  11.  Visual  examination  of  the  surfaces  showed  tha 
both  FeS  and  FeCl2  are  effective  in  preventing  excessiv 
surface  damage;  FeCl2  is  much  more  effective  than  FeS  i 
reducing  friction.  The  difference  in  friction  coefficien 
corresponds  to  the  difference  in  shear  strengths  of  the  tw 
compounds.  If  the  reaction  products  from  extreme-pressur 
lubricant  additives  of  the  chlorine  and  sulfur  types  ar 
primarily  FeCl2  and  FeS,  respectively,  the  effectiveness  c 
the  additive  containing  chlorine  should  be  appreciabl 
superior.  The  superiority  of  chloride  films  over  sulfide  film 
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is  confirmed  by  Bowden  and  Tabor  (ref.  8),  who  found 
similar  differences  in  friction  coefficient. 

Effectiveness  of  sulfide  films  in  reducing  friction  has  been 
shown  to  be  very  much  a function  of  film  thickness  (refs. 

6 and  13).  Campbell  shows  that,  on  copper,  friction  co- 
efficient decreases  as  sulfide  film  thickness  increases  up  to 
about  1000  A.  Results  obtained  by  Greenhill  (ref.  33) 
indicate  that  sulfide  films  on  steel,  copper,  or  silver  showed 
maximum  reduction  in  friction  when  the  thickness  exceeded 
about  1500  A.  Under  the  conditions  of  experiments  with 
sulfide  films  of  FeS  on  steel  reported  in  reference  13,  a 
thickness  of  approximately  6000  A is  required  for  minimum 
friction  coefficient,  although  surface  welding  was  effectively 
prevented  by  films  4500  A thick.  These  data  are  shown  in 
figure  12.  Since  the  data  of  figure  11  are  for  an  FeS  film  of 
approximately  1000  A where  welding  was  effectively  pre- 
vented, the  value  of  4500  A for  the  studies  of  reference  13 
appears  to  be  peculiar  to  the  conditions  under  which  it  was 
observed. 

Metallic  soaps. — There  is  rather  general  acceptance  at 
the  present  time  of  the  theory  that  boundary  lubrication  by 
materials  such  as  fatty  acids  is  effected  primarily  by  chemi- 
sorption rather  than  physical  adsorption.  Lubrication  is 
most  effective,  therefore,  when  there  is  some  reaction  of  the 
fatty  acids  with  the  metals  to  form  a metallic  soap  (refs.  8 
and  34).  Reference  8 shows  that  lubrication  with  fatty 
acids  can  be  maintained  at  temperatures  considerably  above 
the  melting  temperature  or  desorption  temperature  of  the 
fatty  acids;  in  fact,  the  temperature  at  which  lubrication 
failure  takes  place  correlates  remarkabfy  well  with  the 
melting  temperature  of  the  metallic  soap  that  is  believed 
to  be  formed  in  the  chemisorption  of  the  fatty  acids  on  the 
surface.  It  has  been  shown  (ref.  8)  that  the  formation  of  a 
metallic  soap  is  very  markedly  affected  by  the  presence  or 
absence  of  oxide  films.  In  experiments  on  steel,  the  results 
of  reference  35  show  that  the  type  of  oxide  film  is  also  ex- 
tremely important.  With  a film  of  Fe203  on  the  surface, 
stearic  acid  in  cetane  was  effective  as  a lubricant  at  sliding 
velocities  only  up  to  3000  feet  per  minute;  with  a film  of 
Fe304  on  the  surface,  the  same  concentration  of  stearic  acid 
in  cetane  was  effective  at  sliding  velocities  higher  than  7000 
feet  per  minute. 

Solid  lubricants. — Because  solid  lubricants  are  frequently 
used  as  supplemental  lubricants,  they  must  be  effective  under 
conditions  under  which  liquid  lubricants  become  ineffective 
(ref.  29).  In  order  to  be  effective,  a solid  lubricant  must  be 


Figure  12. — Effect  of  thickness  of  film  of  FeS  on  static  coefficient  of 
friction  of  steel  against  steel  (ref.  13).  Apparatus  C;  load,  2400 
grams;  radius  of  spherical  rider  specimen.  V%  inch. 
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Figure  13. — Friction  at  high  sliding  velocities  of  steel  against  steel 
with  preformed  films  of  M0S2  and  graphite  (ref.  30).  Apparatus 
A;  radius  of  spherical  rider  specimen,  }i  inch. 


maintained  in  place  at  the  contact  surface  (ref.  36) ; that  is, 
it  must  be  strongly  adherent  to  the  surface  and  the  film 
must  be  continuous.  As  indicated  in  reference  36,  a “self- 
repairing” film  is  the  most  effective  means  of  maintaining  a 
film  at  the  surface.  Other  types  of  film  are,  however, 
effective  for  limited  periods  of  time. 

In  addition  to  the  requirement  that  the  lubricant  film  be 
strongly  adherent  to  the  surface,  solids  for  use  in  the  film  must 
meet  other  requirements.  Materials  for  this  application 
should  have  the  following  physical  and  chemical  properties: 
(1)  high  melting  point,  because  of  the  high  temperatures 
involved,  (2)  low  hardness,  because  low  hardness  in  a ma- 
terial is  associated  with  low  shear  strength  and  consequently 
low  friction  (see  appendix  A),  (3)  laminar  structure  (some 
layer-lattice  materials  have  been  quite  effective  as  solid 
lubricants),  (4)  limited  solubility,  (5)  limited  chemical  re- 
activity, and  (6)  surface  adherence.  The  five  materials 
included  in  table  I should  be  relatively  effective  in  reducing 
friction  and  wear.  On  the  basis  of  their  properties,  MoS2 
and  graphite  were  indicated  to  be  the  materials  of  most 
interest. 

Campbell  (ref.  6)  discussed  the  desired  properties  of  solid 
lubricants  and  included,  in  addition  to  the  mentioned  points, 
the  following:  (1)  The  film  should  have  good  elastic  proper- 
ties; and  (2)  for  a specific  application,  certain  other  proper- 
ties may  be  required  of  the  solids:  high  electrical  conduc- 
tivity, high  thermal  conductivity,  corrosion  inhibition,  low 
density,  small  particle  size,  and  freedom  from  abrasive 
contaminants.  The  requirement  of  freedom  from  abrasive 
contaminants  is  extremely  important  and  is  discussed  later. 

As  shown  in  table  I,  both  graphite  and  MoS2  have  excellent 
properties  from  the  standpoint  of  possessing  high  melting 
point,  laminar  structure,  low  hardness  (which  corresponds 
to  low  shear  strength),  and  relative  chemical  inertness. 
Since  both  of  these  materials  have  a laminar  structure,  shear 
within  the  material  (in  the  plane  of  the  laminae)  should 
readily  occur.  Experimental  friction  results  with  MoS2  and 
graphite  are  shown  in  figure  13;  these  data  are  discussed  in 
detail  in  reference  30.  At  room  temperature  and  low  speed, 
there  is  little  choice  between  the  two  materials.  At  the 
higher  speeds,  the  friction  coefficient  of  MoS2  is  lower. 
Visual  observation  of  the  rider  specimens  indicated  that  some 
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(a)  Wear. 

(b)  Friction. 

Figure  14. — Wear  and  friction  of  cast  Inconel  (rider)  sliding  against 
M-10  tool  steel  (disk)  unlubricated.  Apparatus  B;  sliding  velocity 
120  feet  per  minute;  load,  1200  grams;  radius  of  spherical  rider 
specimen,  z/n  inch. 

welding  had  occurred  with  the  graphite  film  and  none  v ith 
the  MoS2  film.  Occurrence  of  welding  with  the  graphite 
film  may  have  been  affected  by  manner  of  film  formation 
or  by  humidity.  An  important  difference  between  the 
graphite  and  the  MoS2  films  is  the  manner  in  which 
the  two  films  were  formed;  the  graphite  film  was 
a rubbed  film  and  may  not  have  adhered  well  or  been 
completely  continuous  on  the  surface.  The  MoS2  film 
was  a continuous  film,  bonded  to  the  surface  by  the  corn 
syrup  method  described  in  appendix  B.  The  second  factor 
involves  the  presence  or  absence  of  adsorbed  water  films. 
Considerable  research  (conducted  by  Savage,  Ramadanoff, 
Campbell,  and  others,  and  reviewed  by  Campbell,  ref.  6) 
has  shown  that  the  presence  of  adsorbed  water  or  ox3'gen 
films  promotes  ease  of  slip  between  adjacent  crystal  planes 
of  graphite.  Thus,  in  low7  humidities  or  in  a vacuum,  w ear 
and  friction  with  graphite  are  very  high.  Campbell  also 
states  that,  if  the  graphite  is  properly  run-in  under  normal 
conditions  so  that  sufficient  water  is  adsorbed,  a high  degree 
of  orientation  is  produced  with  the  slip  layers  parallel  to  the 
supporting  surface.  After  such  run-in,  w7ear  is  very  low7 


even  in  relative  humidities  as  low7  as  0.4  percent.  With 
the  NACA  rubbed  films,  no  run-in  w7as  attempted;  thus, 
sliding  under  severe  conditions  (such  as  the  higher  sliding 
velocities  of  fig.  13)  generated  considerable  frictional  heat 
at  the  contacting  surfaces.  This  heat  may  have  desorbed 
any  w7ater  films  at  the  surface,  and  consequent^  reduced 
the  lubricating  effectiveness  of  the  graphite. 

Nickel  oxide. — It  w7as  observed  (refs.  24  and  25)  that 
good  performance  characteristics  (low  w7ear  and  prevention 
of  surface  damage)  of  nickel  alloys  were  obtained  when  a 
surface  film  of  NiO  was  present;  w7hen  no  surface  film  w7as 
present,  poor  performance  w7as  obtained. 

Research  at  this  laboratory  has  shown  that,  with  increase 
in  temperature,  wear  of  Inconel  decreases.  This  result  would 
be  expected,  since  an  oxide  film  could  form  more  readily  at 
the  higher  temperatures.  The  reduction  in  both  wear  and 
friction  with  increase  in  temperature  is  shown  in  figure  14. 
The  data  show  that  w7ear  at  temperatures  between  600°  and 
1000°  F is  approximately  one-twentieth  that  at  75°  F.  The 
effect  of  the  film  on  wear  was  checked  with  two  types  of 
experiment:  In  the  first,  specimens  with  preformed  NiO  films 
were  tested;  in  the  second,  an  attempt  was  made  to  prevent 
the  natural  formation  and  repair  of  the  oxide  film  by  limiting 
the  availability  of  oxygen  to  the  specimens. 

Films  were  preformed  by  two  methods.  One  film  w7as  pre- 
formed on  a cast  Inconel  specimen  by  making  a wear  run  in 
air  at  1000°  F;  a room-temperature  w7ear  run  was  then 
made  with  this  same  specimen.  As  indicated  in  figure  14  (a), 
the  wear  rate  was  approximately  one-tenth  of  that  obtained 
with  an  untreated  specimen  at  room  temperature.  A film 
w7as  preformed  on  a second  cast  Inconel  specimen  by  heating 
it  in  molten  caustic  (NaOH).  The  specimen  was  then  run  at 
room  temperature,  and  the  data  (fig.  14  (a))  show^  that  wear 
was  again  approximately  one-tenth  of  that  obtained  under 
similar  conditions  with  an  untreated  specimen  of  the  same 
material.  The  experiment  involving  oxygen  availability  was 
made  with  cast  Inconel  at  1000°  F in  an  atmosphere  of  argon. 
Although  some  oxide  was  undoubtedly  present  (because  air 
was  present  as  a contaminant),  wear  was  higher  by  a factor 
of  4.  These  results  point  to  the  beneficial  effect  of  the  nickel 
oxide  film  on  both  wear  and  prevention  of  surface  damage. 

Lacquers  or  varnishes. — The  study  on  lacquers  and 
varnishes  (referred  to  in  the  section  Naturally  Formed  Sur- 
face Films)  was  made  on  friction  specimens  to  which  had  been 
applied  lacquer  or  varnish  films  from  decomposition  of  several 
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Figure  15. — Effect  of  sliding  velocity  on  kinetic  friction  of  steel 
against  steel  lubricated  with  silicone  fluid  and  decomposition  films 
formed  from  a silicone  (ref.  37).  Apparatus  A;  load,  269  grams; 
initial  Hertz  s rface  stress,  126,000  psi;  radius  of  spherical  rider 
specimen.  V%  inch. 
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types  of  lubricant.  These  lubricant  types  included  ordinar\7 
petroleums  and  synthetic  lubricants  of  the  diester,  glycol, 
and  silicone  types.  Results  of  this  investigation  are  reported 
in  detail  in  reference  37. 

In  general,  the  data  of  reference  37  show  that  the  de- 
composition products  reduced  friction  and  surface  damage  of 
slider  surfaces  when  compared  with  dry,  clean  steel  surfaces. 
The  effect  of  surface  films  in  reducing  friction  and  protecting 
the  surfaces  is  strikingly  demonstrated  in  figure  15,  which 
shows  friction  coefficient  under  three  conditions:  (1)  with  sili- 
cone (a  poor  lubricant)  alone,  (2)  with  a silicone  decompo- 
sition film,  and  (3)  with  silicone  fluid  over  the  decomposition 
film.  The  marked  reduction  in  friction  with  decomposition 
films  is  apparent.  Furthermore,  with  the  fluid  alone,  surface 
damage  was  severe;  appearance  of  the  rider  was  similar  to 
that  shown  in  figure  3 (a) . With  the  decomposition  film  alone 
and  with  the  fluid  over  its  decomposition  film,  damage  to  the 
surfaces  was  very  slight;  rider  appearance  was  similar  to  that 
of  figure  3 (b). 

Platings. — Bowden  and  Tabor  (ref.  8)  have  shown  that 
plated  films  of  soft  metals  can  produce  extremely  low  friction 
coefficients,  provided  the  underlying  metals  do  not  contact 
each  other  through  the  film.  This  finding  implies  a limiting 
film  thickness  below  which  protection  to  the  surfaces  is 
inadequate.  Bowden  and  Tabor  found  that  the  limiting 
thickness  was  of  the  order  of  10-6  centimeter  for  indium 
films.  Other  metals  such  as  lead,  silver,  cadmium,  and 
copper  have  been  used  as  friction-reducing  platings.  The 
data  of  reference  8 (pp.  113-114  and  95-97)  confirm  the 
theory  (appendix  A)  that  the  lower  the  shear  strength  of  the 
film  material,  the  lower  will  be  the  value  of  friction.  Their 
results  showed  that  . . friction  of  eopper>lead>indium 
and  that  the  values  of  friction  . . . are  roughly  proportional 
to  the  shear  strengths  of  these  metals.”  From  friction 
results  obtained  with  a steel  slider  sliding  on  surfaces  of  steel, 
copper,  lead,  and  indium,  Bowden  and  Tabor  calculated 
shear  strengths  of  these  materials.  These  values  are  given 
in  the  following  table  (ref.  8,  p.  97) ; measured  shear  strengths 
of  the  pure  metals  are  included  for  comparison: 


Metal 

Shear  strength,  g/mm! 

Calculated 
from  friction 
measure* 
ments 

From  direct 
measurement 

Steel  

140, 000 
2S,  000 
1,600 
325 

90.000 

16. 000 
750 
220 

Copper 

Lead. 

Indium 

In  a practical  application  involving  the  cages  of  rolling 
contact  bearings  for  aircraft  gas-turbine  engines,  silver  has 
been  used  (ref.  38)  as  a plating  material.  Its  use  prevented 
excessive  metal  transfer  and  “pickup”  of  the  bronze  cage 
material  to  the  steel  bearing  material  during  operation  after 
high-temperature  soak-back. 

OTHER  METHODS  OF  LUBRICATION  BY  SOLIDS 

In  practice,  solids  may  be  used  to  lubricate  by  two 
methods:  (1)  inclusion  of  the  solid  as  a minor  constituent  of 
the  materials  to  be  lubricated;  this  method  provides  lubrica- 
tion by  formation  of  a film  on  the  surface  from  within  the 


Figure  16. — Endurance  tests  showing  total  number  of  cycles  to  failure 
for  several  runs  of  solid-film  lubricants  of  MoS2  using  four  different 
resin-forming  liquids.  Cadmium-plated,  silver-plated,  and  clean 
unlubricated  specimens  included  for  comparison.  Film  thicknesses, 
0.0002  to  0.0005  inch.  Failure  was  determined  by  high  friction 
force  and  chattering  of  specimens  (ref.  40).  Apparatus  B : radius  of 
spherical  specimens,  l/s  inch. 

structure  of  the  material,  and  (2)  preformation  of  a surface 
film  and  constant  repair  of  this  film.  In  method  (1),  the 
bearing  material  can  be  made  by  powder  metallurgy  with  a 
solid  minor  constituent  that  is  an  excellent  lubricant.  With 
method  (2),  the  surfaces  may  have  a preformed  lubricant 
film,  and  some  external  means  may  be  provided  to  replenish 
the  material  so  as  to  maintain  a continuous  film. 

Bonding  of  solid  lubricants. — References  39  and  40 
cover  investigations  made  to  determine  the  mechanism  of 
bonding  of  MoS2  and  other  solid  lubricants  to  various 
materials  and  to  determine  the  friction  and  wear  character- 
istics of  such  bonded  films.  It  is  shown  in  reference  39  that, 
when  a solid  powder  suspended  in  a resin-forming  liquid 
vehicle  is  applied  to  a hot  surface,  the  liquid  decomposes  or 
polymerizes  to  resins  that  bind  the  particles  of  powder  to- 
gether and  to  the  surface.  Powders  can  be  bonded  in  this 
way  to  materials  such  as  steel,  aluminum,  brass,  stainless 
steel,  or  glass.  The  resin-forming  liquids  that  were  investi- 
gated are:  asphalt-base  varnish,  silicones,  gh7cerin,  etli37lene 
glycol,  polygtycol  ether,  and  corn  sjTup.  Solid  lubricants 
bonded  by  this  method  were  MoS2,  graphite,  and  Fe304. 
Electron  diffraction  studies  (ref.  39)  of  a MoS2  film  bonded 
to  steel  showed  no  evidence  of  chemical  reaction  between 
the  MoS2  and  the  steel.  As  a part  of  the  bonding  investiga- 
tion, rubbed  films  were  also  studied.  Rubbing  of  MoS2 
and  graphite  was  shown  (refs.  39  and  30)  to  produce  orienta- 
tion of  the  materials. 
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Figure  17. — Wear  and  friction  of  hot-pressed  bearing  material  con- 
taining MoS2.  Rider  specimens  (on  which  wear  was  measured) 
were  composed  of  5 percent  copper  (by  weight),  95  to  60  percent 
silver,  and  0 to  35  percent  MoS2.  Disk  specimens  were  1020  steel 
(ref.  41).  Apparatus  A;  sliding  velocity,  5000  feet  per  minute; 
load,  519  grams;  time,  60  minutes;  radius  of  spherical  specimen, 
Yn  inch. 


The  studies  of  reference  39  showed  that  resin-forming 
fluids  on  steel  surfaces  chemically  reduce  Fe203  to  Fe304. 
This  conclusion  was  reached  from  electron-diffraction  studies 
of  a M0S2  film  bonded  with  corn  syrup  as  well  as  from  chemi- 
cal analyses  of  various  mixtures  of  M0S2,  corn  syrup,  iron, 
and  Fe203.  Presence  in  the  bonded  M0S2  film  of  Fe304 
rather  than  Fe203  (the  oxide  originally  present  on  the  surface 
before  the  M0S2  film  was  bonded)  should  be  advantageous 
because  of  the  better  friction  and  surface  protecting  prop- 
erties of  Fe304  (fig.  9 and  ref.  30) . 

MoS2  as  a solid  lubricant. — The  studies  of  reference  40 
showed  that  solid  lubricants  can  be  applied  by  a practical 
bonding  method.  The  reported  friction  and  endurance  data, 
obtained  under  the  severe  conditions  of  completely  dry 
operation  and  high  surface  stresses,  showed  that  solid-film 
lubricants  (from  0.0002  to  0.0005  in.  thick)  of  M0S2  bonded 
with  various  resins  (including  corn  syrup)  possessed  good 
lubricating  qualities  (fig.  16).  For  comparison  purposes, 
figure  16  presents  results  for  clean  steel  specimens  and  for 
specimens  with  a 0.0005-inch  plating  of  cadmium  or  of  silver. 

An  investigation  was  made  (ref.  41)  to  study  the  lubri- 
cating effectiveness  of  M0S2  included  as  a minor  constituent 
in  materials  made  by  powder-metallurgy  techniques;  such 
bearing  materials  might  be  capable  of  operating  success- 
fully even  under  extreme  boundary-lubrication  conditions 
(possibly  even  completely  dr}7).  For  these  experiments,  the 
rider  specimens  were  powder-metallurgy  compacts  of: 
copper,  5 percent  (by  weight);  silver,  95  to  60  percent;  and 
M0S2,  0 to  35  percent.  Values  of  friction  and  wear  of  these 
materials  are  shown  in  figure  17.  Wear  was  determined 
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Figure  18. — Effect  of  sliding  velocity  on  coefficient  of  friction  for 
various  mixtures  of  MoS2  and  a silicone  fluid  (a  poor  boundary  lubri- 
cant) (ref.  43).  Apparatus  A;  load,  269  grams;  radius  of  spherical 
rider,  inch.  Solid  film  of  MoS2  formed  by  corn  syrup  method 
described  in  appendix  B. 
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Figure  19. — Effect  of  mixtures  of  oil  (white,  medicinal)  and  MoS2  on 
friction  coefficient  (ref.  44).  Apparatus  E;  load,  40  pounds;  sliding 
velocity,  6 feet  per  minute;  radius  of  cylindrical  rider  specimen,  2 
inches;  steel  on  steel. 

from  the  measured  wear  spot  on  the  rider  specimens.  These 
data  show  that  friction  coefficient  decreased  progressively 
with  increase  in  concentration  of  M0S2.  With  wear,  how- 
ever, there  was  a definite  optimum  in  MoS2  concentration. 
High  wear  at  low  concentrations  probably  resulted  from 
lack  of  effective  lubrication;  high  wear  at  high  concentra- 
tions probably  resulted  from  lack  of  physical  strength  of  the 
material.  Since  the  specimens  were  operated  without 
external  lubrication,  such  materials  show  some  promise  for 
severe  conditions  of  load,  speed,  and  lack  of  lubrication.  In 
these  experiments,  welding  (as  observed  visually)  was  absent 
for  all  compacts  that  contained  more  than  5 percent  M0S2. 
The  materials  apparently  formed  an  effective  lubricating 
film  on  the  surface  by  a transfer  of  solid  lubricant  from  within 
the  structure  of  the  materials. 

An  investigation  of  lubrication  by  preformation  of  a surface 
film  and  constant  repair  of  this  film  is  reported  in  reference 
42.  The  solid  lubricant  was  supplied  to  the  specimens  with 
an  “air-mist”  system;  the  same  effect  could  undoubtedly 
hove  been  produced  if  the  solid  were  supplied  in  a volatile 
liquid  carrier.  Preliminary  investigations  had  shown  that, 
with  introduction  of  powdered  MoS2  in  a rolling  contact 
bearing,  a continuous  film  of  MoS2  was  formed  on  the  con- 
tacting surfaces  by  the  rolling  action  of  the  bearing  com- 
ponents. It  is  possible  (ref.  42)  to  operate  conventional 
rolling  contact  bearings  so  lubricated  either  at  high  tempera- 
tures (approaching  1000°  F)  or  at  high  speed  (to  DN  values 
of  900,000,  equivalent  to  a rotative  speed  of  approximately 
12,000  rpm  for  a 75-mm-bore  bearing). 
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Figure  20. — Effect  of  silica  additions  to  M0S2  on  wear  and  friction  of 
steel  specimens  (ref.  44).  Apparatus  E;  load,  40  pounds,  sliding 
velocity,  6 feet  per  minute;  duration,  6 hours;  radius  of  cylindrical 
rider  specimen,  2 inches;  steel  on  steel. 

Mixtures  or  suspensions  of  solids  in  liquid  carriers  may  not 
at  first  consideration  seem  to  fall  in  the  class  of  solid  surface- 
film  lubricants  as  discussed  in  this  report.  Material  so 
suspended  may,  however,  provide  lubrication  by  forming  a 
solid  film  at  the  sliding  surfaces.  The  studies  presented 
in  appendix  E of  reference  43  showed  that  low'  friction 
and  complete  protection  of  the  surfaces  from  welding 
(as  observed  visually)  could  be  obtained  with  mixtures  of 
MoS2  in  a silicone  fluid.  These  results  were  obtained  with 
concentrations  of  18  and  50  percent  MoS2  (fig.  18).  The 
silicone  fluid  by  itself  was  an  extremely  poor  boundary 
lubricant  for  the  steel-on-steel  specimens  of  these  experi- 
ments. Surface  welding  was  prevented  for  MoS2  concentra- 
tions as  lowr  as  5 percent.  It  should  be  recognized,  however, 
that  these  particular  mixtures  wrere  subject  to  settling,  since 
they  were  not  colloidal  suspensions;  such  settling  could  be 
detrimental  in  a practical  mechanism. 

Mixtures  of  MoS2  and  a lubricant  (white  oil)  produced 
friction  coefficients  (ref.  44)  lower  than  those  obtained  with 


Figure  21. — Oxidation  characteristics  of  MoS2  in  air.  (Data  from 

ref.  46.) 
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Figure  22. — Friction  at  high  sliding  velocities  of  steel  against  steel 
with  preformed  films  of  rubbed  M0O3  and  oxidized  MoS2  (ref.  46). 
Apparatus  A;  radius  of  spherical  rider  specimen,  l/%  inch. 


either  the  MoS2  alone  or  the  oil  alone  (fig.  19).  The  lowest 
concentration  of  MoS2  required  for  minimum  friction  coeffi- 
cient is  approximately  10  percent. 

As  previously  discussed,  contaminants  may  be  important 
in  the  use  of  solid  lubricants.  An  investigation  of  these 
effects,  using  MoS2  as  the  solid  lubricant,  is  described  in 
references  44  and  14.  The  studies  of  reference  44  revealed 
that  naturally  present  contaminants,  such  as  silica,  might 
increase  wear  considerably,  even  though  friction  coefficient 
was  increased  only  slightly  (fig.  20).  Moisture  has  a very 
detrimental  effect  on  lubrication  with  MoS2;  both  friction 
and  wear  increase  as  moisture  content  increases  (ref.  14). 
Moisture  in  MoS2  also  forms  acids  that  may  be  corrosive. 
Purity  of  the  MoS2  is  therefore  of  considerable  importance. 

Campbell  (ref.  6)  states:  “When  chemical  conversion 
coatings  are  used  in  combination  wfith  other  solid  lubricants, 
a surface  is  produced  which  outwears  by  a large  factor  either 
lubricant  alone. ” His  data  show  that  marked  increases  in 
life  (as  measured  by  cycles  to  failure)  could  be  obtained  with 
a graphite  film  over  a phosphated  surface;  the  phosphate 
treatment  wras  presumed  to  improve  adherence  of  the  lubri- 
cant film.  Barwell  and  Milne  (ref.  45)  showed  similar 
improvements  (reduction  in  scuffing  wear  and  increase  in 
seizure  load)  by  the  use  of  MoS2  in  association  with 
phosphated  surfaces. 


Figure  23. — Schematic  representation  of  rider-disk  combination,  with 
unoxidized  and  with  oxidized  MoS2  films. 
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Figure  24. — Effect  of  M0O3  on  friction  of  steel  against  steel  at  high 
sliding  velocities  (ref.  46).  Apparatus  A;  radius  of  spherical  rider 
specimen,  y8  inch. 


Since  MoS2  appeared  promising  in  the  investigations  at 
room  temperature,  it  was  considered  as  a high-temperature 
lubricant.  An  X-ray  diffraction  investigation  of  its  chemical 
stability  at  high  temperatures  was  accordingly  made  (ref. 
46).  This  investigation  showed  that  in  vacuum  there  is  no 
phase  change  of  the  MoS2  at  temperatures  below  1000°  F. 
In  the  presence  of  the  oxygen,  however,  MoS2  was  found  to 
oxidize  to  molybdenum  trioxide  Mo03  at  a very  low  rate  at 
750°  F;  the  rate  of  oxidation  increases  steadily  with  increase 
in  temperature  as  shown  in  figure  21.  Since  Mo03  is  abra- 
sive, the  friction  characteristics  of  both  an  oxidized  film  of 
MoS2  and  a rubbed  film  of  pure  Mo03  were  studied.  The 
results  are  shown  in  figure  22.  The  data  show  that  Mo03  is 
a very  poor  lubricant  and  its  use  resulted  in  high  friction  and 
excessive  welding.  The  “oxidized”  MoS2  film,  however, 
showed  results  remarkabty  similar  to  those  for  the  unoxi- 
dized MoS2  film. 

An  explanation  of  the  mechanism  of  action  of  the  MoS2  in 
the  “oxidized”  condition  must  consider  the  actual  surface 
films  in  both  the  oxidized  and  the  unoxidized  conditions. 
Sketches  of  the  two  surface  films,  based  on  an  hypothesis 
that  explains  the  mechanism,  are  shown  in  figure  23.  While 
conditions  in  these  experiments  were  intended  to  give  as  near 
complete  oxidation  as  possible,  undoubted^  some  fraction  of 
the  MoS2  remains  unoxidized;  even  though  this  fraction  is 
extremely  small,  it  acts  as  an  effective  solid  lubricant  at  the 
surface.  The  film  immediately  adjacent  to  the  surface 
appears  to  be  that  part  which  produces  the  beneficial  results. 

Studies  were  made  (ref.  46)  of  a film  of  pure  Mo03  applied 
to  a clean  steel  disk  by  an  evaporation  technique;  the  Mo03 
was  condensed  from  the  vapor  state  on  a steel  disk  until  a 
film  approximately  0.003  inch  thick  was  present.  Friction 
coefficients  obtained  with  this  film  (upper  curve  of  fig.  24) 
were  higher  than  those  for  clean  steel  on  clean  steel  at  all 
sliding  velocities.  Studies  were  also  made  (ref.  46)  of  an 
evaporated  Mo03  film  applied  to  a steel  disk  on  which  there 
was  a thin  film  of  mixed  iron  oxides  and  carbon;  this  base 
film  was  produced  by  painting  the  surface  of  the  hot  disk 
with  corn  syrup.  As  previously  discussed,  the  corn  syrup 
reduces  Fe203  to  Fe304  at.  high  temperatures  (ref.  39). 
Friction  with  the  evaporated  Mo03  film  applied  over  the 


mixed  iron  oxides  and  carbon  is  shown  in  figure  24 ; the  data 
show  that  friction  coefficient  with  this  film  is  higher  than  that 
for  a bonded  MoS2  film,  but  lower  than  that  with  either 
Mo03  on  clean  steel  or  for  clean,  dr}7  steel.  This  result  again 
illustrates  the  importance  of  iron  oxides  to  the  friction 
mechanism;  the  reduction  in  friction  (as  compared  with  either 
Mo03  on  clean  steel  or  with  clean  steel)  is  probably  the  result 
of  surface  protection  by  the  Fe304  film. 

The  studies  of  reference  31  suggest  that  fretting  damage  is 
caused  basically  by  high  adhesive  forces;  the  adhesion  theory 
of  friction  predicts  that  a solid  surface  film  of  low  shear 
strength  should  be  effective  in  the  mitigation,  or  inhibition, 
of  fretting.  Because  of  the  effectiveness  of  MoS2  as  a solid- 
film  lubricant,  it  was  checked  (ref.  47)  for  its  effectiveness  as 
an  inhibitor  of  fretting.  Data  obtained  that  show  MoS2  to 
be  an  effective  fretting  inhibitor  are  presented  in  the  following 
table;  for  comparison  purposes,  data  for  clean  specimens  and 
for  specimens  lubricated  with  mineral  oil  are  included : 


Specimens 

Surface  film 

Cycles  to 
start  of  fret- 
ting 

Steel  ball  on  glass 
flat 

None. 

Mineral  oil 

M0S2  dusted.. 

M0S2  bonded 

1-30 
1,500 
72, 000 
28,  000,000 

Steel  flat  on  steel 
flat 

None 

M0S2  bonded 

100 

10, 000, 000 

These  results  show  that  a surface  film  (even  mineral  oil) 
delays  the  start  of  fretting;  this  effect  is  believed  to  result 
from  reduction  of  the  adhesive  forces  responsible  for  fretting. 
Of  the  various  methods  of  applying  MoS2,  bonding  of  the 
film  was  clearly  superior,  probably  because  of  the  strong 
adherence  of  the  bonded  film  to  the  surface. 

Other  solids  as  lubricants. — As  previously  stated,  graphite 
is  a solid  that  has  many  of  the  properties  desired  of  a solid 
lubricant  for  use  at  high  temperatures.  In  consequence, 
graphite  was  included  in  a previously  unreported  investiga- 
tion in  which  lubrication  of  bearings  at  high  temperature 
was  studied;  method  of  application  of  the  graphite  was 
essentially  the  “air-mist”  system  of  reference  42.  The 
investigation  showed  that  lubrication  of  a 20-millimeter-bore 
ball  bearing  operating  at  2500  rpm  with  graphite  was  suc- 
cessful at  temperatures  to  1000°  F.  Good  results  were  ob- 
tained with  both  dried  and  undried  graphite.  In  contrast 
to  the  harmful  (abrasive  and  corrosive)  products  from  oxida- 
tion of  MoS2,  the  oxidation  products  from  graphite  are 
“harmless”  (ref.  6).  As  indicated  in  reference  6,  “graphite 
starts  to  oxidize  to  carbon  dioxide  at  350°  C (662°  F).” 

Boyd  and  Robertson  (ref.  48)  investigated  a number  of 
solid  lubricants  at  extremely  high  pressure  (to  400,000  lb/sq  in.) 
and  found  that  MoS2  and  graphite  were  among  the  best  of 
the  various  lubricants  included  in  their  investigation.  It 
is  also  possible  that  oxides  of  several  metals  used  in  the 
powdered  form  might  effectively  lubricate. 

There  have  been  several  practical  instances  at  the  Lewis 
laboratory  that  have  proved  the  effectiveness  of  solid  lubri- 
cants where  extremely  severe  operating  conditions  are  in- 
volved. For  example,  a large  number  of  air-handling  valves 
are  required  to  operate  in  a corrosive  atmosphere  at  ambient 
temperatures  up  to  600°  F.  An  attempt  to  operate  the 
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valves  with  a bearing  combination  of  a relatively  hard 
stainless  steel  journal  and  a hard  stellite  bearing  resulted  in 
bearing  seizure.  A bearing  was  designed  that  had  an 
interrupted  surface  with  the  surface  interruptions  filled  with 
a solid  lubricant.  Dry  bearings  of  this  type  have  operated 
satisfactorily  over  a period  of  time  at  temperatures  up  to 
600°  F. 

SUMMARY  OF  RESULTS 

Under  extreme  boundary-lubrication  conditions,  where 
metal-to-metal  contact  takes  place,  the  generally  accepted 
friction  theory  (according  either  to  Bowden  and  Tabor  or  to 
Merchant)  predicts  that  friction  and  tendency  to  surface 
failure  (by  welding)  of  rubbing  metals  can  be  reduced  rela- 
tively simply;  this  reduction  can  be  accomplished  by  a re- 
duction of  the  ratio  s/p  where  s is  shear  strength  of  the  softer 
of  the  two  contacting  materials  and  p is  flow  (yield)  pressure 
of  the  softer  of  the  two  contacting  materials.  The  most 
practical  means  of  reducing  the  ratio  s/p  is  to  reduce  the  value 
of  s.  The  use  of  thin  low-shear-strength  films  on  hard  base 
materials  results  in  a reduction  of  s with  negligible  reduction 
of  p.  Thus  any  low-shear-strength  material  (for  example, 
some  oxides,  sulfides,  plated  films,  liquid  lubricants,  etc.) 
that  acts  as  a contaminant  between  sliding  surfaces  should 
be  effective  in  reducing  friction  and  surface  failure.  Exper- 
imental investigations  by  the  NACA  produced  the  following 
results,  which  are  consistent  with  this  view: 

Experiments  with  iron  oxides  showed  that  FeO  and  Fe304 
are  generally  beneficial,  while  Fe203  is  harmful.  With  steel 
specimens  in  sliding,  exclusion  of  oxygen  by  use  of  a blanket- 
ing medium  prevented  the  formation  of  the  beneficial  oxides 
and  permitted  extensive  surface  welding.  In  fact,  the  results 
of  these  and  other  investigations  indicate  that,  with  many 
metals  and  particularly  ferrous  alloys,  effective  lubrication 
is  very  often  dependent  on  the  presence  of  an  oxide  film  that 
can  serve  either  as  a solid  lubricant  film  itself  or  as  a means  of 
obtaining  a metallic  soap  film  (by  reaction  with  fatty  acids) 
which  serves  as  the  solid  lubricant.  The  importance  of 
oxides  to  the  friction  and  wear  processes  has  not  always  been 
fully  appreciated. 

Chemical  reaction  films  such  as  FeS  and  FeCl2  were  effec- 
tive in  preventing  surface  welding;  FeCl2  was  much  more 
effective  than  FeS  in  reducing  friction  (for  example,  at  3000 
ft/min  sliding  velocity,  friction  coefficient  ju  was  approxi- 
mately 0.13  for  FeCl2  and  0.40  for  FeS).  This  difference  in 
friction  corresponds  to  the  difference  in  shear  strengths  of  the 
two  compounds. 

Wear  studies  showed  that  prevention  of  surface  damage 
and  maintenance  of  low  wear  could  be  associated  with  the 
formation  of  naturally  occurring  surface  films  on  one  or  both 
of  the  sliding  specimens;  for  cast  irons,  the  surface  film  con- 
sisted of  graphitic  carbon  and  for  various  nickel  alloys,  the 
film  consisted  of  the  nickel  oxide  NiO.  In  one  investigation 
with  cast  Inconel  sliding  against  hardened  M-10  tool  steel 
at  temperatures  ranging  from  75°  to  1000°  F,  a very  marked 
downward  trend  of  wear  with  increase  of  temperature  was 
observed.  It  is  speculated  that  this  downward  trend  was 
the  result  of  formation  of  beneficial  nickel  oxide (s)  at  the 
higher  temperature.  In  this  same  investigation,  wear  was 
reduced  by  a factor  of  10  through  pretreatment  of  the  Inconel 


specimen  to  form  a nickel  oxide  surface  film.  It  was  possible 
to  increase  wear  by  limiting  formation  of  the  oxide  film. 
This  result  was  obtained  by  conducting  tests  at  1000°  F in 
which  the  availability  of  oxygen  was  restricted  by  displacing 
the  air  surrounding  the  specimens  with  argon;  under  these 
conditions,  wear  increased. 

Investigations  of  solid  surface  films  of  the  lacquer  or  var- 
nish type  (preformed  from  decomposition  of  several  petrol- 
eum and  synthetic  lubricants)  showed  that  such  films  re- 
duced friction  and  surface  damage  considerably,  compared 
with  dry  clean  steel  surfaces.  Furthermore,  when  a fluid 
silicone  film  is  present  over  its  lacquer  or  varnish  film,  the 
reduction  in  both  friction  and  surface  damage  is  quite  marked 
as  compared  with  the  silicone  film  alone. 

Various  solids  were  considered  for  use  as  solid-film  lubri- 
cants; of  those  considered,  MoS2  and  graphite  seemed  best 
for  use  under  severe  operating  conditions  such  as  high 
temperatures,  high  loads,  or  an}7  of  the  various  operating 
conditions  leading  to  extreme  boundary  lubrications.  In- 
vestigations of  these  solids  under  high  contact  pressures, 
high  temperatures,  or  high  sliding  velocities  indicated  that, 
in  general,  beneficial  results  were  obtained  with  each  ma- 
terial in  the  lubrication  of  steel  on  steel.  These  materials 
were  therefore  studied  extensively  with  respect  to:  (1) 
methods  of  bonding  to  surfaces,  (2)  lubrication  of  rolling 
contact  bearings,  and  (3)  for  MoS2,  stability  at  high  tem- 
peratures. 

Studies  of  the  mechanism  of  bonding  showed  that  both 
MoS2  and  graphite  could  be  bonded  to  most  surfaces  by  the 
use  of  a resin-forming  liquid  vehicle.  The  films  so  bonded 
were  quite  effective  in  preventing  damage  and  reducing 
friction  over  limited  periods  of  time.  The  MoS2  and  graphite 
were  used  to  lubricate  rolling  contact  bearings  at  high  tem- 
perature and  provided  effective  lubrication  up  to  1000°  F. 
This  application  required  a solid  lubricant  film  to  be  formed 
and  maintained  (repaired)  by 'continual  injection  of  small 
amounts  (approximately  0.001  lb/min)  of  the  solid  lubricant. 

X-ray  diffraction  studies  of  MoS2  showed  no  phase  changes 
below  1000°  F in  the  absence  of  oxygen.  Electron  and  X-ray 
diffraction  experiments  show  that  in  the  presence  of  oxygen 
MoS2  oxidizes  to  molybdenum  trioxide  Mo03.  The  rate  of 
oxidation  increases  steadily  with  ncrease  in  temperature: 
it  is  low  below  750°  F and  becomes  high  at  temperatures 
above  1050°  F.  Presence  op  a very  small  amount  of  un- 
oxidized MoS2  in  oxidized  bonded  MoS2  films  will,  however, 
maintain  low  friction  and  provide  good  protection  from 
surface  damage. 

The  general  results  of  these  investigations  show  that  the 
presence  of  certain  low-shear-strengtli  solid  surface  films 
can  markedly  reduce  friction,  wear,  and  surface  damage  of 
rubbing  metals  operating  under  conditions  of  extreme  bound- 
ary lubrication  (where  metal-to-metal  contact  takes  place). 
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APPENDIX  A 


ADHESION  THEORY  OF  FRICTION 


Bowden  and  Tabor  (ref.  S) 


When  the  roughness  term  is  negligible, 


Friction,  F=  S+ P = Shear + PI  oughing 

F-=As-\-A'p 

A Load  W 
Flow  pressure  p 

Friction  F As_A'p 


Load  W W W 


s A' p 
^p+W 

When  the  ploughing  term  is  negligible, 

_s__Shear  strength 
Flow  pressure 

Merchant  (ref.  10) 

$ 

7+ Tan  Shear + Roughness 

JdL 


__  s Shear  strength 

^ H Pressure  surface  hardness 

where 

F friction  force 

S shear  force 

P ploughing  force 

A shear  area 

s shear  strength 

A'  ploughing  area 

2?  flow  pressure  (in  certain  cases  equivalent  to  yield 
strength  in  compression) 

W load 

Q average  angle  that  planes  of  slip  make  with  general 
plane  of  surface 

H pressure  surface  hardness  (in  certain  cases  equivalent 

to  yield  strength  in  compression) 


APPENDIX  B 

FILM  PREPARATION 


The  preparation  of  various  preformed  films  is  described  in 
considerable  detail  in  references  13,  30,  37,  40,  and  46;  a 
condensed  version  of  the  procedure  for  each  specific  film  is 
included  in  this  appendix. 

The  finishing  and  cleaning  procedure  summarized  here  is 
described  in  detail  in  reference  11.  Each  disk  was  subjected 
to  a similar  milling,  grinding,  and  lapping  procedure,  which 
was  followed  by  a cleaning  procedure  essentially  as  follows: 

(1)  Degrease  in  low-aromatic  cleaning  naphtha 

(2)  Abrade  with  3/0  emery  paper 

(3)  Wash  with  mixture  of  50  percent  benzene  and  50 

percent  acetone 

(4)  Scrub  with  levigated  alumina 

(5)  Rinse  with  water 

(6)  Rinse  with  190  proof  ethyl  alcohol 

(7)  Dry  in  clean,  warm  air 

FORMATION  OF  Fe30*  FILM  (REF.  30) 

A film  of  Fe304  was  formed  by  heating  steel  in  a restricted 
oxygen  supply;  the  disk  was  heated  to  375°  C (707°  F)  in  a 
metal  bell  jar  in  which  the  air  pressure  was  0.1  millimeter  of 
mercury.  After  30  minutes  in  the  vacuum  furnace,  inter- 
ference colors  were  obtained  which  indicated  a thickness  in 
the  order  of  1200  A.  The  steel  was  cooled  to  room  tem- 
perature in  the  furnace  under  the  same  low  pressure. 

FORMATION  OF  Fe203  FILM  (REF.  30) 

A film  of  the  oxide  Fe203,  which  contains  the  greatest 
amount  of  oxygen  of  the  iron  oxide  films  investigated,  was 
prepared  by  heating  a steel  disk  to  350°  C (662°  F)  in  clean, 
dry  ail’  at  atmospheric  pressure.  The  disk  was  removed 


from  the  source  of  heat  when  the  interference  colors  on  the 
surface  indicated  thickness  about  1200  A. 

FORMATION  OF  FeC12  FILM  (REF.  30) 

A film  of  FeCl2  was  formed  by  exposing  a warmed,  clean 
steel  disk  to  the  hot  vapors  composed  of  an  azeotropic 
solution  of  hydrochloric  acid  and  water.  The  warm  disk 
was  placed  in  a hot  gas  chamber  at  100°  C (212°  F),  which 
was  then  partly  evacuated.  When  a valve  was  opened  at 
the  inlet  to  the  chamber,  a vapor  composed  of  20  percent 
water  and  80  percent  hydrochloric  acid  could  envelop  the 
disk.  A 2-minute  exposure  was  sufficient  to  form  a thin, 
white,  uniform  coating  believed  (on  basis  of  interference 
colors)  to  be  approximately"  1000  A thick. 

FORMATION  OF  FeS  FILM 

Kinetic  friction  experiments  of  figure  11  (ref.  30). — A 

film  of  FeS  was  formed  by  exposing  a heated  disk  to  hydrogen 
sulfide  H2S  gas.  The  clean  steel  disk  was  placed  in  a vacuum 
furnace  at  room  temperature  and  the  air  pressure  reduced 
to  0.25  millimeter  of  mercury.  Hydrogen  sulfide  was  ad- 
mitted and  the  pressure  again  reduced.  This  process  was 
repeated  until  the  chamber  was  purged  of  air.  The  disk 
was  then  heated  to  350°  C (662°  F)  and  an  additional 
amount  of  H2S  was  admitted.  The  film  formed  rapidly  and 
the  furnace  was  allowed  to  cool  while  the  low  pressure  was 
maintained.  The  film  thickness  was  believed  (on  basis  of 
interference  colors)  to  be  approximate!}7  1000  A. 

Static  friction  experiments  of  figure  12  (ref.  13). — Films 
of  FeS  were  formed  on  the  rider  specimens  (balls)  by  heating 
in  an  atmosphere  of  H2S.  Thickness  of  the  films  was  calcu- 
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la  ted  from  weight  gain  and  was  checked  by  means  of  the 
modified  chemical  spot  test,  as  discussed  in  reference  13. 
All  weight  gain  was  assumed  to  be  caused  by  the  addition 
of  sulfur,  which  was  stoichiometrically  combined  with  iron 
to  form  iron  sulfide. 

FORMATION  OF  MoSj  FILM 

Corn  syrup  resin  for  film  of  figure  13  (ref.  30). — Molyb- 
denum disulfide  MoS2  powder  was  mixed  into  a smooth 
paste  with  an  organic  binder  (commercial  corn  syrup).  The 
mixture  was  painted  on  a steel  disk,  the  temperature  of  which 
was  350°  C (662°  F).  After  the  disk  cooled,  loosely  adhering 
MoS2  was  scraped  off  with  a straight  edge  until  the  film  was 
thin  (approximately  0.005  in.),  tenacious,  gray-black,  and 
very  smooth.  The  disk  was  finished  by  light  abrasion  with 
3/0  emery  paper,  followed  by  washing  in  190  proof  ethyl 
alcohol. 

Corn  syrup  resin  for  film  of  figure  16  (ref.  40). — Equal 
parts  by  weight  of  MoS2  and  corn  syrup  were  mixed  to  a 
paste.  The  disk  was  preheated  to  250°  to  300°  C (482°  to 
572°  F)  and  the  paste  applied  to  the  disk.  After  the  disk 
had  cooled  and  the  excess  was  scraped  off,  the  surface  was 
rubbed  with  fine  steel  wool  and  burnished  with  soft  clean 
cloth  to  form  a film  of  thickness  from  0.0002  to  0.0005  inch. 

Asphalt-base  resin  (ref.  40). — A mixture  of  1 part  (by 
weight)  MoS2  and  2 parts  (by  weight)  asphalt-base  varnish 
thinned  60  percent  (by  volume)  with  naphtha  was  brushed 
on  a clean  steel  disk;  the  film  was  then  air  dried  at  room 
temperature  until  tack  free.  This  film  will  become  sufficient- 
ly hard  (equivalent  to  hardness  obtained  when  cured  for  3 hr 
at  150°  C)  if  enough  time  at  room  temperature  is  allowed. 
The  disk  was  then  rubbed  with  steel  wool  and  burnished  with 
a soft  clean  cloth  to  form  a film  of  thickness  from  0.0002 
to  0.0005  inch. 

Silicone  varnish  resin  (ref.  40). — A mixture  of  1 part  (by 
weight)  MoS2  and  2 parts  (by  weight)  silicone  varnish  thinned 
20  percent  (by  volume)  with  xylene  was  brushed  on  a clean 
steel  disk  and  dried  under  infrared  rays  until  firm.  The  film 
was  cured  by  heating  at  200°  to  250°  C (392°  to  482°  F)  for 
3 hours.  The  disk  was  then  scrubbed  with  steel  wool  and 
burnished  with  soft  clean  cloth  to  form  a film  thickness  from 
0.0002  to  0.0005  inch. 

Glycerol  resin  (ref.  40). — A mixture  of  1 part  (by  weight) 
MoS2  and  2 parts  (by  weight)  glycerin  preboiled  (to  about 
one-fifth  its  original  volume)  was  rubbed  on  a clean  steel  disk. 
The  film  was  then  dried  either  by  (a)  heating  to  250°  to  300° 
C (482°  to  572°  F)  and  repeating  application  of  mixture 
with  rubbing  until  film  covered  surface  completely  and  con- 
tinued heating  until  dry,  or  (b)  drying  under  infrared  until 
film  was  firm,  then  cured  by  heating  for  3 hours  at  250°  C 
(482°  F).  The  disk  was  then  scrubbed  with  fine  steel  wool 
and  burnished  with  soft  clean  cloth  to  form  a film  of  thick- 
ness from  0.0002  to  0.0005  inch. 

FORMATION  OF  OXIDIZED  M0S1  FOR  FILM  OF  FIGURE  22  (REF.  46) 

A disk,  on  which  had  been  formed  a film  of  MoS2  in  ac- 
cordance with  the  method  of  reference  30,  was  placed  in  a 


muffle  furnace  and  heated  y2  hour  at  1000°  F.  This  treat- 
ment produced  a top  layer  primarily  of  Mo03,  with  an  under- 
lying thin  layer  of  mixed  MoS2,  iron  oxides,  and  carbon. 

FORMATION  OF  MoOj 

Rubbed  Mo03  for  films  of  figure  22  (ref.  46). — Coarse, 
crystalline  Mo03  was  rubbed  on  the  flat  disk  to  produce  the 
, rubbed  Mo03  film.  This  rubbing  essentially  resulted  in 
filling  the  microscopic  valleys  of  the  steel  surfaces. 

Evaporated  Mo03  for  film  of  figure  24  (ref.  46). — The 
Mo03  was  evaporated  onto  the  surface  of  two  disks.  One 
of  these  disks  was  clean;  the  second  had  a film  of  mixed  iron 
oxides  and  carbon  on  the  surface.  The  mixture  of  iron 
oxides  and  carbon  was  obtained  by  painting  the  surface  of  a 
hot  steel  disk  with  corn  syrup  only.  Evaporation  of  MoOs 
was  done  by  heating  molybdic  acid  H2Mo04  in  a crucible; 
during  heating,  the  acid  dehydrated  and  became  Mo03, 
which  melted,  evaporated,  then  condensed  on  the  cool  disk 
surface  immediately  above  the  crucible.  The  films  were 
approximately  0.003  inch  thick.  Details  of  the  film  prepa- 
ration are  given  in  reference  46. 

FORMATION  OF  GRAPHITE  FILM  (REF.  30) 

Graphite  was  deposited  on  the  surface  of  the  steel  disk  by 
compressing  flaky  graphite  into  a cake,  which  was  then  pressed 
against  the  rotating  disk.  The  resulting  film,  while  not  com- 
pletely continuous,  was  estimated  to  be  less  than  0.0005 
inch  thick. 

FORMATION  OF  NICKEL  OXIDE 

Nickel  oxide  films  were  preformed  by  two  methods.  In 
the  first,  the  film  was  preformed  on  a cast  Inconel  specimen 
by  running  a sliding  friction  experiment  in  air  at  1000°  F; 
previous  sliding  friction  experiments  with  nickel  alloys  had 
shown  that  NiO  was  formed  on  the  surface  (refs.  24  and  25). 
In  the  second  method,  the  film  was  preformed  by  heating  a 
cast  Inconel  specimen  in  molten  caustic  NaOH.  Exact 
thickness  of  these  nickel  oxide  films  is  unknown. 

FORMATION  OF  LACQUERS  OR  VARNISHES  (REF.  37) 

The  lacquer  or  varnish  films  were  formed  by  heating  the 
disk  specimen  in  air.  Before  heating,  a thin  film  of  fluid 
lubricant  was  uniformly  deposited  on  the  disk  surface;  in 
most  cases,  the  quantity  of  fluid  was  approximately  1 cubic 
centimeter  and  the  fluid  was  uniformly  applied  as  a fine  mist. 
Decomposition  of  the  fluid  lubricant  was  accomplished  by 
heating  the  disks  to  temperatures  slightly  higher  than  those 
at  which  the  first  visible  vaporization  of  the  lubricant  oc- 
curred. The  temperatures  were  main  tamed  as  long  as  14 
hours. 

PLATINGS 

Cadmium  plating. — The  cadmium  plate  was  applied  using 
a lead  anode  in  complex  cyanide  of  cadmium  bath.  The 
thickness  of  the  plate  was  0.0005  inch. 

Silver  plating. — The  silver  plate  was  applied  using  a 
silver  anode  in  a silver  cyanide  bath  with  aerosol  as  a 
brightener.  The  thickness  of  the  plate  was  0.0005  inch. 


110 


REPORT  1254 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


REFERENCES 


1.  Bowden,  F.  P.,  and  Tabor,  D.:  The  Lubrication  by  Thin  Metallic 

Films  and  the  Action  of  Bearing  Metals.  Jour.  Appl.  Phys., 
vol.  14,  no.  3,  Mar.  1943,  pp.  141-151. 

2.  Good,  J.  N.,  and  Godfrey,  Douglas:  Changes  Found  on  Run-In 

and  Scuffed  Surfaces  of  Steel,  Chrome  Plate,  and  Cast  Iron. 
NACA  TN  1432,  1947. 

3.  Prutton,  C.  F.,  Turnbull,  David,  and  Dloughy,  George:  Mech- 

anism of  Action  of  Organic  Chlorine  and  Sulfur  Compounds  in 
Extreme-Pressure  Lubrication.  Jour.  Inst.  Petr.  (London),  vol. 
32,  no.  266,  Feb.  1946,  pp.  90-118. 

4.  Hughes,  T.  P.,  and  Whittingham,  G.:  The  Influence  of  Surface 

Films  on  the  Dry  and  Lubricated  Sliding  of  Metals.  Trans. 
Faraday  Soc.,  vol.  XXXVIII,  no.  249,  pt.  1,  Jan.  1942,  pp.  9-27. 

5.  Webb,  Wells  A.:  The  Influence  of  Iron  Oxide  on  Wear  of  Rubbing 

Surfaces.  Science,  vol.  99,  no.  2575,  May  5,  1944,  pp.  369-371. 

6.  Campbell,  W.  E.:  Solid  Lubricants.  Lubrication  Eng.,  vol.  46, 

no.  4,  Aug.  1953,  pp.  195-200. 

7.  Tingle,  E.  D.:  The  Importance  of  Surface  Oxide  Films  in  the 

Friction  and  Lubrication  of  Metals.  Trans.  Faraday  Soc.,  vol. 
46,  no.  326,  pt.  2,  Feb.  1950,  pp.  93-102. 

8.  Bowden,  F.  P.,  and  Tabor,  D.:  The  Friction  and  Lubrication  of 

Solids.  Clarendon  Press  (Oxford),  1950. 

9.  Coulomb,  M.:  Theorie  des  machines  simple.  Memoires  de  mathe- 

matique  et  de  physique.  1785,  vol.  10,  pp.  161-334. 

10.  Merchant,  M.  E.:  The  Mechanism  of  Static  Friction.  Jour.  Appl. 

Phys.,  vol.  11,  no.  3,  Mar.  1940,  p.  230. 

11.  Johnson,  Robert  L.,  Swikert,  Max  A.,  and  Bisson,  Edmond  E.: 

Friction  at  High  Sliding  Velocities.  NACA  TN  1442,  1947. 

12.  Murray,  S.  F.,  and  Johnson,  Robert  L.:  Effects  of  Solvents  in 

Improving  Boundary  Lubrication  of  Steel  by  Silicones.  NACA 
TN  2788,  1952. 

13.  Levine,  Erva  C.,  and  Peterson,  Marshall  B.:  Formation  of  Sulfide 

Films  on  Steel  and  Effect  of  Such  Films  on  Static  Friction. 
NACA  TN  2460,  1951. 

14.  Peterson,  Marshall  B.,  and  Johnson,  Robert  L.:  Friction  and  Wear 

Investigation  of  Molybdenum  Disulfide.  I — Effect  of  Moisture. 
NACA  TN  3055,  1953. 

15.  Macks,  E.  Fred:  Preliminary  Investigation  of  Needle  Bearings  of 

1)4-Inch  Pitch  Diameter  at  Speeds  to  17,000  RPM.  NACA 
TN  1920,  1949. 

16.  Bowden,  F.  P.,  and  Young,  J.  D.:  Friction  of  Clean  Metals  and 

the  Influence  of  Adsorbed  Films.  Proc.  Roy.  Soc.  (London), 
ser.  A,  vol.  208,  Sept.  7,  1951,  pp.  311-325. 

17.  Harris,  Jay  C.:  Films  and  Surface  Cleanliness.  Metal  Finishing, 

vol.  44,  nos.  8-9,  Aug.  and  Sept.  1946,  pp.  328-333,  386-388. 

18.  Nelson,  H.  R.:  The  Primary  Oxide  Film  on  Iron.  Jour.  Chem. 

Phys.,  vol.  5,  no.  4,  Apr.  1937,  pp.  252-259. 

19.  Pomey,  J.:  Friction  and  Wear;  Translation  of  “Le  Frottement 

et  L’Usure.”  Rapport  Technique  no.  36,  Office  Nationale 
D’Etudes  et  de  Recherches  Aeronautiques,  1948.  Travaux  du 
Groupement  Francais  pour  le  D6veloppement  des  Recherches 
A6ronautiques  (G.  R.  A.).  (Available  in  English  translation 
as  NACA  TM  1318.) 

20.  Finch,  G.  T.:  The  Structure  of  Sliding  Surfaces.  Engineering 

(London),  vol.  CLIX,  no.  4131,  Mar.  16,  1945,  p.  215. 

21.  Johnson,  Robert  L.,  Swikert,  Max  A.,  and  Bisson,  Edmond  E.: 

Friction  at  High  Sliding  Velocities  of  Surfaces  Lubricated  with 
Sulfur  as  an  Additive.  NACA  TN  1720,  1948. 

22.  Ernst,  Hans,  and  Merchant,  M.  Eugene:  Chip  Formation,  Fric- 

tion and  Finish.  The  Cincinnati  Milling  Machine  Co.,  Aug.  24, 
1940. 

23.  Johnson,  Robert  L.,  Swikert,  Max  A.,  and  Bisson,  Edmond  E.: 

Investigation  of  Wear  and  Friction  Properties  under  Sliding 


Conditions  of  Some  Materials  Suitable  for  Cages  of  Rolling- 
Contact  Bearings.  NACA  Rep.  1062,  1952.  (Supersedes 

NACA  TN  2384.) 

24.  Johnson,  Robert  L.,  Swdkert,  Max  A.,  and  Bisson,  Edmond  E.: 

Wear  and  Sliding  Friction  Properties  of  Nickel  Alloys  Suited 
for  Cages  of  High-Temperature  Rolling- Contact  Bearings. 

I —  Alloys  Retaining  Mechanical  Properties  to  600°  F.  NACA 
TN  2758,  1952. 

25.  Johnson,  Robert  L.,  Swikert,  Max  A.,  and  Bisson,  Edmond  E.: 

Wear  and  Sliding  Friction  Properties  of  Nickel  Alloys  Suited 
for  Cages  of  High-Temperature  Rolling-Contact  Bearings. 

II —  Alloys  Retaining  Mechanical  Properties  above  600°  F. 
NACA  TN  2759,  1952. 

26.  Brophy,  J.  E.,  Militz,  R.  O.,  and  Zisman,  W.  A.:  Dimethyl- 

Silicone-Polymer  Fluids  and  Their  Performance  Characteristics 
in  Unilaterally  Loaded  Journal  Bearings.  Trans.  A.S.M.E., 
vol.  68,  no.  4,  May  1946,  pp.  355-360. 

27.  Hunt,  Kenneth  C.:  Petroleum  Requirements  of  British  Gas 

Turbines.  II — Lubricants.  SAE  Jour.,  vol.  59,  no.  11,  Nov. 

1951,  pp.  20-21. 

28.  Wilcock,  Donald  F.,  and  Jones,  Frederick  C.:  Improved  High- 

Speed  Roller  Bearings.  Lubrication  Eng.,  vol.  5,  no.  4,  Aug. 
1949,  p.  184;  discussion  by  Daniel  Gurney. 

29.  Bisson,  E.  E.,  and  Johnson,  R.  L.:  NACA  Friction  Studies  of 

Lubrication  at  High  Sliding  Velocities.  Lubrication  Eng.,  vol. 
6,  no.  1,  Feb.  1950,  pp.  16-20. 

30.  Johnson,  Robert  L.,  Godfrey,  Douglas,  and  Bisson,  Edmond  E.: 

Friction  of  Solid  Films  on  Steel  at  High  Sliding  Velocities. 
NACA  TN  1578,  1948. 

31.  Godfrey,  Douglas:  Investigation  of  Fretting  by  Microscopic  Ob- 

servation. NACA  Rep.  1009,  1951.  (Supersedes  NACA  TN 
2039.) 

32.  Bailey,  JohD  M.,  and  Godfrey,  Douglas:  Coefficient  of  Friction 

and  Damage  to  Contact  Area  During  the  Early  Stages  of 
Fretting.  II — Steel,  Iron,  Iron  Oxide,  and  Glass  Combina- 
tions. NACA  TN  3144,  1954. 

33.  Greenhill,  E.B.:  The  Lubrication  of  Metals  by  Compounds  Con- 

taining Sulfur.  Jour.  Inst.  Petr.  (London),  vol.  34,  no.  297, 
Sept.  1948,  pp.  659-669. 

34.  Zisman,  W.  A.:  Present  Problems  and  Future  Trends  in  Lubrica- 

tion. NRL  Rep.  4080,  Chem.  Div.,  Naval  Res.  Lab.,  Wash- 
ington (D.  C.),  Nov.  26,  1952. 

35.  Johnson,  Robert  L.,  Peterson,  Marshall  B.,  and  Swdkert,  Max  A.: 

Friction  at  High  Sliding  Velocities  of  Oxide  Films  on  Steel 
Surfaces  Boundary-Lubricated  with  Stearic-Acid  Solutions. 
NACA  TN  2366,  1951. 

36.  Bisson,  Edmond  E.:  The  Influence  of  Solid  Surface  Films  on  the 

Friction  and  Surface  Damage  of  Steel  at  High  Sliding  Velocities. 
Lubrication  Eng.,  vol.  9,  no.  2,  Apr.  1953,  pp.  75-77. 

37.  Johnson,  Robert  L.,  Godfrey,  Douglas,  and  Bisson,  Edmond  E.: 

Friction  of  Surface  Films  Formed  by  Decomposition  of  Common 
Lubricants  of  Several  Types.  NACA  TN  2076,  1950. 

38.  Wilcock,  Donald  F.,  and  Jones,  Frederick  C.:  Improved  High- 

Speed  Roller  Bearings.  Lubrication  Eng.,  vol.  5,  no.  3,  June 
1949,  pp.  129-133. 

39.  Godfrey,  Douglas,  and  Bisson,  Edmond  E.:  Bonding  of  Molyb- 

denum Disulfide  to  Various  Materials  to  Form  a Solid  Lubricat- 
ing Film.  I — The  Bonding  Mechanism.  NACA  TN  2628. 

1952. 

40.  Godfrey,  Douglas,  and  Bisson,  Edmond  E.:  Bonding  of  Molyb- 

denum Disulfide  to  Various  Materials  to  Form  a Solid  Lubricat- 
ing Film.  II — Friction  and  Endurance  Characteristics  of  Films 
Bonded  by  Practical  Methods.  NACA  TN  2802,  1952. 


FRICTION,  WEAR,  AND  SURFACE  DAMAGE  OF  METALS  AS  AFFECTED  BY  SOLID  SURFACE  FILMS 


111 


41.  Johnson,  Robert  L.,  Swikert,  Max  A.,  and  Bisson,  Edmond  E.: 

Friction  and  Wear  of  Hot-Pressed  Bearing  Materials  Containing 
Molybdenum  Disulfide.  NACA  TN  2027,  1950. 

42.  Macks,  E.  F.,  Nemeth,  Z.  N.,  and  Anderson,  W.  J.:  Preliminary 

Investigation  of  Molybdenum  Disulfide — Air-Mist  Lubrication 
for  Roller  Bearings  Operating  to  DN  Values  of  1X106  and  Ball 
Bearings  Operating  to  Temperatures  of  1000°  F.  NACA  RM 
E51G31,  1951. 

43.  NACA  Subcommittee  on  Lubrication  and  Wear:  Review  of  Cur- 

rent and  Anticipated  Lubricant  Problems  in  Turbojet  Engines. 
NACA  RM  51D20,  1951. 

44.  Peterson,  Marshall  B.,  and  Johnson,  Robert  L.:  Friction  and  Wear 

Investigation  of  Molybdenum  Disulfide.  II — Effects  of  Con- 


taminants and  Method  of  Application.  NACA  TN  3111,  1954. 

45.  Barwell,  F.  T.,  and  Milne,  A.  A.:  Use  of  Molybdenum  Disulfide 

in  Association  with  Phosphated  Surfaces.  Scientific  Lub.,  vol. 
3,  no.  9,  Sept.  1951,  pp.  9-14. 

46.  Godfrey,  Douglas,  and  Nelson,  Erva  C.:  Oxidation  Characteristics 

of  Molybdenum  Disulfide  and  Effect  of  Such  Oxidation  on  Its 
Role  as  a Solid-Film  Lubricant.  NACA  TN  1882,  1949. 

47.  Godfrey,  Douglas,  and  Bisson,  Edmond  E.:  Effectiveness  of 

Molybdenum  Disulfide  as  a Fretting-Corrosion  Inhibitor. 
NACA  TN  2180,  1950. 

48.  Boyd,  John,  and  Robertson,  B.  P.:  The  Friction  Properties  of 

Various  Lubricants  at  High  Pressures.  Trans.  A.S.M.E.,  vol. 
67,  no.  1,  Jan.  1945,  pp.  51-56;  discussion,  pp.  56-59. 


TABLE  I.— PHYSICAL  AND  CHEMICAL  PROPERTIES  OF  SOLID  LUBRICANTS 


Material 


Molybdenum  disulfide  MoS2_. 

Tungsten  disulfide  WS2 

Graphite  C 

Lead  iodide  Pbl2 

Silver  sulfate  Ag2S04 


Melting 

point, 

°C 


1185 

1250 

3527 

402 

652 


Hardness, 

mho 


1.0- 2. 5. 
Friable 

1. 0- 2.0 


Crystalline  properties 

Solubility 

Structure 

Form 

Orientation 

In  water 

Other 

solvents 

Hexagonal 

Laminar 

Random 

Insoluble 

H2S04, 

Hexagonal. 

Laminar 

None 

Insoluble 

aq.  reg. 

hno3+ 

HF 

Hexagonal.. 

Laminar 

Highly  pre- 
ferred 

Insoluble 

None 

Hexagonal  _ 

Laminar 

None 

Slightly 

Slightly 

KI 

Orthorhombic 

None 

hno3, 

h2so4. 

Chemical 

reactivity 


Medium 

Medium 

Low 

Medium 

Medium 
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AN  ANALYSIS  OF  THE  STABILITY  AND  ULTIMATE  COMPRESSIVE  STRENGTH  OF  SHORT 
SHEET-STRINGER  PANELS  WITH  SPECIAL  REFERENCE  TO  THE  INFLUENCE 
OF  THE  RIVETED  CONNECTION  BETWEEN  SHEET  AND  STRINGER  1 

Bv  Joseph  W.  Semonian  and  James  P.  Peterson 


SUMMARY 

A method  of  strength  analysis  of  short  sheet-stringer  panels 
subjected  to  compression  is  presented  which  takes  into  account 
the  effect  that  the  riveted  attachments  between  the  plate  and 
the  stiffeners  have  on  the  strength  of  panels . An  analysis  of 
experimental  data  shows  that  panel  strength  is  highly  influenced 
by  rivet  pitch)  diameter , and  location  and  that  the  degree  of 
influence  for  a given  riveting  depends  on  the  panel  configuration 
and.  panel  material. 

INTRODUCTION 

Rivets  have  been  used  extensively7  for  attaching  the  cover 
skin  to  the  stringers  and  webs  of  aircraft  wings.  These 
rivets  have  been  designed,  to  a large  extent,  by  rule-of- 
thumb  methods;  yet,  extensive  experimental  work  of  which 
reference  1 is  representative  has  shown  that  the  compressive 
strength  of  stiffened  panels  is  greatly  influenced  by  varia- 
tions in  diameter  and  pitch  of  the  rivets.  References  2 to  4, 
in  which  the  mode  of  instability  of  plates  in  compression 
known  as  wrinkling  or  forced  crippling  has  been  analyzed, 
show  that  the  panel  strength  is  influenced  also  by7  the  location 
(rivet  offset)  as  well  as  the  pitch  and  diameter  of  the  rivets. 
This  mode  of  instability7  results  from  the  existence  of  a 
flexible  attachment  between  the  plate  and  its  supporting 
members  and  has  occurred  more  frequently  as  the  compres- 
sion skins  have  become  heavier  and  the  supporting  members 
lighter. 

The  purpose  of  the  present  report  is  to  evaluate  the 
strength  of  short  compression  panels  and  in  particular  to 
determine  the  influence  of  the  riveting  used  to  fasten  the 
stringers  to  the  plate  on  the  strength  of  the  panel.  Figure  1 
shows  the  variation  in  panel  strength  with  rivet  pitch  and 
names  the  various  modes  of  failure  involved.  Only7  rivet 
pitch  is  considered  to  be  varied  in  figure  1 but  variations  in 
strength  could  be  obtained  also  by7  varying  the  rivet  diameter 
or  the  rivet  offset.  When  the  rivet  pitch  is  small,  the  panel 
of  figure  1 fails  in  the  local  mode;  for  larger  pitches,  it  may7 
failjin  either  the  wrinkling  or  the  interrivet  mode.  Failures 
in  the  interrivet  mode  are  not  usually7  permitted  in  contem- 
porary7 design;  whereas,  failures  in  the  wrinkling  mode  are 
common.  The  problem  of  evaluating  the  effects  of  riveting 
on  the  strength  of  panels  becomes,  therefore,  primarily7  a 
study7  of  the  wrinkling  mode  of  failure.  The  local-mode  section 


of  the  curve  of  figure  1 is  shown  as  a horizontal  line.  It  is 
recognized  that  there  may  be  some  gain  in  strength  with  a 
favorable  change  in  riveting  after  the  riveting  (pitch  in 
fig.  1)  is  such  that  the  local  mode  is  obtained.  The  available 
test  data  indicate  that  the  gain  in  strength  is  small  and  it  is 
neglected  in  the  analysis  presented  herein. 

A study7  of  the  wrinkling  mode  is  made  with  the  use  of  the 
procedures  established  in  references  3 and  4 in  connection 
with  the  calculation  of  the  strength  of  multiweb  beams  in 
bending.  These  procedures  make  use  of  a new  structural 
parameter  termed  the  “effective  rivet  offset”  which  play7s  an 
important  role  in  determining  the  strength  of  riveted  struc- 
tures such  as  compression  panels  and  multiweb  beams  and 
makes  possible  relatively7  simple  structural  analysis.  The 
effective  rivet  offset  is  evaluated  by7  using  a relatively7 
rigorous  analysis  of  the  initial  instability7  of  compression 
panels  supplemented  by7  experimental  data  and  is  applicable 
to  the  anlaysis  of  multiweb  beams  as  well  as  panels.  A semi- 
empirical  maximum-strength  analysis  of  panels  which 
utilizes  the  effective-rivet-offset  concept  is  made  and  com- 
pared with  a large  number  of  test  results  to  show  the  accuracy 
and  generality7  of  the  analysis.  The  analysis  is  exemplified 
in  the  appendix. 

SYMBOLS 


bA 

bF 

bH 

bo 

bs 

b\y 

d 

f 

her 

P 

Pa 
r a 

ts 

tw 


width  of  attachment  flange  of  stiffener  (see  fig. 
2),  in. 

width  of  outstanding  flange  of  stiffener  (see  fig. 
2),  in. 

width  of  top  of  hat  for  hat-section  stiffeners,  in. 

geometric  rivet  offset  (see  fig.  2),  in. 

stiffener  spacing  (see  fig.  2),  in. 

depth  of  web  of  stiffener  (see  fig.  2),  in. 

rivet  diameter,  in. 

effective  rivet  offset  (see  fig.  5),  in. 

buckling-stress  coefficient 

failing-stress  coefficient 

rivet  pitch,  in. 

allowable  rivet  pitch,  in. 

radius  of  bend  between  attachment  flange  and 
web  of  stiffener  (see  fig.  2),  in. 
plate  thickness  (see  fig.  2),  in. 
stiffener  thickness  (see  fig.  2),  in. 


i Supersedes  NACA  Technical  Note  3431  by  Joseph  W.  Semonian  and  James  P.  Peterson,  1955. 
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Rivet  pitch 


Figure  1. — The  influence  of  rivet  pitch  on  the  strength  of  a short  sheet-stringer  panel  showing  the  three  predominant  modes  of  failure. 


Az  cross-sectional  area  of  Z-section  stiffener,  in.2 

Ds  plate  flexural  stiffness  per  unit  width, 


Ests3/12(  1— M2),  in.-kips 

Dw  flexural  stiffness  per  unit  width  of  web, 

•£,w^w3/12(l — /x2),  in.-kips 


E 

Young’s  modulus,  ksi 

E 

-^sec 

secant  modulus,  ksi 

-^tan 

tangent  modulus,  ksi 

Es 

Young’s  modulus  of  plate  material,  ksi 

Ew 

Young’s  modulus  of  stiffener  material,  ksi 

R 

rivet  tensile  strength,  kips 

Rr 

required  rivet  tensile  strength,  kips 

a 

a f>wl  t w 
p bs/ts 

rotational  stiffness  per  unit  length  (see  fig.  5) 
kips 

6 

lateral  deflection  of  plate,  in. 

V 

plasticity  factor 

*-> W.  V 

X 

buckle  length,  in. 

M 

Poisson’s  ratio 

<Tcr 

buckling  stress,  ksi 

average  stress  in  panel  at  failure,  ksi 

°fcriP  average  stress  in  panel  at  failure  in  local  mode, 

ksi 

t tm  failing  stress  of  plate,  ksi 

azcriP  crippling  strength  of  Z-section  stiffener,  ksi 


deflectional  stiffness  per  unit  length,  ksi 


The  designation  for  the  various  aluminum  alloys  has  re- 
cently been  changed.  The  old  designation  and  the  corre- 
sponding new  designation  for  the  aluminum  alloys  mentioned 
in  this  report  are  as  follows: 


Old  designa- 

1  New  designa- 

tion 

tion 

24S-T3 

2024- T 3 

75S-T6 

7075-T6 

A17S-T3 

2117-T3 

2S-F 

1100-F 

STRUCTURAL  ANALYSIS 

A panel  typical  of  those  analyzed  is  shown  in  figure  2. 
The  panel  is  considered  to  be  short  enough  so  that  the  column 
bending  mode  can  be  neglected  yet  long  enough  so  that 
various  local  modes  can  form  freely  without  end  effects.  The 
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panel  is  considered  to  be  wide  with  many  equally  spaced 
stringers  but  the  results  of  the  analysis  can  be  applied  to 
panels  with  as  few  as  four  stringers  without  appreciable 
error. 

The  analysis  is  presented  in  four  sections.  The  first  section 
develops  an  initial-instabilit}^  analysis  which  together  with 
available  experimental  data  is  used  in  the  second  section  to 
establish  the  effective  rivet  offset  as  a function  of  appropriate 
panel  parameters.  The  values  of  effective  rivet  offset  thus 
established  are  used  in  the  third  section  to  formulate  a semi- 
empirical  maximum-strength  analysis.  Finally,  the  fourth 
section  is  devoted  to  developing  criteria  which  limit  the  pitch 
and  diameter  of  rivets  required  to  achieve  the  predicted 
strength  of  panels. 

INITIAL  INSTABILITY  OF  PANELS 


Figure  4. — Cross  section  of  idealized  structure  at  the  crest  of  a buckle. 

buckle  is  shown  in  figure  4.  The  stability  criterion  for  the 
plate  is  given  in  reference  3 as 


4 i/kZ 

2 A 

*bs\  * bs 

tt ADS  sin  <p  sinh  6 

~ 6 

1— cos  0 1 — cosh  6 


(1) 


This  expression  has  been  solved  and  values  of  kcr  are  plotted 
against  values  of  \/bs  for  various  values  of  the  parameter 
tbs3/ir*Ds  in  figure  7 of  reference  3. 

The  deflectional  stiffness  provided  by  a stringer  of  the 
same  material  as  the  plate  is  given  by  reference  4 as 


The  panel  shown  in  figure  2 usually  will  buckle  into  either 
the  local  mode  which  has  been  anatyzed  in  reference  5 or  the 
wrinkling  mode  which  will  be  analyzed  herein.  Another 
mode  termed  the  “torsional  cum  local”  mode  was  analyzed 
in  reference  6.  This  mode  may  become  the  predominant 
mode  when  the  width  of  the  outstanding  flange  of  the  stif- 
fener becomes  small  (say  ^<0.46^)  so  the  flange  does  not 
have  enough  stiffness  to  prevent  the  line  of  intersection  be- 
tween the  flange  and  the  web  of  the  stiffener  from  translating 
when  the  panel  buckles. 

The  wrinkling  mode  of  instability  can  be  analyzed  by 
considering  the  plate  to  be  supported  by  elastic  springs  with 
a deflectional  stiffness  per  unit  length  of  panel  0 as  indicated 
in  figure  3.  A cross  section  of  the  plate  through  an  up- 


Figure  3. — Idealized  structure  used  in  analysis  of  sheet-stringer 

panel. 


where  the  rotational  stiffness  a is  a function  of  the  web  stress 
and  the  buckle  length  and  can  be  taken  from  reference  7 
which  uses  the  symbol  4 Sn  to  define  this  stiffness.  The 
assumptions  implied  in  the  use  of  the  above  formulas  have 
been  given  in  reference  4 but  are  reviewed  here  for  com- 
pleteness of  the  present  report. 

Besides  the  restrictions  on  length  and  width  of  panel  as 
discussed  earlier,  the  implied  assumptions  are:  (1)  Deflec- 
tions are  small,  (2)  the  structure  is  elastic,  and  (3)  the  stringer 
stiffness  can  be  obtained  from  the  idealization  shown  in 
figure  5.  This  idealization  is  based  on  the  assumptions: 
(a)  The  effective  rivet  offset  can  be  defined  as  the  distance 
from  the  web  of  the  stringer  to  a longitudinal  line  along 
which  the  rivets  effectively  clamp  the  attachment  flange  to 
the  plate,  (b)  the  longitudinal  bending  stiffness  of  the  attach- 
ment flange  can  be  neglected,  and  (c)  the  web  can  be  assumed 
to  be  simply  supported  at  the  bottom.  This  last  assumption 
will  be  good  for  webs  of  normal  proportion  as  long  as  the 
width  of  the  outstanding  leg  of  the  Z is  about  0.46^.  At 
much  larger  values,  it  can  become  the  unstable  element  and 
thereby  initiate  buckling;  at  much  smaller  values,  it  will  not 
have  enough  depthwise  stiffness  to  provide  simple  support 
to  the  web.  For  webs  with  small  width  thickness  ratios  a 
flange  width  greater  than  0.46^  is  required  to  support  the 
web  against  translation.  For  such  cases  the  criterion  of 
reference  8 should  be  used  to  design  the  outstanding  flange. 
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(a)  Loads  on  stringer. 


(b)  Idealized  stringer. 


(c)  Distortion  of  idealized  stringer. 


Figure  5. — Loads  and  deformations  used  in  the  calculation  of  the  deflectional  stiffness  of  short  Z-section  stringers. 


Equations  (1)  and  (2)  have  been  solved  and  the  results 
are  given  in  figure  6.  The  buckling  coefficient  kCT  is  plotted 
against  the  parameter  /3  for  various  values  of  the  parameter 
ffbw.  The  buckling  coefficient  is  related  to  the  buckling 
stress  by  the  relation 

0-cr  kcyE  / ts\2  M 

v 1 2(1 — /x2)  \bs)  W 


A value  of  the  plasticity  factor  7]  that  has  been  found  to  give 
good  correlation  between  test  and  calculation  is 


(4) 


This  value  of  rj  is  the  value  given  b\^  Stowell  (ref.  9)  for  long 
simply  supported  flat  plates  in  compression. 

Local-buckling  curves  from  reference  5 for  bF/bw=0A  and 
tw/ts— 0.63  and  1.00  have  been  plotted  in  figure  6 for  com- 
parison with  the  wrinkling  curves. 

It  will  be  noted  that  the  buckling  coefficient  kcr  for  the- 
wrinkling  mode  is  determined  by  the  two  parameters  jjbw 
and  (3  even  though  these  parameters  are  not  sufficient  to 
determine  the  panel  configuration.  The  local-buckling 
curves,  for  instance,  require  the  additional  parameter  tw/ts 
to  fix  their  location  on  the  plot  of  kCT  against  0.  This  phe- 
nomenon was  pointed  out  in  reference  4 in  connection  with 
the  calculation  of  winkling  coefficients  for  multiweb  beams. 


0 .2  4 .6  .8  1.0  12  14  16  18  ZO  2.2  2.4  26- 

1 3 


. _ , <Tcr  Kcr^Cj  ( Is 

Figure  6. — The  initial  instability  of  Z-stiffened  panels  subjected  to  axial  compressive  loads.  — — 12(i^)  \J^ 
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and  can  be  verified  experimentally  for  panels  by  using  data 
from  reference  10.  For  example,  figure  7 shows  the  failing 
stress  for  panels  on  which  all  structural  parameters  were 
held  constant  except  tw/ts  and  it  can  be  seen  that  the  failing 
stress  is  independent  of  tw/ts  within  the  accuracy  of  the  tests. 
The  fact  that  the  data  are  maximum-strength  data  rather 
than  buckling  data  does  not  appreciably  affect  the  argu- 
ment because  the  panels  are  of  such  proportions  that  the 
failing  load  is  at  most  a few  percent  greater  than  the  buckling 
load  and  is  therefore  closely  related  to  the  buckling  load. 
The  particular  values  of  rivet  pitch  used  in  figure  7 were 
chosen  because,  after  a preliminary  study  of  the  data,  they 


Rivet  diameter,  in. 


(a)  Rivet  pitch,  % in. 

(b)  Rivet  pitch,'  1^2  in. 

Figure  7. — Comparison  of  average  stress  at  maximum  load  for 
panels  of  reference  10  for  three  values  of  twits. 
bs/ts=  25;  boltw=5. 6;  ^ = 0.064  in. 


were  felt  to  be  large  enough  so  that  the  panels  did  not  fail 
in  the  local  mode  and  small  enough  so  that  the  panels  did 
not  fail  in  the  interrivet  mode.  (See  fig.  1.)  Other  values 
of  rivet  pitch  and  tw/ts  given  in  reference  10  further  sub- 
stantiate the  insensitiveness  of  the  wrinkling  stress  to  changes 
in  tw/ts- 

EXPERIMENTAL  DETERMINATION  OF  f 

The  analysis  developed  in  the  preceding  section  gives  the 
wrinkling  stress  of  a panel  provided  the  dimension/  is  known. 
Conversely,  if  the  wrinkling  stress  of  a panel  is  known,  the 


value  of  / can  be  determined.  The  existing  panel  data, 
however,  are  not  very  suitable  for  determining  the  dimension 
/ for  three  main  reasons:  (1)  The  rivet  offset  b0  was  usually 
not  varied  or  even  controlled  because  its  influence  on  panel 
strength  has  only  recently  been  understood;  (2)  the  buckling 
stress  was  often  never  published  or  perhaps  even  measured 
because  the  interest  was  mainly  directed  toward  finding  the 
maximum  strength  of  panels;  and  (3)  the  cases  in  which  the 
panels  did  wrinkle  and  the  buckling  load  was  recorded  often 
involved  failure  at  such  high  stresses  that  the  effects  of 
plasticity  must  be  known  to  a high  degree  of  accuracy  in 
order  to  determine/.  In  order  to  alleviate  this  situation,  a 
series  of  7075-T6  (previously  designated  as  75S-T6)  alum- 
inum-alloy panels,  on  which  the  rivet  pitch,  diameter,  and 
offset  as  well  as  the  radius  of  bend  between  the  attachment 
flange  and  the  web  of  the  stiffener  were  systematically 
varied,  were  built  and  tested.  The  results  of  these  tests  are 
reported  in  table  I.  These  data,  and  all  other  available  data 
which  were  believed  to  be  applicable,  were  plotted  and  cross- 
plotted  until  a best  fit  to  the  data  was  obtained.  The  result 
is  shown  in  figure  8 where  the  distance  / is  given  in  terms  of 
the  rivet  offset  b0  and  the  pitch  and  diameter  of  the  rivets. 
It  will  be  noted  that  the  radius  of  bend  between  the  attach- 
ment flange  and  the  web  of  the  stringer  as  well  as  the  type 
of  rivets  does  not  appear  on  this  plot.  Furthermore,  the 
other  dimensions  appear  only  in  very  simple  form.  In  spite 
of  this  simplicity,  it  is  believed  that  figure  8 has  rather 
general  applicability.  For  instance,  figure  8 can  evidently 
be  applied  to  panels  with  various  types  of  rivets  although 
most  of  the  data  used  to  establish  the  figure  were  obtained 
from  tests  on  panels  on  which  NACA  countersunk  rivets 
were  used.  The  countersunk  head  of  this  type  of  rivet  is 
formed  from  the  rivet  shank  by  driving  the  rivet  and  the 
excess  material  is  then  milled  off  flush.  Figure  2 of  reference 
11  gives  a comparison  of  failing  loads  for  panels  assembled 
with  NACA  rivets  and  similar  panels  assembled  with  flat- 
head  rivets  with  the  manufacturer’s  head  on  the  plate  side. 
The  comparison  shows  little  or  no  effect  of  type  of  rivet  on 
the  strength  of  panels  which  obviously  failed  by  wrinkling. 
A few  available  tests  from  panels  and  multi  web  beams  which 
were  assembled  with  universal-head  or  flat-head  rivets  on 
the  stiffener  side  and  a shop-driven  head  on  the  plate  side 
further  indicate  that  the  error  in  using  figure  8 for  other 
types  of  rivets  is  small. 

The  data  used  to  establish  the  chart  of  figure  8 were  ob- 
tained from  tests  on  panels  assembled  with  rivets  whose 
diameter  was  at  least  as  great  as  90  percent  of  the  plate 
thickness  {d/ts^> 0.90)  and  the  chart  should  not  be  used  for 
much  smaller  values  of  rivet  diameter  without  confirmation. 

Figure  8 is  applicable  to  multiweb  beams  as  well  as  panels 
and  can  be  used  in  the  application  of  the  formulas  and  design 
charts  of  reference  4 to  the  analysis  of  the  bending  strength 
of  multiweb  beams. 


FAILURE  OF  PANELS 

The  failure  of  short  compression  panels  usually  results 
from  a growth  of  either  local  or  wrinkling  type  of  buckles. 
Less  frequently,  failure  may  result  from-  rivet  failure  or 
growth  of  an  interrivet  type  of  buckle.  The  first  two  types  of 
failures  will  be  discussed  in  this  section  and  the  lastrtwo  types 
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TABLE  I 

TEST  DATA  AND  PROPORTIONS  OF  7075-T6  ALUMINUM-ALLOY  PANELS 


tw,  in. 

twits 

Up 

bs/ts 

bw/tw 

bo/tw 

TaIUv 

(a) 

d,  in. 
(b) 

p/d 

<Tcr,  ksi 

oy,  ksi 

0.  0660 

0.  640 

20 

24.  6 

18.  7 

5.  2 

3.  0 

Me 

14.  0 

45.  2 

45.  2 

. 0663 

. 636 

20 

24.  5 

18.  5 

5.  0 

3.  0 

/32 

9.  3 

49.  5 

52.  0 

. 0668 

. 650 

20 

24.  8 

19.  2 

6.  2 

3.  0 

9.  3 

48.  0 

48.  5 

. 0663 

. 630 

20 

24.  3 

19.  4 

7.  2 

3.  0 

Ms2 

9.  3 

41.  0 

44.  3 

. 0658 

. 640 

20 

24.  8 

19.  6 

8.  6 

3.  0 

Vz2 

■ 9.  3 

38.  8 

41.  2 

. 0666 

. 645 

20 

24.  7 

18.  2 

5.  0 

3.  0 

v% 

7.  0 

54.  0 

55.  0 

. 0660 

. 628 

20 

24.  2 

19.  2 

6.  1 

3.  0 

Zs 

7.  0 

51.  3 

53.  0 

. 0666 

. 635 

20 

24.  2 

19.  2 

7.  1 

3.  0 

Zs 

7.  0 

45.  4 

48.  1 

. 0662 

. 633 

20 

24.  4 

19.  4 

8.  3 

3.  0 

Zs 

7.  0 

42.  1 

45.  3 

. 0664 

. 641 

20 

24.  6 

18.  3 

5.  1 

3.  0 

% 2 

5.  6 

55.  4 

56.  2 

. 0664 

. 630 

20 

24.  2 

19.  4 

6.  2 

3.  0 

%2 

5.  6 

53.  2 

54.  6 

. 0660 

. 638 

20 

24.  6 

19.  5 

7.  4 

3.  0 

Vz2 

5.  6 

49.  2 

51.  0 

. 0664 

. 633 

20 

24.  3 

19.  2 

8.  2 

3.  0 

%2 

5.  6 

45.  8 

47.  6 

. 0663 

. 634 

20 

24.  4 

19.  0 

5.  4 

3.  0 

Me 

4.  7 

58.  7 

59.  2 

. 0666 

. 636 

20 

24.  4 

19.  2 

6.  1 

3.  0 

Me 

4.  7 

55.  2 

57.  0 

. 0666 

. 636 

20 

24.  4 

19.  3 

7.  2 

3.  0 

Me 

4.  7 

50.  3 

52.  8 

. 0662 

. 631 

20 

24.  4 

19.  4 

8.  2 

3.  0 

Me 

4.  7 

46.  8 

50.  2 

. 0647 

. 620 

20 

24.  5 

18.  2 

3.  8 

1.  0 

5.  6 

60.  7 

62.  8 

. 0663 

. 640 

20 

24.  5 

19.  3 

6.  6 

4.  0 

M32 

5.  6 

53.  1 

54.  6 

. 0665 

. 639 

20 

24.  5 

19.  3 

7.  2 

5.  0 

M2 

5.  6 

49.  6 

52.  0 

. 0657 

. 635 

20 

24.  7 

19.  6 

8.  5 

6.  0 

b/z2 

5.  6 

49.  7 

51.  3 

. 0663 

. 641 

20 

24.  6 

19.  0 

8.  1 

6.  0 

%2 

5.  6 

50.  5 

52.  5 

. 0641 

. 610 

20 

24.  2 

18.  5 

4.  5 

1.  0 

b/z  2 

5.  6 

59.  7 

62.  0 

. 0650 

. 625 

20 

24.  6 

18.  3 

5.  5 

1.  0 

%2 

5.  6 

55.  0 

56.  3 

. 0643 

. 610 

20 

24.  2 

18.  5 

6.  5 

1.  0 

b/z2 

5.  6 

52.  5 

54.  2 

. 0643 

. 615 

20 

24.  4 

18.  4 

7.  6 

1.  0 

%2 

5.  6 

48.  4 

49.  8 

. 0627 

. 605 

30 

39.  5 

19.  0 

4.  1 

1.  0 

b/z2 

5.  6 

27.  6 

46.  4 

. 0658 

. 639 

30 

39.  6 

19.  6 

5.  3 

3.  0 

b/z2 

5.  6 

26.  5 

44.  9 

. 0659 

. 633 

30 

39.  2 

19.  5 

6.  4 

4.  0 

b/z2 

5.  6 

24:  2 

42.  7 

. 0648 

. 627 

30 

39.  5 

19.  8 

7.  3 

5.  0 

b/z2 

5.  6 

24.  6 

43.  7 

. 0658 

. 630 

30 

39.  0 

19.  3 

8.  3 

6.  0 

b/z2 

5.  6 

26.  2 

41.  2 

. 0660 

. 636 

30 

39.  3 

19.  4 

8.  2 

6.  0 

%2 

5.  6 

25.  5 

39.  2 

“Stringers  with  rA/tw=l-0  were  extruded.  All  others  were  formed. 

bAll  rivets  were  2117-T3  flat-head  rivets  with  NACA  countersink  on  the  plate  side.  The  depth  of  countersink  for  the  M 6-r,  %2-,  %2-,  and 

% 6-inch-diameter  rivets  was  0.040,  0.050,  0.060,  0.070,  and  0.080,  respectively. 


will  be  considered  in  the  next  section  where  rivet  criteria 
are  developed  that  can  be  used  to  prevent  such  failures. 

Failure  in  the  wrinkling  mode. — Panels  which  buckle 
initially  in  the  wrinkling  mode  usually  fail  in  a similar  mode. 
The  plate  configuration  at  failure,  however,  is  simpler  than 
the  initial  buckling  configuration  because,  as  the  initial  buckles 
grow  with  an  increase  in  applied  load,  the  plate  buckle  shape 
becomes  more  and  more  cylindrical  until  at  failure  it  may  be 
assumed  to  be  cylindrical  and  the  plate  may  be  treated  as 
a column  on  an  elastic  foundation.  The  plate  in  the  column 
mode  appears  much  like  the  well-known  interrivet  mode 
except  the  length  of  buckle  is  greater  than  the  rivet  pitch. 
The  stringer,  however,  has  a very  different  configuration. 
In  the  interrivet  mode  the  stringer  cross  section  may  remain 
essentially  undistorted  while  the  plate  and  stringer  separate. 
In  the  wrinkling  mode  of  failure  the  attachment  flange  of  the 
stringer  follows  the  plate  contour  and  causes  the  other  plate 
elements  of  the  stringer  to  distort  also.  The  similarity 
between  the  appearances  of  the  wrinkling  mode  and  the 
interrivet  mode  has  caused  investigators  to  make  strength 
calculations  with  interrivet- type  formulas  on  panels  which 
failed  in  the  wrinkling  mode.  (See,  for  instance,  ref.  12.) 
The  panels  of  this  reference  evidently  failed  in  the  wrinkling 
mode  and  the  strength  of  the  panels  can  be  calculated  by  the 
methods  developed  herein. 

The  stability  criterion  for  the  plate  in  the  wrinkling  mode 
of  failure  is  given  as  (see  ref.  13) 


(5) 


The  support  stiffness  was  determined  by  trial  to  give  the 
best  correlation  between  panel  strength  and  calculated 
strength.  It  was  found  that  the  support  stiffness  could  be 
taken  as 


wADs 


^(3£+i) 


(&)  (3£+4) 


(6) 


This  equation  is  identical  to  equation  (2)  except  the  rotational 


bw 


stiffness  a has  been  replaced  by  a constant  value  of  3. 
Dw 


In  the  trial  calculations  used  to  determine  the  support  stiff- 


bw 


ness,  other  values  of  a r~-  were  tried,  including  the  apparent 
Uw 


value  as  given  by  equation  (2),  but  the  value«y^=3  was 

considered  to  give  the  best  agreement  between  calculated 
strength  and  panel  strength  over  a wide  range  of  panel  pro- 
portions. It  gave  particularly  superior  correlation  compared 
with  the  apparent  value  when  the  webs  of  the  stiffeners  were 
relatively  unstable  because  the  apparent  value  (eq.  (2))  gave 
the  restraint  at  the  onset  of  buckling  of  the  webs  and  not  the 
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Figure  8. — Experimentally  determined  values  of  effective  rivet  offset  for  Z and  channel  stringers  and  full-depth  channel  webs. 


restraint  offered  the  skin  at  panel  failure. 


The  value  a 3 
U\v 


was  also  used  in  reference  4 to  calculate  the  strength  of  multi- 
web beams  in  bending. 

With  the  simplification  implied  by  equation  (6),  that  the 
support  stiffness  is  independent  of  the  buckle  length,  equa- 
tion (5)  can  be  simplified  to  read 


l?) 


after  kM  is  minimized  with  respect  to  buckle  length. 

Equations  (6)  and  (7)  have  been  solved  and  the  results  are 
presented  in  figure  9 which  gives  the  maximum  stress  that 
the  plate  can  cany  in  the  wrinkling  mode.  At  this  stress, 
the  lateral  deflections  of  the  plate,  and  therefore  the  lateral 
forces  on  the  stringers,  become  large  and  destroy  the  capa- 
city of  the  stringers  to  cany  additional  load  except  for  un- 
usual panel  proportions. 

Experience  in  testing  panels  and  multiweb  beams  indi- 
cates that  a plate  in  the  winkling  mode  suffers  a relatively 
moderate  redistribution  of  stress  after  initial  buckling.  The 
load-shortening  curve  for  a plate  in  the  wrinkling  mode, 
therefore,  nearly  coincides  with  the  stress-strain  curve  of  the 
plate  material  until  just  prior  to  plate  failure.  The  stringer 
on  a panel  which  has  buckled  in  the  wrinkling  mode  appears 
4Bo8  < d — o i 9 


very  much  like  a stringer  on  a panel  which  has  buckled  in 
the  local  mode  and  evidently  suffers  much  the  same  redis- 
tribution of  stress  and  loss  of  axial  stiffness.  In  order  to 
calculate  the  strength  of  a panel,  it  is  necessary  to  know  the 
load  carried  by  the  stringers  at  panel  failure.  (The  plate 
load  is  given  bv  fig.  9.)  The  load  carried  by^  the  stringers 
depends  on  the  proportions  of  the  panel.  If  the  stringers  are 
relatively  sturdy  (/3<0),  they  will  be  stressed  the  same  as 
the  plate.  If  the  stringers  are  unstable  (/3>1),  the  stringers 
will  not  be  loaded  as  heavily  as  the  plate.  An  approxima- 
tion which  gives  predictions  which  are  slightly  high  when  t-be 
stringers  are  unstable  but  which  gives  satisfactory  results 
over  the  entire  practical  range  of  panel  proportions  is  that 
the  stringers  take  the  same  stress  as  the  plate  as  long  as 
that  stress  is  not  greater  than  the  stringer  crippling  stress, 
in  which  case  the  stringers  take  their  crippling  stress.  In 
addition,  the  calculated  load  carried  by  the  panel  must 
always  be  greater  than  the  crippling  load  of  the  stringers 
tested  without  being  fastened  to  the  plate.  This  criterion 
takes  care  of  the  case  when  the  area  of  the  stringers  is  large 
compared  with  the  area  of  the  plate  and  the  attachment 
between  the  plate  and  the  stringer  is  so  flexible  that  winkling 
occurs  at  a load  less  than  the  crippling  load  of  the  stringers. 
For  this  case,  the  lateral  forces  on  the  stringers  are  com- 
paratively small  and  do  not  affect  the  strength  of  the 
stringers.  Furthermore,  at  the  shortening  necessary  for  the 
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stringers  to  achieve  their  crippling  stress,  the  load  being 
carried  by  the  plate  has  fallen  to  a negligible  quantity  and  it 
may  be  assumed  that  the  entire  load  is  being  carried  by 
the  stringers. 

The  value  of  the  plasticity  factor  t\  to  be  used  with  figure 
9 is  given  by  equation  (4).  The  use  of  a plasticity  factor 
which  is  a function  only  of  the  stress-strain  curve  of  the 
plate  material  and  is  applied  to  the  average  stress  in  the 
plate  at  failure  may  seem  to  be  rather  arbitrary  for  panels 
on  which  the  proportions  are  such  that  the  panels  buckle  at 
loads  that  are  considerably  less  than  the  loads  that  the 
panels  ultimately  carry.  Panels  which  buckle  in  the  local 
mode,  for  instance,  experience  a severe  redistribution  of 
stress  as  the  panel  is  loaded  beyond  the  buckling  load.  The 
factor  may  not  be  too  arbitrary  for  panels  which  fail  in  the 
wrinkling  mode,  however,  because  a plate  in  the  wrinkling 
mode  of  failure  is  under  relatively  uniform  stress  across  the 
width  of  the  plate;  that  is,  the  stress  is  not  peaked  at  the 
stringers  as  for  a plate  which  has  buckled  in  the  local  mode. 
The  correlation  between  test  and  calculation  obtained  by 
using  the  plasticity  factor  given  by  equation  (4)  will  be  given 


later  and  indicates  that  the  factor  is  satisfactory  even  foi 
panels  with  a large  post-buckling  strength. 

When  figure  9 is  used  to  calculate  the  strength  of  a panel 
the  strength  in  the  local  mode  as  well  as  the  strength  in  the 
wrinkling  mode  should  be  calculated  and  the  load  the  panel 
can  be  expected  to  carry  will  be  the  lower  of  the  two  loads 
The  strength  of  panels  in  the  local  mode  will  be  discussed  in 
the  next  section. 

Failure  in  the  local  mode. — Panels  which  buckle  initially 
in  the  local  mode  may  fail  as  a result  of  the  growth  of  the 
local  buckles.  (See  fig.  1.)  A few  panels  have  been  ob- 
served to  buckle  in  the  local  mode  and  to  switch  from  local 
budding  to  wrinkling  at  a higher  stress  level  and  eventually 
fail  in  the  wrinkling  mode.  The  data  from  such  panels 
evidently  would  plot  near  the  value  of  rivet  pitch  in  figure 
1 where  the  local  mode  ends  and  the  wrinkling  mode  starts 

A study  of  the  available  data  on  compression  panels  or 
which  the  pitch  and  diameter  of  the  attachment  rivets  were 
varied  indicates  that  the  gain  in  strength  corresponding  tc 
a decrease  in  pitch  or  an  increase  in  diameter  of  the  rivets 
after  the  local  buckling  range  has  been  reached  is  small 


COMPRESSIVE  STRENGTH  OF  SHORT  SHEET-STRINGER  PANELS 


121 


Consequenth',  for  riveted  panels  there  is  a panel  strength 
which  is  relatively  independent  of  changes  in  riveting  that 
corresponds  to  failure  of  the  panel  in  the  local  mode.  This 
characteristic  has  been  recognized  for  a long  time  (see,  for 
instance,  ref.  11)  and  is  responsible  for  the  numerous  investi- 
gations in  the  past  on  “strongly  riveted  panels”  (the  investi- 
gation of  ref.  5,  for  instance).  When  these  investigations 
were  applied  to  the  design  of  panels,  however,  the  riveting 
required  to  make  the  panel  behave  as  a strongly  riveted 
panel  was  not  known  and  rather  severe  rivet  criteria  had  to 
be  used.  (See  criterion  of  ref.  14.)  The  present  analysis 
alleviates  this  difficulty  by  relating  the  strength  of  panels 
to  the  pitch,  diameter,  and  offset  of  the  attachment  rivets. 

Reference  5 shows  that  the  ultimate  strength  of  panels 
which  buckle  locally  at  high  stresses  is  closely  related  to  the 
buckling  load  and  can  be  calculated  by  the  buckling  charts 


of  that  reference. 


The  particular  curves  for  a value  of 


br 

b\v 


of  0.4  and  values  of  of  0.63  and  1.00  are  reproduced  in 

figure  6.  Reference  15  gives  a method  of  predicting  the 
strength  of  a panel  in  the  local  mode  provided  the  strength 
of  a nominally  identical  panel  of  another  material  is  known. 
With  the  help  of  these  references  and  the  test  data  of  refer- 
ences 1,  10,  and  16  to  20,  the  strength  of  some  panels  which 
fail  in  the  local  mode  was  estimated  and  is  given  in  figure 
10.  In  the  construction  of  figure  10,  the  method  of  reference 
5 determined  the  indicated  strength  of  the  panels  when  the 
failing  stress  is  high  (usually  panels  with  values  of  jS  of  about 
unity  and  with  small  values  of  bs/ts  and  bw/tw)>  These  par- 
ticular panels  require  the  most  severe  riveting  criteria  in 
order  to  force  the  panel  to  fail  in  the  local  mode  and  con- 
sequently their  strengths  are  the  most  difficult  to  obtain 
experimentally.  The  available  experimental  data,  supple- 
mented by  the  procedure  of  reference  15,  sufficed  to  deter- 
mine the  strengths  of  the  other  panels  considered. 


RIVET  CRITERIA 

The  maximum-strength  analysis  of  compression  panels 
given  in  the  preceding  section  requires  certain  limitations 
on  the  pitch  and  strength  of  rivets  in  order  that  the  panel 
will  carry  the  predicted  load.  The  rivets  must  be  spaced 
closely  enough  and  have  adequate  strength  to  make  the 
stringer  flange  follow  the  plate  contour.  If  the  spacing  is 
too  large,  the  panel  may  fail  by  interrivet  buckling.  If  the 
strength  is  insufficient,  the  panel  may  fail  prematurely 
because  of  rivet  failure. 

Rivet  pitch. — An  expression  for  buckle  length  which  is 
consistent  with  the  maximum-strength  formulas  (6)  and 

(7)  is  _ 

We  <s> 

The  allowable  rivet  pitch  which  must  not  be  exceeded  in 
order  that  the  stringer  flange  follow  the  plate  contour  can 
logically  be  related  to  the  buckle  length  as  given  by  equation 

(8) .  It  was  found  by  trial  that,  if  the  rivet  pitch  was  less 
than  90  percent  of  the  calculated  buckle  length,  wrinkling 
would  occur  rather  than  interrivet  buckling.  Hence,  the 
rivet  pitch  must  satisfy  the  criterion 


£<o'9°V£  (9) 

Rivet  strength. — The  lateral  force  required  to  hold  the 
compressed  plate  in  its  deflected  position  is  proportional  to 
the  support  stiffness  and  the  lateral  deflection  of  the  plate. 
The  force  on  a rivet  near  the  crest  of  a buckle  may  be 
expressed  approximately  as 


R~ypbl) 


(10) 


In  order  to  express 


where  5 is  the  lateral  deflection  of  the  plate  at  the  crest  of  a 
buckle.  The  value  of  \p  may  be  taken  from  equation  (A19) 
of  reference  4.  An  appropriate  value  for  the  rotational  stiff- 

af  . . af  f 

ness  in  this  equation  is  -j=r=  3 -f — 

Df  Of  b\V 

formula  (10)  as  a rivet-strength  criterion,  the  value  of  lateral 
deflection  must  be  known  or  assumed.  Figure  3 of  reference 
21  indicates  that,  for  an  idealized  H-section  column,  maxi- 
mum load  is  reached  before  the  lateral  deflection  is  one-fifth 
of  the  column  (or  plate)  thickness  provided  the  buckling 
stress  is  at  least  half  of  the  compressive  yield  stress  of  the 
column  material.  (For  panels  which  buckle  early  a value 
larger  than  one-fifth  should  be  used.)  If  this  value  is  used 
in  formula  (10),  the  required  tensile  strength  for  a rivet 
becomes 
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(n) 


The  tensile  strength  of  a rivet  is  defined  as  the  load  required 
to  cause  any  failure;  it  may  be  the  load  required  to  break  the 
shank  but  more  often  it  is  the  load  required  to  pull  the 
countersunk  head  through  the  plate  or,  when  the  stiffener 
gage  is  small,  to  pull  the  rivet  head  through  the  stiffener. 

Reference  22  gives  the  strength  of  protruding-head  rivets. 
Reference  23  gives  strength  data  on  NACA  countersunk  and 
conventional  countersunk  rivets.  Additional  rivet-strength 
data  can  be  found  in  references  24  and  14. 

Expression  (11)  gives  the  tensile  strength  of  the  attach- 
ment rivets  that  is  required  in  order  that  the  predicted 
strength  of  the  panel  in  the  wrinkling  mode  can  be  achieved. 
Obviously,  when  the  panel  fails  in  the  local  mode,  expression 
(11)  does  not  apply.  The  available  data  indicate  that  for 
this  case  the  rivet  strength  need  not  be  any  greater  than 
that  required  when  failure  is  in  the  wrinkling  mode  and  the 
stress  levels  at  failure  in  the  two  modes  are  equal. 


EXPERIMENTAL  VERIFICATION 

The  data  presented  in  this  section  have  already  been  used 
to  establish  the  empirical  factors  in  the  analysis  presented 
earlier  and  will  now  be  compared  with  the  analysis  to  assess 
its  validity.  The  data  were  taken,  in  large  part,  from  pub- 
lished NACA  panel  data  obtained  from  panels  which  were 
five  bays  wide  (6  stringers)  and  had  a slenderness  ratio  i/p 
of  20.  The  ends  of  the  panels  were  ground  flat  and  parallel 
in  a special  grinder  prior  to  testing  and  the  panels  were  tested 
flat-ended  in  a hydraulic  testing  machine.  A large  amount 
of  wrinkling  data  is  available  on  panels  made  from  2024-T3 
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(previously  designated  24S-T3)  aluminum  alloy.  The  num- 
ber of  tests  on  panels  which  failed  in  the  wrinkling  mode  and 
which  were  made  from  7075-T6  aluminum  alloy  is  much 
smaller  for  two  reasons:  (1)  The  investigation  on  the  effect 
of  riveting  on  panel  strength  was  made  on  2024-T3  alumi- 
num-alloy panels  first  and  later  on  7075-T6  aluminum-alloy 
panels.  The  knowledge  gained  from  the  early  experiments 
could  be  applied  to  the  later  tests  and  thereby  reduce  the 


number  of  tests  required.  (2)  The  tests  on  7075-T6  alu- 
minum-alloy panels  were  made  on  panels  with  extrudec 
stringers  with  small  fillets  so  the  rivet  line  could  be  movec 
in  close  to  the  web  of  the  stiffener  and  thereby  prevent  the 
wrinkling  type  of  failure.  In  order  to  relieve  the  shortage 
of  data  on  7075-T6  aluminum-alloy  panels,  a series  of  pane 
tests  were  made  in  the  present  investigation  and  are  reportec 
herein. 
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Data  on  panels  with  riveting  which  do  not  satisfy  the  cri- 
teria of  expressions  (9)  and  (11)  and  the  additional  criterion 
that  the  ratio  p/d  must  be  less  than  15  will  not  be  given  in 
the  presentation  which  follows.  The  latter  criterion  is  in- 
cluded because  available  data  on  panels  for  which  the  failure 
was  definitely  wrinkling  were  considered  to  be  inadequate  to 
establish  design  curves  for  these  high  values  of  p/d.  The 
restriction  on  panel  design  imposed  by  this  criterion,  however, 
is  not  considered  to  be  severe  because  contemporary  design 
rarely  allows  such  large  rivet  pitches. 

202I-T3  ALUMINUM-ALLOY  PANELS 

The  data  of  references  10,  16,  and  17  arc  shown  in  figures 
11,  12,  and  13,  respectively,  where  the  average  stress  in  the 
panel  at  failure  is  plotted  against  the  rivet  parameter  p/d. 
The  data  of  reference  16  for  panels  with  a bs/ts  greater  than  50 
are  not  given  because  it  is  relatively  easy  to  rivet  such  panels 
so  that  the  panel  will  fail  in  the  local  mode.  NACA  counter- 
sunk rivets  were  used  to  assemble  the  panels.  Other  perti- 
nent dimensions  are  given  in  the  figures.  The  data  plot 
against  the  parameter  p/d  with  a small  amount  of  scatter. 

V 

This  characteristic  is  responsible  for  the  use  of  the  ^-param- 
eter on  the /-chart  of  figure  S. 


(a)  twlh= 0.51. 

(b)  W*s— 0.63. 

Figure  11. — Comparison  of  calculated  and  experimental  failing 
stresses  of  2024-T3  Z-stiffened  panels  of  reference  10  for  five 
values  of  twits ■ bw/tw=  20;  bs/ts~ 25;  bo!tw~b. 6;  qr=0.064  in. 


(c)  firAs=0.79. 

(d)  fir/fs=1.00. 

(e)  tw/ts=  125. 

Figure  11. — Concluded. 

The  curves  in  figures  11  to  13  represent  predicted  panel 
strengths.  The  wrinkling  section  of  the  curves  was  obtained 
with  the  use  of  figures  8 and  9.  For  the  panels  represented 
by  the  data  in  figure  13,  where  the  stringers  are  relatively 
unstable,  the  crippling  strength  of  the  stringers  was  required 
to  obtain  the  panel  strength  in  the  wrinkling  mode.  The 
stringer  crippling  strength  was  taken  from  reference  25;  the 
data  were  extrapolated  when  it  was  necessaiy.  The  curves 
predict  the  trend  as  well  as  the  magnitude  of  the  data  within 
the  accuracy  of  the  panel  tests:  experience'  in  testing  panels 
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indicates  that  strength  tests  on  two  nominally  identical 
panels  usually  give  strengths  which  differ  by  less  than  5 
percent  from  the  average  strength  although  differences  as 
great  as  10  percent  have  been  obtained.  The  wrinkling 
curves  miss  the  middle  of  the  scatter  band  of  the  data  in 
some  instances  by  about  5 percent.  It  is  believed  that  such 
discrepancies  are  largely  a result  of  neglecting  the  difference 
in  material  properties  and  panel  parameters  (particularly 
b0/tw ) between  one  group  of  panels  and  another.  The  panels 
represented  by  the  data  of  figures  12  and  13  were  built  in 
groups  similar  to  the  grouping  used  in  the  presentation  of 
the  data  and  are  therefore  particularly  susceptible  to  errors 
common  to  a group  of  data.  These  differences  were  neg- 
lected in  the  presentation  of  the  data  because  of  the  result- 
ing simplicity  and  because  only  nominal  values  of  the  rivet 
offset  bQ  were  known. 

The  local-mode  section  of  the  curves  in  figures  11  to  13 
was  obtained  from  figure  10  for  the  panel  proportions  cov- 


(a)  bdh= 30. 

Figure  12. — Comparison  of  calculated  and  experimental  failing 
stresses  of  2024—T3  Z-stiffened  panels  of  reference  1C  for  four 
values  of  bs/ts  at  two  values  of  twits.  bw/tw=20:  bo/tw= 5.6; 
lw  = 0.064  in. 


ered  by  the  figure.  The  local  strength  of  the  panels  with  a 
bw/tw  of  25  and  50  which  are  not  covered  by  figure  10  were 
obtained  by  interpolation  and  extrapolation  of  the  data  from 
figure  10  by  using  the  present  data  as  a guide.  A study  o] 
figures  11  to  13  indicates  that  the  strength  of  a panel  in  the 
local  mode  becomes  increasingly  difficult  to  attain  as  tw/t& 
is  increased  or  as  bs/ts  is  decreased.  Accordingly,  the  closest 
riveting  used  in  the  investigation  (p/d= 3.0)  was  just  ade- 
quate to  attain  the  strength  in  the  local  mode  of  the  panels 
of  figure  11  with  a thickness  ratio  twfts=l.0Q  and  was 
inadequate  to  attain  the  local  strength  of  the  panels  with 
tw/ts=  1.25.  For  panels  with  much  smaller  values  of  bs/t< 
than  were  used  in  figure  11,  it  would  be  impossible  to  rive! 
the  panels  so  that  the  local  strength  is  obtained  without  thi 
use  of  smaller  values  of  the  rivet  offset  60. 

Some  test  data  from  reference  26  on  panels  with  hat- 
section  stiffeners  are  given  in  figure  14.  The  average  stress 
in  the  panel  at  failure  af  is  plotted  against  bs/ts  where  26. 
is  the  distance  between  similar  locations  on  two  adjacent 
hat  stiffeners.  Only  data  for  the  thickness  ratio  twits— 0.31 
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(b)  balts= 35. 
Figure  12. — Continued. 
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(c)  bsl is  = 40. 

Figure  12. — Continued. 

are  shown  because  they  are  considered  to  be  sufficient  to 
establish  the  concept  that  for  panels  with  unequal  stiffener 
spacings  an  average  spacing  can  be  used  for  predicting  the 
maximum  load  of  the  panel  in  the  wrinkling  mode  of  failure. 
The  particular  thickness  ratio  twits— 0.39  was  chosen  rather 
than  some  other  because  the  panels  with  other  thickness 
ratios  had  stiffer  attachments  between  the  hat-section  stiff- 
eners and  the  plate  so  that  most  of  these  panels  failed  in 
the  local  mode  rather  than  in  the  wrinkling  mode.  The 
data  for  panels  with  elements  having  a width-thickness  ratio 
b/t  greater  than  50  have  not  been  shown. 

The  calculated  curves  in  figure  14  are  based  on  an  average 
measured  value  of  bo/tw  rather  than  the  nominal  value. 

7075-T6  ALUMINUM-ALLOY  PANELS 

The  data  of  table  I are  shown  in  figure  1 5 where  the  average 
stress  in  the  panel  at  failure  is  plotted  against  the  parameter 

fjtw  # rpjie  pre(iicted  panel  strengths  are  indicated  by  the 

bslh 

curves  and  agree  with  the  test  data  within  the  accuracy  of 
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(d)  Ms=5 0. 

Figure  12. — Concluded. 

the  data.  The  shaded  test  points  represent  panels  which 

had  stringers  with  a value  of  of  6.0.  Since  the  stringers 

*w 

b a. 

had  a value  of  — of  20.  these  stringers  had  a value  of  —■  of 
tw 

0.30.  These  points  all  appear  high  on  the  figure  and  indi- 
cate that  the  attachment  between  the  stringer  and  the  plate 
was  actually  stiffer  than  figure  8 indicates.  It  is  not  known 
whether  the  test  loads  were  high  because  rAjtw  was  large  or 
whether  it  was  because  rAjbw  was  large  or  both.  Inasmuch 
as  the  chart  gives  conservative  predictions  in  this  range,  the 
uncertaint\r  is  not  serious. 

DISCUSSION  OF  RESULTS 

A method  has  been  developed  whereby  the  strength  of 
panels  is  related  to  the  design  of  the  attachment  between 
the  plate  and  the  stiffener.  The  method  makes  use  of  an 
experimentally  determined  effective  rivet  offset  / which  is 
an  important  dimension  in  the  determination  of  the  strength 
of  panels.  The  importance  of  this  dimension  as  well  as 
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other  panel  dimensions  on  the  strength  of  panels  can  be 
readih;  seen  from  the  equation 

/ 3 

Vm  E /l  1 1 tw  Uv  /-.  ox 

¥ lS  Vwv  lw  lw 

This  equation  gives  the  strength  of  a plate  in  the  wrinkling 
mode  and  is  equivalent  to  the  chart  of  figure  9.  It  is  seen 
that  the  failing  stress  of  the  plate  is  approximately  mversel}7' 
proportional  to/373.  Equation  (12)  has  been  used  to  esti- 
mate the  strength  of  compression  panels  covering  a wide 
range  of  the  structural  parameters  tw/ts,  bs/tSi  and  bw/tw  and 
was  found  to  give  satisfactory  correlation  with  test  results. 

The  /-chart  of  figure  8 was  constructed  from  data  of  tests 
on  2024-T3  and  7075-T6  aluminum-alloy  panels  and  multi- 
web beams  which  were  assembled  with  2117-T3  (previously 
designated  A17S-T3)  aluminum-alloy  rivets.  Since  the 
rivet  stiffness  is  a contributing  factor  in  the  determination  of 
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(&)  bwjtw= 25. 

Figure  13. — Comparison  of  calculated  and  experimental  failing 
stresses  of  2024r-T3  Z-stiffened  panels  of  reference  17  for  four 
values  of  bw/tw  and  two  values  of  twits.  6s/ts  = 25;  bo/tw=5. 6; 
tw— 0.064  in. 


the  effective  rivet  offset  /,  changes  in  rivet  material  can  be 
expected  to  make  corresponding  changes  in  / which  would 
show  up  in  a panel  test  as  a change  in  panel  strength. 
Reference  14,  however,  indicates  that  very  little  increase  in 
panel  strength  can  be  expected  from  the  use  of  rivet 
materials  with  a higher  modulus  of  elasticity  and  strength 
than  those  of  2117-T3  aluminum  alloy  but  reports  on  panels 
with  one  rivet  material  (FS-1  magnesium)  which  had  a 
smaller  modulus  of  elasticity  and  strength  and  which  failed 
at  loads  that  were  consistently  less  than  those  of  the  panels 
with  2117-T3  aluminum-alloy  rivets.  Similarly,  reference 
14  reports  on  panels  with  blind-type  Cherry  rivets  (AN  463) 
which  failed  at  loads  less  than  those  of  the  panels  with 
2117-T3  aluminum-alloy  rivets.  Figure  8 should  be  used 
with  caution,  therefore,  for  rivet  materials  whose  modulus 
of  elasticity  and  strength  are  less  than  those  of  2117-T3 
aluminum  alloy  when  used  with  aluminum-alloy  sheet. 
The  panels  of  reference  14  that  were  assembled  with  1100-F 
(previously  designated  2S-F)  aluminum-alloy  rivets  do  not 
satisfy  the  strength  criterion  of  expression  (11)  and  their  low 
strengths  are  attributed  to  the  low  tensile  strength  of  the 
rivets. . 
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(b)  b wjtw  = 30. 
Figure  13. — Continued. 
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(c)  bw/tw  — 40. 

Figure  13. — Continued. 

Frequently  panels  are  assembled  by  using  extruded 
stringers  which  have  a right-angle  exterior  corner  between  the 
web  and  the  attachment  flange.  The  use  of  such  stringers 
usually  eliminates  the  winkling  mode  except  for  very 
unusual  proportions  for  two  main  reasons:  (1)  The  small 
fillet  between  the  web  and  the  flange  of  the  stringer  allows 
the  rivet  to  be  moved  in  close  to  the  web  so  that  the  rivet 
offset  b0  is  reduced  and  as  a consequence  / is  also  reduced  and 
(2)  the  deflectional  stiffness  of  such  a stringer  is  greater  than 
that  of  a bent-up  stringer  of  similar  proportions  with  the 
same  rivet  offset  because  of  the  large  stiffness  when  the  plate 
buckles  toward  the  stringer.  For  this  case,  the  stiffness 
may  be  more  nearly  that  of  the  web  rather  than  that  of  the 
cantilevered  flange  because  the  plate  can  bear  directly  on 
the  web.  The  effective  stiffness  which  determines  the  rivet 
offset  / is  some  combination  of  this  stiffness  and  the  stiffness 
for  the  case  when  the  plate  buckles  away  from  the  stringer 
as  shown  in  reference  4.  The  number  of  available  tests  are 
insufficient  to  establish  a chart  such  as  figure  8 for  extruded 
stringers.  These  tests  (from  refs.  14,  19,  and  20)  indicate 
that  figure  8 can  be  used  to  obtain  a conservative  estimate 
of  the  effective  rivet  offset.  Expressions  (9)  and  (11)  for 


d 

(d)  bw/tw  = 5Q' 

Figure  13. — Concluded. 

the  required  pitch  and  strength  of  rivets  can  also  be  used. 

Previous  investigations  of  the  effect  of  riveting  on  the 
strength  of  panels  of  which  reference  14  is  the  most  recent 
have  developed  a rivet  criterion  whereby  the  strength  of  a 
panel  with  a given  riveting  (given  pitch  and  diameter)  is 
related  to  the  strength  of  a similar  but  strongly  riveted  panel 
(panel  which  reaches  its  potential  strength)  by  a master 
curve.  The  master  curve  is  based  on  the  lower  limit  of  test- 
data  from  panels  of  various  configurations  that  were  con- 
structed of  2024-T3  and  7075-T6  aluminum  alloy  and  were 
assembled  with  rivets  of  various  materials.  The  present 
investigation  has  made  a more  detailed  study  of  the  data  for 
panels  with  the  smaller  rivet  pitches — the  data  on  panels 
with  jyjd  greater  than  15  as  well  as  the  data  on  panels  which 
developed  interrivet  budding  have  not  been  analyzed. 
With  this  restrictive  scope  and  the  help  of  recently  developed 
procedures  of  stress  analysis,  it  was  possible  to  make  more 
accurate  correlation  of  the  strength  of  these  panels  with  the 
riveting  used  to  assemble  the  panels.  For  instance,  the 
present  investigation  utilizes  the  concept  that,  after  a certain 
critical  value  oijjtw  has  been  reached  by  decreasing  the  rivet 
pitch  and/or  offset  and/or  increasing  rivet  diameter,  little 
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(a)  bw/tw~  19. 

(b)  bwltw= 29. 

(c)  bw/tw=  39. 

Figure  14. — Comparison  of  calculated  and  experimental  failing 
stresses  of  2024— T3  hat-stiffened  panels  of  reference  26  for  three 
values  of  bw/tw  and  four  values  of  bulbw  twits— 0.39;  p/d=16/3; 
bojtw=  11.0;  £vr=0.040  in. 

or  no  additional  gain  in  panel  strength  can  be  expected  by 
further  changes  in  rivet  pitch,  diameter,  and  offset.  This 
critical  value  of  j/tw  is  different  for  different  panel  configura- 
tions. It  is  more  difficult  to  achieve  when  the  thickness 
ratio  twits  is  large  or  when  the  parameter  bs/ts  is  small  and  in 


Figure  15. — Comparison  of  calculated  and  experimental  failing 
stresses  of  7075-T6  Z-stiffened  panels  of  table  I.  The  shaded 
points  represent  panels  which  had  stringers  with  rA/tw=6* 0. 


extreme  cases  may  be  impossible  to  achieve  in  riveted  panels. 
The  present  investigation  also  makes  use  of  the  fact  that 
variations  in  panel  strength  for  a given  change  in  riveting 
can  be  much  greater  for  7075-T6  aluminum-alloy  panels 
than  for  2024-T3  aluminum-alloy  panels  because  plasticity 
may  play  a much  smaller  part  in  determining  the  strength 
of  the  7075-T6  aluminum-alloy  panels. 

CONCLUSIONS 

A method  of  strength  analysis  of  short  compression  panels 
has  been  presented  which  relates  the  panel  strength  to  the 
pitch,  diameter,  and  location  of  the  rivets  used  to  assemble 
the  panel.  A large  number  of  panels  have  been  analyzed 
with  this  method.  These  panels  covered  a wide  range  of 
panel  configurations.  They  had  elements  with  aspect  ratios 
bjt  which  ranged  from  20  to  50  and  were  assembled  with 
rivets  which  had  pitch-diameter  ratios  pjd  of  from  3 to  15. 
Both  2024-T3  and  7075-T6  aluminum-alloy  panels  were 
considered.  The  following  conclusions  can  be  made  from 
these  studies: 

1.  Panel  strength  is  highly  influenced  by  variations  in 
rivet  pitch,  diameter,  and  location. 

2.  Favorable  variations  in  the  pitch,  diameter,  and  loca- 
tion of  rivets  for  a given  panel  results  in  increased  panel 
strength  until  the  riveting  is  adequate  to  force  failure  in  the 
local  mode;  further  variations  in  riveting  will  produce 
negligible  increases  in  panel  strength. 

3.  The  minimum  riveting  specifications  that  will  force  the 
panel  to  fail  in  the  local  mode  depend  on  the  panel  configura- 
tion and  on  the  panel  material. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  January  17,  1955 . 


APPENDIX 


NUMERICAL  EXAMPLE 


The  use  of  the  design  charts  and  design  procedures  set 
forth  in  the  bod}7  of  the  report  are  exemplified  by  analyzing 
i short,  2024-T3  aluminum-alloy,  Z-stiffened,  compression 
panel  which  is  similar  to  the  one  shown  in  figure  2 and  has 
the  following  dimensions  and  structural  parameters: 


£ir=0.064  in. 
4j=0.102  in. 
tw/ts= 0.63 
bs/ts= 30.0 


bw/tw= 40.0 
bF/bw=0A0 

b0/tw=  5.0 


The  panel  is  assembled  with  3/32-inch,  brazier-head  (AN  456), 
2117-T3  aluminum-alloy  rivets  spaced  at  1 inch.  The 
rivets  have  the  manufacturer's  head  on  the  plate  side  and 
a shop-driven  head  on  the  stiffener  side.  Young’s  modulus 
of  elasticity  E is  assumed  to  be  10,600  ksi  and  Poisson’s 
ratio  fx  is  taken  as  0.32. 

Additional  parameters  and  information  that  can  be  ob- 
tained after  the  panel  proportions  are  given  and  which  will 
be  useful  in  the  analysis  which  follows  are  the  parameters  /3 
and  p/d,  the  area  of  a stringer  Az,  and  corresponding  area  of 
plate  bsts,  the  local  crippling  stress  of  a stringer  <rZcTiv,  and 
the  strength  of  the  panel  in  the  local  mode  ofcTip.  These  pa- 
rameters are  as  follows* 


P= 


bw/  tw 40.0 

bs/ts  30.0 


From  figure  6, 

kCT= 2.3S  (wrinkling) 
kcr=2A5  (local  buckling,  extrapolated) 

The  panel  should  wrinkle  at  (see  formula  (3)) 

<rcr/r}  — 25.5  ksi 

and  since  the  plasticity  factor  for  2024-T3  aluminum  alloy 
is  unity  at  this  stress 

ercr=25.5  ksi 


From  figure  9 


kM=  3.64 


and  <tm/t)  is  computed  as 


oAfh 7 = 39.2 

With  the  use  of  a curve  for  a against  cr/77  for  2024-T3  alumi- 
num alloy  with  a compressive  yield  stress  (0.2-percent  offset 
stress)  of  43.6  ksi,  the  plate  failing  stress  is  found  to  be 


o'  3/ — 34.1  ksi 


Since  aM  is  greater  than  the  local  crippling  stress  of  the 
stringer  found  earlier,  the  load  that  the  panel  will  carry  in 
the  winkling  mode  is  determined  by  adding  the  loads  car- 
ried by  the  stringers  and  the  plate.  The  average  stress  in 
the  panel  is  the  panel  load  divided  by  the  panel  area;  that  is, 


z,  1.00  in7 
^=3/32=10-7 


Az=  tw2  (^r+T^+^r  KH0-064)2  [40.0+8.0+0.40  (40.0)] 

\tw  tw  Ow  tw/ 


=0.262  in.2 


bsts=^r  £/=  30.0(0. 102)2=0. 312  in.2 
ts 


Gzcriv~ 27.5  ksi  (ref.  25) 


- <TMbsts+<JzcripAz  34.1(0.312)+27.5(0.262)_o1  , , . 
bsts+Az  ~ 0.312+0.262  kSl 

The  stress  07  is  less  than  Vfcrip  found  earlier  so  the  panel 
should  fail  by  wrinkling  provided  the  criteria  on  rivet  pitch 
and  strength  are  met.  By  expression  (9),  the  maximum 
allowable  rivet  pitch  pa  is  given  as 


p„=0.90 y 3^  (30.0)(0.102)=2.04  in. 


ff/er^=31-6  ksi  10) 

0. 

When  p/d  and  b0/tw  are  given,  jjtw  can  be  read  from  figure  8 
as 

f/tw= 6.98 


The  value  of  j/bw  is  computed  as  follows: 
/ f/tw  6.98 


bw  bw/^w  40.0 


=0.175 


The  actual  rivet  pitch  of  1.00  inch  is  therefore  small  enough 
to  prevent  interrivet  buckling.  The  allowable  rivet  strength 
is  (expression  (11)) 


R 10600  1 
"fi_[l— (0-32)2]  (6.98)3 


r 3(6.98) +40 
|_3(6.98)+160 


^4^(1.00)=0.239  kips 
0 


The  load  required  to  break  the  shank  of  a %2-ineh  rivet 
based  upon  an  allowable  stress  of  57.0  ksi  is  0.394  kips. 
Reference  22  shows  that  the  rivet  in  question  will  shear  its 
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head  at  68  percent  of  the  load  required  to  break  the  shank; 
therefore, 

77= 0.68  (0.394)  = 0.268  kips 

which  is  adequate  rivet  strength.  The  predicted  buckling 
and  failing  stresses  are  those  given  previously. 
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AXIALLY  SYMMETRIC  SHAPES  WITH  MINIMUM  WAVE  DRAG 


By  Max.  A.  Heaslet  ami  Fra.nklyx  B.  Fuller 


V3  SUMMARY 

The  external  wave  drag  of  bodies  of  revolution  moving  at 
supersonic  speeds  can  be  expressed  either  in  terms  of  the  geometry 
TJ  of  the  body , or  in  terms  of  the  body-simulating  axial  source 
as  distribution.  For  purposes  of  deriving  optimum  bodies  under 
various  given  conditions,  it  is  found  that  the  second  of  the 
methods  mentioned  is  the  more  tractable.  By  use  of  a quasi- 
ai  cylindrical  theory,  that  is,  the  boundary  conditions  are  applied 
cjj  on  the  surface  of  a cylinder  rather  than  on  the  body  itself,  the 
variational  problems  of  the  optimum  bodies  having  prescribed 
volume  or  caliber  are  solved . The  streamwise  variations  of 
cross-sectional  area  and  drags  of  the  bodies  are  exhibited,  and 
some  numerical  results  are  given.  The  solutions  are  found  to 
1 depend  upon  a single  parameter  involving  Mach  number  and 
the  radius-length  ratio  of  the  given  cylinder.  Variation  of  this 
parameter  from  zero  to  infinity  gives  the  spectrum  of  optimum 
bodies,  for  the  prescribed  condition,  from  the  slender-body  result 
w to  the  two-dimensional.  The  numerical  results  show  that  for 
ti  increasing  values  of  the  parameter , the  optimum  shapes  quickly 
B approach  the  two-dimensional. 

a A reciprocity  relation  for  axial  flow  is  derived,  and  it  is  used 
a in  formulating  the  variational  problems  in  terms  of  the  drag 
tl  formula  involving  geometry.  Formulation  of  the  minimum 
t)  problems  in  terms  of  combined  flow  fields  is  found  to  lead  to 
extremely  simple  relations  that  are  satisfied  by  the  flow  field 
induced  by  optimum  bodies.  The  combined  flow  concepts  are 
also  useful,  for  example,  in  checking  results  found  by  other 
means. 

v INTRODUCTION 

The  design  of  minimum-drag  configurations  is  one  of  the 
fundamental  problems  of  aerodynamics.  For  many  en- 
^ gineering  purposes  it  is,  furthermore,  possible  to  make  useful 
predictions  and  design  calculations  for  steady  flight  by  con- 
sidering additively  the  drag  attributable  to  the  viscous 
nature  of  the  air  and  the  drag  that  occurs  in  an  inviscid 
medium.  Since  efficient  flight  is  closely  associated  with  the 
use  of  aerodynamic  shapes  producing  relatively  small  dis- 
turbances in  the  ah',  the  analysis  upon  which  the  inviscid- 
£ fluid  theory  is  based  can,  in  many  cases  of  practical  interest, 
be  further  limited  to  first-order  approximations  involving 
small  perturbations.  For  supersonic  flight  speeds  such  an 
analysis  is  linear,  the  perturbation  velocity  potential  of  the 
flow  field  satisfies  the  wave  equation,  and  the  pressure  drag 
of  nonlifting  configurations  results  from  the  accumulation  of 
energy  in  the  waves  induced  by  the  body  during  its  motion. 

The  purpose  of  the  present  paper  is  to  show  how  most 

i Supersedes  NTACA  TN  3389  by  Max.  A.  Heaslet  and  Franklyn  B.  Fuller,  1955. 


favorable  body  shapes,  under  various  given  conditions,  can 
be  derived  by  using  formulae  for  drag  prediction  that  are 
based  upon  the  linearized  theory.  The  type  of  body  to  be 
treated  is  a nacelle-  or  duct-like  configuration  (nonlifting  and 
having  axial  symmetry)  which  induces  perturbations  that 
are  specified  on  the  surface  of  a circular  cylinder.  The 
analysis  might  be  termed  quasi-cylindrical,  since  boundary 
conditions  are  applied  on  the  surface  of  a cylinder  rather 
than  on  the  body  itself.  Only  the  external  flow  is  considered. 

There  are  two  rather  different  methods  available  for  the 
calculation  of  drag  of  such  bodies.  The  first,  given  by  Ward 
in  reference  1,  expresses  the  drag  in  terms  of  the  geometry  of 
the  body  and  of  a weighting  function  first  encountered  by 
Lighthill  (ref.  2)  in  connection  with  the  drag  of  fusiform 
bodies.  The  second  result,  published  recently  by  Parker 
(ref.  3),  is  a formula  in  which  the  drag  is  expressed  in  terms 
of  the  strength  of  an  axial  source  distribution  that  simulates 
the  bod}7  shape.  Generally  speaking,  the  formula  giving 
drag  directly  in  terms  of  geometrical  characteristics  would  be 
preferable,  since  the  usual  auxiliary  conditions  in  variation 
problems,  such  as  given  volume,  given  caliber,  etc.,  are  also 
expressed  in  geometrical  terms.  Unfortunately,  however, 
the  variational  problem  in  this  case  leads  to  an  integral 
equation  whose  kernel  is  the  Lighthill  function  mentioned 
previously,  and  the  properties  of  this  function  are  not  at 
present  well  enough  known  to  enable  one  to  solve  the  integral 
equation  by  other  than  numerical  methods.  On  the  other 
hand,  the  expression  for  drag  in  terms  of  sources  leads  to  a 
tractable  integral  equation,  although  the  relations  between 
source  strength  and  geometry  are  somewhat  complex. 

Problems  of  the  sort  to  be  treated  here  have  been  attacked 
by  Ferrari  (refs.  4 and  5)  and  by  Parker  (ref.  3).  The  first- 
named  author  has  approached  the  problem  of  minimum  drag 
with  assorted  isoperimetric  conditions  by  both  the  above- 
mentioned  methods,  but  the  main  effort  was  made  in  con- 
nection with  the  source-strength  method  applied  in  con- 
junction with  a control  surface  consisting  of  a frustum  of  a 
cone.  A large  number  of  cases  have  been  worked  out, 
mostly  by  numerical  methods.  The  other  work,  reference  3, 
gives  a solution  to  the  problem  of  the  minimum-drag  body 
with  given  caliber,  making  use  of  boundary  conditions  on  the 
Stokes’  stream  function,  rather  than  the  potential  function. 

In  this  paper  we  shall  approach  the  problem  by  the  use  of 
both  methods  outlined  above.  Iman  introductory  section, 
the  operational  approach  to  the  wave  equation  is  extended 
to  bodies  having  peripheral  as  well  as  longitudinal  variations 
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Since  this  latter  equation  must  be  satisfied  by  all  possible 
variations  of  the  displacement  function  g(x,d),  it  follows 
that  the  deshed  condition  is 

P\x,Rfi)+n= 0 (47) 

Stated  in  words,  the  condition  for  minimum  wave  drag  of  a 
quasi-cylindrical  body  of  given  volume  is  that  the  longi- 
tudinal gradient  of  pressure  on  the  body  in  the  combined 
forward  and  reverse  flow  field  is  a constant.  Furthermore, 
from  equation  (44),  minimum  drag  is  then  given  by 

Dmin=^  {V-*m)=±Ve  (48) 

where  ji  can  now  be  identified  with  the  negative  pressure 
gradient  in  the  combined  field  and  (F— tt RH)—Ve  is  the 
volume  exposed  to  the  fluid  around  the  cylindrical  control 
surface  r—R. 

The  actual  cross-section-area  variation  of  a minimum- 
drag  constant-volume  body  and  its  pressure  distribution 
are  shown  in  figure  5 for  the  case  in  which  axial  symmetry 

r 


Figure  5. — Mimimum  drag  body  with  pressure  distributions  in 

combined  flow. 


is  imposed.  Pressure  coefficient  in  the  combined  flow  field 
of  an  axially  symmetric  body  has  been  given  in  equation 
(42).  The  geometric  criterion  just  established  then  leads 
to  the  integral  equation 

2S'(X)- j;  SWv(!2=M)  %~*+l , (49) 


DRAG  MINIMIZATION 

In  this  division,  optimum  bodies  having  certain  prescribed 
geometric  properties  will  be  determined  by  standard  varia- 
tional methods.  The  analysis  will,  as  mentioned  previously, 
deal  with  the  strength  of  an  axial  source  distribution  as  the 
minimizing  function,  rather  than  the  geometric  quantity, 


r 


Figure  6. — Body  and  associated  nomenclature  used  in  drag 
minimization. 


cross-sectional  area.  Thus,  we  shall  be  concerned  with 
formula  (32),  giving  drag  in  terms  of  the  source  distribution. 


QUASI-CYLINDRICAL  BODY  OF  REVOLUTION  OF  GIVEN  VOLUME 

Isoperimetric  conditions. — The  configuration  to  be  con- 
sidered, together  with  associated  nomenclature,  is  shown  in 
figure  6.  The  geometric  properties  of  the  body  can  be 
expressed  in  terms  of  the  source  distribution  function  A0(x) 
by  using  equation  (20),  namely, 

y(x)=T7^L  (so) 

Then,  from  equation  (30) 


,9^1  Ao'ix^ix— xx) 

; u0j^R  j(X-Xly-p2R2 


dxi 


If  equation  (51)  is  integrated  z-wise  it  is  seen  that 


(51) 


and  the  solution  of  this  equation  will  determine  the  body 
geometry.  In  the  following  section  an  analogous  integral 
equation  will  be  derived  but  with  the  source-strength  dis- 
tribution chosen  as  the  fundamental  dependent  variable. 

The  combined-flow-field  technique  can  also  be  used  to 
study  the  problem  of  minimizing  wave  drag  for  specified 
body  caliber  or,  more  generally,  when  the  body  has  a fixed 
cross  section  at  a specified  longitudinal  position.  The 
resulting  condition  for  minimum  drag  is  that  the  pressure 
distribution  on  the  body  in  the  combined  flow  field  is  a 
constant  forward  and  aft  of  the  specified  position.  These 
conditions  are  all  analogous  to  those  obtained  for  planar 
problems  by  R.  T.  Jones  (ref.  13). 


«*-«*-*  j>jr  <““> 

By  changing  the  order  of  integration  and  performing  the 
integration  with  respect  to  z one  finds 


S(x)— S(o)=L  J 

or,  integrating  by  parts, 


x pR  (x — 


(x—xJAojxx) 
&R  V(z  — Zi  )2—p2R2 


dx  i (52b) 


i n x-pR  

S(x)-S(o)=A-  ASixMlx-xtf-pRtdzt  (52c) 

UoJ  -PR 
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source  and  multipole  singularities.  This  general  solution  can 
be  found  by  use  of  the  Laplace  transformation.  By  defini- 
tion, the  Laplace  transform 2 (see  ref.  6)  of  a function 
F(x,r,d)  is  F(s]r,6)  where 


F(s-trfl)=:J  e sxF(x,r,d)dx  (4) 

If  one  employ's  this  transformation  and  applies  initial  condi- 
tions consistent  with  supersonic  flow  theory  (ref.  7),  equation 
(3)  becomes 

P2s2(p—(pTr— ( 1 /r)<pT — (1  lr)2<pe$ — 0 (5) 

The  tranform  of  the  perturbation  velocity  potential  is 
assumed  separable  in  the  form 


^($;r,0)=f(r,s)  cos  md 

and  it  follows  directly  that  f (r,s)  must  satisfy  the  ordinary 
differential  equation 


d2  f 

difirs)2 


i_  dr 

firs  d{firs) 


[* 


r=o 


Thus,  the  solution  can  be  written 


Jp{s-,r,d)=— L J2i  cos  me  [Am(s)  Kafirs )+Bn(s)Im(Prsj\ 

Ztt  o 

where  Km  and  Im  are  modified  Bessel  functions  in  the  nota- 
tion of  reference  8.  The  asymptotic  expansions  for  the 
Bessel  functions  show  that  Im  yields  incoming  waves  suit- 
able for  the  analysis  of  flow  inside  a tube  or  cylindrical 
control  surface;  Km  yields  outgoing  waves  that  are  suited  to 
the  calculation  of  the  field  external  to  a tube.  It  follows 
that  one  has,  in  the  latter  case, 

v(s;r,e)=— Y S Am(s)Km(firs)  cos  md  (6) 

lit  0 

The  inversion  of  equation  (6)  can  be  achieved  in  two 
ways.  First,  from  reference  9,  page  277,  and  the  convolu- 
tion integral,  one  gets 


^(x,r,0)=  — 


1_ 
27 r 


V,  cos  md 

i 


A0(xl)dxl 

Jo 

i 


xx  )2—fi2r2 

pr  Am{x\)  cosh  (m  cosh“l  dxx 


■yj{x—xi)2—fi2r2 
Second  (see,  e.  g.,  ref.  8,  p.  79),  one  has 

K»,) 

Thus  equation  (6)  can  be  rewritten  as 
W,r,d)= ^A0(s)K0(firs)+ 


£(-!)■  cos  ne^JA&KMrs)] 


(7) 


and  the  inversion  is 

, „ r r '-*r 

^ ’ ’ 2jt  |_Jo  V(z-Zi),-0*>3 

( _T\n  „no  ( AY  r~P  CmbhUkl  ~|  /qs 

? \ p)  \rdr)  Jo  ^(x-x ,)2-j3V2J 


where  the  function  Cm(x)  is  given  by  (from  operational 
calculus  rules) 


cx  rx  3 f *x2 

^mip^)~ ~ I dxm  * * * I dx 2 I Am{x\)dx\ 

J o Jo  Jo 


(9) 


Equation  (8)  expresses  the  solution  in  the  usual  form, 
given,  for  example,  in  reference  10,  page  527.  For  some 
purposes,  numerical  calculations  for  example,  equation  (7) 
has  advantages  over  equation  (8).  The  two  solutions 
express  the  perturbation  velocity  potential  in  terms  of 
distributions  of  singularities  along  the  central  axis,  the  first 
term  representing  a distribution  of  supersonic  sources  of 
strength  A0{x)dx,  and  the  subsequent  terms  representing 
multipoles  of  order  m . 

It  is  of  interest  to  calculate  the  limiting  forms  of  equations 
(7)  and  (8)  for  large  and  small  values  of  r.  For  large  r, 
equation  (6)  becomes 

*5 far, 6) ~ -Y  jp  Am{s)-yJ^rg  e~Bn  cos  md  (10) 
where  the  asymptotic  form 

has  been  used.  The  perturbation  velocity  potential  is  then 

<p(x,r,d) — i==  S cos  me  f “ Am($)  (11) 

2ttV2 fir  o Jo  \x—%—fir 

The  ultimate  attenuation  of  p with  lateral  distance  is  there- 
fore fixed  by  the  factor  l/Jr.  For  small  r,  equation  (6)  be- 
comes 

^ (s ; r , 0) « — —A0  {s)  (in  — ^+Y^+ 

± 4^  (m-l) ! (^-J  cos  mfl]  (12) 

where  7=0.577  is  Euler's  constant.  The  inversion  of  equa- 
tion (12)  is 

<p(x,r,e)~  ^A0{x)ln  J*A,(xl)ln\x-xl\dxl+ 

± (I)"  cos  me  <?.(*)]  (13) 

where  C'm(x)  is  defined  in  equation  (9).  This  result  was  used 
by  Ward  (ref.  11)  as  a basis  for  the  development  of  slender- 
body  theory. 


* It  will  be  assumed  through  the  present  section  that  the  origin  lies  upstream  of  all  disturbance  points  in  the  flow  field.  Subsequently,  the  origin  will  be  shifted  so  as  to  lie  at  the  upstream 
(ace  of  the  control  surface  or  body. 
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As  presented,  the  above  general  solutions  (eqs.  (7)  and  (8)) 
were  not  related  to  specific  boundary  conditions.  The  formal 
development  of  this  relation  is  straightforward  and  leads  to 
an  explicit  solution  for  boundary  conditions  given  on  the 
cylindrical  control  surface  at  r=  /?= const.  Let  the  given 
conditions  be 


where  S'(x)  is  the  streamwise  derivative  of  local  cross- 
sectional  area  of  the  body.  This  condition,  together  with 
equation  (19),  yields 

A>oo  WK  . ,91s 

U0  ~pRsKl(pRs ) U1) 


<Pr]r=R=U0G(x,d)  = U0  gmfr)  COS  Md 

0 

From  equations  (6)  and  (14),  one  lias 
&-(s;L0)]r=s=  — ^ 2 Am(s)  Km  03/-.S') J ^ cos  md 

=(i,2  Sm  (s)  cos  m6 
0 

Since 


d 


^ Km(0rs)=psKm'{prs) 


(14) 


where  S'(s)  means  the  Laplace  transform  of  S'(x),  and 

vis-fi)  _ _ S^_  KJfiRs) 

U0  2wf3Rs  Ki(pRs ) 


(15) 


In  order  to  calculate  drag,  pressure  on  the  body  is  next 
evaluated.  Denoting  by  p and  p„  local  and  free-stream 

pressure  and  setting  poU0 2,  one  has  in  linearized  theory 


p—p0~\ 2u(x,R) 

_|r=»K  U0 


(23) 


equation  (15)  yields 


From  equation  (22) 


Am(s) 


2ir(70  gjji) 

P sKm'(pRs ) 


(16) 


and  the  transformed  velocity  potential  is,  from  equation  (6), 


‘p{S',r,e)  Up°VS's  KJ  (pRs) 


M Km  (firs) 


cos  md 


(17) 


In  order  to  give  the  desired  expression  for  (p(x,r,d)  it  is  neces- 
sary to  calculate  the  inverse  Laplace  transform  of  the  func- 
tions Km(Prs)/Km'(pRs).  This  task  has  been  undertaken  by 
Mersman  (ref.  12). 


EXTERNAL  WAVE  DRAG  OF  QUASI-CYLINDRICAL  BODY  OF  REVOLUTION 
IN  TERMS  OF  ITS  GEOMETRY  OR  SOURCE  DISTRIBUTION 


Attention  is  now  restricted  to  flow  fields  possessing  axial 
symmetry  with  respect  to  the  steam  direction.  Independence 
with  respect  to  6 then  reduces  equations  (7)  and  (8)  to 


J_  r Br  A0[xx)dx i 

Jo  ^j{X~Xx) 2—fi2f2 


(18) 


and  the  velocity  potential  is  expressed  as  a rectilinear  dis- 
tribution of  supersonic  source  potentials.  Operationally, 
equation  (18)  takes  the  form 


<p(s;r)=  A0(s)K0(J3rs) 


(19) 


The  axes  may  now  be  considered  as  shifted  so  that  the  source 
distribution  starts  at  x=~pR  and  induces  perturbation 
velocities  on  the  cylindrical  surface  r=R,  O^x^l.  For 
r>R  one  then  has  the  disturbance  field  associated  with  a 
body  of  revolution  that  deviates  only  slightly  from  the 
cylinder  r=R.  The  wave  drag  of  such  a body  can  then  be 
expressed  in  two  ways:  first,  as  a function  of  the  body  geom- 
etry; second,  as  a function  of  the  source-strength  distribu- 
tion. The  first  result  has  been  given  in  reference  1.  To  the 
order  of  accuracy  to  which  this  control-surface  theory  applies, 
the  slope  of  the  resulting  surface  is 


dr  S^c)_  J_  I 

dx~2TrR~U0‘p'Jr=R 


(20) 


u(s;R) 1 -^77^  KMls) 

U0  2rpR  ° { ) K,(pRs) 


S'(s)  r Kl(pRs)—K0(pRs)  | 

2 wpR  L KMRs)  J 


(24) 


The  inverse  transform  of  the  second  term  involving  the 
Bessel  function  leads  to  the  function  W{x)  introduced  by 
Ligh thill  (ref.  2).  By  definition,  its  transform  is 


"tJ/M K0(s) 
Kx{8) 


(25) 


Pressure  distribution  on  the  body  can  then  be  calculated 
from  the  expression 


VH® [s'w- (26, 

The  function  W(x)  is  shown  in  figure  1;  tabular  values  for 
— 2 <#<10  are  given  in  reference  1. 


W{x) 
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The  external  wave  drag  CD(J  of  the  body  is  finally  deter- 
mined by  direct  integration 


°D°  ttR%~*R2  Jo  P qo°  S'^dx  (27) 

nd  from  equation  (26)  is 

m r j:  ww»(y) dx  *, } (28) 


n a later  section  entitled  “Geometric  Criteria  for  Minimum 
)rag,”  the  role  equation  (28)  plays  in  problems  involving 
^rag  minimization  will  be  discussed.  For  the  present,  it 
aay  be  remarked  that  although  the  magnitude  of  the  in- 
uence  function  W(z)  is  known,  its  anal}7 tic  properties  are 
Lot  well  enough  defined  to  permit  easy  manipulation.  It 
nil  become  more  apparent  later  that  for  certain  minimum- 
irag  problems  an  advantage  is  provided  when  one  deals 
iirectly  with  source  distributions  and  establishes  the  rela- 
ionship  between  geometry  and  source  strengths  as  a 
eparate  part  of  the  analysis. 

Equation  (18)  expresses  the  potential  of  a source  distribu- 
ion  of  strength  A0(x).  On  the  cylindrical  control  surface 
=R  and  within  the  range  0<x<l  an  effective  body  shape 
3 induced  and  the  drag  of  this  body  can  be  calculated  as 
ollows.  The  stream  wise  and  lateral  perturbation-velocity 
omponents  are,  respectively, 


<Pr{ 


p-0r  A0'(xi)dx , 

J-i sr  YJx—XiY—pr2 

(29) 

‘z~ffT  (x—xJAo'ix^dxi 
-PR  V(x  — £ x)2—p2r2 

(30) 

diere  Ao(xx)  = 0 for  xx<—fiR.  The  effective  body,  within 
he  range  0 <x<l,  is  fixed  by  the  boundary  conditions  of 
quation  (20)  and  its  external  wave  drag  is 


— 27rp0Rj  (px(x,  R)<pr{x , R)dx 

anAo'ixJi x—xx)dxx  p-/3*  Ao'(x2)dx2 


. Po 
2i r 


j>r; 


./»*  V(x-2,)2-j32^2J_^  ^{x-x2Y-f?R2 


(31) 


^he  dummy  variables  xX)  x2  can  be  interchanged;  if  one  then 
ombines  the  two  expressions  of  equation  (31)  and  inverts 
he  order  of  integration,3  the  integration  with  respect  to  x 
an  be  performed  and  there  results 


47T 


Jl-PR 
-0R 


A0'(xx)dxx 


Jl-{iR 

-i sr 


A0'(x2)  cosh-1 


(l-xx)(l-x2)-p2R2 
P R(xx~x2) 


\dx2  (32) 


,s  given  in  reference  3. 

It  is  of  interest  to  remark  that  although  equation  (32) 
ises  only  a knowledge  of  the  function  A0(x)  in  the  range 
-pR<x<l—pR,  the  drag  that  is  calculated  presupposes  a 


specific  so  luxe  distribution  function  in  the  range  l—pR<^x 
if  one  wishes  to  identify  the  drag  with  a geometric  shape. 
Thus,  as  in  figure  2,  if  the  body  shape  near  r=R  is  assumed 
to  have  some  arbitrary  variation  for  0 <x<l,  and  to 
straighten  out  into  a purely  cylindrical  surface  downstream 
of  x= l,  a source  distribution  function  is  required  downstream 
of  x— 1—fiR  to  produce  the  cylinder. 


Figure  2. — Body  induced  on  a control  surface  by  an  axial  source 

distribution. 


The  fact  that  the  stream  velocity  is  supersonic  means 
that  upstream  influences  of  A0(x)  for  x^>l—pR  cannot  be 
felt  on  the  body  and  explains  why  the  drag  of  a complete 
geometric  shape  can  be  determined  from  its  source  distribu- 
tion without  knowing  the  complete  details  of  the  distribution 
function. 

As  another  example  of  the  use  of  equation  (32)  consider, 
as  in  figure  3,  a circular  body  extending  from  x——fiR  to 
x=l  with  a cylindrical  afterbody  of  radius  R aft  of  x—L 
If  the  source  distribution  of  this  body  is  known  as,  say,  for 
example,  in  the  case  of  a cone  or  slender  body  of  revolution, 
the  body  drag  can  be  determined  by  using  the  surface 
r=Rfl  <x<l  as  a control  surface  and  calculating  momen- 


r 


Figure  3. — -Body  nose  induced  by  an  axial  source  distribution. 


3 The  inversion  of  order  is  permissible  only  if  x)  is  suitably  well  behaved,  a point  that  will  arise  later  in  the  determination  of  the  optimum  body  with  given  caliber. 
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turn  transport  through  the  control  surface.  Equation  (32) 
is  the  exact  expression  for  the  body  drag,  and,  again,  requires 
no  knowledge  of  source  strength  beyond  x=l—0R. 

COMBINED  FLOW  FIELDS 

One  method  of  attack  that  has  proved  to  be  extremely 
helpful  in  the  analysis  of  problems  in  aerodynamic  theory 
involves  a svmmetrization  process  in  which  flow  fields  in 
both  forward  and  reverse  flow  are  related.  Attention,  up 
to  the  present  time,  has  been  devoted  principally  to  planar- 
type  problems  and  in  reference  13  Jones  has  used  this 
approach  to  derive  criteria  that  appear  in  the  minimization 
of  wave  drag  of,  for  example,  nonlifting  wings  having  speci- 
fied thickness  ratios  or  volumes.  In  this  section,  a brief 
discussion  is  given,  using  the  methods  of  reference  14,  of  the 
way  these  concepts  appear  in  cylindrical-control-surface 
analysis. 


J]  S7+n’5?+"«  5?)* 

-JJa  (-«■«,  is  fi 

applies  where  the  surface  integration  extends  over  2lf  22, 
and  nlt  n2 , n3  are  direction  cosines,  with  respect  to  the  x , y 
axes,  of  the  surface  normal  directed  inward  into  the  regie 
It  is  customary  to  re-express  relations  like  equation  (3 
in  terms  of  a newly  defined  directional  derivative  along  a li 
termed  the  conormal.  In  this  manner,  the  equation  beeorr 


where 


G 


&<p 

Yv~dx  Vl+ty 


. <v 

^di"3 


c 


THE  RECIPROCITY  RELATION  FOR  AXIAL  FLOW 

Equation  (1)  can  be  written 

L(<p)  =P2<Pxx—<Pw—<p2z= 0 (33) 

where  L(<p)  is  a self-adjoint  linear  operator.  Let  now 
\//(x,y,z)  and  tt(x,y,z)  be  two  solutions  of  equation  (33) 
satisfying  boundary  conditions  given  on  a circular  cylinder. 
Reciprocal  relations  betwen  ^ and  12  can  be  derived  by 
applying  Green’s  theorem  over  a prescribed  geometric 
region.  Consider,  as  shown  in  figure  4,  the  cylindrical  con- 
trol surface  extending  from  x=0  to  x=l  and  draw  the 
enveloping  Mach  cones  at  the  front  and  rear  of  the  surface. 


Figure  4. — Surfaces  of  integration  for  combined-flow  analysis. 


and  the  direction  cosines  v2,  r3  of  the  conormal  are  deriv 
from 

—nifi2=Avly  n2=Av2,  n3=Ap3 

By  calculation  of  the  respective  normals  nlf  n2 , n3  and  usi 
the  relation  pi2+p22+p32=1,  it  is  readily  found  from  t 
equations  defining  the  conormal  that  on  the  surface  21?  t 
conormal  is  normal  to  the  surface  andA=l;  on  a Mach  coi 
the  conormal  lies  along  the  cone  and  A=/3 

Let  now'  \p  be  set  equal  to  <p(x,  r,  0),  the  perturbati 
velocity  potential  associated  with  boundary  conditions  ir 
forward-flowing  stream,  and  let  12  be  u(x,  r,  0),  the  x-w 
component  of  perturbation  velocity  associated  with  bounds 
conditions  in  a stream  flowing  in  the  reverse  direct ic 
Under  these  conditions,  equation  (35)  becomes 

f Rd*j‘ S 57  JJ  5 57  S 57 

“X  "X  ” 57  *+«XX v'  57  * 57  “ 

On  the  Mach  cone  22,  the  perturbation  potential  may  ar 
trarily  be  set  equal  to  zero  and  its  conormal  derivative  alo 
the  cone  will  also  be  zero;  as  a consequence,  the  second  ten 
on  both  sides  of  the  equation  vanish.  Since  the  flowr  fie] 
are  irrotational,  du/dr=dvr/dx  where  vr  is  radial  velocii 
After  making  this  substitution  and  integrating  the  first  tei 
in  the  right  member  by  parts,  one  gets 


ft  f dO  f uvrdx=R  f P <p(Z,ft,0)£r(Z,ft,0)—  f vrudx\dO - 

Jo  Jo  Jo  L Jo  J 

Sfo'MS'.,  lr(“57-*57)* 


The  last  integi*al  becomes 


Denote  the  cylindrical  surface  by  2i,  the  front  Mach  cone 
x—Pr=—f}R  by  22,  and  the  rear  cone  £+/3r=Z+0ft  by 
23.  These  surfaces  enclose  a toroidal  region,  bounded 
internally  by  2i  and  externally  by  22  and  23.  It  folio w's 
from  Green’s  theorem  that  the  integral  relation 


and  for  the  given  boundary  conditions  it  is  possible  to  sh( 
that  along  a conormal  of  23  the  relation  vr=/3u  holds  a 
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•yfr  u is  independent,  of  v.  The  integral  then  can  be  rewritten 
as 

,/>/:>  uy  £ (j)  dv=m^m,R,e)v{i,B,d)djd 

and  one  has,  finally,  the  desired  reciprocal  theorem 

— R f dd  f u(x,R,d)vT(z}R,d)dx=R  f dd  f u{x,Rfi)vT{x,Rfi)dx 
Jo  Jo  Jo  Jo 

' (37) 

It  is  not  the  purpose  here  to  exploit  the  various  applica- 
tions of  equation  (37) ; rather,  the  role  played  by  the  recip- 
rocal relation  in  drag  calculations  will  be  considered.  In 
the  forward  and  reverse  flow  fields,  the  pressure-velocity 
relations  of  linearized  theory  are 

V~Vo=~pJU0%  V~~Vo=PoUo u (38) 


The  proof  follows  from  the  relations 


S'(x)=~S\x) 


Jl 

Ml  ° 
£ 1 

1 

2irfiR 

S'(x)- 

[V(x,)W( 

fx  — xP 
pft  J 

dxn 

}MA 

u(x,R) 

u0 

1 

2irfiR 

[s'(x)+^ 

|’*S,(*1)H7( 

f X\  — X' 

\ m x 

\ dx i"l 

’PRJ 

K)-jW(^)  fg]  J 


GEOMETRIC  CRITERIA  FOR  MINIMUM  DRAG 

Consider  now  the  problem  of  minimizing  the  wave  drag  of 
a quasi-cylindrical  body  subject  to  the  condition  that  the 
volume  of  the  body  is  constant.  The  bod}7  surface  may  be 
defined  by 


If,  furthermore,  thickness  distributions  of  the  form 
r= f(z,d),  r=f(x,0) 

are  placed  on  the  cylinder  r—R , the  boundary  conditions  are 

j_a*ri  _&/  ==_^/ 

U0drjr  = R dx  U0brJT=R  dx 


r=f(x}d)=R+g(x,9)  (43) 

The  function  g(x,d)  determines  the  magnitude  of  the  surface 
displacement  from  the  cylinder  r=R;  these  displacements,  as 
well  as  their  gradients,  are  assumed  small  and  we  also  assume 

g(x,9)  =0  for  x ^ 0 and  l^x 


Equation  (37)  can  then  be  written 

i *-r*  i * ®» 

An  immediate  consequence  of  this  last  result  is  that  for  a 
unique  thickness  distribution,  that  is,  for  f(x,0)=f(x,0), 
the  drag  of  a body  in  forward  and  reverse  flow  is  the  same. 
This  follows  from  the  fact  that  for  quasi-cylindrical  bodies 
the  relations  for  drag  are,  respectively, 

D = *J#  (p  Po)r 

t)=— R^  dd^  ip—Po), -B^dx 

For  fixed  geometry,  therefore,  drag  is  equal  to  half  the  sum 
of  these  two  expressions 

Defining  pressure  P(x}rfi)  in  the  combined  flow  fields  by  the 
following 

P(z,r,0)=p—p=  — PoU0(u+u)  (40) 

one  has 

(41) 

If  the  body  has  axial  symmetry,  equation  (41)  reduces  to 
the  form  given  in  equation  (28).  To  show  this,  one  notes 
first  that  P and / are  independent  of  6 and  that  equation  (41) 
becomes 

D=\  ^PS'{x)dx 


If  equation  (41)  is  integrated  by  parts  with  respect  to  x,  the 
wave  drag  of  the  body  becomes 

D=- ddj^  P'(x,R,6)g(x,0)  dx  (44) 

where  the  prime  indicates  x-wise  differentiation  of  P.  The 
imposed  geometric  constraint  on  the  variational  problem  is 

i r<lB  f lp(x,9)dx~l  {Udd  (l[R2+2Rg(x,d)]  dx 
& Jo  Jo  6 Jo  Jo 

=irR2lJrR  f dd[  g(xfi)  dx=V—  const.  (45) 

Jo  Jo 

where  V is  the  total  volume.  The  problem  thus  becomes 
one  of  minimizing  the  expression 

D—fiV=—R  1 1 £Tdd£p'g(x,6)  dx+ 

n jjr dfi^  g(z,6)  rfej  (46) 

where  m is  the  Lagrangian  multiplier.  Carrying  out  the 
variation,  one  has 

8(D-vV)=~J\ldj‘  [P'(Sg)  +g(S P’) + 2„ig]dx=0 

but  from  equation  (37)  or  (39)  it  can  be  shown  that  the  first 
two  terms  in  the  integrand  yield  equal  integrals  and  the 
minimizing  condition  becomes 


[P'(x,R,6)+n]8gdx= 0 
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Since  this  latter  equation  must  be  satisfied  all  possible 
variations  of  the  displacement  function  g(x,6),  it  follows 
that  the  deshed  condition  is 

P'(z,R,0)+ii=  0 (47) 

Stated  in  words,  the  condition  for  minimum  wave  drag  of  a 
quasi-cylindrical  body  of  given  volume  is  that  the  longi- 
tudinal gradient  of  pressure  on  the  body  in  the  combined 
forward  and  reverse  flow  field  is  a constant.  Furthermore, 
from  equation  (44),  minimum  drag  is  then  given  by 

Dmtn (V-tRH)=%  Ve  (48) 

where  ji  can  now  be  identified  with  the  negative  pressure 
gradient  in  the  combined  field  and  (V—  ttRH)=  Ve  is  the 
volume  exposed  to  the  fluid  around  the  cylindrical  control 
surface  r—R. 

The  actual  cross-section-area  variation  of  a minimum- 
drag  constant-volume  body  and  its  pressure  distribution 
are  shown  in  figure  5 for  the  case  in  which  axial  symmetry 


r 


Figure  5. — Mimimum  drag  body  with  pressure  distributions  in 

combined  flow. 


is  imposed.  Pressure  coefficient  in  the  combined  flow  field 
of  an  axially  symmetric  body  has  been  given  in  equation 
(42).  The  geometric  criterion  just  established  then  leads 
to  the  integral  equation 

2S'(*,_X'  % — >a+i  m 


DRAG  MINIMIZATION 

In  this  division,  optimum  bodies  having  certain  prescribed 
geometric  properties  will  be  determined  by  standard  varia- 
tional methods.  The  analysis  will,  as  mentioned  previously, 
deal  with  the  strength  of  an  axial  source  distribution  as  the 
minimizing  function,  rather  than  the  geometric  quan tity, 


r 


Figure  6. — Body  and  associated  nomenclature  used  in  drag 
minimization. 


cross-sectional  area.  Thus,  we  shall  be  concerned  with 
formula  (32),  giving  drag  in  terms  of  the  source  distribution. 


QUASI-CYLINDRICAL  BODY  OF  REVOLUTION  OF  GIVEN  VOLUME 

Isoperimetric  conditions. — The  configuration  to  be  con- 
sidered, together  with  associated  nomenclature,  is  shown  in 
figure  6.  The  geometric  properties  of  the  body  can  be 
expressed  in  terms  of  the  source  distribution  function  A0(x) 
by  using  equation  (20),  namely, 


c/,  . 2ttR 
S (s)=-£j-  <pr 


1. 


Then,  from  equation  (30) 

— fX  (Xi)(x  — Xj)  J 

If  equation  (51)  is  integrated  x-wise  it  is  seen  that 


(50) 


(51) 


and  the  solution  of  this  equation  will  determine  the  body 
geometry.  In  the  following  section  an  analogous  integral 
equation  will  be  derived  but  with  the  source-strength  dis- 
tribution chosen  as  the  fundamental  dependent  variable. 

The  combined -flow-field  technique  can  also  be  used  to 
study  the  problem  of  minimizing  wave  drag  for  specified 
body  caliber  or,  more  generally,  when  the  body  has  a fixed 
cross  section  at  a specified  longitudinal  position.  The 
resulting  condition  for  minimum  drag  is  that  the  pressure 
distribution  on  the  body  in  the  combined  flow  field  is  a 
constant  forward  and  aft  of  the  specified  position.  These 
conditions  are  all  analogous  to  those  obtained  for  planar 
problems  by  R.  T.  Jones  (ref.  13). 


S(x)-S(o)=±  f9d»f 


~PR  (g— sQA/fai)^ 
0ft  y[{z—X  i)2— /32i22 


(52a) 


By  changing  the  order  of  integration  and  performing  the 
integration  with  respect  to  z one  finds 


S{x) 


-^.s: 


~vR  (x—xJAotXj) 

J3  R -yJ(x  — Xi  )2—j32R2 


dx  i (52b) 


or,  integrating  by  parts, 


i (*  z-0R  

S(x)— £(0)=^  I Ao'iXi) V(z— Xi)2— j32i?2 dxt  (52c) 

-&R 
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The  magnitude  of  the  additional  volume  wrapped  around 
the  cylinder  is 

Ve=J‘  [S(x)-S(o)]dx  (53a) 

and,  from  equation  (52b), 

V*=YT  f “ A«(xi) dx,  (53b) 

U0  J -pR 

The  variational  problem. — The  quantity  to  be  minimized 
will  be  taken  as  D— fi\Ve.  From  equation  (32),  the  drag 
can  be  written,  after  an  integration  by  parts, 

d=po  r1-**  AjMtixi  rl-*R  a0'(x2u(i-x2)2-p2r2 dx 

4tT  J-0X  tJ(1—  Xi)2— p2R2  J -PR  *^1  *^2 

(54) 


is  a condition  to  be  met  by  the  minimizing  function  A0(xi)} 
and  by  its  variations. 

The  quantity  D—/i xVe  can  be  formed  from  equations 
(53)  and  (54),  and  if  the  variation  is  performed,  one  finds  the 
condition 

n-fi*  8A0(x{)dx i / r'-P*A0'(x2)^{l-x2)2-p2R2  _ 

J —PR  V(^  Xl)2  (PR2  \ J-pR  X\  X2 

If  this  last  equation  is  compared  with  equation  (55),  it  is 
seen  that  for  admissible  variations,  the  quantity  within  the 
brackets  must  be  set  equal  to  \(l—x i),  where  X is  an  arbitrary 
constant.  Thus,  the  equation  for  determination  of  the 
optimizing  source  distribution  under  the  conditions  of  given 
volume  and  closure  is 


In  addition  to  prescribing  the  volume,  added  * to  the  funda- 
mental cylinder,  we  shall  also  require  that  the  body  return  at 
the  end  to  the  same  cross-sectional  area  as  at  the  front. 
Thus,  according  to  equation  (52b), 


pr  {l~xl)A0{xl)dxi 
PR  V(J  xl  f P2R2 


(55) 


f'-g*  A/ixMd-xtf-fPR* 

J -PR  % 


2*7*1 

PoU  0 


[(l-x)2-p2R2] 

(56) 


Equation  (56)  is  recognized  as  the  familiar  airfoil  equation 
w i th  [A  o (x\) Xi) 2 — p2R2]  as  the  unknown.  Thus  we 
write  the  solution  immediately  as  (see,  e.g.,  ref.  15) 


^w(/-*)2-£2ft2= 


— fiR—x)  (x-\-f}R) 


Ur 

J -PR 


A0'(xi)  -\/(l — X\)2 — p2R2dxx 


Jl-PR 
-PR 


x{l~Xl)+Wo 


x—x 


-^{l—pR—x 0 (xx+pR)  dxx 


The  first  integral  on  the  right  vanishes  according  to  the 
closure  condition  (55)  and,  if  the  remaining  integrations  are 
performed,  we  find 


A0'(xM(l-x)2-p2R2 


tv  V (I pR — x)  (x+fiR) 

{M(«„,+2X)+^[4X(i_2,+ 

yff-  (Sl2-4m-8P2R2~l2lx+8x^j. 
It  will  be  noted  that  unless 


27 rl 
PoU  0 


Mi+2\ — 0 


this  solution  for  A0'(x ) does  not  obey  the  closure  require- 
ment. Therefore  we  impose  this  last  condition  and  finally 
obtain 

, mi  (l2-miSp2R2)-Slx+8x? 

° { > ipJJo  Jd+ftR-x)(x+ffl  (0/j 

The  strength  of  the  minimizing  source  distribution  A0(x) 
is  now  obtained  b}r  integrating  equation  (57); 

A0(x)^ Wo  [v-2x^(1+PR-x)(x+(}R)- 

w“s"t Um\  ®8“> 


Properties  of  the  optimal  source  distribution. — It  is  con 

venient  to  express  the  various  quantities  such  as  source 
strength,  area  distribution,  etc.,  as  dimensionless  functions 
of  the  dimensionless  variable  r\=xjl  and  parameter  a=pR/l . 
Thus,  indicating  a dimensionless  function  by  a star,  we  have 
from  equation  (58a) 

A-'M=nu?=  if!  [(1-W0H-.X1-.+.)- 

2'’“s‘'TT5l]  <58b> 

It  will  be  noted  that  if  the  radius  of  the  control  surface  is 
taken  ver}-  small,  so  that  cr — >0,  formula  (58b)  becomes 

Ao*(i j)k-o=7^  (1—  2ij)V>i(1  — V) 

^'±0 

which  is  the  well-known  slender-body  theory  result  for  the 
source  distribution  corresponding  to  an  optimum  body  of 
given  volume  (refs.  16  and  17.) 

In  order  to  determine  the  value  of  the  Lagrange  multiplier 
Mi,  in  terms  of  the  prescribed  volume  Ve,  it  is  convenient 
to  find  first  the  expression  for  the  local  cross-section  area  of 

the  optimum  body.  Thus,  using  equation  (52c)  ^witb 
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5*0,)— S*(o)=^fUrf2^(l-V+2a) 

[vO-  — v)E~a(l—4:o)(K—E)]  (59) 

where  K and  E are  elliptic  integrals  of  the  first  and  second 
kinds,  respectively,  of  modulus 

1.2  , »?(1  — V) 

(n+  2cr)(l  — 77+2<t) 

Using  equation  (59)  in  equation  (53a),  we  find 

V*=Wo  £ V(,?+ 2ff)  U ~ 2<r)  fo  (1  - n)E-  *(1  4<r)  (K-E)]dv 

(60a) 

O<£o 

which  expresses  the  constant  m,  in  terms  of  the  prescribed 
volume  V*  and  of  a function  B of  the  quantity 

<r=PR/L  A graph  of  this  function  B(<r)  versus  a is  shown  in 


where  V0  is  the  volume  of  the  original  cylinder  section, 

v0=ir  m=is(o)=i*v0* 

Consider  the  expression  (61)  for  the  source  function  A0*(t)). 
In  the  parameter  <r=pR/l , we  may  think  of  /?  as  fixed  and  l as 
unity,  so  that  variations  in  <r  amount  to  variations  in  the 
size  of  the  control  surface  of  radius  /?.  Thus,  in  figure  8,  the 


Afo)/ve* 


Figure  8. — Optimum  source  distributions  for  various  values  of  the 

parameter  o-. 


case  <r=0  corresponds  to  the  source  distribution  for  the  well- 
known  Sears-Haack  body  (refs.  16  and  17).  It  will  be  noted 
in  the  cases  where  o>>0  that  the  source  functions  become 
less  steep  and  attain  lesser  maximum  values  because  the 
volume  remains  the  same  while  the  control-surface  cylinder 
is  increasing,  thus  giving  a smaller  maximum  radius  of  the 
added  portion. 

Next  let  us  examine  the  expression  (62a)  for  cross-sectional 
area.  First,  we  notice  that  it  can  be  written 

S*(y)— -S*(o)= — t/+2(j) 

±S(a) 

[?j(l  — t})E — cr(l — 4 a)(K — E )]  (62b) 

in  which  form  it  reduces  formally  for  0— > 0 to 

S*(I?)=^Fe*Ml-’)]3/2  (62c) 


figure  7.  Shown  also  in  figure  7 is  a dashed  line  that  cor- 
responds to  the  asymptotic  form  for  B(a),  which  is 


"w-b'i+W  rfb 


(60b) 


The  closeness  of  the  asjunptotic  values  to  the  exact  values 
even  for  relatively  small  values  of  a is  noteworth}7. 

The  formulae  (58b)  and  (59)  for  the  source  strength  and 
cross-section  area,  respectively,  can  now  be  recast  in  terms  of 
prescribed  quantities 


A0*(r?)=|^^  |^(1  — 2t?)V(’?+0')(1  — T7+0-)  — 2a2  COS  1 


(61) 


S*(v)-S*(o)  (V*/Vo*)  1?  r~r>  W7 pttx 

— .s'*(o)  —wr^+2<r)  ( ~ v+) 


[v(l-v)E-a(l-^)(K~E)]  (62a) 


which  is  identical  with  the  expression  for  cross-section  area 
of  a slender  optimum  body  of  prescribed  volume  (Sears- 
Haack  body).  Of  course,  V e is,  in  this  case,  the  total  volume 
of  the  body.  On  the  other  hand,  if  we  allow  the  radius  of 
the  control  surface  to  increase  indefinitely,  equation  (62b) 
gives  (using  the  asymptotic  form  for  B(a),  eq.  (60b)) 

S*(v)-S*(o)= 

In  the  case  when  R is  very  large,  we  take 

S(x)—  S(o)=  2ttR  A r(x)  (63) 

so  we  have,  returning  to  the  original  variables, 

where  Vel2irRl  is  a finite  quantity,  and,  in  fact,  is  the  average 
height  of  the  protuberance  above  the  control  cylinder.  This 
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;sult  is  clear  from  physical  reasoning,  for  one  would  expect 
lat  as  the  control  cylinder  increased  in  radius,  the  two- 
Lmensional  result  for  the  optimum  problem  would  become 
tore  nearly  valid,  and,  indeed,  equation  (64)  is  the  formula 
>r  a two-dimensional  biconvex  section,  where  A r is  dis- 
mce  from  the  mean  line,  l is  chord  length,  and  maximum 

ncknessisg^- 

It  will  be  noted  that  the  area  distribution  as  given  by 
fixation  (62b)  has  fore-and-aft  symmetry,  since  the  function- 
[ dependence  upon  r;  involves  only  the  combination  r? (1  — 77) . 
he  maximum  cross-section  of  the  optimum  body  then  oc- 
irs  at  the  midpoint  and  is  given  by  (from  eq.  (62b)) 


S*max-S*(o)= 2V*  [f  - c(l-^){K-E)j=2V*  T(a) 

(65) 

here  the  modulus  of  the  elliptic  integrals  is  now  /:=  1/(1  + 4cr). 
igure  9 shows  the  function  T(a)  versus  a. 


a 


Figure  9. — The  function  T(o). 


The  drag  of  the  optimum  bodies  can  now  be  evaluated, 
rom  equations  (54)  and  (56) 


= £o  C‘  fR  A„{$d$ 

4 A/(i  — |)2— /32JS2  \ 


PoU o 


'he  integral  involving  X vanishes  because  of  the  closure 
cmdition.  The  remaining  integration  gives 

D=w0 17  Ao(0  #=nr  (66) 


y equation  (53b).  Finally,  using  the  evaluation  of  fxx  of 
quation  (60a),  we  have 


D.  Ve2 

q0  6l4B(a) 


(67) 


Numerical  results  pertaining  to  the  problem  just  solved  will 
be  given  in  a later  section,  and  a summary  of  the  important 
formulae  is  given  in  the  appendix. 


QUASI-CYLINDRICAL  BODY  OF  REVOLUTION  WITH  GIVEN  CALIBER 


The  variational  problem. — For  this  problem,  we  prescribe 
the  area  at  the  base  of  the  bod}7,  so  the  given  condition  is, 
from  equation  (52b) 


aS=S(Z)-S(o)=LJ 


y(/-x,)2-/32fl2 


(68) 


The  variation  can  be  taken  as  before  (now  without  invoking 
the  closure  condition)  on  the  quantity  D + \AS}  and  it 
leads  to  the  integral  equation 


C‘-*R  dx 

J_(j*  x— Xi  '"l 


27 rX 
pJ~J  o 


(l-x) 


(69) 


The  solution  to  equation  (69)  can  be  written  immediately 
by  analogy  with  that  for  equation  (56).  The  presence  of  a 
linear  singularity  in  A0'(x)  must  be  disallowed,  however, 
according  to  a condition  mentioned  in  deriving  the  drag 
formula,  equation  (32).  Thus,  we  have  here  to  set 


8q„AS 

ttW+WR) 


and  the  solution  consistent  with  the  given  conditions  is 


4 IUAS)  l -2* 

0 w“x  l(l+ipR)  ^{l+pR-x%x+W) 


(70a) 


Integrating  this  expression,  we  find  for  the  strength  of  the 
optimizing  source  distribution 


Mx)=l  f(%4 (70b) 


The  source  distribution  of  equation  (70b)  represents  the  first 
approximation  to  the  result  of  reference  3 for  nearly  equal 
front  and  rear  radii. 

Properties  of  the  solution. — As  in  the  section  on  the  body 
with  prescribed  volume,  we  now  consider  x made  dimension- 
less by  division  by  Z,  and  again  set  o=^RjL  The  various 
quantities  of  interest  in  connection  with  the  caliber  problem 
then  become 


A0*(t?)=^ 


(70c) 


S*(v)~S*(o ) 2 (l+2a)(l+4cr)U(a\k)-(l-2r1)(‘n+2a)(l-v+2^E-(l  + 2cr)(l-71+2(T)K 

A S*  ^7r(l+4a)  ^v+2<t)  (l-r)+2a) 


•here  II (a2,  k)  is  a complete  elliptic  integral  of  third  kind  of 

rodulus  ¥=,  ^ , 0 -7  and  parameter  0*=-- — jjr— 

(v+2<r){.l  — V+2(r)  1 — t?+2  a 

igain  K and  E are  complete  elliptic  integrals  of  the  first 
nd  second  kinds,  respectively,  of  the  same  modulus  k. 

If  we  allow  <r  to  approach  zero,  equation  (71)  becomes,  in 
he  limit, 


[sm~\fri— (1—  2rj)V»?(l  — 4)J  (72) 

which  is  the  shape  function  for  the  well-known  Karman 
ogive  (ref.  18).  At  the  other  limit,  when  o— >oo ; equation  (71) 
gives  (in  the  original  variables) 

S(x)-S(o)_x 
AS  l 
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or,  using  the  approximation  of  equation  (63), 


Ar(z)_z 

1 


(73) 


which  is  again  the  expected  two-dimensional  result  for  speci- 
fied caliber. 

The  drag  can  be  found  by  substituting  equation  (69)  in 
equation  (54),  and  then  using  equation  (52b).  There  results 


D=  4 (AS)2 

q0  *r(l+4<r)  l2 


(74) 


A summary  of  formulae  pertaining  to  this  body  will  be  found 
in  the  Appendix. 


EXAMPLES  OF  OPTIMUM  BODIES 


The  optimum  body  of  given  volume. — In  order  to  examine 
in  detail  the  dependence  of  the  body  geometry  on  the  param- 
eter o',  we  may  return  to  equation  (62a).  The  quantity 
[S*(y)—S*(o)]  is  actually  the  local  cross-sectional  area  added 
to  the  basic  cylinder  by  the  action  of  the  source  distribution. 
In  figure  10  are  shown  some  cases  of  optimum  bodies,  having 
equal  additional  volume  V*,  for  several  values  of  the  param- 
eter a . Only  half  of  each  distribution  is  shown,  since  they 
are  symmetric  about  the  point  77  = 1 /2 . The  one  labeled 
0-=O  is  the  Sears-Haack  optimum  body,  and  it  will  be  noted 
that  as  <j  increases,  the  curves  depart  rather  quickly  from 
this  limiting  case  and  approach  the  other  limiting  value  of 
the  biconvex  distribution  for  <7— >0°.  In  fact,  a biconvex 
arc  drawn  through  the  end  points  of  the  <7—1/2  case  is  indis- 
tinguishable from  the  exact  result  in  the  scale  used.  In  the 
inset  of  figure  10  is  shown  the  variation  of  the  drag  of  the 
optimum  bodies  as  a function  of  <r.  This  drag  is  also  based 
on  equal  volume,  and  shows  a fairly  rapid  decrease  with 
increasing  values  of  <7,  due  to  the  decrease  in  the  thickness 
of  the  exposed  portion  of  the  body.  The  dashed  curve  on  • 


the  drag  plot  is  the  calculated 


D 

<lo(Ve/l2) 


2 


under 


the  assumption  that  each  meridian  section  of  the  body  acts 
as  an  independent  two-dimensional  optimum  airfoil.  This 
admittedly  crude  approximation  is  of  course  very  poor  at 
low  values  of  a , but  its  accuracy  becomes  surprisingly  good 
for  a greater  than  about  0.4,  and  the  approximation  becomes 
exact  in  the  limit  a— >00 . 

The  variation  of  local  cross  section  with  <j  can  be  examined 
also  on  the  basis  of  equal  exposed  area.  Thus,  using  equa- 
tion (65)  in  combination  with  equation  (62b),  we  have 


A S*{y)  1 

A S*^  2 T(a)B(a) 


‘\Kv~\~  2c)  (1  y-\-  2a) 


[y(l-v)E-a(l-4a)(K-E)] 


(75) 


Figure  11  shows  plots  of  equation  (75),  and  it  is  again  note 
that  the  departure  from  the  slender-body  approximatio 
(o-=0)  is  rapid.  The  limiting  variation  of  area  for  <7- >0 ° 
also  shown  in  figure  11,  and  it  is  seen  again  how  closely  tli 
optimum  bod}‘-shape  functions  approach  this  limiting  resu 
even  for  moderate  values  of  <7.  Also  shown  is  the  dra 
corresponding  to  these  cases. 


q0l2(AS*max)2  4B(a)[T(a)]2 

which  shows  a similar  drop  from  the  <7=0  value  as  a 
increased.  Again,  the  effective  fineness  ratio  of  the  bodi( 
is  increasing  with  <7,  and,  if  frontal  area  exposed  to  th 
stream  is  held  fixed,  the  maximum  thickness  of  the  excres 
cence  vanishes  as  1 /cr  for  large  <r.  The  departure  of  tli 
geometric  variation  from  the  slender-bod}7"  case  is  most  pr( 
nounced  near  the  nose,  77  = 0,  where  the  slope  is  given  b 


dS*(y): 

dy 


8 1 3(a) 


(7' 


which  vanishes  only  as  -yfa  for  <7— >0. 

The  optimum  body  of  given  caliber. — In  this  case,  the  max 
mum  cross-section  occurs  at  y=  1 so  there  is  no  longitudim 
S}Tnmetyy.  Figure  12  shows,  for  several  values  of  the  p* 
rameter  <7,  the  optimum,  equal-caliber,  incremental  cross 
section  area  given  by  equation  (71).  The  inset  shows  th 
drag  as  a function  of  <7;  from  equation  (74) 

D 4 

/A  SV  *(1+4*) 

20  (t) 

Again  in  this  case,  the  closeness  of  the  optimum  distributior 
as  o-  increases  to  the  two-dimensional  value  (<7^00 ) 
noticeable.  This  point  has  also  been  made  by  Ferrari  i 
reference  5 where  problems  similar  to  ours  are  treate 
by.  a different  approach.  If  the  expression  for  cross 
section  area  (eq.  (71))  is  expanded  in  powers  of  1/a,  it 
found  that 


A S*M  y(l  77)  (1  2y) 

A V 32 


(7* 


which  shows  the  smallness  of  the  correction  to  the  tw( 
dimensional  result  for  moderate  values  of  a. 


RECIPROCITY  RELATIONS 

The  optimum  body  of  given  volume. — The  longitudinal  an 
radial  perturbation  velocities  can  be  determined  by  subst 
tuting  the  derivative  of  the  source-distribution  function  (e( 
(57))  into  the  formulae  (29)  and  (30).  We  find,  at  an 
point  (x,  r)  (r  > R)  in  the  field 


<Pz(x,r) 

U0 


Mi ' 1 

8^0  V[*+/3(r+fl)]  [l^x+W+R) ] 


{4[x+0(r+R)\  [l-x+p(r+R)]E+ 


[l(l+im-i{l+WR)(l-x+(ir+(iR)\K+A{l+2f}R){l-2x)n{<x\k)}  (79i 
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<pr{x,r)=  jXi  1 

Uo  [x  -f-  /3(V'-f- 1?)]  [/ — x-\-p(r-\-  /<*)] 

{(l-2x)[x+p(r+B)][l-x+p(r+B)]E- 


then 


Vl(x)+V1(l-x)=K+ 


—z+P(r+R)][x+p(r+E)] 

l-\-2^R 


M[l-2x+2p(r-R)]K-4p2R(r-R)[l-x+P(r+R)]K+ 
4/32 (r2—  R2) (l + 2fiR)H(a2,k) } (79b) 

where  now 

p_ a;(Z  x) 

[x+fi(r+R)][l-x+p(r+R)] 

z—p(r—R) 

l—x+P(r+R) 

For  the  present  axis  system,  the  act  of  reversing  the  flow 
amounts  to  substituting  l— x for  x,  and,  for  the  case  of  the 
symmetric  body,  the  longitudinal  perturbation  velocity  in 
the  reversed  flow  is 

u(x,r) =—u(l—xyr)  =— <px(l  — x,r) 

Now,  from  equation  (40),  pressure  in  the  combined  field  is 
given  by 

P=  - poU0(u+u)  = - p0U0[<px(x,r) -ipx(l  - x,r)]  (80) 

In  order  to  verify  this  relation  using  equation  (79a),  the 
following  result,  which  can  be  derived  from  formulae  of 
reference  20,  section  400,  will  be  useful:  Let 


This,  together  with  the  fact  that  the  modulus  k is  bavarian 
to  the  substitution  of  l—x  for  x}  enables  us  to  write  im 
mediately 


*0 

II 

to|£ 

1 

to 

(81 

Differentiating  equation  (81)  we  find 

P/Jrp  i=0 

(s; 

which  agrees  with  the  criterion  for  minimum  drag  wit 
given  volume  established  in  equation  (47).  The  Lagrang 
multiplier  /u  is  therefore  identified  as  the  pressure  gradier 
in  the  combined  flow  field.  It  will  be  noted  that  equatior 
(81)  and  (82)  hold  everywhere  within  the  enveloping  forwar 
and  rearward  Mach  cones  of  the  quasi-cylindrical  bod 
(see  fig.  4). 

Now  considering  the  radial  component  of  perturbatio 
velocity  <pr,  we  find,  using  the  relations  mentioned  jui 
previously 

<Pr(x,r)  <pT(l—x,r)_@?{r2—R2)  (0 

so  that  the  relation 


^)=nw) 


ifriX^T) — <pr(l  *Ej^) 


AXIALLY  SYMMETRIC  SHAPES  WITH  MINIMUM  WAVE  DRAG 
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is  satisfied  on  the  quasi-cylinder  itself,  that  is,  when  we  set 

r=Ii. 

The  optimum  body  of  given  caliber. — For  this  case  we  find 
the  following  equations  for  the  perturbation  velocities: 


<Pz(x>r) 

U0 


2 irqd[x+p(r+R)][l--x+p(r+R)] 


[K-2U(a\k)] 

(84a) 


<pr(x,r)= X 

Uo  2vqp-\l[z+P(r+R)][l—z+P(r+Rj\ 

{ [x+/3(r+iQl[Z— (84b) 

where  the  elliptic  integrals  have  the  same  modulus  and 
parameter  as  in  the  previous  section. 

In  this  case,  the  pressure  in  the  combined  flow  field  is 

P—  — PoUo  [<Px(z,  r ) + <px(l — x,  r)\  (85) 

which  gives 

P=—\  (86) 

so  that  in  this  instance,  pressure  itself  is  constant  in  the 
combined  flow  field. 

From  equation  (84b) , we  see  that 

<Pr(x,r)=<pr(l— x,r)  (87) 


since  the  modulus  of  the  elliptic  integrals  is  invariant  to  the 
change  x-^l—x. 

Uses  of  reciprocity  relations. — The  reciprocity  relations 
serve  the  dual  function  of  checking  the  derived  perturbation 
potential  against  minimization  criteria  based  on  other 
considerations  (see  eq.  (47))  and  of  relating  the  Lagrangian 
multipliers  to  the  pressure  or  pressure  gradient  in  the 
combined  flow  field.  Equations  (81)  and  (86)  also  reveal 
that  the  expressions  for  pressure  in  the  combined  flow  field 
hold,  independently  of  r,  throughout  the  entire  region  within 
the  enveloping  cones  of  the  bodies.  These  results  are 
generalizations  of  a similar  effect  noted  in  reference  19, 
where  the  combined  pressure  field  associated  with  a Sears- 
Haack  bod}r  was  shown  to  have  a constant  gradient  within 
the  enveloping  cones.  In  the  latter  reference,  this  property 
of  the  minimum-drag  body  was  used  to  expedite  the  calcula- 
tion of  interference  drag  with  a satellite  body  tying  within 
the  enveloping  cones.  Similar  methods  could  obviously  be 
applied  to  the  present  configurations. 


Ames  Aeronautical  Laboratory 
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APPENDIX  A 


SUMMARY  OF  FORMULAE  FOR  THE  OPTIMUM  BODIES 


The  formulae  derived  in  the  text  for  the  body  shape  func- 
tion, pressure  coefficient,  and  drag  of  optimum  bodies  having 
given  volume  or  given  caliber  are  repeated  here  for  con- 
venience. The  type  of  configuration  treated,  and  the  nomen- 
clature, are  shown  in  figure  13. 


r 


Figure  13. — Body  and  associated  nomenclature  used  in  drag 
minimization. 


THE  OPTIMUM  BODY  OF  GIVEN  VOLUME 

The  variation  of  AS  for  the  optimum  body  with  given 
volume  is 

A S(x)  = ^^V(*+2j8B)(*-*+2i8B) 

«( t) 

{*(i— *)Jg:(ifc)— <322(«— 4/JB)[l£:(*) — ^(*)1 } (Al) 

where 

A S(x)  =7t[(2?+ Ar)2 — R2] 

Ve  = volume  of  exposed  portion 

B(2f)=B(v)  function  defined  in  equation  (60a)  and  shown 
in  figure  7 

K{k)  = complete  elliptic  integral  of  first  kind  of  modulus  k 
E(k)  = complete  elliptic  integral  of  second  kind  of  modulus 
k 

JL2  X(l  — Z) 

(x+2pR)(l-x+20R) 

Examples  of  optimum  bodies  for  a few  values  of  the  param- 
eter pR/l  are  shown  in  figures  10  and  11. 


The  pressure  coefficient  on  the  body  is 


zpo=_2 

io 


u_3  Ve  . A(x+2BR)(l-x+28R)E-U(l+4m-4(l+2W)(l-'x+2ffl)}K+Hl+WR)(l-2x)UW,k) 

U~2k  l*B  (x)  V(*+2/3R)(J-*+20fi) 


(A2) 
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where  II (a2, k)  is  a complete  elliptic  integral  of  third  kind  of 
modulus  k and  parameter  o ? (in  the  notation  of  ref.  20).  The 
parameter  a 2 is  given  by 


l — x-\-2 fiR 

Figure  14  shows  some  plots  of  Cp/(Ve/P)  versus  x/l  for  a few 
values  of  the  parameter  pR/L 

The  wave  drag  of  this  optimum  body  is  given  by 


The  variation  of  drag  with  fiR/l  is  shown  in  figures  10  and  11. 

THE  OPTIMUM  BODY  OF  GIVEN  CALIBER 

The  variation  of  A S(x)  for  the  optimum  bod}7  of  given 
caliber  is 


x/l 

Figure  14. — Pressure  distributions  for  various  cases  of  the  optimum 
body  of  given  volume. 


_2  AS{1)  vZ(/  + 2gj?)(/+4^)n(a2,fc)-q-2x)(3:+2/3g)(/-a;+2)3E)g-/(/  + 2|3g)(Z-a:+2/3g)g 

7T  1(1+ 4QR)  VO+ WK)(l — x+2j W) 


where  the  symbols  have  been  defined  above.  Examples  of 
optimum  bodies  for  a few  values  of  the  parameter  fiR/l  are 
shown  in  figure  12. 

The  pressure  coefficient  on  the  body  is  given  by 


, =_8  A S(l)  1+20R  2U(a2,k)-K 

p~ir2  l 1+ 4/SB  y/(x+2fiR)(l—x+2l3R) 


(A5) 


Figure  15. — Pressure  distributions  for  various  cases  of  the  optimum 
body  of  given  caliber. 


Figure  15  shows  some  plots  of 

values  of  the  parameter  fiR/L 
The  drag  of  this  body  is 


c, 

A S(l)/l2 


versus  x/l  for  several 


D 4 [AS(/)]2 

q0  + I 

and  its  variation  with  fiR/l  is  shown  in  figure  12. 


(AS) 
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ON  THE  KERNEL  FUNCTION  OF  THE  INTEGRAL  EQUATION  RELATING  LIFT  AND  DOWNWASH 
DISTRIBUTIONS  OF  OSCILLATING  WINGS  IN  SUPERSONIC  FLOW  1 

By  Charles  E.  Watkins  and  Julian  H.  Berman 


SUMMARY 

This  report  treats  the  kernel  junction  of  the  integral  equation 
that  relates  a known  or  prescribed  downwash  distribution  to  an 
unknown  lift  distribution  jor  harmonically  oscillating  wings  in 
supersonic  how.  The  treatment  is  essentially  an  extension  to 
supersonic  How  of  the  treatment  given  in  A7 AC  A Report  1284 
jor  subsonic  How . For  the  supersonic  case  the  kernel  junction 
is  derived  by  use  oj  a suitable  jorm  oj  acoustic  doublet  potential 
which  employs  a cutoff  or  Heaviside  unit  junction.  The  kernel 
junctions  are  reduced  to  forms  that  can  be  accurately  evaluated 
by  considering  the  junctions  in  two  parts:  a part  in  which  the 
singularities  are  isolated  and  analytically  expressed,  and  a 
nonsingular  part  which  can  be  tabulated . 

The  kernel  is  treated  jor  the  two-dimensional  case,  and  it  is 
shown  that  the  two-dimensional  kernel  leads  to  known  lift 
distributions  jor  both  steady  and  oscillating  two-dimensional 
wings.  The  kernel  junction  jor  three-dimensional  supersonic 
How  is  reduced  to  the  sonic  case  and  is  shown  to  agree  with 
results  obtained  jor  the  sonic  case  in  A7 AC  A Report  1284,  and 
the  downwash  junctions  associated  with  “horseshoe”  vortices  in 
supersonic  How  are  discussed  and  expressions  are  derived. 

INTRODUCTION 

In  reference  1 the  kernel  function  of  an  integral  equation 
relating  a known  or  prescribed  downwash  distribution  to  an 
unknown  lift  distribution  for  a harmonically  oscillating  finite 
wing  of  arbitrary  plan  form  was  treated  for  compressible 
subsonic  flow.  The  purpose  of  the  present  report  is  to 
extend  this  treatment  of  the  kernel  function  to  supersonic 
flow. 

The  kernel  functions  under  consideration  arise  when 
linearized-boundary-value  problems  for  obtaining  aerody7- 
namic  forces  on  oscillating  wings  are  reduced  to  integral 
equations  involving  the  distribution  of  pressure  or  wing 
loading  as  the  unknown.  In  such  integral  equations  the 
kernel  functions  play  the  important  role  of  aerodynamic 
influence  fimctions  in  that  they  give  the  normal  induced 
velocity7  or  downwash  at  any  one  point  in  the  plane  of  the 
wing  due  to  a unit  pressure  loading  at  any  other  point  in  the 
plane  of  the  wing. 

As  the  kernel  functions  arise  in  the  analysis,  they7  are 
mathematically7  defined  by7  rather  intricate  improper  inte- 
grals and  possess  singularities  as  high  as  second  order.  It  is 
therefore  desirable  to  isolate  the  singularities  and  determine 


their  explicit  nature  in  order  to  make  the  integral  equation 
more  amenable  to  solution,  in  particular  amenable  to  solution 
by7  approximate  or  numerical  procedures. 

Approximate  lifting-surface  theories  for  finite  wings,  such 
as  the  methods  developed  by7  Falkner  and  Multhopp  (refs. 
2 and  3)  and  others,  have  afforded  considerable  success  in 
the  calculation  of  aerodymamic  coefficients  for  steady7  sub- 
sonic aerodynamics.  Similar  approximate  methods  have  been 
successfully7  employed  to  obtain  coefficients  for  two-dimen- 
sional oscillating  wings  in  subsonic  (compressible)  flow  (for 
example,  refs.  4 and  5)  and  are  now  being  extended  to  the 
finite  oscillating  wing  in  subsonic  flow  by  Harry7  L.  Runynn 
and  Donald  S.  Woolston  of  the  Langley  Aeronautical  Labora- 
tory7 and  by7  W.  P.  Jones  (ref.  6).  It  is  reasonable  to  expect 
that  these  methods  can  be  further  extended  to  apply7  to 
finite  wings  in  supersonic  flow. 

In  supersonic  flow,  solutions  of  the  boundaiy-value  prob- 
lem for  some  particular  plan  forms  and  downwash  conditions 
can  be  obtained  in  the  form  of  infinite  series  in  terms  of  a 
parameter  involving  the  frequency  of  oscillation  (see,  for 
example,  refs.  7 to  10)  or  in  the  form  of  rather  complicated 
definite  integrals  (refs.  11  and  12).  The  infinite-series 
method  furnishes  a relatively  simple  means  of  ob taming  the 
loading  on  oscillating  wings  for  low  values  of  the  frequency7 
parameter,  but  for  large  values  of  this  parameter  the  series 
expansions  converge  so  slowly7  that  recourse  must  be  had 
to  other  procedures  for  obtaining  the  wing  loading.  One 
feasible  method  is  to  study7  and  develop  approximate  pro- 
cedures for  solving  the  integral  equations  that  involve  the 
unknown  loading  and  its  associated  kernel  function.  The 
first  step  toward  such  a development  is  to  isolate  and  deter- 
mine the  explicit  nature  of  the  singularities  of  the  kernel 
function;  this  step  is  accomplished  in  the  present  report. 

The  report  contains  the  derivation  of  the  kernel  function 
in  the  form  of  an  improper  integral  and  a reduction  of  this 
integral  to  proper  form.  The  singularities  of  the  kernel 
function  are  isolated  and  expressed  analytically,  and  the 
nonsingular  parts  are  reduced  to  a form  readily  amenable 
to  numerical  evaluation,  as  was  done  in  reference  1 for  sub- 
sonic flow.  Some  expanded  forms  of  the  kernel  function 
are  derived,  and  one  of  these  is  used  to  obtain  a reduction  to 
two-dimensional  flow.  In  appendix  A,  the  limiting  case  for 
sonic  flow  is  derived  and  shown  to  agree  with  the  results  in 
reference  1.  Appendix  B is  devoted  to  certain  integrals  of 


» Supersedes  NACA  Technical  Note  3438  by  Charles  E.  Watkins  and  Julian  H.  Berman,  1955. 
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the  kernel  function.  These  integrals  relate  to  “horseshoe” 
vortices  in  supersonic  flow,  as  treated,  for  example,  in  the 
steady  case  by  Schlichting  in  reference  13,  and  may  be  of 
interest  in  certain  modes  of  application. 


serve  as  a starting  point  in  the  analysis.  In  keeping  with 
linear  theory,  the  wing  is  considered  as  a plane,  impenetrable 
surface  S which  lies  nearly  in  the  xy-plane  as  indicated  in 
sketch  (a). 
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SYMBOLS 

velocity  of  sound 

modified  Bessel  functions  of  first  kind 
Bessel  function  of  first  kind 
modified  Bessel  functions  of  second  kind 
kernel  function  for  three-dimensional  flow 
reduced-frequency  parameter,  fc>/F 
kernel  function  for  two-dimensional  flow 
lift  distributions 

modified  Struve  function  of  first  order 
unit  length 
Mach  number,  V/c 
perturbation  pressure 

region  of  zy-plane  occupied  by  wing 
time 

unit  function 
forward  velocity  of  wing 
downwash  velocity,  ei<i3tw(x,y) 
complex  amplitude  function  of  prescribed  ver- 
tical velocity 

Cartesian  coordinates  attached  to  wing  mov- 
ing in  negative  ^-direction 


Dirac  delta  function 

Cartesian  coordinates  used  to  represent  space 
location  of  doublets 
fluid  density 

velocity  potential,  eic*t4>(x,y,z) 
complex  amplitude  function  of  velocity  po- 
tential 

acceleration  potential,  eio}t\p(x,yfz) 
complex  amplitude  function  of  acceleration 
potential 

circular  frequency  of  oscillation 


ANALYSIS 

INTEGRAL  EQUATION  RELATING  DOWNWASH  AND  LIFT  DISTRIBUTION 

The  linearized-boundary-value  problem  for  the  determina- 
tion of  the  aerodjmamic  forces  on  a Aving  can  be  immediately 
reduced  to  a problem  of  solving  an  integral  equation  that 
relates  doAvmvash  and  lift  distribution.  The  purpose  of 
this  section  is  to  introduce  and  briefly  discuss  this  equation. 

Since  the  integral  equation  has  the  same  formal  appear- 
ance for  subsonic  and  supersonic  flow  and  is  derived  in  A^arious 
publications  (for  example,  refs.  1 and  14),  the  equation  will 
not  be  rederived  here  but  Avill  be  formally  stated  so  as  to 


Sketch  (a) 


The  x,y,z  coordinate  system  and  the  surface  S are  assumed 
to  move  in  the  negative  z-direction  at  a uniform  velocity  V. 

In.  terms  of  these  coordinates,  the  integral  equation  may 
be  formally  Avritten  as 

w(x,2/)=^L  Jj  L(£,Ti)K(x—t,y—r))dZdi)  (1) 

s 

where  w(x,y)  is  the  complex  amplitude  function  of  prescribed 
vertical  velocity  or  doAvnAvash  at  points  in  S and  is  defined  as 
folio  avs  : 

w(x,y,t)=eitalw(x}y) 

A\7here  w is  the  frequency  of  pulsation  or  oscillation.  The 
kernel  function  K(x0,yo)  physically  represents  the  contribu- 
tion to  the  doAvmvash  at  a point  (: x,y ) in  S due  to  the  presence 
of  a pulsating  pressure  doublet  of  unit  strength  located  at 
some  other  point  (£,77)  in  S.  It  is  a function  not  only  of  x, 
y}  £,  and  tj  but  also  of  Mach  number  and  frequency.  The 
function  in  equation  (1)  is  the  unknoAvn  lift  distribu- 

tion or  local  doublet  strength.  (Although  it  is  usually 
convenient  to  factor  out  the  density  term  1/p  as  indicated 
in  eq.  (1),  this  was  not  done  in  ref.  1.) 

Equation  (1)  pertains  formally  to  either  subsonic  or  super- 
sonic floAv;  hoAvever,  separate  treatments  of  the  tAvo  cases  are 
required  because  of  Avide  differences  associated  with  flow 
characteristics.  So  far  as  the  integral  equation  is  concerned, 
the  differences  in  the  tAvo  cases  lie  mainly  in  the  kernel  func- 
tions. These  differences  are  associated  Avith  the  differences 
in  character  of  doublets  for  the  tAvo  cases.  Although  the 
main  purpose  of  this  analysis  is  to  derive  and  treat  the 
kernel  function  for  the  supersonic  case,  a necessary  first  step 
is  to  formulate  a doublet  suitable  for  such  a treatment.  In 
the  following  section,  a desired  form,  AAdiich  A\Tas  arrived  at 
by  a convenient  use  of  a cutoff,  or  Heaviside  unit  function, 
is  presented  in  equation  (5). 

PULSATING  DOUBLET  MOVING  AT  SUPERSONIC  SPEED 

The  governing  differential  equation  for  linearized  unsteady 
floAv  at  either  subsonic  or  supersonic  speeds,  which  the 
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[oublet  potentials  must  satisfy,  is  the  well-known  wave 
quation  referred  to  a moving  coordinate  S37stem: 


dfy  . 5V  . dV  1 
dx2 ' 'by2 ^bz2  c 2 


Jnder  the  assumption  that  disturbances  vary  harmonically 
nth  respect  to  time,  this  equation  becomes 

i+P+S-K'/rx+i“)’*=»  ® 

sphere  ^ is  a complex  amplitude  function  defined  by 

1 Kx,y,  z,  t)=eiu‘t(x,y,  z)  (3) 


[t  may  appear  that,  since  the  same  differential  equation  (eq. 
'2))  is  involved,  a logical  way  of  obtaining  the  potential  for 
i pulsating  doublet  moving  at  supersonic  speed  is  by  simple 
malogy  or  continuation  from  the  potential  for  the  doublet 
noving  at  subsonic  speed.  This  procedure  is  applicable  only 
n a broad  sense  because,  as  discussed  in  reference  15  with 
■egard  to  sources  in  supersonic  flow,  the  potential  of  a doublet 
noving  at  supersonic  speed  consists  of  the  sum  of  two  effects 
corresponding  to  a retarded-type  potential  and  an  advanced- 
yvpe  potential  which  relate  to  the  two  wave  fronts  en- 
countered by  a point  at  any  time;  whereas  for  subsonic  speed 
)nly  the  retarded  type  of  potential  is  admissible.  (The 
idvanced-type  potential  for  subsonic  or  sonic  speed  does  not 
satisfy  the  Sommerfeld  radiation  condition,  which  requires 
chat  disturbances  be  propagated  away  from  their  point  of 
origin.)  In  the  second  place,  the  potential  that  may  be 
obtained  by  analogy  with  the  potential  for  subsonic  speed 
must,  as  subsequently  discussed,  be  rather  severely  restricted 
before  it  mathematically  describes  the  physical  realities  of  a 
disturbance  moving  at  supersonic  speed.  In  the  following 
development,  a desired  form  of  the  doublet  potential  is  ar- 
rived at  by  consideration  of  these  restrictions  applied  to 
both  a retarded  and  an  advanced  type  of  potential  that  may 
be  obtained  by  analogy  with  results  for  subsonic  flow. 

By  analogy  with  results  for  subsonic  speed  (for  example, 
eq.  (A9)  of  ref.  1)  or,  more  directly,  from  the  discussion  of 
source  potentials  in  supersonic  flow  (ref.  15),  the  sum  \pD  of 
the  retarded  and  advanced  types  of  potentials  required  to 
form  the  doublet  potential  for  supersonic  speeds  ma}T  be 
written  with  the  doublet  situated  at  the  origin  as 


(t-—- 

a/x2_/s2j,2_/}222^ 

,a  (t  jg+yg: 

-02j,2_02z2\ 

V C02 

C02  / 

;“v  cr+ 

c/32  J 

yx2 — j3fy2 — /3222  Vz2— j3y-/3222 


0 5 cos  (M^Vs2-/3y-ffV) 

dz  ^jx2 — j 82y2 — fi2z2 


where  M—V/c}  fi=ylM2— 1,  and  co=o>/Vfi2.  The  restric- 
tions that  must  be  placed  on  this  expression  are:  (a)  onfy 


real  values  of  the  radical  term  ^x2—p2y2~p2z2  are  to  be  con- 
sidered and  (b)  the  values  of  the  expression  and  its  deriva- 
tives are  to  be  considered  zero  when  x is  negative.  These 
restrictions  follow  from  the  physical  consideration  that 
small  disturbances  propagate  at  sonic  speed  and  in  a super- 
sonic stream  do  not  progress  forward  of  their  point  of  origin. 

A convenient  way  of  writing  the  expression  for  \pD  with 
these  restrictions  accounted  for,  as  previously  mentioned,  is 
to  employ  a cutoff  or  .unit  function  as  a factor.  Thus,  if  \f/0 
represents  the  restricted  value  of  \pD,  the  amplitude  function 
of  ipo  may  be  written  as 

&=  2 A e- u,^U(x-^fe+?)  cos  (M^W-py-Fz*)  ^ 
02  Vx2-/3y-/ ¥? 

where 

U(x—p^y-+z2)=l  (x>/3-\V+22)' 1 

, x y (6> 

U(x—p^ftf+z*)=0  (x^p^hf+z2)  J 

and  only  positive  values  of  the  radical  '>jy2jrz2  are  con- 
sidered. A method  whereby  this  form  of  potential  can  be 
determined  in  a more  direct  manner  is  discussed  in  detail  in 
reference  16.  The  discussion  in  this  reference  is  in  connec- 
tion with  the  Green  functions  associated  with  the  dispersion 
of  sound  waves  in  an  n-dimensional  medium  in  which  a 
pulsating  source  exists.  When  appropriate  changes  are 
made  in  notation,  the  expression  for  \f/0  given  in  equation  (5) 
agrees  essentially  with  results  for  the  dispersion  of  waves  in 
a three-dimensional  space  given  in  equation  (55),  chapter 
XVI  of  reference  16. 

With  regard  to  the  unit  function  U(z),  in  many  applica- 
tions where  this  function  is  employed  it  need  not  be  defined 
as  having  any  particular  value  when  its  argument  is  zero. 
In  other  applications,  especially  where  the  unit  function  is 
involved  in  a Fourier  analysis,  it  must  be  defined  as  having  a 
value  of  % when  its  argument  is  zero.  In  the  present  case, 
it  is  conveniently  defined,  as  may  be  noted  in  equation  (6), 
as  having  zero  value  when  its  argument  is  zero. 

Derivatives  of  the  unit  function  give  rise  to  an  impulse 
function  called  the  Dirac  delta  function.  For  example, 

^ U(x)=5(x)=0  (x^O) 

~U(x)=S(x)=co  (x=0) 

A useful  integral  property  of  this  delta  function  is 
j f(x)  8(x)  dx=f( 0) 

The  next  step  in  the  anafysis  is  to  make  use  of  the  doublet 
potential  (eq.  (5))  to  derive  the  kernel  function  for  supersonic 
speed. 


DERIVATION  AND  REDUCTION  OF  KERNEL  FUNCTION 

In  this  section  the  kernel  function  is  derived  and  presented. 
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The  function  is  given  in  terms  of  an  improper  integral  b}r 
equation  (13)  and  in  a reduced  form  with  no  improper 
integrals  by  equation  (15).  As  it  is  frequently  desirable  to 
present  results  in  terms  of  nondimensional  length  variables, 
the  results  given  in  equation  (15)  are  presented  in  this  manner 
in  equation  (16). 

In  order  to  derive  the  kernel  function,  the  function  \p  of 
equation  (3)  is  considered  as  the  complex  amplitude  of  the 
acceleration  potential.  As  such,  is  directly  proportional  to 
a perturbation  pressure  field  p=eiutp,  through  the  simple 
relation 

P=  — p$  (7) 

and  to  a velocity  potential 

(f>=eiui4> 

through  the  equation 

V (8) 


By  differentiation  of  equation  (8)  with  respect  to  2 and  integra- 
tion of  the  result  with  respect  to  x,  the  vertical  velocity  asso- 
ciated with  the  acceleration  potential  is  obtained.  Thus, 
when  \j/  is  considered  as  the  potential  of  a pressure  doublet, 
equation  (8)  affords  a straightforward  means  for  obtaining 
an  equation  for  K(xo,y0)}  namely: 

K(x0,y0)=^  ?(so,2/o,s)«-o  (9) 


Details  of  the  procedure  are  as  follows: 

The  result  of  the  differentiation  of  equation  (8)  with  respect 
to  z may  be  written  as 


V bxbz^ 


d<P_b\f/ 
bz  b z 


(10) 


When  this  equation  is  considered  as  an  ordinary  differential 
equation  with  dependent  variable  ^ and  independent  vari- 
able x , a complete  solution  is 

. - _iux  t«X 

=ve  dx  (n) 

where  the  lower  limit  of  integration  is  employed  in  place  of 
a constant  of  integration  and  is  chosen  so  as  to  satisfy  the 
condition  that  5 vanish  far  ahead  of  the  origin  X=0.  Thus, 
from  equation  (9)  there  is  obtained 

K{xz,ya)=Y\m.y  e v J ° ^ $0(Kyo,z)e  v d\  (12) 


or,  after  substitution  of  the  expression  for  \f/0  (eq.  (5))  into 
equation  (12),  the  results  may  be  written  as 


/£(x0,yo)=trlim  e 

V z-> 0 

X 


9 -!ff° 

x i-  v 


U_ Q'~Pr)  COS  (Mto-y/x2— j 32 
c>22  L A/X2— /32r2 


>] 


d\  (13) 


where  r=^ly02+z2  and,  since  the  integrand  is  zero  for  X </?r, 
the  lower  limit  of  integration  has  been  changed  from  — co  to 
pr. 


It  is  apparent  upon  examination  of  equation  (13)  that,  if 
the  indicated  differentiation  under  the  integral  sign  is  carried 
out,  the  integrand  has  singular  and  perhaps  troublesome 
terms.  The  indicated  differentiation  with  respect  to  z , 
however,  can  be  replaced  by  equivalent  operations  and 
followed  by  integrations  b}-  parts  that  lead  to  a reduced 
form  of  the  kernel  function  containing  no  improper  integrals. 
These  steps  follow. 

Reduced  form  of  kernel  function. — As  may  be  directly 
verified,  the  indicated  differentiation  with  respect  to  z in 
equation  (13)  is,  in  the  limit  z-> 0,  identical  with 


,-«X  Um  — T COS  (Mco-y/X2— ff2r2)~| 

2_*dz2L  yx2— /32r2  J 

L*  { 1..|'.-,arXcos(M5Vg^V) 

v.’ax  l.  L Vx*-uv 

Yi  sin  (M3  A^V)]} [§  U(\~fS\y0\) 


sin  (M3VX2-^V)-^-  5(X-%„|)  sin  (M«VX2— p2y02)— 


YAL  8(\-f)\yo\)  cos  (M3JVX2-0V)] 


(14) 


Since  the  coefficients  of  6(X— P\yo\)  in  equation  (14)  vanish 
at  \=p\yQ\,  it  follows  from  the  integral  properties  of  5(X— P\y0\) 
that,  when  equation  (14)  is  substituted  into  equation  (13), 
the  integrals  involving  the  delta  function  vanish  and  equation 
(13)  becomes: 


K(xo,yo)= 


t<aX(\ 

2 e~ 


Vy0 


Xpe  '^(7(x0 
Vx02— P 


—P\Vo\ ) 


W 


cos  ( Mo  V a;,)2 — /32?/02)  + 


_ e '“z»U(xo—p\yo\)  sin  (Mu^x02—p2yo2)+ 

~ e~^U(\-f)\y0\)  sin  (Mujx02-p2y02)d\^  (15) 


Equation  (15)  provides  an  expression  for  the  kernel  func- 
tion that  involves  no  improper  integrals.  Except  for  the 
integral,  the  terms  of  the  expression  can  be  quite  easily 
evaluated  with  the  aid  of  trigonometric  tables  except  at 
y0= 0,  where  the  function  is  singular,  and  at  Xo=P\yQ\f  where 
the  function  is  indeterminate.  . The  integral  is  well  behaved 
and  can  be  accurately  evaluated  by  numerical  or  approximate 
procedures.  The  singularities  and  indeterminate  values  are 
isolated  and  discussed  in  a later  section,  but  it  is  desirable 
first  to  express  the  function  K(r0,y0)  in  terms  of  nondimen- 
sional length  variables.  As  a check  on  the  correctness  of 
equation  (15),  the  expression  for  K(x0,yo)  is  reduced  to  the 
limiting  value  for  M=1  and  compared  in  appendix  A with 
the  corresponding  limiting  value  for  the  subsonic  case. 

The  kernel  fuiction  in  terms  of  nondimensional  length 
variables. — Although  the  preceding  results  contain  dimen- 
sional length  variables,  it  is  usually  desirable  to  have  such 
results  in  terms  of  nondimensional  length  variables.  By 
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employing  the  variables  x0  and  y0  in  a new  sense  to  mean  that  they7  have  been  referred  to  some  chosen  length  l and  by 
introducing  the  reduced-frequency  parameter  k=lu/V,  the  length  variables  may  be  made  nondimensional.  (In  flutter 
theory  the  reference  length  normally7  is  selected  as  a semichord  b.)  The  variables  are  used  in  this  sense  throughout 
the  rest  of  this  report.  The  kernel  function  (eq.  (15))  can  be  written  in  terms  of  these  nondimensional  variables  as 


K(x0,yo)= 


'WV 


ikx  „ 


ik\ 


T<ie  cos  S'  sin  (^rVz?-0v) 

a sin  (f  VP=W)  rfx 

An  equivalent  expression  for  K(x0)y0)  which  will  be  useful  in  subsequent  considerations  is 

{iM?kx0 


+ 


(16a) 


K(x0.yo)-- 


' Vl*y 


+ 


ik\ 
X0  ~^2 


m\ 


e 1,2  U(\— P\y0\)  sin  (^  V\2— /32?/o2)  d\ 


(16b) 


Another  equivalent  expression  for  K(x0,y0)  that  is  more  concise  and,  for  many  purposes,  more  attractive  than  equation  (16a)  is 
2 


K(x0;y0)- 


Vl*y  o2 


e ,kx°  U(x0-p\y0\) 


J±. 

xpe  & 0 

y^o2— Wy? 


cos 


ttt — r (i0+A 


e-Woir  dr 


(16c) 


The  reduction  of  equation  (16a)  to  (16c)  is  given  in  appen- 
iix  A.  One  noteworthy  feature  of  equation  (16c)  is  that  the 
ntegral  which  remains  to  be  evaluated  has  the  same  form  as 
}he  integral  occurring  in  the  expression  for  the  kernel  func- 
tion for  subsonic  speeds  as  presented  in  appendix  D of 
reference  1. 

SOLATION  AND  DISCUSSION  OF  SINGULARITIES  OF  KERNEL  FUNCTION 

As  previously  mentioned  and  as  may  be  noted  in  equations 
[15)  and  (16a),  the  kernel  function  becomes  singular  at 
?/0=0  and  is  of  an  indeterminate  nature  when  x0=/3|y0|-  It 
s therefore  desirable  to  make  special  treatment  of  the 
function  in  the  neighborhood  of  these  values  of  x0  and  y0  in 
irder  to  be  able  to  express  the  function  in  a form  which  is 
nore  amenable  for  calculations.  The  indeterminate  condi- 
tion arises  from  the  first  term  of  equation  (16a)  because  of 
the  manner  in  which  the  unit  function  has  been  defined  for 
this  anatysis.  (The  denominator  of  the  first  term  vanishes 
it  x0=fiy0.  The  presence  of  the  unit  function  in  the  numera- 
tor, however,  renders  this  singularity  indeterminate.) 

In  the  next  few  sections  the  forms  of  the  singularities  are 
extracted  (see  eq.  (24))  and  the  aforementioned  indeterminate 
*orms  of  the  kernel  function  are  explicitly  determined  (see 
3q.  (20)).  A form  of  the  kernel  function  more  suitable  for 
ialculation  purposes,  since  the  troublesome  points  are 
isolated,  is  presented  in  equation  (26).  A manner  of  inte- 
grating the  kernel  function  across  its  singularities  is  given 
.n  equation  (27).  The  singularities  of  the  supersonic  and 
mbsonic  cases  are  then  compared. 

Indeterminate  form. — Consideration  is  first  given  to  the 
ndeterminate  form,  and  it  is  convenient  for  this  purpose  to 
consider  the  value  of  K(x0,yo)  at  points  on  the  positive 
iranch  of  a hyperbola.  (See  sketch  (b)). 

4358  i 5 — o i 1 1 


The  equation  of  the  lryperbola  may  be  written  as 


x0—e  cosh  6 

/%o|  = « sinh  6J  ^ 

In  these  equations  €=0  corresponds  to  x0=£?/0,  since  elimina- 
tion of  6 gives  Zo2^p2y02=e2- 

After  substitution  of  these  expressions  for  x0  and  f3\y0\ 
into  equation  (16a),  the  results  may  be  written  as 


K(e,ey- 


2&2e 


-ikt  cosh 


tkd  cosh  0 


ike  cosh  0 


M 


U(ee~6)e  P sin^p-t 


J)e  02  cosh  6 cos 
AdJce 


Mke 


b /* £ cosh  0 . /Ti/fb  , 

-^->1  e &2U{\—  €sinh0)sin(  — *2sinh20 

(18) 

To  obtain  a limiting  value  of  this  equation  for  small  values 
of  €,  the  trigonometric  and  exponential  terms  can  be  replaced 
by  terms  up  to  the  second  power  of  e in  a series  expansion. 
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If  the  result  of  performing  this  expansion  is  denoted  by 
K'j  the  equation 


K'(e,d)= 


2/32e 


>2p-ike  cosh  0 


VI2 

k 2 cosh  0 k2 


cosh  0 ik 


sinh2  0 /32e 


2/34  2f}‘ 


, cosh  0+l\ 

l0g-i5EF-) 


(19) 


is  obtained,  which,  in  terms  of  the  original  coordinates 
x0  and  y0,  is 


K' 


Xo 

( 2 2 ik  k2\ 

_-\lx02—p2y02 

\yo2  x0  W 

P1  *o+V*q2-/?W 
P\yo\  J 


(20) 


Although  these  equations  were  obtained  in  order  to  reveal 
the  form  of  the  indeterminate  value  of  the  kernel  function, 
they  are  found  to  contain  singularities  at  y0= 0.  Prior  to 
any  further  discussion  of  this  result,  it  is  desirable  to  consider 
the  limiting  form  of  K(x0)y0)  as  yQ  approaches  zero,  to 
determine  all  the  singularities  at  y0= 0. 

Singularities  at  y0=0. — For  the  purpose  of  obtaining  a 
limiting  value  of  the  kernel  function  for  vanishingly  small 
values  of  yQ,  the  integral  appearing  in  equation  (16a)  may 
be  written  as  the  sum  of  two  integrals,  namely: 


ik\ 


J^(||  <f  * U(k—p\y0\)  sin  (^  -A2— dV)  d\ 

=h”d  sin  (jr  &-0W)  d\- 

J7  sin  (^  VX2-|8V)  d\ 


(21) 


The  first  of  these  integrals  may  be  evaluated  from  the  table 
of  Laplace  transforms  of  reference  17  and  has  the  following 
value: 


ik\ 


Xn  C7(X“i3|?/#l)  Sin  (jF  ^~^2)  d\=M\ya\Kv(k\y,\) 

(22) 


where  Kx  is  the  modified  Bessel  function  of  the  second  kind, 
of  first  order.  In  the  second  integral,  the  integrand  may 
be  replaced  by  terms  up  to  the  second  power  of  y0  in  a series 
exp  ansion . Thus , 


ik\ 


JJ  e * *7(X-j%o|)  sin  (^  A/X^V)  d\ 

ik\ 

f " ^ jj  rr,,  |,  ( - Mk\  Mky02  Mk\\ 

Jx0  C ^-*W>  (sm  —2 C0S  ~W)  dX 


( ikx0 

=U(x0—p\yo\)  J | e & (m  cos  sin  ^^)+ 


^K«l)+CiGfe)+ 

isi(jfe)-iSi(jfe)]} 


(23) 


where  Ci  and  Si  denote  the  cosine  integral  function  and  sine 
integral  function,  respectively,  which  are  defined  as  follows: 


Ci 


COS  t 


dt 


Si  (x)= 


7r f"sin* 

=2  Jx  t 


dt 


Substituting  equations  (22)  and  (23)  into  equation  (16a) 
gives,  as  a limiting  value  of  K (x0)yo), 


lim  [Ci  (jJfj)+Ci  (j^j)+i  Si  Si  (j^j)]} 


-S5~ >»g¥-![c<ife)+c<ife)+i  Kjffi)-'  siGfe)]} 


(24) 


where  the  following  series  expression  for  Kx{z)  (see  ref.  18)  is  employed: 


*.W-(^0(i+^+  ■ • .)+i-(0 


5 23  5z5 

l i i coT 


64  1 1152 


•) 


(25) 


where  7 is  Euler’s  constant  (7 — 0.5772157).  Examination  of  equation  (24)  shows  that  the  only  singular  terms  are  the 

2e~ikxo 

same  as  those  which  appear  m equation  (20),  namely 7rr-  and  —k2e~ikz»  log|i/0|-  Thus,  for  the  purpose  of  isolating  the 


W 


singularities  of  the  kernel  function,  only  K'(x0,yo),  as  defined  in  equation  (20),  need  be  considered.  Nevertheless,  the  results 
given  in  equation  (24)  may  be  useful  in  some  applications  since  they  provide  a ready  means  for  evaluating  the  nonsingular 
part  of  lim  K (x0,y<i). 
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Form  of  kernel  function  suitable  for  calculations. — As  in  the  subsonic  case,  with  knowledge  of  the  critical  values  of 
the  kernel  function,  an  expression  can  he  written  in  which  the  kernel  function  is  separated  into  two  parts,  one  of  which 
contains  no  ^singularities  or  indeterminate  values  and  the  other  of  which  contains  all  the  singularities  and  critical  values 
of  the  kernel  function.  This  expression  is 

K(x0:yo)  = [K(x0)yo)—K\x0,yQ)]+K'(xQ,yQ)  (26) 

where  K(xo,yo)  is  defined  in  equations  (15)  or  (16),  and  K' (xo,yo)  is  defined  inequation  (20).  The  term  K (xo}y0)—K'(xQ,yo) 
in  equation  (26)  has  no  singular  or  indeterminate  values.  The  term  K'(xQ,y<s)  is  singular  at  7/0=0  and  indeterminate  when 
x0=Pyo . 

Integration  of  singularities  of  kernel  function. — Since  integration  of  the  kernel  function  is  often  necessary,  a few  remarks 
on  how  to  circumvent  its  inherent  singularities  are  in  order.  Each  term  of  K'(xo,y0)  in  equation  (20)  possesses  a simple 
indefinite  integral  with  respect  to  the  variable  rj=y—y0.  In  performing  integrations  with  respect  to  t?  that  involve  a 
passage  across  the  line  v—y,  a principal  value  is  to  be  taken.  For  example, 


p U{x0— P\yo\)x0  dy  _ 1 

U (xo—p\y—l\)Jx02—p2(y—l)2  U (x0 — /3|2/+ 1 1 ) V^o2 — /32 (y+ 1)2 

l-i  (y—  r))2-\lxo2—P2  (y—  v)2  x° 

y— 1 iH-i 

(27) 


where  the  symbol  indicates  that  the  singular  integral  is  to 

be  considered  simply  as  a function  of  its  limits.  A justifica- 
tion for  this  consideration  is  that  it  leads  to  results  that 
could,  with  considerable  labor,  be  rigorously  established  by 
maintaining  the  variable  z in  the  analysis  until  all  operations 
are  performed. 

Comparison  with  singularities  of  subsonic  case. — It  may 
be  of  interest  to  compare  the  above  results  with  correspond- 
ing results  for  the  subsonic  case,  that  is,  for  x0>0  and 
t/o — 0.  Results  for  the  subsonic  case  may  be  obtained 
from  equation  (31)  of  reference  1 as  follows: 


lim  ^'(x0,7y0):v<i=lim 

t/o-*0  !/o->0 


l 

VI2' 


Va:02+ (1  — M2)  y^+Xp 
~ yo\lx02+(l-M2)y02 " 


of  the  reduced-frequency  parameter  (see  eq.  (29))  and  an 
expansion  in  terms  of  Bessel  functions.  The  latter  expan- 
sion is  used  in  a later  section  to  obtain  the  kernel  function 
for  two-dimensional  flow  from  that  for  three-dimensional 
flow. 

Power-series  expansion  with  respect  to  k. — As  in  the  case 
of  subsonic  flow,  the  kernel  function  can  be  expanded  into 
a power  series  with  respect  to  k that,  in  the  present  case, 
is  useful  for  small  values  of  &//32,  a combination  of  reduced 
frequency  and  Mach  number  that  is  inherent  in  such  an 
expansion  of  the  supersonic  kernel.  The  terms  of  the  expan- 
sion may  be  simply  obtained  by  expanding  the  terms  of 
equation  (16a)  that  are  functions  of  k and  collecting  the 
results.  The  first  few  terms  are 


ik 


k 2 xQ— MV  x02+ (1  — M2)  y02 


Va=o2+(1-M2)yo2  2(1— M2)  ^o2+(l-M2)y02 
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2 . ik  k 2 
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log 


4x0 


] (28) 


The  singular  terms  of  this  expression  for  Xq^>0  and  M<T  are 
2 


V Te 


logW) 


Comparison  of  this  result  with  equation  (20)  shows  that  the 
singularities  for  subsonic  and  supersonic  flow  are  of  identical 
form. 


SOME  INFINITE-SERIES  EXPANSIONS  PERTINENT  TO  THE  KERNEL 
FUNCTION 

The  kernel  function  can  be  expressed  as  a series  by  various 
expansion  procedures.  Some  particular  expansions,  which 
should  be  useful  in  applications,  are  discussed  in  succeeding 
paragraphs.  These  are  the  power-series  expansion  in  terms 


K(x0,yo)= 


2e~ 


VL2y o 


1 / k 


2 U(x0-P\yo\)  |~ 
(Vy (xa 


x0 


ik  / 32y02 


.V^O2 — /322/o2  02  V^o2— Wy? 


.v^o2— pv 


/34t/o2  cosh  1 


J£o_\ 

/%o|/ 
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i fky  (3M2-l)<3VoV+(2-3M2)/3  V , /*y 

6 V/3V  V*o2— py  W . 


(29) 


Although  this  power-series  expansion  converges,  to  the 
appropriate  value  of  K(x0,yo)  for  all  finite  values  of  &//32,  a 
great  number  of  terms  are  required  unless  k/fi2  is  small. 
These  first  few  terms  of  the  expansion  can  be  considered  to 
represent  the  kernel  function  for  values  of  k in  the  range  of 
magnitudes  generally  encountered  in  dynamic-stability 
studies  and,  therefore,  they  are  pertinent  for  obtaining 
time-dependent  stability  derivatives.  A noteworthy  feature 
of  the  expansion  is  that  each  term  can  be  integrated,  in  the 
sense  that  it  contains  a simple  indefinite  integral,  with  re- 
spect to  the  variable  7j=y—yo.  When  such  integrations 
involve  a passage  across  the  line  ??— y,  a principal  value  is 
to  be  taken  in  the  sense  described  after  equation  (28). 
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Expansions  in  terms  of  Bessel  functions. — The  trigono- 
metric terms  appearing  in  the  expression  for  K(zo,yo)  in 
equations  (15),  (16a),  and  (16b)  can  be  expanded  into  infi- 
nite series  involving  Bessel  functions  of  the  first  kind.  Such 
expansions  have  good  convergence  properties,  even  for  large 
values  of  the  parameter  k/fi2,  and  each  term  possesses  a 
simple  indefinite  integral  with  respect  to  17.  Such  Bessel 
function  series  are  therefore  useful  for  deriving  an  expansion 
for  the  indefinite  integral  of  K(x0,y0)  with  respect  to  77. 
The  indefinite  integral  of  K(xo,yo)  leads  to  the  downwash 
associated  with  pulsating  vortex  lines  (“horseshoe”  vortices) 
and,  as  previously  indicated,  to  the  kernel  function  for  two- 
dimensional  flow.  It  might  be  useful  to  point  out  that  the 
expansion  of  the  cosine  term  into  a series  involving  Bessel 
functions  is  also  useful  for  studying  distributions  of  pulsating 
sources. 

For  the  purpose  of  expanding  the  trigonometric  terms 
under  discussion,  consider  the  expressions 

U (X— a.)  C0S^Vgr^2  (30) 

YX2— <r 

and 

U(\-a)  sin  (6VX2-a2)=— ^ [V(X— a)  J (31) 

where  a,  b)  and  X are  positive. 

By  making  use  of  a known  Fourier  transform  relation, 
expression  (30)  can  be  equated  to  an  infinite  integral  involv- 
ing a Bessel  function  of  the  first  kind  (see,  for  example, 
p.  33  of  ref.  17): 


By  use  of  the  addition  formula  for  Bessel  functions  (see, 
for  example,  p.  358  of  ref.  18),  the  Bessel  function  appearing 
in  this  equation  can  be  written  as  an  infinite  sum  of  products 
of  Bessel  functions  as  follows: 


Jo(xV^4T2)  = Jo(rX) J,(6X)+2 S (-l)V2n(rX) J2n(b\)  (33) 

71=1 

Thus, 


FjoUVxH^)  cos  (It  (It=IJ{\ — a) C0S 

V*2 — &2 

= ^e/o(rX)e/o(^X)  + 


a2) 


2 S(—  l)n«/2n(rX)  J2tt(&\)~|  cos  ardr 
n—1  J 

(34) 


In  view  of  the  relation  (see  ref.  17,  p.  37) 


J2n{r\)  cos  ardr 


Z7(X— d)  cos  ^2 n sin'1  ^ 


Vxw 


(35) 


the  indicated  integration  on  the  right-hand  sid£  of  equation 
(34)  can  be  carried  out  term  by  term  so  that 


U(\— a)  cos  QVx2-a2) 

Vxw 


cos  (&Vx2— a2) 


r Jo  (xA/ t2- b b2)  cos  ardr—  

Jo  yX2— a2 

r*  co  

J Jo  (xA/r2+62)  cos  ardT=0 


(X>a.) 

(X<a) 


Y (32) 


= Jx2—J  ^°(6x)+2  S (— 1 )nJin(b\)  cos  (2 n sin-1  |)J  (36) 

Substituting  the  expression  on  the  right-hand  side  of  equation 
(36)  into  equation  (31)  gives 


U(\-a)  sin  (6VX*^=^==  ^ J,(&X)-jb  (-1)"  [ J^-d^X)- J2n+1(&X)J  cos  (2^  sin"1  ^)j- 
-2V^ffi){COS  (sin_1  0 S (—  1)"_1J2b_i(6X)  cos[(2n-l)  sin"1^  J. 


(37) 


But,  since 


E/(X— a)  cos  ^sin  1 0=?7(X— a)  (a^O) 

the  expression  for  £7(X— a)  sin  (&Yx2— a2)  may  be  written  as 


U(\—a)  sin  ( b YX2— a2)  =2i U(\—a)  S (— l)n_1  </2n-i(6X)  cos  (2n—  1)  sin-1  (38) 

7i=i  L x_| 

By  direct  comparison,  equations  (36)  and  (38)  can  be  used  to  write  expanded  forms  of  the  trigonometric  terms  appearing 
in  equations  (15),  (16a),  and  (16b).  Expansions  thus  obtained  will  now  be  used  to  derive  the  kernel  function  for  two- 
dimensional  supersonic  flow. 
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In  contrast  to  three-dimensional  flow,  a physical  interpretation  of  the  kernel  function  for  two-dimensional  flow  is  that 
it  represents  the  downwash  at  a given  field  point  due  to  a pulsating  bound  vortex  line  of  infinite  length.  This  kernel 
function  may  be  obtained  by  integrating  the  kernel  function  for  three-dimensional  flow  from—  ® to  ® or,  in  view  of  the  role 
of  the  unit  function,  from  one  Mach  line  to  the  other,  with  respect  to  the  variable  v=y~yo-  Pulsating  “horseshoe” 
vortices  may  be  obtained  by  integrating  K(xo,yo)  over  an  arbitrarily  finite  range  with  respect  to  v- 

DERIVATION  OF  KERNEL  FUNCTION  FOR  TWO-DIMENSIONAL  FLOW 

In  this  section  the  kernel  function  for  three-dimensional  flow  is  reduced  to  the  function  for  two-dimensional  flow,  and  the 
final  results  of  the  reduction  are  given  in  equation  (49).  For  the  purpose  of  derivation,  K(x0,y0)  will  be  considered  as  given 
in  equation  (16b).  The  two-dimensional  kernel  function  can  then  be  expressed  as 


or 


where 


or 


and 


J_’xfo.,9b )di=-~^e  ° £ Mk-^M [t7(x0— /3|2/o|)  sin  (^  VV~0W)}h+ 


=K(xo) 


m --*£  $ L ^ sin  (f  **=&)  4 


9 / j.  \ 

K(x0)=  -~(  e * /, + A e-*H 

(JL  ±+±\ 

/,=£  [u(*o-0\y-v\)  Sin  dr, 

T—a(&2  a i i\Jx«  U{ *o— hi)  • (Mk  m — , 

7‘  0 \Mk  dx0 +MJ  T-h  7 \F  ~V  ) dv 

Ii=f)  il  7 Lfw  e~*  U(X~ 1 vl)  Sin  (jf  (/X]  dv 


(39) 

(40) 

(41a) 

(41b) 

(42) 


In  equations  (41)  for  Ix  and  equation  (42)  for  72,  infinite 
limits  with  respect  to  the  integration  of  rj  are  not  necessary. 
In  view  of  the  role  of  the  unit  function  in  the  integrands, 
limits  of  ±£o  include  all  values  of  tj  for  which  the  integrands 

are  different  from  zero.  The  symbol  indicates  that  the 

integrals  are  to  be  considered  simply  as  functions  of  their 
limits  or  that  the  singularity  at  rj= 0 is  to  be  ignored. 

First  consider  equations  (41)  for  Ix  and  then  perform  an 
integration  by  parts.  The  expression  for  Ix  may  then  be 
written  as 


By  direct  comparison  with  equation  (36),  equation  (43)  may 
be  written  in  expanded  form  as 


h- 


2 S (—1  )nJ*n  4)  cos  (2ti  sin'1  drj  (44) 


In  this  equation,  the  terms  involving  J2n  do  not  contribute 
to  the  integral  because 


Ti~P  {.Mk  dzo+Af)  [ I;  7/(20  hi)  sin  (^r  V*o2-i?2) 

Mk  Cz 0 U(xo-\v\)  ( Mk  — ?\  , "I 

Oo(^  I f‘»tf(*0-N)  /Mk  /— j , /4„x 

2fi  \dxo+F ) Jo  V F ' 20  v ) dv  (43) 


^^cos(2nsin-^o)^ 

=^[c/(2°-i,,i) sin  (27isin_l  £>  |o°+ 

r°  r 5(2°_h|)  sin  (2n  siD~‘  £> 
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+ 


Jo  V^o  2—*r  x° 

the  expression  for  Ix  can  be  written  as 


— .»[iW+|  C/ (*.)•/.(“  •.)-“(/(«  (“  I.)] 

(45) 

Now  consider  equation  (42)  for  /2,  namely 

h=P  ^ ^ [jj*“  e"?  C7(X-h|)  sin  AS2)  dx]  dr, 

The  double  integral  in  this  expression  can  be  considered  as  a 
surface  integral  over  a triangular  region  of  the  Xq-plane  cut 
out  by  the  lines  q=X,  i?=— X,  and  \—x0)  as  shown  in 
sketch  (c) . 


Substituting  this  result  and  the  results  given  in  equation 
(45)  for  Ii  into  equation  (40)  gives  a desired  form  of  the 
kernel  function  for  two-dimensional  supersonic  flow: 

{iM?kx0  . 

[a(xo)+|  U(xo)Jo  (^P  *„)- 

Mk  TT,  . , (Mk  \“|, 

P 2 ^ (*^°)  p 2 J 

ifcX  ^ 

| JT  ^X)  J«  (^p  X)  dX  | (49) 

Examination  of  equation  (49)  shows  that  the  only  singularity 
involved  in  the  kernel  function  for  two-dimensional  super- 
sonic flow  is  the  5-function.  At  zero  frequency,  all  the 
terms  of  K(x0)  except  the  5-function  vanish.  The  kernel 
function  required  to  treat  two-dimensional  wings  at  steady 
angle-of-attack  conditions  is  therefore  proportional  to  this 
5-function,  and,  as  shown  in  the  following  section,  leads  in 
a very  simple  manner  to  the  well-known  Ackeret  results. 

The  integral  that  remains  to  be  evaluated  in  equation 
(49)  is  well  behaved  and  similar  to  integrals,  treated  by 
Schwarz  (ref.  19)  and  others,  that  arise  in  the  velocity- 
potential  approach  for  treating  two-dimensional  wings. 

APPLICATION  OF  KERNEL  FUNCTION  TO  LIFT  DISTRIBUTIONS  FOR  TWO- 
DIMENSIONAL  WINGS 

The  results  obtained  in  the  previous  section  for  the  two- 
dimensional  kernel  function  are  now  employed  to  obtain  the 
lift  distribution  on  oscillating  and  steady  two-dimensional 
wings  moving  at  supersonic  speed.  (See  eqs.  (56)  and  (61).) 
Since  the  lift  distributions  so  obtained  agree  with  the  Ackeret 
results  for  a steady  wing  and  also  with  known  results  for  the 
oscillating  wing  (ref.  15),  they  serve  as  a check  on  the  correct- 
ness of  the  expressions  for  both  the  two-dimensional  and 
three-dimensional  kernel  functions. 

The  integral  equation  that  must  be  solved  to  obtain  the 
lift  distribution  for  two-dimensional  wings  in  supersonic 
flow  is  particularly  simple  since  it  involves  a single  integral 
of  the  convolution  type: 


By  a change  in  the  order  of  integration,  which  is  admissible 
since  the  singularity  at  ??=0  is  to  be  ignored,  the  expression 
for  /2  may  be  written  as 

ik\ 

/a=/3  J*°  e~Tt  d\^  sin  (^/x^2)  dr,  (46) 

The  inner  integral  in  this  equation  is  identical  in  form  to  the 
integral  in  equation  (41).  Hence,  by  observation  of  and 
comparison  with  the  results  obtained  for  Ix  in  equations  (43), 
(44),  and  (45),  it  is  found  that 

s£*U(\-\ri\)  . (Mk  ^ vMk  T /Mk.\ 
y_x r(~^  smy—p2-y^d~1)2jdri= — (47) 


LWix-m  (50) 

Integral  equations  of  this  type  can  be  readily  solved  by 
Laplace  transform  procedures  since  the  Laplace  transform 
of  a convolution  integral  is  the  product  of  the  transforms 
of  the  functions  that  compose  the  integrand.  In  the  present 
case,  if  s represents  the  Laplace  transform  operator  defined 
by 

£[/(*)]= Jo~  e-‘*f(x)dx=M  (51) 

the  transform  of  equation  (50)  may  be  written  as 


The  expression  for  /2  can  therefore  be  written 


7 rMk 


ifcX 

:jV^£7(X)J«(^x)<ft 


w(s)~L(s)K(s) 


(52) 


h 


(48) 


Solving  this  equation  for  L(s)  gives  the  Laplace  transform 
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of  the  lif  ^distribution: 


for  the  transform  of  the  lift  distribution 


77<A— yte) 
{)  l K(s) 


(53) 


Inversion  of  the  transform  on  the  right-hand  side  of  this 
equation  gives  the  lift  distribution. 

For  thecase  of  a steady  two-dimensional  wing, 


w(x)=Va 


L{s)= 


2 iPV2kh 

<3 


s-H& 


iM2k\2  M2k 2 
F ) + I 34 


(60) 


The  inverse  of  this  transform  gives  for  the  lift  distribution 


L(x) 


2 iPV2kh 
P 


Then 


K(x)=yfd(x) 


L(s) 


2 PV2* 

Ps 


(54) 


The  inverse  transform  of  equation  (54)  gives  for  the  lift 
distribution : 


(61) 


This  result  can  easily  be  shown  to  check  with  the  results  of 
reference  15.  Moreover,  if  ikh  is  set  equal  to  a,  and  then  k 
is  allowed  to  approach  zero,  equation  (61)  reduces  to  the 
result  for  the  steady  case. 


L(x)=^p^U(x) 


From  this  result,  the  total  lift  per  unit  of  span  is 

Chord 

r 

i 


zj*  L{x)dx= 


2pV2aXChord 


(55) 


(56) 


This  result  agrees  with  the  well-known  Ackeret  result. 

Now  consider  the  unsteady  case  for  oscillatory  translation, 


w(x)=io)lfi—iVkfi 


(57) 


where  h is  the  amplitude  of  displacement  referred  to  Z,  and 
the  Laplace  transform  of  w(x)  is 


iVkh 
w(s)= 


(58) 


The  Laplace  transforms  of  the  different  terms  of  K(x) 
(eq.  (49))  can  be  simply  derived  or  they  may  be  obtained 
from  Laplace  transform  tables  (for  example,  ref.  16).  After 
combining  the  transforms  of  the  different  terms,  the  results 
can  be  written  as 

//  iM*k\2  M2k2 

2tt/3  V \ F (59) 

A(s)=w J+iic 


Substituting  equations  (58)  and  (59)  into  equation  (53)  gives 


CONCLUDING  REMARKS 

The  mam  purpose  of  this  report  was  to  derive  and  present 
in  a form  that  could  be  numerically  evaluated  the  kernel 
function  of  the  integral  equation  relating  downwash  and  lift 
distributions  for  oscillating  wings  in  supersonic  flow.  This 
purpose  has  been  achieved  for  three-dimensional  flow,  and 
the  results  have  been  converted  to  a form  more  suitable  for 
calculation  by  isolating  the  singular  or  critical  points.  The 
kernel  function  for  two-dimensional  supersonic  flow  has  been 
presented  and  the  results  show  that  the  only  singularity  is  a 
Dirac  delta  function,  which  appeared  in  such  a manner  that 
further  reduction  with  regard  to  singularities  is  not  required. 

The  results  presented  in  this  report  for  supersonic  flow 
together  with  those  previously  obtained  for  subsonic  flow 
provide  a kernel  function  that  is  capable  of  being  evaluated 
at  any  Mach  number.  As  experience  develops  it  is  expected 
that  use  can  be  made  of  the  kernel  function  to  develop 
approximate  procedures,  that  will  be  more  or  less  uniform 
throughout  the  Mach  number  range,  for  calculating  aero- 
dynamic  forces  on  oscillating  (or  stead}7)  wings  of  arbitrary 
plan  form  and  with  arbitrary  downwash  conditions.  The 
labor  involved  in  such  approximate  or  numerical  procedures 
will  indeed  be  prodigious  and  will  require  the  use  of  modern 
high-speed  computing  equipment. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  February  15,  1955 . 
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APPENDIX  A 

DERIVATION  OF  EQUATION  (16c)  AND  REDUCTION  OF  THE  KERNEL  FUNCTION  TO  THE  SONIC  CASE 

is  made  in  /2,  there  is  obtained 


The  purpose  of  this  appendix  is  first  to  reduce  equation 
(16a)  to  equation  (16c)  and  then  to  reduce  equation  (16c) 
to  the  sonic  case.  The  reduction  to  the  sonic  case,  by  com- 
parison with  results  obtained  from  consideration  of  subsonic 
speeds  for  the  sonic  case  in  reference  1,  provides  a partial 
check  on  the  correctness  of  results  obtained  for  the  supersonic 
case. 

DERIVATION  OF  EQUATION  (16c) 


In  order  to  reduce  equation  (16a)  to  equation  (16c)  con- 
sider the  integral 


H £ e>>  VO-fM)  sm  vx’-ov)  A 

T rx  ik  / iMk  , iMk  . \ 

-53?  L (• *' « ' ** 


(Al) 


where 


and 


\=  P°  Z7(X-/%0|)e  d\ 

= 1°  U(\~P\y0\)e^(x+M^2^v')  d\ 


(A2) 

(A3) 


In  these  expressions  X takes  on  only  positive  values,  that  is, 
0 l?/o|  ^ Xq . Hence,  consider  for  each  integral  the  single- 

valued substitution 


X=  \yo\(+M^l  + r2 — r) 

which,  for  1,  leads  only  to  positive  values  of  X. 
Solving  this  expression  for  r gives 


(A4) 


_X±MVX2-j3V 


02M 


(A5) 


Thus,  if  the  substitution 

(x— M-v/X2— 02j/o2)=0%o|t 
is  made  in  Ix  and  the  substitution 

(X+MVX2-/3y)=0%o|r 


(A6) 


(A7) 


K(x0,y0)= 


vl2y o‘ 


e tkXoU(xo—p\yo\) 


ik 


r,=wj: 


v>2M 


u(T~s)  (vfT?-1) 


(AS 


and 

I, 


’v)  TT/  i , / Mt  , \ 

= MJ, 


=WJ,  Kh>XvT+?-T  + 

<8 

fo+^vV-w) 

WP(*^/>W) J • G=p- 1)  «-w’* 


/32kol 


(A9 


Combining  these  results  gives  for  ^^(/i— I2) 


2iM 


(/.-/2)= 


felitoIC^(go— fflybl)  r^W  (*«+WVW)  / Mr  \ 
2%M  (ro-M-Vv-W)  ^a/1^t2  ' 


|e 

(A10 


or  since 


2^ 


r: 


^2|y0|  fa-WV-^W) 


e itiy°]rdr=— ^ sin  (^  V^o2-0W 


^(/1_/2)=-|yo|17(xo-0|?/o|: 


(All 

M -in  V^o2-0W)-t 


02  T° 


it  r^boi  (i<>+mVio2-^2!'i)2) 

A TJ!— 

Vl  + T 


(A12 


Substituting  this  result  into  equation  (16a)  gives  equatioi 
(16c)  or 


vv-aw  ' 2 


VT+r2 


(16c 
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REDUCTION  OF  EQUATION  (16c)  TO  THE  SONIC  CASE 

In  order  to  reduce  this  result  to  the  sonic  case  it  is  first  necessary  to  discard  terms  arising  from  the  advanced-tjqie 
potentials  emplo}red  in  deriving  the  doublet  potentials  for  supersonic  flow.  This  may  be  accomplished  b}7  replacing 

iMk  — — 

1 -^V*o2-0W 


/Mb  \ i -^"VV-W 

cos  \^02~  -\tzo2—P2yo2J  with  - e • The  limiting  form  of  K (x0,y0)  as  M->  1 can  then  be  written  as 


K(x0,yo)M=i=- hm -^^2  e ikxo  U(z0—p\y0\) 


*°  - 3 +i%o|J  ^=«-Wdr 


V*o2— Wyi 


VTv 


(A13) 


When  the  limit  M=  1 is  approached  from  the  supersonic  side,  the  term  M is  conveniently  replaced  by 

M-i+i. 

where  e is  infinitesimally  small,  so  that 

/32=(M-l)(M+l)=i  e (2+i  «)«* 

With  this  approximation  equation  (A13)  can  be  written  as 


(A  14) 


K(xo,yo)tf=  i=lim— -72— 2 U(xo—/e\y0\) 

«— K)  01  y 0 


Xo 


— ~ [^0—  ( A/x°2 — «»o*  ]J 


Vzo2—  ey? 


r^l[Xo  + (1+0VV-<!/o2] 

+ik\yo\  I -==e-m 'dr 

J^ih-(1+1)^]  Vl  + T 


=lim- 


vl2y  o2 


Uix 0) 


: e~**it'olT  dr 


(A15) 


or 


K(x0,y0)M= 


1 rfV 


E7(z,)J 


a /, 

,2  V *0/4-,: 


+^%o|  f “7===f  dT 

J \ ( _^o2\A'l  + r 

2|yo|  \ 0 *0  / 


(A16) 


In  order  to  show  that  this  result  is  equivalent  to  that  given  for  the  sonic  case  in  reference  1,  it  is  convenient  to  first 
express  the  integral  term  as  the  difference  of  two  integrals 


ik\y0\  f [T^—2  e f*Nr  dT=ik\y0\  f — 

J i / _y02\yi  + r2  Jo  yi  + r' 

2MV° 


T r %|  (z° :)  T • 

e-ah\r  dT~ik\ya\\  . e~ik\hV  dr 


Vl"b'3 


(A17) 


The  first  integral  on  the  right  of  equation  (A17)  can  be  evaluated  by  comparison  with  the  following  results: 

r*  cd  /"*  co  f* co  j. 

I , T e~iaTdr=  I , = cos  ar  dr—i  I sin  ar  dr 

Jo  VI+V2  Jo  yf+?  Jo  VH-t2 

/ f " smor  f “ coso^  V 

'\Jo  yi+r2  Jo  yi+T2  / 


__d 
da ' 


&_r» 

= ba\2 


[70(a) — L0(a)] + iK0(a) 


i2Co(a)^- 


(A18) 


43o8  ( o — o7 12 
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where  To,  Il}  K0,  Kx  are  modified  Bessel  functions  and  Lq  and  Lx  are  modified  Struve  functions  (see  ref.  18,  p.  172  and  p. 
332  for  reductions  of  similar  integrals).  Thus 


f e~ik'VoU  d,T=k\y»\K,{k |2/o|)+7^1  [/i(i|^|)-ii(*|yoD]-tfc|»o| 

In  the  second  integral  on  the  right  of  equation  (A17)  make  the  substitution 

'TsOSN 

or 

M (Vl  + r2—  r) 


This  gives  for  the  second  integral 


_j_/r  ji\ 

2|jfo|  \ ° x0/  T 


^/T+7 


d\ 


) 1*0 

ik  1 

r*o 

-1 

fx-ST) 

/ _ 

1 

62  1 

V X / 

il»o| 

J 

■ik 

Fo  1 

po 

- | 
62 

K) 

'm 


(A19) 


(A20) 


Substituting  this  result  and  that  given  in  equation  (A19)  for  the  integral  in  equation  (A16)  gives 

*(*o,yoV-i= ^ U(x0)^  ["0_i]-l-^|yo|+A:|yo|^1(*|2/o|)+!^  [/i(%o|)-Zi(%o|)]-&Jp  J (X"t)  (A21) 

A comparison  of  this  result  with  the  result  given  in  equation  (47a)  of  reference  1 shows  that  the  two  equations  are 
equivalent. 


APPENDIX  B 

DERIVATION  OF  DOWNWASH  FUNCTIONS  ASSOCIATED  WITH  “HORSESHOE”  VORTICES  IN  SUPERSONIC  FLOW 


The  downwash  associated  with  a vortex  line  can  be 
obtained  by  an  integration,  between  appropriate  limits,  of 
the  kernel  function  K(xo,yo)  with  respect  to  Tj—y—y0.  In 
order  to  perform  such  an  integration  analytically,  recourse 
must  be  had  to  term-by-term  integrations  of  an  expanded 
form  of  K(x0,yo )•  In  this  regard,  use  can  be  made  of  the 
expansions  given  in  equations  (36)  and  (38)  of  the  analysis  to 
obtain  expanded  forms  of  the  downwash  functions  for  vortex 
lines  that  have  very  good  convergence  properties,  especially 
for  the  range  of  values  of  the  parameter  Mk/P2  that  would 
usually  be  of  interest  in  applications.  Expressions  so  ob- 
tained will  be  cumbersome  and  will  require  high-speed 
computing  equipment  to  make  them  very  useful. 

In  regard  to  “horseshoe”  vortices  in  supersonic  flow,  there 
are  five  different  significant  regions  in  which  a field  point 
may  be  considered  to  be  located  (see  sketch  (d)). 

Region  (1)  is  between  the  Mach  cones  emanating  from  the 
end  points  of  the  bound-vortex  line.  The  downwash  at  a 
point  in  this  region  is  not  affected  by  the  trailing  vortices  but 
is  created  by  the  bound  vortex  alone.  Therefore,  the  down- 
wash  is  the  same  as  would  be  produced  by  a bound  vortex  of 
infinite  length  and  corresponds  to  the  kernel  function  for 
two-dimensional  flow  discussed  in  the  analysis.  Region  (2) 
is  between  the  trailing-vortex  lines  and  is  within  the  Mach 
cone  emanating  from  one  end  of  the  bound  vortex  but  outside 
the  Mach  cone  emanating  from  the  other  end.  The  down- 
wash  at  a point  in  this  region  is  created  by  the  bound  vortex 
and  one  of  the  trailing-vortex  lines.  The  other  trailing 
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Sketch  (d) 


vortex  has  no  effect  on  the  downwash.  Region  (3)  is  be- 
tween the  trailing-vortex  lines  and  is  within  the  Mach  cones 
emanating  from  both  ends  of  the  bound  vortex.  Downwash 
in  this  region  is  created  by  the  bound  vortex  and  both  trail- 
ing-vortex lines.  Region  (4)  is  outside  the  trailing-vortex 
lines  and  is  within  the  Mach  cone  emanating  from  one  end  of 
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the  bound  vortex.  The  downwash  is  created  by  the  bound  vortex  and  only  one  of  the  trailing-vortex  lines.  Region  (5)  is 
outside  the  trailing-vortex  line  but  within  the  Mach  cones  emanating  from  both  ends  of  the  bound  vortex.  The  downwash 
is  created  by  the  bound  vortex  and  both  trailing-vortex  lines. 

For  any  of  the  five  regions  discussed  in  the  preceding  paragraph,  the  integral  corresponding  to  the  downwash  function 
may  be  formally  written,  with  use  of  equation  (16b),  as 


[APfcr  02  5 . % 

^_MU{Xo_plyo])  siD 

*•<&*=&)*] 

(iMtkx0  \ 

c l3+Me  U) 


'—p2yo^dv+ 


where  use  of  the  substitution  /3 y0=  f gives 


r3=i  f'2  Mk  ^ - U(x0—p\yo\)  sin  V^V)  dy 

“V57=?>r 


7,,^  r*uin  v / J 

In  equations  (B2)  and  (B3),  a principal  part — as  described  after  equation  (27)  in  the  analysis— is  to  be  taken  when  the 
integrations  are  carried  across  the  line  f=0.  The  purpose  now  is  to  reduce  these  expressions  to  forms  amenable  to 
numerical  evaluation.  The  first  step  in  this  procedure  is  a reduction  of  the  expression  for  J4  (eq.  (B3)).  The  double 
integral  in  this  expression  can  be  considered  as  a surface  integral  in  the  Xf-plane  where  the  order  of  integration  is  first  with 
respect  to  X and  then  with  respect  to  f.  The  steps  in  the  reduction  are  first  to  delineate  the  area  of  integration  for  each  of 
the  five  different  cases  under  consideration,  and  then  to  change  the  order  of  integration  in  the  surface-integral  represent- 
ation of  /4.  . ....  • 

From  the  description  of  the  different  cases  to  be  considered  and  by  examination  of  the  limits  of  integration  in  equations 

(Bl),  (B2),  and  (B3),  the  area  of  integration  for  the  case  of  a field  point  in  each  of  the  aforementioned  regions  may  be 
considered  as  shown  by  the  hatched  areas  in  the  following  sketches: 

HI/  Ml/ 


'P[y-vz)  = -C, 


(3) 


(4) 

Sketch  (e) 


(5) 
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Expressions  for  /<  for  the  five  different  regions  or  cases  may  then  be  expressed  as  simple  integrals  as  follows: 
Case  (1): 

h: 


ik\ 


Case  (2).: 

Case  (3): 

Case  (4): 

Case  (5) : 

The  expression 


“e  F(\,-\)dk 

-^4= ' e *2E(X,-X)dX+Jr0e  »2F(\,-^)d\ 

/4=Jo  e fl2  ^(x -x)dx+Jf  % 4,2 ^(X ,-fOrfx+J^e  * 

rz<>  — 

/4=Jr%  ^^(X,fi)dX 
r{ 2 rx0  J— 

4=Jfj  e *■  F(\,{1)d\+ j(  e fi2F(^,^)d\ 

pa  a vPxC/(X-|f|)  . Mk 
F(\, -\)=^ p-UU  sm  _ yX2- f2 


(B4) 

(Bo) 

(B6) 

(B7) 

(B8) 

(B9) 


is  evaluated  in  the  text  in  connection  with  the  derivative  of  the  two-dimensional  kernel  function  and  is  found  to  reduce 
(see  eq.  (47))  to 


F(\,-\) 


02 


V |32 


0 


(BIO) 


The  E-function  foi  other  arguments  can  be  obtained  by  substituting  appropriate  limits  in  an  integration  by  parts  of 
E(X,— fj),  namely  (see  the  development  following  eq.  (41)  in  the  analysis): 

PA  y\  nP  U(\~  |f|)  . Mk  ,V5 — Zi  j„ 

7'(X,-fi)=J_  sm  -p-  VX2-f2 

— f si“  f ^\\~f  * C“X)  P<Mfl)  xf A (^)£,  if,  »<Mfl>sm-  | *- 

^ ^T"  '7-n  (jA|^X)  [Xx— lil)  sill  (2ft  sin-1  f)  _r  +J*  ^,f|5(X— |f|)  sin  (‘‘n  sin-1  0dffj  (Bll) 

After  the  first  term  on  the  right-hand  side  of  equation  (Bll)  has  been  expanded  by  comparison  with  the  expansion 
given  in  equation  (38)  of  the  analysis  and  the  limits  of  integration  have  been  substituted,  this  expression  may  be 
written  as 


F(x, UMJo  (^§0-WH  f.|)  Jo  (^)  sin-  $+£  [tt  J„_,  (Mfi)  COS  [(2n — 1)  sin-  f] 


Mk(- iy  , /Mk\\  . / . 

~w  (rw) sin \2n sm  x)J / 

Substitution  of  f2  for  X in  the  limits  of  equation  (Bll)  gives 

E(f2  -r0=-f7(X-|f2|){^  Jo  (-p)  sin-  £+£ cos [(2n—  1)  sin-£] 


!+ 

(Bl2) 


+ 


IF  J2"  (^)  s“  (2?l  sin_1  x)]}  Jo  (jp)  sin-  £+ 

»li[TJ--1(T)C0S[(2^1>  Sin-x]+f  ^ (^)  sin  (*  sin-  $)]}  (B13) 
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If  -fi  is  replaced  by  ft  in  the  limits  of  equation  (Bll),  then 
F(K  f,)=^C/(X)J0  (~^)+ 

U(\- Jo  (^)  sin-1  £+ 

(MX)  cos  [(2„-i)  sin-.  Ll]+ 

W ~ir  Jin  {-&-) sin  (2n  sin  x)_|/  (Bl4) 

Substitution  of  ft  for  X and  ft  for  — ft  in  equation  (Bll)  gives 

f(t„  M— W-M-Cf  A (^fr)  sin-  f+ 

s FiF"  •7—  (it) cos  [(2“-i) x]+ 

(?w)  si"  (2“sin"‘  x)]}  + 

TTf\  u i\  fMk  j /Mk\\  . f,  . 

EfA- IfiD^-jjjr  Joy—prj  sin  y+ 

5 FnF  j’-  (“x)  “s  L12”-1*  *■"  x> 

M%ir  A.  (^r)  sin  (2»  sin-  {')]}  (B15) 

When  equation  (BlO)  and  equations  (Bl2)  to  (Bl5)  are 
substituted  into  equations  (B4)  to  (B8),  respectively;  they 
give  the  reduced  forms  of  I4  for  the  five  cases  under  considera- 
tion. 

After  the  reduction  of  J4,  the  corresponding  reduction  of 
J3  is  considered.  As  may  be  found  by  examination  of  the 
expression  for  J3  (eq.  (B2))  and  the  sketches  showing  the 
areas  of  integration  for  the  different  cases,  reductions  of 
/3  corresponding  to  those  of  J4  can  be  obtained  from  the 
J^-functions  (eqs.  (BlO)  to  (Bl5)).  Results  for  the  different 
cases  may  be  expressed  as  follows: 

Case  (1): 

/3=I"«  (m  dX  +m)  F(^~^  (Bl6) 

Case  (2): 

/s=l™  {iik  dx +m)  jF(x’  ~ (B  1 7) 

Case  (3): 

<B18> 

Case  (4): 

(Bl9) 

Case  (5): 

/j=J™  {Wc  3X+m)  (B20) 


When  the  expressions  for  I3  (eqs.  (Bl6)  to  (B20))  and  /4 
(eqs.  (B4)  to  (B8))  that  are  associated  with  each  particular 
case  are  substituted  into  equation  (Bl),  expressions  for  the 
downwash  at  each  of  the  five  significant  field-point  locations 
may  be  obtained  in  terms  of  the  F-functions  (eqs.  (BlO)  to 
(B15))  as  follows: 


Case  (1): 


T iMHx° 

L K(-Xo’yo)dr,= -f  \f  02  (m  F(x~x)+ 

F(X-X),ixJ  (BJ 


Case  (2): 


iMUxn 


ik\ 


(B22) 


J;  Hm  (£ ^ ) f(W,)+ 

— T f ' 

Me  LJ° 

ifcX 

J*  e~*  F(\,-^)d\ 

Case  (3): 

DJI tx 

\-*F(X,-W+ 

ik\ 

J'V«rF(>,,-r1)<ik+ 


r 

Jr2 


i/rX 

* F(t2-U)d\ 


(B23) 


Case  (4): 


f iM?kzQ 

e 


K(x0,ya)dv=- fJe"  ^(mii+ii)F^+ 


M e~ikZ°fi  ^X’^X|  (B24) 

Case  (5): 

f JM*kx0 

£ Ki,„y.)d,=~ f J jj)  *».,«+ 


ifcX 

,,f%"^F(x)f1)^x+ 

fi 


~ -n 


(B25) 


The  results  for  case  (1)  (eq.  (B21))  agree  with  results  obtained 
for  the  two-dimensional  kernel  function  given  in  equation 
(49)  of  the  analysis. 
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A WIND-TUNNEL  TEST  TECHNIQUE  FOR  MEASURING  THE  DYNAMIC  ROTARY  STABILITY 
DERIVATIVES  AT  SUBSONIC  AND  SUPERSONIC  SPEEDS1 

By  Benjamin  H.  Beam 


SUMMARY 

A method  is  described  for  measuring  the  dynamic  stability 
derivatives  of  a model  airplane  in  a wind  tunnel . The  char- 
acteristic features  of  this  system  are  that  single-degree-of -freedom 
oscillations  were  used  to  obtain  combinations  of  rolling,  yaw- 
ing and  pitching  motions;  that  the  oscillations  were  excited 
and  controlled  by  velocity  feedback  which  permitted  operation 
under  conditions  unfavorable  for  more  conventional  types  of 
oscillatory  testing;  and  that  data  processing  was  greatly  simpli- 
fied by  using  analog  computer  elements  in  the  strain-gage 
circuitry . 

The  system  described  is  primarily  for  measurement  of  the 
damping  derivatives  Gip  (< damping  in  roll),  Cmq+Cm ^ (< damping 
in  pitch),  Gn—Gn^  {damping  in  yaw) , and  the  cross  derivatives 
CiT—Ci£  {rolling  moment  due  to  yawing)  and  GUp  {yawing 
moment  due  to  rolling).  The  method  of  testing  also  permits 
measurement  under  oscillatory  conditions  of  the  static  deriva- 
tives Cx&  {rolling  moment  due  to  sideslip),  Cn&  {yawing  moment 
due  to  sideslip),  and  Gma  {pitching  moment  due  to  angle  of 
attack).  All  these  derivatives  are  of  particular  importance  in 
estimating  the  short-period  oscillatory  motions  of  a rigid 
airplane. 

A small  number  of  experimental  data  are  included  to  illustrate 
the  general  scope  of  results  obtainable  with  this  system. 

INTRODUCTION 

One  important  problem  in  the  dynamic  motions  of  air- 
planes is  the  nature  and  the  stability  of  the  oscillatory  modes. 
In  measuring  the  dynamic  stability  derivatives  which  apply 
to  these  motions  there  are  certain  advantages  in  employing 
oscillation  methods  in  a wind  tunnel,  and  the  development 
of  such  methods  has  always  been  attractive  to  investigators. 
Most  of  the  early  measurements  of  damping  in  pitch  were 
made  from  oscillation  tests  of  a model  in  a wind  tunnel. 
Damping  in  roll  and  damping  in  yaw  have  also  been  measured 
in  this  way  but,  in  general,  experimental  difficulties  have 
prevented  the  wide  application  of  this  method  to  the  lateral 
motions.  This  is  particularly  true  in  the  case  of  the  cross 
derivatives,  yawing  moment  due  to  rolling,  and  rolling 
moment  due  to  yawing,  although  in  one  recently  developed 
method  (ref.  1)  the  yawing  moment  due  to  rolling  has  been 
successfully  measured  using  a two-degree-of-freedom 
oscillatory  technique. 

1 Supersedes  NACA  TN  3347  entitled  "A  Wind-Tunnel  Test  Technique  for  Measuring  t 
bers,”  by  Benjamin  H.  Beam,  1955. 


Most  of  the  studies  of  the  lateral  derivatives  have  been 
made  on  the  basis  of  steady  turning  or  rolling  motions. 
Theoretical  calculations  of  the  derivatives  are  largely  based 
on  this  assumption.  The  steady  turning  or  rolling  flow 
technique  has  been  used  in  the  systematic  studies  of  the 
lateral  derivatives  in  the  Langley  stability  tunnel  (e.  g.,  refs. 
2 and  3).  Curved  or  rolling  flight  is  approximated  in  the 
test  section  of  this  wind  tunnel  by  causing  the  air  to  follow 
a curved  or  spiral  path  past  a fixed  model.  At  high  speeds, 
the  rolling  derivatives  have  been  measured  by  steadily 
rotating  a sting-mounted  model  in  a wind  tunnel  with  a 
dynamometer  and  measuring  the  damping  in  roll,  yawing 
moment  due  to  rolling,  and  the  side  force  due  to  rolling. 
These  methods  and  other  techniques  have  been  described 
and  referred  to  in  various  NACA  publications  on  the  stability 
derivatives  for  airplane  and  missile  configurations. 

The  purpose  of  this  report  is  to  describe  an  oscillation 
technique  for  measuring  the  lateral  and  longitudinal  dynamic 
stability  derivatives  in  a wind  tunnel.  It  was  developed 
primarily  for  testing  at  high  subsonic  or  supersonic  speeds 
and  for  this  reason  three  features  are  believed  to  be  of 
special  interest.  One  of  these  is  the  single-degree-of-freedom 
oscillatory  system  in  which  various  components  of  pitch, 
roll,  and  yaw  were  obtained  by  varying  the  axis  of  oscilla- 
tion. Second,  the  forcing  system  comprised  a feedback 
loop  in  which  velocity  feedback  was  used  to  excite  and  con- 
trol the  amplitude  of  the  model  oscillation.  A third  feature 
is  a system  of  strain-gage  data  processing  in  which  electronic 
analog  computer  elements  were  used  in  measuring  the  ampli- 
tude and  phase  position  of  the  oscillatory  strain-gage  deflec- 
tions. The  advice  and  assistance  of  the  Ames  instrument 
development  branch  was  extremely  valuable  in  developing 
this  system  of  data  processing. 

The  test  apparatus  is  capable  of  measuring  the  moment 
derivatives  which  arise  from  angular  motions  of  the  airplane. 
This  includes  the  rotary  damping  derivatives  Clp,  Gmq-\- 
Crrra,  and  CnT — Cnp ) the  cross  derivatives  Gnp  and  ClT—Crfi; 
and  the  displacement  derivatives  C Cnfii  and  Cma.  These 
derivatives  are  of  particular  importance  in  estimating  the 
short-period  oscillatory  motions  of  a rigid  airplane. 

Two  systems  of  axes  are  used  in  this  analysis.  The  sta- 
bility system  of  axes  with  the  positive  directions  of  moments 
and  angles  referred  to -this  system  are  illustrated  in  figure  1. 
The  oscillation  axes  used  for  wind-tunnel  measurements 

Dynamic  Rotary  Stability  Derivatives  Including  the  Cross  Derivatives  at  High  Mach  Ntun. 


165 


166 


REPORT  1258— NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


are  illustrated  in  figure  2 and  defined  with  respect  to  the 
stability  axes  by  a set  of  direction  cosines.  Primes  are  used 
with  aerodynamic  moment  and  axis  designations  referred 
to  the  oscillation  system  of  axes. 

The  various  stability  derivatives  are  defined  as  follows: 
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The  following  symbols  are  used  in  the  report: 

A,  B,  * * *,)  direction  cosines  between  primed  and  unprimed 
Hy  J ) axes 

I moment  or  product  of  inertia,  depending  on 

subscript,  positive  where  negative  moment 
results  from  positive  acceleration,  slug-ft2 
K mechanical  spring  constant,  positive  where 

negative  moment  results  from  positive  deflec- 
tion, ft-lb/radian 

L aerodynamic  rolling  moment,  ft-lb 

M aerodynamic  pitching  moment,  ft-lb 

N aerodynamic  yawing  moment,  ft-lb 

P mechanical  damping-moment  coefficient,  posi- 

tive where  negative  moment  results  from 
positive  velocity,  ft-lb  sec/radian 
R resistance,  ohms 

S wing  area,  sq  ft 

T torque,  ft-lb 

V air  velocity,  ft/sec 

b wing  span,  ft 

c mean  aerodynamic  chord,  ft 

e voltage,  volts 

j frequency  of  sinusoidal  oscillation,  cps 

g transfer  function  011 

* input 

i galvanometer  current,  amp 


Figure  1. — The  stability  system  of  axes  is  an  orthogonal  system  of  axes 
having  its  origin  at  the  center  of  gravity  and  in  which  the  z axis  is  in 
the  plane  of  symmetry  and  perpendicular  to  the  relative  wind,  the  x 
axis  is  in  the  plane  of  symmetry  and  perpendicular  to  the  z axis,  and 
the  y axis  is  perpendicular  to  the  plane  of  symmetry.  Arrows  indicate 
the  positive  directions  of  motions  and  moments. 
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strain-gage  calibration  constant,  amp/volt/unit 
load 

rolling  velocity,  radians/sec 
pitching  velocity,  radians/sec 
yawing  velocity,  radians/sec 
time,  sec 

stability  system  of  axes,  defined  in  figure  1 
system  of  axes  used  for  oscillation  tests,  defined 
with  respect  to  the  stability  axes  by  the  direc- 
tion cosines 

angle  of  attack,  radians 

mean  or  static  angle  of  attack,  deg 

angle  of  sideslip,  radians  except  where  noted 

pitch  angle,  radians 

roll  angle,  radians 

yaw  angle,  radians 

angle  of  rotation  of  model  about  x'  axis,  radians 
except  where  noted 

small  angular  displacement  about  yf  or  zf  axis, 
radians 

direction  angles,  defined  in  figure  2,  deg 
phase  angles  of  a,  Tx'}  and  e/  with  respect  to  an 
arbitrary  reference 
air  density,  slugs/cu  ft 

circular  frequency  of  oscillation,  27r/,  radians/sec 
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Figure  2. — The  orientation  of  the  oscillation  axes,  the  a;',  y',  z'  system, 
is  obtained  by  assuming  an  orthogonal  system  which  is  originally 
coincident  with  the  stability  system  at  zero  angle  of  attack  and  with 
the  same  positive  directions  for  forces,  moments,  and  motions  as  being 
successively  rotated  about  the  y axis  by  an  angle  y and  the  x axis  by 
an  angle  X. 


w0 


0 

(•) 

n 

A(  ) 


wind-off  circular  frequency  of  oscillations,  ra- 
dians/sec 

d(  ) 

dt 

d2(  ) 
dt2 

maximum  value  of  a sinusoidally  oscillating 
quantity  ( ) 

incremental  value  of  a quantity  ( ) 


Subscripts  define  tlie  particular  axis  or  motion  to  which  the 
general  symbol  applies. 


THEORY 

SINGLE-DEGREE-OF-FREEDOM  OSCILLATORY  SYSTEM 

The  general  dynamic  motion  of  a rigid  airplane  with  no 
moving  control  surfaces  requires  six  differential  equations. 
Three  of  these  define  translation  and  three  define  rotation 
about  the  center  of  gravity.  If  the  center  of  gravity  of  a 
model  airplane  is  fixed  in  a wind  tunnel,  the  equations  involv- 
ing translation  can  be  eliminated  and  the  motion  is  defined  in 
terms  of  rotary  motions  and  derivatives  by  three  equations. 
The  system  can  be  further  restrained  so  that  rotation  occurs 
about  one  arbitrary  fixed  axis  only.  In  this  case  the  motion 
is  defined  by  oiie  equation  even  though  simultaneous  rolling, 
pitching,  and  yawing  motions  may  be  involved. 

Assume  an  orthogonal  coordinate  system,  the  x'y'z ' system 
(fig.  2),  the  origin  of  which  is  at  the  center  of  gravity  of  the 
model  airplane  and  in  which  rotation  of  the  model  is  always 


about  the  x'  axis.  Equilibrium  requires  that  the  summation 
of  the  moments  about  the  x ',  ?/',  and  z'  axes  be  equal  to  zero. 
The  equation  for  small  angular  oscillations  about  a static 
equilibrium  condition  can  be  written  in  terms  of  a single 
variable 

— Ix'z'Z — PA — Kya-\-  AL'-\-Tx'— 0 (1) 


The  sign  convention  of  figure  2 requires  that  if  7*v,  Py , 
and  Ky  are  considered  positive  quantities,  their  respective 
moments  must  be  prefixed  by  a negative  sign  since  they  op- 
pose the  motion.  The  quantity  A Lf  is  the  sum  of  all  aero- 
d3rnamic  moments  about  the  axis  of  oscillation  arising  from 
angular  deflection,  velocity,  acceleration,  etc.,  about  the  static 
equilibrium  condition.  The  aerodynamic  moments  due  to 
angular  acceleration  and  higher-order  terms  are  generally 
neglected  in  stability  calculations,  permitting  the  assumption 
that 


aT,  bU  ,5/7. 

A //=-=-—  a-\ — a 
da  da 


(2) 


=\’v,sb(2v°'i°+°y  »> 

and  equation  (1)  could  be  written 

W«+(pz—\  pVSVC^  °+(Kx'~\  PV2Sb0c)  a=T*'  <4) 

It  is  apparent  from  the  left-hand  side  of  equation  (4)  that 
Ci.  is  an  aerodynamic  damping  coefficient  and  that  a nega- 
tive value  of  Ci\  would  result  in  a positively  damped  oscilla- 
tion. A negative  value  of  the  coefficient  Ci'a  would  result  in  a 
positive  restoring  moment  about  the  axis  of  oscillation.  The 
sign  convention  is  thus  parallel  to  that  of  the  stability  deriva- 
tives about  the  stability  axes. 

Equations  expressing  the  equilibrium  of  moments  about  the 
y'  and  s'  axes  for  small  oscillations  about  the  x ' axis  can  also 
be  written 

— IX’A  + AM ' — Ky  ey — 0 (5) 

— Iyya^r  ANf — Kyey= 0 (6) 

Equations  (5)  and  (6)  can  be  written  in  this  simple  form  only 
if  ey  and  ez'  are  sufficient! y small  compared  with  a that  their 
effects  are  negligible  in  equations  (1),  (5),  and  (6)  except  for 
the  terms  Kyey  and  Kyey.  This  is  accomplished  by  limiting 
ey  and  ey  to  very  small  values  but  making  Ky  and  Ky  very 
large.  In  other  words,  the  model  would  be  relatively  easy 
to  deflect  about  the  x'  axis  but  very  stiff  about  the  y'  and  s' 
axes.  From  a development  similar  to  that  of  equations  (3) 
and  (4)  it  can  be  shown  that 


-I^+lpV’Sbi 

Cm^a^  Kyey 

(7) 

-Wc+\pV*Sb( 

'JyO.’ii+0,y-K,„. 

(8) 

The  values  of  the  aerodynamic  coefficients  in  equations 
(4),  (7),  and  (8)  will  change  with  the  orientation  of  the  oscilla- 
tion axes  in  the  wind  tunnel  and  the  attitude  of  the  model 
with  respect  to  the  air  stream.  These  changes  are  related  to 
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-changes  in  magnitude  and  relative  contribution  of  the  sta- 
bility derivatives,  ordinarily  measured  about  the  stability 
axes  defined  in  figure  1.  The  geometric  relation  between  the 
oscillation  system  of  axes  (the  x'y'z ' system)  and  the  stability 
axes  (the  xyz  s}7stem)  is  completely  defined  by  tne  direction 
cosines  between  the  two  systems.  These  can  be  symbolized 
in  the  following  matrix  form 


x' 

y' 

z' 

X 

A 

D 

G 

V 

B 

E 

II 

Z 

c 

F 

J 

(9) 


where,  for  example,  the  cosine  of  the  angle  between  the  y and 
z'  axes  is  H. 

The  numerical  evaluation  of  these  direction  cosines  is 
somewhat  complicated  since  the  stability  axes  do  not  remain 
fixed  with  respect  to  the  oscillation  axes  as  the  angle  of  attack 
is  changed,  as  is  apparent  from  a study  of  figures  1 and  2. 
It  will  be  shown  later  in  the  appendix  that  certain  simplifica- 
tions are  possible  in  numerical  calculations  by  a less  direct 
approach  through  a set  of  model  axes.  Since,  however,  in 
the  present  discussion  the  direction  cosines  are  considered 
only  in  syunbolic  form,  it  is  not  necessary  to  introduce  this 
additional  step. 

Small  angular  motions  about  the  axis  of  oscillation  can  be 
resolved  into  component  motions  of  roll,  pitch,  and  yaw 
about  the  stability  axes.  The  relative  magnitude  of  each 
component  depends  on  the  direction  cosine  between  the  x' 
axis  and  the  roll,  pitch,  or  yaw  axes,  and,  with  the  approxi- 
mations sin  <r=cr,  cosine  <7=1 


A(p=Aa  <p=p=Acr 
A 6 ]=B<j  d=q=Ba  f 

A\p—  Ca  \f=  r = Ccr 

J 


(10) 


The  moments  about  the  stability  axes  can  be  expressed  in 
terms  of  the  aerodynamic  stability  derivatives 

AL=i  pV2Sb  [A  ( [C^+C^+Crfy+C^AL 3)]  (11) 

AM=i  f>V2S^Jp  (Gmqd+Cn.a)  + C„a(Aa)]  (1 2) 

AiV=|  PV2Sb  (Cnpv+Cnri+Cn.i3)+Cn(i( A0)]  (13) 


For  straight  flight,  as  in  the  wind  tunnel,  a— 0 and 
The  aerodynamic  moments  can  then  be  referred  back  to  the 
oscillation  system  of  axes  through  the  direction  cosines. 

AU=A(AL)+B(AM)+C(AN)  (14) 

AM^DiAfy+EiAty+FiAN)  (15) 

A N'=  G(AL)+H(AM)+  J(AN)  (16) 


Thus,  the  aerodynamic  moments  indicated  in  equation; 
(1),  (5),  and  (6)  for  oscillation  about  an  arbitrary  axis  an 
defined  in  terms  of  moments  about  the  stability  axes  b} 
equations  (14),  (15),  and  (16).  The  aerodynamic  coefficient: 
which  depend  on  the  angular  velocity  of  the  model  can  b< 
derived  in  terms  of  the  stability  derivatives  as 

C,i=W*Sb  ZT^A2GlpAA0{GnpAC,'~G,^)  + 

° 2V 

B2  j,  (Omq+  Cm.) + O2  (0n-0n.)  (1 7 

Cm’.=ADClp+CD  (c,-Otj)+EB^(Gmt+Gm^  + 

AFCnp+Fc(0n-Cn.)  (IS 
Cn:=AGC,,+  CG(cl-C,t)+HB  ~ (onq+Om.)  + 

AJCnp+Cj(on-Cn.)  (19; 

Those  coefficients  which  depend  on  displacement  of  the  mode 
become 


Ci 


bLr 


' PV2Sb  ba 


-ACC\+B2^Cma-C2Cn0  (20; 


Cm'  = —DCCi„+EB  ~ Cm-FCa 


h 


(21; 


Cn'=-GCCl0+HB  x Cm  -JCC7 


np 


(22; 


In  equation  (17)  Ci\  is  the  aerodynamic  damping  coefficienl 
measured  about  the  axis  of  oscillation  in  the  wind  tunnel 
If  the  xf  axis  coincides  with  the  x axis,  the  oscillation  would 
be  pure  roll.  In  this  case  A2=l  and  AC=B2=C2= 0 sc 
the  measured  damping  coefficient  would  be  Ctp,  the  damping- 
in-roll  coefficient.  Similarly,  a pure  pitching  or  yawing 
oscillation  would  result  in  the  measurement  of  damping  in 
pitch  or  damping  in  yaw. 

In  general,  one  stability  derivative  can  be  obtained  from 
each  separate  physical  measurement.  In  equations  (17) 
(18),  and  (19)  there  are  eight  stability  derivatives  which 
depend  on  angular  velocity;  however,  these  derivatives  form 
only  five  independent  terms.  The  derivative  Cmq  always 
appears  with  Cm • in  the  above  since,  for  the  pure  rotary 
motions  considered,  q is  always  equal  to  a.  (See  ref.  4.) 
Similarly,  since  r=~j3  in  a test  of  this  type,  Clr~~Cr0  appears 
as  one  term  and  Cnr~Cn^  as  another.  The  evaluation  oJ 
these  five  terms  (Cl?)  CUp,  C mg+Cm^  Ci-C^  and  Cn- 
Cn0)  requires  five  unique  measurements. 

Equations  (17),  (18),  and  (19)  can  be  considered  in  a 
purely  formal  way  as  the  basis  for  a system  of  equations 
containing  the  unknown  stability  derivatives.  Assuming 
that  five  values  of  Cm\,  or  Cn\  are  available  from  wind- 

<j  a <r 

tunnel  measurements,  along  with  the  appropriate  direction 
cosines  for  the  axes  about  which  the  measurements  were 
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made,  a system  of  five  equations  could  be  formed.  These 
equations  could  then  be  solved  simultaneously  for  the  five 
stability  derivatives,  providing  the  equations  are  mathe- 
matically determinate. 

The  necessaiy  values  of  (7^,  Cm[,  or  Cn\  which  lead 

a a a 

to  the  velocity  derivatives  and  <7*;,  Cm'a,  or  Cn’a  which 
Lead  to  the  static  derivatives  are  obtained  from  plwsical 
measurements  of  the  model  oscillation  through  equations 
(4),  (7),  and  (8).  Measurements  can  be  made  of  the  frequency 
of  oscillation  <*>,  the  input  torque  TV,  the  oscillation  ampli- 
tude a , and  the  small  angular  deflections  ev * and  e2>.  There 
is  considerable  latitude  in  the  choice  of  axes  of . oscillation 
and  the  particular  quantities  to  be  measured  within  the 
general  confines  of  mathematical  determinateness  of  the 
stability  derivatives.  Note,  however,  that  ev>  and  e2'  are 
inherently  more  difficult  to  measure  than  a.  The  small 
displacements  and  high  stiffness  required  about  the  yf  and  z' 
axes  to  maintain  the  validity  of  equations  (4),  (7),  and  (8) 
impose  a limitation  on  the  accuracy  of  measurements  about 
these  axes.  Friction,  backlash,  and  interaction  become  of 
increasing  importance  as  the  displacement  is  reduced.  Some 
measurements  must  be  made  in  conjunction  with  large  static 
pitching  moments  or  aerodynamic  disturbances  of  a random 
nature  and  these  factors  will  affect  the  design  of  the  appara- 
tus and  the  accuracy  of  the  system.  These  factors,  and 
the  methods  used  to  relate  the  measurements  of  2V,  w,  <r,  ev> 
and  ez>  to  the  derivatives  CV.,  Cn\,  etc.,  are  discussed  in 

a o 

subsequent  sections.  The  direction  cosines  which  relate  the 
derivatives  CV,  Cn’  etc.,  to  the  various  stability  deriva- 

<7  C 

tives  in  equations  (17)  through  (22)  are  given  in  the  appendix. 

FEEDBACK  CONTROL 

As  indicated  in  the  preceding  section,  measurement  of  the 
aerodynamic  derivatives  depends  upon  an  analysis  of  a 
single-degree-of-freedom  oscillation  defined  by  equation  (4) 
repeated  here  for  convenience. 

pVSbW,^  c+(kx- \ pV’SbC ,;)  <j=Tz’ 

(4) 

In  the  case  of  a free  oscillation  Tx>  would  become  zero  and 
the  oscillation  would  be  a damped  sinusoid.  Use  of  this 
method  is  generally  limited  to  test  conditions  which  would 
not  result  in  oscillatory  instability  as  there  is  no  control  over 
the  amplitude  once  the  oscillation  is  initiated. 

For  the  forced  oscillation  Tx*  in  equation  (4)  is  a sinusoidal 
function  of  time.  One  case  of  interest  is  where  the  frequency 
of  the  applied  torque  corresponds  to  the  undamped  natural 
frequency  of  the  oscillatory  system.  At  this  frequency  the 
inertia  moments  balance  the  restoring  moments  and  the 
final  amplitude  after  the  decay  of  initial  transients  corre- 
sponds to  a balance  between  the  damping  moments  and  the 
applied  torque.  The  maximum  angular  velocity  of  oscilla- 
tion can  be  obtained  with  a minimum  of  input  torque  at 
this  frequency,  as  the  entire  input  is  used  to  overcome  the 
damping.  It  is  thus  a desirable  operating  point  both  from 
the  standpoint  of  power  requirements  and  accuracy  in 
measuring  the  damping. 


One  disadvantage  with  the  forced-oscillation  system  oper- 
ating at  the  resonant  frequency  is  that,  as  with  the  free- 
oscillation  system,  testing  cannot  be  conducted  where  oscilla- 
tory instability  is  encountered.  At  high  Mach  numbers  and 
high  angles  of  attack  where  minor  changes  in  test  conditions 
may  produce  changes  in  the  aerodynamic  derivatives,  a 
steady-state  oscillation  is  very  difficult  to  maintain.  In 
situations  such  as  this,  feedback  control  of  the  oscillation 
should  be  considered  as  it  provides  a means  for  automatically 
stabilizing  the  amplitude  and  the  frequency  of  the  oscillation 
for  any  variation  of  damping,  either  positive  or  negative, 
within  the  capacity  of  the  forcing  system. 

The  system  of  feedback  control  used  in  the  present  ap- 
paratus evolved  from  unsuccessful  experiments  with  the 
forced-oscillation  technique  described  above  at  high  subsonic 
Mach  numbers.  After  the  development  of  the  feedback 
system  it  was  found  that  Bratt,  Raymer,  and  Miles  in 
.England  had  used  a similar  technique  in  1942  but  the  results 
of  their  experiments  are  not  generally  available.  The 
principle  of  operation  is  similar  to  that  of  the  amplitude- 
stabilized  feedback  oscillator. 

The  oscillatory  system  was  formed  by  the  moment  of 
inertia  of  the  model  and  the  stiffness  of  the  restoring  springs. 
Torque  was  applied  to  this  system  in  the  present  case  through 
a linkage  with  an  electromagnetic  shaker.  It  is  convenient 
to  think  of  the  shaker  system  as  a transducer  which  converts 
an  electrical  signal  input  into  a torque.  A strain  gage 
indicating  the  angular  deflection  of  the  model  converted  the 
oscillation  amplitude  into  an  electrical  signal.  Feedback 
was  accomplished  by  using  amplified  voltage  from  the  strain 
gage  as  a source  of  electrical  signal  to  the  shaker.  Velocity 
feedback  was  used  in  this  case  and  the  strain-gage  signal  of 
oscillation  amplitude  was  differentiated  electronically  before 
being  introduced  into  the  shaker. 

Thus,  for  a system  with  velocity  feedback 

T*=gir  (23) 

and  equation  (4)  could  be  written 

W°+(Pz-\  pVSVGt-g)  *+tyx'~i  pV'SbC ,;)  <r=0 

(24) 

If  g and  the  aerodynamic  derivatives  are  constants,  equation 
(24)  is  linear.  The  case  of  interest  is  where 

PI'-\pVSbiCl'-g=Q  (25) 

4 <r 

In  this  case, 

a=aei(at  (26) 

The  oscillations  are  sinusoidal  and  of  constant  amplitude. 

The  oscillation  frequency  is  the  undamped  natural  frequency, 
given  by 

iv 

The  peak  amplitude  of  the  oscillation,  <7,  cannot  be  defined 
independently  of  initial  conditions  if  the  terms  in  equation 
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(24)  are  constant  as  assumed.  Amplitude  stabilization  would 
require  that  the  final  oscillation  amplitude  be  independent 
of  the  initial  conditions  in  the  same  sense  that  a “limit  cycle” 
is  independent  of  the  starting  conditions  in  a nonlinear 
oscillatory  system.  The  transfer  function,  g,  of  the  feedback 
loop  can  be  designed  to  vary  with  oscillation  amplitude  in 
such  a way  as  to  produce  positive  feedback  at  low  amplitudes 
and  negative  feedback  at  high  amplitudes  with  a limit  cycle 
at  some  intermediate  amplitude.  This  type  of  stabilization, 
however,  would  appear  to  conflict  with  the  requirement  that 
g and  the  other  coefficients  in  equation  (24)  be  constants  for 
sinusoidal  motion.  These  conflicting  requirements  can  be 
satisfied  within  practical  limits  by  allowing  g to  vary  with 
oscillation  amplitude,  but  at  such  a slow  rate  that  it  remains 
essentially  constant  through  one  cycle  of  operation. 

A rudimentary  circuit  of  a quasi-linear  element  which 
could  be  inserted  in  the  feedback  loop  to  stabilize  the  ampli- 
tude of  oscillation  is  shown  schematically  in  figure  3 (a) 
along  with  a sketch  of  its  transfer  function,  figure  3 (b) . The 
thermister  is  the  nonlinear  control  element.  It  is  charac- 
terized by  a high  negative  temperature  coefficient  of  resist- 
ance and  as  current,  either  alternating  or  direct,  is  passed 
through  it  the  resultant  heating  causes  its  resistance  to 
change.  The  thermal  and  heat-transfer  characteristics  of 
the  thermister  determine  the  time  required  to  reach  a new 
resistance  following  a change  in  current.  There  are  many 
variations  of  the  principle  illustrated  in  figure  3 which  would 
produce  an  equivalent  result  and  which  can  be  found  in  the 
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Model  dynamics 


Differentiator”"!  Amplifier 
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strain  gage 


Amplitude 

control 


(a) 


(a)  Excitation  system. 

(b)  Computing  system. 

Figure  4. — Block  diagram  of  the  excitation  and  computing  systems. 


(a)  Simplified  schematic. 

(b)  Transfer  function  for  several  fixed  positions  of  the  control 

potentiometer. 

Figure  3. — Simplified  characteristics  of  the  amplitude-control  circuit. 


literature  on  amplitude  stabilization  of  electronic  oscillators. 

A schematic  diagram  of  the  complete  feedback  control 
loop  is  shown  in  figure  4 (a).  With  this  system  the  input 
torque,  given  by  ga,  can  be  made  equal  and  opposite  to  the 
damping  moments  acting  on  the  model  for  any  value  of  <r 
by  an  adjustment  of  the  potentiometer  in  figure  3 (a).  For 
amplitudes  less  than  the  desired  amplitude  the  damping 
moment  will  be  less  than  the  applied  torque  and  oscillations 
will  build  up  from  rest.  For  amplitudes  greater  than 
desired,  the  damping  moments  will  be  greater  than  the 
applied  torque  and  oscillations  will  decrease.  The  only 
stable  operating  point  is  where 

Px—\  pVSb2C,'.-g= 0 (28) 


and  this  can  be  shown  to  apply  whether  the  aerodynamic 
damping  is  positive  or  negative. 


ANALOG  COMPUTING  SYSTEM 


By  use  of  the  feedback  control  system  described,  the 
static  derivatives  Oma , On0,  and  CiB  can  be  determined  from 
equation  (27)  and  an  accurate  measurement  of  the  change 
in  oscillation  frequency  between  the  wind-on  and  wind-off 
test  conditions.  The  equation  for  (7,'  can  be  obtained  from 
equation  (27) 


^[(0-0 


(29) 


Three  values  of  C are  required  for  different  orientations  of 
the  axis  of  oscillation.  Inserting  these  values  into  equation 
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20)  with  the  appropriate  direction  cosines  provides  three 
squations  for  the  unknowns  Cma,  On&)  and  Cl&. 

Measurement  of  the  velocity  derivatives  is  more  difficult. 
Early  attempts  to  record  the  output  of  strain  gages  with  an 
oscillograph  and  then  to  measure  the  amplitude  and  phase 
position  of  each  trace  proved  to  be  an  expensive  and  time- 
onsuming  task  even  with  the  aid  of  automatic  digital  com- 
muting equipment.  The  analog  computing  system  discussed 
Lerein  performs  the  same  mathematical  processes  as  the 
[igital  computing  machine,  but  does  so  at  the  time  the  data 
re  taken  and  results  in  a considerable  saving  in  the  time  and 
xpense  devoted  to  data  processing. 

The  measurements  required  in  this  case  for  a determination 
f the  velocity  derivatives  were  a,  TV  and  either  €„>  or  €2^. 
Cach  of  these  time-varying  quantities  can  be  represented  as 
. Fourier  series  in  co t by  the  general  expression 

r(t)=a0-\-ai  cos  W/+&!  sin  <*>/.+  . . . an  cos  nut-\-bn  sin  ncot 

(30) 

diere  w is  the  fundamental  frequency  of  oscillation.  Higher- 
rder  terms  are  always  present  to  some  degree  because  of 
uffeting  of  the  model,  wind-tunnel  vibration,  etc.;  however, 
nly  the  fundamental  component  in  F(t)  is  of  interest.  The 
mplitude  and  phase  position  of  the  fundamental  can  be 
etermined  from  the  Fourier  coefficients,  defined  by 


1 

<h=~ 

* * 

( F(t)  cos  wt  d(ut) 

(31) 

bx=~ 

IT. 

|*  F(t)  sin  ut  d(wt) 

(32) 

If  strain-gage  bridges  are  located  in  the  oscillation  appa- 
&,tus  in  such  a position  as  to  indicate  cr,  TV,  and  e^,  the 
utput  of  each  gage  would  be  proportional  to  the  product  of 
pplied  voltage  and  gage  deflection.  Introducing  a voltage 
ito  each  gage  of  e cos  cot  results  in  a gage  output  current  of 

i=keF(t)  cos  cot  (33) 

s in  equation  (30),  w is  the  fundamental  frequency  of  oscil- 
lation so  that  upon  expanding,  equation  (33)  becomes 

—ke  (a0  cos  <*>t- h"^+7jr  cos  2o>t-\-bi  sin  cot  cos  «£+  . . 

(34) 

well-damped  deflection  galvanometer  having  a time  con- 
2tt 

.ant  much  greater  than  — will  not  respond  to  currents  of 

indamental  frequency  and  above.  Its  deflection  will  be 
roportional  to  the  average  galvanometer  current,  given  by 

i r2r 

%v =o"  id(pt)  (35) 

-tt  jo 

T ith  equations  (34)  and  (35),  an  expression  for  ax  can  be 
stained  in  terms  of  the  average  galvanometer  current 

<“~W  <36> 


Wherein  iav  and  e can  be  measured  directly  at  the  time  of 
the  test  and  & can  be  obtained  from  a static  calibration  of 
the  strain  gage.  Simularly,  bx  can  be  measured  using  a sine 
wave  of  voltage  in  place  of  a cosine  wave.  The  90°  phase 
separation  between  the  sine  and  cosine  voltages  was  obtained 
in  this  case  using  the  input  and  output,  respectively,  of  an 
electronic  integrator.  This  integrator  and  other  active  com- 
ponents in  the  computing  circuitry  consist  essentially  of  high 
gain  d-c  amplifiers  in  which  the  input  and  feedback  imped- 
ances to  each  amplifier  determine  its  specific  function. 
Similar  components  were,  used  in  the  feedback  loop  described' 
previously. 

A schematic  diagram  of /the  computing  system  used  is 
shown  in  figure  4(b).  The  signal  source  for  the  sine  and 
cosine  voltages  was  the  strain  gage,  indicating  oscillation 
amplitude,  that  was  used  to  excite  the  feedback  loop.  The 
reversing  switch  was  used  to  apply  the  sine  and  cosine 
voltages  alternately  to  each  gage.  These  voltages  were 
measured  simultaneously  with  each  reading  by  means  of  the 
rectifier  circuits  ex  and  e2  and  the  galvanometers.  The  feed- 
back loop  through  the  attenuator  was  used  to  suppress  any 
unusually  large  variations  in  direct  current  through  the 
integrator,  and  the  capacitors  prevented  this  direct  current 
from  appearing  at  the  output. 

The  in-phase  and  out-of -phase  components,  ax  and  bX) 
respectively,  of  TV,  e/,  ez',  and  a are  used  to  determine  the 
maximum  amplitude  and  relative  phase  position  of  each. 
Only  the  component  of  TV,  v,  and  ey  in  quadrature  with 
the  amplitude  is  required  to  calculate  the  mechanical  damp- 
ing and  the  velocity  derivatives.  For  example,  with  the 
notation 

( r= a sin  (c ot-\-fx)  t 

TV=TV  sin  (cot+v) 

V—  V sin  (cot  + £) 

the  velocity  coefficients  for  each  oscillation  condition  can  be 
calculated  from  equations  (4)  and  (7)  as 


, 4 fp  'J-’z'  sin  (y— /i)*] 

; pvsb2i  z a,t  J 

(37) 

Cm°  pVSb 2 cov  sin(? 

(38) 

Four  values  of  Cx'.  and  one  of  Cm'.  were  required  in  this 

a a 

case  which,  with  equations  (17)  and  (18),  yielded  the  five 
rotary  derivatives  C,,  C„,  C’+Cm.,  C,  and  C'„-On.. 

V V V a r 0 B 

OPERATION 

DESCRIPTION  OF  APPARATUS 

The  oscillation  mechanism  necessary  for  the  dynamic  tests 
was  housed  in  a sting  assembly  which  was  matched  to  the 
dynamic  model  and  the  wind-tunnel  model  support  in  such 
a way  that  it  was  interchangeable  with  the  stings  normally 
used  for  static  testing.  It  was  thus  possible  to  measure  the 
static  force  and  moment  characteristics  and  the  d}7namic 
stability  derivatives  under  identical  test  conditions. 
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Figure  5. — Model  airplane  installed  on  oscillation  mechanism  in  wind- 
tunnel  test  section. 


A model  airplane  mounted  on  the  oscillation  equipment 
in  the  wind  tunnel  is  shown  in  the  photograph,  figure  5.  An 
electromagnetic  shaker  was  housed  in  the  enlarged  portion 
of  the  sting  downstream  of  the  model  airplane.  Special 
model  construction  was  required  to  obtain  the  necessary 
strength  with  a minimum  of  weight  since  a reduction  in 
weight  simplified  many  of  the  other  design  problems,  par- 
ticularly those  relating  to  the  supporting  springs.  Designed 
for  a wing  loading  at  high  Mach  numbers  of  approximately 
400  pounds  per  square  foot,  the  weight  of  the  model  in 
figure  5 is  approximately  5 pounds  per  square  foot  of  wing 
area. 

A general  view  of  the  electronic  equipment  needed  outside 
the  test  section  is  shown  in  the  photograph,  figure  6.  The 
console  on  the  right  in  the  photograph  is  the  power  supply 
for  the  electromagnetic  shaker  housed  in  the  model  support- 
ing sting.  The  panel  rack  on  the  left  contains  a counter  for 
measuring  frequency  and  the  various  electronic  feedback 
and  computing  elements  illustrated  in  the  block  diagrams, 
figure  4.  The  galvanometer  and  read-out  system,  not  shown 
in  figure  6,  is  the  same  as  that  normally  used  for  static  tests 
with  a strain-gage  balance. 

Two  oscillation  mechanisms  were  built,  one  for  pure  pitch- 
ing  or  yawing  oscillations  in  which  the  oscillation  axis  was 
perpendicular  to  the  longitudinal  axis  of  the  supporting 
sting,  and  one  for  combined  rolling  and  pitching  or  rolling 
and  yawing  in  which  the  axis  of  oscillation  was  inclined  45° 
to  the  longitudinal  axis  of  the  sting.  The  essential  features 


of  these  mechanisms  are  shown  in  figures  7,  8,  and  9.  Th 
crossed  flexure  pivots  position  the  model  and  provide  th 
spring  restraint  for  the  oscillatory  system.  The  axis  a 
which  the  flexure  pivots  cross  is  the  axis  of  oscillatior 
Several  sets  of  flexure  pivots  of  different  thickness  wer 
provided  which  permitted  testing  at  frequencies  from  ap 
proximately  3 to  10  cycles  per  second.  Each  of  thes 
mechanisms  could  be  driven  by  a shaker  with  a reciprocatin 
motion  of  the  push  rod. 

The  measurement  of  ev>  and  required  special  considers 
tion  as  these  quantities  are  more  difficult  to  measure  tha 
o)j  Tx and  <r  because  of  the  small  deflections  involvec 
An  examination  of  equation  (17)  shows  that  all  the  stabilit 
derivatives  which  depend  on  angular  velocity  of  the  modi 
influence  the  damping  of  the  oscillation.  The  four  groups  c 
terms  which  appear  in  equation  (17)  can  be  resolved  int 
measurements  of  w,  Tx,,  and  a in  a series  of  four  tests  i 
which  all  test  conditions  remain  constant  except  for  change 
in  orientation  of  the  axis  of  oscillation.  In  other  words 
Cmq+Cma,  Clp,  and  Cn—Cn^  can  be  resolved  by  measure 

ments  of  damping,  but  only  the  sum  of  the  cross  derivative 
Cn  -\-Ci  —Ci.  can  be  determined  in  this  manner.  At  leas 

p T fa 

one  additional  measurement  of  ey'  or  e2q  represented  b 
equations  (18)  and  (19),  is  required  to  resolve  these  tw 
derivatives. 


Figure  6. — General  view  of  electronic  feedback  and  computing  equi 
ment  used  for  the  oscillation  tests. 
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Figure  7. — Oscillation  mechanism  with  oblique  axes  showing  the  cross- 
torque  gage  used  in  early  tests. 


Figure  7 represents  an  early  version  of  the  oscillation 
mechanism  in  which  e/  was  measured  to  obtain  C„p  in  a 
rolling  and  pitching  oscillation.  Accuracy  was  expected  to 
be  a maximum  here  because  moments  due  to  other  aero- 
dynamic derivatives  would  have  little  effect  on  e„'.  This  is 
apparent  on  substituting  the  direction  cosines  for  a rolling 
and  pitching  oscillation  from  the  appendix  into  equation 
(18).  The  strain  gage  indicating  ev'  was  of  the  unbonded 
type  since  the  angular  deflection  about  the  yf  axis  was 
± 0.0005  radian  or  less.  The  deflection  was  held  within 
the  above  limits  by  the  radial  flexures  indicated  as  the  cross- 
torque restraint  in  figure  7.  This  gage  was  used  for  testing 
only  during  rolling  and  pitching  oscillations  and  was  mechan- 
ically disconnected  for  other  orientations. 

This  mechanical  arrangement  of  the  oscillation  mechanism 
proved  workable  but  experience  gained  over  several  months 
of  wind-tunnel  testing  revealed  some  undesirable  character- 
istics which  could  be  corrected  by  redesign.  One  difficulty 
was  due  to  an  interaction  between  the  cross  torque  and  the 
applied  torque.  Analysis  showed  that  deflections  of  the 
trunnion  to  which  the  crossed  flexure  pivots  and  the  cross- 
torque restraint  were  attached  could  result  in  an  indicated 
e„'.  It  was  established  from  a static  calibration  that  ap- 
proximately 6 percent  of  a moment  about  the  xf  axis  was 
measured  as  a moment  about  the  y'  axis  because  of  this 
interaction,  and  thus  a correction  to  the  measured  values  of 
Cm',  was  necessary  which  amounted  to  approximately  6 

percent  of  the  measured  values  of  C%.. 

a 

One  other  difficulty  with  this  system  was  due  to  unbalanced 
static  aerodynamic  moments,  which  do  not  appear  in  the 
dynamic  equations  because  they  remain  constant,  but  which 
ire  also  supported  by  the  mechanism.  The  largest  of  these 
moments  is  normally  the  pitching  moment,  and  the  range 
}f  angles  of  attack  for  testing  in  the  pitching  mode  is  thus 
limited  by  the  permissible  angular  deflection  of  the  flexure 
pivots  caused  by  the  static  pitching  moment.  It  is  seen 
that  the  cross  derivative  Cnp  is  measured  in  a combined 
rolling  and  pitching  mode  in  which  the  test  range  of  angles 


of  attack  is  limited  by  these  conditions;  whereas  the  remain- 
ing lateral-directional  derivatives  are  measured  in  a rolling 
and  yawing  mode  or  in  a pure  yawing  mode  and  are  thus  not 
limited  in  angle-of-attack  range  by  aerodynamic  pitching 
moments. 

A consideration  of  these  features  of  the  method  for  measur- 
ing C„p  led  to  the  design  of  an  alternative  arrangement  in 

which  the  other  cross  derivative,  Cx—Cx  , was  measured. 

r * 

This  was  done  by  measuring  the  rolling  moment  in  a yawing 

oscillation.  This  rolling  moment  includes  a contribution 

from  the  sideslip  derivative  C ^ which  at  high  speeds  can  be 

several  times  the  magnitude  of  the  moment  due  to  Cx  —Ct  . 

r 

(The  roll  axis  becomes  the  z'  axis  according  to  the  convention 
of  this  report,  and  the  moments  are  apparent  from  equations 
(8),  (19),  and  (22)  and  the  direction  cosines  for  a yawing 
oscillation  from  the  appendix.)  Experience  with  the  analog 
computing  system,  however,  indicated  that  the  accuracy  of 
the  system  was  adequate  for  separating  the  damping  deriva- 
tives from  the  stiffness  derivatives  by  their  difference  in 
phase,  and  that  C^—C^  could  be  measured  in  the  presence 

of  the  larger  moments  due  to  Ct  . 

An  expanded  view  of  the  yawing  oscillation  mechanism 
which  incorporates  a cross- torque  gage  for  measuring 
Cir—Ci ^ is  shown  in  figure  8.  The  2',  or  cross-torque,  axis 
lies  along  the  longitudinal  axis  of  the  model.  A strain-gage 
bridge  for  measuring  e/  was  formed  consisting  of  twTo  legs 
from  each  of  the  two  unbonded  strain  gages  shown  in  the 
photograph.  Static  tests  showed  that  this  gage  arrange- 
ment eliminated  interaction  due  to  forces  and  moments 
about  all  other  axes.  Subsequent  wind-tunnel  tests  showed 
that  the  lateral-directional  derivatives  could  be  measured 
through  a wide  range  of  angles  of  attack  without  the  neces- 
sity of  trimming  the  pitching  moments.  It  wras  found  that 
operation  was  fairly  smooth  even  at  high  speeds  and  angles 
of  attack  near  the  stall.  This  improved  performance  was 
attributed  to  the  fact  that  there  wrere  only  slight  changes  in 


Figure  8. — Expanded  view  of  a later  version  of  the  oscillation  mecha- 
nism for  yawing  or  pitching  illustrating  a more  satisfactory  method 
for  measuring  the  cross  torque. 
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Figure  9. — Rev  ised  v ersion  of  the  mechanism  illustrated  in  figure  7 in 
which  the  cross-torque  gage  has  been  eliminated. 


effective  angle  of  attack  or  lift  on  the  wing  during  a yawing 
oscillation  compared  with  the  larger  changes  encountered 
during  a pitching  or  rolling  oscillation.  This  design  thus 
proved  to  be  superior  to  that  shown  in  figure  7,  and,  as  a 
result,  the  cross-torque  gage  and  cross-torque  restraint  were 
eliminated  from  the  roll  and  yaw  oscillator  as  shown  in 
figure  9. 

The  accuracy  of  the  data  obtained  with  this  equipment 
is  believed  to  be  sufficient  for  most  dynamic  stability  calcu- 
lations. Errors  directly  assignable  to  the  computing  system 
are  quite  small,  within  1 percent  of  the  full-scale  capacity 
and  1°  of  arc  in  the  phase  angle.  Tare  damping  caused  by 
friction  and  other  internal  effects  in  the  model  and  mecha- 
nism was  measured  prior  to  each  run,  but  this  measurement 
was  used  primarily  as  an  indication  cf  trouble  in  the  equip- 
ment since  it  was  normally  less  than  2 percent  of  the  full- 
scale  capacity  and  was  neglected  in  computing  the  deriva- 
tives. The  vibration  characteristics  of  the  sting  and 
supporting  system  introduced  an  additional  possibility  of 
error  which  required  careful  study.  Calculated  vibration 
characteristics  of  the  support  were  used  as  a guide  to  evalu- 
ate the  test  conditions  under  which  support  vibration  might 
affect  the  measured  results,  but  these  calculations  were  not 
found  to  be  reliable  because  it  was  difficult  to  properly 
account  for  the  various  degrees  of  freedom  of  the  supporting 
structure.  In  some  cases  it  was  necessary  to  attach  guy 
wires  between  the  sting  and  the  tunnel  wall  to  prevent  the 
support  system  from  vibrating  at  the  model  oscillation  fre- 
quency and  thus  introducing  errors  in  the  measurements. 
In  most  tests,  however,  these  objectionable  frequencies  were 
avoided  and  the  results  were  the  same  whether  the  guy 
wires  were  attached  to  the  sting  or  not.  Through  tests 
with  independent  variations  in  Mach  number  and  Reynolds 
number,  both  of  which  affect  the  model  oscillation  frequency, 
and  with  the  guy  wires  on  and  off,  it  was  established  that 
systematic  errors  due  to  model  support  vibration  could  be 
eliminated  within  the  random  error  of  the  measurements. 


The  probable  random  error  in  a single  measurement  as 
a percent  of  the  full-scale  damping  capacity  was  found  tc 
be  less  than  lK  percent  for  both  C%m  and  Cn\  from  an  anal- 

a a 

ysis  of  repeated  measurements  on  a typical  model  for  Mach 
numbers  from  0.25  up  to  0.94  at  zero  angle  of  attack.  The 
accuracy  of  measurement  of  a single  derivative  depends  or 
its  relation  to  the  maximum  value  of  £7*'..  Thus,  for  con- 

a 

ventional  airplane  models  the  combined  random  and  system- 
atic uncertainty  in  a single  damping  derivative  C,  , C„  —Cn. 

or  Cm  *4“  Cm.  would  be  of  the  order  of  5 percent,  with  the 

9 a 

cross  derivatives,  Cnp  and  (7jr— CV,  being  subject  to  the 

p 

same  increment  of  certainty  as  Ctp  and  Cnr—Cn^ 

EXPERIMENTAL  DATA 

Figures  10,  11,  and  12  have  been  prepared  to  illustrate 
the  general  scope  of  elata  obtainable  with  the  oscillatioi 
apparatus  described.  These  data  were  obtained  at  a lov 
Mach  number  for  the  model  configuration  illustrated  ir 
figure  5.  Similar  data  have  been  obtained  at  Mach  numbers 
up  to  0.95. 

The  effects  of  oscillation  amplitude  and  reduced  frequency 
at  a selected  angle  of  attack  can  be  studied  from  measure 
ments  of  the  type  shown  in  figure  10.  It  is  sometimes 
desirable  to  measure  only  the  effect  of  frequency  or  ampli 
tude  on  certain  combinations  of  derivatives,  such  as 
Cnp+CiT—Ci . in  figure  10,  since  this  can  be  done  with  fewe 

measurements.  These  data  confirm  the  assumption  of  line 
arity  in  the  small  oscillations  of  an  airplane  about  an  equi 
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(b)  C1(1,  CB(J  vs.  am 
Figure  12. — Concluded. 


librium  position  and  indicate  that  the  effects  of  frequency 
on  the  stability  derivatives  are  negligible  for  the  test 
conditions  represented  in  figure  10. 

Data  of  the  type  illustrated  in  figures  11  and  12  can  be 
used  to  establish  the  variation  of  the  stability  derivatives 
with  angle  of  attack  for  a mean  oscillation  amplitude  and 
frequency  as  this  is  the  form  most  useful  in  dynamic  stability 
calculations.  The  data  shown  in  figure  11,  along  with  the 
lift-curve  slope,  are  the  aerodynamic  parameters  of  primary 
importance  in  estimating  the  short-period  dynamic  longi- 
tudinal stability  of  an  aircraft  with  the  control  surfaces 
fixed.  The  short-period  motion  in  this  case  is  essentially  a 
pitching  about  the  center  of  gravity  combined  with  vertical 
translation.  The  desirability  of  experimentally  separating 
Cm.  and  Cm  and  evaluating  other  derivatives  which  may 
affect  the  longitudinal  motion  depends  on  the  circumstances 
and  on  the  precision  required  but,  in  general,  the  important 
features  of  the  motion  can  be  estimated  without  these 
additional  aerodynamic  parameters.  In  the  stick-free  case, 
a third  degree  of  freedom  is  introduced  by  the  elevator  motion 
about  its  hinge  which  may  markedly  affect  the  response  of 
the  airplane  and  for  which  the  aerodynamic  contribution 
of  the  free  control  surface  would  have  to  be  considered  (ref.  5) . 

Data  of  the  type  illustrated  in  figure  12  can  be  used  in 
calculating  the  dynamic  lateral  stability  of  an  airplane. 
Analysis  of  the  lateral  oscillatory  motion  with  the  controls 
fixed  is  more  complicated  than  in  the  longitudinal  case 
because  of  the  three  degrees  of  freedom — rolling,  }rawing, 
and  sideslipping.  The  aerodynamic  parameters  required, 


in  addition  to  those  shown  in  figures  12  (a)  and  (b),  are  the 
side-force  coefficients  due  to  rolling  velocity,  yawing  velocity, 
and  sideslip  (ref.  6).  The  side  force  due  to  sideslip  can  be 
measured  or  estimated  from  steady-flight  considerations 
alone.  Measured  values  of  the  side  forces  due  to  rolling 
velocity  and  yawing  velocity  would  be  desirable,  but  in 
many  cases  these  forces  are  small  or  can  be  shown  to  have 
negligible  effect  on  the  motion  (ref.  7).  Here  again,  as  in 
the  case  of  the  short-period  longitudinal  motion,  free-control 
surfaces  may  radically  alter  the  aircraft  response  (ref.  5). 

Many  of  the  suggested  methods  for  calculating  dynamic 
lateral  stability  (e.  g.,  refs.  5,  6,  and  7)  do  not  consider  the 
effects  of  sideslip  velocity  j8  because,  for  typical  airplane 
configurations  used  in  the  past,  these  effects  have  been 
shown  to  be  small  (ref.  3).  This  may,  however,  not  be  the 
case  for  current  and  future  airplane  types.  The  effects  of 
Ci.  and  Cn.  on  the  lateral  oscillatory  motion  can  be  approxi- 

(i  fi 

mated  by  introducing  the  terms  Ci  — Cx . and  (L  — Cn . 

' 7 0 & 

into  the  equations  of  motion  (ref.  6)  in  place  of  Cif  and  CUr. 

This  would  indicate  that,  in  the  absence  of  independent 
measurements  of  Ct.  and  Cn.,  it  would  be  desirable  to  obtain 
values  of  Ci—Ci.  and  Cn—Cn.  from  oscillation  tests  since 
this  would  approximately  account  for  the  possible  effects 
of  sideslip  velocit}^  in  stabilit}^  calculations. 

Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  Sept.  20,  1954. 


APPENDIX 


General  methods  are  available  for  evaluating  the  direction 
josines  for  an  arbitrary  rotation  of  one  system  of  axes  with 
aspect  to  another.  (See,  e.  g.,  ref.  8.)  In  the  present 
iase  it  would  be  most  useful  if  the  direction  cosines  were 
evaluated  in  terms  of  the  angles  rj  and  X illustrated  in  figure  2. 
Hie  angle  rj  represents  the  mechanical  angle  by  which  the 
ixis  of  the  crossed  flexures  is  offset  from  the  longitudinal 
ixis  of  the  sting  and  X is  determined  by  keying  the  oscillation 
ipparatus  to  the  sting  in  the  proper  rotational  position, 
rhe  direction  cosines  used  in  equations  (17)  through  (22)  then 
aecome 


^1= cos  am  cos  Tj  sin  am  sin  rj  cos  X 
B= sin  y\  sin  X 

C = — (sin  am  cos  r}+ cos  am  sin  r?  cos  X) 
D— sin  am  sin  X 
E—  cos  X 
F=s\n  X cos  am 

G—  cos  otm  sin  ??  + sin  am  cos  tj  cos  X 
77  = — sin  X cos  r? 


(39) 


Use  of  these  values  for  the  direction  cosines  resulted  in  the 
determination  of  the  velocity  derivatives  about  model  axes, 
using  equation  (17),  (18),  or  (19),  as  explained  in  the  section 
on  Description  of  Apparatus.  The  transformation  from 
model  axes  to  stability  axes  was  made  with  the  following 
equations  where  the  double-primed  coefficients  refer  to  model 
axes. 


Ci  —ffl  cos2 sin2<xm+ 

P P \ T 0/ 

(Cn  +C"  — C'l.)  sinamcosam 

\ V T 0/ 

C, —C,.  = (c"  — C7.)cos2am— C'h  sin2 «m+ 

7 0 \ T 0/  p 

(c:  -C'n-  C'l ) sin  am  COS  am 
C„  =C”  COS2am — (C"  — C".')  sin2am+ 

P V \ T 0/ 

(c:  -C:-C';)S\nancosam 

\ T 0 p/ 

C„T—Cn.  = (c"  — <%'.)  COS2aw+CT  sin2am— 

7 p \ r p/  p 

( C'n  + C"  —C'l.)  sin  am  cos  <Xn 

\ V T 0/ 

Cm+Cm-C!n  +C l. 

9 a Q a y 


(40) 


J=  — sin  am  sin  77+ cos  am  cos  tj  cos  X J 

In  the  case  of  the  velocity  derivatives,  a considerable 
simplification  in  the  direction  cosines  can  be  obtained  by 
referring  them  to  a set  of  model  axes  which  coincide  with  the 
stability  axes  at  zero  angle  of  attack.  The  velocity  deriva- 
tives are  then  evaluated  first  about  model  axes  for  all  angles 
of  attack  and  then  transformed  to  stability  axes. 

Inserting  am=0  in  the  above  expression  for  the  direction 
cosines  results  in  the  following  values  for  the  tests  discussed 
herein,  where  the  double  primes  refer  to  model  axes: 


Type  of  motion 

Pitching 

Yawing 

Rolling 

plus 

pitching1 

Rolling 

plus 

yawing 

Rolling 

minus 

yawing 

V 

90° 

90° 

45° 

45° 

45° 

X 

90° 

0 

90° 

180° 

0 

1 

] 

1 

A" 

0 

0 

V2 

V 2 

V2 

1 

0 

1 

0 

0 

B" 

V2 

C" 

0 

-1 

0 

i 

1 

V2 

V2 

D" 



0 





E" 



0 





p,f 



1 





G" 

1 







H" 

0 





J " 

— 

0 

— 

— 

— 

The  displacement  derivatives  Cma,  Cn(3,  and  were  not 
evaluated  by  the  above  procedure  as  there  was  no  computa- 
tional advantage  in  this  case.  Equations  (17)  through  (22) 
are  developed  about  stability  axes  for  which  fi=—\p  and 
a=d.  The  use  of  these  same  relations  for  the  model  axes 
system  depends  on  the  presence  in  equations  (17)  through 
(19)  of  the  terms  due  to  rolling  velocity  and  the  advantage  in 
using  the  model  axes  system  is  that  thereby  certain  terms  are 
eliminated  in  the  equations  and  simple  solutions  obtained  for 
all  angles  of  attack.  On  the  other  hand,  the  use  of  this 
relation  for  the  displacement  derivatives  would  require  the 
introduction  of  corresponding  terms  due  to  roll  deflection 
about  model  axes.  It  can  be  shown  that  when  these  terms 
are  introduced,  the  resulting  equations  are  as  difficult  from 
the  computing  standpoint  as  the  direct  evaluation  of  the 
displacement  derivatives  about  stability  axes;  therefore,  in 
evaluating  the  displacement  derivatives  Cma,  On^  and  Ci 3, 
equation  (20)  and  the  direction  cosines  for  the  stability 
s}7stem  of  axes,  equation  (39),  were  used. 

It  is  important  to  note  the  difference  between  the  model 
axes  system  used  for  equation  (40)  and  the  system  of  body 
axes  used  in  many  stability  calculations.  The  orientation  of 
the  two  systems  of  axes  coincides  but  with  the  body  axes 
system  the  sideslip  angle  /3  is  defined  as  the  angle  between  the 
relative  wind  and  the  plane  of  symmetry  in  the  same  manner 
as  with  the  stability  axes.  With  the  approximations  sin 
a=a,  cos  <7=1,  the  sideslip  angle  referred  to  body  axes 
would  become 

£=—  \p"  cos  sin  am 


^This  mode  used  only  in  early  tests  (see  fig.  7). 


=(—C"  cos  sin  am)(r 
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This  value  for  p could  be  inserted  in  equations  (11),  (13),  and 
subsequent  equations  which  would  lead  to  modifications  of 
equations  (17)  through  (22)  and  these  new  equations  would 
then  represent  the  stability  derivatives  referred  to  body 
axes.  Therefore,  while  there  are  mail}7  similarities  in  the 
two  systems,  the  model  axes  system  used  in  equation  (40)  is 
not  a true  system  of  bod}r  axes  and  should  be  considered  only 
as  a computational  aid. 
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SOME  POSSIBILITIES  OF  USING  GAS  MIXTURES  OTHER  THAN  AIR 

IN  AERODYNAMIC  RESEARCH 1 

By  Dean  R.  Chapman 


SUMMARY 

A study  is  made  of  the  advantages  that  can  be  realized  in 
ompressible-flow  research  by  employing  a substitute  heavy  gas 
^ place  of  air . Most  heavy  gases  considered  in  previous  in- 
stigations are  either  toxic , chemically  active , or  (as  in  the  case 
f the  Freons)  have  a ratio  of  specific  heats  greatly  different 
wm  air.  The  present  report  is  based  on  the  idea  that  by  properly 
lixing  a heavy  monatomic  gas  with  a suitable  heavy  polyatomic 
as,  it  is  possible  to  obtain  a heavy  gas  mixture  which  has  the 
orrect  ratio  of  specific  heats  and  which  is  nontoxic , nonflamma- 
le,  thermally  stable , chemically  inert,  and  comprised  of  corn- 
ier daily  available  components . 

Calculations  were  made  of  wind-tunnel  characteristics  for 
S gas  pairs  comprising  21  different  polyatomic  gases  properly 
lixed  with  each  of  three  monatomic  gases  (argon,  krypton,  and 
mon).  For  a given  Mach  number,  Reynolds  number,  and 
mnel  pressure,  a gas-mixture  wind  tunnel  having  the  same 
pecific-heat  ratio  as  air  would  be  appreciably  smaller  and  would 
squire  much  less  power  than  a corresponding  air  wind  tunnel. 

L nalogous  though  different  advantages  can  be  realized  in  com - 
ressor  research  and  in  firing-range  research . 

The  most  significant  applications,  perhaps , arise  through 
electing  and  proportioning  a gas  mixture  so  as  to  have  at 
rdinary  wind-tunnel  temperatures  certain  dimensionless  char - 
cteristics  which  air  at  flight  temperatures  possesses  but  which 
ir  at  ordinary  wind-tunnel  temperatures  does  not  possess. 

! haracteri&tics  which  involve  the  relaxation  time  (or  bulk  vis- 
isity),  the  variation  of  viscosity  with  temperature,  and  the 
iriation  of  specific  heat  with  temperature  fall  within  this 
itegory.  Other  applications  arise  in  heat-transfer  research 
luce  certain  gas  mixtures  can  be  concocted  to  have  any  Prandtl 
umber  in  the  range  at  least  between  0.2  and  O.S. 

INTRODUCTION 

The  reasons  for  considering  gases  other  than  ah  as  possible 
3st  media  for  compressible-flow  research  stem  primarily 
*om  the  relatively  low  speed  of  sound  in  certain  gases.  In 
eneral,  the  heavier  the  gas,  the  lower  the  speed  of  sound  at 

fixed  temperature.  Hence,  experiments  conducted  at  a 
iven  Mach  number  in  a heavy  gas  will  be  conducted  at 
>wer  velocity  than  the  corresponding  experiment  in  ah. 
ome  significant  advantages  of  conducting  wind-tunnel, 
ring-range,  and  compressor  experiments  at  a reduced 
elocity  have  been  noted  previously  in  the  work  of  Theo- 

1 Supersedes  NACA  TN  3226  by  Dean  R.  Chapman,  1954,  to  which  various  additions  have 


dorsen  and  Regier  (ref.  1),  Smelt  (ref.  2),  Kantrowitz  (ref. 
3),  Huber  (ref.  4),  Buell  (ref.  5),  Donaldson  (ref.  6),  and 
von  Doenhoff  and  Braslovv  (ref.  7).  Some  uses  of  gases 
other  than  air  in  shock  tube  research  are  discussed  by  Duff 
in  reference  8.  These  investigations  show  that  the  substi- 
tution of  a heavy  gas  for  air  offers  the  possibility  of:  (1) 
extending  the  range  of  existing  research  apparatus;  (2) 
achieving  greater  economy  of  construction  and  operation  of 
large  high-speed  wind  tunnels;  and  (3)  providing  greater 
facility  in  obtaining  data  for  special  types  of  research. 
These  advantages  will  be  discussed  briefly  in  the  order  listed. 

The  possibility  of  extending  the  range  of  existing  apparatus 
was  clearly  demonstrated  by  the  experiments  of  Theodorsen 
and  Regier,  which  appear  to  be  the  first  compressible-flow 
experiments  in  which  supersonic  aerodynamic  data  were 
obtained  in  a gas  other  than  air.  By  rotating  propellers  in 
Freon  113  (CCI2FCCIF2,  having  a speed  of  sound  0.39  times 
that  of  air,  and  a density  6.5  times  as  great)  they  were  able 
to  achieve  tip  Mach  numbers  of  2.7;  whereas  the  highest 
tip  Mach  number  achieved  with  the  same  apparatus  using 
air  was  1.0.  Also,  much  higher  Reynolds  numbers  were 
obtained.  In  a similar  fashion,  Buell  employed  the  Freons, 
and  Donaldson  employed  xenon  as  the  test  medium  through 
which  projectiles  were  fired  in  order  to  obtain  Mach  numbers 
much  higher  than  could  be  obtained  with  the  same  apparatus 
by  firing  through  air.  An  extended  range  of  operation  of  a 
wind  tunnel  has  been  demonstrated  by  von  Doenhoff  and 
Braslow  who  report  that  the  maximum  attainable  test- 
section  Mach  number  of  the  Langley  low-turbulence  pressure 
tunnel  was  increased  from  0.4  to  1.2  by  replacing  air  witb 
Freon  12. 

A possibility  of  achieving  greater  economy  by  employing 
a substitute  heavy  gas  in  a wind  tunnel  arises  because  the 
test-section  dimensions  are  smaller  and  the  horsepower 
required  is  only  a fraction  of  that  required  for  an  air  wind 
tunnel  operating  at  the  same  Mach  number,  Reynolds 
number,  and  pressure.  Smelt  has  made  a general  study 
pointing  out  this  possibility  for  various  inert  gases  that  have, 
unfortunately,  a specific-heat  ratio  different  from  air.  The 
importance  of  reduced  power  requirements,  if  accomplished 
without  sacrifice  in  ratio  of  specific  heats,  needs  no  elabora- 
tion in  view  of  the  power  of  modern  wind  tunnels. 

The  third  advantage  mentioned,  namely,  facilitating 
certain  types  of  aerodynamic  research,  arises  in  two  separate 
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ways.  First,  for  a given  Mach  and  Reynolds  number, 
the  use  of  a hea\737  gas  with  its  low  velocity  of  sound  enables 
experiments  to  be  conducted  at  lower  velocity  and  lower 
pressure  than  if  air  were  emplo37ed;  this  results,  for  example, 
in  lower  stresses  in  wind-tunnel  models  as  well  as  in  models 
launched  from  a gun.  Similarly,  the  reduced  velocity 
enables  experiments  on  the  release  of  objects  from  super- 
sonic vehicles  to  be  conducted  at  smaller  scale  while  simu- 
lating the  required  value  of  the  Froude  number  ( UJ/gl ). 
Second,  and  more  important,  the  use  of  certain  gas  mixtures 
other  than  air  enables  some  of  the  dimensionless  parameters 
pertinent  to  hypersonic  flight  through  air  to  be  simulated  at 
the  usual  wind-tunnel  temperatures  which  cannot  be  simu- 
lated by  use  of  air  at  these  wind-tunnel  temperatures. 
Several  of  such  possibilities  are  discussed  later  in  this  report. 

As  regards  the  various  disadvantages  involved  by  using 
substitute  heavy  gases  in  aerod37namic  research,  the  main 
ones  are:  (1)  The  ratio  of  specific  heats  (y)  differs  from 
that  of  air  for  the  heavy  gases  proposed  thus  far;  (2)  the 
use  of  any  gas  other  than  air  results  in  more  severe  practical 
problems  of  operating  a research  facilit37.2  A general 
appraisement  of  the  various  advantages  relative  to  dis- 
advantages cannot  be  made  since  this  would  depend  on  each 
particular  case.  The  purposes  of  this  report  are  to  study 
various  heavy  gas  mixtures  which  appear  satisfactory  for 
aerodynamic  testing  and  to  evaluate  the  magnitude  of  the 
advantages  such  gases  offer.  Knowledge  of  these  advantages 
will  enable  a comparison  with  the  disadvantages  to  be  made 
in  a given  case. 

The  present  research  was  begun  upon  conception  of  the 
following  simple  idea:3  The  proper  ratio  of  specific  heats 
(7=1.4)  can  be  achieved  with  a heavy  gas  by  suitably 
mixing  a heavy  monatomic  gas  (y>1.4)  with  a heav37 
polyatomic  gas  (y<^1.4).  Exploitation  of  this  simple  idea 
turned  out  to  be  unexpectedly  arduous  because  of  difficulties 
involved  in  obtaining  adequate  chemical,  physical,  pharma- 
cological, and  thermodynamic  data  on  the  many  polyatomic 
gases  known  to  modern  chemistry.  Primarily  as  a result 
of  recent  developments  in  the  field  of  fluoro chemicals,  it  was 
possible  to  find  among  the  known  polyatomic  gases  over  30 
which  were  indicated  by  available  data  to  be  sufficiently 
nontoxic,  nonflammable,  chemically  inert,  and  thermally 
stable  to  justify  consideration.  Evaluation  of  the  relative 
advantages  of  each  polyatomic  gas  for  aerodynamic  testing 
requires  calculating  the  thermodynamic  properties  from 
spectroscopic  data,  determining  the  proper  proportions  for 
mixing  from  thermodynamic  properties,  and  then  computing 
the  density  and  viscosity  that  would  result  when  mixed 
with  each  of  three  monatomic  gases  considered  (argon, 
krypton,  and  xenon). 

2 A possible  disadvantage  sometimes  expressed  (e.  g.,  ref.  9)  is  that  the  relaxation  time  for 
molecular  vibrations  in  certain  polyatomic  gases  would  invalidate  data  obtained  at  super- 
sonic velocities.  However,  for  most  gases  considered  here,  this  is  believed  not  to  be  the  case. 
Reasons  for  this  are  discussed  later. 

* After  completion  of  the  main  body  of  calculations,  a short  unpublished  note  by  E.  F.  Relf, 
in  England,  became  available  in  which  the  possibility  of  obtaining  the  proper  ratio  of  specific 
heats  through  mixing  gases  also  was  pointed  out.  Relf  made  a rough  estimation  for  a mixture 
of  sulfur  hexafluoride  and  xenon,  which  is  one  of  the  mixtures  considered  in  the  present 
research. 


NOTATION 

a speed  of  sound 
c speed  of  light 
cv  specific  heat  per  unit  mass 
Cv  specific  heat  per  mole 
OR  wind-tunnel  compression  ratio 
<7  acceleration  of  gravity 
h Planck’s  constant 
H molar  enthalpy 
HP  horsepower 
k Boltzman’s  constant 
l characteristic  length  of  model 

L characteristic  dimension  of  wind-tunnel  test  sectio 
m molecular  weight  (29  grams  per  mole  for  air) 

M Mach  number 
n number  of  atoms  per  molecule 
p pressure 

q dynamic  pressure,  -pu2 

R universal  gas  constant  per  mole  (1.987  cal.  mole 
°K“1) 

Re  Reynolds  number 
T temperature 
u velocity 

V volume  of  gas 

w mass-flow  rate,  ( pu ) times  (cross-section  area) 
x mole  fraction,  equal  to  ratio  of  partial  pressure^ 
mixture  static  pressure  and  equal  to  fraction  l 
volume 

r relaxation  time 

Y ratio  of  specific  heats 

k bulk  viscosity  coefficient 
p mass  density 
p viscosity  coefficient 

wave  number  (cm-1,  from  spectroscopic  data) 

SUBSCRIPTS 

co  free-steam  conditions  in  test  section 
c critical  conditions  for  gaseous  phase  of  a compour 
t total  conditions  for  gas  brought  isentropically  to  re 
(wind-tunnel  reservoir  conditions) 

° 0°  centigrade 

1 monatomic  gas 

2 polyatomic  gas 

SUPERSCRIPTS 

quantity  divided  by  corresponding  quantity  for  air 

METHODS  OF  SELECTING  GASES  AND  COMPUTING  CHA 
ACTERISTICS  OF  VARIOUS  GAS  MIXTURES 

SELECTION  OF  GASES 

The  selection  of  monatomic  gases  for  consideration 
simple,  since  only  four  such  gases  are  known — argo 
krypton,  xenon,  and  radon — that  have  a molecular  weig 
greater  than  air.  Radon,  the  heavist  of  all,  unfortunate 
must  be  excluded  because  of  its  radioactivit37.  The  remainii 
three  gases  are  complete^7  inert.  Some  of  their  properti 


SOME  POSSIBILITIES  OF  USING  GAS  MIXTURES  OTHER  THAN  AIR  IN  AERODYNAMIC  RESEARCH 


183 


which  experimental  data  could  be  found  is  given  in  the 
following  table: 


Gas 

Viscosity  at  0°  C 
in  micropoises 

Calcu- 

lated 

Experi- 

mental 

Ar 

210 

210 

Kr 

220 

230 

Xe 

211 

210 

SF« 

146 

142 

ccizF}.. ; 

114 

118 

CHClFj 

119 

120 

CO2 

134 

137 

NjO-— 

132 

135 

Air*. 

170 

172 

This  agreement  is  satisfactory.  Consequently,  in  the  calcu- 
lations of  wind-tunnel  power  requirements,  experimental 
values  of  y are  employed  for  the  9 gases  listed  above,  but 
values  computed  from  equation  (12)  are  employed  for  the 
remaining  gases  for  which  experimental  data  are  not  avail- 
able. Since  molecules  of  the  above  9 gases  are  either  simple 


or  approximately  spherical  in  structure,  the  accuracy  of 
calculations  from  equation  (12)  is  expected  to  be  less  for 
greatly  different  molecular  structures,  such,  as  that  of 
C4Fio,  but  probably  is  sufficient  for  present  purposes. 

WIND-TUNNEL  POWER  AND  SIZE 

The  general  equation  for  compressor  power  required  to 
maintain  a steady  rate  of  mass  flow  w of  a perfect  gas  through 
a compression  ratio  CR  starting  with  an  initial  temperature 
Tt  is  given  by  the  equation 

[(CR) "-!)/»— i]  (13) 

V 

where  J is  a numerical  constant  depending  only  on  the  units 
employed,  7?  is  the  combined  adiabatic  and  mechanical 
efficiency  (assumed  to  be  independent  of  the  gas),  and  cp  is 
the  specific  heat  per  unit  mass.  It  is  noted  that  cp  in  equa- 
tion (13)  is  related  to  the  molar  specific  heat  Cp  and  the 
molar  universal  gas  constant  R through  the  equation 

mcp=CP= R (14) 


■13 
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Figure  2. — Some  typical  examples  of  viscosity  coefficient  for  gas 

mixtures. 


By  using  a bar  to  denote  a quantity  divided  by  the  corre- 
sponding quantity  for  air  (e.  g.,  m = m/(m)air,  w=w/(w)&in 
7lP  = HP/(HP)&ir)  etc.),  there  results 

77P=^  TtY(y,  CR)=p-^r—  ftY( y,  CR)  (15) 

m m 

where  Y(y,CR)=^-^  [(CRYr~1)/y— 1],  and  L is  a character- 
istic dimension  of  the  test  section.  A more  convenient 
equation  is  obtained  by  introducing  the  Reynolds  number 

jjp=Re»L  5^  CR)  (1 6) 

m 


from  which  it  is  apparent  that,  as  Smelt  (ref.  2)  has  pointed 
out,  power  economy  can  be  achieved  by  employing  a gas 
with  low  viscosity  and  high  molecular  weight,  or  by  testing 
at  the  lowest  temperature  possible,  or  by  testing  in  the  small- 
est facility  (highest  operating  pressure)  _that  will  yield  the 
given  Reynolds  number.  The  quantities  Re  and  L are  related 
to  the  relative  operating  tunnel  pressure  pt 


or,  finally, 


where 


ReJj'Jr’t 


(17) 


Equation  (17)  shows  that  by  increasing  the  molecular  weight, 
or  decreasing  the  viscosity,  the  size  of  wind  tunnel  required  to 
obtain  a given  Reynolds  number  can  be  reduced.  Hence, 
an  alternate  equation  for  relative  wind-tunnel  power  is 


jm_(Re)V  (TJP  Y(y,CR) 


(IS) 


Equations  (16),  (17),  and  (18)  are  o generalization  cf  similar 
equations  developed  by  Smelt. 

For  subsequent  computations,  the  above  equations  can  be 
simplified.  It  will  be  assumed  that  CR  depends  only  on  Mm. 
(To  achieve  this  in  an  air  tunnel,  the  compressor  speed  would 
have  to  be  reduced  for  a heavy  gas.)  For  the  case  of  tran- 
sonic wind  tunnels  CR  is  the  order  of  1.3_or  less,  and  direct 
numerical  calculations  show  that_0.97<F(y,1.3)<l  for  any 
7 between  1.1  and  1.4.  Hence,  F=1  is  a good  approxima- 
tion for  transonic  wind  tunnels  irrespective  of  7.  For  the 
case  of  supersonic  wind  tunnels,  only.  gas  mixtures  having 
7«1.4  are  considered,  for  which  FQ_.4,C!R)  = 1.  Conse- 
quently, in  all  cases  of  concern  here,  F=1  is  an  adequate 
approximation.  A similar  argument  shows  that  the  ratio 
Y(y,CR)/Jh,Mm)  is  approximately  unity  for  the  range  of  7 
and  Mm  considered  here.  _ Inasmuch  as  all  calculations  will 
be  made  on  the  basis  that  Tt=  1 , the  above  equations  simplify 

to  _ _ 

1jp=ReJL  ( 

m 


HP 


(ReY&y 

'Ptimft 


(17a) 


(18a) 


Four  illustrative  cases  will  be  considered:  (1)  given  MaJ  Re , 
and  L ; (2)  given  M„,  A,  and  pt\  (3)  given  A,  and  HP; 
and  (4)  given  Ma,  Re,  and  p*.  Since  for  all  cases  Ti=M00  = 1, 
the  reduction  in  velocity  is  always  — ( 

Case  (1):  Given  Mro,  Re,  and_L. — This  case  corresponds 
to  operating  a given  wind  tunnel  (A  = l)  with  a gas  other  than 
air  at  the  same  values  of  Mm  and  Re  as  for  ah.  ^ The  horse- 
power required  for  the  gas  mixture  relative  to  that  for  air  is 
However,  from  equation  (17a),  it  is  seen  that 
for  given  values  of  Re  and  A.  Hence,  in  order 
to  achieve  the  same  Re  with  a heavy  gas  as  with  air,  the 
given  tunnel  would  be  operated  at  a lower  pressure,  resulting 
in  model  loads  that  are  proportionately  lower,  since  q=pt~ 

Case  (2):  Given  Mra,  L,  and  p*. — This  case  corresponds 
to  substituting  a gas  other  than  ah  in  a given  wind  tunnel  and 
operating  at  the  same  pressure  and  Mach  number  as  for  air. 
From  equation  (17a)  it  follows  that  A£=V^/m-  This  indi- 
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cates  that  higher  Re37nolds  numbers  would  be  achieved  with 
a heavy  gas  than  with  air,  while  (according  to  eq.  (16a)) 
simultaneously  drawing  less  power  by  the  ratio  HP—  (m)  ~1/2 
Since  pt  = l,  model  stresses  are  unchanged  for  this  case. 

Case  (3):  Given  Mro,  L,  and  HP. — This  case  corresponds 
to  replacing  air  in  a given  tunnel  by  a gas  mixture  and  draw- 
ing the  same  power  for  a fixed  Mach  number.  The  Reynolds 
number,  from  equation  (16a),  would  be  increased  by  the 
factor  In  order  to  draw  the  same  power  as  with 

air,  the  pressure  and,  hence,  model  loads  would  have  to  be 
increased  by  the  factor  2h=^/m. 

Case  (4):  Given  Mro,  Re , and  pt. — This  case  corresponds 
to  conditions  that  might  be  prescribed  in  the  initial  design 
of  a new  wind  tunnel  whose  size  is  to  be  determined  by  the 
required  values  of  and  Re,  by  the  selected  value  of  pt, 
and  by  the  gas  employed.  From  equation  (18a)  it  is  evident 
that  in  this  case,  the  horsepower  required  for  a heavy  gas 
mixture  is  less  than  for  air  by  the  factor 


HP= 

(m)3/2 


(19) 


This  represents  a greater  power  reduction  than  in  the  cases 
above  because  the  gas-mixture  wind  tunnel,  according  to 
equation  (17b),  would  be  smaller  than  the  corresponding  air 
tunnel  by  the  factor 

L=1lfyjm  (20) 


The  gas-mixture  wind  tunnel  would  produce  the  same  aero- 
dynamic data  as  the  larger  air  tunnel  with  the  same  model 
stresses.  Computations  based  on  these  latter  two  equations 
are  presented  later. 

MACH  NUMBER  LIMIT  FOR  CONDENSATION 

Although  any  of  the  polyatomic  gases  would  be  usable  in 
apparatus  where  low  temperatures  are  not  involved,  such 
as  in  a subsonic  wind  tunnel,  a firing  range,  or  a compressor 
research  apparatus,  only  a limited  number  would  be  useful 


in  a supersonic  wind  tunnel  where  the  static  temperatures 
encountered  are  low  and  can  result  in  condensation.  An 
essential  step  in  evaluating  various  polyatomic  gases,  there- 
fore, is  to  determine  the  approximate  useful  Mach  number 
range  for  each  gas.  The  method  of  determining  this  was 
to  draw  the  isentropic  expansion  curve  for  the  partial  pres- 
sure of  each  polyatomic  gas  on  log-log  paper  together  with 
the  curve  for  saturation  vapor  pressure  of  that  gas.  As 
indicated  in  figure  3,  the  intersection  point  yields  Tmin , from 
which  the  maximum  Mach  number  can  be  calculated  from 
the  relation 


M2— 


2 

y 


where  y and  HjT  are  determined  from  spectroscopic 
data  by  equations  (4)  through  (10).  Graphical  solutions  of 
this  type  were  made  for  operating  conditions  of  approximately 
40°  C (100°  F)  total  temperature  and  several  atmospheres 
total  pressure.  These  solutions  enabled  the  appropriate 
polyatomic  gases  to  be  selected  for  each  of  several  design 
Macl'i  numbers  considered  in  the  evaluation.  It  is  emphasized 
that  the  graphical  method  included  consideration  of  the  vari- 
ation of  specific  heat  with  temperature.  As  will  be  seen  sub- 
sequently, such  variation  is  of  dominant  importance  in 
determining  the  limiting  Mach  number  to  which  certain 
gases  can  be  expanded  without  reaching  saturation.  Simpli- 
fied criteria,  such  as  boiling  temperature,  are  quite  inadequate 
for  determining  the  saturation  limit. 


RESULTS  AND  DISCUSSION 

WIND-TUNNEL  POWER  AND  SIZE’ 

Complete  computations  could  not  be  made  for  10  of  the 
31  polyatomic  gases  listed  in  table  II,  since  the  necessary 
spectroscopic  data  and  critical  constants  were  not  available 
for  these  10  gases.  Calculations  have  been  made,  however, 
of  the  relative  wind-tunnel  power  requirements  for  63  gas 
pairs  comprising  mixtures  of  the  21  polyatomic  gases  for 
which  data  are  available  with  each  of  the  3 monatomic 
gases.  Mixture  proportions  were  determined  from  equation 
(6)  by  substituting  a value  of  1.4  for  ym.  The  calculations 
were  made  for  three  design  Mach  numbers,  1.3,  2.5,  and  3.5. 
Results  are  tabulated  in  tables  IV  (a),  IV  (b),  and  IV  (c), 
respectively.  It  should  be  noted  that  all  21  polyatomic  gases 
are  included  in  table  IV  (a),  since  all  are  free  from  condensa- 
tion at  Mm  = 1.3.  Only  7 gases  for  Mm— 2.5  (table  IV  (b)) 
and  2 gases  for  Mat  = 3.5  (table  IV  (c))  have  sufficiently  low 
boiling  points  to  avoid  saturation  for  the  assumed  condition 
of  40°  C total  temperature.  Operation  at  Mach  numbers 
above  about  3.5  would  require  total  temperatures  higher  than 
the  value  of  40°  C arbitrarily  assumed. 

The  values  of  relative  horsepower  HP  given  in  table  IV 
represent  case  (4)  mentioned  previously.  This  case  corre- 
sponds to  a comparison  with  an  air  wind  tunnel  for  the  same 
Mm,  Re,  and  j)t.  If  desired,  any  of  the  other  three  cases 
mentioned,  or  any  of  the  individual  relative  quantities  such 
as  um  or  p^,  can  be  readily  calculated  from  the  values  of 
m and  Jl  listed  in  the  tables  and  from  the  appropriate  equa- 
tions developed  earlier. 

The  tabulated  results  show  that  there  is  no  single  poly- 
atomic gas  which  is  best  for  all  Mach  numbers  or  for  use  with 


Figure  3. — Method  of  determining  saturation  limit. 
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all  monatomic  gases.  For  each  monatomic  gas,  though,  there 
are  several  polyatomic  gases  which  appear  roughly  equal  in 
their  ability  to  require  low  wind-tunnel  power.  Of  the  gases 
that  currently  are  commercially  available  and  not  classified 
questionable  in  table  II,  the  most  efficient  ones  for  use  with 
argon  are:  CH2F2,  CBrF3,  and  CC12F2  for  M0O  = 1.3;  CBrF3 
and  SF6  for  Ma  = 2.5;  and  CF4  for  Mm= 3.5.  In  general, 
the  horsepower  and  size  of  gas-mixture  wind  tunnels  relative 
to  equivalent  air  wind  tunnels  are  very  approximately  as 
follows: 


M ixtures 

Argon 

Krypton 

Xenon 

Power  relative  to  air,  UP..  . . 

0.3 

0.2 

0. 1 

Test-section  dimension  relative  to  air, 
L 

0.  7 

0 6 

0.5 

These  figures  indicate  significant  advantages  of  gas  mixtures 
as  wind-tunnel  test  media. 

It  is  interesting  to  note  that  the  heaviest  polyatomic 
gas — C4Fi0,  having  m2  = S. 2 — does  not  result  in  either  the 
heaviest  mixture  or  the  best  mixture.  This  is  due  to  the 
high  molar  specific  heat  of  C4F10  which  requires  that  only  a 
small  amount  (6.5  percent)  be  mixed  with  a monatomic  gas 
in  order  to  obtain  7=1.4.  However,  for  applications  to 
low-speed  subsonic  research  where  the  value  of  7 does  not 
matter  and,  hence,  a mixture  is  not  needed,  the  heaviest 
gas  is  the  best.  For  example,  pure  C4Fi0,  having  7=1.06, 
would  require  only  1.8  percent  of  the  power,  and  an  appa- 
ratus one-fourth  the  size  of  that  required  by  air  for  a given 
Mm,  Be,  and  pt.  In  this  respect  pure  C4Fi0  is  several  times 
more  efficient  than  pure  Freon  12.  (See  table  III  where 
corresponding  values  are  given  for  all  pure  polyatomic  gases 
considered.)  It  is  evident  that  pure  polyatomic  gases  hav- 
ing 7 — 1.1  are  more  efficient  in  reducing  wind-tunnel  power 
requirements  than  are  gas  mixtures  having  7=1.4. 

A possibility  that  should  not  be  overlooked  is  that  a 
value  of  7 close  to  1.4  may  not  be  necessary  for  transonic 
wind  tunnels  or  other  transonic  research  apparatus.  In 
view  of  the  surprisingly  small  differences  observed  at  tran- 
sonic speeds  by  von  Doenhoff  and  Braslow  (ref.  7)  between 
uncorrected  results  in  Freon  12  (7=1.13)  and  in  air  (7  = 1.4), 
it  would  appear  that  a reduced  value  of  7,  perhaps  between 
1.3  and  1.2,  might  yield  transonic  data  directly  applicable 
to  air  for  practical  purposes.  If  a considerably  reduced 
value  of  7 is  satisfactory  in  transonic  wind  tunnels  (such  is 
not  anticipated  in  supersonic  wind  tunnels),  then  the  possi- 
ble advantages  of  gas  mixtures  for  transonic  speeds  are 
greater  than  the  above  calculations  for  7=1.4  ’would  indi- 
cate. The  following  table  for  CBrF3-Ar  mixtures  at 
Ma  — 1.3  illustrates  this: 

Case  (3): 
given 

Case  (4):  given  IIP,  Mas, 

Re,  pt,  and  M OO  and  L 

y 77 P 7 lie 


1.4 

0.37 

0.  74 

1.35 

.30 

.69 

1.3 

.22 

.62 

1.25 

.1G 

.53 

1.2 

. 10 

.44 

1.  15 

.06 

.37 

2.0  (from  table  IV (a)) 

2.3 
2.  S 

3.4 

4.5 

0.2  '(pure  CRrFs) 


These  figures,  which  are  typical  of  many  of  the  argon  mix- 
tures, show  that  by  reducing  7 to  about  1.2S,  the  power 
requirement  for  an  argon  gas  mixture  at  transonic  speeds 
would  be  about  one-half  that  for  the  same  type  mixture 
proportioned  to  yield  a 7 of  1.4.  This  corresponds  to  one- 
fifth  the  power  of  an  equivalent  air  wind  tunnel  operating 
at  the  same  Reynolds  number,  total  pressure,  and  Mach 
number  (case  (4)).  Also,  the  Reynolds  number  of  an  exist- 
ing transonic  wind  tunnel  having  a fixed  horsepower  (case  (3)) 
would  be  about  tripled  if  ah  w7ere  replaced  by  an  argon  gas 
mixture  having  7=1.28,  but  only  doubled  by  a mixture  hav- 
ing 7=1.4.  The  advantages  of  reducing  7 to  the  lowest 
practical  value  are  apparent  from  the  table.  For  xenon 
mixtures,  however,  there  is  less  to  gain  by  reducing  7 below7 
1.4.  It  w7ould  be  desirable  to  conduct  some  experiments 
varying  the  proportions  of  a gas  mixture  in  order  to  deter- 
mine to  what  limit  7 can  be  reduced  in  a transonic  flow7  and 
still  yield  data  directly  applicable  to  air  for  practical  purposes. 

DEVIATIONS  FROM  THERMAL  AND  CALORIC  PERFECTION 

Under  wind-tunnel  conditions  air  generally  is  considered 
as  being  both  thermally  perfect  (p?n=  pRT)  and  calorically 
perfect  (7=constant).  Most  other  gases  can  not  be  so  con- 
sidered. Calculations  of  the  degree  of  deviation  from 
thermal  perfection  for  the  various  argon  gas  mixtures  are 
presented  in  Appendix  A.  It  will  suffice  here  to  state  that 
such  deviations  are  indicated  to  be  unimportant  for  normal 
operating  conditions  of  wind  tunnels.  The  smallness  of 
these  deviations  is  due  in  part  to  the  monatomic  (argon) 
component,  which  by  itself  is  almost  thermally  perfect, 
and,  in  part,  to  the  fact  that  the  polyatomic  component  is  a 
fluorochemical.  The  unusually  low7  intermolecular  forces  in 
fluorochemical  gases  result  in  small  deviations  from  thermal 
perfection. 

Deviations  from  caloric  perfection,  on  the  other  hand,  are 
not  small  and  represent  an  important  technical  consideration. 
The  specific  heat  of  polyatomic  gases  varies  widely,  as  figure 
1 clearly  indicates.  Thus,  a gas  mixture  proportioned  to 
yield  7 = 1.4  for  one  Mach  number  will  not  yield  the  same 
value  of  7 at  other  Mach  numbers.  This  may  limit  the 
Mach  number  range  over  which  a single  gas  mixture  could 
be  used  satisfactorily.  Also,  at  a fixed  Mach  number,  7 
will  vary  with  temperature.  Under  wind-tunnel  conditions, 
7 for  air  is  quite  constant,  but  varies  under  flight  conditions 
where  higher  temperatures  are  encountered. 

To  aid  in  evaluating  the  importance  of  caloric  imperfec- 
tions, the  variation  of  7 with  temperature  has  been  computed 
for  various  gas  mixtures  and  for  air  under  both  wind-tunnel 
and  flight  conditions.  In  these  computations  the  spectro- 
scopic frequencies  listed  in  table  III  w7ere  employed  to 
determine  7 for  the  gas  mixtures,  whereas  the  tables  of 
reference  62  were  employed  for  air.  Instead  of  showing  the 
computed  variation  as  a function  of  some  temperature 
parameter,  an  enthalpy  parameter  (H—Hm)/(Ht—Hm)  is  em- 
ployed which  always  is  zero  for  free-stream  conditions  and 
always  is  unity  for  reservoir  conditions,  regardless  of  the 
nature  of  the  gas.  Some  of  the  results  are  shown  in  figure 
4.  Air  under  flight  conditions  at  a given  Mm  is  represented 
by  a cross-sectioned  band  because  ambient  temperatures  in 
the  atmosphere  vary  considerably  w7ith  altitude.  Gases 
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H-H( * 

Dimensionless  enthalpy,  — — — 

© 

(a)  Gas  mixture  of  0.25  CBrFj  with  0.75  monatomic. 

(b)  Gas  mixture  of  0.4  CF4  with  0.6  monatomic. 

Figure  4. — Variation  of  specific-heat  ratio  between  free-stream  and 
stagnation  conditions  for  various  gas  mixtures. 

under  wind-tunnel  conditions  are  represented  by  a single 
curve  since  a fixed  reservoir  temperature  (about  40°  C«  100° 
F)  has  been  assumed.  A single  mixture  of  25-percent 
CB1F3  with  75-percent  monatomic  gas  is  considered  in  figure 
4 (a).  These  proportions  are  about  right  for  Mm  — 2.0.  At 
Mm =2.5,  ym  is  1.44  and  yt  is  1.34.  This  variation  does  not 
seem  excessive.  At  Mm  = 1.3,  y is  uniformly  less  than  1.4, 
varying  between  1.37  and  1.34.  In  view  of  previous  com- 
ments about  the  apparent  insensitivity  of  transonic  flows 
to  much  larger  variations  in  7,  as  well  as  the  complete  in- 
sensitivity of  subsonic  flows  to  variations  in  7,.  it  would 
appear  that  a single  mixture  could  be  used  satisfactorily 
from  low  subsonic  speeds  to  at  least  Mm= 2.5. 

The  situation  is  more  complicated  within  the  Mach  num- 
ber range  between  2.5  and  3.5,  as  figure  4 (b)  illustrates  for 
the  case  of  a single  mixture  of  40-percent  CF4  with  60-percent 
monatomic  gas.  It  is  to  be  noted  that  a variation  of  y is  not 
important  at  conditions  close  to  free-stream  conditions.  For 
example,  7 does  not  appear  within  the  body  of  linearized 
subsonic  or  supersonic  theory,  but  first  appears  in  second- 
order  terms.  Hence,  Busemann’s  second-order  theory  for 
two-dimensional  flow  has  been  used  to  estimate  the  range 


within  which  7 must  be  maintained  in  order  to  introduce  less 
than  1 -percent  error  in  Ap/g.  The  boundaries  of  this  range, 
indicated  by  dotted  lines  in  figure  4 (b),  shrink  together  as 
M„—>  1 and  as  For  the  moderate  Mach  numbers 

under  consideration,  it  is  seen  that  only  the  region  of  abscissa 
between  about  0.2  and  1.0  is  important  when  assessing  the 
variations  in  specific-heat  ratio.  Consequently,  it  is  de- 
duced that  the  gas  mixture  of  figure  4 (b)  approximates 
flight  conditions  at  Mm= 3.5  about  as  well  as  does  air  in  a 
wind  tunnel.  Such  is  not  the  case,  though,  at  M„  = 2.5 
(top  portion  of  fig.  4 (b)),  and  it  is  not  known  whether 
moderate  7 variations  near  the  stagnation  region  of  the 
magnitude  shown  are  important. 

If  moderate  variations  in  7 are  important,  then  the  flow  in 
an  air  wind  tunnel  will  also  show  important  differences  from 
the  flow  in  flight  through  air  at  Mach  numbers  of  about  4 or 
greater.  Throughout  this  report  the  operating  temperature 
of  a wind  tunnel  is  assumed  to  be,  as  is  current  practice, 
either  room  temperature  or  that  temperature  which  is 
sufficient  to  avoid  condensation.  Figure  5 compares  the 
values  of  7 in  an  air  wind  tunnel  (long  dashed  curves)  with 
the  corresponding  values  of  7 in  flight  (cross-sectioned 
region).  The  observed  7 differences  between  air  in  flight 
and  in  wind*  tunnels  are  considerably  greater  than  any  of 
figure  4 (b)  between  flight  and  gas-mixture  wind  tunnels.  It 


Gas-mixture  wind  tunnel,  0.4- CF4  + O.6 -Ar 
Gas-mixture  wind  tunnel,  0.2- CF4  + 0.2-Ar  + 0.6-Air 
Air  wind  tunnel 


Figure  5. — Variation  of  specific-heat  ratio  between  free-stream  and 
stagnation  conditions  at  hypersonic  speeds. 
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is  also  evident  from  figure  5 that  the  temperature  dependence 
of  7 for  polyatomic  gases  may  actually  represent  a real  virtue, 
particularly  in  hypersonic  research.  For  polyatomic  gases 
under  wind-tunnel  conditions,  as  well  as  for  air  under  flight 
conditions,  these  caloric  imperfections  arise  from  a common 
physical  phenomenon,  namely,  temperature  dependent 
energy  of  vibration  between  atoms  within  a molecule.  Under 
flight  conditions  at.  Mach  numbers  of  about  6 or  greater, 
additional  energy  can  be  transferred  through  dissociation, 
which  is  responsible  for  values  of  y less  than  1.28  in  flight. 
Clearly,  the  ratio  of  specific  heats  is  one  dimensionless  pa- 
rameter pertinent  to  hypersonic  flight  through  air — which  is 
not  simulated  by  air  at  wind-tunnel  temperatures — but 
which  is  simulated  by  certain  gas  mixtures  at  wind-tunnel 
temperatures. 

MACH  NUMBER  LIMIT  FOR  CONDENSATION 

In  order  to  achieve  hypersonic  Mach  numbers  in  a wind 
tunnel  without  supersaturating  the  test  medium,  it  is  neces- 
sary, of  course,  to  heat  the  medium.  The  approximate 
reservoir  temperatures  (estimated  to  nearest  25°  lv)  cor- 
responding to  the  particular  gas  mixtures  considered  in 
figure  4,  are  as  follows: 


Gas 

Reservoir  temperature  °K  to 
prevent  sat. ration:  pt— 100  psia 

A/«=5 

A fco  —0 

A / co  — 7 

Air 

350 

450 

550 

0.4  — CF4+O.G— Ar 

475 

GOO 

075 

0.2-  CF4+O.2- Ar+0  G air 

500 

625 

750 

As  might  be  expected,  the  gas  mixtures  require  higher  operat- 
ing temperatures  than  does  air. 

It  is  important  to  note  that  the  trend  of  the  results  tabu- 
lated above  can  be  reversed  by  not  requiring  that  they  vari- 
ation of  the  gas  mixtures  in  a wind  tunnel  duplicate  that  of 
flight  through  air.  Certain  pure  polyatomic  gases  require 
less  heating  to  achieve  hypersonic  flow  without  saturation 
than  does  air,  as  the  following  table  illustrates: 


Gas 

Tb.  °C 

Too 

yt 

Reservoir  tem- 
perature °K  to 
prevent  satura- 
tion at  pt=  100 
psia;  A/co  =7 

Air 

-180 

1.40 

1.38 

550 

CF< 

-128 

1.33 

1.  12 

450 

SFe 

-04 

1 27 

1.07 

450 

CF3C  Fs 

-78 

1. 19 

1.07 

375 

For  the  three  gases,  air,  CF4,  and  CF3CF3,  the  above  trend  is 
opposite  to  what  would  be  expected  from  consideration 
solely  of  the  respective  boiling  points  (—180°  C for  air, 
— 128°  C for  CF4,  and  —78°  C for  CF3CF3)  because  of  the 
dominating  effect  of  the  reduced  values  of  7.  Reducing  7 
will  reduce  the  rate  at  which  temperature  varies  with  pres- 
sure in  an  expansion  process,  since  T^2)(y~i)/y • This  results 
in  producing  lower  pressures,  and  lienee  higher  Mach  num- 
bers, before  the  temperature  is  reduced  to  a point  where 
saturation  occurs.  From  a physical  viewpoint,  this 
phenomenon  can  bo  traced  to  the  conversion  of  internal 


vibrational  energy  of  a molecule  into  directed  kinetic  energy 
during  expansion  of  a polyatomic  gas.  To  achieve  a given 
ratio  of  directed  to  random  energy  (given  Mach  number), 
the  polyatomic  gas  with  large  vibrational  energy  does  not 
have  to  be  expanded  to  as  low  a temperature  as  does  a gas 
without  vibrational  energy. 

DEVIATIONS  FROM  THERMAL  EQUILIBRIUM 
(HEAT  CAPACITY  LAG) 

When  a polyatomic  molecule  passes  through  a region  of 
rapid  change  in  temperature,  the  energy  stored  in  vibration 
between  atoms  within  the  molecules  does  not  always  adjust 
to  its  environment  with  sufficient  rapidity  to  maintain 
thermodynamic  equilibrium.  This  leads  to  a time  lag  in 
the  heat  capacity  determined  by  the  relaxation  time  r. 
Measurements  show  that  r increases  if  either  pressure  or 
temperature  decreases.  An  excessively  long  relaxation  time 
could  significantly  affect  a high-speed  flow,  especially  in  a 
wind  tunnel  where  the  pressures  and  temperatures  encoun- 
tered are  low. 

Detailed  computations  are  presented  in  Appendix  B which 
provide  an  estimate  of  relaxation- time  effects  for  various 
gases.  These  estimates  are  based  on  a relation  between 
relaxation  time  and  bulk  viscosity.  The  derivation  of  this 
relation,  and  a discussion  of  its  range  of  validity  are  presented 
in  Appendix  C.  Here,  only  end  results  are  discussed.  The 
relaxation  time  (ra)  at  atmosphere  conditions  is  known  for 
some  of  the  fluorochemical  gases,  and  generally  is  the  order 
of  10”7  second.  For  others,  ra  is  not  known  from  direct 
measurements,  but  can  be  estimated  from  related  measure- 
ments by  using  certain  empirical  relationships  between 
relaxation  time  and  molecular  structure.  Thus,  ra  for 
CBrF3  is  estimated  to  be  in  the  range  10-8  to  10-7  second, 
and  that  for  CF3CF3  to  be  in  the  range  10"9  to  10”8  second. 

Relaxation  time  is  not  the  only  important  quantity  which 
must  be  considered.  The  basic  parameters  which  measure 
effects  of  heat-capacity  lag  on  a gas  flow  involve  the  product 
rOi , where  C\  is  the  heat  capacity  of  internal  vibrations 
within  the  molecules.  From  the  estimates  in  Appendix  B, 
heat-capacity  lag  appears  of  more  importance  in  altering 
boundary-layer  flow  than  in  altering  pressure  distribution, 
and  is  of  greatest  importance  at  low  Reynolds  numbers.  For 
air  under  wind-tunnel  conditions,  r is  so  long  that  the  small 
internal  vibrational  energy  effectively  is  “frozen/’  thereby 
rendering  relaxation  effects  negligible  even  at  low  Reynolds 
numbers.  For  most  of  the  gas  mixtures  under  wind-tunnel 
conditions,  the  estimated  relaxation  effects  are  negligible  at 
Reynolds  numbers  of  the  order  of  105  or  greater.  They  can 
be  significant,  however,  at  low  Reynolds  numbers  (the  order 
of  104  or  less).  It  should  be  remembered  that  for  air  under 
flight  conditions,  C\  is  not  negligible  as  it  is  in  a wind  tunnel. 
Thus,  relaxation  effects  can  be  significant  in  flight,  although 
the  estimates  of  Appendix  B suggest  this  may  be  the  case 
only  at  high  altitudes  (low  Reynolds  numbers)  and  at  high 
flight  speeds.  In  broad  terms,  heat-capacity  lag  is  esti- 
mated to  be  significant  at  Reynolds  numbers  below  about 
104  for  moderate  supersonic  speeds,  and  below  about  106  for 
hypersonic  speeds.  Although  relaxation- time  effects  in 
flight  would  not* be  simulated  in  an  air  wind  tunnel,  it  is 
possible  to  simulate  them  approximately  in  a gas-mixture 
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wind  tunnel  by  employing  two  polyatomic  gases  in  the 
mixture — one  having  rCi  greater  than  for  flight  through  air, 
and  the  other  having  tC<  less  than  for  flight  through  air. 
This  possibility  appears  to  be  of  interest  in  low-density,  high 
Mach  number  research,  and  provides  another  example  of  an 
effect  pertinent  to  hypersonic  flight  through  air  which  cannot 
be  studied  in  an  air  wind  tunnel  but  can  be  studied  in  a gas- 
mixture  wind  tunnel. 

It  should  be  mentioned  that  the  idea  of  employing  more 
than  one  polyatomic  gas  in  a mixture  might  be  utilized  profit- 
ably in  other  ways.  For  example,  various  pairs  of  some  poly- 
atomic  gases  when  mixed  in  special  proportions  form  an 
azeotropic  mixture;  that  is,  a mixture  for  which  the  boiling 
temperature  is  not  intermediate  between  the  boiling  tem- 
peratures of  the  two  constituent  gases,  as  ordinarily  is  the 
case,  but  is  lower  than  the  boiling  temperature  of  either  con- 
stituent. A mixture  of  32-percent  C3F8  with  68-percent 
CH2F2,  for  example,  boils  at  —58°  C,  whereas  the  respective 
individual  gases  boil  at  -—38°  C and  —52°  C (ref.  63).  Thus, 
although  neither  C3F8  nor  CH2F2  could  individually  be  used 
at  M®  = 2.5  under  normal  wind-tunnel  operating  conditions 
without  danger  of  condensation  (and,  hence,  have  not  been 
included  in  table  IV  (b)),  their  azeotropic  mixture  would  be 
usable  under  such  conditions.  Other  gas  pairs  known  to 
form  azeotropic  mixtures  are  CHF3  with  C2F6,  CF2C12  with 
CF2CFCF3,  CHC1F2  with  CF2CFCF3,  and  CF2C12  with 
CH3CHF2  (see  refs.  48  and  63).  A related  point  worth 
mentioning  is  that  certain  polyatomic  gases  which  would  not 
be  usable  singly  because  of  flammability  characteristics  may 
be  usable  when  mixed  with  other  gases.  An  extreme  example 
illustrating  this  point  is  the  obviously  flammable  butane 
(C4Hi0)  which,  when  mixed  with  CF2C12  in  portions  up  to 
about  30  percent,  is  no  longer  flammable  (ref.  64). 

VISCOSITY  VARIATION  WITH  TEMPERATURE  AND  PRANDTL  NUMBER  FOR 
VARIOUS  GASES 

Thus  far,  mention  has  been  made  of  two  effects  associated 
with  hypersonic  flight  through  air  which  are  not  simulated 
in  an  air  wind  tunnel  operating  at  conventional  temperatures 
but  which  can  be  simulated  in  a gas  mixture  wind  tunnel. 
These  effects  pertain  to  specific-heat  variation  with  tempera- 
ture and  to  relaxation-time  phenomena  (or  bulk-viscositv 
phenomena).  To  this  can  be  added  a third  effect;  namely, 
that  pertaining  to  variation  of  viscosity  with  temperature. 
It  is  to  be  remembered,  though,  that  not  all  of  the  three 
effects  are  significant  simultaneously  in  a given  research 
problem;  likewise,  not  all  can  be  simulated  simultaneously 
by  a single  gas  mixture.  One  gas  which — in  a wind  tunnel — 
approximates  the  temperature-viscosit}7  relationship  of 
flight  conditions  is  pure  helium,  as  illustrated  in  figure  6. 
A different  gas  which  approximates  the  corresponding  rela- 
tionship of  air  in  a wind  tunnel  is  pure  argon,  as  also  illus- 
trated in  figure  6.  The  various  curves  representing  wind- 
tunnel  conditions  in  this  figure  correspond  to  reservoir  tem- 
peratures which  will  avoid  saturation  at  M=5.  Helium  and 
argon  have  the  same  value  of  7,  and  very  nearly  the  same 
value  of  Pr ; they  differ  in  aerodynamic  behavior  only  in 
their  viscosity-temperature  relationship.  Separate  measure- 
ments with  these  two  gases,  therefore,  would  single  out  any 
effect  of  viscosity- temperature  relationship  on  a given 


Mo,  — 5. 

phenomenon.  This  possibility  would  appear  to  be  useful  in 
boundary-layer  research. 

When  gases  are  mixed  in  arbitrary  proportions,  the  Prandtl 
number  can  vary  markedly.  A rather  extreme  example  of 
this  is  afforded  by  He  and  SF6  mixtures.  At  0°  C the 
Prandtl  number  of  He  is  the  same  as  that  of  SF6,  namely, 
0.69.  Mixture  of  these  two  gases,  however,  can  result  in 
values  of  Pr  as  low  as  0.21,  according  to  the  calculated  curve 
shown  in  figure  7.  Similarly,  Pr  for  argon  is  0.67,  but  mix- 
tures with  helium  can  result  in  values  as  low  as  0.41.  These 
mixtures  provide  values  of  Pr  less  than  that  of  air  (0.7  at 
room  temperature),  but  other  mixtures  can  provide  values 
greater  than  air.  For  example,  mixtures  of  CC12F2  and  He 
(results  not  shown)  cover  the  Pr  range  between  0.82  and  0.22. 
As  a test  of  the  calculation  method,  which  indicates  such  large 
variations  in  Pr,  some  experiments  are  available  for  the  case 
of  He-A  mixtures  (ref.  65  for  viscosit}7,  ref.  66  for  conductiv- 
ity). Calculation  and  measurement  agree  well  for  this  case 
as  is  evident  from  figure  7.  The  particular  equations  em- 
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ployed  in  the  calculations  5 are  the  rigorous  mixture  equa- 
tions of  kinetic  theory  developed  by  Hirschfelder,  et  al.  (ref. 
67) . It  is  noted  that  the  large  reductions  in  Pr  can  be  attrib- 
uted primarily  to  the  mixing  of  light  with  heavy  molecules 
(?n,2/wi  = 37  for  SF6-He,  m2/m1  = 10  for  A-He).  If  gases  of 
more  comparable  molecular  weight  were  mixed,  say  A and 
CF4  (mo/m i = 2.2)y  the  corresponding  reduction  in  Pr  would 
not  be  large.  Large  variations  in  Pr  afforded  by  special 
mixtures  of  gases  would  appear  to  he  a significant  tool  for 
conducting  supersonic  heat-transfer  research,  since  the 
Prandtl  number  is  an  important  parameter  in  such  phe- 
nomena. 

CONCLUDING  REMARKS 

By  employing  in  place  of  air  a test  medium  consisting  of  a 
heavy  monatomic  gas  mixed  with  a heavy  polyatomic  gas  in 
proportions  that  yield  the  desired  value  of  1 .4  for  the  ratio 
of  specific  heats,  it  appears  possible  in  conducting  aero- 
dynamic research  to  realize  certain  significant  advantages. 
The  existence  of  some  of  these  advantages  has  been  demon- 
strated by  previous  investigations  concerned  with  pure 
heavy,  polyatomic  gases,  especially  the  Freons.  Because 
pure  polyatomic  gases  have  a specific-heat  ratio  much 
lower  than  that  of  air,  they  cannot  be  employed  to  yield 
aerodynamic  data  directly  applicable  to  air  for  flows  involv- 
ing extensive  supersonic  regions.  Aerodynamic  data  ob- 
tained with  the  gas  mixtures  considered  herein  would 
directly  apply  to  air. 

Perhaps  the  most  significant  result  of  this  stud}7  is  the 
observation  that  a gas  mixture  can  be  concocted  which 
behaves- — under  low-temperature  wind-tunnel  conditions — 
dynamically  similar  in  several  respects  to  air  under  high- 
temperature  flight  conditions,  whereas  air  under  low-tem- 
perature wind-tunnel  conditions  behaves  dissimilarly.  This 
situation  arises  because  the  flow  of  two  gases  can  be  made 
dynamically  similar  on  a macroscopic  scale,  even  though 
they  differ  in  microscopic  structure,  provided  all  the  per- 
tinent, dimensionless , macroscopic  parameters  (such  as 
involve,  for  example,  relaxation-time  phenomena,  tempera- 
ture variation  of  specific  heat,  and  temperature  variation  of 
viscosity),  are  duplicated  between  the  two  gases.  In 
achieving  dynamic  similarity,  the  dimensional  quantities, 
such  as  temperature,  are  not  duplicated. 

Many  of  the  fluorochemical  gases  studied  in  the  present 
research  are  more  inert  than  Freon  12.  This  extreme 
inertness  is  highly  desirable,  especially  since  some  of  these 
gases  when  mixed  with  the  necessary  small  amount  of 
oxygen  can  be  breathed  even  in  large  quantities  without 
observable  effect  by  animals,  and  presumably  also  by  man. 

5 These  calculations  were  made  by  Mr.  Donald  Doran.  Intermolecular  forces  were  rep- 
resented, in  the  nomenclature  of  reference  67,  by  a Lennard-Jones  potential  for  He-SFs  and  a 
modified  Buckingham  potential  (with  a=12.4)  for  He-A.  Force  constants  e/K  were  9.16°  K 
for  He,  239°  K for  SFe,  and  123.2°  K for  A.  Molecular  dimensions  were  selected  to  yield  the 
proper  values  of  each  transport  property  of  the  pure  gas  component. 


Figure  7. — Prandtl  number  variation  for  two  gas  mixtures  containing 
helium;  T=0°  C. 

Likewise,  because  of  their  inertness  they  could  be  used 
without  undesirable  effect  on  machinery. 

Since  the  magnitude  of  the  advantages  that  can  be 
realized  through  use  of  gas  mixtures  has  been  shown  to  be 
large,  they  may  outweigh  the  evident  operational  dis- 
advantages which  result  from  use  of  any  gas  other  than  air. 
Whether  or  not  the  advantages  surmount  the  disadvantages 
can  only  be  ascertained  by  detailed  study  of  individual 
cases.  Clearly,  though,  the  possible  use  of  gas  mixtures 
warrants  consideration  in  the  design  of  new  research  facilities. 
In  view  of  the  magnitude  of  the  advantages,  it  appears  that 
some  experimental  work  with  gas  mixtures  is  in  order. 
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APPENDIX  A 


ESTIMATE  OF  DEVIATIONS  FROM  THERMAL  PERFECTION 

By  definition,  a thermally  perfect  gas  obeys  the  equation 
of  state  pm=pRT  given  previously  as  equation  v2).  Real 
gases  closely  follow  this  equation  if  the  density  is  low,  or 
if  the  temperature  is  near  the  Boyle  temperature  (about 
2.6  Tc),  but  deviate  from  it  under  other  conditions.  A 
more  exact  state  equation  is 

i+ifrfi(r)  <A1> 

where  B(T)  is  the  second  virial  coefficient  having  dimensions 
of  volume.  According  to  the  law  of  corresponding  states, 
B{T)  is  proportional  to  the  critical  volume  Vc. 

From  the  results  of  reference  67,  the  second  virial  coefficient 
for  a pure  gas  is  approximately  0.75VCB*(T*),  where  T*  = 
1.3 TjTc  and  where  is  a fixed  dimensionless  function 

tabulated  in  reference  67.  For  a mixture  of  two  gases  the 
appropriate  relations  are : 

B{T)=xx^Bl{T)+2xix2Bn{T)+x^Bm  (A  2) 

where 

Bl=0.75VclB*(1.3T/Tcl) 
B2=0.75Vc2B*(l.3T/Tc2)  I (A3) 

£,2=0.75 

By  use  of  these  equations,  the  term  pB(T)/RT  of  equation 
(Al) — which  represents  the  fractional  deviation  from 
thermal  perfection — lias  been  calculated  for  the  gas  mixtures 
listed  in  table  IV.  Computations  were  made  both  for 
reservoir  conditions  ( pt,Tt ) and  test-section  conditions 
(pm,Tm)  at  Mach  numbers  of  1.3,  2.5,  and  3.5.  For  Mm  — 
1.3  the  values  of  ptB(Tt)/RTt  and  p mB(Tm)/RTm  were  about 
the  same.  The  average  value  of  \pB(T)/RT\  per  atmosphere 


of  reservoir  pressure  varied  from  about  0.0014  (C4FS,  C3F8, 
CF3CF3,  CF4,  and  NF3  mixtures)  to  about  0.004  (CH2F2  mix- 
ture) . Inasmuch  as  transonic  research  apparatus  commonly 
are  limited  to  reservoir  pressures  of  several  atmospheres  (often 
because  of  critical  model  loads),  the  resulting  deviations 
from  thermal  perfection  would  be  within  about  1 percent 
and  can  be  neglected.  For  Mm  = 2.5  and  Mm  = 3.5,  the 
values  of  |2^00R(T00)/RT00|  are  substantially  lower  than 
\ptB(Tt)/RTt\.  Both  are  tabulated  as  follows: 


Gas 

Ma> 

= 2.5 

Moo 

= 3.5 

IPooBCToo)! 

- 

8 

8 

JtTm 

RTt 

RT*> 

RTt 

CBrF3 

0.  0017 

0. 0033 

SF« 

.0013 

.0027 

cf3cf3 

.0010 

.0018 

CCIF3  

.0016 

.0030 

CFi 

.0012 

.0019 

0.0007 

0.  C023 

NT  3 

.0012 

.0019 

.0007 

.0022 

chf3 

.0017 

.0034 

Air 

'0005 

.0002 

.0002 

.0002 

It  may  be  deduced  that  gas  mixtures  at  test-section  condi- 
tions (pmyTm)  would  deviate  1 percent  from  thermal 
perfection  at  reservoir  pressures  between  about  6 and  10 
atmospheres  for  Mm  = 2.5,  and  at  about  14  atmospheres  for 
3.5.  Since  practical  operation  pressures  of  wind 
tunnels  are  within  these  limits,  the  flow  of  these  gas  mixtures 
over  a typical  model  can  be  regarded  as  closely  approximat- 
ing that  of  a thermally  perfect  gas.  Deviations  from  thermal 
perfection  at  reservoir  conditions  ( pt , T t)  are  two  to  three 
times  as  large  as  at  test-section  conditions.  Hence,  when 
computing  test-section  Mach  number  or  dynamic  pressure 
from  measured  values  of  pt  and  Tt,  the  deviations  near 
reservoir  conditions  may  have  to  be  considered  for  reservoir 
pressures  of  the  order  of  5 to  10  atmospheres  or  greater. 

iai 
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APPENDIX  B 


RELAXATION-TIME  DATA  AND  ESTIMATE  OF  EFFECT  FOR 
VARIOUS  GAS  MIXTURES 

Results  of  measurements  of  relaxation  time  at  atmospheric 
pressure  (rfl)  for  some  of  the  polyatomic  gases  considered  in 
this  report  are  as  follows : 


* Gas 

Temper- 

ature, 

°K 

Tq 

micro- 

seconds 

Refer- 

ence 

COJ2F2 

293 

0. 09 

68.4 

CF, 

373 

.66 

69 

SF6---__ 

293 

.59 

70 

chf3 

373 

.42 

69 

CHC1F2 

293 

.10 

68 

CH2F2 _ 

373 

.055 

69 

co2 

293 

7.0 

68 

N20— - 

293 

1. 1 

68 

Although  measurements  of  ra  could  be  found  only  for  those 
gases  listed,  certain  known  characteristics  of  relaxation  time 
enable  a rough  estimate  to  be  made  for  some  of  the  remaining 
gases;  for  example,  molecules  with  freedom  of  internal 
rotation  invariably  have  very  short  relaxation  times,  gen- 
erally less  than  10~8  second  (see  ref.  71,  for  example).  Also 
the  smaller  the  lowest  fundamental  vibration  frequency,  the 
shorter  the  relaxation  time  (see  refs.  68  and  69).  These 
general  characteristics  indicate  that  fluorocarbon  molecules 
with  internal  rotation  (e.  g.,  CF3CBrF2,  CF3CC1F2,  CF3CF3, 
CH3CC1F2,  CH3CHF2,  C3Fs,  and  C4F10,  but  not  C4F8)  would 
have  relaxation  times  (ra)  in  the  range  10-8  to  10“9  second, 
and  that  the  methane-like  gases  CBrF3  and  CBrClF2 
would  have  a relaxation  time  in  the  range  of  10-7  to  10“8 
second.  It  is  to  be  noted  that  relaxation  times  listed  are 
for  pure  gases,  and  that  the  presence  of  certain  impurities 
can  reduce  ra  for  those  gases  having  relatively  long  relaxation 
times. 

Inasmuch  as  the  relaxation  time  depends  on  temperature 
and  pressure,  some  method  of  estimating  r for  the  par- 
ticular conditions  encountered  in  wind  tunnels  must  be 
employed.  The  analysis  of  Bethe  and  Teller  (ref.  72)  yields 
for  the  relaxation  time  r„  of  the  lowest  frequency  (v)  mode 
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where  Z is  the  total  number  of  collisions  one  molecule 
experiences  per  second,  and  Zl0  is  the  average  number  of 
collisions  required  to  deactivate  the  lowest  mode  from  the 
first  quantum  state  to  the  zero  state.  Subsequent  calcula- 
tions are  based  on  the  additional  equations 
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which  is  a result  from  the  rigorous  kinetic  theory  of  gases 
(ref.  73), 
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which  is  a result  of  the  assumption  (ref.  74)  that  once  the 
lowest  frequency  mode  (specific  heat  Cv)  is  excited,  energy 
is  then  rapidly  transferred  internally  to  all  other  modes 
(total  internal  specific  heat  C*),  aiid 

Z10«25  (^)_Vr*  (B4) 

which  is  an  approximate  result  of  Bethe  and  Teller  (ref.  72). 
In  this  last  equation,  b is  a constant  to  be  evaluated  for 
each  gas  from  measurements  of  ra  at  the  temperatures  listed 
in  the  above  table.  These  equations  were  developed  for 
pure  polyatomic  gases.  They  will  be  used  also  for  gas  mix- 
tures since  the  basic  theory  (especialty  eq.  (B4))  is  highly 
approximate,  and  since  the  effectiveness  of  an  argon  mole- 
cule in  exciting  vibration  generally  , is  roughly  the  same  as 
that  of  an  inert  polyatomic  molecule.  (See  the  summary 
table  in  ref.  75  and  the  specific  data  for  CHC1F2-Ar  mix- 
tures in  ref.  76.) 

Relaxation  times  corresponding  to  free-stream  condi- 
tions (1^,20  in  a wind  tunnel  have  been  calculated  for 
assumed  reservoir  conditions  of  one  atmosphere  total  pres- 
sure and.  40°  C total  temperature.  The  results,  together 
with  the  “relaxation  distance”  for  the  gas  mixture 

were  computed  to  two  significant  figures  and  are  tabulated 
to  one  significant  figure  as  follows: 6 


Polyatomic 

component 

Mm  =1.3,  Too  =230° 
K,  poo  =0.36  atm 

Moo  =2.5,  Too  =140° 
K,  poo  =0.059  atm 

M co  =3.5,  Too  =105° 
K,  poo  =0.013  atm 

too  , sec 

d,  in. 

Too , sec 

d,  in. 

To, , sec 

rf,  in. 

2X10-7 

2XHH 

1X10-0 

2X10-8 

2X10-7 

9X10-S 

3X10-5 

4X10-8 

0. 002 
.02 
.01 
.02 
.002 
.001 
.4 
.05 

CF< 

2X10-5 

9X10-« 

1X10-5 

0.3 

.15 

.2 

1x10-* 

3 

SFfl.__ 

chf3 

CHC1F2 

CH2F2 

5X10-7 

. C08 

C02 

N20 

It  is  to  be  remembered  that  under  wind-tunnel  conditions, 
air  has  a much  longer  relaxation  time  than  any  of  the  gases 
tabulated  above.  At  room  temperature,  for  example,  r for 
air  is  the  order  of  10-3  second  (ref.  77),  which  is  102  to  104 
times  as  long  as  for  the  polyatomic  gases.  This  does  not 
mean,  however,  that  relaxation  effects  are  important  for  air 
in  a wind  tunnel  because  the  amount  of  internal  vibration 
heat  capacity  (<7f)  that  lags  is  very  small.  The  effect  of 
heat-capacity  lag  on  flow  conditions  is  influenced  by  both 
Ct  and  r. 

To  determine  the  dimensionless  parameters  which  form  a 
pertinent  measure  of  relaxation  effects,  use  is  made  of  the 
theoretical  equivalence  between  relaxation  phenomena  and 

8 Some  of  these  values  differ  from  corresponding  values  tabulated  in  the  original  publication 
of  this  research  (TN  3226) . Such  differences  are  not  large  and  are  due  to  the  use  of  a different 
definition  of  relaxation  time  (r)  in  equation  (Bl).  The  relaxation  time  originally  used  is 
not  consistent  with  the  definition  of  Bethe  and  Teller,  whereas  that  used  above  is  (see 
Appendix  C). 
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volume-viscosity  (k)  phenomena.  This  equivalence  is  de- 
rived and  discussed  in  Appendix  C where  the  fundamental 
relation  K=pr(y—  l)Ci/Cv  is  shown  to  be  valid  under  condi- 
tions where  the  relaxation  time  is  small  compared  to  the 
characteristic  time  (I/u^  for  aerodynamic  problems).  For 
purposes  of  estimation,  then,  the  complete,  first-order  stress 
tensor,  including  the  volume  viscosity,  is  used  as  the  basis 
of  computation. 

Pii  = (Pii) Navier  + K X7T 

Stokes  J,  a 

In  tlxis  equation  k is  the  coefficient  of  volume  viscosity, 
bua/bxa  is  (using  summation  convention)  the  divergence  of 
the  velocity  vector,  and  5tj  is  unity  if  i is  equal  to  j,  but  is 
zero  otherwise.  The  above  equation,  together  with  the 
equation  relating  k to  r,  will  be  employed  to  estimate  effects 
of  heat-capacity  lag  both  for  inviscid  flow  and  viscous  flow. 

For  inviscid  flow  the  Navier-Stokes  portion  of  the  stress 
tensor  is  simply  the  static  pressure  p.  The  pertinent  simi- 
larity parameter  involving  relaxation  time  is  KUm/(pl)  = 
7(7—1  )(TUco/l)Ci/Cp.  Since  the  equation  of  steady  motion 
involves  pUjbUi/bxj  and  bp{j/bxj}  the  ratio  of  the  relaxation 
term  to  the  other  stress  term  is,  in  order  of  magnitude, 


Such  restrictions  are  believed  not  to  represent  significant 
limitations  on  the  usefulness  of  gas  mixtures,  especially 
since  the  favorable  effect  of  certain  impurities  in  reducing  r 
has  not  been  included  in  the  analysis.  It  is  concluded,  then, 
that  insofar  as  pressure  distribution  in  inviscid  flow  is 
concerned,  relaxation  effects  need  not  be  considered  for  the 
usual  wind-tunnel  operation  conditions  at  Mach  numbers 
near  3.5  or  below. 

For  viscous  flow  within  a laminar  boundary  layer,  the 
Navier-Stokes  portion  of  the  stress  tensor  customarily  is 

approximated  by  p The  ratio  of  the  relaxation  term  to 

the  ordinary  term  in  the  equation  of  motion  is 

J)  / buk\  1 / bua\  bua 

bx  y bxj  l V*  bxj  /8\  K bXa 

b/  bu\  ~ 1 / bu\  \fr)  p bu 

by  \M  by)  8 by)  by 

Examination  of  the  solution  to  boundary-layer  equations  for 
flow  over  a flat  plate  (e.  g.,  ref.  78)  indicates  the  average  value 
of  (buk/bxk)/(bu/by)  to  be  of  the  order  of  (7— 1 )Mm2j\.0-\fRc, 
and  5/1  to  be  of  the  order  of  [6  + (7—  1)  M.J]/-yjRe.  Hence, 
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which  is  seen  to  be  the  same  as  the  similarity  parameter.7 
Hence,  KUm/pl  is  interpreted  as  a measure  of  the  fractional 
effect  of  relaxation  phenomena  on  pressure  distribution. 
In  a gas  mixture,  Ci=x2Ci2.  Computations  of  the  resulting 
parameter  KUm/paol=y(y—l)  (rmuJL)Cil  (Cv)  for  wind- 

tunnel  flow  conditions  over  a 1-inch  model  yield  the  following 
results:  8 


Polyatomic 

component 

. . X2CV2  t 03  m cd  ku  <x>  for  / — 1 in.  and 

7 7_  ' Cp  l " pi  pt=latm 

A/co  =1.3 

•s 

8 

II 

to 

bt 

A/oo  =3.5 

CCbFs 

0.0002 

.002 

.002 

.001 

.002 

.00005 

.02 

.003 

CF4  

0.01 

.013 

.000 

0. 04 

SF  * 

CHF3 

CHCIF2 

CThFs 

.00008 

COa 

X2O 

For  transonic  wind  tunnels  it  is  seen  that  only  C02  mixtures 
would  exhibit  appreciable  relaxation  effects  on  pressure 
distribution.  On  the  other  hand,  for  M00  = 3.5,  mixtures 
involving  CF4  would  be  affected  roughly  by  4 percent  for 
the  assumed  conditions  of  pt—  1 atmosphere  and  £=1  inch. 
To  maintain  these  effects  below  about  1 percent  would 
require  the  product  ptl  to  be  greater  than  4 atmosphere- 
inches  (e.  g.,  a 1-inch  model  in  a 4-atmosphere  tunnel). 

7 A more  precise  calculation  of  this  ratio  of  stress  terms  can  be  made  using  the  continuity 
equation  to  eliminate  du«/bia.  This  procedure  ultimately  yields  a value  {KUmlpl)\Mi6{vf 
Ua>)ld(xfl)),  from  which  it  can  be  deduced  that,  the  simple  parameter  ( KUmlpl ) will  under- 
estimate relaxation  effects  for  bluff  obstacles  like  the  sphere,  but  will  overestimate  them  for 
slender  obstacles  like  an  airfoil. 

5 The  contribution  of  rotational  energy  to  * is  disregarded  since  this  is  small  compared  to 
the  contribution  of  vibrational  energy. 
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This  ratio,  which  is  interpreted  as  a measure  of  the  fractional 
effect  of  relaxation  phenomena  on  boundary-layer  flow,  is 
important  primarily  at  low  Reynolds  numbers  and  high  Mach 
numbers,  just  as  is  the  effect  of  relaxation  phenomena  on 
inviscid  flow. 

From  the  equation  KUm/pl=  (k/p)  (yMJ/Re)  and  from  the 
preceding  table,  the  ratio  k/p  corresponding  to  free-stream 
conditions  can  be  computed  for  the  various  gas  mixtures. 
The  results  are  as  follows: 


Polyatomic  component 

Calculated  values  of  (k/m)  to 

iWca-1.3 

A'/  00  — 2.5 

Afro  =3.5 

CCbF* 

CF4 

350 

410 

370 

SF#  . _ .. 

300 

3S0 

CHFs 

230 

170 

CHClFj 

37 

CH*F« 

S 

2 

CO2 

3700 

N«0  

530 

At  stagnation  conditions  k/p  would  be  the  same  order  as  that 
tabulated  for  Mm— 1.3;  hence,  broadly  speaking,  the  various 
flu oro chemical  gas  mixtures  cover  a range  iu  values  of  k/p 
between  about  2 and  about  400.  For  the  gases  of  most 
interest,  namely,  CF4  and  SF6,  the  corresponding  value  of 
k/p  is  seen  to  be  about  400.  Consequently,  the  value  k/p— 
400  can  be  substituted  into  equation  (B7)  to  obtain  an 
estimate  of  relaxation-time  effects  on  boundary-layer  flow. 
The  result  is  that  the  heat-capacity  lag  is  found  not  to  be 
significant  except  at  low  Reynolds  numbers.  In  particular, 
at  a Mach  number  of  3.5,  it  is  indicated  that  only  below  or 
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near  Reynolds  numbers  of  about.  2,000  would  the  effects  of 
heat-capacity  lag  be  significant.  Even  at  a Mach  number  of 
7 they  would  be  significant  only  near  or  below  Rejmolds  num- 
bers of  about  20,000. 

Turning  now  to  the  case  of  air,  a distinction  must  be  made 
between  wind-tunnel  conditions  and  the  conditions  of 
flight.  In  a wind  tunnel,  the  relaxation  time  for  vibration 
is  so  long  that  the  essential  assumption  inherent  in  the 
k — r relationship  is  not  a valid  assumption,  since  the  vibra- 
tion energy  can  lag  far  behind  the  translational  energy. 
The  energy  in  vibration  for  air  at  wind-tunnel  temperatures, 
however,  is  negligible  so  that  there  are  no  appreciable 
effects  of  heat-capacity  lag  under  such  conditions.  In 
flight,  the  situation  is  different,  since  the  higher  tempera- 
tures encountered  reduce  the  relaxation  time  to  values 
which  are  low  enough  to  enable  the  vibrational  energy 
almost  to  follow  the  translational  energy.  At  a tempera- 
ture of  1500°  K,  for  example,  the  experiments  of  Blackman 


(ref.  77)  show  the  relaxation  time  for  air  to  be  the  order  of 
10"5  second.  At  3000°  Iv  it  is  the  order  of  10-6  second. 
These  times  are  short  enough  to  apply  equation  (C9)  at  the 
temperatures  of  flight.  The  result  is  that  the  ratio  k/m  is 
calculated  to  be  the  order  1,000  at  1500°  Iv  and  the  order 
of  50  at  3000°  K.  Even  if  the  higher  value  (*//*= 1000)  is 
used  and  substituted  into  equation  (B7),  the  effects  of  heat- 
capacity  lag  in  flight  are  found  to  be  small,  except  under  the 
combined  conditions  of  a high  Mach  number  and  simultane- 
oushr  a low  Reynolds  number.  Under  such  conditions,  the 
heat-capacity  lag  could  be  significant.  In  order  to  simulate 
in  a low-density  gas-mixture  wind  tunnel  the  heat-capacity 
lag  that  would  exist  in  the  boundary  layer  during  flight, 
the  ratio  k//z  would  have  to  be  simulated.  It  is  possible  to 
simulate  approximately  this  ratio  in  a gas-mixture  wind 
tunnel  inasmuch  as  the  range  of  values  of  k/ h covered  b}7 
the  various  polyatomic  gases  bracket  the  corresponding 
values  for  flight  conditions  in  air. 


APPENDIX  C 


RELATION  BETWEEN  BULK  VISCOSITY  AND  RELAXATION 

TIME 


The  calculations  of  Appendix  B are  based  on  a relation 
between  relaxation  time  r and  bulk  viscosity  coefficient  k. 
This  relation  can  be  derived  from  the  general  equations  of 
motion  for  a viscous  compressible  gas  by  considering  the  defi- 
nition of  relaxation  time  and  one  of  the  fundamental  prop- 
erties of  entropy.  The  method  of  derivation  presented  here 
is  rather  general  and  leads  to  a simple  result  which  is  com- 
pared later  with  results  of  other  analyses  of  the  problem. 

The  general  equations  of  motion  involve  the  viscous  stress 
tensor 
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where  the  operator  D represents  the  substantial  differential, 
and  the  Navier-Stokes  portion  of  <p  involves  only  the  ordinary 
coefficient  of  viscosity.  The  bulk  viscosit}r  k — just  like  the 
ordinary  viscosity  p — is  regarded  as  a state  property  and, 
therefore,  can  be  evaluated  as  a function  of  temperature  and 
pressure  from  any  pertinent  experiment.  For  example, 
suppose  an  experiment  with  Couette-type  flow  were  selected 
wherein  the  effects  of  bulk  viscosity  are  negligible  and  the 
effects  of  ordinary  viscosity  are  large  (as  would  be  the  case 
at  low  speed  under  which  condition  buQ/dxa=—DplpDt  is 
negligible).  The  viscous  stress  tensor  would  reduce  to 
Vzy—pdufoy,  so  that  measurement  of  the  shear  and  the 
velocity  gradient  would  enable  the  state  property  p to  be 
determined.  On  the  other  hand,  suppose  an  experiment 
were  selected  wherein  the  effects  of  ordinary  viscosity  are 
negligible  and  the  effects  of  bulk  viscosity  are  large  (as 
would  be  the  case  for  the  rapid  compression  in  front  of  a 
small  pitot  tube  or  for  the  velocity  dispersion  of  ultrasonic 
waves,  under  which  conditions  the  time  rate  of  change  of 
density  is  the  dominant  term).  In  this  case,  the  dissipation 
function  (eq.  (C2))  simplifies  to  the  single  term  K(Dp/pDt)2} 
so  that  measurements  of  the  energy  dissipation  (total  pres- 
sure loss)  and  the  rate  of  density  variation  would  enable  the 
state  property  k to  be  determined. 

By  analysis  of  allow  wherein  DpjDt  is  unusually  large  and, 
hence,  wherein  the  bulk  viscosity  term  dominates  all  other 


terms  in  the  stress  tensor,  a relationship  can  be  established 
between  k and  r.  For  this  type  of  flow,  the  energy  equation 
can  be  written 


(C3) 


where  S is  the  irreversible  entropy  increase.  The  definition 
of  relaxation  time  r is 
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where  T is  the  temperature  corresponding  to  the  transla- 
tional degrees  of  freedom,  E^T)  is  the  equilibrium  value  of 
internal  energy  corresponding  to  the  temperature  T,  and  Et 
is  the  actual  internal  energy  (corresponding  to  equilibrium 
at  a different  temperature  Tt).  From  thermodynamic  theory 
a third  equation  is  obtained  which  completes  the  building 
blocks  of  the  analysis;  it  provides  an  equation  for  the  change 
of  entropy  when  an  amount  of  energy  Et  flows  from  one 
source  (translational  energy  at  temperature  T)  to  another 
source  (vibration  energy  at  temperature  Tt). 
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The  above  three  basic  equations  can  be  combined  to  yield 
the  desired  relation  between  bulk  viscosity  and  relaxation 
time. 

It  is  emphasized  that  no  assumption  is  made  about  the 
variation  of  specific  heat  with  temperature,  nor  is  any  as- 
sumption made  either  about  the  magnitude  of  the  internal 
energy  or  about  the  form  which  that  internal  energy  takes. 
For  example,  the  internal  energy  could  be  in  rotation  of 
the  molecules,  or  in  vibration  between  the  atoms  of  molecules, 
or  in  electronic  excitation.  The  essential  assumption  made 
is  that  the  internal  energy  Et  does  not  lag  far  behind  the 
equilibrium  internal  energy  corresponding  to  the  tempera- 
ture T.  In  other  words,  it  is  assumed  that  the  relaxation- 
time effects  are  small,  so  that  a first-order  theory  is  appli- 
cable. The  various  quantities  are  illustrated  in  figure  S. 
Since  a first-order  theory  is  being  considered,  the  internal 
specific  heat  Ct  can  be  regarded  as  constant  over  the  small 
temperature  range  T—Th  and  the  following  approximation 
can  be  made: 
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By  combining  this  entropy  equation  with  the  equation  de- 
fining relaxation  time,  there  results 
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Figure  8. — Sketch  of  quantities  related  to  internal  energy  lag. 


Because  the  special  experiment,  selected  for  consideration  is 
an  isentropic  one  except  foi*  first-order  irreversible  processes 
associated  with  k , the  following  additional  equations  result 
from  equation  (C3): 
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The  final  relation  between  bulk  viscosity  and  relaxation  time 
is  obtained  by  combining  equations  (C8)  and  (C7)  (and 
noting  that  p=  pRT=p(y—})CpT) 


K=pr  (y-l)Q  (C9) 

Inasmuch  as  Ct  can  represent  eitlier  rotational  energy  or 
vibrational  energy,  several  comparisons  can  be  made  with 
other  analyses.  In  reference  79,  Tisza  compared  the  ap- 
proximate equations  for  the  dispersion  of  ultrasonic  waves 
with  corresponding  equations  from  the  Navier-Stokes  rela- 
tions and  obtained  exactly  equation  (C9).  However,  in 
comparing  with  the  approximate  equations  from  ultrasonic 
theory,  Tisza  assumed  in  effect  that  the  amount  of  energy 
in  internal  motion  Et  is  small  compared  to  the  total  energy, 
that  is,  he  assumed  that  (7*  is  small  compared  to  Cv.  The 
above  analysis  shows  that  the  relation  obtained  by  Tisza 
actually  applies  to  the  case  where  the  internal  energy  is  a 
large  portion  of  the  total  energy.  Tisza  assumed,  of  course, 
that  the  departures  from  equilibrium  are  small  enough  to  be 
represented  by  a first-order  theory  (this  assumption  is  made 
in  all  of  the  analyses  discussed). 

A different  approach  to  the  problem  is  taken  by  Kohler, 
reference  73,  who  employed  the  equations  of  kinetic  theory 
involving  the  Maxwell-Boltzmann  equation.  Kohler  con- 
sidered two  cases — first,  that  of  rotational  internal  energy, 
and  second,  that  of  vibrational  internal  energy.  The 
definition  of  relaxation  time  for  rotation  (77)  employed  by 


Kohler,  however,  is  not  the  same  as  that  employed  above* 
The  two  are  related  by  the  equation 

Ct+Cr 

—n *V=T 


where  Ct  = '3R/2  is  the  specific  heat  due  to  translational 
degrees  of  freedom.  Letting  jT  be  the  number  of  rotational 
degrees  of  freedom,  then  (7r—/rB/2,  and  Rf(y—l)  = Cv= 
(3+/r)i?/2,  so  that  equation  (C9)  becomes 


fr 


3 3 +/r 


prT 


which  is  identical  to  an  equation  developed  by  Kohler. 
When  Koliler  considered  vibrational  energy,  he  used  the 
same  definition  of  relaxation  time  as  that  used  herein,  but 
he  assumed  that  the  internal  energy  in  vibration  ( Evib ) is 
small  even  compared  to  the  rotational  internal  energy. 
With  this  approximation  Kohler  could  write  Cr+(7Di&«(7r, 
and  thus  obtained  the  equation 


K—(y—l)pr 


a 


vib 


c,-c9i 


Since  Cv—Cvib~Cv  within  the  approximation  made  by 
Kohler,  his  result  for  vibrational  internal  energy  is  consistent 
with  the  basic  equation  (C9)  of  this  appendix. 

In  reference  80  Meixner  considers  the  problem  from  an 
entii'el}7'  different  viewpoint,  namely,  that  of  the  theory  of 
irreversible  thermodynamics.  Meixner  assumes  in  effect, 
as  did  Koliler,  that  the  internal  energy  is  small  compared  to 
the  translational  energy.  The  equation  Meixner  obtained 
can  be  reduced  to 

, Ot 

K=pT(y— 1)  ■ 


Just  as  in  the  case  of  Kohler’s  analysis,  this  result  is  seen  to 
be  consistent  with  that  of  equation  (C9),  provided  it  is 
remembered  that  the  assumption  of  small  internal  energy 
enables  Cv—Ci  to  be  approximated  by  Ov  within  the  frame- 
work of  Meixner’s  analysis. 

In  reference  81  Wang-Chang  and  Uhlenbeck  considered 
the  problem  from  the  viewpoint  of  kinetic  theory,  only 
the}7  did  not  assume  as  Kohler  did  that  the  internal  energy 
was  small.  They  did  assume,  however,  that  the  internal 
energy  did  not  vary  significantly  with  temperature;  that  is, 
they  assumed  that  the  internal  specific  heat  was  constant, 
as  this  simplified  their  equations.  Their  final  result  can  be 
written  in  the  form 

K=pT( 7-1)^ 


which  is  identical  to  equation  (C9)  above.  Thus,  we  see 
that  the  end  result  of  the  analysis  of  Wang-Chang  and 
Uhlenbeck,  just  as  the  analysis  of  Kohler  for  rotational 
internal  energy,  actually  applies  to  more  general  conditions 
than  they  assumed.  Consequently,  the  derivation  given 
above  is  seen  to  be  rather  general  and  to  be  confirmed  by 
four  separate  analyses  employing  methods  from  several  dif- 
ferent fields  of  science. 
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TABLE  I.— PROPERTIES  OF  HEAVY  MONATOMIC  GASES  AND  AIR  CONSTITUENTS 


Symbol 

Gas 

™ gm- 

m, — — 

mole 

Ar 

argon 

40 

Kr 

krypton.. 

84 

Xe 

xenon 

131 

N* 

nitrogen 

28 

Os„ 

oxygen. 

32 

air 

29 

Boiling 
temp., 
° C 

Critical  constants 

Viscosity 
at  0°  C no, 
micropoise 

re>  ° k 

pe,  atm. 

Ve,  cc/gm. 
mole 

-186 

151 

48 

75.3 

210 

-153 

210 

54 

92.1 

230 

-107 

290 

58.2 

114 

210 

-196 

126 

33.5 

90.0 

166 

-183. 

154 

49.7 

74.4 

. 189 

132 

37.2 

83 

172 
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TABLE  II.— GENERAL  CHARACTERISTICS  OF  POLYATOMIC  GASES 


77J2, 

gm. 

mole 

General 

References 

Formula 

Chemical  name 

Common  or 
trade  name 

classifi- 

cation 

(1) 

Remarks 

Spectro- 

scopic 

data 

Toxicity 

data 

Physical  data 

238' 

n-perfluorobutane 

s 

14 

14, 19. 15 
14, 56,44,46,23 

C3F9N 

221 

peril  uoro  tert  iar  yam  ine 

s? 

Reported  “as  nontoxic  as  fluorocarbons.” 
Chemistry  resembles  NFj.  Stable  to  at 

56 

least  400°  C. 

C,F8  

200 

perfluorocyclobutane 

Freon  C318 

s 

45 

48, 15, 26 

CF3CBrF2 

199 

bromoethforane.  _ 

s? 

Toxicity  unknown 

14, 56,  24 
20 

CF3SF5 

190 

trifluoromethylsulfurpentafluoride. . 

s? 

Toxicity,  liquid  density  unknown 

Toxicity  unknown 

SeFfi 

193 

selenium  hexafluoride 

s? 

50 

14,25,42 

c3f8 

188 

pertiuoro  propane 

s 

14 

14, 56, 19 
44,47 

C2F6NF_. 

171 

perfluorodimcthylamine 

s? 

Musty  odor.  Toxicity,  liquid  density  un- 
known. 

CBrClF2  . 

105 

bromochlorodifluoromethane 

Freon  12B1 

Q 

Toxicity  probably  excessive.  More  toxic  than 
CHC1F2. 

49 

21 

26 

OF^OOlF* 

ISft 

Freon  115  . . 

s 

33 

14,  26 
14, 56,  44,  23 

CF3OCF3  . 

154 

perfluoroether.. 

s? 

Reported  “as  non  toxic  as  fluorocarbons.” 
Liquid  density  unknown.  Stable  to  at  least 

56 

400°  C. 

CBrF3 

149 

bromotrifluoromethane  _ 

Freon  13B1 

s 

Excellent  fire  extinguisher _ 

35 

21,56 

14,26,56 

Kulene  131. 

SFe 

146 

sulfurhexafluoride 

S,  I 

Excellent  high-voltage  gaseous  insulator.  Ex- 
tremely inert  chemically.  Thermally  stable 

29 

17 

14.  56.  25,  27, 

52,53 

to  about  500°  C. 

CF3CF3  .. 

138 

ethforane  _ . „ 

s 

Thermally  stable  to  about  700°  C 

34 

14,56,19,39,22 
14, 26 

ccif2chf2 

137 

l-chloro-2-h  ydroeth  forane 

Freon  124a 

s? 

Toxicity  unknown  ...  . 

CCljF  J 

121 

dichlorodifluoromethane  .. 

Freon  12  . 

s 

30,51 

18, 38,  63 

14, 26, 63 
14, 56,44 
14,  26 

CF3NF2... 

121 

peril  uorom  e thy  lam  ine 

s? 

Musty  odor.  Toxicity,  liquid  density  unknown. 

CC1F3 

105 

chlorotrifluoromethane _ 

Freon  13 

s 

28, 30 

so*f2 

1C2 

sulfuryl  fluoride __ 

s? 

Toxicity,  liquid  density  unknown.  Chemistry 
resembles  SFe. 

55 

14 

CHFjCHF?.  .. 

102 

1-h  ydro-2-h  ydroeth  forane 

s? 

Toxicity,  liquid  density  unknown 

14 

CH3CCIF2  .. 

101 

1-chloro-l,  1-difluoroe  thane 

Genetron  101 

Q 

Slightly  flammable,  toxicity  marginal.  (See 
remarks  for  Genetron  100.) 

37 

18 

14, 26 

FCONF2 

99 

carbonylnitrogentrifluoride 

s? 

Toxicity,  liquid  density  unknown.  Reported  as  j 
very  inert. 

14 

CF< 

88 

carbontetrafluoride.. 

Freon  14 

s 

Extreme  thermal  stability  and  chemical  inert- 
ness. 

28,30 

21  i 

14,56, 19 

CHCIF2 

87 

chlorodifluoromethane 

Freon  22 

Q 

Toxicity  marginal  (classified  U.  A.  L.  group  5A). 

30 

3S  j 

14 

CH3CF3 

84 

1,1,1-trifluoroethane..: 

s? 

Toxicity  and  flammabilitv  unknown 

31,32 

54 

i 

14 

NF3 

71 

nitrogen  trifluoride 

s? 

Toxicity  uncertain  since  early  tests  (Ruff,  ref. 
43)  are  questionable. 

43, 25 

14,  43 

ghf3 

70 

fluoroform ... 

Freon  23 

s,  1 

Thermally  stable  to  at  least  1100°  C 

16 

14 

ch3chf2  .. 

66 

1 , 1 -difluoroethanc 

Genetron  100 

Q 

Slightly  flammable,  but  forms  nonflammable 
azeotropic  mixture  with  Freon  12.  Azeo- 

36 

18, 25 

14 

tropic  mixture  called  “Carrene  7,”  has  m= 
100,  Tb=  —33  0 C. 

ch2f2  . 

52 

difiuoromethane 

Freon  32 

s? 

Flammability  unknown 

30 

25 

14 

co2 

44 

carbon  dioxide 

Q 

Toxic  for  prolonged  exposure  at  concentrations 
above  about  3 per  cent. 

41 

25 

40,13 

N20 

44 

nitrous  oxide  . 

Q 

Nonflammable  but  acts  as  oxidant  at  high  tem- 
perature. Toxic  at  high  concentrations. 

41 

25 

40,13 

IS  satisfactory,  in  that  sufficient  information  is  available  to  regard  the  gas  as  nontoxic,  noncorrosive,  nonflammable,  thermally  stable  to  at  least  about  200°  C,  and  inert  chemically. 

S?  may  be  satisfactory,  but  available  information  is  insufficient  to  judge  it  so.  (See  remarks  for  each  gas  thus  classified.) 

Q questionable  because  of  possessing  at  least  one  undesirable  characteristic  (see  remarks)  which,  however,  may  not  be  totally  disqualifying. 

I inert  physiologically,  as  determined  by  tests  with  small  animals  living  in  atmosphere  of  20-percent  oxygen,  SO-percent  gas  in  question,  and  showing  no  observable  effects  either  during 
the  duration  of  tests  (usually  several  hours)  or  afterwards. 
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TABLE  III.— PHYSICAL  CHARACTERISTICS  OF  POLYATOMIC  GASES 


Critical  constants 

Boiling 

mi, 

temp., 

(2) 

Viscosity 

(?;>’ 

Spectroscopic  data  fundamental  wave  numbers,  <u,-f  cm-1 

Formula 

cm 

TV  C 

at  0°  C 

mole 

M, 

(77|03/2 

(3) 

(1) 

Tc, 

P‘, 

Vc 

micropoise 

°K 

atm. 

cc/gm.  mole 

CiFio 

23S 

-2 

3S7 

23 

378 

111 

12.7 

0. 018 

C3FgNT 

221 

-11 

C4F8 — - 

200 

-6 

390e 

331e 

111 

10.7 

.023 

1431,  1385,  1340,  1285,  1239  (2),  1220.  1008  (2),  963,  745  (2),  699,  660  (2),  613  , 569  , 439  , 359, 

33S  (2),  285,  273,  258,  250  (2),  192  (2),  173,  86 

CFjCBrF’ 

199 

-22 

3S6c 

32c 

26Se 

12S 

9.2 

.031 

CF3SF5 

196 

-20 

SeF<i 

193 

—47  sub. 

340e 

219e 

154 

7.4 

.047 

787  (3),  708,  662  (2),  461  (3),  405  (3),  245  (3) 

CSFS 

188 

-38 

344e 

26e 

298e 

122 

9.  1 

.030 

c2f6nf 

171 

-37 

CBrCIFs 

165 

-4 

427 

41.2 

232 

121 

S.  1 

.036 

1150,  1102,  S72,  648,  440,  400,  380,  300,  200 

CF3CCIF2 

155 

-38 

353 

30.8 

260 

119 

7.  7 

.039 

1350,  1241,  1236,  1186,  1132,  982,  763,  648,  595,  561,  454,  441,  366,  331,  315,  torsion,  186  (2) 

CF3OCF3 

154 

-59 

CBrF3 

149 

-60 

341 

199 

143 

6.2 

.059 

1207  (2),  1087,  762,  548  (2),  34S,  297  (2) 

SF6 — - 

146 

-64  sub. 

319 

36.8 

201 

142 

6.1 

.060 

940  (3),  775,  644  (2),  615  (3),  524  (3),  363  (31 

CF3CF3 

138 

-78 

293 

29.9 

220 

139 

5.9 

.063 

1420,  1250  (2),  1235  (2),  1120,  810,  715,  620  (2),  520  (2),  380  (2),  350,  214  (2),  torsion 

CCIF2CHF2 

137 

-10 

400 

36.7 

251 

108 

7.5 

.038 

CCI2F2 

121 

-30 

385 

39.6 

218 

118 

6. 1 

.055 

1159,  1101,  906,  667,  473,  455,  437,  318.  261 

CF3NF2 

121 

-78 

CCiFj 

105 

-80 

302 

39 

180 

136 

4.6 

.091 

1210  (2),  1102,  783,  569  (2),  478,  356  (2) 

SO2F2 

102 

-55 

340e 

1502,  1269,  885,  848,  553,  544,  539,  385,  300 

CHF2CHF2 

102 

-23 

CH3CCIF2 

101 

-9 

411 

40.7 

232 

97 

6.2 

.049 

3035, 2965, 1447, 1395, 1231, 1202, 1127, 1103, 967, 904, 683, 544, 526, 435, 429, 334, 305, torsion 

FCONTF2 

99 

-82 

CFl— 

88 

-128 

228 

36.8 

139 

171 

3.1 

.19 

1265  (3),  904,  630  (3),  437  (2) 

CHC1F2 

87 

-41 

370 

48.5 

165 

120 

4.3 

.094 

3023,  1347.  1311,  1178,  1116,  809,  595.  422,  365 

CH3CF3 

84 

-47 

3034  (2),  2975,  1409,  1442  (2),  1281,  1234  (2),  970  (2),  839,  6%  (2),  541,  36S  (2),  238,  torsion 

NFs 

71 

-129 

23  Oe 

125e 

164 

2.6 

.24 

1032,  647,  905  (2),  493  (2) 

CHFj 

70 

-84 

306 

47 

136 

134 

3.1 

. 16 

1376  (2),  1160  (2),  1117,  697,  508  (2),  3062 

CH3CHF2 

66 

-25 

387 

44.3 

181 

96 

4. 1 

.091 

3018,  3901, 2979,  2963,  1460,  1452,  1414,  1372,  1360,  1171,  1145,  1120,  925,  S68,  570.  472,  392, 

torsion 

CH2F2 

52 

-52 

351 

170 

93 

3.3 

.12 

3012,  2949,  1508,  1435,  1262,  1176,  1116,  1090,  529 

CO2 

44 

—79  sub. 

304 

72.9 

96 

137 

1.9 

.34 

2349,  1340,  667  (2) 

N2O 

44 

-88 

310 

71.7 

98 

135 

1.9 

.33 

2237,  1288,  588  (2) 

1 sub.  sublimes  at  atmospheric  pressure. 

!e  estimated  from  similar  gases,  or  from  liquid  density  and  reduced  orthobaric  density  of  similar  gases. 
3 number  in  parentheses  denotes  degree  of  degeneracy  of  wave  number  it  follows. 


TABLE  IV.— CHARACTERISTICS  OF  GAS-MIXTURE  WIND  TUNNELS 


Polyatomic  gas 

Mixture  propor- 
tions 

Mixture  molecular  weight 
relative  to  air 

Mixture  viscosity  at  0°  C 
relative  to  air 

Size  of  gas-mixture  wind 
tunnel  relative  to  air  wind 
tunnel  for  same  M 00,  Re,  & 

Vt 

Horsepower  of  gas-mixture 
wind  tunnel  relative  to  air 
tunnel  for  same  Moo,  Re, 

& pt 

Formula 

771?, 

gm. 

mole 

CP2, 

cal. 

*2 

X\ 

argon 

m 

krypton 

m 

xenon 

m 

argon 

M 

krypton 

xenon 

argon 

L 

krypton 

L 

xenon 

L 

argon 

7 ip 

krypton 

HP 

xenon 

Up 

mole  °K 
(1) 

(a)  Design  Mach  number  1.3; 

Tra  = 230° 

K 

238 

35.Se 

0. 07 

0.  93 

1.82 

3.23 

4.76 

1.13 

1.24 

1.16 

0. 84 

0.  69 

0.53 

0.52 

0.27 

0. 13 

CiFs 

200 

33.5 

.07 

.93 

1.77 

3.  17 

4.69 

1.  12 

1.23 

1.15 

.84 

.69 

.53 

.53 

.27 

.13 

CF3CBrF2_ 

199 

24. 4e 

.10 

.90 

1.93 

3.29 

4.79 

1.12 

1.22 

1.  15 

.80 

.67 

.53 

.46 

.25 

.13 

SeF( 

193 

22.5 

.11 

.89 

1.9S 

3.31 

4.79 

1.17 

1.25 

1.  17 

.83 

.69 

.53 

.49 

.27 

. 13 

CaFs 

188 

29. 5e 

.08 

.92 

1.80 

3. 18 

4.  G9 

1. 13 

1.24 

1.16 

.84 

.69 

.53 

.53 

.27 

.13 

CBrCIF?.. 

165 

15.8 

.19 

.81 

2.1S 

3.41 

4.  76 

1.03 

1. 13 

1.08 

.70 

.61 

.50 

.34 

.20 

.11 

CF3CC1F2 

155 

23.0 

.11 

.89 

1. 82 

3.  16 

4.62 

1. 10 

1.20 

1.13 

.SI 

.68 

.53 

.49 

.26 

.13 

CBrF3 

149 

14.7 

.21 

.79 

2.  15 

3.  35 

4.  65 

1.09 

1.17 

1.12 

.74 

.64 

.52 

.37 

.22 

.13 

SFe 

146 

1S.9 

. 14 

.86 

1.91 

3.  19 

4.  59 

1.12 

1.22 

1.15 

.81 

.68 

.53 

.48 

.26 

.13 

CF3CF3 

138 

21.8 

.12 

.88 

1.  78 

3.  11 

4.55 

1. 13 

1.23 

1.16 

.85 

.70 

.54 

.54 

.28 

.14 

CC12F2 

121 

15.2 

.20 

.80 

1.93 

3.  14 

4.  45 

1.02 

1.13 

1.09 

.74 

.64 

.52 

.39 

.23 

.13 

CC1F3 

105 

13.8 

.23 

.77 

1.89 

3. 05 

4. 35 

1.06 

1.16 

1.12 

.77 

.67 

.54 

.44 

.26 

. 14 

CH3CC1F2 

101 

16.8 

.17 

.83 

1.74 

2. 99 

4.35 

.99 

1.12 

1.08 

.75 

.65 

.52 

.43 

.24 

.13 

CF4  

88 

12.5 

.27 

.73 

1.82 

2.  93 

4.14 

1.15 

1.23 

1.17 

.85 

.72 

.57 

.53 

.30 

.16 

chcif2 

87 

12.0 

.29 

.71 

1.84 

2.  92 

4.10 

.98 

1.09 

1.06 

.73 

.63 

.53 

.39 

.24 

.14 

NF3 

71 

11.1 

.33 

.67 

1.73 

2.  74 

3.86 

1.11 

1.20 

1.16 

.85 

.73 

.59 

.54 

.32 

.18 

chf3 

70 

10.7 

.35 

.65 

1.74 

2. 72 

3.  79 

1.01 

1.11 

1.08 

.76 

.67 

.56 

.44 

.28 

.16 

C 1 1 3 C FIF  2 

66 

13.5 

.24 

. 76 

1.59 

2. 74 

4. 00 

.95 

1.09 

1.06 

.76 

.66 

.53 

.45 

.26 

.14 

CH2Fj 

52 

9.22 

.47 

.53 

1.57 

2.  37 

3. 24 

.78 

.91 

.93 

.63 

.59 

.52 

.31 

.23 

.15 

C02 

44 

8.11 

.63 

.37 

1.47 

2. 03 

2.63 

.92 

1.02 

1.02 

.76 

.72 

.63 

.48 

.36 

.25 

N20 

44 

8.45 

.57 

.43 

1.46 

2.  11 

2.81 

.94 

1.04 

1.04 

.78 

.72 

.62 

.50 

.35 

.23 

(bjjgDesign  Mach  number  2.5; 

Too  = 140° 

K 

CBrFa 

149 

11.0 

.33 

.67 

2.62 

3.62 

4.73 

1. 03 

1. 10 

1.06 

.64 

.58 

.49 

.25 

.17 

.11 

SF« 

146 

11.5 

.30 

.70 

2. 49 

3.54 

4.69 

1.04 

1.12 

1. 07 

.66 

.59 

.50 

.28 

.19 

.11 

CF3CF3 

138 

15.3 

.19 

.81 

2.03 

3. 25 

4.  57 

1.09 

1.17 

1.12 

.76 

.65 

.52 

.41 

.24 

.13 

CC1F3 

105 

10.2 

.39 

.61 

2.24 

3.17 

4. 19 

.98 

1.07 

1.05 

.66 

.60 

.51 

.29 

.20 

.13 

CF4 

88 

9.31 

.46 

.54 

2. 14 

2. 95 

3. 90 

1.10 

1.16 

1.13 

. 75 

.68 

.57 

.39 

.27 

.17 

NF3 

71 

8.74 

.53 

.47 

1.94 

2.  65 

3. 43 

1.05 

1.13 

1.10 

.76 

.69 

.60 

.41 

.29 

.19 

chf3 

70 

8.60 

.55 

.45 

1.95 

2.63 

3.38 

.92 

1.00 

1.00 

.66 

.62 

.54 

.31 

.23 

. 16 

! (c)  Design  Mach  number  3.5;  Too  - 105°  K | 

CF4 

88 

8.40 

.58 

.42 

2.34 

2. 97 

3.66 

1.07 

1.12 

1. 10 

.70 

.65 

.58 

.32 

.25 

.17 

NF3 

71 

8.19 

.62 

.38 

2.04 

2. 62 

3. 24 

1.03 

1.09 

1. 07 

.72 

.67 

.60 

.36 

.28 

.20 

ie  estimated  from  similar  gases  and  from  average  bond  frequencies  of  ref.  58. 
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STUDIES  OF  THE  SPEED  STABILITY  OF  A TANDEM  HELICOPTER  IN  FORWARD  FLIGHT1 

By  Robert  J.  Tapscott  and  Kenneth  B.  Amer 


SUMMARY 

Flight-test  measurements , related  analytical  studies , and 
corresponding  pilots ’ opinions  of  the  speed  stability  of  a tandem- 
rotor  helicopter  are  presented . An  undesirable  instability , 
evidenced  by  rearward  stick  motion  with  increasing  forward 
speed  at  constant  power , is  indicated  to  be  caused  by  variations 
with  speed  of  the  front-rotor  downwash  at  the  rear  rotor.  An 
analytical  expression  for  predicting  changes  in  speed  stability 
caused  by  changes  in  rotor  geometry  is  derived  and  constants  for 
use  with  the  analytical  expression  are  presented  in  chart  form. 
Means  for  improving  stability  with  speed  are  studied  both 
analytically  and  experimentally. 

The  test  results  also  give  some  information  as  to  the  flow 
conditions  at  the  rear  rotor. 

INTRODUCTION 

For  the  past  several  years  the  National  Advisory  Commit- 
tee for  Aeronautics  has  been  studying  the  flying  qualities  of 
helicopters  in  order  to  set  up  flying- qualities  criterions  and 
to  provide  a basis  for  improvement.  Information  obtained 
during  flying-qualities  studies  of  a tandem  helicopter  in 
reference  1 indicated  the  tandem-rotor  configuration  to  be 
susceptible  to  instability  with  speed  in  forward  flight.  That 
this  instability  with  speed  was  a basic  problem  resulting 
from  effects  of  front-rotor  downwash  on  the  rear  rotor  ap- 
peared likely.  Hence,  this  aspect  of  the  tandem  configura- 
tion seemed  worthy  of  study  in  order  to  provide  a basis  for 
improvement. 

Basically,  speed  stability  may  be  defined  as  the  variation 
of  pitching  moment  with  speed.  If  an  increase  in  forward 
speed  of  the  helicopter,  with  control  stick  fixed,  produces  a 
nose-down  moment,  the  speed  will  increase  further  due  to 
the  resulting  nose-down  attitude.  Such  an  aircraft  is  un- 
stable with  speed.  If  a nose-up  moment  is  associated  with 
an  increase  in  speed  from  trim  with  stick  fixed,  the  resulting 
nose-up  attitude  tends  to  reduce  the  speed  to  the  trim  value. 
An  aircraft  exhibiting  the  latter  characteristics  is  stable  with 
speed.  A more  complete  discussion  of  helicopter  stability 
may  be  found  in  chapter  11  of  reference  2. 

Stability  with  speed  is  important  primarily  when  a heli- 
copter is  being  operated  at  or  near  the  placard  speed.  At 
this  condition,  instability  with  speed  increases  the  likelihood 
of  inadvertently  exceeding  the  placard  speed  with  possible 
damage  to  the  aircraft.  At  lower  speeds,  stability  with 
speed  is  desirable  as  it  simplifies  maintaining  desired  speeds 


and  provides  a logical  variation  of  control  position  with 
speed.  The  military  and  civilian  regulatory  agencies  are 
now  generally  requiring  helicopters  to  exhibit  speed  stability. 
(See  refs.  3 and  4.) 

The  investigation  herein  was  undertaken  to  determine  the 
minimum  satisfactory  speed  stability  for  a tandem-rotor 
helicopter  and  to  determine  the  factors  that  affect  speed 
stability  in  order  to  provide  a basis  for  improvement. 

SYMBOLS 

b number  of  blades  per  rotor 

r radial  distance  to  blade  element,  ft 

R blade  radius,  ft 

c blade-section  chord,  ft 

f cr2dr 

ce  equivalent  blade  chord  (on  thrust  basis),  j ft 

J r2  dr 

a rotor  solidity,  bcJwR 

0 instantaneous  blade-section  pitch  angle;  angle 

between  line  of  zero  lift  of  blade  section  and 
plane  perpendicular  to  rotor  shaft,  radians 
8 collective  pitch,  average  value  around  azimuth  of 

0,  radians 

p mass  density  of  air,  slugs/cu  ft 

Po  mass  density  of  air  at  sea  level,  slugs/cu  ft 

V true  airspeed  of  helicopter  along  flight  path,  fps 

' 0 rotor  angular  velocity,  radians/sec 

a rotor  angle  of  attack;  angle  between  flight  path 

and  plane  perpendicular  to  axis  of  no  feathering, 
positive  when  axis  is  inclined  rearward,  radians 
p tip-speed  ratio,  V cos  a/QR,  assumed  equal  to 

V/QR 

T rotor  thrust,  component  of  rotor  resultant  force 

parallel  to  axis  of  no  feathering,  lb 

T 

CT  rotor-thrust  coefficient,  7—7^ 

7r 

L rotor  lift,  lb 

CL  rotor-lift  coefficient,  — 

\P*R2V2 

e angle  of  downwash  at  rear  rotor  due  to  front 

rotor  (assumed  equal  to  CT/n2),  radians 
IF  helicopter  gross  weigh t , lb 

AL  difference  in  lift  of  front  and  rear  rotors,  positive 

when  lift  of  rear  rotor  is  greater,  lb 


1 Supersedes  recently  declassified  NTACA  Research  Memorandum  L53F15a  by  Robert  J.  Tapscott  and  Kenneth  B.  Amer,  1953. 
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A T 

difference  in  thrust  of  front  and  rear  rotors,  posi- 
tive when  thrust  of  rear  rotor  is  greater,  lb 

a e 

difference  in  collective-pitch  angle  of  front  and 
rear  rotors,  positive  when  pitch  of  rear  rotor  is 
greater,  radians 

A R 

difference  in  blade  radius  of  front  and  rear  rotors, 
positive  when  blade  radius  of  rear  rotor  is 
greater,  ft 

A (&/?) 

difference  in  blade  tip  speed  of  front  and  rear 
rotors,  positive  when  tip  speed  of  rear  rotor  is 
greater,  fps 

A <7 

difference  in  rotor  solidity  of  front  and  rear  rotors, 
positive  when  rotor  solidity  of  rear  rotor  is 
greater 

A a 

total  difference  in  angle  of  attack  of  front  and  rear 
rotors,  positive  when  rear  rotor  is  greater, 
radians 

A ad 

difference  in  angle  of  attack  of  front  and  rear  rotors 
due  to  swashplate  dihedral,  positive  when  angle 
of  attack  of  rear  rotor  is  greater,  radians 

8 

longitudinal  position  of  control  stick,  positive 
when  forward,  in.  from  neutral 

a' 

longitudinal  angle  between  rotor  force  vector  and 
axis  of  no  feathering,  deg 

X 

distance  from  center  of  gravity  to  midpoint 
between  line  of  action  of  thrust  vectors  or  effec- 
tive midpoint,  positive  when  center  of  gravity 
is  forward  of  effective  midpoint,  in. 

x' 

distance  from  effective  midpoint  to  the  midpoint 
between  rotor  shafts,  positive  when  effective 
midpoint  is  forward,  in. 

Xo 

distance  from  midpoint  between  rotor  shafts  to 
center  of  gravity,  positive  when  center  of  gravity 
is  forward,  in. 

h 

vertical  distance  from  center  of  gravity”  to  the 
plane  of  the  rotors,  in. 

Bi 

longitudinal  cyclic  pitch  with  respect  to  shaft, 
positive  when  axis  of  no  feathering  is  tilted 
forward  with  respect  to  the  shaft,  deg 

Subscripts: 

fr 

front  rotor 

av 

average  value 

DESCRIPTION  OF  TEST  HELICOPTER 

The  tandem  helicopter  used  in  the  tests  is  shown  in  figure 
1.  It  has  a normal  gross  weight  of  approximately  7,000 
pounds  and  has  two  rotors  of  equal  size,  each  having  a 
diameter  of  41  feet.  The  rotors  have  equal  rotational  speed 
and  solidity  and  are  of  equal  distance  above  the  center  of 
gravity.  There  is  no  overlap  of  the  swept  areas  of  the  rotors 
and  the  swashplates  are  parallel  longitudinally  to  one 
another.  The  center-of-gravity  range  when  measured  along 
a line  perpendicular  to  the  shafts,  which  are  parallel,  is  from 
1 inch  rearward  to  18  inches  forward  of  the  midpoint  between 
shafts.  For  the  tests  the  center  of  gravity  was  13  inches 
forward  of  this  midpoint.  The  horizontal  and  twin  vertical 
stabilizers  have  total  areas  of  approximately  40  and  50  square 


\ 


Figure  1. — Test  helicopter. 


feet,  respectively.  The  helicopter  has  conventional  pilot 
controls:  stick,  pedals,  collective-pitch  lever,  and  throttle. 
Longitudinal  control  is  achieved  by  a longitudinal  motion 
of  the  stick,  which  produces  a combination  of  longitudinal 
cyclic  pitch  and  differential  collective  pitch,  the  latter  pro- 
viding by  far  the  larger  magnitude  of  pitching  moment. 
Lateral  control  is  achieved  by  lateral  motion  of  the  stick 
which  causes  lateral  cyclic  pitch  at  both  rotors;  directional 
control  is  achieved  by  use  of  the  pedals  which  causes  differ- 
ential lateral  cyclic  pitch.  Longitudinal  trim  control  is 
obtained  through  use  of  a control  wheel  which  varies  the 
differential  collective  pitch  between  rotors.  For  all  of  the 
tests  the  trim  control  was  at  an  indicator  setting  of  approxi- 
mately 0.8°  nose  up. 

For  the  latter  part  of  the  tests,  in  order  to  change  the 
speed  stability  of  the  test  helicopter,  the  rigging  of  the 
rotors  was  modified  to  incorporate  what  will  henceforth  be 
referred  to  as  swashplate  “dihedral.”  This  consisted  of  ad- 
justing the  longitudinal  control  cables  to  give  rearward 
cyclic  and  forward  cyclic  pitch  on  the  front  and  rear  rotors, 
respectively,  while  the  control  stick  was  locked  in  longitudinal 
neutral  position,  thus  producing  a fixed  difference  in  the 
longitudinal  cyclic  pitch  of  the  front  and  rear  rotors  at  any 
stick  position.  Aerodynamically,  this  is  equivalent  to  physi- 
cally inclining  the  shafts  toward  one  another.  The  total 
longitudinal  swashplate  travel  was  reduced  to  prevent  ex- 
ceeding a cyclic  pitch  of  6°,  a limit  set  by  linkage  and  clear- 
ance between  the  blade  and  droopstop,  by  use  of  a reducing 
bar  on  the  longitudinal  cyclic  control  cables.  A calibration 
of  the  longitudinal  cyclic  pitch  and  differential  collective 
pitch  for  the  configuration  with  approximately  4.5°  of  longi- 
tudinal swashplate  dihedral  and  trim  setting  of  0.8°  nose  up 
is  shown  in  figure  2. 

The  test  helicopter  was  equipped  with  synchronized  stand- 
ard NACA  recording  instruments  that  measured  control 
position,  airspeed  along  the  flight  path,  and  angle  of  attack 
at  the  nose  of  the  helicopter  of  the  plane  perpendicular  to 
the  rotor  shafts.  The  angle-of-attack  and  airspeed  pick-up 
installation  is  shown  in  figure  3. 
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Rearward  Forward 

Control  position,  inches  from  neutral 


Figure  2. — Longitudinal  control  calibration  of  test  helicopter  with 
approxirr  at2lv  4.5°  swashplate  dihedral. 


position  and  forward  speed  while  varying  the  speed  at  con- 
stant power  and  collective  pitch.  It  w ill  be  noted  that  the 
helicopter  w as  not  in  level  flight  but  descending  or  ascending 
as  caused  by  increasing  or  decreasing  speed  at  constant 
powder. 

The  significance  of  this  technique  is  that  under  the  given 
conditions  the  stick  motion  is  a measure  of  the  speed  stability 
exhibited  by  the  helicopter  in  small  disturbances  from  steady 
trimmed  flight  where  pow  er  and  collective  pitch  are  constant. 
It  is  under  these  conditions  that  speed  stability  affects  the 
pilots’  opinions  of  flying  qualities  of  the  helicopter. 

THEORETICAL  ANALYSIS  OF  SPEED  STABILITY 

For  purposes  of  subsequent  comparison  with  experimental 
results  and  to  form  a basis  for  improvement  of  speed  stability, 
the  following  theoretical  analysis  of  speed  stability  is  per- 
formed. 

ASSUMPTIONS 


Figure  3. — Airspeed,  angle-of-attack,  and  spoiler  installation  on  test 

helicopter. 

TESTING  TECHNIQUE 

In  order  to  keep  the  pitching  moments  on  the  helicopter 
in  flight  trimmed  during  speed  variation,  any  pitching  mo- 
ments resulting  from  speed  changes  must  be  counteracted 
by  longitudinal  motion  of  the  control  stick.  Since  speed 
stability  is  defined  by  the  variation  of  pitching  moment  w ith 
speed,  the  variation  of  stick  position  in  counteracting 
moments  due  to  speed  change  is  a measure  of  speed  stability. 
Rearward  stick  motion  w’ould  be  needed  to  neutralize  a 
nose-dowm  moment  while  forw  ard  motion  of  the  stick  cancels 
a nose-up  moment.  Inasmuch  as  a nose-up  moment  asso- 
ciated with  increased  speed  is  stabilizing,  forward  stick  mo- 
tion with  increasing  speed  signifies  stability  with  speed. 

Measurements  were  made  in  flight  of  the  speed  stability 
of  the  test  helicopter  in  several  configurations,  the  procedure 
being  to  trim  the  helicopter  at  a given  speed  and  record  stick 


The  analysis  in  this  report  is  based  on  the  stability  deriva- 
tives of  reference  5 and  therefore  the  assumptions  of  that 
reference  are  carried  over.  In  addition,  for  the  purposes  of 
this  analysis,  the  following  simplifying  assumptions  are  made: 

(1)  The  pitching  moments  of  the  fuselage — horizontal-tail 
combination  are  zero.  This  assumption  appears  justified  in 
view’  of  the  large  magnitudes  of  the  pitching  moments 
caused  by  the  rotors  compared  with  the  pitching  moments 
caused  by  the  fuselage-tail  combination. 

(2)  The  lift  of  the  fuselage — horizontal-tail  combination 
is  zero. 

(3)  The  front  rotor  is  not  affected  by  the  rear  rotor. 

(4)  The  dowmvash  angle  at  the  rear  rotor  due  to  the  lift 
of  the  front  rotor  is  given  by  CTfr/n2 « CLfJ2  where  CTfr  and 
CLfr  are  the  thrust  and  lift  coefficients,  respectively,  of  the 
front  rotor.  Theoretically,  this  magnitude  of  dowmwash  is 
not  fully  reached  until  at  an  infinite  distance  behind  the 
front  rotor;  however,  calculations  of  stability  using  the 
assumed  value  of  downwrash  and  theoretical  calculations  of 
dowmwash  behind  a rotor  presented  in  reference  6 indicate 
it  to  be  a reasonable  assumption.  The  theory  developed 
herein  will  be  restricted  to  /u^0.15.  Below  this  value  of  /u, 
the  dow  nwash  formula  becomes  inaccurate. 

(5)  The  stability  with  speed  of  the  individual  rotors  and 
pitching  moments  due  to  changes  in  longitudinal  cyclic 
pitch  are  neglected.  Preliminary  calculations  showr  these 
quantities  to  be  of  only  secondary  importance. 

DERIVATIONS  OF  EQUATIONS 

In  order  that  no  pitching  moments  be  produced  as  the 
speed  of  the  helicopter  is  varied,  the  difference  in  the  thrust 
of  the  front  and  rear  rotors  AT  must  remain  at  the  trim  value. 
The  average  thrust  of  rotors  during  steady  flight  is  given  by 
definition  of  the  thrust  coefficient  as 


(1) 
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Also,  the  thrust  differential  between  rotors  is 
AT=A  <jTrR2p(9.R)2~^ 

Taking  differentials, 

AT=  A (^)  [0wR?P{9R)\,+ Ac  t/Pp^S)*]  + 

2Ra,  A R arp(o/?)2J  +2(9R.)ac  A (oft)  ^ virft’p] 


Dividing  equation  (2)  by  equation  (1)  gives 


AT_  1 (7r  Av  2 Aft  2 A(Qft) 

r.T//o  /n  \ “ _ i _ T"  o "T  /rv  />\ 


072  “a  1 V„£  ' ft05 

However,  A (CT/<r)  may  be  expressed  as 


Ra*  ' (Qfl)., 


where  Vs s-J.  and  y 

rear  rotor  derivatives. 


Substituting  equation  (4)  for  A ^ into  equation  (3), 


.r  , \(°J 

W/2  /CjX  L\  da 

\ & / av 


Ad  + 


Ag  2Ag  2A (OR) 

& at  Rao  (12Z2)a8 


When  the  above  equation  is  solved  for  Ad  and  differen- 
tiated with  respect  to  /q  setting  ^==0,  the  following  ex- 
pression is  obtained: 


Under  the  assumption  that  the  downwash  angle  at  the  rear 
rotor  is 


the  total  difference  in  angle  of  attack  between  the  front  and 
rear  rotors  due  to  downwash  and  swashplate  dihedral 
becomes 

Aa=~© ,s) 


_\av  Equation  (6)  was  determined  in  terms  of  average  values 

(2)  of  0T  and  jjl.  Therefore,  CTfr  and  fifT  in  equation  (8)  will  be 
replaced  in  terms  of  average  values  in  order  that  substitu- 
tion into  equation  (6)  can  be  made.  The  mathematics  for 
determining  A a in  terms  of  Crav  and  natl  are  presented  in  ap- 

(3)  pendix  A and  the  resulting  expression  is 


Aa=  ~&)Sl~W+K)+Aa“  (9) 

which  when  differentiated  with  respect  to  m gives 


d(Aa)_n  / Cr\  ( 
(Ip  ~ \ p3  Jav  V 


W+R.J 


Substituting,  equations  (9)  and  (10)  into  equation  (6) 


!-K,(A)  (f_^W2A  r^+2^2]+ 

\ V Jav  \ W R'avJ  \ O Jav  [_  aav  (9R)an  J 

K3Aad+K4CTa,  (11 


where 


Ki= — 2 


r /doV/cA 

V )m 

dp 


/bCT/c\ 

V <>«  Jav  °a 


d(A0)_ 

dp 


(Ct\  ,/bCT/c\ 

\e)av  \ be  Jav  S AT  r Ac 

J dp  \ W/2  U' 


1 /c) CT/a\ 

/ bCT/<r\  j 

dji 

d\  be  ) 

av  V / av  j 

^ °"ao 

/dCTfo\ 

. V be  Jav 

djji 

imjJ 

(Pavf 

2A(Q  Rf\\ 
(nR)ac  J / 

(bCrh\ 

\ C)«  jav 

d(  Aa) 

/dCT/a\ 

\ M Jav 

dfi 

,fbCT,la\ 

\ boc  Jav  / bCT/a\  j fbCTjo  \ 

dp  \ ba  Jav  (l\  bd  Ja 


[fbCTlc\  T 

dn 

L\  be  Li 
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Note  that  in  equation  (11)  changes  in  R are  assumed 
to  take  place  at  constant  a and  QR  and  that  the  derivatives 
are  the  average  of  front-  and  rear-rotor  values. 

Values  for  Ku  K2,  and  KA  are  plotted  against  fx  in 
figure  ‘4  for  values  of  m from  0.15  to  0.50  and  for  <7=0.03, 
0.06,  and  0.09.  A direct  calculation  of  the  speed  stability 
of  a given  configuration  may  be  accomplished  by  using  the 
K values  of  figure  4 and  equation  (11)  when  CT,  m,  and  a 
are  known. 

RESULTS  AND  DISCUSSION 


SPEED  STABILITY  OF  ORIGINAL  CONFIGURATION 

Measurements  of  speed  stability. — Figure  5 (a)  shows  a 
plot  of  stick  position  against  forward  speed  for  the  original 
configuration  trimmed  at  approximately  70  knots  in  level 
flight  which  is  approximately  the  cruising  speed.  The 
curve  shows  that  rearward  stick  motion  was  necessary  to 
maintain  trim  longitudinally  as  the  speed  increased  through- 
out the  speed  range  from  50  knots  to  105  knots.  The  nose- 
up  control  moment  was  applied  to  counteract  a nose-down 
moment  due  to  the  increased  speed,  since  to  maintain  zero 
pitching  acceleration  the  sum  of  the  moments  must  be  zero. 
Thus,  figure  5 (a)  indicates  the  test  helicopter  in  its  original 
configuration  to  be  unstable  with  speed  from  50  knots  to 
105  knots.  The  variation  of  slope  with  speed  indicates  some 
tendency  for  the  instability  to  become  smaller  with  increased 
speed  particularly  at  the  lower  speeds.  At  70  knots  the 
stick  slope  is  approximately  —0.01  inch  per  knot. 

Pilots’  opinions. — The  instability  of  the  test  helicopter  was 
considered  by  the  pilots  to  be  undesirable  in  that  it  increased 
the  likelihood  of  the  placard  speed  being  exceeded  inad- 
vertently. However,  they  considered  this  instability  to  be 


less  serious  than  the  maneuver  instability  and  lateral- 
directional  instabilities  reported  in  reference  1. 

Source  of  instability. — The  unstable  variation  of  pitching 
moments  with  speed  may  be  caused  by  the  rotors  or  the  fuse- 
lage. Chapter  11  of  reference  2 indicates  that  the  individual 
rotors  are  stable  with  speed  and  calculations  indicate  the 
contribution  of  the  fusel  age- tail  combination  to  the  moment 
variation  with  speed  to  be  small  with  respect  to  that  contrib- 
uted by  the  rotors  for  the  test  helicopter.  It  is  probable, 
therefore,  that  the  greater  part  of  speed  instability  is  con- 
tributed by  the  rotor  configuration  and  is  caused  by  the 
variations  of  front-rotor  downwash  acting  on  the  rear  rotor. 

In  forward  flight  the  rear  rotor  is  operating  in  the  down- 
wash  of  the  front  rotor  and  is  trimmed  accordingly.  As 
forward  speed  increases,  the  downwash  angle  is  reduced  be- 
cause of  the  larger  mass  of  air  handled  per  second  hy  the 
front  rotor.  The  reduction  of  downwash  angle  with  increased 
speed  causes  an  increase  in  the  rear-rotor  angle  of  attack  so 
that  at  constant  control  position  a thrust  increase  is  produced 
resulting  in  a nose-down  or  unstable  pitching  moment.  The 
K4  term  in  equation  (11)  accounts  for  this  effect.  Equation 
(10)  shows  that  the  rate  of  change  of  downwash  with  speed 
is  reduced  as  the  speed  is  increased.  This  reduction  occurs 
more  rapidly  at  the  lower  speeds.  Experimental  verification 
of  this  trend  is  noted  in  figure  5(a)  wherein  a reduction  in  the 
instability  with  speed  of  the  test  helicopter  as  the  speed  in- 
creased is  noticeable  particularly  at  the  lower  speeds. 

Computation  of  speed  stability  at  70  knots. — The  basic 
tandem  configuration  used  in  the  tests  had  equal  radius, 
equal  tip  speed,  and  equal  solidity  of  the  front  and  rear  rotors 
and  no  swashplate  dihedral.  Under  these  conditions,  equa- 
tion (11)  reduces  to: 


d(Ad)_  rr 
dfx  Kl 


AT 

W 


-\-K4CTn 


(12) 


The  second  term  in  equation  (12)  is  the  important  term 
and  is  the  one  that  accounts  for  the  effects  of  downwash 
variation.  The  first  expression  in  equation  (12)  is  retained 
because  the  center  of  gravity  was  approximately  13  inches 
forward  of  the  midpoint;  a difference  therefore  results  in 
front  and  rear  rotor  thrusts  at  the  trim  condition.  In  addi- 
tion to  a physical  shift  of  the  center  of  gravity  there  is  an 
effective  shift  introduced  by  the  tilt  of  the  rotor  thrust  vectors 
from  the  shaft  axis.  In  the  case  under  consideration,  the 
increment  AT  due  to  the  vector  tilt  was  examined  and  found 
to  have  a negligible  effect  on  speed  stability.  However,  in 
some  high-speed  cases  where  the  longitudinal  tilt  of  the  rotor 
force  vector  from  the  shaft  may  be  large  and  where  the  effect 
of  a thrust  difference  is  more  significant,  a significant  differ- 
ence in  the  speed  stability  might  result.  A derivation  of  the 
method  of  accounting  for  the  difference  in  thrust  AT  due  to 
tilt  of  the  thrust  vectors  is  presented  in  appendix  B. 
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(a)  Original  configuration.  (b)  4.5°  swashplate  dihedral,  spoiler  attached. 

Figure  o. — Variation  of  longitudinal  stick  position  with  speed  for  test  helicopter,  trimmed  at  approximately  70  knots,  in  level  flight. 


For  the  test  helicopter  at  70  knots 
AT=  —320  lb 
W=  6,750  lb 

AT/W=  -0.0474 
0/2=537  ft/sec 
<ra„=0.052 
CT„=  0.00424 

(— ) =0.0815 

V / a o 

p/po=0.89 

p=0.22 


From  figure  4,  Kx  = — 1.15  and  K^——  33.5.  Substituting 
into  equation  (12) 


d{A9)_ 


dfjL 


-1.15(0.0815)  (—0.0474)  —33.5(0.00424) 
= 0.004-0.142 
d(A9) 


dfi 


-0.138 


d(A9) 


Converting  — -7 — - from  radians  per  ju  to  degrees  per  knot 
an 

d{A9) 


gives 


dV 


-0.025  degree  per  knot 


Knowing  the  ratio  between  differential  collective  pitch  and 
stick  motion,  which  as  shown  in  figure  2 for  the  test  helicopter 
is  1°  A9  per  inch  of  stick  travel,  the  stick  travel  per  knot  speed 
change  can  be  computed.  In  this  case, 


-7^=  — 0.025  inch  per  knot 
dV  1 


Comparison  of  calculated  and  experimental  values  of 
speed  stability. — The  calculated  value  of  speed  stability  for 
the  test  helicopter  in  its  original  configuration  is  —0.025 
inch  per  knot  whereas  the  measured  value  is  —0.01  inch  per 
knot.  Tlxe  orders  of  magnitude  are  in  agreement  and  the 
difference,  while  large  percentagewise,  is  probably  within  the 
accuracy  of  the  data  and  the  nature  of  the  assumptions  used 
in  the  theoretical  analysis.  Of  the  assumptions,  the  one 
•neglecting  the  contribution  of  the  fuselage-tail  combination 
is  considered  most  likely  to  be  in  error. 

EFFECT  OF  SWASHPLATE  DIHEDRAL  ON  SPEED  STABILITY 

Although,  as  indicated  in  the  previous  section,  the  assump- 
tions used  in  the  theoiy  may  cause  some  error  in  the  estima- 
tion of  the  absolute  value  of  speed  stability^,  such  errors 
should  be  due  primarily  to  fuselage  moments  which  remain 
constant  with  changes  in  rotor  geometiy.  Hence  the  theoiy 
should  be  adequate  to  predict  changes  in  speed  stability 
brought  about  by  changes  in  the  rotor  thrust  contributions. 

For  the  purposes  of  checking  the  theory  and  obtaining  a 
condition  of  positive  speed  stability  for  pilots'  opinions  of 
flying  qualities,  swashplate  dihedral  was  rigged  into  the  con- 
trol system  of  the  test  helicopter.  It  is  understood  that  at 
least  one  manufacturer  has  experimented  with  swashplate 
dihedral  with  some  success  in  improving  the  speed  stability 
of  the  tandem  configuration. 

Improvement  predicted  by  theory. — Inspection  of  equation 
(11)  and  figure  4 shows,  inasmuch  as  Kz  is  negative  for  /*= 
0.15  to  0.50,  that  there  will  be  a positive  increment  added 
to  the  speed  stability7"  when  A ad  is  negative.  Therefore, 
equation  (11)  suggests  that  a negative  difference  in  angle  of 
attack  of  rotors,  that  is,  the  swashplates  tilted  toward  one 
another,  improves  the  speed  stability7"  of  the  tandem  con- 
figuration. The  magnitude  of  the  predicted  improvement 
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is  determined  as  follows : 

For  the  test  helicopter  at  cruise: 

fi 0.  22 

<t - 0.052 

From  figure  4,  ^=  — 1.33  and,  assuming  — 1°  or 

—0.0175  radian,  equation  (11)  gives 

a!^M=^-1.33(-0.0175) 

= 0.023  radian  per  fi  unit  per  degree  dihedral 

A =0.004  degree  per  knot  per  degree  dihedral 

Measured  improvement. — Measurements  in  flight  were 
made  to  confirm  the  effect  of  swashplate  dihedral  on  the 
speed  stability  of  the  test  helicopter.  Data  were  obtained 
for  the  test  helicopter  with  2.7°  and  4.5°  of  swasliplate 
dihedral.  Figure  5(b)  is  a plot  of  stick  position  against 
speed  for  the  test  helicopter  with  4.5°  of  swasliplate  dihedral 
and  shows  the  test  helicopter  now  to  have  slightly  positive 
speed  stability.  Comparison  of  figure  5(b)  with  figure  5(a) 
indicates  a definite  improvement  in  the  speed  stability  with 
swasliplate  dihedral  throughout  the  speed  range  from  50 
knots  to  the  maximum  reached. 

Comparison  of  experimental  results  with  theory.— Spoilers 
were  added  to  the  fuselage  for  another  investigation  between 
the  flights  for  obtaining  the  original  data  and  the  flights  for 
obtaining  the  dihedral  data.  Intermediate  flight  tests  indi- 
cated these  spoilers  to  affect  the  speed  stability  adversely; 
thus,  the  incremental  improvement  in  speed  stability  due 
to  dihedral  alone  is  best  obtained  by  determining  the  im- 
provement in  going  from  2.7°  to  4.5°  swashplate  dihedral. 
The  slope  of  the  curve  in  figure  5 (b)  at  70  knots  and  equiv- 
alent data  for  the  2.7°  dihedral  case  are  plotted  in  figure  6 
along  with  the  theoretical  values.  The  experimental  incre- 
ment is  computed  to  be  0.007  degree  per  knot  per  degree 
dihedral.  Even  though  this  value  is  somewhat  higher  than 
the  value  of  0.004  predicted  by  theory,  the  comparison  is 
believed  to  be  good  enough  to  indicate  the  theory  to  be  a 
useful  tool  for  predicting  changes  in  speed  stability. 

Pilots’  opinions. — The  pilots  making  the  test  flights  con- 
sidered the  handling  qualities  of  the  test  helicopter  improved 
by  the  removal  of  the  instability  with  speed. 

CR1TERIONS  FOR  SATISFACTORY  SPEED-DISTURBANCE 
CHARACTERISTICS 

While  the  pilots  were  certain  that  any  instability  with 
speed  would  be  undesirable,  the}7  were  not  sure  whether 
the  speed-disturbance  characteristics  of  the  helicopter  as 
modified  with  4.5°  of  swashplate  dihedral  were  satisfactory. 
As  previously  mentioned,  the  test  helicopter  with  4.5° 
swashplate  dihedral  was  slightly  stable  with  speed.  When 
the  controls  of  the  helicopter  were  held  fixed  during  flight 
in  rough  air,  large  disturbances  in  pitch  attitude  and  hence 
in  forward  speed  were  produced  from  which  the  helicopter 
recovered  slowly.  Under  contact  conditions  these  large 
disturbances  in  speed  were  not  bothersome  in  that  they  were 
easily  prevented  by  control  motion.  Thus,  for  contact 
flight,  slightly  positive  speed  stability  seems  to  be  sufficient. 
However,  the  pilots  felt  that  under  blind-flying  conditions, 


Figure  6. — Effect  of  swashplate  dihedral  and  angle  of  attack  at 
fuselage  nose  on  speed  stability  at  70  knots. 


these  speed-disturbance  characteristics  might  increase  tliei 
difficulties  excessively. 

If,  during  blind  flight,  speed-disturbance  characteristic 
such  as  those  of  the  modified  helicopter  are  actually  foun< 
to  be  objectionable,  it  would  appear  desirable  to  mod  if; 
such  characteristics  to  reduce  the  amount  of  speed  dis 
turbance.  From  the  pilots’  point  of  view  it  might  be  desir 
able  to  limit  the  amount  or  percentage  of  speed  disturbance 
after  some  period  of  time  following  a fixed  longitudina 
disturbance  of  the  control  stick.  Modifications  such  a 
increases  in  stability  with  speed  or  in  maneuver  stability 
should  tend  to  improve  the  helicopter’s  speed-disturbance 
characteristics. 

In  addition,  it  should  be  pointed  out  that  an  increase  ii 
speed  stability  will  reduce  the  amount  of  forward  longitudina 
control  available  at  the  higher  speeds  for  overcoming  a nose 
up  divergence  in  pitch.  Thus,  it  appears  that  an  effort  t< 
remove  an}7  maneuver  instability  of  a tandem  helicopte 
should  precede  any  attempt  to  increase  the  speed  stability 

EFFECT  OF  ANGLE  OF  ATTACK  ON  SPEED  STABILITY 

Figure  6 also  shows  how  the  slope  of  stick  motion  wit] 
speed  at  70  knots  for  the  original  configuration  varies  wit! 
angle  of  attack  at  the  nose.  The  angle  of  attack  was  varie< 
by  changing  the  rate  of  descent  and  was  measured  by  th< 
vane  shown  in  figure  3.  Figure  6 is  obtained  from  dat; 
such  as  in  figure  5 (a).  For  example,  the  slope  of  the  curv 
in  figure  5 (a)  at  70  knots  is  found  to  be  —0.01  inch  per  knot 
The  angle  of  attack  at  the  nose  at  this  condition  was  meas 
ured  to  be  —10.2°.  These  values  determine  one  point  of  th 
curve  of  figure  6.  The  additional  points  were  obtaine< 
similarly  from  other  runs  at  several  power  conditions. 

Figure  6 shows  that  a variation  of  speed  stability  wit] 
rate  of  descent  exists,  indicating  that  as  the  rear  rotor  change 
position  with  respect  to  the  line  of  flight  through  the  fron 
rotor,  a different  trim  value  and  hence  a different  rate  o 
change  with  speed  of  front-rotor  downwash  is  appareiitl; 
encountered.  The  maximum  value  of  downwash  appears  t< 
occur  when  the  rear  rotor  is  on  the  line  of  flight  of  the  fron 
rotor.  This  tends  to  be  in  agreement  with  the  vertica 
traverse  measurements  of  downwash  angle  behind  a rotor  ii 
a wind  tunnel,  presented  in  reference  7,  which  also  indicat 
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such  changes  in  downwash  angle  with  perpendicular  distance 
from  the  line,  of  flight  of  a rotor  to  exist.  The  significance 
of  this  downwash  variation  with  respect  to  angle-of-attack 
stability  was  discussed  in  reference  1. 

EXPLANATION  OF  EFFECTS  OF  CONFIGURATION  CHANGES 
ON  SPEED  STABILITY 

In  addition  to  the  effects  of  downwash  (KA)  and  swashplate 
dihedral  (. K 3)  equation  (11)  shows  the  manner  in  which 
differences  in  front-  and  rear-rotor  solidity,  tip  speed,  radius, 
and  trim  thrust  affect  the  speed  stability.  (The  difference 
in  trim  thrust  is  affected  primarily  by  the  center-of-gravity 
location  with  respect  to  the  midpoint  between  rotors.) 
Inasmuch  as  the  theory  was  found  to  give  good  results  in 
predicting  the  effects  of  swashplate  dihedral,  the  theory 
should  also  be  adequate  in  general  for  predicting  the  effects 
of  other  configuration  changes. 

SWASHPLATE  DIHEDRAL 

The  stabilizing  effect  of  swashplate  dihedral  is  caused  by 
the  rear  rotor  operating  at  a more  negative  angle  of  attack 
than  the  front  rotor.  Under  such  conditions,  an  increase  in 
forward  speed  causes  a greater  increase  in  the  downflow 
through  the  rear  rotor  than  through  the  front  rotor  because 
of  the  greater  axial  component  of  forward  velocity.  The 
greater  increase  in  downflow  through  the  rear  rotor  causes  a 
larger  reduction  in  rear-rotor  thrust  than  that  experienced 
by  the  front  rotor,  hence  contributing  a nose-up  or  stabilizing 
moment. 

In  addition  to  the  stabilizing  effect,  there  is  a smaller 
destabilizing  effect  caused  by  swashplate  dihedral.  Since 
the  difference  in  rotor  angles  of  attack  is  more  negative 
than  without  swashplate  dihedral,  the  trim  value  of  the  dif- 
ference in  collective  pitch  of  the  rotors  must  be  more  positive 
than  without  swashplate  dihedral  in  order  to  maintain  the 
trim  values  of  thrust.  This  difference  in  trim  values  of  col- 
lective pitch  causes  a larger  increase  of  thrust  with  speed 
for  the  rear  rotor  and  a smaller  increase  of  thrust  with  speed 
for  the  front  rotor.  The  destabilizing  effect  due  to  differences 
in  the  pitch  angles  of  the  front  and  rear  rotors  increases 
with  speed,  thus  accounting  for  the  overall  reduction  in 
effectiveness  of  swashplate  dihedral  at  higher  speeds  as 
shown  in  figure  4 by  the  reduction  in  absolute  magnitude 
of  Kz  at  high  values  of  /x. 

EFFECT  OF  TIP  SPEED  OR  SOLIDITY  DIFFERENTIAL 

Since  Ko  is  shown  by  figure  4 to  be  positive  at  all  values  of 
ji  from  0.15  to  0.50,  equation  (11)  shows  that  positive  differ- 
ences in  tip  speed  or  solidity  (rear  rotor  greater)  have  a 
stabilizing  effect.  (It  should  be  noted,  as  previously 
pointed  out,  that  in  equation  (11)  changes  in  one  parameter 
are  assumed  to  cause  no  change  in  other  parameters.) 
Figure  4 also  shows  that  7^  decreases  as  \x  increases,  indicating 
that  tip-speed  and  solidity  differences  have  a maximum 
effect  at  the  lower  speeds  and  decrease  in  effectiveness  as 
the  speed  increases. 

EFFECT  OF  CENTER-OF-GRAVITY  LOCATION  OR  RADIUS  DIFFERENTIAL 

The  effect  on  speed  stability  of  center-of-gravity  location 
or  radius  differential  may  be  understood  by  considering 


each  parameter  in  the  expression  Kx 


of  equation  (11).  Figure  4 shows  Kx  to  be  negative  over 
most  of  the  range  of  n values  covered.  Since  (CT/<r)av  is 
always  positive,  the  above  expression  wall  generally  show  a 
positive  increment  of  speed  stability  when  AT  is  negative 
or  when  AR  is  positive.  Inasmuch  as  AT  is  negative  by 
definition  when  the  front-rotor  thrust  is  greater,  location  of 
the  center  of  gravity  forward  of  the  mfclpolnt  between 
rotors  will  generally  improve  the  speed  stability. 

Inasmuch  as  figure  4 shows  that  at  the  lower  tip-speed 
ratios  and  higher  solidities  Kx  becomes  small  and  may 
even  become  positive,  forward  center-of-gravity  location  or 
positive  radius  differential  in  such  cases  become  less  effective 
and  may  even  have  an  adverse  effect  on  speed  stability.  It 
is  believed  that  the  loss  in  effectiveness  of  these  two  param- 
eters at  low  speeds  is  due  to  the  fact  that  the  front-rotor 
lift  coefficient  is  increased.  An  increase  in  the  effect  of 
destabilizing  downwash  is  therefore  obtained,  which  over- 
shadows the  stabilizing  tendency  at  low  speeds.  At  high 
speeds  the  destabilizing  effect  due  to  downwash  decreases 
and  the  stabilizing  effect  predominates. 


MEANS  FOR  IMPROVING  SPEED  STABILITY 

MAGNITUDE  OF  CONFIGURATION  CHANGES  REQUIRED  TO  ACHIEVE 
NEUTRAL  STABILITY  FOR  THE  TEST  HELICOPTER 

In  order  to  compare  the  effectiveness  of  the  various 
methods  for  improving  speed  stability,  the  calculated  magni- 
tudes of  the  changes  in  each  parameter  needed  to  make  the 
test  helicopter  neutrally  stable  with  speed  are  shown  in 
table  I.  At  /x=0.17  the  amount  of  thrust  or  radius  differential 
needed,  as  shown  by  —2.3  and  2.3,  respectively,  is  impossible. 
The  values  of  0.6  and  0.3  for  Aa/aav  and  A (QR)/(QR)av,  re- 
spectively7, indicate  that  relatively  large  though  not  impos- 
sible differences  would  be  required.  However,  in  the  event 
that  moderate  amounts  of  these  latter  differentials  were  used 
to  improve  other  characteristics,  such  as  angle-of-attack 
stability,  the  effect  on  speed  stability  would  be  in  the  proper 
direction.  Table  I shows  that  at  n= 0.1 7,  —3°  of  swashplate 
dihedral,  a reasonable  value,  will  cause  the  test  helicopter  to 
be  neutrally  stable  with  speed.  Swashplate  dihedral  there- 
fore seems  to  be  the  most  practical  means  of  improving  the 
speed  stability  of  the  tandem-rotor  helicopter  at  low  speeds. 
The  higher  value  of  swashplate  dihedral  actually  used  on  the 
test  helicopter  was  needed  because  of  the  adverse  effect  of 
the  spoiler  installation. 

At  high  speeds,  as  represented  by  values  for  m=0.30  in 
table  I,  the  test  helicopter  could  be  made  neutrally  stable 


TABLE  I 

MAGNITUDES  OF  CONFIGURATION  CHANGES  NEEDED  TO 
GIVE  NEUTRAL  STABILITY  ON  TEST  HELICOPTER 


,,  , d(A0) 

Measured  —3 — 

dfi  . 

for  test 
helicopter, 
radians/^ 

Difference  in 
angle  of  attack 
due  to  swash- 
plate  dihedral, 
Aad,  deg 

AT 

IV' 

Aft 
fto  * 

A a 

Oo* 

A(ttft) 

iSlR)a* 

0.  17 
. 30 

-0.  077 
-.  027 

-3 
-1.  2 

— 2.  3 
-.  2 

2.  3 
. 2 

0.  6 

. 26 

0.  3 
. 13 
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with  speed  by  using  any  of  the  methods  individually.  The 
values  for  A T/W,  A R/Rav,  A <r/(raV}  and  A(9R)/(9R)av  represent 
large  although  feasible  differences  in  these  parameters,  while 
the  value  of  —1.2°  for  swashplate  dihedral  is  small.  As  at 
low  speeds,  swashplate  dihedral  is  apparently  the  most  effec- 
tive single  change.  However,  moderate  amounts  of  other 
changes  could  be  used  simultaneously  with  good  results. 
Although  swashplate  dihedral  and  solidity  and  tip-speed 
differential  become  less  effective  with  increased  speed,  the 
lower  amount  of  instability  of  the  original  configuration  at 
the  higher  speed  results  in  less  configuration  change  needed 
for  neutral  stability  than  at  the  lower  speed. 

PRACTICAL  CONSIDERATIONS  REGARDING  SWASHPLATE  DIHEDRAL 

The  means  for  incorporating  swashplate  dihedral  in  the 
test  helicopter,  described  in  the  section  entitled  “Description 
of  Test  Helicopter,”  was  an  expedient  method  and  there  are 
practical  considerations  to  be  given  to  its  use.  Because  of  the 
tilt  of  the  swashplates  at  the  neutral  stick  position,  it  was 
necessary  to  reduce  the  longitudinal  cyclic-pitch  range  to 
avoid  linkage  interference.  In  addition,  the  droopstop  clear- 
ance in  flight  of  one  or  both  rotors  tends  to  be  reduced.  The 
pilots  reported  the  reduction  in  longitudinal  cyclic  pitch 
produced  no  appreciable  change  in  longitudinal  control  in 
flight.  However,  since  cyclic  pitch  is  the  only  longitudinal 
control  available  for  taxiing,  the  reduction  in  longitudinal 
cyclic-pitch  range  might  prove  to  be  objectionable  during 
attempts  to  taxi  in  high  winds.  For  the  test  helicopter  with 
the  swashplate  dihedral,  no  attempt  was  made  to  taxi  in  high 
winds. 

For  a helicopter  in  the  design  stages,  a more  suitable 
means  of  incorporating  swashplate  dihedral  might  be  the 
inclination  of  the  rotor  shafts  towards  one  another.  By 
inclining  the  rotor  shafts,  the  necessity  for  reducing  the 
longitudinal  cyclic-pitch  range  to  avoid  linkage  interference 
and  the  possibility  of  blades  hitting  the  droopstops  are 
virtualty  eliminated.  However,  inclining  the  rotor  shafts 
will  not  eliminate  the  problem  of  clearance  between  the 
rotors  and  fuselage. 

Another  practical  consideration  regarding  swashplate 
dihedral — its  effect  on  rotor  stalling — is  discussed  in  the 
next  section.  . 

In  view  of  these  adverse  conditions  which  may  arise  from 
swashplate  dihedral,  some  practical  considerations  must 
be  given  to  its  use. 

EFFECT  OF  STALLING  ON  SPEED  STABILITY 

With  the  load  equally  distributed  between  the  two  rotors 
of  the  tandem-rotor  configuration,  the  rear  rotor,  operating 
in  the  downwash  of  the  front  rotor,  is  in  more  of  a climb 
condition  and  tends  to  stall  first.  When  the  rear  rotor 
stalls,  its  lift  decreases  and  with  constant  stick  position  a 
nose-up  moment  about  the  center  of  gravity  is  contributed. 
As  the  forward  speed  increases,  the  stalled  area  of  the  rotor 
disk  becomes  larger  and  with  the  stick  position  constant  a 
nose-up  moment  is  obtained  due  to  the  speed  increase. 


Thus,  as  rear-rotor  stalling  is  encountered  there  is  an  increase 
in  the  speed  stability.  Although  stalling  of  the  rear  rotor 
appears  to  be  desirable  for  speed  stability  at  high  forward 
speeds,  it  is  undesirable  for  angle-of-attack  stability  and 
performance.  The  effects  of  rear-rotor  stalling  on  angle-of- 
attack  stability  and  of  stalling  in  general  on  performance 
are  discussed,  respectively,  in  reference  1 and  chapter  10  of 
reference  2. 

When  swashplate  dihedral  is  incorporated  in  the  tandem- 
rotor  configuration,  the  axis  of  no  feathering  of  the  rear 
rotor  is  inclined  forward  and  the  component  of  forward 
flight  velocity  along  the  axis  of  no  feathering  is  increased. 
The  increased  downflow  through  the  rear  rotor  causes  it  to 
be  in  more  of  a climb  condition  than  normal  thereby  decreas- 
ing the  forward  spe^d  at  which  it  begins  to  stall.  Calcula- 
tions of  angles  of  attack  at  the  tip  of  the  retreating  blades 
for  the  configuration  with  4.5°  swashplate  dihedral  at  a 
forward  speed  of  80  knots  show  that  the  rear  rotor  is  begin- 
ning to  stall  while  the  front  rotor  is  well  below  stalled 
conditions.  These  differences  in  stalling  apparently  account 
for  the  increase  in  speed  stability  of  the  modified  configura- 
tion above  approximately  80  knots  as  indicated  by  the 
change  in  the  slope  of  the  curve  in  figure  5 (b). 

Other  configuration  changes  that  may  be  made  for  stability 
purposes,  such  as  forward  center  of  gravity  and  increased 
solidity  or  tip  speed  of  the  rear  rotor,  will  tend  to  cause  the 
front  rotor  to  stall  first. 

It  appears  that  the  most  desirable  conditions  regarding 
stalling  from  a performance  standpoint  would  be  the  simul- 
taneous stalling  of  both  rotors.  Under  such  conditions, 
with  a fixed  average  value  of  CT/a,  the  forward  speed  at 
which  stall  begins  would  be  a maximum.  By  considering, 
during  the  design  stages,  the  amount  of  the  various  con- 
figuration changes  needed  for  satisfactory  stability  and 
performance,  a suitable  combination  of  rotor  geometry  and 
center-of-gravity  location  might  be  attained  whereby 
optimum  stalling  characteristics  would  result. 

CONCLUSIONS 

A study  of  the  speed  stability  of  a tandem-rotor  helicopter 
in  forward  flight  indicates  the  following  conclusions: 

1.  The  test  helicopter  is  unstable  with  speed  from  50 
knots  to  105  knots,  which  is  the  speed  range  covered  in 
the  tests,  in  that  the  stick  position  moved  rearward  with 
increasing  forward  speed  at  constant  power.  This  result 
applies  both  with  and  without  fuselage  spoilers  attached 
during  the  tests.  The  pilots  consider  this  characteristic 
unsatisfactory. 

2.  An  effort  to  remove  any  maneuver  instability  of  the 
tandem  helicopter  should  precede  an}’-  attempt  to  improve 
the  speed  stability. 

3.  Instability  with  speed  of  the  test  helicopter  is  caused 
primarily  by  variations  with  speed  of  the  front  rotor  down- 
wash  at  the  rear  rotor  and  can  be  approximately  predicted 
by  theory. 
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4.  Swashplate  “longitudinal  dihedral”  (swashplates  in- 
clined towards  each  other)  improves  the  stability  with 
speed  of  the  tandem-rotor  helicopter.  A value  of  4.5°  of 
swashplate  dihedral  made  the  test  helicopter  slightly  stable 
(in  spite  of  the  adverse  effect  of  fuselage  spoilers)  from  50 
knots,  the  minimum  speed  tested,  to  the  maximum  speed 
tested.  Some  considerations  must  be  given  to  the  practical 
aspects  of  the  use  of  swashplate  dihedral. 

5.  The  pilots  considered  the  speed-disturbance  character- 
istics of  the  test  helicopter  with  only  slightly  positive  speed 
stability^  to  be  satisfactory  under  contact  conditions.  The 
possible  need  for  an  additional  criterion  to  limit  the  amount 
of  speed  disturbance  during  blind  flight  in  rough  air  remains 
to  be  determined. 


6.  Improvement  in  speed  stability  due  to  swashplate 
dihedral  can  be  predicted  approximately  by  theory. 

7.  The  speed  stability  of  the  tandem  helicopter  can  be 
studied  conveniently  by  a theoretical  chart  which  is  presented. 

8.  Instability  with  speed  varies  with  rate  of  descent, 
probably  as  a result  of  the  variation  of  downwash  behind 
a rotor  with  perpendicular  distance  from  the  line  of  flight 
through  the  rotor. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  4,  1953 . 


APPENDIX  A 

DETERMINATION  OF  Aa  IN  TERMS  OF  AVERAGE  VALUES  OF  CT  AND  » 

Expressing  Lfr  and  Bfr  in  terms  of  average  values  gives: 

A 


The  difference  in  angle  of  attack  of  the  front  and  rear 
rotors  is  the  sum  of  the  downwash  angle  and  the  difference  in 
angle  due  to  the  geometric  swashplate  dihedral  and  is 
expressed  as  follows : 


A oi- 


CT 


2+ A OLd 


(P/A2 

--%+*■ 


(Al) 


where  CLfr  is  a front-rotor  term.  In  order  to  express  Aa  in 
terms  of  average  quantities,  it  is  necessary  to  determine  an 
expression  for  CL  in  terms  of  CL  . By  definition, 


CL 


^ fr 


and 


\ pVMRfrY 


g pT-V(ZU2 


(A2) 


(A3) 


Dividing  equation  (A2)  by  equation  (A3)  and  solving 
for  CLfr  gives: 


/ 1 p L/T(Rav)- 

Lav  (R,ry 


(A4) 


and 


L/r  — Lav  (l  pj/) 

R,r=Rav 


(A5) 


(A6) 


Substituting  equations  (A5)  and  (A6)  into  equation  (A4) 
and  retaining  only  linear  terms  gives  the  following  expression 
for  CL in  terms  of  CL: 


CLf-CLav  (l  jp)  , 


A R 
Bnn 


Expanding  b}'  the  binomial  theorem  and  once  again  retaining 
onlv  linear  terms 


CL 


,—  Cha,  (l 


A L A R\ 
' W + R„) 


(A7) 


With  the  expression  for  CLfr  in  terms  of  CLav  substituted 
into  the  original  expression  for  Aa,  that  expression  becomes 

A ^Lav  &L  A B\  , % 

A«— — (!  -W+RZ)+A0Cd 

and  assuming  L—  T 

Aa= (!  ~w+l!)+Aad  (As) 
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APPENDIX  B 

METHOD  OF  DETERMINING  THE  EFFECTIVE  LOCATION  OF  THE  CENTER  OF  GRAVITY 


In  order  to  determine  accurately  the  load  carried  by  each 
rotor,  the  center-of-gravitv  location  with  respect  to  the  mid- 
point between  the  lines  of  action  of  the  rotor  resultant-force 
vectors,  rather  than  the  center-of-gravitv  location  with 
respect  to  the  midpoint  between  rotor  shafts,  must  be 
considered.  For  the  purposes  of  this  analysis  the  rotor 
resultant-force  vector  is  assumed  to  be  equal  in  magnitude 
to  the  rotor  thrust.  A schematic  diagram  of  the  tandem- 
rotor  system  is  shown  in  figure  7.  From  figure  7 the  distance 
from  the  actual  midpoint  between  rotors  to  the  effective 
midpoint  is 

xf~h  tan(a/— Z?,)ap  (Bl) 

Then  the  location  of  the  center  of  gravity  with  respect  to  the 
effective  midpoint  is 

x=x0—x' 

Using  this  location  of  the  center  of  gravity,  the  thrust  carried 
by  each  rotor  in  steady  flight  can  be  determined  accurately 
for  known  conditions  of  flight. 

Sample  calculations  of  effective  center-of-gravity  loca- 
tion.— For  a sample  case,  assume 

(CT/*)at=0A0 
ju=0.30 
h=  100  inches 
Oac=  8° 

Bi  =2.0° 

lar 

Xq~  12  inches 

The  preceding  quantities  pertaining  to  the  rotors  are 
average  values  and  ma}r  be  obtained  from  flight  data  or 
calculated.  With  the  preceding  quantities  a'at  can  be 
determined  from  figure  3 of  reference  5.  For  the  sample  case 

aty,=6.5° 

Substituting  into  equation  (Bl) 

x'=100  tan  (6.5° — 2.0°) 

—7.8  inches 


Rotor  resultant  force  Rotor  resultant  force 


Figure  7. — Schematic  side  view  of  rotors  of  a tandem  helicopter  in 
forward  flight. 


The  effective  location  of  the  center  of  gravity  is  x— 12  — 7.8  = 
4.2  inches  forward  of  the  midpoint.  In  this  sample  case, 
note  that  the  distance  from  the  effective  midpoint  to  the 
center  of  gravity  is  about  one-third  the  distance  from  the 
geometric  midpoint  between  shafts  to  the  center  of  gravity. 
Failure  to  consider  this  difference  might  give  misleading 
results. 
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THE  NEAR  NOISE  FIELD  OF  STATIC  JETS  AND  SOME  MODEL 
STUDIES  OF  DEVICES  FOR  NOISE  REDUCTION 1 

By  Leslie  W.  Lassiter  and  Harvey  H.  Hubbard 


SUMMARY 

Experimental  studies  of  the  pressure  fluctuations  near  jet 
exhaust  streams  were  made  during  unchoked  operation  of  a 
turbojet  engine  and  a 1 -inch-diameter  high-temperature  model 
jet  and  during  choked  operation  of  various  sizes  of  model  jets 
with  unheated  air.  The  tests  for  unchoked  operation  indicate  a 
random  spectrum  of  rather  narrow  band  width  which  varies  in 
frequency  content  with  axial  position  along  the  jet.  Pressure 
surveys  from  the  model  tests  along  lines  parallel  to  the  15°  jet 
boundary  indicate  that  the  station  of  greatest  pressure  fluctuations 
is  determined  by  the  jet  velocity  and  the  radial  distance , with  a 
tendency  of  the  maximum  to  shift  downstream  as  either  parameter 
is  increased.  From  model  tests  the  magnitude  of  the  fluctuations 
appears  to  increase  as  about  the  second  power  of  jet  velocity  at 
points  just  outside  the  jet  boundary  and  as  increasingly  higher 
powers  of  jet  velocity  as  distance  from  the  boundary  is  increased. 
A laboratory  method  of  noise  reduction  with  model  jets  was 
found  to  produce  large  decreases  in  the  magnitude  of  the  lower- 
frequency  components  of  the  spectra  and  thereby  also  to  reduce 
the  total  radiated  energy. 

Choked  operation  of  model  jets  with  unheated  air  indicates 
the  appearance  of  a discrete-frequency  component  of  very  large 
magnitude.  Shadowgraph  records  of  the  flow  show  that  this 
condition  is  associated  'with  the  appearance  of  flow  formations 
suggestive  of  partly  formed  toroidal  vortices  in  the  vicinity  of  the 
shocks.  Elimination  of  these  formations  is  found  to  eliminate 
the  discrete  component  and  thereby  to  reduce  the  overall  noise 
level. 

INTRODUCTION 

It  is  well  known  that  the  turbojet  is  a generator  of  intense 
pressure  fluctuations.  In  view  of  this  fact,  it  is  important 
that  the  designer  and  operator  of  turbo  jet-powered  aircraft 
be  able  to  predict  the  nature  and  severity  of  these  fluctuations 
both  in  the  vicinity  of  the  engine  (the  near  field)  and  at  large 
distances  from  it  (the  far  field).  • 

* The  far-field  aspect  of  the  problem  is  of  concern  to  a great 
number  of  people,  including  airport  workers  as  well  as  the 
general  public,  and  appreciable  research,  both  theoretical  and 
experimental,  has  been  done  on  that  phase  of  the  problem. 
For  example,  reference  1 presents  the  results  of  an  experi- 
mental evaluation  from  model  jets  of  the  effects  of  various 


geometric  and  flow  parameters  and  compares  model  and  full- 
scale  pressure  fields,  while  a detailed  survey  of  the  pressure 
field  of  a full-scale  configuration  is  given  in  reference  2.  In 
reference  3 it  has  been  shown  that  the  problem  is  subject  to 
qualitative  analytical  treatment  for  distances  that  are  large 
relative  to  the  radiated  wavelengths. 

Of  the  investigations  reported  to  date,  only  that  of  refer- 
ence 4 has  dealt  with  the  pressure  fluctuations  in  the  immedi- 
ate vicinity  of  the  jet  (the  near  field),  and  it  is  in  this  region 
that  some  of  the  more  serious  problems  arise.  Service  crews 
and  test-stand  personnel  work  regularly  in  the  extremely  high 
pressure  levels  of  the  near  field.  Occupants  of  the  aircraft 
are,  in  a sense,  in  the  near  field  also.  Thus,  from  considera- 
tion of  personal  discomfort  a smaller  group  is  affected  but  to  a 
much  larger  extent  than  the  general  public.  Structural 
problems  arise  in  the  near  field  also.  In  several  instances 
structural  members  of  the  aircraft  have  developed  fatigue 
failures  from  the  oscillatory  loads  imposed  by  pressure  fluc- 
tuations from  the  engine.  Generally,  these  failures  have 
been  in  secondary  members  but,  with  more  powerful  engines, 
the  possibility  that  the  primary  tail  structure  of  some  multi- 
engine  configurations  may  be  affected  must  be  considered. 
Structural  problems  may  also  arise  in  the  operation  of  ground 
mufflers  which  enclose  the  jet  tailpipe  with  only  small  clear- 
ances between  the  cell  walls  and  the  jet  stream.  The  purpose 
of  the  present  investigation  is  therefore  to  make  a systematic 
study  of  the  near  pressure  field  of  both  unchoked  and  choked 
jets.  In  discussion  of  unchoked  operation,  data  from  the 
survey  of  a full-scale  engine  are  used  primarily,  although  some 
data  from  high- temperature  model  jets  are  included  to 
indicate  probable  trends  and  to  clarify  some  of  the  full-scale 
results.  Since  an  extensive  range  of  overpressure  is  not 
generally  available  in  static  operation  of  turbojets,  the 
characteristics  of  choked  operation  were  explored  with  model 
jets  only. 

In  order  to  avoid  ambiguity  of  nomenclature,  some  ex- 
planation of  the  usage  of  the  present  report  appears  warrant- 
ed. The  terms  “noise”  and  “sound  pressure”  are  used 
interchangeably  in  discussion  of  the  near-field  pressure 
fluctuations.  However,  it  is  recognized  that,  because  the 
measurements  were  made  in  the  near  field  where  sound 
pressure  and  particle  velocity  are  not  in  phase,  the  data  are 
in  many  cases  not  indicative  of  the  radiated  sound  energy. 


i Supersedes  NACA  Technical  Note  3187  by  Leslie  W.  Lassiter  and  Harvey  H.  Hubbard.  1954. 
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The  choice  of  words  is  therefore  primarify  one  of  con- 
venience. 

SYMBOLS 

p overall  pressure  flucutations,  lb/sq  ft 

x distance  along  flow  axis,  in. 

Ax  distance  between  shocks,  in. 

y distance  from  longitudinal  axis  of  jet,  in. 

z distance  from  center  of  nozzle  or  orifice  to  observer, 

in. 

d radial  distance  from  15°  boundary,  in. 

D nozzle  or  orifice  diameter,  in. 

Da  diameter  of  auxiliary  orifice 

U jet  velocity,  fps 

T jet-fluid  temperature,  °F 

p pressure,  lb/sq  in. 

Psjp o nozzle  pressure  ratio 

f frequency,  cps  or  kcps 

X wavelength,  in. 

^ azimuth  angle  (zero  or  jet  axis  in  front),  deg 

Subscripts: 

e condition  at  jet  exit 

5 initial  chamber  condition  (stagnation) 

a auxiliary 

0 ambient-air  conditions 

APPARATUS  AND  METHODS 

Tests  were  conducted  with  a full-scale  turbojet  engine  and 
with  various  model  nozzles  and  orifices  of  from  0.275  inch  to 
2.00  inches  in  diameter  for  the  purpose  of  determining  the 
characteristics  of  the  near  pressure  field  associated  with 
their  operation.  The  full-scale  measurements  were  made 
during  ground  runs  of  a J-33-A-17a  engine  having  a tailpipe 
diameter  of  18%  inches  and  with  a rated  thrust  of  3,825 
pounds.  The  engine  was  installed  in  an  operational  fighter 
airplane,  which  was  positioned  on  a paved  taxi  strip  approxi- 
mately 300  feet  from  any  large  reflecting  surfaces  other  than 
the  ground.  The  tailpipe  center  line  was  about  36  inches 
above  ground  level  and  parallel  to  it. 

The  model  configurations  were  tested  while  fitted  to  the 
end  of  the  settling  chamber  shown  schematically  in  figure  1. 
The  chamber  had  an  inside  diameter  of  6.00  inches  and  a 
length  of  ,6  feet  and  was  supplied  with  ah  from  a storage 
tank  at  a pressure  of  100  lb/sq  in.  A large  part  of  the 
chamber  length  was  filled  with  a cylinder  of  porous,  rubber- 
ized material  for  the  purpose  of  minimizing  extraneous  noise 
generated  inside  the  chamber  and  at  the  control  valve. 


Figure  1. — Schematic  layout  of  model  test  configuration. 


This  arrangement  permitted  measurements  to  be  made  a 
velocities  as  low  as  100  fps  without  the  appearance  in  th< 
spectrum  of  extraneous  components  of  any  consequence. 

During  a part  of  the  tests  it  was  desired  to  operate  th< 
model  at  a temperature  of  the  order  of  that  in  a turbojet 
For  this  purpose,  an  acetylene  burner  of  the  ring  type  wa; 
installed  in  the  settling  chamber  just  downstream  of  tli< 
sound-absorbing  material  with  an  asbestos  gasket  inserte( 
between  the  two  chamber  sections.  With  this  arrangement 
temperatures  up  to  1,800°  were  readily  obtained.  Operatioi 
of  the  burner  was  generalfy  limited  to  the  unchoked-nozzh 
condition.  All  measurements  during  choked  operation  wen 
made  with  unheated  air;  however,  enough  choked  operatioi 
with  heated  air  was  employed  to  verify  the  existence  of  tin 
phenomena  observed  with  unheated  air. 

The  instrumentation  used  is  illustrated  schematically  ii 
figure  2 (a).  Pressure  fluctuations  were  detected  with  tw< 
sound-pressure-measurement  systems.  The  first  of  these 
and  the  one  ordinarily  used,  has  essentialfy  a flat  frequency 
response  from  20  to  20,000  cps  and  cuts  off  at  15  and  38,0CM 
cps.  The  second  system,  which  was  used  only  to  monito 
the  first,  has  a response  which  is  flat  up  to  100,000  cps 
Output  of  the  sound-measuring  system  was  channeled  to  ; 
cathode-ray'  oscillograph  for  waveform  observation,  ai 
electronic  voltmeter  for  overall  pressure  determination,  am 
a Panoramic  Sonic  Analyzer  for  spectrum  studies.  Tin 
Panoramic  is  a variable-band-width  instrument,  the  bam 
width  varying  from  50  cps  at  100  cps  to  550  cps  at  10,00( 
cps;  thus  it  will  not  yrield  the  true  spectrum  shape  withou 
correction,  as  will  a constant-band-width  analyzer.  How 
ever,  comparison  of  a few  representative  spectra  from  tin 
Panoramic  analyzer  and  from  a constant-band-widtl 
analyzer  indicated  that  for  the  qualitative  purposes  of  this 
report  the  uncorrected  Panoramic  analysis  is  satisfactory 

Figure  2 (b)  illustrates  schematically  the  instrumcntatioi 
used  for  motion  studies  of  the  shock  formations  during  choke< 
operation.  The  gas-discharge  point-source  light  and  tin 
high-speed  camera  constitute  a simple  shadowgraph.  Be 
tween  these  components  is  inserted  a light  baffle  (orientet 
parallel  to  the  jet  axis)  which  allows  only  a fine  line  of  ligh 
to  reach  the  camera.  The  shock- wave  segment  being  vie  wee 
then  appears  as  a point  of  different  intensity  in  that  line 
and  a time  history  of  its  axial  motion  is  obtained  as  th< 
film  moves. 

More  detailed  studies  of  the  flow  during  choked  operatioi 
were  made  with  a conventional  shadowgraph  S3rstem,  th 
design  of  which  was  essentially  a duplication  of  that  describee 
in  reference  5.  The  light  system  consisted  of  a 15,000-vol 
power  supply  used  to  charge  a 0.125-microfarad  condenser 
a gate  circuit  for  firing  control,  and  an  arc  unit.  The  ar 
unit  confined  the  discharge  to  a very  small  volume  am 
produced  an  extremely  intense  light  flash  of  short  duration 
The  light  source  was  effectively  of  only  %4-inch  diamete 
and  thus  afforded  excellent  resolution  in  the  photographs 

RESULTS  AND  DISCUSSION 

Surve37s  of  the  near  pressure  field  were  made  during 
choked  operation  of  a turbojet  engine  and  during  botl 
unchoked  and  choked  operation  of  model  jet  configurations 
Unless  otherwise  indicated  all  unchoked  model  data  wer 
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(a)  Electronic  instrumentation. 

(b)  Photographic  equipment. 


Figure  2. — Schematic  diagram  of  instrumentation  used  in  tests. 


obtained  with  heated  air;  whereas  the  entire  choked  survey 
was  made  with  unheated  air.  The  pressure  measurements 
were  made  at  various  axial  and  radial  positions  near  the  jet 
boundary. 

UNCHOKED  OPERATION  OF  TURBOJET  ENGINE 

Frequency  content. — The  frequency  spectrum  of  pressure 
fluctuations  generated  by  subsonic  flow  from  the  turbojet 
is  ordinarily  continuous;  that  is,  it  contains  all  frequencies 
within  a given  band.  In  the  proximity  of  the  jet  boundary 
the  frequency  band  may  become  very  narrow  and  its  limits 
may  vary  with  the  point  of  observation  along  the  boundary. 
A sample  spectrum,  obtained  at  a point  2 diameters  from  the 
boundary  and  15  diameters  downstream  of  the  turbojet 
tailpipe,  is  shown  in  figure  3.  This  sample  is  a logarithmic 
plot  of  pressure  fluctuation  as  a function  of  frequency, 
obtained  by  photographing  the  screen  of  the  frequency 
analyzer  during  15  consecutive  trace  sweeps.  It  illustrates 
the  continuous  nature  of  the  frequency  content  and,  by  the 
vertical  spread  of  successive  traces,  the  randomness  of 
amplitude  also.  Evident,  too,  is  the  fact  that  the  more 
important  pressure  fluctuations  occur  within  a rather  narrow 
frequency  band,  which  at  this  particular  position  is  centered 
at  about  0.1  kcps.  At  points  nearer  the  nozzle  the  predomi- 
nant components  are  of  considerably  higher  frequency  (600 
to  1,000  cps  at  the  nozzle)  and  the  band  tends  to  become 
broader. 

Magnitude  of  pressure  fluctuations. — The  effects  of  axial 
and  radial  distance  on  the  magnitude  of  the  pressure 
fluctuations  for  the  turbojet  engine  operating  at  rated 
thrust  are  given  in  figure  4.  Figure  4 (a)  illustrates  the 
distribution  of  pressure  in  two  arbitrary  frequency  bands 
along  a line  parallel  to  the  15°  jet  boundary  and  2 nozzle 
diameters  from  the  boundary.  The  two  bands,  15  cps  to 
150  cps  and  150  cps  to  15,000  cps,  were  selected  purely  as  a 
matter  of  convenience;  however,  the  lower  band  may  be  of 
particular  interest  inasmuch  as  some  important  structural 
resonances  occur  in  that  range.  In  the  higher  frequency 
distribution,  a maximum  is  indicated  at  a point  1 nozzle 
diameter  downstream;  however,  the  spectrum  records 


Frequency,  kcps 

Figure  3. — Frequency  spectrum  of  turbojet  pressure  fluctuations. 


435875—57 15 


216 


REPORT  1261 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(a)  Effect  of  axial  distance.  (b)  Effect  of  radial  distance. 


Figure  4. — Effects  of  distance  on  magnitude  of  pressure  fluctuations  of 
full-scale  jet  operating  at  rated  thrust. 

indicate  that  this  maximum  is  largely  due  to  a single  high- 
pitched  component  of  about  10,000  cps,  which  is  presumably 
compressor  or  turbine  whine.  The  more  significant  feature 
of  the  curve  is  that  it  clearly  shows  that  the  random  pressure 
fluctuations  in  this  frequency  range  are  greatest  near  the 
nozzle  and  decrease  rapidly  with  distance  downstream. 

On  the  other  hand,  the  distribution  of  component  pressure 
fluctuations  in  the  frequency  band  from  15  to  150  cps 
indicates  an  increase  with  axial  distance  until  a maximum 
pressure  of  about  5.5  lb/sq  ft  occurs  at  a point  about  12  to 
15  diameters  downstream  of  the  exit.  Furthermore,  the 
curve  is  comparatively  flat,  so  that  appreciable  low-frequency 
content  appears  over  a distance  range  of  from  approximately 
2 to  20  diameters.  In  fact,  comparison  of  the  two  curves  of 
figure  4 (a)  shows  that  at  distances  greater  than  about  2 
diameters,  the  predominating  pressure  fluctuations  are  for 
frequencies  lowrer  than  150  cps. 

From  the  practical  standpoint,  the  effect  of  increasing 
radial  distance  on  the  magnitude  of  the  fluctuations  is  of 
interest.  Thus,  the  effects  observed  in  a plane  normal  to 
the  jet  axis  and  located  15  diameters  downstream  (about  at 
the  maximum  of  the  lowT-frequencv  curve)  are  showm  in 
figure  4 (b)  in  the  form  of  a radial  pressure  distribution. 
Since  full-scale  measurements  were  limited  to  a minimum 
distance  of  2 diameters,  some  data  from  a 1-inch  model  jet 
having  approximately  the  same  temperature  and  velocity 
are  included  to  indicate  4he.  probable  trend  at  distances  less 
than  2 diameters.  The  decrease  of  pressure  with  distance, 
as  measured  wdth  the  turbojet,  is  rather  gradual.  The 
model  data,  however,  indicate  that  at  distances  less  than  2 
diameters  from  the  boundary  the  curve  becomes  somewhat 
steeper.  Even  so,  to  obtain  a 50-percent  reduction  in 
pressure  requires  an  increase  of  radial  distance  from  0.5  to  3 
diameters. 

UNCHOKED  OPERATION  OF  MODEL  JETS 


The  scope  of  the  full-scale  measurements  wras  somewhat 
limited  by  the  test  schedule  of  the  airplane  in  which  the 
engine  was  mounted;  hence,  it  was  deemed  desirable  to 
supplement  the  turbojet  data  with  some  results  from  a 
1-inch  model  jet  with  heated  air.  The  primary  purpose  of 
these  model  data,  howrever,  is  to  indicate  general  trends 
rather  than  to  provide  quantitative  information. 


Axial  location  of  maximum  pressure.  -Figure  4 (a),  which 
presents  data  taken  along  a line  2 diameters  from  the  turbo- 
jet flow'  boundary,  indicates  that  the  magnitude  of  the 
pressure  fluctuations  is  greatest  at  a point  12  to  15  diameters 
downstream  of  the  nozzle.  Results  of  model  tests,  however, 
indicate  that  the  position  of  maximum  pressure  varies.  It 
is  dependent  upon  the  radial  distance  at  which  the  survey 
is  made  and  upon  the  velocity  of  the  jet.  Figure  5 illustrates 
from  model  tests  the  nature  of  the  variations  produced  by 
each  of  these  parameters.  In  figure  5 (a)  the  distribution 
of  pressure-fluctuation  magnitude  is  plotted  for  four  radial 
distances  for  a 1-inch  jet  operating  at  a temperature  of 
1,660°  R and  a velocity  of  1,240  fps.  As  radial  distance  is 
increased,  the  point  of  maximum  magnitude  is  seen  to  occur 
farther  downstream.  At  a radial  distance  of  2 diameters 
(which  is  the  same  d/D  as  in  figure  4 (a)),  the  maximum 
pressure  occurs  at  6 to  8 diameters  dowmstream,  or  at 
roughly  half  the  distance  of  the  turbojet  maximum.  This 
difference  is  partly  due  to  the  velocity  effect,  which  is  il- 
lustrated in  figure  5 (b).  The  curves  apply  to  pressure 

distributions  along  the  line  ^=2  at  a constant  jet  tempera- 
ture of  1,660°  R but  at  various  velocities  from  600  fps  to 
1,870  fps.  They  indicate  that  velocity  has  a decided  effect, 
which  results  in  a shift  of  the  maximum  from  3 diameters 
to  10  diameters  within  the  velocity  range  of  the  test.  Even 
so,  the  curve  for  a velocity  of  1,870  fps  has  a maximum  at 
only  10  diameters,  whereas  the  turbojet  of  figure  4 (a) 
indicated  a maximum  at  12  to  15  diameters  at  a slightly 
lower  velocity. 

The  possibility  arose  that  this  discrepancy  might  have 
been  due  to  ground  effects,  since  the  full-scale  jet  wras  only 
3 diameters  above  ground  whereas  the  model  wras  some  70 
diameters  above  it.  Therefore,  the  model  was  operated  at 
approximate  turbojet  values  of  temperature  and  Mach 
number  and  a survey  w^as  made  by  simulating  the  ground 
surface  with  a large  sheet  of  plywood  placed  3 diameters 
below  the  jet  center  line.  Figure  6 presents  a comparison 
of  the  pressure  distributions  obtained  with  the  board  and 
without  it.  Although  these  data  are  not  sufficient  to  give 
a clear-cut  indication  that  ground  effects  account  for  the 
discrepancy  in  distribution,  the  evidence  is  that  the  pres- 
sures far  downstream  are  increased  by  much  larger  amounts 


Axial  distance,  -fr 

(a)  Effect  of  radial  distance.  (b)  Effect  of  jet  velocity. 


f7«=l,240  fps. 


Figure  5. — Factors  affecting  the  axial  location  of  maximum  pressure 
fluctuations  from  1-inch  model  jet.  T^l^O0  R. 
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Figure  19. — Effect  of  a grid  on  the  overall  noise  from  a high-tempera- 
ture  model  jet.  D=  1 inch;  -^=150;  Tg=  1,400°  F. 

SCREECH  ELIMINATION  IN  CHOKED  JETS 

In  references  4 and  6 several  methods  of  obtaining  reduc- 
tion in  the  magnitude  of  pressure  fluctuations  from  a choked 
jet  were  discussed.  Among  these  were  such  devices  as  a 
toothed  nozzle  and  a gauze-cylinder  extension  to  the  nozzle 
to  allow  shock-free  expansion  of  the  supersonic  flow.  Several 
exploratory  methods  of  a similar  nature  were  investigated 
during  the  present  tests.  One  such  method,  not  previously 
reported,  proved  very  effective  in  reducing  the  magnitude 
of  the  screech  component.  This  method  involved  the  use 
of  small  auxiliary  orifices  to  introduce  turbulence  into  the 
main  stream  at  a point  just  downstream  of  the  main  jet 
exit.  (See  sketch  in  fig.  20.)  The  configuration  consisted 
of  a 1-inch  knife-edge  orifice  with  four  ^2-inch  holes  drilled 
through  the  beveled  face,  whereby  a small  auxiliary  supply 


0 I 2 3 4 5 

Nozzle  pressure  ratio.  _L 

Po 

Figure  20. — Effect  of  auxiliary  orifices  on  relative  overall  pressure- 
fluctuation  magnitude.  D=  1 inch;  Z)a=0.031  inch. 
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of  air  from  the  settling  chamber  was  allowed  to  enter  the 
main  flow  at  an  angle  of  about  45°. 

An  illustration  of  the  reduction  in  magnitude  of  the  overall 
pressure  fluctuations  obtained  by  this  method  is  shown  in 
figure  20,  which  compares  on  a relative  pressure  basis  the 
data  obtained  at  a point  just  outside  the  jet  boundary 
and  approximately  3 diameters  downstream.  Any  scheme 
which  reduces  the  discrete  frequency  noise  components  will 
essentially  eliminate  the  peaks  in  the  axial  pressure  distribu- 
tion curve  of  figure  15.  The  reductions  obtained  are  a func- 
tion of  the  relative  contributions  of  the  discrete  component 
and  the  random  components  and,  hence,  are  much  greater 
at  some  field  points  than  at  others.  This  same  result 
applies  to  locations  in  the  far  field  where  the  amount  of 
noise  reduction  is  a function  of  the  azimuth  angle.  The 
net  result  of  eliminating  the  screech  component  appears 
to  be  a decrease  of  the  total  radiated  acoustical  energy. 
In  one  test  configuration  where  screeching  was  severe,  some 
noise  reduction  was  obtained  at  all  azimuth  angles  and  this 
reduction  resulted  in  a decrease  of  3 decibels  in  the  total 
radiated  energy. 

Shadowgraph  records  show  that  this  decrease  is  coincident 
with  elimination  of  the  vortex  flow  patterns  associated  with 
screech.  Figure  21  illustrates  the  change  in  the  flow  pattern 
when  auxiliary  orifices  are  used  at  the  highest  pressure 
ratio  of  the  tests.  The  top  record  was  obtained  with  the 
auxiliary  orifices  plugged.  Screech  was  present  and  the 
vortex  formations  are  evident.  The  lower  record  was  ob- 
tained at  the  same  pressure  ratio  with  the  auxiliary  orifices 
in  operation.  The  screech  component  was  virtually  elimin- 
ated and  the  flow  disturbances  are  shown  to  be  greatly 
reduced.  Thus,  the  generation  of  screech  is  again  indicated 
to  be  associated  with  formation  of  the  vortex-like  dis- 
turbances. 


(a)  No  auxiliary  orifices  (screeching). 

(b)  With  auxiliary  orifices. 


Figure  21. — Effect  of  auxiliarv  orifices  on  flow  of  choked  jet.  — = 3.67; 

Po 

D=  1 inch;  Z)o=0.031  inch. 
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CONCLUSIONS 

Results  have  been  presented  from  an  investigation  of  the 
near  sound-pressure  field  of  a full-scale  un choked  turbojet 
and  of  both  choked  and  unchoked  model  jets. 

The  near-field  investigation  of  pressure  fluctuations  from 
the  full-scale  turbojet  engine  indicates  the  following  con- 
clusions: 

1 . The  fluctuations  are  random  and  the  largest  components 
occur  within  a fairly  narrow  band  at  frequencies  less  than 
150  cps. 

2.  Along  a line  2 nozzle  diameters  from  the  jet  boundary, 
maximum  pressure  fluctuations  occur  at  about  12  to  15 
diameters  downstream  of  the  nozzle. 

Results  obtained  with  un  choked  model  jets  indicate: 

1.  The  position  of  maximum  pressure  magnitude  along  a 
line  parallel  to  the  jet  boundary  is  a function  of  jet  velocity 
and  the  radial  distance  of  the  survey. 

2.  Pressure  magnitude  is  about  50  percent  to  80  percent 
higher  at  a panel  surface  than  in  free  space  when  the  panel 
is  oriented  parallel  to  the  jet  boundary. 

3.  The  overall  magnitude  of  pressure  fluctuations  varies 
with  jet  velocity  to  about  the  second  power  near  the  jet, 
whether  the  velocity  increase  is  effected  at  constant  Mach 
number  with  variable  temperature  or  at  constant  tempera- 
ture with  variable  Mach  number. 

4.  The  exponent  of  the  power  function  relating  overall 
sound  pressure  and  jet  velocity  increases  systematically 
with  radial  distance  from  the  nozzle. 

5.  The  use  of  a wire  screen  in  the  jet  flow  at  points  a 
diameter  or  so  downstream  of  the  nozzle  reduces  the  low- 
frequency  components  of  the  random  noise  spectrum  by  a 
considerable  amount.  Overall  sound  pressures  at  azimuth 
angles  greater  than  90°  are  thus  lowered,  primarily  as  a 
result  of  the  large  decreases  in  the  lower-frequency  compo- 
nents. 

Results  obtained  witlychqked  model  jets  indicate: 

1.  A high-intensity,  discrete-frequency  component  occurs 
during  a part  of  the  choked  operating  range.  This  compo- 


nent is  associated  with  the  presence  of  flow  disturbances  of 
toroidal-vortex  form  and  with  oscillation  of  the  shock 
formations. 

2.  For  a given  nozzle  size,  the  frequency  of  the  screech 
component  beam  some  relation  to  the  shock  spacing.  Fre- 
quency is  roughly  proportional  to  the  inverse  of  the  nozzle 
diameter. 

3.  The  use  of  four  small  auxiliary  orifices  to  introduce 
turbulence  into  the  main  stream  just  downstream  of  the  exit 
reduced  the  magnitude  of  the  screech  component  by  a con- 
siderable amount. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  February  19,  1954 • 
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THEORETICAL  AND  EXPERIMENTAL  INVESTIGATION  OF  THE  EFFECT  OF  TUNNEL  WALLS 
ON  THE  FORCES  ON  AN  OSCILLATING  AIRFOIL  IN  TWO-DIMENSIONAL 

SUBSONIC  COMPRESSIBLE  FLOW  1 

By  Harry  L.  Runyan,  Donald  S.  Woolston,  and  A.  Gerald  Rainey 


SUMMARY 

This  report  presents  a theoretical  and  experimental  investi- 
gation of  the  effect  of  wind-tunnel  walls  on  the  air  forces  on  an 
oscillating  wing  in  two-dimensional  subsonic  compressible 
flow.  A method  of  solving  an  integral  equation  which  relates 
the  downwash  on  a wing  to  the  unknown  loading  is  given,  and 
some  comparisons  are  made  between  the  theoretical  results  and 
the  experimental  results.  A resonance  condition , which  was 
predicted  by  theory  in  a previous  report  {NACA  Rep.  1150), 
is  shown  experimentally  to  exist.  In  addition , application  of 
the  analysis  is  made  to  a number  of  examples  in  order  to  illus- 
trate the  influence  of  walls  due  to  variations  in  frequency  of 
oscillation , Mach  number , and  ratio  of  tunnel  height  to  wing 
semichord. 

INTRODUCTION 

In  the  evaluation  of  results  obtained  by  measurement  of 
the  forces  on  a wing  in  a wind  tunnel,  the  question  of  the 
effect  of  the  tunnel  walls  arises.  In  the  case  of  steady  flow 
the  problem  has  been  extensively  investigated  and,  in  gen- 
eral, relatively  simple  factors  have  been  determined  which 
can  be  used  to  modify  measurements  of  the  forces  on  a wing 
in  a tunnel  to  correspond  to  free-air  conditions.  However, 
the  corresponding  problem  of  the  effect  of  walls  on  an  os- 
cillating airfoil  has  received  relatively  little  attention,  par- 
ticularly in  the  case  of  compressible  flow.  The  present 
report  concerns  the  wall  effects  in  the  oscillating  case  and 
treats  the  problem  in  two-dimensional  subsonic  compressible 
flow. 

In  incompressible  flow,  theoretical  treatments  of  wall 
effects  on  oscillating  wings  have  been  made  by  several  in- 
vestigators and  reported  in  references  1,  2,  and  3.  These 
investigators  have  shown  generally  that  the  tunnel-wall 
effects  are  a maximum  for  some  small  values  of  the  reduced 
frequency  and  that  the  wall  effects  become  negligible  as  the 
reduced  frequency  is  increased.  Extension  of  the  theoretical 
treatment  of  the  problem  to  include  the  effects  of  compressi- 
bility of  the  fluid  has  been  reported  in  reference  4.  In  this 

i Supersedes  NACA  Technical  Note  3416  by  Harry  L.  Runyan,  Donald  S.  Woolston,  and 


reference,  it  is  shown  that,  in  addition  to  the  large  effect 
noted  at  low  values  of  the  reduced  frequency,  under  certain 
conditions,  large  effects  of  the  walls  may  be  encountered  at 
higher  values  of  the  reduced  frequency.  These  effects  are 
due  to  an  acoustic  resonant  phenomenon  which  occurs  when 
a disturbance  from  the  oscillating  wing  is  reflected  from  the 
tunnel  wall  back  to  the  wing  with  such  a phase  relationship 
that  it  reinforces  a succeeding  disturbance. 

In  reference  4,  the  problem  was  expressed  as  an  integral 
equation  which  relates  the  known  downwash  distribution 
over  the  airfoil  to  the  unknown  lift  distribution.  One  pur- 
pose of  the  present  report  is  to  discuss  further  the  integral 
equation  and  to  demonstrate  a method  of  solving  it.  A 
second  purpose  is  to  present  some  results  showing  wall  effects 
calculated  by  this  procedure  and,  in  some  cases,  to  compare 
the  calculated  results  with  experimental  results.  This  phase 
of  the  investigation  is  given  in  three  parts:  (1)  A comparison 
between  analytically  and  experimentally  determined  values 
for  the  lift  and  moment  on  a wing  oscillating  in  pitch  at 
several  subsonic  Mach  numbers ; (2)  an  analytical  study  of 
the  effects  of  a variation  in  Mach  number  for  a constant  ratio 
of  tunnel  height  to  wing  semi  chord;  and  (3)  an  analytical 
study  of  the  effects  of  a variation  in  the  ratio  of  tunnel  height 
to  wing  semichord.  Portions  of  this  material  have  been 
reported  previously  in  reference  5 and  are  included  in  the 
present  report  in  order  to  provide  a more  extensive  aud 
unified  presentation. 

As  a check,  the  integral  equation  for  the  downwash  on  a 
wing  oscillating  between  walls  in  a compressible  medium  is 
reduced  to  the  zero-frequency  condition  and  is  given  in  the 
appendix.  The  resulting  expression  is  in  agreement  with 
steady-state  results. 

The  calculation  procedure  and  the  results  contained  in  this 
report  are  of  significance  for  such  problems  as  the  experi- 
mental measurement  of  the  forces  on  an  oscillating  airfoil, 
the  determination  of  wing-flutter  characteristics  in  wind 
tunnels,  and  also  in  certain  possible  types  of  flutter  of  airfoils 
in  cascade. 

A.  Gerald  Rainey,  1955. 
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SYMBOLS 

velocity  of  sound,  ft/sec 
coefficients  in  series  expression  for 
lift  distribution  (eq.  (16)),  where 
n= 0,  1,2,... 
wing  semichord,  ft 
displacement  of  wing  in  vertical 
translation,  ft 
height  of  tunnel,  ft 
height  of  tunnel  referred  to  wing 
semichord 

Hankel  functions  of  the  second  kind 
reduced-frequency  parameter,  bcc/U 
kernel  of  integral  equation 
lift  distribution,  lb/ft/unit  span 
aerodynamic  lift  force  per  unit  span 
due  to  pitch 

aerodynamic  lift  force  per  unit  span 
due  to  translation 

aerodynamic  moment  per  unit  span 
due  to  pitch 

aerodynamic  moment  per  unit  span 
due  to  translation 
Mach  number,  U/a 


, where  ?i=l,2,3,  . . . 
stream  velocity  in  chord  wise  direc- 
tion, ft /sec 

vertical  induced  velocity  (perpen- 
dicular to  chord),  ft/sec 
axis  of  rotation  measured  from  mid- 
chord, positive  rearward,  based  on 
semichord 

Cartesian  coordinates 

angular  displacement  of  wing  in 
pitch,  radians 


fluid  density,  slugs/cu  ft 
phase  angle  between  lift  force  and 
position  of  pitching  wing,  deg 
phase  angle  between  lift  force  and 
position  of  translating  wing,  deg 
phase  angle  between  moment  and 
position  of  pitching  whig,  deg 
phase  angle  between  moment  and 
position  of  translating  wing,  deg 
circular  frequency  of  oscillation, 
radians/sec 

circular  frequency  at  resonance, 
radians/sec 


Ap  pressure  difference  between  upper 

and  lower  surface,  lb/sq  ft 
Primed  quantities  refer  to  a wing  in  free  ah. 

ANALYTICAL  INVESTIGATION 

This  section  is  concerned  with  the  development  of  a method 
for  solving  the  integral  equation,  originally  derived  in  refer- 
ence 4,  which  relates  the  downwash  to  the  loading  on  an 
oscillating  wing.  The  basic  integral  equation  and  its  kernel 
is  given  by  equations  (1)  and  (2).  Reduction  of  the  kernel 
is  made  in  equations  (3)  to  (10).  Alternative  series  expres- 
sions for  the  kernel  which  are  suitable  for  numerical  computa- 
tion are  given  by  equations  (11)  to  (15).  The  loading  on  the 
wing  is  given  by  equation  (16),  the  downwash  expression  by 
equations  (18)  and  (19),  and  finally  the  lift  and  moment 
expressions  by  equations  (20). 


THE  INTEGRAL  EQUATION  AND  ITS  KERNEL  FUNCTION 

The  integral  equation. — The  integral  equation  of  reference 
4 for  the  vertical  velocity  or  downwash  of  an  oscillating  airfoil 
between  plane  Walls  may*  be  written  as 

c ob  P1 

w(x)==W2)  U) 


where  w(x)  is  the  known  vertical  velocity  (or  known  motion 
of  the  wing)  and  L(x0)  is  the  unknown  lift  distribution  or  the 
local  strength  of  a distribution  of  oscillating  pressure  doublets. 
The  functions  within  the  brackets  comprise  the  kernel  func- 
tion of  the  integral  equation  and  appear  formally  as 


“2  J_7«l  ViW>i 

(2a) 

K{M,z,K)=~  lim  f ° 2^  (—1)” 

4/j/t  y — >0  J —co  71  = 1 

#o(2)  Vf+/3%-nH)2]  (R  (2b) 


The  first  function  jK(M,  z)  corresponds  to  the  kernel  for  the 
free-air  condition  as  given  by  Possio  (ref.  6).  The  second 
function  K(M,  z,  H ),  containing  the  infinite  summation,  is 
the  additional  part  of  the  kernel  arising  from  the  effect 
of  the  walls.  Physically,  a kernel  function  represents  the 
contribution  to  the  vertical  velocity  at  a field  point  due  to  a 
pulsating  pressure  doublet  of  unit  strength  located  at  any 
other  point  in  the  field.  For  the  particular  case  represented 
by  equations  (2),  the  kernel  function  gives  the  vertical  veloc- 
ity in  the  plane  of  a wing  located  in  the  center  of  the  tunnel. 
The  expression  K(M,  z)  gives  the  downwash  of  a doublet  in 
the  plane  of  the  wing,  whereas  the  expression  K(M,  z,H) 
gives  the  downwash  due  to  the  system  of  images  which  mathe- 
matical!}7 represents  the  walls. 

Reduction  of  the  kernel  function — The  integrals  contained 
in  the  expressions  for  the  kernel  function  in  equations  (2)  are 
Improper  because  they  have  an  infinite  limit  and  also  be- 
cause, at  certain  points,  the  integrands  become  singular. 
This  section  is  concerned  with  the  reduction  of  these  integrals 
to  a form  more  amenable  to  computation. 
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By  making  use  of  the  fact  that  th.e  Hankel  functions  in  equations  (2)  satisfy  the  identity 


d2 

dy2 
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(3) 


there  is  obtained  for  the  downwash 


^=w-  d “r.  (f  dl+ 


£ # o<2)  (jf  VFw)  <«+ 

2S(-1)”  {/32  J_Z“Z°  ^ ^ J7o(2)  V^+^fy-nH)2]  <8+ 

Vs2+|32(2/-^)2]  #})  dx0 


M2ifc2  f*-*b 


(4) 


The  integrals  of  equation  (4)  that  contain  partial  derivatives  of  Hankel  functions  can  be  integrated  twice  by  parts  to 
obtain 


Mk  o> 

~we 


x—Xo 


| <I_%>  ffo(2)  V(^-^o)2+^2(y-nH)2]-|  J_"T°  6 * f i7o(2)  [^r  Je+(P(v-nH)*]  dt 


==  ff,<2>  V(*-*o )2+^2(2/-nfl)2]- 


(5) 


The  last  integral  of  equation  (5)  may  be  written  in  two  parts 
as 

g (-i)n  J_x~10  # 

= Jo”  ^ ' g (— l)n77o<2)  V«2+/32(y-^)2]  <#+ 


10  e"2  $g  (— l)“ETo(2)  VFF^FOT]  df 


(6) 


The  first  integral  on  the  right-hand  side  of  equation  (6)  will 
be  left  temporarily  in  integral  form  and  will  be  treated  in  the 
following  section.  (See  evaluation  of  S3  following  eq.  (13).) 

The  second  integral  on  the  right-hand  side  of  equation  (6) 
has  not  been  integrated  in  closed  form;  however,  in  wind- 
tunnel  problems  it  can  be  handled  conveniently  by  approxi- 
mate methods.  (An  alternative  means  of  treating  this  inte- 
gral, which  avoids  the  approximation  but  is  somewhat  more 
tedious,  will  be  indicated  in  the  discussion  following  eq. 
14(c).)  A practical  assumption  which  is  often  made  in  the 
analysis  of  the  effect  of  wind-tunnel  walls  is  that  the  tunnel 
height  is  considered  large  compared  with  the  wing  semichord. 
With  this  assumption  the  argument  of  the  Hankel  function  in 
equation  (6)  can  be  mitten  as  (in  the  limit  as  y— >0) 


Mk 

P2 


provided  that  ^^<^1*  ; 

This  approximation  implies  that  the  airfoil  images,  and, 
particularly  the  closest  image  n—  1,  are  a sufficient  distance 
from  the  airfoil  so  that  the  actual  distance  V£2+02(n£T)2 


may  be  replaced  by  the  vertical  distance  finH  of  the  image 
above  the  airfoil.  Of  course,  this  approximation  does  not 
hold  for  Mach  numbers  close  to  or  equal  to  unity.  With  this 
approximation,  the  second  integral  of  equation  (6)  can  be 
expressed  as 

r r-xo  'It  °°  VMJc  / 1 

iim  e<r-  2 (-l)"#o<2) 

y— >0  Jo  71=1  LP  J 


=g  (-l)"ffo(2)  (— ™)Jo"  Z°eP(  dt; 


(7) 


and  these  equations  may  be  used  to  express  equation  (4)  as 

w(x)= ~ J ^ L(x o)  [K(M,  z)+K(M,z,H)]  dx0  (8) 


where 


K(M,  e)=±  e-'2  { ^[-g0(2)(M/?o)+^J)  H,  (2)(m/?o)]+ 
if  log,  JoF/  eiuHo<2  WM)^]  } (9) 


and 


K(M,z,#)=^[-e*g  (-1  + 

- /32(^-l)g(-irHo(2>(^j^)+ 

ik±  (-1)“  Jo”  e~&  H0m  [jVFWW]  d£+ 

e%  £ (_!)» MjlZgg)  g^>(A)]  (10) 

71  = 1 -Un  J 
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in  which  use  has  been  made  of 


k 


U~  o2% 


Rq=\x—Xq\  Rn=  V(»— Xo)2+p2(nH)2 


Equation  (8),  together  with  the  definition  of  equations  (9) 
and  (10),  permits  the  determination  of  the  effect  of  tunnel 
walls  on  a lift  distribution  Z(0O)  for  a given  downwash  distri- 
bution w(x).  The  integral  equation  for  the  case  of  no  tunnel 
walls  checks  the  results  of  Possio  (ref.  6).  For  the  case  with 
walls  and  for  the  limiting  steady-flow  case  of  zero  frequency, 
it  is  possible  to  obtain  a mathematical  check  with  some 
existing  results ; this  check  is  shown  in  the  appendix. 

Alternative  series  expressions  for  kernel. — Although  the 
form  of  the  kernel  given  by  equation  (10),  could 

he  used  for  calculation,  alternative  series  which  are  more 
highly  convergent  may  be  used  and  are  given  in  this  section. 

The  kernel  ) is  the  sum  of  four  infinite  series 

which  can  be  written  as 


K{M,z,H)~- ^ {ClSl+C2Si+CzSi+OiSi)  (11) 

where  the  Sn’ s denote  the  indicated  infinite  summations  of 
•equation  (10)  and  the  Cn’ s the  respective  multipliers. 

Series  Si  and  S2  of  equation  (11)  may  be  put  in  a more 
rapidly  convergent  form  according  to  Infeld,  Smith,  and 
Chien  (ref.  7).  When  the  variables  p and  e are  introduced, 


where 

MkH 

P~  2*0 

and 

_\x—xs,\ 

^ a TT 

m 


the  series  Si  and  S2  can  be  written  as 

Si=±(-iy  W2K»Rn) 

71  = 1 

-s  (-i)» 

71  = 1 


Series  S3  may  be  evaluated  by  utilizing  the  expression  for 
Si  (eq.  (12))  and  integrating  the  resulting  expression  to 
obtain 


^ jb  (-1)”  flo(2)  [fvww]  da  (14a) 

2iP±  1 

M n“° ^(2n+iy(^j-QcHf 
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p2H~ 


— 4p2 


(14c) 


It  is  of  interest  to  note  that  series  S3  may  be  employed  in 
an  alternative  means  of  integrating  equation  (7).  For 
application  to  wind-tunnel  problems,  where  the  ratio  of 
tunnel  height  to  wing  semichord  is  small,  or  in  application 
to  cascade  problems,  the  approximation  employed  in  integrat- 
ing equation  (7)  becomes  less  valid.  It  is  possible  to  avoid 
the  use  of  the  approximation  by  writing  the  integral  of 
equation  (7)  in  a form  which  is  identical  to  that  of  equations 
(14a)  and  (14b)  with  the  exception  of  the  upper  limit.  The 
integral  containing  the  Hankel  function  can  be  evaluated 
by  employing  the  tables  of  Schwarz  (ref.  8).  The  second 
integral,  containing  only  an  exponential  term,  can  be  in- 
tegrated in  closed  form,  as  was  done  to  obtain  equation  (14c). 

Series  S4  may  be  evaluated  in  a direct  manner  by  employ- 
ing tables  of  the  Hankel  function  and  by  using  for  large 
values  of  the  argument  the  approximation 


and 


=j^  r 2 % 
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e '2  »S- 
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2tt{  ’r+2^T"l"1°ge  _V(2n-l)2-4p2  2n— 1_  } 


where  Euler’s  constant  7=0.577215. 


(13) 


(15) 


With  the  aid  of  series  Sl}  S2)  £3,  and  £4,  the  kernel  K(M,z,H) 
may  be  evaluated. 


METHOD  OF  SOLUTION 

A method  of  using  equation  (8)  to  determine  the  aero- 
dynamic forces  on  a wing  oscillating  in  the  presence  of  plane 
walls  is  now  discussed.  The  method  under  consideration  is 
one  of  -collocation  similar  to  that  used  by  Possio  (ref.  6) 
and  Frazer  (ref.  9)  for  the  case  of  no  walls.  The  approach 
involves  the  assumption  of  an  appropriate  series  expression 
for  the  lift  distribution,  substitution  of  this  series  in  the 
integral  equation  for  the  downwash,  and  calculation  of  the 
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downwash  at  arbitrarily  selected  points  on  the  chord  (con- 
trol points).  Thus  equation  (8)  is  reduced  to  a set  of  simul- 
taneous equations,  the  unknowns  of  which  are  the  coefficients 
of  the  assumed  expression  for  the  loading. 

Expression  for  the  loading. — The  expression  which  is 
assumed  for  the  lift  distribution  is  a trigonometric  series 
expansion  which  satisfies  the  Kutta  condition  at  the  trailing 
edge  and  which  has  the  proper  type  of  singularity  at  the 
leading  edge.  This  expression  is 

cot  An  sin  rW0=L(d0)  (16) 

where  x0—  — cos  0o  and  the  An’s  are  unknown  coefficients 
to  be  determined  in  accordance  with  the  downwash  w(x), 
which  is  known  from  the  motion  of  the  wing.  It  is  desir- 
able to  rewrite  equation  (8)  in  terms  of  the  variable  0O 
as  follows: 

w(x)=Uk  [ jTL(e0)K(M,z)  sin  d0d60+ j*  L(d0)K(M,z,n)  sin  0od0o] 

(17) 


The  first  integral  on  the  right-hand  side  of  equation  (17) 
is  the  integral  expression  first  derived  by  Possio  (ref.  6)  for 
the  condition  of  no  walls.  Its  solution  has  been  treated  by 
several  investigators  (see,  for  example,  ref.  9)  and  will  not 
be  discussed  herein.  It  can  be  expressed  entirely  in  terms 
of  the  unknown  coefficients  An  of  equation  (16).  The  sec- 
ond integral  of  equation  (17)  may  be  evaluated  by  the  use 
of  equations  (12),  (13),  (14),  and  (15). 

Determination  of  the  aerodynamic  forces. — The  integrals 
of  equation  (17)  are  determined  for  a selected  number  of 
control  points  and  equated  to  the  expression  for  the  down- 
wash.  The  expression  relating  the  downwash  to  the  motion 
of  a wing  translating  ( h ) and  pitching  (a)  about  an  axis 
located  at  xa  is 

w(x)=h-]-Ua-\-b(x— Xo)a  (18) 

or,  with  the  assumption  of  harmonic  motion, 

?p-=ilc^+[l+ik(x-xa)]a  -(19) 


Equation  (19)  is  used  to  calculate  w(x)  for  values  of  x ap- 
propriate to  each  of  the  selected  control  points.  A set  of 
simultaneous  equations  can  then  be  written,  the  number  of 
which  corresponds  to  the  number  of  control  points  employed 
and  (conveniently)  to  the  number  of  terms  retained  in  the 
series  for  L(d0).  The  unknown  coefficients  may  now  be 
determined  by  solving  these  simultaneous  equations.  The 
total  lift  and  moment  about  the  midchord  are  given  in  terms 
of  the  coefficients  An  through  the  relations 


~La_  1 
TrpbU2  2 

Ma  _1 

wpb2U 2 8 


(20) 


Effect  of  the  number  of  control  points  considered. — An 
investigation  was  made  of  the  number  of  terms  of  the  series  for 
the  lift  distribution  (eq.  (16))  and  thus  of  the  number  of 
control  points  required  to  obtain  satisfactory  accuracy. 
Calculations  were  performed  for  a particular  case  by  in- 
creasing the  number  of  control  points  and  the  number  of 
terms  of  the  loading  series  until  the  solutions  were  in  reason- 
able agreement.  For  the  case  considered,  three  terms  of 
the  series  for  the  lift  and  three  control  points  at  the  quarter-, 
half-,  and  three-quarter-chord  positions  gave  satisfactory 
results.  The  consideration  of  two  additional  control  points 
at  the  leading  and  trailing  edges,  together  with  two  addi- 
tional terms  of  the  lift  series,  made  no  significant  change  in 
the  results.  For  high  values  of  the  reduced-frequency 
parameter  k,  the  use  of  additional  control  points  might  be 
necessary. 

The  procedure  just  discussed  involves  consideration  of  a 
continuous  distribution  of  pressure  doublets  over  the  chord. 
Calculations  requiring  much  less  computing  can  be  made  by 
considering  the  chord  wise  loading  to  be  concentrated  in  a 
single  doublet  located  at  the  quarter  chord  and  by  satisfying 
the  downwash  at  the  three-quarter  chord.  In  the  case  of 
the.  lift,  this  approach  has  been  found  to  give  fairly  good 
agreement  with  the  results  of  the  more  elaborate  calcula- 
tions except  in  the  vicinity  of  the  resonant  frequency. 

THE  ANALYTICALLY  INDICATED  RESONANCE  PHENOMENON 

Two-dimensional  tunnel. — By  examination  of  equations 
(12)  and  (13),  it  may  be  seen  that  the  series  Si  and  S2  become 
infinite  when 

4p2=(2n— l)2 

or  where 

, .77 

—=wp(2n-l)  (n= 1,2,3,  . . .)  (21) 

Cb 

At  these  critical  values  of  the  frequency  parameter,  the 
expression  for  the  kernel  K(M,z,H)  (eq.  (11))  becomes 
infinite  for  all  values  of  x.  Physically,  this  condition 
represents  a resonance  in  the  tunnel  involving  a transverse 
oscillation  of  the  moving  air  between  the  walls.  _ 

The  fundamental  or  smallest  critical  values  of  coH/a 
corresponding  to  n=  1 in  equation  (21)  are  shown  plotted  as 
functions  of  Mach  number  M in  figure  1.  Equation  (21) 
and  figure  1 show  that  finite  values  of  the  critical  frequency 
exist  for  the  condition  M—  0,  17=0,  and  These 

conditions  correspond  to  a compressible  fluid  at  zero  velocity 
in  the  tunnel.  As  the  Mach  number  is  increased,  the 
critical-frequency  parameter  decreases  rapidly  and  becomes 
zero  at  a Mach  number  of  unity. 

As  indicated  by  equation  (1),  the  product  of  the  lift  and 
the  kernel  function  must  remain  equal  to  the  vertical 
velocity  over  the  wing;  this  velocity  is  defined  by  the  motion 
of  the  wing  and  remains  finite.  The  product  of  the  lift  and 
the  kernel  function  can  remain  finite  only  if  the  lift  ap- 
proaches zero  as  the  kernel  becomes  infinite.  This  condition 
in  the  tunnel  is  analogous  to  the  well-known  case  of  a simple 
undamped-spring-mass  system  for  which,  at  the  resonant 
frequency,  theory  predicts  an  infinite  deflection  of  the  mass 
occurring  even  with  a forcing  function  of  small  amplitude. 


Resonant  frequency  parameter, 
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Circular  tunnel. — A resonance  can  also  be  demonstrated  for 
the  infinite  circular  tunnel.  The  nature  of  the  boundary- 
value  problem,  for  this  case,  makes  it  possible  to  separate 
variables;  therefore,  the  governing  partial-differential  equa- 
tion can  be  reduced  to  Bessel's  equation.  (See,  for  instance, 
ref.  10.)  The  resonant  frequencies  are  then  found  as  the 
roots  of  the  equation 

Jn' a&)=°  (n=0»  2*  • • •) 

or 


where  Jn  represents  the  Bessel  function  of  the  first  kind,  D 
is  the  tunnel  diameter,  and  pn  is  the  root  of  the  equation 

Jn(Pn)  = 0 

Values  for  pn  for  the  first  several  modes  are  pn=1.84,  3.05, 
and  4.17.  Note  that,  for  a circular  tunnel  having  a diameter 
equal  to  the  height  of  a plane  tunnel,  the  fundamental 
frequency  is  3.68/tt=1.17  higher  than  resonant  frequency 
in  the  plane  tunnel  discussed  in  this  report. 

EXPERIMENTAL  INVESTIGATION 

WIND  TUNNEL 

The  experimental  part  of  the  investigation  of  the  effect 
of  tunnel  walls  on  the  forces  acting  on  an  oscillating  airfoil 
was  conducted  in  the  Langley  2-  by  4-foot  flutter  research 
tunnel.  For  these  tests,  a rectangular  test  section  having 
dimensions  of  2 feet  by  3.8  feet  was  used.  This  tunnel  is  of 
the  closed-throat,  single-return  type  and  employs  either 
air  or  Freon-12  as  a testing  medium  at  pressures  from  1 
atmosphere  down  to  about  % atmosphere. 

It  has  been  shown  previously  that  the  resonant  frequency 
varies  directly  as  the  speed  of  sound.  Inasmuch  as  Freon- 12 
has  a speed  of  sound  equal  to  about  one-half  that  of  air,  the 
experiments  to  be  discussed  were  conducted  in  Freon- 12 
so  that  the  resonant  frequency  could  be  surveyed  within 
the  frequency  limitations  of  the  equipment. 

MODEL  AND  OSCILLATING  MECHANISM 

Figure  2 is  a schematic  drawing  of  the  test  section  with 
the  model  and  oscillating  mechanism  installed.  The  model 
had  a chord  of  1 foot  and  an  NACA  65-010  airfoil  section; 
it  completely  spanned  the  2-foot  dimension  of  the  test 
section.  The  gaps  between  the  model  and  the  tunnel  wall 
were  sealed  by  end  plates  which  rotated  with  the  model. 
The  model,  driven  symmetrically  from  both  ends,  was 
oscillated  in  pitch  about  the  midchord  by  a direct-drive 
eccentric-cam  system  powered  by  an  induction  motor  with 
variable  frequency  supply. 

INSTRUMENTATION 

The  lift  and  moment  on  the  wing  were  obtained  by 
electrical  integration  of  the  outputs  of  12  model  49-TP 


Bearing  J L’87584 

Figure  2. — Schematic  drawing  of  test  section  with  model  and  oscil- 
lating mechanism  installed. 


NACA  miniature  electrical  pressure  gages.  The  pressure 
gages,  which  are  described  in  considerable  detail  in  reference 
11,  were  located  at  the  center  of  the  span  at  2.5,  5,  10,  15, 
20,  30,  40,  50,  60,  70,  80,  and  90  percent  of  the  chord.  Each 
gage  was  arranged  to  indicate  the  difference  in  pressure 
between  orifices  on  the  upper  and  lower  surfaces.  Electrical 
integration  techniques  used  in  these  experiments  are  dis- 
cussed in  reference  12.  The  so-called  square-wave  method 
of  weighting  was  used;  that  is,  the  pressure  indicated  by 
each  gage  was  assumed  to  represent  the  pressure  acting 
over  a portion  of  the  chord  extending  one-half  the  distance 
to  the  next  gage  both  forward  and  rearward.  For  example, 
the  fraction  of  the  chord  assigned  to  the  first  gage  was  3.75 
percent  and  to  the  sixth  gage  was  10  percent.  Some  of  the 
implications  of  this  method  of  integration  will  be  discussed 
in  a subsequent  section. 

The  angular  displacement  at  the  midspan  position  was 
indicated  by  resistance- wire  strain  gages  attached  to  a 
torque  rod  running  through  the  center  of  the  hollow  wing. 
One  end  of  the  torque  rod  was  fixed  to  the  center  of  the 
wing  and  the  other  end  was  fixed  to  the  tunnel  wall. 

A schematic  diagram  of  the  instrumentation  is  shown  in 
figure  3.  The  magnitude  of  the  vector  representing  the  fun- 
damental component  of  lift  or  moment  and  angular  displace- 
ment was  indicated  on  an  alternating-current  vacuum-tube 
voltmeter  attached  to  the  output  of  a variable-frequency, 
narrow-pass-band  filter.  In  essence,  the  filter  performed 
the  function  of  a Fourier  analysis  in  that  both  random  com- 
ponents and  higher  harmonics  were  removed  from  the  signal. 
In  order  to  measure  the  phase  angle  between  lift  or  moment 
and  the  angular  displacement,  the  output  of  the  filter  was 
fed  into  a pulse-shaping  circuit  designed  to  convert  the  sinus- 
oidal signals  into  pulses  corresponding  in  time  to  the  “cross- 
over” points  of  the  original  signal.  The  pulses  were  then  fed 
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Figure  3. — Schematic  diagram  of  instrumentation. 

into  an  electronic  chronograph  that  accurately  indicated  the 
time  interval  between  the  leading  pulse  which  started  the 
chronograph  and  the  lagging  pulse  which  stopped  it.  The 
ratio  of  this  time  interval  to  the  period  of  oscillation,  when 
multiplied  by  360°,  yields  the  phase  angle  in  degrees.  The 
period  and  frequency  of  oscillation  were  determined  by  start- 
ing and  stopping  the  chronograph  with  the  angular-dis- 
placement signal.  In  order  to  minimize  the  effects  of  small 
differences  in  components  between  the  two  circuits,  a “tare” 
switch  was  provided  which  fed  a single  signal  (the  angular 
displacement)  through  both  circuits.  The  resulting  phase 
angle  represented  the  phase  shift  introduced  by  the  filters 
and  pulse-shaping  circuits. 

TEST  CONDITIONS 

'The  Machnumberof  the  tests  was  varied  fromM=0.35  to 
jM==Q. 7 and  the  Reynolds  number  was  held  constant  at  about 
.5XR)6  by  varying  the  density.  The  frequency  of  oscilla- 
tion varied  from  0 to  60  cycles  per  second,  and  the  mag- 
nitude of  angular  displacement  was  about  1.2°  except  for 
:some  jfff t data  at  M—  0.71  which  was  obtained  at  an  angular 
displacement  of  about  2.4°. 

DISCUSSION  OF  RESULTS 

The  theory  and  calculation  procedure  and  the  experimental 
technique  discussed  previously  for  the  determination  of  the 
forces  acting  on  a wing  oscillating  between  walls  have  been 


applied  to  a number  of  specific  examples.  The  investigation 
has  been  divided  into  three  parts:  (1)  A comparison  is 
made  of  analytical  and  experimental  results  obtained  for 
the  lift  and  moment  on  a pitching  wing  for  several  subsonic 
Mach  numbers,  (2)  theoretical  results  for  the  effects  of  a 
variation  in  Mach  number  at  constant  tunnel  height  are 
given  for  a pitching  wing  and  also  for  a wing  undergoing 
vertical  translation,  and  (3)  theoretical  results  for  the  effects 
of  a variation  in  the  ratio  of  tunnel  height  to  wing  semichord 
are  presented  for  particular  values  of  Mach  number. 

COMPARISON  OF  THEORY  AND  EXPERIMENT 

In  figure  4 a comparison  is  made  of  analytical  and  experi- 
mental results  for  a wing  oscillating  in  pitch  about  its  mid- 
chord. Figures  4 (a),  4 (b),  4 (c),  and  4 (d)  apply,  respec- 
tively, to  Mach  numbers  of  0.35,  0.5,  0.6,  and  0.7.  The 
results  apply  to  a ratio  of  tunnel  height  to  wing  semichord 
H of  7.60. 

The  plots  on  the  left-hand  side  of  each  figure  show  the 
magnitudes  of  the  forces  and  moments  as  a function  of  the 
frequency  of  oscillation,  whereas  those  on  the  right-hand 
side  show  the  corresponding  phase  angles.  The  magnitudes 
are  presented  as  ordinates  in  the  form  of  ratios  \La/La'\  and 
\Ma/Ma'\.  In  these  ratios,  the  quantities  La  and  Ma  are, 
respectively,  the  lift  force  and  the  moment  on  a wing  in  a 
tunnel;  La'  and  MJ  are  the  theoretical  lift  and  the  theoreti- 
cal moment  on  a wing  in  free  air.  The  effect  of  the  tunnel 
walls  appears,  therefore,  as  a deviation  from  unity  of  the 
ratios  \La/La'  | and  \Ma/Ma\  when  La  and  Ma  are  the  theo- 
retically derived  forces  and  moments.  When  La  and  Ma 
represent  the  experimental  forces  and  moments,  the  devia- 
tion from  unity  may  not  be  completely  attributed  to  the 
effect  of  tunnel  walls  because  such  factors  as  airfoil  thick- 
ness and  viscosity  may  cause  deviation  from  the  elementary 
theory.  The  abscissa  in  the  figures  is  the  ratio  of  the  fre- 
quency of  the  pitching  oscillation  to  a frequency  calculated 
for  the  resonant  condition. 

Excellent  agreement  between  theory  and  experiment  is 
obtained  for  the  phase  angles,  in  most  cases,  for  both  the 
lift  and  the  moment.  Quantitatively,  however,  the  agree- 
ment between  theory  and  experiment  for  the  magnitudes 
of  the  forces  is  not  as  good,  although  very  similar  trends 
are  demonstrated;  in  most  cases,  a systematic  difference 
appears.  Some  possible  sources  of  the  differences  between 
theory  and  experiment  are  discussed  in  the  following  section. 

Examination  of  figure  4 reveals  that  the  theory  predicted 
the  resonant  frequency  very  well.  In  all  cases,  the  mini- 
mum lift  and  moment  were  found  to  lie  very  close  to  the 
analytically  indicated  resonant  frequency.  Theoretically, 
the  lift  and  moment  reduce  to  zero  at  the  resonant  condition. 
Under  actual  conditions,  such  as  finite  tunnel  length,  trans- 
mission of  energy  through  the  walls,  nonlinearities  at  higher 
amplitudes,  and  turbulence  in  the  flow  that  gives  rise  to 
damping,  pure  resonance  is  unobtainable.  However,  it 
may  be  seen  by  examining  figure  4 (d)  that  the  lift  and 
moment  were  reduced  to  20  percent  of  the  values  away 
from  resonance. 


Moment  ratio 


Moment  ratio,  Lift  ratio,  fv 
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(b)  M= 0.5. 
Figure  4. — Continued. 
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(c)  M=  0.6. 
Figure  4. — Continued. 


Moment  ratio,  -mM  Lift  ratio, 
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(d)  Af =0.7. 
Figure  4. — Concluded. 
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REMARKS  ON  SOME  DIFFERENCES  BETWEEN  THEORY  AND  EXPERIMENT 


In  this  section,  some  limitations  and  possible  reasons  for 
differences  between  theory  and  experiment  are  listed  and 
discussed. 

In  the  comparison  between  theory  and  experiment  shown 
in  figure  4,  an  almost  constant  difference  of  10  to  15  percent 
between  the  magnitudes  is  to  be  noted,  whereas  the  phase 
angles  are  in  good  agreement.  Of  the  several  possible 
reasons  for  these  differences  between  theory  and  experiment, 
perhaps  the  more  important  ones  are  airfoil  thickness, 
Reynolds  number,  finite  tunnel  length,  transmission  of 
mergy  through  walls,  dissipation  of  the  pressure  waves  due 
bo  turbulence,  and  integration  procedures.  The  effect  of 
all  these  possibilities  is  not  known  for  the  oscillatory  case. 
In  the  steady-state  case,  however,  it  is  known  that  the 
effect  of  increasing  thickness  is  to  increase  the  slope  of  the 
ift  curve. 

In  the  considerations  of  the  analytical  integration,  a 
collocation  scheme  was  used  to  solve  the  integral  equation, 
fn  general,  the  three  collocation  points  used  were  found  to  be 
satisfactory  as  pointed  out  previously. 

Twelve  pressure  cells  were  used  for  the  experimental 
ntegration  of  the  forces.  A stepwise  integration  pro- 
cedure was  employed;  that  is,  the  pressure  as  record- 
ed by  the  pressure  cell  was  multiplied  by  an  area  of 
die  wing  over  which  it  is  assumed  that  the  cell  will  give 
m average  pressure.  This  procedure  gives  good  results 
except  possibly  at  the  leading  edge  where  the  pressure  varia- 
tion is  very  great.  Theoretically  the  pressure  approaches 
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shown  in  the  following  sketch  and  this  curve  is  integrated 


n the  same  maimer  as  the  experimental  curve  was  inte- 
grated (that  is,  by  calculating  the  ordinate  at  the  same 
falue  of  the  abscissa  at  which  the  pressure  cells  were  located 


for  the  experiment),  it  is  found  that  the  area  as  determined 
by  the  approximate  method  is  8 percent  less  than  the  area 

as  determined  by  integrating  cot  ^ hi  closed  form.  It  is 

apparent  that  the  neglected  area  (shaded)  can  be  appreciable. 
In  the  actual  experiment,  in  which  a fairly  thick  airfoil  was 
used,  the  neglected  area  would  probably  be  smaller  but 
could  perhaps  contribute  to  the  almost  constant  difference 
in  magnitudes  of  lift  and  moment  between  the  theoretical 
and  experimental  results.  The  effect  of  this  integration 
difference  on  the  phase  angles,  which  have  been  shown 
to  be  in  good  agreement,  would  not  be  as  pronounced. 

EFFECT  OF  A VARIATION  IN  MACH  NUMBER  AT  CONSTANT  TUNNEL 

HEIGHT 

An  analytical  investigation  has  been  made  of  the  effects  of  a 
variation  in  Mach  number  at  constant  tunnel  height  on  the 
forces  on  an  oscillating  wing.  Some  of  the  results  of  the 
previous  section  are  employed  together  with  results  of 
additional  calculations.  The  magnitudes  and  associated 
phase  angles  of  both  the  lift  force  and  the  moment  have  been 
determined  for  a pitching  wing  and  also  for  a wing  under- 
going vertical  translation.  Calculations  have  been  made 
for  a constant  value  of  the  height-semichord  ratio  H of 
7.60  and  for  Mach  numbers  of  0.3,  0.5,  0.7,  and  0.8.  Re- 
sults of  the  calculations  are  shown  in  figures  5 and  6 for  the 
lift  and  in  figures  7 and  8 for  the  moment. 

The  magnitudes  of  the  forces  and  moments  are  presented, 
as  in  the  previous  section,  in  the  form  of  ratios:  \LajLar\} 
\Ma/Ma\ , \Lh/Lh'\,  and  \MhfMn'\.  The  phase  angles  re- 
lated to  these  ratios  are  presented  as  a difference  between  a 
wing  in  a tunnel  and  a wing  in  free  air.  The  magnitudes 
and  phase  angles  are  plotted  against  a frequency  parameter 
c oH/a,  where  co  is  the  circular  frequency  of  oscillation  of  the 

wing,  H is  the  height  of  the  tunnel,  and  a is  the  velocity  of 
sound.  At  a particular  value  of  the  frequency  parameter,  a 
progressively  larger  effect  of  the  walls  is  indicated  as  the 
Mach  number  increases.  At  all  Mach  numbers,  the  lift 
is  reduced  to  zero  at  the  resonant  frequency.  The  dip  in 
the  curves  against  frequency  ratio,  which  appears  to  be 
characteristic  of  the  low  Mach  number  cases,  gradually 
disappears  as  the  Mach  number  is  increased.  As  in  the 
case  of  the  magnitude  of  the  lift,  the  effect  of  the  walls  on 
the  phase  angle  increases  as  the  resonant  frequency  of  the 
tunnel  is  approached  and  also  as  the  Mach  number  is 
increased. 

The  magnitude  of  the  moment  about  the  midchord  is 
shown  in  figures  7 and  8.  The  curves  have  the  same  shape 
as  the  lift-ratio  curves  and  again  decrease  to  zero  at  the 
resonant  condition.  The  corresponding  phase  , angles  are 
shown  in  these  figures.  Note  that  in  figures  5 to  8 only 
slight  differences  appear  between  results  for  pitch  and  those 
for  translation. 


238 


Figure  5. — Effect  of  varial 
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Figure  6. — Effect  of  variation  in  Mach  number  at  constant  height-semichord  ratio  H = 7.60  on  the  magnitude  and  phase  angle  of  the  lift  of  a 

translating  wing. 
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parameter, 


ht-semichord  ratio.  H=  7.60  on  the  magnitude  and  phase  angle  of  the  moment  of  a 
translating  wing. 
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EFFECT  OF  VARIATION  IN  RATIO  OF  TUNNEL  HEIGHT  TO  WING  SEMICHORD 

The  effect  on  the  lift-force  ratio  and  on  the  associated 
phase  angles  of  varying  the  ratio  of  tunnel  height  to  wing 
semichord  is  illustrated  in  figure  9.  The  results  presented 
in  figures  7 and  8 have  been  based  on  the  consideration  of  a 
distribution  of  pressure  doublets  over  the  chord  of  the  airfoil 
and  on  satisfying  the  downwash  condition  at  three  chord  wise 
stations.  Results  for  figure  9 have  been  obtained  by  the 
simplified  procedure  of  concentrating  the  loading  in  a single 
doublet  at  the  quarter  chord  and  satisfying  the  downwash 
condition  at  the  three-quarter  chord.  This  approach  gives 
fairly  good  agreement  with  the  results  of  the  more  elaborate 
procedure  except  near  the  resonant  frequency. 

Calculations  have  again  been  made  for  an  airfoil  oscillating 
in  pitch  about  its  midchord  for  values  of  the  height-semi- 
chord  ratio  H of  7.60,  16,  and  32  at  M—  0.3  and  0.8.  In 
figure  9 (a)  the  lift  ratio  \La/La'\  is  plotted  against  the  re- 
duced-frequency parameter  k=ba)/U . Plots  for  both  Mach 
numbers  are  made  to  the  same  scale  for  ease  of  comparison. 
It  is  again  apparent  that  the  effect  of  reducing  the  Mach 
number  is  to  reduce  the  effect  of  the  tunnel  walls  and  to 
raise  the  value  of  the  critical  frequency  at  which  resonance 
can  occur  for  a given  tunnel.  For  example,  for  H=  7.60, 
at  Af=0.8,  the  critical  value  of  & is  0.30,  whereas  for  M=0.3, 


the  critical  value  of  k is  increased  to  1.31.  Also,  as  was  t< 
be  expected,  increasing  the  height  of  the  tunnel  has  a market 
effect  in  reducing  the  influence  of  the  tunnel  walls  for  mos 
of  the  frequency  range.  However,  the  critical  frequency 
is  reduced  for  increased  tunnel  height  so  that  in  the  larg< 
tunnel  the  range  of  k below  the  fundamental  resonance 
becomes  smaller.  This  reduction  in  frequency  would  seen 
to  be  a disadvantage  of  the  larger  tunnels.  However,  tin 
second  branch  of  the  curve  for  H=  32  at  M=0.3  shows  that 
for  frequencies  between  the  first  and  second  resonant  points 
the  effect  of  the  walls  on  the  magnitude  of  the  lift  is  nc 
greater  than  for  frequencies  below  first  resonance.  Not* 
also  that  the  approach  to  resonance  is  quite  abrupt;  con 
sequently,  only  a small  range  of  frequencies  very  close  t( 
resonance  would  be  critical  and  tests  could  then  be  conductec 
between  the  critical  frequencies. 

In  figure  9 (b)  the  phase  angles,  associated  with  the  result' 
of  figure  9 (a),  for  both  the  wing  in  a tunnel  and  for  a wine 
in  free  air  are  shown  as  a function  of  reduced-frequenc} 
parameter  k for  values  of  height-semichord  ratio  H of  7.60 
16,  and  32  at  M=0.3  and  0.8. 

At  M—  0.3,  the  effect  of  walls  on  the  phase  angle  is  gener- 
ally very  small;  at  M=0.8,  the  effect  is  small  at  low  fre- 
quencies but  increases  greatly  as  the  critical  value  of  k is 


(a)  Magnitude  of  lift. 

Figure  9. — Effect  of  a variation  in  tunnel  height  on  the  lift  of  a pitching  wing  for  M=0.3  and  M=0.8. 
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(b)  Phase  angle  of  the  lift. 
Figure  9. — Concluded. 


pproached.  As  the  resonant  frequency  is  approached, 
esults  at  both  Mach  numbers  show  that  the  phase  angle 
ncrcases  in  negative  value  and  appears  to  approach— 90°. 
is  the  resonant  condition  is  exceeded,  there  is  a sudden  shift 
i phase  angle.  This  change  is  similar  to  that  found  for  the 
scillation  of  a simple  undamped  spring-mass  system  where 
n abrupt  change  in  phase  angle  of  180°  is  found  as  the 
esonant  frequency  is  exceeded.  Because  of  the  complexity 
f the  kernel,  which  involves  an  infinite  series  of  Hankel 
unctions,  the  phase  angle  at  resonance  has  not  been 
etermined. 

In  figure  10,  the  plot  from  figure  9 (a)  for  M=0.3  and 
£=7.60  is  compared  with  some  results  of  Reissner  (ref.  2) 
or  the  effect  of  walls  on  the  lift-force  ratio  in  incompressible 
ow.  This  curve  for  M=0  significantly  duplicates  the  rather 
irge  wall  effect  at  low  values  of  k which  is  noted  for  the 
4 = 0.3  result.  (At  low  values  of  k}  the  curves  for  the  two 
ifferent  Mach  numbers  are  almost  coincident  probably  be- 
ause  of  the  fact  that  the  slightly  lower  height  semichord 
atio  £7=6.28  used  by  Reissner  counteracts  the  effect  of  de- 
rease  in  Mach  number.)  For  values  of  k greater  than  0.5, 
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Figure  10. — Comparison  of  lift  ratio  for  M=  0 and  M=0.3. 
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the  curves  for  the  two  Mach  numbers  separate;  the  lift-force 
ratio  at  M—  0 approaches  imity  and  exhibits  no  effects  of 
resonance  because  the  resonant  phenomenon  arises  only  from 
the  effects  of  compressibility. 

CONCLUDING  REMARKS 

This  report  has  dealt  with  the  problem  of  an  airfoil  oscil- 
lating between  plane  walls  in  subsonic  compressible  flow.  It 
constitutes  a continuation  of  the  work  initiated  in  NACA 
Report  1150  in  that  a method  of  solving  the  integral  equation 
is  presented  and  some  experimental  results  are  compared 
with  theory. 

The  comparison  between  theory  and  experiment  for  the 
phase  angles  between  lift  force  or  moment  and  position  is 
shown  to  be  very  good,  whereas  the  comparison  between 
theory  and  experiment  for  the  magnitudes  of  the  lift  and 
moment  is  not  as  good;  however,  the  trends  are  all  accurately 
predicted.  In  all  cases  the  resonant  frequency  was  accu- 
rately predicted.  The  cause  of  the  apparent  discrepancy  be- 
tween the  theoretical  and  experimental  lift  and  moment  may 
be  attributed  to  several  factors  such  as  dissipation  of  the 
pressure  waves  due  to  turbulence  of  the  air  flow  and  trans- 
mission of  the  energy  through  the  tunnel  walls.  In  addition, 


the  theoretical  work  was  based  on  the  concept  of  a very  thin 
wing  at  infinite  Reynolds  number,  whereas  the  experiments 
were  made  with  a 10-percent-thick  wing  at  a Rejmolds  num- 
ber of  approximately  5 X 10 6.  The  effect  of  thickness  and 
Reynolds  number  have  not,  as  yet,  been  delineated  for  the 
oscillating  case. 

As  would  be  expected,  it  is  shown  theoretically  that  the 
larger  the  tunnel  the  less  the  effect  of  the  walls.  The  critical 
frequency,  however,  is  also  reduced  as  the  tunnel  height  is  in- 
creased, but  it  is  shown  that  tests  may  be  made  above  the 
resonant  frequency  with  no  larger  tunnel-wall  effect  than 
is  found  below  the  resonance.  In  addition,  the  range  of 
influence  of  the  resonant  region  is  greatly  reduced  so  that 
only  a small  range  of  frequencies  need  be  avoided.  Wall 
effects  are  shown  theoretically  to  be  more  pronounced  as  the 
Mach  number  is  increased  and  at  high  Mach  numbers  are 
found  to  be  large  even  at  frequencies  well  removed  from 
resonance. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  January  12 , 1955 . 


APPENDIX 


REDUCTION  OF  INTEGRAL  EQUATION  TO  THE  CASE  OF  ZERO  FREQUENCY 


In  this  appendix,  the  integral  equation  for  the  downwash 
for  a wing  oscillating  in  a compressible  medium  in  the  pres- 
ence of  wind-tunnel  walls  is  reduced  to  the  zero-frequency 
condition. 

If  equation  (1)  of  the  text  is  written  as 


can  be  reduced  to  the  same  form  by  making  the  approxima- 
tion that  the  airfoil  chord  is  small  compared  with  the  tunnel 
height. 
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The  additional  induced  velocity  due  to  the  presence  of 
tunnel  walls  for  the  steady-state  case  in  compressible  flow 
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INVESTIGATION  OF  THE  AERODYNAMIC  CHARACTERISTICS  OF  A MODEL  WING-PROPELLER 
COMBINATION  AND  OF  THE  WING  AND  PROPELLER  SEPARATELY 
AT  ANGLES  OF  ATTACK  UP  TO  90ot 

By  Richard  E.  Kuhn  and  John  W.  Draper 


SUMMARY 

An  investigation  of  the  aerodynamic  characteristics  of  a 
model  wing-propeller  combination,  and  of  the  wing  and  pro- 
peller separately  at  angles  of  attack  up  to  90°,  ha, s been  con- 
ducted in  the  Langley  300  MPH  7-  by  10-foot  tunnel.  The 
tests  covered  thrust  coefficients  corresponding  to  free-stream 
velocities  from  zero  forward  speed  to  the  normal  range  of  cruis- 
ing speeds.  The  results  indicate  that  increasing  the  thrust 
coefficient  increases  the  angle  of  attack  for  maximum  lift  and 
greatly  diminishes  the  usual  reduction  in  lift  above  the  angle  of 
attack  for  maximum  lift. 

Predicted  characteristics  of  an  assumed  airplane  designed 
for  vertical  take-off  indicate  that  partial  wing  stalling  would 
be  encountered  at  certain  attitudes  but  sufficient  power  was 
available  for  flight  at  any  attitude.  The  effects  of  slipstream 
on  the  variation  of  lift-curve  slope  with  thrust  coefficient  for 
this  model  could  be  satisfactorily  estimated  by  means  of  a 
modified  form  of  a method  formulated  by  Smelt  and  Davies. 
The  variation  of  propeller  normal  force  with  angle  of  attack 
compared  favorably  with  calculated  values.  An  appreciable 
direct  pitching  moment  was  found  to  exist  on  the  propeller 
itself  at  high  angles  of  attack . This  pitching  moment  was 
approximately  doubled  when  the  propeller  was  operated  in 
the  presence  of  the  wing  and  corresponded  to  a downward 
movement  of  the  effective  center  of  thrust  of  about  20  percent 
of  the  propeller  radius. 


INTRODUCTION 

Numerous  schemes  have  been  suggested  in  an  effort  to 
design  aircraft  that  would  combine  the  take-off  and  landing 
characteristics  of  a helicopter  with  the  high-speed  potential 
of  a conventional  fixed-wing  airplane.  One  of  the  proposed 
arrangements  involves  the  use  of  large-diameter  propellers 
as  lifting  rotors  for  the  take-off  and  landing  conditions.  The 
cruising  attitude  is  achieved  by  rotation  of  the  wing-propeller 
combination  through  approximately  90°,  with  the  wing  pro- 
viding the  lift  and  the  propellers  (acting  as  conventional 
propellers)  providing  the  thrust  required  for  forward  flight. 


Results  are  presented  of  experimental  data  obtained  with 
a semispan  wing  immersed  in  the  slipstream  of  two  large- 
diameter  propellers,  and  a brief  anatysis  of  the  application  of 
the  data  to  aircraft  combining  flight  characteristics  of  the 
helicopter  and  conventional  airplane.  In  addition,  forces 
and  moments  measured  on  the  propeller,  when  combined 
with  the  wing  and  when  separated  from  the  wing,  are  pre- 
sented for  an  angle-of-attack  range  up  to  90°. 


SYMBOLS 


With  a wing  operating  in  the  slipstream  of  a propeller, 
large  forces  and  moments  can  be  produced  even  at  very 
small  free-stream  velocities.  In  this -condition,  coefficients 
based  on  the  free-stream  dynamic  pressure  approach  infinity 
and  therefore  become  meaningless.  It  appears  appropriate, 
therefore,  to  base  the  coefficients  on  the  dynamic  pressure  in 
the  propeller  slipstream.  For  the  present  investigation,  the 
coefficients  based  on  this  principle  are  indicated  by  the  use 
of  a double  prime  and  are  defined  in  the  list  that  follows. 
The  positive  direction  of  forces,  moments,  and  angles  is 
indicated  in  figure  1. 


CL 

Off' 

Cm" 

n tr 
Cmp 

a a/' 


Gv 


lift  coefficient, 
lift  coefficient, 


Lift 
gS/2 
Lift 
q"S/  2 


...  x , Pitching  moment 

pitching-moment  coefficient, gf'cS/ 2 

pitching-moment  coefficient  of  propeller, 

Propeller  pitching  moment 
qf'Sc 

increment  of  total  model  pitching  moment  due  to 
propellers,  calculated  from  the  measured  propeller 
data, 


( C"+  c«”  X-f)  +( cmp"+ C," 

\ p p C / inboard  \ 0 / outboard 

normal -force  coefficient  of  propeller, 

Propeller  normal  force 
g77# 


t Supersedes  N AC  A Technical  Note  3304  by  John  W.  Draper  and  Richard  E.  Kuhn,  1954. 
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CP 
CT 
cx " 

T" 


D 

d 

dr 

h 

K= 


• , 27 rnQ 

power  coemcient,  pn3jjo 

T 

thrust  coefficient,  - 

, re  • , Longitiidinal  force 

longitudinal-force  coemcient, 2 — 77S]2 T — 

T 

thrust  coefficient, 

q"jD2 

4 

twice  span  of  semispan  wing,  ft;  also,  propeller  blade 
chord,  ft 
wing  chord,  ft 

2 Cb/2 

mean  aerodynamic  chord,  I c2dy , ft 

^ Jo 

propeller  diameter,  ft 

diameter  of  the  fully  developed  slipstream,  ft 
diameter  of  slipstream  at  any  point,  ft 
propeller  blade  thickness,  ft 
x/D 


VMs) 


(See  appendix  B.) 


N 

n 

P 

Q 

a 


B 

r 

S 

T 

V 
V' 
AV 

W 

x 

X-cfi 

V 
a 

0 

0.75  R 

V 


number  of  propellers 
propeller  rotational  speed,  rps 

propeller  shaft  power,  hp 

torque,  ft-lb 

free-stream  d}mamic  pressure,  i pV2,  lb/sq  ft 

A 


slipstream  dynamic  pressure,  g- 


» lb/sq  ft 


~D2 


propeller  tip  radius,  ft 
radius  to  propeller  blade  element 
twice  area  of  semispan  wing,  sq  ft 
shaft  thrust,  per  propeller,  lb 
free-stream  velocity,  ft/sec 
velocity  at  any  point  in  slipstream,  ft/sec 
increment  of  velocity  in  fully  developed  slipstream 
due  to  thrust,  ft/sec 
airplane  weight,  lb 

longitudinal  distance  from  propeller  disk,  ft 

value  of  x terminating  at  c/4 

spanwise  distance  from  wing  root,  ft 

angle  of  attack  relative  to  free-stream  velocity,  deg 

propeller  blade  angle,  deg 

propeller  blade  angle  at  0.75  R,  deg 

_ TV 

propeller  efficiency, ; 


27mQ 

static  thrust  efficiency,  — 


^3/2 


hoop 


Vf 


D 2 


0 angle  of  inclination  of  slipstream  velocity,  deg 

X multiplication  factor  for  increase  of  lift  due  to  slip- 
stream 

p mass  density  of  air,  slugs/cu  ft 

<t>  angle  of  inclination  of  thrust  axis  wish  respect  to  free 

stream,  deg 
Subscripts: 

0 zero  angle  of  attack 

T propeller 


APPARATUS  AND  METHODS 


MODEL 


A semispan  whig  model  of  a hypothetical  four-engine 
airplane  was  used  in  this  investigation.  The  wing  had  an 
aspect  ratio  of  4.55,  a taper  ratio  of  0.714,  and  an  NACA 
0015  airfoil  section.  A drawing  of  the  model  with  pertinent 
dimensions  is  presented  as  figure  2 and  a photograph  of  the 
model  mounted  for  testing  is  shown  as  figure  3.  The  geo- 
metric characteristics  of  the  model  are  given  in  the  following 
table : 


Wing: 

Area  (semispan),  sq  ft 

Span  (semispan),  ft 

Mean  aerodynamic  chord,  c,  ft. 

Root  chord,  ft 

Tip  chord,  ft 

Airfoil  section 

Aspect  ratio 

Taper  ratio 

Propellers : 

Diameter,  ft 

Disk  area,  sq  ft 

Nacelle  diameter,  ft 

Airfoil  section 


5.  125 
3.  416 
1.  514 
1.  75 

1.  25 

NACA  0015 
4.  55 
0.  714 

2.  0 
3.  14 
0.  33 

Clark  Y 


The  wing  was  constructed  on  a steel  spar,  which  served 
as  the  support  for  the  two  motor  nacelles  and  for  the  mahog- 
any blocks  which  form  the  wing  contour.  The  wing  was 
also  equipped  with  plain  flaps  that  were  locked  and  sealed 
in  the  neutral  position  for  this  investigation. 

The  geometric  characteristics  of  the  three-blade  aluminum- 
alloy  propellers  are  given  in  figure  4.  The  propellers  were 
driven  by  variable-frequency  electric  motors  rated  at  20 
horsepower  at  18,000  rpm.  The  motors  were  operated  in 
parallel  from  one  variable-frequenc}7  power  supply. 

The  propeller  diameter  was  too  large  to  permit  use  of  the 
high  design  rotational  speed  of  the  motors.  During  the 
tests,  the  rotational  speed  seldom  exceeded  6,000  rpm  or  a 
propeller  tip  Mach  number  of  0.58.  The  speed  of  each 
motor  was  determined  by  observing  a stroboscopic  t}rpe  of 
indicator,  to  which  was  fed  the  output  frequency  of  a small 
alternator  connected  to  the  motor  shaft.  Because  both 
motors  were  driven  from  a common  power  supply,  their 
speeds  were  usually  matched  within  10  rpm. 

The  motors  were  mounted  inside  aluminum-alloy  nacelles 
by  means  of  strain-gage  beams  in  order  to  measure  the  thrust, 
torque,  normal  force,  and  pitching  moment  of  the  propeller 
and  spinner.  A photograph  of  this  installation  is  shown  as 
figure  5. 


TESTS 

The  investigation  was  conducted  in  the  Langley  300 
MPH  7-  by  10-foot  tunnel.  The  tests  were  made  at  various 
free-stream  dynamic  pressures  and  propeller  thrusts  so 
selected  as  to  maintain  a constant  dynamic  pressure  of  8 
pounds  per  square  foot  in  the  slipstream.  Constant  thrust 
on  the  inboard  propeller  was  maintained  by  varying  the 
motor  speed  throughout  the  angle-of-attack  range  of  —10° 
to  90°.  All  data  presented  were  obtained  with  the  outboard 
propeller  rotating  in  a clockwise  direction  and  the  inboard 
propeller  rotating  counterclockwise  as  viewed  from  behind 
the  propeller.  Also,  the  thrust  determined  from  a given 
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thrust  coefficient  at  a=0°  was  held  constant  throughout  the 
angle-of-attack  range.  The  blade  angle  on  the  outboard 
propeller  was  adjusted  slightly  (±0.1°  or  less)  so  as  to  develop 
the  same  thrust  on  this  propeller  as  on  the  inboard  propeller 
at  zero  angle  of  attack.  During  the  tests,  the  thrust  on  the 
two  propellers  was  matched  within  0.25  pound  for  all  condi- 
tions except  for  angles  of  attack  above  60°  at  a thrust 
coefficient  of  0.91.  For  higher  angles  of  attack,  the  thrust  on 
the  outboard  propeller  exceeded  that  desired  by  as  much  as 
4 pounds.  The  variations  of  thrust,  dynamic  pressure, 
velocities,  and  propeller  blade  angle  with  thrust  coefficient 
(for  each  propeller)  are  tabulated  as  follows: 


rp  n 

T,  lb 

q ",  lb/sq  ft 

F-f A V, 
ft/sec 

?/?" 

V' 

0.75»,  deg 

F+AF 

0 

0 

8 

82 

1.00 

1.000 

20 

.20 

5.0 

S 

82 

.80 

.894 

20 

.50 

12.5 

8 

82 

.50 

.707 

8 

.71 

17.  G 

8 

82 

.29 

.539 

8 

.91 

22.  G 

8 

82 

.09 

.300 

8 

1.00 

25.0 

8 

82 

0 

0 

8 

The  Reynolds  number  in  the  slipstream  based  on  the  mean 
aerodynamic  chord  of  1.514  feet  was  0.8X106. 

The  normal  force,  pitching  moment,  thrust,  and  torque 
were  measured  for  each  propeller  at  a point  of  intersection  of 
the  shaft  center  line  and  the  blade  axis.  The  pitching 
moment,  lift,  and  drag  of  the  complete  wing-propeller  con- 
figuration were  measured  at  the  quarter-chord  point  of  the 
mean  aerodynamic  chord  of  the  wing.  It  is  emphasized  that 
the  wing-propeller  data  presented  herein  include  the  direct 
propeller  forces  as  well  as  the  forces  on  the  wing. 

The  propeller-alone  tests  were  made  by  mounting  the 
propeller-nacelle  assembly  on  a 3 -inch-diameter  sting,  which 
was  supported  from  the  tunnel  ceiling  by  a 3-inch  tube 
located  3 feet  behind  the  propeller  disk.  The  mounting  was 
such  that  the  propeller  remained  in  the  center  of  the  tunnel 
throughout  the  angle-of-attack  range. 

The  static-thrust  calibration  of  the  propeller  was  made  in  a 
large  room  (18  ft  by  42  ft  by  10  ft)  in  order  to  minimize  wall 
effects. 

CORRECTIONS 

The  data  presented  have  been  corrected  in  the  following 
manner.  Approximate  corrections  for  the  effect  of  the  tunnel 
walls  on  the  velocity  in  the  tunnel  and  in  the  slipstream  were 
derived  and  are  presented  in  appendix  A.  The  derivation  is 
based  on  the  simple  momentum  theory  and  assumes  the 
slipstream  to  be  parallel  to  the  free  stream.  For  this  condi- 
tion these  corrections  are  small.  The  applicability  of  the 
corrections  thus  derived  for  conditions  approaching  the  static 
thrust  and  for  the  high  angles  of  attack  may  be  questionable; 
however,  deviations  are  assumed  to  be  relatively  small  and 
corrections  to  be  fairly  accurate  for  most  of  the  test  condi- 
tions. 

The  jet-boundary  corrections  applied  to  the  angle  of 
attack  and  longitudinal  force  were  estimated  by  the  method 
of  reference  1.  For  a given  model  size,  these  corrections 
depend  on  the  circulation  about  the  wing;  therefore,  the 
corrections  for  a particular  angle  of  attack  with  slipstream 
have  been  based  on  the  lift  of  the  wing  at  that  angle  of 


attack  without  slipstream.  The  following  relationships 
were  used: 

«-=«measured+0.5  ^7  ft?L)r/' -C 

Ox' ' ~Ox  Measured  0.00S  ^77  [(CiJr/^-o]2 

The  correction  to  pitching-moment  coefficient  was  estimated 
and  found  to  be  negligible. 

Blockage  corrections  have  not  been  applied  to  the  data. 
These  corrections  were  estimated  by  the  method  of  refer- 
ence 2 and,  with  the  exception  of  the  wake  blockage  correc- 
tion which  would  become  appreciable  at  the  higher  angles 
of  attack,  the  blockage  corrections  were  found  to  be  small. 
The  data  can  be  corrected  for  the  effects  of  wake  blockage 
at  the  higher  angles  of  attack  by  a method  derived  from 
reference  2,  which  can  be  written  in  the  notation  of  the 
present  report  as  follows: 


^corrected  ^measured  I 1 "T  /-i  rp  //\ 


( j o’V 

\CX"-Tc"  cos  ) 


REDUCTION  OF  DATA 

The  type  of  flight  operation  for  which  the  data  of  this 
investigation  would  be  useful  is  one  in  which  the  wing- 
propeller  combination  is  rotated  as  a unit.  An  example  of 
this  configuration  is  illustrated  in  figure  6.  For  this  type 
of  operation,  the  forward  speed  may  drop  to  zero  so  that 
force  and  moment  coefficients  based  on  the  free-stream 
velocity  approach  infinity  and  therefore  become  meaning- 
less. For  the  condition  in  which  the  wing  is  largely  immersed 
in  the  slipstream  of  a propeller,  the  forces  on  the  wing  would 
be  expected  to  be  largely  determined  by  the  dynamic  pres- 
sure in  the  slipstream.  It  appears  reasonable,  therefore,  to 
base  the  coefficients  on  the  dynamic  pressure  in  the  slipstream. 

For  this  investigation,  the  dynamic  pressure  in  the  slip- 
stream is  assumed  to  be  related  to  the  measured  thrust  by 
the  following  momentum-theory  equations: 

T=mphVo=P\ D2  (f+^°)  AFo 


where  mp  is  the  mass  flow  through  the  propeller  and  A Vo  is 
the  increment  of  slipstream  velocity  due  to  thrust  at  zero 
angle  of  attack.  Rearranging  terms  gives 


(AVp)2 

2 


FF(AVo) 


p 


0 


Solving  by  the  quadratic  equation  yields 


A Vo=  — V± 


V2-\-2 


(V+AVo)2=V2+2 


This  equation  may  be  expressed  in  terms  of  the  dynamic 
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pressure  as 


2"o=« 


The  above  relationships  have  been  derived  for  the  condi- 
tion of  zero  angle  of  attack  of  the  model.  The  dynamic 
pressure  in  the  slipstream  would  be  expected  to  be  a func- 
tion of  angle  of  attack;  however,  to  include  these  effects 
would  needlessly  complicate  the  presentation. 

For  the  purpose  of  presenting  coefficients,  theiefore,  the 
dynamic  pressure  in  the  slipstream  can  be  defined  as 

q"=i+^-  (1) 

iD2  : 


and  the  thrust  coefficient  as 


TV 


or 


also 


T 


TJ 


T 


D\+T 


z"_(f+af0)  1 Tc" 


(2) 


(3) 


(4) 


For  convenience,  some  values  of  the  most  used  terms  in- 
volving T"  have  been  tabulated  in  table  I. 


RESULTS  AND  DISCUSSION 


BASIC  DATA 

Propeller  characteristics. — The  efficiency  curves  for  the 
outboard  propeller  tested  alone  at  various  blade  angles  are 
presented  in  figure  7.  The  maximum  efficiency  reached 
(about  0.77)  was  obtained  with  a blade  angle  of  20°,  the 
highest  tested. 

In  order  to  minimize  the  time  required,  the  operating  con- 
ditions were  chosen  so  that  only  two  propeller  blade-angle 
settings  were  required  . A value  of  fHml5R  of  8°  was  found  to  be 
satisfactory  for  thrust  coefficients  of  0.91,  0.71,  and  0.50  and 
0.75R  of  20°  for  a thrust  coefficient  of  0.20. 

The  choice  of  blade  angle  for  use  at  zero  forward  speed 
(vertical  take-off  or  landing)  cannot  be  made,  however,  on 
the  basis  of  the  efficiencies  presented  in  the  curves  of  figure  7. 
For  this  purpose,  an  efficiency  factor  based  on  the  ability  of 
the  propeller  to  produce  static  thrust  must  be  used.  The 
static- thrust  efficiency  can  be  written  in  a manner  analogous 
to  the  figure  of  merit  of  rotors: 


r AT70 


which  can  be  reduced  to 
// 


550P 

T7*- 


1 100P 


Vp  t r 
24 


D 2 


TABLE  I 

FUNCTIONS  OF  Te" 


7Y' 

1 - 7Y' 

Vl  -Tc” 

■yJl  — Te" — 1 

l+Vl-TY' 

1-V1-7Y' 

0 

1 

1 

0 

2 

0 

.1 

.90 

.949 

-.051 

1.949 

.051 

.2 

.80 

.894 

-.100 

1.S94 

.106 

.3 

.70 

.837 

-.  163 

1.837 

.163 

.4 

.60 

. 774 

-.226 

1.774 

.226 

.5 

.50 

.707 

-.293 

1.707 

.293 

.6 

.40 

.632 

-.363 

1.632 

.363 

. 7 

.30 

.548 

-.452 

1.543 

.452 

.8 

.20 

.447 

-.553 

1.447 

.553 

.9 

.10 

.316 

-.  6S4 

1.316 

. 6S4 

.92 

.03 

.283 

-.717 

1.283 

. 717 

.94 

.00 

.245 

-.  755 

1.245 

. 755 

.90 

.04 

.200 

-.  800 

1.200 

.800 

.98 

.02 

.141 

-.  859 

1.141 

. S59 

1.0 

0 

0 

-1.000 

1.000 

1.000 

The  maximum  static-thrust  efficiency  of  0.7  shown  in  figure 
7 (diamond  symbol)  was  obtained  with  a blade  angle  of  8°. 
With  the  propeller  disks  overlapped,  the  static-thrust  effi- 
ciency was  reduced  to  0.65  as  indicated  in  figure  S.  A corre- 
sponding reduction  in  efficiency  at  forward  speeds  is  indi- 
cated in  figure  8.  This  loss  in  static-thrust  efficiency  with 
the  propeller  disks  overlapped  does  not  necessarily  mean 
that  overlapping  is  undesirable,  however,  because,  for  an 
airplane  of  a given  size  and  with  a given  number  of  propellers, 
overlapping  permits  the  use  of  larger  diameter  propellers, 
which  can  result  in  an  increase  in  static  thrust  for  a given 
horsepower,  even  though  the  efficiency  is  reduced  somewhat 
by  overlapping. 

The  variations  of  the  propeller  thrust  coefficient  CT  and 
power  coefficient  CP  with  angle  of  attack  are  presented  in 
figure  9.  It  should  be  remembered  when  use  is  made  of 
these  data  that  the  thrust  was  held  constant  throughout  the 
angle-of-attack  range  and  the  rotational  speed  and  power 
were  allowed  to  decrease  with  increasing  angle  of  attack.  In 
general,  the  data  for  the  isolated  propeller  show  somewhat 
lower  values  of  CT  and  CP  than  the  data  for  the  propeller  or 
propellers  operating  in  the  presence  of  the  wing.  The  biggest 
differences,  however,  occur  under  conditions  that  are  not 
likely  to  be  of  practical  interest  (high  forward  speed  (Ty'=0.2) 
at  high  angles  of  attack).  The  corresponding  variations  of 

^ nlT~"  aie  Presen^  m %ure  10.  The  power  required  for  a 

constant  thrust  condition  through  the  angle-of-attack  range 
is  presented  in  figure  11.  In  general,  the  power  decreased  as 
the  angle  of  attack  increased. 

The  normal-force  and  pitching-moment  coefficients  of  the 
outboard  propeller  are  presented  in  figure  12.  Similar  data 
for  the  inboard  propeller  are  not  presented  because  of  diffi- 
culties experienced  with  the  instrumentation  for  the  inboard 
propeller  that  resulted  in  excessive  scatter  arid  large  shifts 
in  the  zero  readings.  The  general  trend  of  the  data,  however, 
was  similar  to  that  for  the  outboard  propeller.  The  problems 
of  obtaining  reliable  data  were  considerably  increased  be- 
cause the  strain-gage  beams,  which  measured  the  normal 
force  and  pitching-moment  loads,  were  also  required  to  sup- 
port the  relatively  heavy  motor  and  cany  the  high  thrust 
and  torque  loads. 

Also  presented  in  figure  12  are  the  theoretical  variations  of 
normal  force  obtained  by  the  method  of  reference  3.  The 
theoretical  variation  of  propeller  normal  force  with  angle  of 
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attack  of  reference  3 is  intended  to  be  applicable  only  at 
angles  of  attack  near  zero.  The  additional  factors  which 
contribute  to  the  normal  force  at  high  angles  of  attack  can- 
not readily  be  included  in  the  theoretical  treatment.  It  is 
interesting  to  note,  however,  that,  for  the  configuration  of 
this  investigation,  calculations  of  the  normal-force  coefficient 
using  the  ^-factor  (which  accounts  for  the  inflow  to  the  pro- 
peller) based  on  the  component  of  thrust  in  the  free-stream 
direction  rather  than  in  the  thrust  direction,  as  assumed  in 
reference  3,  show  relatively  good  agreement  with  the  meas- 
ured data. 

The  operation  of  both  propellers  in  the  presence  of  the 
wing  is  seen  almost  to  double  the  pitching  moment  of  the 
outboard  propeller  as  compared  with  that  of  the  propeller 
alone.  This  magnitude  of  increase  cannot  be  attributed  to 
an  increase  in  wing-induced  upwash  at  the  propeller  disk, 
because  such  an  increase  should  produce  corresponding  in- 
creases in  propeller  normal  force.  It  is  probable  that  these 
increases  in  pitching  moment  are  due  to  a change  in  the 
velocity  through  the  upper  and  lower  portions  of  the  propeller 
disk  (as  referenced  to  the  wing-chord  plane).  An  increase  in 
velocity  over  the  wing  (upper  part  of  the  propeller  disk) 
would  tend  to  decrease  the  thrust  from  the  top  part  of  the 
disk.  Conversely,  a decrease  in  velocity  through  the  lower 
half  would  increase  the  thrust  of  this  part  of  the  propeller; 
thus  an  increase  would  occur  in  the  nose-up  pitching  moment 
of  the  propeller  with  increasing  angle  of  attack. 

The  propeller  pitching  moment  can  be  regarded  as  being  due 
to  the  fact  that  thrust  of  the  propeller  is  applied  at  some  dis- 
tance from  the  center  of  rotation.  The  effective  radial  lo- 
cation of  the  thrust  vector  is  presented  in  figure  13  and  was 
determined  from  the  pitching-moment  data  of  figure  12  by 
the  following  relation 


r 

R 


Cmp"Sc 

Tc"  |D3 


For  the  most  extreme  condition,  the  effective  location  of 
the  thrust  vector  is  seen  to  move  downward  more  than  20 
percent  of  the  propeller  radius.  (See  sketch,  fig.  13). 

The  significance  of  these  propeller  pitching  moments  can 
be  judged  from  figure  14,  which  presents  the  total  contribu- 
tion of  both  propellers  to  the  total  model  pitching  moment. 
Because  the  data  on  the  inboard  propeller  was  unreliable, 
the  data  obtained  for  the  outboard  propeller  was  used  for 
both  the  inboard  and  the  outboard  propellers  in  the  summa- 
tion represented  b}7  A Cm".  The  calculated  variation  was 
obtained  by  using  the  calculated  values  of  normal-force 
coefficients  (fig.  12)  and  letting  the  pitching-moment  co- 
efficient be  zero.  It  can  be  seen  that  the  usual  procedure  of 
basing  the  propeller  contribution  only  on  the  propeller  nor- 
mal force  accounts  for  less  than  half  of  the  total  contribution 
for  this  configuration  at  these  thrust  coefficients.  Additional 
data  on  the  normal  force  and  pitching  moments  of  isolated 
propellers  are  presented  in  references  4 and  5. 

The  contributions  of  the  spinner  (when  not  rotating)  to 
the  propeller  normal  force  and  pitching  moment  are  presented 
in  figure  15. 


Wing  characteristics. — Figure  16  presents  the  variation 
with  angle  of  attack  and  thrust  coefficient  of  the  lift  co- 
efficient based  on  the  dynamic  pressure  in  the  free  stream. 
Figure  17  (a)  presents  the  same  data  based  on  the  d37namic 
pressure  in  the  slipstream.  The  lift  variation  for  a thrust 
coefficient  of  1.0  (dashed  line  of  fig.  17)  cannot  be  presented 
in  figure  16  because,  if  the  free-stream  dynamic  pressure  were 
used  to  obtain  the  coefficient,  the  lift  coefficient  at  all  angles  of 
attack  would  be  infinite.  The  disadvantage  of  basing  the 
coefficients  on  the  free-stream  dynamic  pressure  is  thus 
readily  apparent. 

Increasing  the  thrust  coefficient,  with  cither  one  propeller 
(fig.  IS)  or  two  propellers  (fig.  17),  results  in  an  increase  in 
the  angle  of  attack  at  which  maximum  lift  is  reached  and  a 
more  gradual  variation  of  the  lift  with  angle  of  attack  above 
maximum  lift.  It  should  be  remembered  that  these  results 
are  for  constant  thrust  throughout  the  anglc-of-attack  range. 
If  the  power  were  held  constant  as  the  angle  of  attack  was 
increased,  the  thrust  would  increase  with  angle  of  attack  and 
an  even  more  gradual  variation  of  lift  above  maximum  lift 
would  be  indicated. 


The  data  at  Tc"— 0 (figs.  17  and  IS)  were  obtained  with  the 
propellers  removed.  Data  are  compared  in  figure  19  for 
conditions  of  propeller  removed,  of  zero  thrust  with  the  pro- 
peller on,  and  of  propeller  windmilling.  Removing  the  pro- 
peller results  in  a small  reduction  in  lift  in  the  region  of  maxi- 
mum lift.  As  would  be  expected  from  the  propeller  data 
discussed  previously,  removing  the  propellers  appreciably 
decreases  the  unstable  variation  of  pitching  moment  with 
angle  of  attack  at  the  low  angles  of  attack.  These  effects 
should  be  kept  in  mind  when  the  propeller-off  pitching- 
moment  data  of  figures  17  and  IS  are  used. 

The  data  of  figure  20  indicate,  as  might  be  expected,  that 
the  nacelles  disturb  the  flow  over  the  wing  so  that  the  wing 
with  nacelles  stalls  at  a lower  angle  of  attack  and  lower  lift 
coefficient  than  the  wing  alone.  As  would  be  expected,  the 
nacelles  also  cause  a marked  decrease  in  the  static  longi- 

tudinal  stability  (increase  in  below  the  stall. 


The  destabilizing  effects  of  the  propellers  and  nacelles  at 
zero  angle  of  attack  are  summarized  in  figure  21.  These 
data  show  that,  near  zero  angle  of  attack,  there  is  only  a small 


variation  of  stability,  as  indicated  by  the  curve  of 


ZCm" 

bCL" 


against  thrust  coefficient. 

Estimation  of  the  lift-curve  slope. — Reference  6 presents 
relationships  for  estimating  the  increase  of  lift  due  to  a 
slipstream  flowing  over  the  wing.  Rearranging  the  relation- 
ship to  provide  an  expression  for  the  lift-curve  slope  of  the 
wing  with  slipstream  and  using  the  notation  of  the  present 
report  gives  the  following  equation: 


For  the  present  configuration,  X can  be  taken  as  1.0  (ref.  6), 
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l)  is  obtained  from  equation  (Bo)  of  appendix  B, 

0 0 

— =—  is  obtained  from  equation  (B7)  of  appendix  B,  and 

OL  (p 


0-6  (57.3)  ((dCx/da)rc"-o)  ~ 
The  lift-curve  slope  can  be  expressed  as 

/ 


1 


HCL" 
da  V 


d«/rc"=o  L s \l+Vl-T/7 


(6) 


where  dx  can  be  obtained  from  equation  (B4)  of  appendix  B. 
Calculation  of  the  lift-curve  slope  by  this  equation  under- 
estimates the  measured  lift-curve  slope  (fig.  22). 

If  it  is  assumed  that  the  inclination  of  the  slipstream  is 

zero  ^=0^7  equation  (5)  reduces  to 

(7) 


hot  \ )tc"---q  c) 


and  much  better  agreement  with  the  experimental  data  is 
obtained  (fig.  22).  This  equation,  in  effect,  is  based  on  the 
assumption  that  the  circulation  around  the  wing  is  un- 
changed by  the  presence  of  the  slipstream  and  the  increase 
in  lift  is  directly  proportional  to  the  increase  in  velocity 
across  the  circulation. 

If  it  is  further  assumed  that  the  wing  is  far  enough  behind 
the  propeller  so  that  the  full  slipstream  velocity  is  developed 
(K=  1)  and  that  the  wing  is  fully  immersed  in  the  slipstream 

the  equation  reduces  to  the  simple  form 


da  \ da  ) 


T/' 


(8) 


According  to  equation  7,  the  fact  that  the  lift-curve  slope 
obtained  for  the  configuration  with  two  propellers  is  higher 
than  that  obtained  for  the  configuration  with  one  propeller 
is  primarily  due  to  the  greater  percentage  of  wing  area  that 
is  immersed  in  the  slipstream. 


PERFORMANCE  ESTIMATES 

The  procedure  outlined  in  appendix  C was  used  to  esti- 
mate the  performance  of  a hypothetical  four-propeller  air- 
plane as  it  traversed  the  regime  of  flight  represented  in 
figure  6.  The  hypothetical  airplane  was  assumed  to  have 
linear  dimensions  6 times  those  of  the  model.  Calculations 
were  made  for  standard  sea-level  conditions,  and  the  fuselage 
and  other  parts  of  the  airplane  not  represented  by  the  model 
were  assumed  to  have  a drag  coefficient  of  0.01. 

The  variation  of  the  thrust  coefficient  required  and  the 
forward  velocity  reached  in  constant-altitude  transition,  as 
the  wing  attitude  is  lowered  from  90°  for  take-off  to  conven- 
tional flight  attitude,  is  shown  in  figure  23.  The  corre- 
sponding variation  of  thrust  power  required  with  forward 
velocity  for  an  assumed  wing  loading  of  40  pounds  per  square 
foot  is  shown  in  figure  24.  The  thrust  power  required  is  seen 
to  decrease  quite  rapidly  in  the  low  speed  range.  The  mini- 
mum thrust  power  required  occurs  in  the  normal  flight 
range  at  a speed  of  160  mph  and  a wing  attitude  of  8.5°.  It 


will  be  noted  that  (with  the  assumption  that  77=0.75  at 
high  speed  and  77"= 0.65  for  static-thrust  take-off),  if  this 
airplane  were  designed  for  a high  speed  of  the  order  of  350 
to  400  mph,  sufficient  power  would  be  available  for  vertical 
take-off  with  the  12-foot-diameter  propellers  represented  by 
the  ones  used  on  this  model. 

The  untrimmed  pitching  moment  and  corresponding  effec- 


ZCm 


tive  aerodynamic-center  location,  as  indicated  by  f°r 

the  conditions  of  this  analysis,  are  indicated  in  figure  25. 
No  allowance  for  the  effects  of  trimming  these  moments  was 
made  in  this  analysis.  These  data  are  based  on  the  assump- 
tion that  the  center  of  gravity  of  the  airplane  is  located  at 
the  pivot  axis  of  the  wing  and  that  this  axis  is  located  at  the 
quarter-chord  point  of  the  mean  aerodynamic  chord.  Fig- 
ure 25  (c)  indicates  that  a more  forward  location  of  the  pivot 
axis  would  be  desirable  in  reducing  the  out-of-trim  moments. 
Figure  25  (a)  indicates  that,  for  the  present  configuration,  a 
full-span,  30-percent-chord  trailing-edge  flap  (ref.  7)  would 
be  ineffective  in  balancing  the  airplane.  The  complete  loss 
in  effectiveness  in  the  angle-of-attack  range  from  56°  to  77° 
indicates  that  the  wing  is  partially  stalled  in  this  angle-of- 
attack  range.  Results  of  an  unpublished  investigation  indi- 
cate that,  with  the  propellers  placed  much  closer  to  the 
wing,  this  reduction  in  control  effectiveness  may  be  greatly 
reduced. 


CONCLUSIONS 


An  investigation  of  the  aerodynamic  characteristics  of  a 
wing-propeller  combination  and  of  the  wing  and  propeller 
separately  at  angles  of  attack  up  to  90°  indicates  the  follow- 
ing conclusions: 

1.  Increasing  the  thrust  coefficient  increased  the  angle  of 
attack  for  maximum  lift  coefficient  and  greatly  diminished 
the  reduction  of  lift  coefficient  above  the  angle  of  attack  for 
maximum  lift.  Analysis  of  the  operation  of  a hypothetical 
airplane  designed  for  vertical  take-off  indicated  that  partial 
wing  stalling  probably  would  be  encountered  in  certain 
flight  attitudes  but  sufficient  power  would  be  available  for 
flights  at  any  attitude. 

2.  The  effects  of  slipstream  on  the  variation  of  the  lift- 
curve  slope  with  thrust  coefficient  would  be  satisfactorily 
estimated  for  this  model  by  means  of  a modified  form  of  a 
method  formulated  by  Smelt  and  Davies. 

3.  The  variation  of  propeller  normal  force  with  angle  of 
attack  compared  favorably  with  calculated  values.  There 
was  also  an  appreciable  direct  pitching  moment  on  the  pro- 
peller itself.  This  pitching  moment  was  approximately 
doubled  when  the  propeller  was  operated  in  the  presence  of 
the  wing  and  corresponded  to  a downward  movement  of  the 
effective  center  of  thrust  of  approximately  20  percent  of  the 
propeller  radius. 

4.  Calculations  for  a hypothetical  airplane,  with  a wing 
loading  of  40  pounds  per  square  foot  and  the  relationship 
of  the  total  propeller  disk  area  to  wing  area  represented  by 
this  model,  indicate  that  airplanes  designed  for  a high  speed 
range  of  350  to  400  mph  will  have  sufficient  power  available 
for  vertical  take-off. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
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APPENDIX  A 

TUNNEL- WALL  CORRECTIONS 


In  order  to  correct  the  wind-tunnel  data  for  tunnel-wall 
effects  the  following  relations  for  velocities  were  obtained  in 
a manner  similar  to  that  presented  in  reference  8.  The 
symbols  that  are  used  in  this  appendix  and  which  have  not 
been  defined  previously  are  defined  as  follows: 

7T 

A propeller  disk  area,  - D 2,  sq  ft 

0 tunnel  cross-sectional  area,  sq  ft 

6*  slipstream  cross-sectional  area,  sq  ft 

%y  static  pressure  lb/sq  ft 

F local  velocity,  ft/sec 

Ki  ratio  of  free-stream  velocity  to  slipstream  velocity, 
Fo 
F3 

Subscripts: 

0 far  ahead  of  propeller  disk 

1 in  tunnel  at  propeller  disk  but  outside  of  slipstream 

2 in  tunnel  far  behind  propeller  disk  but  outside  of 
slipstream 

3 in  slipstream  far  behind  propeller  disk 

4 immediately  behind  propeller  disk 

5 immediately  ahead  of  propeller  disk 

x at  any  station 

The  following  sketch  shows  the  relative  location  of  the  sta- 
tions at  which  the  velocities,  pressures,  and  areas  used  in  the 
following  equations  were  obtained: 


Tunnel  walls 


The  relationships  of  pressure  and  velocity  as  determined  by 
Bernoulli’s  equation  for  a station  in  front  of  the  propeller, 
behind  the  propeller  disk,  and  outside  the  slipstream  tube 
are  as  follows : 

Ahead  of  propeller: 

Po+l  pFo2=p5+|  pVt  (Al) 


Also,  assume 


(A4) 


Solving  for -pkV  in  equations  (Al)  and  (A2)  and  equating 
gives 


Also, 


Vo-Vs-\-\pV<?=Pz-Vi+\pVi 


p4-p5=Ap=-^ 


(A5) 

(A6) 


Solving  for  in  equation  (A5)  and  substitution  in  equa- 

tion (A6)  gives 

2=P3-Po+\pV32— ipFo2  (A7) 

and,  from  equations  (A3)  and  (A4), 

2>3-2>o-|pTV=-±pTV  (A8) 

Then,  from  equations  (A7)  and  (A8), 

7=~  (TV-TV)  (A9) 

By  definition, 

Tc"=-^—  (A10) 

lAV°2 

and  from  equation  (A9) 

T/'=i~(py  (aid 


From  the  continuity  that  AV=AZVX,  the  cross-sectional 
area  of  the  slipstream  can  be  obtained;  thus 


V0C=  Vi(C-A)  + V4A=V2(C-s)  + V3s 


VoC=V2C-V2.s+V3s 


s=0 


(Fo-F2) 

(V3-V2) 


(A12) 


Solution  for  the  thrust  from  the  equations  for  axial  momen- 
tum is  obtained  by  the  use  of  the  following  equations: 


Behind  propeller: 


T=spV3(V3-  F„)  - (C-s)PV2(V, 0—  V2)  + C(j)2-po)  (Al3) 


P<+\  pV?=p3+\  pV3 


(A2) 


Substituting  for  (j> 2—Vo)  from  equation  (A3)  gives 


Outside  of  propeller: 

2^0+2  pF«2==p2+ 2 pF 22 


T—spV3(V3—  Vo)- (C—s)(pV2)(V0—  V2)+C | (TV- V,2)  (A14) 


(A3) 


Substituting  for  $ from  equation  (Al2)  into  equation  (A14) 
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and  solving  for  V0  gives 

Vo=(V3+V2)± 

p 

"2 

tion  (A15)  to  obtain 

y0=(F3+F2)± 


Vf>’- 


2T 

Cp 


(Alb) 


Substitute  A (F32— V22)  from  equation  (A9)  into  equa- 


VF-'n 


(A16) 


V22 


But,  from  equation  (All),  V3= . L ,,)  so  that  substituting 

J-  C 

into  equation  (A16)  and  using  the  minus  sign  gives 


V0=V, 


fi+vr^'-^i-^T"^ 

V v! / 


(A17) 


Also, 


Vo=V3  (l  + ^/l^TV'-yjl—  T")  (A  18) 


A simplification  can  be  effected  by  assuming  that 

V(-V-,K{ 

Then, 

Kx 


V0=V2 


vr=iv 


where 


^^1=l  + Vl-T/'-y/l-^T/,  (A  19) 

The  equations  for  slipstream  area  and  velocities  are  then  as 


follows : 


(.  vr^X 

i vr^J  li-vr^iy7/ 

Kx  Kx  / 


s=C- 


~V-gr" 

1— Vi -To" 


From  equation  (Al7) 
From  equation  (A18) 


F2=(Vl-7V')  ~ 


V-Yo 

*~KX 


(A20) 

(A21) 

(A22) 


From  continuity,  F4/l  = F3s  so  that,  with  equations  (A20) 
and  (A22), 


Mj£)(f)\  i— Vi— 


V l-yfl^TT7 


(A23) 


Since,  from  continuity, 

V0C=ViA+Vl{C-A) 
equation  (A23)  can  be  used  to  obtain 


Vo  C 


Vx=- 


. M l-vi-r/' 


C-A 


(A24) 


The  following  relationships  concerning  the  character  of 
the  slipstream  are  helpful  in  analyzing  the  effects  of  slip- 
stream on  the  aerodynamic  characteristics  of  wings. 

Diameter  of  the  slipstream  at  any  Tc"  and  any  distance 
behind  the  propeller. — Reference  6 gives  a relation  for  the 
velocity  at  any  point  in  the  slipstream  as 


APPENDIX  B 

SLIPSTREAM  CHARACTERISTICS 

from  the  propeller  disk  and 


V'=V+^/l+ 


— — * V V+A^ (1 +K)  (B  1} 


vru: 


where  V'  is  the  velocity  at  distance  x from  the  propeller 
disk.  If  the  mass  flow  in  the  slipstream  is  assumed  to  be 
constant,  then, 


(k2=D2 


5D!(F+2/ 

(F+f) 


AF\ 7T 


V' 


D2 


PVk2V 

AF 
1 + 2F 

1+w 


(B2) 


where  dx  is  the  diameter  of  the  slipstream  at  distance  x 


K= 


x/D 


vVi+(S)/ 

From  equation  (4)  of  the  main  body  of  this  report, 


AF  1— Vi— ?V 

2 V 2a/1-7V' 


(B3) 


Equation  (B3)  can  be  substituted  into  equation  (B2)  and 
the  result  simplified  to  obtain 


ck2=D2  - 


l+Vl-TV 


2+(A/F=7V7-l)(l-X) 
Also,  from  equations  (Bl)  and  (B3), 


V ._AF  1-,/FT 

F_1-2F  (1+g)~  2Vl-Tc"  ~ ° + ] 


(B4) 


(Bo) 


Inclination  of  the  slipstream —From  reference  6 the  follow- 
ing relationship  for  the  inclination  of  the  slipstream  to  the 
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free  stream  at.  small  angles  of  attack  can  be  obtained. 


0 


,NV 
* 2V 


1 + 


AV 

2V 


(B6) 


From  equations  (B3)  and  (B6) 

ei-vi-r  (B7) 

l+^fi^TT7 

where  <f>  is  the  inclination  of  the  thrust  axis  and  0 is  the 
inclination  of  the  slipstream  at  the  propeller  disk. 


APPENDIX  C 


PERFORMANCE  CALCULATIONS 


Calculation  of  the  performance  by  use  of  coefficients 
based  on  the  dynamic  pressure  in  the  slipstream  required 
some  modification  of  conventional  procedures.  The  thrust 
coefficient  required  for  stead}7  level  flight  at  a particular 
attitude  can  be  obtained  by  cross  plotting  the  longitudinal 
force  to  determine  the  thrust  coefficient  for  zero  longitudinal 
force.  Similar  cross  plots  of  lift  coefficient  can  be  used  to 
determine  the  lift  coefficient  available  at  this  thrust  coeffi- 
cient. The  forward  speed  corresponding  to  this  thrust 
coefficient  and  lift  coefficient  is  calculated  by  the  following 
equation 

The. total  thrust  at  this  thrust  coefficient  is  given  by 

NT=TC"  | D2N  (C2) 


The  thrust  horsepower  required  for  steady  level  flight 
can  be  calculated  from  momentum  relations  from  the  fol- 
lowing basic  equation: 


khpreqUlred  = 


NTV  COS  OL 
”550 


NT  — 
550" 


(C3) 


where  the  first  term  represents  the  power  required  to  over- 
come the  drag  and  the  second  term  represents  the  power  in 
the  slipstream.  In  the  speed  range  of  conventional  airplanes 
the  second  term  is  negligible  and  cos  a is  approximately 
unity.  The  power  required  equation  then  reduces  to  the 
conventional 


thprequired 


NTV 

550 


The  increment  of  velocity  in  each  slipstream  due  to  thrust 
AT7  can  be  obtained  from  the  momentum  relation 

T—mvAV=p  | D2  (v  cos  AV 

where  mv  is  the  mass  flow  through  the  propeller  and 


AV= 


V 


V 2 cos2  a+ 


p 5 n 2 
24 


-T7  COS  a 


(C4) 


For  vertical  take-off  and  landing,  V is  zero  and  the  power 
required  (eq.  (C3))  reduces  to 


NT 


thp 


required-'" 


N(T)3/2 


550 


D 


1100  |^/(p/2hr 


(C5) 


For  intermediate  flight  conditions  at  low  speed,  the  power 
required  (eq.  (C3))  can  be  expressed  as 


which  can  be  expressed  in  terms  of  the  thrust  coefficient  as 
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Propeller  normal  force 


Figure  1. — System  of  axes  showing  positive  direction  of  forces, 
moments,  and  angles. 


\1PH  7-  bv  10-foot  tunnel. 
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Figure  2. — Plan  and  cross-sectional  views  of  model.  (All  dimensions 

are  in  inches.) 


Figure  4. — Propeller-blade  geometric  characteristics. 


Blade  angle,  /3,  deg 
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(a)  Complete  motor  balance. 

Figure  5. — Motor-balance  installation  used  for  tests. 


WKKmWW?1  L-77451 

(b)  Strain-gage  beam  used  in  measuring  forces  on  propeller. 
Figure  5. — Concluded. 


T—C 


Figure  7. — Efficiency  of  the  isolated  propeller. 


(a)  Inboard  propeller.  (b)  Outboard  propeller. 

Figure  8. — Comparison  of  efficiency  of  the  isolated  propeller  with 
that  of  two  overlapping  propellers  mounted  on  the  wing 
as  shown  in  figure  2.  3o-: 53  = 8°. 


Figure  6. — Illustration  of  a method  for  vertical  take-off  and  translation 
to  horizontal  flight  for  which  data  are  applicable 


Thrust  coefficient,  Cr  Power  coefficient,  Cp 
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Angle  of  attach,  a,  deg 


(a)  7y'  = 0.91;/W  = 8°. 

Figure  9. — Propeller  characteristics  through  angle-of-attack  range 
with  constant  shaft  thrust. 
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(c)  7V'=0.50;  jW=8°. 
Figure  9. — Continued. 


Angle  of  ottock,  a,  deg 


0 77'==0.20;/W=20( 
Figure  9. — Concluded. 
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Inboard  1 /together  on\ 
Outboard/  \ wing  ] 


Inboard  (alone  on  wing) 


Angle  of  attack,  a,  deg 
(a)  7y'=0.91;/3„.7jfi=8o. 

Figure  10. — Comparison  of  advance  ratios  for  various  configurations  at  constant  thrust  through  angle-of-attack  range 


Effective  advance  ratio, 
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(b)  2V'  = 0.71;  /3o.-5b  = 8°. 
Figure  10. — Continued. 


Effective  advance  ratio 
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(c)  TV' =0.50;  0o.75/e= 8°. 
Figure  10. — Continued. 


Angle  of  attack,  a,  deg 


Figure  11. — Variation  of  horsepower  required  for  constant  thrust 
through  angle-of-attack  range.  0o.75R  = 8°. 


Effective  advance  ratio, 
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Angle  of  attack,  a,  deg 
(d)  TV' = 0.20;  00.75ft— 20°. 

Figure  10. — Concluded. 


Propeller  normal -force  coefficient,  CN  " Propeller  pitching  moment, 
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(a)  To"  = 0.91. 

Figure  12. — Variation  of  direct  pitching-moment  and  normal-force  coefficients  of  the  outboard  propeller  through  angle-of-attack  range. 


Propeller  normol- force  coefficient,  C/v 
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Angle  of  attack,  a,  deg 
(b)  7V' =0.71. 


Figure  12. — Continued. 


Propeller  normal -force  coefficient,  C^'' 
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(c)  ?y'  = 0.50. 
Figure  12. — Concluded. 


Effective  thrust  displacement,  r/R 


Pitching  moment,  A Cm" 
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Figure  15. — Variation  of  the  spinner  characteristics  with  angle  of  attack.  Propeller  blades  removed;  spinner  not  rotating. 


Lift  coefficient,  CL 
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Figure  16. — Lift  characteristics  of  model  with  various  thrust  coefficients.  Lift  coefficient  based  on  free-stream 

dynamic  pressure. 


Longitudinal-force  coefficient,  Cy' 
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(b)  Longitudinal-force  coefficient. 
Figure  17. — Continued. 
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Angle  of  attack,  a,  deg 

(c)  Pitching-moment  coefficient. 
Figure  17. — Concluded. 


Lift  coefficient, 
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(a)  Lift  coefficient. 

Figure  18. — Effect  of  thrust  coefficient  on  aerodynamic  characteristics  of  model  with  inboard  propeller  only. 


Longitudinal- force  coefficient, 
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(b)  Longitudinal-force  coefficient. 
Figure  18. — Continued. 


Pitching- moment  coefficient, 
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(c)  Pitching-moment  coefficient. 
Figure  18. — Concluded. 


Angle  of  attack,  a, deg 

(a)  Lift  coefficient. 

Figure  19. — Effect  of  propeller  on  aerodynamic  characteristics  of  the  model.  Propeller  windmilling,  propeller  at  Tc 

propeller-reinoved  conditions. 


43o87  o — o7 19 


Pitching-moment  coefficient,  Cm 
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(c)  Pitching-moment  coefficient. 
Figure  19. — Concluded. 


Lift  coefficient,  C[ 
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(a)  Lift  coefficient. 

Figure  20. — Effect  of  nacelles  on  aerodynamic  characteristics  of  the  model  with  propellers  off.  (Flagged  symbols  indicate  check  tests.) 
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(b)  Longitudinal-force  coefficient. 
Figure  20. — Continued. 


Pitching-moment  coefficient, 
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(c)  Pitching-moment  coefficient. 
Figure  20. — Concluded. 
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Figure  21. — Variation  with  thrust  coefficient  of  longitudinal- 
stability  parameter  bCm" /bCL,f  near  « = 0°. 


Thrust  coefficient,  Tc" 

Figure  22. — Variation  of  dCL" Ida  with  thrust  coefficient  near  a = 0°. 
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Figure  23. — Variation  with  angle  of  attack  of  thrust  coefficient 
required  and  velocity  attained  in  level  flight  by  assumed  airplane. 
W/S =40  pounds  per  square  foot. 


0 100  200  300  400 

Forward  velocity,  V ' mph 

Figure  24. — Variation  of  thrust  horsepower  required  for  level  flight 
for  assumed  airplane. 


(a)  30  %c  full-span-flap  effectiveness. 

(b)  Untrimmed  pitching  moment. 

(c)  Aerodynamic-center  location. 

Figure  25. — Pitching  characteristics  of  assumed  airplane  through 
angle-of-attack  range. 
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A THERMAL  EQUATION  FOR  FLAME  QUENCHING  * 

By  A.  E.  Potter,  Jr.,  and  A.  L.  Berlad 


SUMMARY 

An  approximate  thermal  equation  was  derived  for  quenching 
distance  based  on  a previously  proposed  divisional  treatment . 
The  quenching  distance  was  expressed  in  terms  of  the  thermal 
conductivity , the  fuel  mole  fraction , the  heat  capacity,  the  rate 
of  the  rate-controlling  chemical  reaction,  a constant  that  depends 
on  the  geometry  of  the  quenching  surface , and  one  empirical 
constant. 

The  e ffect  of  pressure  on  quenching  distance  was  shown  to  be 
in  versely  proportional  to  the  pressure  dependence  of  the  flame 
reaction,  with  a small  correction  necessitated  by  the  effect  of 
pressure  on  flame  temperature . 

The  equation  was  used  with  the  Semenov  equation  for  burning 
velocity  to  show  that  the  quenching  distance  was  inversely  propor- 
tional to  burning  velocity  and  pressure  at  any  given  initial 
temperature  and  equivalence  ratio. 

In  order  to  use  the  equation  with  experimental  data,  the  rate- 
controlling  reaction  must  be  specified.  Two  choices  were  made: 
(1)  the  reaction  between  active  particles  and  fuel  {corresponding 
to  the  diffusional  equation),  and  (2)  the  reaction  between  oxygen 
and  fuel. 

The  two  equations,  one  based  on  the  active-particle — fuel 
reaction , the  other  based  on  the  oxygen-fuel  reaction,  were  tested 
using  published  data  for  the  quenching  of  propane-oxygen- 
nitrogen  flames.  The  data  selected  included  the  effect  on 
quenching  distance  of  oxygen-nitrogen  ratio,  propane  concen- 
tration, and  initial  mixture  temperature  and  pressure.  A 
correlation  of  these  data  was  obtained  using  each  of  the  two 
equations,  although  both  possessed  shortcomings.  The  equation 
using  the  active-particle— fuel  reaction  did  not  correlate  data 
*or  all  rich  mixtures;  the  equation  using  the  oxygen-fuel  reac- 
tion, while  correlating  data  for  both  rich  and  lean  mixtures, 
showed  a larger  deviation  from  the  predicted  linear  relation 
than  the  other  equation. 

INTRODUCTION 

The  process  of  flame  quenching  is  of  interest,  since  it  may 
be  related  to  other  combustion  phenomena  of  engineering 
importance,  such  as  flame  stabilization,  flammability  limits, 
and  the  general  behavior  of  flames  near  cold  walls.  Flame- 
quenching processes  become  especially  important  in  turbojet 
combustion  systems  when  operation  at  low  pressure  (i.  e.. 


high  altitudes)  is  considered.  Flame  quenching  is  usually 
studied  experimentally  in  terms  of  the  quenching  distance, 
which  is  defined  as  the  minimum  channel  size  that  will  allow 
a given  flame  to  propagate.  Most  of  the  available  quenching 
data  have  been  obtained  either  by  (1)  observation  of  the 
minimum  tube  diameter  or  rectangular  slot  width  that  will 
allow  a flame  to  flash  back,  or  by  (2)  determination  of  the 
minimum  distance  between  plane-parallel  plates  that  will 
allow  a flame  to  propagate  from  a spark  of  minimum  igni- 
tion energy. 

A rigorous  theoretical  treatment  of  the  quenching  process 
appears  to  be  a most  difficult  task  (refs.  1 and  2).  Conse- 
quently, present  theoretical  treatments  of  quenching  are 
necessarily  approximate  and  seek  primarily  to  correlate  the 
quenching  process  with  the  variables  that  affect  it,  such  as 
pressure,  temperature,  fuel  type  and  concentration,  inert- 
gas  concentration,  and  quenching-surface  geometry. 

Approximate  treatments  of  quenching  have  been  based 
either  on  a thermal  or  a diffusional  mechanism  for  the  process 
(refs.  3 and  4).  Such  apparently  different  outlooks  yield 
results  consistent  with  experimental  data  because  the  equa- 
tions for  heat  and  mass  transfer  are  formally  identical,  and 
because  the  thermodiffusivity  and  the  molecular  diffusivity 
are  numerically  nearly  equal  (ref.  5).  Thus,  each  purely 
thermal  approach  to  a combustion  process  has  a diffusional 
analog. 

A quenching-distance  equation  that  successfully  correlates 
lean  quenching  data  (refs.  4,  6,  and  7)  is  the  diffusional 
equation  given  in  reference  4.  Unfortunately,  the  use  of 
this  equation  in  its  present  form  is  limited  to  stoichiometric 
or  lean  mixtures.  The  source  of  this  difficulty  appears  to 
be  the  choice  of  the  reaction  kinetics. 

Essentially,  the  objective  of  this  paper  is  to  extend,  if 
possible,  the  useful  range  of  the  quenching  concepts  of 
reference  4 to  include  hydrocarbon-rich  mixtures.  Because 
of  the  similarities  between  heat  and  mass  flow,  it  is  to  be 
expected  that  a thermal  analog  equation  can  be  derived  that 
will  correlate  data  equally  as  well  as  the  diffusional  equation 
of  reference  4.  It  is  felt  that  such  an  alternate  thermal 
equation  is  more  susceptible  to  changes  in  the  reaction 
kinetics  than  the  original  diffusional  model.  The  result  of 
such  changes  is  an  extension  of  the  useful  range  of  fuels  and 
oxidants  that  may  be  treated. 


1 Supersedes  NACA  TNT  3398,  “A  Thermal  Equation  for  Flame  Quenching,’'  by  A.  E.  Potter,  Jr.,  and  A.  L.  Berlad,  1955. 
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This  report  contains  the  derivation  of  a thermal  quenching 
equation  in  which  the  rate-controlling  reaction  is  not  speci- 
fied. Two  possible  rate-controlling  reactions  are  postulated, 
and  the  resulting  two  quenching  equations  are  tested  using 
published  quenching  data.  It  is  shown  that,  if  the  oxygen- 
fuel  reaction  is  assumed  to  be  rate-controlling,  quenching 
data  are  satisfactorily  correlated  for  both  rich  and  lean 
propane-oxygen-nitrogen  flames.  The  pressure  dependence 
of  the  quenching  distance  and  the  relation  of  quenching 
distance  to  burning  velocity  are  also  discussed. 

THEORY 


The  average  temperature  of  the  flame  may  be  found  if  it 
is  assumed  that  heat  flow  to  the  walls  follows  a differential 
equation  of  the  form 

{T_To)"=g  (5) 

Here,  q is  the  rate  of  temperature  rise  caused  by  chemical 
reaction,  x is  the  thermodiffusivity  and  primes  refer  to 
differentiation  with  respect  to  x. 

The  result  of  integrating  and  averaging  equation  (5)  with 
the  boundary  condition  T—T0  at  the  wall  is  the  equation 


It  is  possible  ty  obtain  the  thermal  equation  directly  from 
the  diffusional  equation  (if  the  initial  assumption  is  slightly 
altered),  but  it  is  felt  that  the  derivation  presented  below  is 
more  understandable  and  allows  the  assumptions  involved 
to  be  clearly  seen. 

For  a quenching  equation,  an  initial  postulate  concerning 
the  conditions  under  which  a flame  can  exist  inside  a tube 
is  necessary.  A reasonable  postulate  is  as  follows:  If  the 
heat  lost  by  the  flame  to  the  tube  walls  exceeds  a critical 
value,  the  flame  will  be  quenched.  Since  a definite  amount 
of  heat  is  produced  in  a given  flame,  an  equivalent  state- 
ment is  that,  in  order  for  a flame  to  exist,  the  heat  retained 
by  it  must  be  greater  than  a critical  amount.  It  will  be 
assumed  that  this  critical  amount  is  a constant  fraction  of 
the  total  heat  produced  in  the  flame.  The  criterion  may 
be  written  as 


Ht>FHt  (1) 

(Symbols  are  defined  in  the  appendix.) 

For  the  combustion  of  hydrocarbons,  complete  combustion 
of  the  fuel  is  assumed  to  occur  for  all  mixture  compositions. 
Consequent^,  the  total  heat  produced  by  the  process  may 
be  written  as  the  product  of  the  mole  fraction  of  fuel  in  the 
unburned  gas  Xf  and  the  heat  produced  upon  the  disappear- 
ance of  1 mole  of  fuel  AH  (as  defined  herein,  AH  is  constant 
and  equal  to  the  heat  of  combustion  to  C02  and  H20  only 
for  stoichiometric  or  lean  mixtures;  for  rich  mixtures,  AH 
decreases  as  the  oxygen  concentration  decreases).  Thus, 
for  hydrocarbon  flames,  equation  (1)  may  be  written  as 

Hr>FXfAH  (2) 

The  heat  retained  by  the  flame  can  be  written  in  terms  of 
heat  capacity  and  average  temperature  of  the  flame  in  the  tube 

Hr=Cp(T—T0)  (3) 

Equation  (2)  can  then  be  written  as 

Op{T—  T0) > FXfAH  (4) 


rji rp  d g 


(6) 


In  this  equation  d is  a characteristic  dimension  of  the  tube, 
and  Gi  is  a constant  associated  with  the  geometric  shape  of 
the  tube.  Derivations  of  Gt  values  for  various  geometries 
are  given  in  reference  7.  Equations  (4)  and  (6)  may  be 
combined  to  give 


d2  ^ FX/AHx 
Gt-  q 


(D 


In  order  for  a flame  to  pass  down  a tube,  the  tube  size, 
given  by  d2jGii  must  be  equal  to  or  greater  than  the  right 
side  of  equation  (7).  Since  the  quenching  distance  is  the 
characteristic  tube  dimension  that  just  quenches  a given 
flame,  equation  (7)  can  be  written  as  a quenching-distance 
equation  by  removing  the  inequality  sign; 


d2 


_FGiXfAHx 
9 


Then  the  thermodiffusivity  x can  be  written  as 

ktRT 

X~POZr 

The  rate  of  temperature  rise  q can  be  written  as 

_RTAHw 
2 PC„N 


(8) 


(9) 


(10) 


Here,  w is  the  rate  of  disappearance  of  fuel,  molecules  per 
cubic  centimeter  per  second. 

Equations  (8),  (9),  and  (10)  may  be  combined  to  give  for 
the  thermal  quenching  equation 


^2 FGfNKrXf 

— 0Pi  Tw 


(11) 


The  most  important  fact  concerning  this  equation  is  that 
the  form  for  w is  not  specified;  any  reaction  may  be  chosen 
as  rate-controlling. 

Equation  (11)  may  be  derived  from  the  diffusional  equa- 
tion if  it  is  assumed  that  the  thermodiffusivity  and  diffusion 
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coefficient  are  equivalent,  and  if  the  criterion  for  flame  prop- 
agation is  assumed  to  be  that  the  number  of  reaction  events 
per  cubic  centimeter  must  be  a critical  fraction  of  the  total 
number  of  events  that  normally  occur  in  the  unconfined 
flame. 

In  terms  of  the  active-particle — fuel  reaction  (the  reaction 
specified  as  rate-controlling  in  the  diffusional  equation  of 
ref.  4),  the  reaction  rate  w is  given  by 

w=ktOrY^citT  (12) 

i 

If  a collision-theory-type  temperature  dependence  is  as- 
signed to  kt,  equation  (12)  becomes 

w=B,ar^Zct,,  Tf*  exp  (13) 


Combination  of  equations  (10)  and  (13)  gives 


FGjNKrX, 

Cp,rBtOr^]ci>T  Tr*  exp 


(14) 


partial  pressure  of  fuel  in  the  unburned  gas,  the  partial 
pressures  of  the  active  particles  (H  atoms,  OH  radicals,  and 
0 atoms)  in  the  reaction  zone  were  assumed  to  be  0.7  times 
their  partial  pressure  in  the  adiabatic  equilibrium  flame, 
and  Et  was  assumed  to  be  7 kilocalories  per  mole  (ref.  10). 

In  order  to  use  equation  (17),  the  partial  pressures  of  fuel 
and  oxygen  in  the  reaction  zone  were  taken  as  equal  to 
their  values  in  the  unburned  gas  and  Es  was  assumed  to  be 
38  kilocalories  per  mole  (ref.  11).  In  keeping  with  previous 
usage  (refs.  4 and  6),  Tt  was  chosen  to  be  equal  to  0.7  TF. 

The  thermal  conductivities  were  calculated  for  the  un- 
burned gas  mixture  at  0.7  TF.  The  conductivities  for 
oxygen,  nitrogen,  and  propane  were  calculated  at  1553°  K, 
using  the  tables  and  data  given  in  chapter  8 of  reference  12. 
Conductivities  at  other  temperatures  were  computed  on 
the  assumption  of  a %-power  temperature  dependence.  The 
thermal  conductivities  of  the  gas  mixtures  were  calculated 
as  the  sum  of  the  mole  fraction  times  the  thermal  conduc- 
tivity of  each  component,  or, 


K=y^,X1K1 

i 


(IS) 


The  choice  of  rate-controlling  reaction  is  not  limited  to 
the  active-particle — fuel  reaction.  For  example,  it  is  possible 
to  follow  Semenov  (ref.  8)  and  assume  the  reaction  in  the 
combustion  zone  - to  be  bimolecular  and  first-order  with 
respect  to  fuel  and  oxygen.  For  this  assumption,  the  real 
reacting  species  are  obviously  not  fuel  and  oxygen  molecules, 
but  such  an  assumption  is  satisfactory  if  the  concentrations 
of  the  reacting  species  are  proportional  to  the  fuel  and  oxygen 
concentrations.  In  this  case,  then,  the  rate  of  the  reaction 
is  given  by 

w=ksarbT  (15) 

If  a collision-theory-t}?pe  temperature  dependence  is  as- 
signed to  kS)  equation  (15)  becomes 


w=BsarbrTrii  exp 


(16) 


The  combination  of  equations  (10)  and  (16)  gives 


FG,Nkt2 i, 


Cp.rB,Orb,Tr»  exp  (-^0 


F . 


~BS 


(17) 


In  order  to  test  equations  (14)  and  (17),  data  for  the 
quenching  of  propane-oxygen-nitrogen  flames  were  used. 
These  data  points  include  the  effect  on  quenching  distance 
of  oxygen-nitrogen  ratio,  fuel  concentration  and  pressure 
(ref.  6),  and  initial  temperature  (ref.  9). 

In  order  to  use  equation  (14),  the  assumptions  made  in 
reference  4 concerning  the  active-particle — fuel  reaction  were 
followed:  Tr  was  taken  to  be  0.7  TFf  the  partial  pressure  of 
fuel  in  the  reaction  zone  was  assumed  to  be  one-half  the 


It  was  felt  that  this  simple  linear  mixing  rule  was  adequate 
for  systems  largely  composed  of  nitrogen  and  oxygen  because 
of  their  similar  conductivities. 

The  heat  capacities  were  calculated  for  the  unburned  gas 
mixture  at  0.7  TF  b}r  the  same  linear  mixing  rule  used  for 
the  thermal  conductivities.  Individual  heat  capacities  for 
oxygen,  nitrogen,  and  propane  were  calculated  from  data 
given  in  reference  13. 

The  equilibrium  adiabatic  flame  temperatures  and  product 
compositions  were  calculated  by  the  matrix  method  of 
reference  14  using  the  thermodynamic  constants  of  reference 
14  and  the  heat  of  formation  of  propane  given  in  reference  13. 

RESULTS  AND  DISCUSSION 

CORRELATION  OF  QUENCHING-DISTANCE  DATA 

Inasmuch  as  the  square  of  the  quenching  distance  is 
predicted  to  be  directly  proportional  to  \pt  (eq.  (14))  or  to 
\f/s  (eq.  (17)),  values  of  \l/t  and  \j/8  were  calculated  for  the  pres- 
sure, equilibrium  adiabatic  flame  composition  and  tempera- 
ture, unburned  gas  composition  and  temperature,  and  tube 
geometry  (assumed  to  be  plane-parallel  plates)  which  corre- 
spond to  the  quenching  distances  reported  in  references  6 and 
9 for  propane-oxygen-nitrogen  flames.  Plots  of  d 2 against 
and  \f/8  are  shown  in  figures  1 (a)  and  (b),  respectively.  The 
ranges  of  the  variables  included  were:  pressure,  0.1  to  1.0 
atmosphere;  equivalence  ratio,  0.33  to  1.90;  mole  fraction 
oxygen  in  the  oxidant  mixture,  0.21  to  0.70;  and  unburned 
gas  temperature,  300°  to  558°  K.  In  figure  1 (a),  it  is  shown- 
that  \//i  (which  is  entirely  analogous  to  the  diffusional  equa- 
tion of  ref.  4 except  for  the  choice  of  quenching  criterion) 
satisfactorily  correlates  the  effect  of  these  variables  except 
for  propane-rich  mixtures  where  yC>  1.2. 
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Inspection  of  figure  1(b)  reveals  that  i£,  (which  includes 
the  oxygen-fuel  reaction  as  the  rate-determining  step, 
rather  than  the  active-particle — fuel  reaction)  correlates  not 
only  the  propane-lean,  but  also  all  the  propane-rich  quench- 
ing data.  Thus,  it  appears  that  by  proper  choice  of  the 
rate-controlling  reaction,  the  quenching  concepts  of  refer- 
ence 4 may  be  extended  in  such  a way  as  to  include  rich 
mixtures  for  the  propane-oxygen-nitrogen  system. 

The  same  reaction-rate  constants  were  used  for  mixtures 
both  rich  and  lean  in  propane.  This  may  not  be  possible  for 
all  hydrocarbons;  it  may  be  necessary  to  use  different  rate 
constants  for  rich  and  lean  mixtures,  since  it  is  generally 
believed  that  the  reaction  mechanism  changes  in  going  from 
a lean  to  a rich  hydrocarbon  flame. 

A mean  line  drawn  through  the  data  presented  in  figure  1 
reveals  that  the  predicted  linear  relation  between  d 2 and  \pt 
and  \l/s  does  not  hold  exactly.  Rather,  the  data  are  best 
correlated  if  d2 oc  (^,)°  94oc  GM084.  This  difficulty  is  related, 
at  least  in  part,  to  the  choice  of  reaction  mechanism,  since 
the  “best  correlation”  exponent  is  changed  by  a change  in 
reaction  mechanism. 

PRESSURE  DEPENDENCE  OF  QUENCHING  DISTANCE 

Examination  of  the  equation  for  quenching  distance 
(eq.  (11))  reveals  that  all  terms  on  the  right  side  are  inde- 
pendent of  pressure  except  the  reaction  rate  w.  However, 
hydrocarbon  flame  temperatures  change  slightly  with 
pressure  because  of  changes  in  the  extent  of  dissociation. 
Consequently,  a pressure  change  indirectly  affects  tempera- 
ture- and  composition-dependent  terms  in  the  equation. 
This  effect  is  quite  small,  so  that  the  pressure  dependence 
of  the  quenching  distance  may  be  regarded  as  primarily 
dependent  on  the  pressure  dependence  of  the  initial  chemical 
processes  in  the  combustion  wave. 

The  calculated  pressure  dependence  of  the  quenching 
distance  (including  the  indirect  effect  of  pressure  on  flame 
temperature  and  composition)  is  compared  in  table  I with 
the  experimental  values  of  reference  6.  The  average  devia- 
tion of  the  calculated  values  from  the  observed  values  was 
found  to  be  10  percent  for  \f/t  and  17  percent  for  \j/9,  Reference 
6 gives  a value  of  7 percent  for  the  average  deviation  of 
values  computed  for  the  diffusional  equation. 

It  is  seen  that  \ps  does  not  predict  the  pressure  dependence 
as  well  as  does  except  for  the  high-velocity  flames  at  an 
oxygen  fraction  of  0.70.  This  is  probably  because  the  assump- 
tion of  a simple  second-order  reaction  between  fuel  and  oxy- 
gen is  a poor  one.  Concerning  prediction  of  pressure  depend- 
ence, a better  choice  of  over-all  order  would  be  1.7  rather 
than  2.0;  this  is  in  agreement  with  theoretical  studies  of  the 
pressure  dependence  of  burning  velocity  (ref.  12,  p.  765), 
which  indicate  that  the  global  reaction  in  most  hydrocarbon 
flames  ranges  between  first  and  second  order.  Such  a choice 
would  also  tend  to  improve  the  linearity  of  the  relation  be- 
tween d2  (observed)  and  yps  (calculated). 

QUENCHING  DISTANCE  AND  BURNING  VELOCITY 

The  relation  of  quenching  distance  to  burning  velocit}7  has 
been  discussed  in  references  3,  4,  and  15.  In  reference  4,  an 


TABLE  I. — COMPARISON  OF  OBSERVED  PRESSURE 
DEPENDENCE  OF  QUENCHING  DISTANCE 
WITH  PREDICTED  VALUES 


Oxygen 
fraction,  a 

Equivalence 
ratio,  <p 

Exponent  n describing  pressure  dependence, 

d oc  p-« 

Observed  * 

Predicted 

DifTu- 
sional  » 

Ther 

mal 

*. 

0.17 

0. 943 

0.90 

0.88 

0.83 

1.03 

1.000 

.89 

.85 

.76 

1.01 

1.340 

.84 

.75 

.75 

1.00 

1.530 

.71 

.75 

.75 

1.00 

0.  21 

0.  738 

0.85 

0.86 

0.80 

1.00 

.864 

.84 

.89 

.84 

1.03 

1.000 

.89 

.93 

.89 

1.03 

1.240 

.95 

.78 

.79 

1.02 

1.490 

.98 

.76 

.77 

1.00 

0.30 

0.566 

0.  76 

0.  87 

0. 87 

1.01 

.662 

.93 

.89 

.88 

1.04 

.773 

1.06 

.92 

.90 

1.07 

1.000 

.98 

.94 

.90 

1.09 

1.380 

.93 

.86 

.84 

1.06 

1.903 

.74 

.76 

.76 

1.01 

0.50 

0.476 

1.01 

0.91 

0. 89 

1.06 

.544 

1.01 

.93 

.91 

1.07 

.680 

.96 

.96 

.92 

1.09 

1.000 

.93 

.97 

.92 

1.11 

1.358 

.91 

.95 

.90 

1.09 

1.940 

.88 

.82 

.81 

1.05 

0.70 

0. 345 

1.12 

0.91 

0.89 

1.06 

.395 

1.12 

.93 

.91 

1.07 

.494 

1.02 

.96 

.92 

1.09 

1.000 

1.01 

.98 

.93 

1.09 

1.234 

1.07 

.98 

.92 

1.11 

1.829 

.60 

.89 

.86 

1.08 

* Ref.  6. 


equation  relating  the  two  variables  is  derived  on  a purely 
diffusional  basis.  The  thermal  analog  to  this  equation  may 
be  derived  as  follows : 


According  to  reference  16,  the  Semenov  equation  for  the 
burning  velocity  may  be  written  as 

U2= 

2kfw  /% y/  k y 

doPo^p.F  v&2/  \DPc  pj  p 

(19) 

Multiplying  equation  (11)  by  equation  (19), 
specific  heats  to  molar  heat  capacities,  and  writing 
the  form 

converting 
a,  and  p„  in 

NXfP 

a°~  RT0 

(20a) 

MR 

p0~RT0 

(20b) 

yield 

RT0 

a- UP 

/2.,.,re(  (DOrP\  w 

(21) 

V Cv,rCv,FW 

If  it  is  assumed  that  W and  w have  the  same  pressure  depend- 
ence, it  follows  from  equation  (21)  that,  at  a given  equiva- 
lence ratio, 

U<x  A oc p-c»+» 

(22) 
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From  reference  6,  it  is  seen  that  n decreases  from  about 
— 0.9  to  —1.05  as  the  percent  oxygen  in  the  oxidant  mixture 
is  increased  from  21  to  70.  Simultaneously,  the  burning 
velocity  increases  from  about  40  centimeters  per  second  to 
the  order  of  300  centimeters  per  second.  Consequently, 
equation  (22)  predicts  that  the  exponent  describing  the  pres- 
sure dependence  of  U should  increase  from  about  —0.1  to 

0.05  as  V increases  from  40  centimeters  per  second  to  about 
300  centimeters  per  second.  This  result  may  be  compared 
with  the  experimental  findings  of  Lewis  (ref.  17)  (which 
indicate  an  increase  of  about  —0.05  to  0.07  as  burning  veloc- 
ity changes  from  40  to  300  cm/sec)  to  confirm  equation  (22) 
qualitatively. 

CONCLUDING  REMARKS 

The  fact  that  reasonable  agreement  exists  between  experi- 
ment and  quenching  concepts  based  on  either  heat  or  mass 
transfer  indicates  only  that  these  processes  have  the  same 
formal  laws  and  that  the  thermal  and  molecular  diffusivities 
are  either  equal  or  remain  directly  proportional  for  the  data 
considered  in  this  study.  No  evidence  for  the  preponderance 
of  either  heat  or  mass  transfer  in  quenching  can  be  deduced 
from  these  results.  The  principal  advantage  gained  by 
formulation  of  the  quenching  concepts  of  reference  4 in  a 
“thermal”  form  is  that  a change  in  reaction  kinetics  is  much 
simpler  from  a conceptual  point  of  view  for  the  “thermal” 
form  than  for  the  “diffusional”  form.  This  conceptual 
advantage  might  be  useful  in  a discussion  of  bizarre  fuel- 
oxidant  systems  for  example,  CS2-F2  flames.  In  addition, 
the  actual  calculations  may  be  simplified,  since  by  the  proper 
choice  of  reaction  mechanism,  it  may  become,  unnecessary 
to  calculate  the  equilibrium  flame  composition. 

SUMMARY  OF  RESULTS 

The  results  of  an  investigation  into  the  possibility  of  ex- 
tending quenching  concepts  previously  proposed  to  include 
quenching  of  hydrocarbon-rich  flames  may  be  summarized 
as  follows: 

1.  An  equation  for  the  critical  quenching  configuration  of 
a channel  was  derived  for  hydrocarbon  flames: 


J2  FGiNiirXf 

d— — ~ - 

Op, 

where 

CpiT  heat  capacity  in  reaction  zone,  cal/(°K)  (mole) 
d characteristic  dimension  of  tube  geometry;  quench- 

ing distance,  cm 

F constant  that  relates  total  heat  produced  by  com- 
bustion to  heat  which  must  be  retained  by  flame 
for  it  to  exist 

Gi  dimensionless  factor,  dependent  only  on  channel 
geometry 

N Avogadro's  number 

w rate  of  reaction  in  reaction  zone,  molecules/(cc)  (sec) 
Xf  mole  fraction  of  fuel  in  unburned  gas 

kt  mean  thermal  conductivity  in  reaction  zone,  cal / 
(cm)  (sec)  (°K) 

2.  Two- possible  flame-initiating  reactions  were  considered 
in  the  detailed  formulation  of  w:  (1)  the  reaction  between 
active  particles  and  fuel  molecules,  and  (2)  the  reaction 
between  oxygen  and  fuel  molecules. 

3.  The  two  equations  resulting  from  the  two  reaction 
mechanism  choices  were  tested  using  published  data  that 
included  the  effect  of  ox}^gen-nitrogen  ratio,  fuel  concentra- 
tion, pressure,  and  unburned  gas  temperature  on  the  quench- 
ing distance  for  propane-ox3^gen-nitrogen  flames.  These 
variables  were  correlated  reasonably  well  for  both  rich  and 
lean  flames  by  the  equation  involving  the  oxygen-fuel 
reaction.  The  equation  involving  the  active-particle — fuel 
reaction  was  satisfactory  primarily  for  lean  flames. 

4.  It  was  concluded  that,  by  the  proper  choice  of  reaction 
kinetics,  the  quenching  concepts  previously  proposed  may 
be  cast  in  a form  useful  for  the  prediction  of  both  propane- 
rich  and  -lean  quenching  data. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  December  6 , 1954 


APPENDIX 


SYMBOLS 


The  following  symbols  are  used  in  this  report: 
a fuel  concentration,  molecules/ce 

B Arrhenius  constant 

b oxygen  concentration,  molecules/cc 

Cp  heat  capacity,  cal/(°K)  (mole) 

Gp,p  average  heat  capacity,  T0  to  TV,  cal/(°Iv)  (mole) 

Ci  concentration  of  ith  active  particle,  molecules/cc 

cv  specific  heat,  cal/(°K)  (g) 

Cp  average  specific  heat,  T0  to  TV,  cal/(°K)  (g) 

D diffusion  coefficient,  sq  cm/sec 

d characteristic  dimension  of  tube  geometry;  quench- 

ing distance,  cm 

E activation  energy,  cal /mole 

F constant  that  relates  total  heat  produced  by  combus- 
tion to  heat  which  must  be  retained  by  flame  for 
it  to  exist 

Gi  dimensionless  factor,  dependent  only  on  tube 

geometry 

All  heat  released  upon  consumption  of  1 mole  of  fuel 
by  combustion  process,  cal /mole 
I-lr  heat  produced  by  chemical  reaction  in  primary 
reaction  zone,  cal/mole 

Ht  total  heat  produced  by  combustion  of  1 mole  of 
unburned  gas,  cal/mole 
k rate  constant,  (cc)  (molecules) /sec 

M average  molecular  weight  of  unburned  gas,  g/mole 
m molecularitv  of  flame  reaction 

N Avogad ro ' s number 

n exponent  describing  pressure  dependence  of  quench- 

ing distance 

m/n2  moles  of  reactant  per  moles  of  product  from  stoichi- 
ometric equation 
P pressure,  atm 

q rate  of  temperature  rise,  °K/sec 

R gas  constant 

T temperature,  °Iv 

U flame  speed,  cm/sec 

W average  reaction  rate  in  flame  front  as  defined  bj7 
Semenov,  molecules/ (cc)  (sec) 
w reaction  rate  in  reaction  zone,  molecules/ (cc) (sec) 

Xf  mole  fraction  of  fuel 

x distance,  cm 

a mole  fraction  of  oxidant  in  oxidant-inert  mixture 

k thermal  conductivity,  cal/ (cm)  (sec)  (°K) 

p density,  g/cc 

<p  equivalence  ratio 

X thermodiffusivity,  sq  cm/sec 

GjNKrXf 

C^aAT"2 

GjNKrXf 

p(^5 

Subscripts: 

F flame 

i active-particle  species 


o un burned  gas 

r reaction  zone 

s involves  reaction  of  oxygen  and  fuel  molecules 

t involves  reaction  of  active  particles  and  fuel 

molecules 
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A THEORY  FOR  STABILITY  AND  BUZZ  PULSATION  AMPLITUDE  IN  RAM  JETS  AND  AN 
EXPERIMENTAL  INVESTIGATION  INCLUDING  SCALE  EFFECTS1 

By  Robert  L.  Trimpi 


SUMMARY 

A theory  based  on  quasi-one-dimensional  flow  has  been 
developed  for  determining  factors  affecting  stable  flow  through 
ram  jets  with  supersonic  diffusers.  Stable  flow  for  such  ram 
jets  is  shown  to  depend  upon  the  instantaneous  values  of  mass 
flow  and  total  pressure  recovery  of  the  supersonic  diffuser 
and  immediate  neighboring  subsonic  diffuser . Conditions  for 
stable  and  unstable  flow  are  considered.  The  theory  is  found  to 
be  in  agreement  with  the  experimental  data  of  NACA  TN 
3506  and  NACA  RM  L50K30.  This  theory  indicates  that 
the  model  assumed  in  the  resonator  analysis  of  NACA  TN 
3506  may  be  considered  a rough  approximation  to  the  actual 
phenomena  when  applied  for  purposes  of  obtaining  the  general 
trends  and  orders  of  magnitude  of  frequency  and  amplitude  of 
oscillation  provided  that  the  wave  length  of  the  highest  frequency 
component  of  the  oscillation  be  much  larger  than  the  length 
of  the  ram  jet.  The  resonator  analysis  is  not  applicable  to  a 
determination  of  the  initial  instability  of  the  inlet  without 
combustion  and  should  not  be  so  applied  to  obtain  such 
stability  criteria . 

A simple  theory  for  predicting  the  approximate  amplitude  of 
small  pressure  pulsation  in  terms  of  mass-flow  decrement  from 
minimum-stable  mass  flow  was  developed  and  found  to  agree 
with  experimental  data. 

Cold-flow  tests  at  a Mach  number  of  1.94  of  ram-jet  models 
having  scale  factors  of  3.15:1  and  Reynolds  number  ratios  of 
4-75:1  with  several  supersonic  diffuser  configurations  showed 
only  small  variations  in  performance  between  geometrically 
similar  models.  The  predominant  variation  in  steady -flow 
performance  insulted  from  the  larger  boundary  layer  in  the 
combustion  chamber  of  the  low  Reynolds  number  models. 
The  conditions  at  which  buzz  originated  were  nearly  the  same 
for  the  same  supersonic  diffuser  {cowling-position  angle) 
configurations  in  both  large-  and  small-diameter  models. 
There  was  no  appreciable  variation  in  stability  limits  of  any 
of  the  models  when  the  combustion-chamber  length  was  in- 
creased by  a factor  of  three.  The  unsteady -flow  performance 
and  wave  patterns  were  also  similar  when  considered  on  a 
induced-frequency  basis  determined  from  the  relative  lengths  of 
the  model.  The  negligible  effect  of  Reynolds  number  on  sta- 
bility of  the  off-design  configurations  was  not  anticipated  in 
view  of  the  importance  of  boundary  layer  to  stability , and  this 
result  should  not  be  construed  to  be  generally  applicable. 


INTRODUCTION 

The  buzzing,  or  oscillation,  of  the  shock  configuration  at 
the  inlet  of  supersonic  diffusers  has  been  the  subject  of  many 
investigations  since  1944  when  Oswatitsch  (ref.  1)  first 
encountered  the  phenomenon  in  axisymmetric  inlets  with 
central  bodies.  Recent  research  has  shown  that  buzzing 
is  not  limited  to  axisymmetric  conical  center-body  inlets 
but  is  also  associated  with  scoop-type  inlets  and  perforated 
convergent-divergent  diffusers  (ref.  2). 

The  operation  of  ram  jets  at  off-design  conditions  due  to 
flight  speeds  less  than  the  design  speed  or  due  to  various  fuel- 
air  ratios,  as  well  as  maneuvering  at  design  speed,  results  in 
operation  at  reduced  values  of  mass  flow;  in  other  words, 
the  area  of  the  stream  tube  swallowed  by  the  inlet  is  smaller 
than  the  cross-sectional  area  of  the  inlet.  In  order  to  obtain 
this  reduced  mass  flow  there  must  be  a change  in  the  shock 
pattern  of  the  inlet.  In  the  ax^mmetric  center-body-type 
inlet  any  reduction  in  mass  flow  over  that  accomplished  by 
the  deflection  of  the  stream  lines  across  the  conical  shock 
can  be  obtained  only  as  a result  of  the  motion  of  the  second 
or  so-called  “ normal  shock,”  which  is  usually  at  or  to  the 
rear  of  the  cowling  entrance  at  design  Mach  number.  This 
shock  moves  forward  to  effect  mass-flow  spillage  in  the  sub- 
sonic region  existing  just  behind  it.  The  mass-flow  reduction 
in  the  various  other  types  of  inlet  is  also  mainly  dependent 
on  the  normal  shock.  Buzzing  occurs  when  the  flow  pattern 
becomes  unstable  at  the  position  to  which  the  normal  shock 
is  forced  to  move  in  order  to  satisfy  the  particular  mass-flow 
requirements  of  the  ram  jet. 

The  performance  of  a diffuser  is  reduced  by  instability 
(ref.  3)  and  in  addition  the  resulting  pressure  fluctuations 
can  produce  serious  combustion  and  structural  problems 
depending  on  the  oscillation  amplitude.  Consequently, 
it  is  essential  for  efficient  operation  that  the  buzzing  be  either 
eliminated,  avoided,  or  its  amplitude  controlled  at  a small 
value. 

Various  criteria  for  determining  the  cause  of  instability 
have  previously  been  reported.  Reference  4 expounds  the 
effects  of  a vortex-sheet  induced  separation  as  one  cause, 
whereas  reference  5 and  others  have  shown  separation  on 
the  central  body  to  be  another  contributing  factor  in  absence 
of  combustion  instability  or  rough  burning.  In  addition 


1 Supersedes  recently  declassified  NACA  Research  Memorandum  L53G2S  by  Robert  L.  Trimpi,  1953. 
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to  the  aforementioned  theories  based  on  fundamental  aero- 
dynamic phenomena,  a modified  Helmholtz  resonator  con- 
cept (ref.  6)  has  been  proposed  to  predict  the  onset  of 
instability  as  a function  of  the  slope  of  the  mean  pressure- 
recovery  mass-flow  curve. 

In  an  investigation  made  at  the  Marquardt  Aircraft  Co. 
in  1951,  W.  J.  Orlin  and  L.  C.  Dunsworth  proposed  a sta- 
bility criterion,  based  only  on  the  steady  flow  ahead  of  the 
cowling,  in  which  a zero  slope  of  the  curve  of  cowling  static 
pressure  against  mass  flow  predicts  the  start  of  buzz.  Ex- 
perimental results,  however,  have  shown  that  the  flow  to 
the  rear  of  the  inlet  lip  can  influence  stability. 

The  mechanism  for  the  continuation  of  the  cold -flow- 
buzzing cycle,  once  it  has  been  initiated,  was  investigated  in 
reference  5 and  the  various  traveling  waves  moving  up  and 
down  the  ram  jet  were  theoretically  computed  on  a quasi- 
one-dim  ensional  basis  and  found  to  agree  closely  with 
experimental  results.  However,  an  experimental  value  of 
the  strength  of  the  initial  wave  had  to  be  used  as  a starting 
point  for  the  computations. 

Since  predictions  of  the  buzzing  phenomena  by  any  of 
the  methods  described  have  not  been  infallible,  the  only 
recourse  in  determining  the  behavior  of  a particular  ram 
jet  has  been  to  actually  test  the  configuration.  The  testing 
of  full-scale  units  is  both  difficult  and  costly  so  that  the 
obvious  solution  is  the  testing  of  small-scale  models,  provided 
that  the  model  behavior  can  be  properly  correlated  with  the 
actual  ram  jet  for  both  steady  and  unsteady  flow. 

A possible  method  for  predicting  the  amplitude  of  the 
pressure  oscillations,  based  on  a further  modification  of  the 
Helmholtz  resonator  concept  previously  mentioned,  was 
proposed  in  reference  7.  Again  an  experimental  point  was 
used  to  get  a basis  from  which  to  make  further  involved 
.computations.  Furthermore,  the  procedure  required  to 
obtain  the  amplitude  by  this  method  is  quite  involved  and 
lengthy  so  that  it  would  be  advantageous  to  have  a simple 
short  method  for  amplitude  prediction. 

A theoretical  and  experimental  investigation  was  con- 
ducted at  Langley  to  gain  further  information  regarding 
the  v cold-flow-stab  ilit}7  limits  for  buzzing  and  regarding 
model  scale  effects  in  steady  and  time-dependent  flow. 
In  addition,  a simple  approximate  theory  for  predicting 
pulsation  amplitude  was  derived  on  a linearized  one-dimen- 
sional acoustical  basis. 

SYMBOLS 


a 

8a 

f,9 

m 

mb 

n 


V 

Ap,8p 

r 


local  speed  of  sound 
perturbation  to  local  speed  of  sound 
functional  solutions  to  wave  equation 
mass  flow  through  model 
mass  flow  through  model  at  start  of  buzz 
mass  flow  at  infinity  through  a stream  tube  of 
diameter  equal  to  cowling-lip  diameter 
integer  denoting  number  of  wave  traversals  in 
each  oscillation  cycle  (equivalent  to  quotient 
of  oscillation  wave  length  divided  by  twice 
ram-jet  length)  * . .. 

pressure 

perturbations  to  pressure 
radial  distance  measured  from  axis 


Ti 

maximum  internal  radius  of  model 

V 0 

radius  of  outer  rake  tube 

n 

radius  of  center-body  surface 

To 

radius  of  cowling  inner  surface 

t 

time 

W 

turbulence  velocity 

X 

axial  distance  measured  from  cowling  lip 

CuQAA 

constants  defined  in  equations 

D 

nominal  (maximum  internal)  diameter  of  models 

F,G 

functional  solutions  to  wave  equation 

L 

length  of  model 

M 

Mach  number 

U 

fluid  speed  in  ram  jet 

A UfiU 

perturbations  to  fluid  speed  in  ram  jet 

V 

fluid  speed  in  free  stream 

T 7 

* max 

maximum  fluid  speed  if  fluid  is  expanded  to  zero 
pressure 

Oi 

angle  of  attack,  deg 

7 

ratio  of  specific  heats,  assumed  equal  to  1 .40 

f • 

axial  coordinate  in  moving  wave  system 

p 

density 

Ap,dp 

perturbations  to  density 

M 

viscosity  v, 

T 

period  of  oscillation 

CO 

frequency  of  oscillation 

<t> 

velocity  potential 

8<f) 

perturbation  to  potential 

Subscripts  indicate  following  states  unless  otherwise  noted : 

b 

start  of  buzz 

t 

local  stagnation  conditions 

00 

free  stream 

max 

maximum  value  during  cycle 

min 

minimum  value  during  cycle 

THEORY  FOR  APPROXIMATE  PRESSURE  AMPLITUDE 
OF  BUZZ 


A low-amplitude  buzzing,  while  not  beneficial  to  the  per- 
formance of  a propulsion  unit,  might  under  certain  circum- 
stances (such  as  a particular  off-design  operation  encountered 
only  for  short-time  periods)  be  less  undesirable  than  the  per- 
formance penalty  required  to  avoid  buzzing  completely.  It 
would  then  be  advantageous  to  be  able  to  predict  the  ampli- 
tude of  buzzing  as  a function  of  mass  flow.  Reference  7 
presents  one  method,  based  on  resonator  principles,  which  is 
quite  lengthy  and  tedious  and  also  yields  a constant  ampli- 
tude throughout  the  combustion  chamber  in  contrast  to 
experimental  data  which  show  varying  amplitude.  Conse- 
quently a simple  linear  theory  has  been  derived  to  permit 
facile  computations  of  the  relation  of  pressure  amplitude  at 
various  positions  in  the  ram  jet  to  mass  flow. 

A linearized  equation  of  motion  for  small  disturbances 
superimposed  on  a one-dimensional  isentropic  steady  flow 
may  be  obtained  by  neglecting  products  of  perturbations,  of 
the  derivatives  of  .perturbations,  of  the  perturbations  and 
derivatives  of  perturbations,  and  so  forth,  in  respect  to  the 
first  pov\er  of  said  perturbations.  Let  the  steady'  flow  be 
defined  by  the  parameters  U}  p,  p,  and  a.  Then  the  unsteady 
flow  is  defined  by  U+8U(x,t),  p-\-8p(x,t),  p-\-8p(x,t),  and 
a-\-8a(x,C).  For  the  above  conditions  and  restrictions  the 
equations  of  continuity  and  momentum  become  (when 
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subscripts  denote  partial  differentiation) 

8Pt+U  <5px+p  8(JX=0 

a) 

bU'+U  bUx=-~  & 8px 

p dp 

(2) 

Differentiating  equation  (1)  with  respect  to  x and  equation 
(2)  with  respect  to  time  gives 

8pxt~\~U  8pxx-\-p  8fJxx— 0 

(3) 

bUlt+UbUxt=~  ^bpx, 

p dp 

(4) 

8a  7—1  dp  7—1  j[x—(JJ+a)t\  — ()[x—{U—a)t\  „ ox 

a 2 p 2 a {l6) 

Equations  (9),  (11),  (12),  and  (1-3)  are  the  general  equa- 
tions applicable  to  a one-dimensional  steady  flow  with 
unsteady  perturbations. 

If  these  equations  are  to  be  applied  to  the  ram  jet,  con- 
sidered as  a constant  area  duct  with  a constriction  at  the 
exit,  the  proper  boundary  condition  at  the  exit  must  be 
considered.  In  reference  5 it  was  shown  that  consistent 
with  the  assumption  of  a choked  nozzle  was  the  assumption 
of  constant  Mach  number  at  the  end  of  the  duct  for  a given 
nozzle  area. 


Combining  equations  (3)  and  (4)  results  in  the  following 
equation : 

- $ [U  b p«+p  SU„]=SUtl+U  bUxt  (5) 

P dp 

Differentiating  equation  (2)  with  respect  to  x gives 

bUxl+U  bUxt=--f  bPxx  (6) 

p dp 

Substituting  equation  (6)  in  equation  (5)  and  rearranging, 
d'Y) 

using  yields  the  following  differential  equations: 


-U  bUxl-U 2 &Uxz+fp  bUIX=bUu+U  bUx,  (7) 

bU u={ai-Ui)bUzx-2U  SUxl  (8) 

It  may  be  verified  by  substitution  that  solutions  of  equa- 
tion (8)  are  to  be  found  in  the  form 

8U=f[x~(U+a)t]+g[x-(U-a)t\  (9) 

The  first  term  represents  a wave  moving  with  a velocity 
of  U-\-a  and  the  second,  a wave  traveling  with  a velocity  U—a . 

These  solutions  are  to  be  expected  since  if  a potential 
(j)=Ux-\-8<j)  exists,  where  8U=8<j>X)  equation  (8)  becomes, 
after  partial  integration  with  respect  to  x, 

8<t>u=(a2—U2)8(l>xx—2U  8<t>xt  (10) 

Equation  (10)  could  also  have  been  obtained  from  the  simple 

wave  equation,  \ <j>tt,  for  a disturbance  in  a fluid  at 

a 

rest  by  a transformation  of  coordinates  to  account  for  the 
fluid  motion.  Solutions  of  the  wave  equation  are  known  to 
be  of  the  form  6£/=/(£— at)  and  replacing  £ by 

x—Ut  yields  equations  (9)  and  (10). 

Substitution  of  equation  (9)  in  equation  (2)  and  integrating 
with  respect  to  x yields  the  perturbation  density 

8p_f[x— (U+a)t)  — g[x— (U—a)t] 
p a ^ 

Applying  the  isen tropic  relationships  to  determine  the 
other  perturbations  yields 


Now,  for  M=  Constant 


UJJ+bU 
a a+5  a 


at  the  exit, 


UJU+6UJU 
a a-\-8a  a 


' «7_  8a, 

a 


) 


Therefore,  at  x=L, 


8U  8a 
~U~~a 


/+.</  ...7—1  (1—$\ 
U 2 \ a ) 


7—1 

2 


M+ 1 


7—1 

2 


M—l 


(14) 


(15) 


Equation  (15)  relating  the  strengths  of  the  downstream 
and  upstream  waves  at  the  exit  is  similar  to  equation  (6) 
of  reference  5 which  gives  the  value  of  these  waves  for  the 
exact  characteristic  solution. 

Closed  solutions  satisfying  equations  (9)  and  (15)  may  be 
found  in  harmonic  form.  Since  the  sine  wave  form  often 
occurs  in  buzzing,  a simple  expression  for  that  type  of  wave 
is  shown  in  the  following  equation,  where  G\  is  as  yet  an 
undetermined  constant  dependent  on  the  amplitude  and  o> 
is  the  frequency  of  the  oscillation: 


7—1  . , 

8TJ  M 1 r o ^ 

Si"  { KM-Dx+il-M^at+L] } + 


sin  { (i-M*)a  KM+ 1)*+(1  -M*)at-L]  | 


(16) 


Note  that  the  boundary  condition  for  x/L=  1,  equation 
(15),  is  identically  satisfied  for  all  times.  Furthermore,  if 
each  c\7cle  requires  n waves  to  traverse  the  ram  jet  in  both 
directions  during  a period  r,  then 

1 _ _ ( L L \_  2 nL 

o>~  T~n\U+a+a^UJa( T^W) 

and 


8U 

G\ 


7—1 

2 


M+  1 


7—1 

2 


M—l 


sin[(M-l)2+;+2^]+ 


$P=(y  Sp_^J[x—QJ +a)t\—()[x—(U—a)t] 
V P « 


(12) 


t/Tr  . KZ  IT  . 2irfl 


(17) 
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From  equation  (17),  where  the  first  term  on  the  right-hand 
side  represents  / and  the  second  represents  g,  and  equations 
(11)  and  (12),  one  finds  the  relationship  between  the  per- 
turbation amplitudes  of  pressure  and  density: 


T— 1 


M+l 


bp  a by  a 2 . p,,  r N ttx  . w 0 t~ I 

— 7T=~-7T= sin  (M—  — j" 2?r  - 

P C}  y yCi  Y--1  M_l  L ^ ^ d 

2 


(18) 


It  lft.  I A : 
fifcGoge  2 1 

1/  Goge  3 A 

Ia'Jw. 


O.O!  sec 


Corresponding  equations,  though  not  in  such  simple  form, 
may  be  found  for  any  desired  shape  of  a pressure-time 
curve  by  approximating  the  curve  by  straight-line  segments 
for  which  the  equations  are  linear  in  time. 

The  problem  of  determining  the  pressure  perturbation  at 
Sii\y  time  and  at  an}7  value  of  x is  then  reduced  to  a determi- 
nation of  the  constant  C\.  An  approximation  to  this  value 
for  small  amplitudes  may  be  obtained  in  the  following  man- 
ner where  perturbations  are  applied  to  the  average  mass 
flow  which  varies  slightly  from  the  incipient  mass  flow  (at 
start  of  buzz).  Time-averaged  quantities  are  denoted  by  a 
bar  and  the  following  identities  are  employed: 


p = pb—Ap 

CJI 

III 

1 

> 

Cl 

(19) 

Sh 

<3 

1 

ill 

l©H 

m~ Average  mass  flow^p  U 

(20) 

m _ m A p 

Tflb  PbUb  Pb 

AU 

(21) 

ub 

m i A y AU 
m,~  y pb  Ub 

(21a) 

The  assumption  is  then  introduced  that  at  the  midpoint  of 
the  ram  jet  the  maximum  variations  (amplitude)  in  pressure 
and  velocity  are  equal  to  the  difference  between  the  incipient 
values  and  the  average  values,  that  is,  at  x/L=% 


Figure  1. — Typical  pressure  record  of  start  of  buzz  for  configuration 
1.278-14.91-44.2°.  Time  is  increasing  to  right  and  pressure  is 
positive  upward. 

are  slightly  below  the  cold-flow  incipient  value  until  a buzz 
giving  optimum  average  static  pressure  (highest  manometer 
pressure  noted  during  buzzing)  is  reached,  at  which  point 
the  average  pressure  is  equal  to  the  optimum  static  pressure 
in  cold  flow  (incipient  pressure)  less  the  amplitude  of  pressure 
pulsation. 

No  data  are  available  for  substantiation  of  the  correspond- 
ing velocity  assumption.  However,  it  would  seem  logical  to 
apply  similar  boundary  conditions  at  the  same  point.  Also, 
since  at  the  midpoint  of  the  ram  jet  the  values  of  the  velocity 
and  pressure  perturbation  amplitude  are  between  the  maxi- 
mum and  minimum  values  existing  at  the  extremities  of  the 
ducting,  this  midpoint  would  further  appear  to  be  the  desir- 
able place  to  evaluate  amplitudes. 

This  assumption  relating  amplitudes  to  average  and  in- 
cipient values  will  apply  only  for  small  values  of  the  oscilla- 
tion and  even  then  it  is  only  an  approximation  in  some 
cases.  However,  since  it  will  give  an  easy  method  of  de- 
termining the  approximate  pressure  amplitudes,  its  use  is 
justifiable  providing  the  limits  imposed  are  considered  in 
analyzing  results  obtained.  The  weighted  mass-flow  values 
of  Ub  and  ab  should  be  used  in  the  computations  where 
boundary-layer  effects  cause  a nonuniformity  in  parameters 
across  the  channel. 

Thus,  the  following  approximation  is  determined: 


I I m ax  posit ive 
I | max  positive 


m 1 

mb~  y 

by 

SU 

y (22) 

V 

max  positive 

u 

) 

x/L=A 

max  positive 

x/L=A 


(23) 


Some  justification  for  the  pressure  approximation  has  been 
found  in  experiments  at  both  the  Lewis  and  Langley  Labora- 
tories of  the  National  Advisory  Committee  for  Aeronautics. 
For  example,  figure  1 is  a typical  record  obtained  during  the 
experiments  of  this  investigation  presented  subsequently 
herein.  These  data  show  the  peak  pressure  obtained  at  gage 
3 (x/L= 0.6)  to  be  approximately  the  incipient  value  for 
buzzing  near  the  midpoint  of  the  ram  jet  for  small  ampli- 
tudes in  cold  flow.  Similar  results  have  been  reported  from 
an  investigation  made  in  1949  by  James  F.  Connors  and 
Albert  H.  Schroeder  at  the  NACA  Lewis  Laboratory.  When 
combustion  is  present,  reference  3 and  the  aforementioned 
work  of  Connors  and  Schroeder  show  that  the  peak  pressures 


mb 


f-g 

f+g 

db 

max  positive 

ub 

max  positive 

x}L=y2  x/L='A 


(24) 


In  general,  if  / and  g are  replaced  by  C\F  and  C\6  where 
F and  6 are  representative  only  of  the  form  of  the  waves  of 
unit  amplitude,  then  equations  (9),  (12),  and  (24)  become: 


8J=Cx(F+G)  (25) 

1~mb~~ab  \F+G\m<n/VMUive  (27) 
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V m6/ 


a \F~G\max/p^Uwe+^JF+GLaxiPo,UiM 


(27a) 


Equations  (26)  and  (27a)  permit  the  determination  of  the 
pressure-time  variation  for  any  given  value  of  xjL , Mbj  and 


7YI 

— for  a particular  form  F and  G.  In  addition,  an  expression 
for  the  total  amplitude  for  any  given  value  of  x/L  and  m/'mb 


may  be  obtained  by  maximizing  equation  (26) : 


Total  / x m\ 
amplitude  Frij 


Pmax  Vmin 

~ Pt 


/ — \ I ^ ^ I max  positive  ® I max  negative 

^ ^ \ at  xfL atxfL 

\F~G\maxirpo,Uu,e+^l \F+ G\mazpo3Uwe 


i!L='A 


(28) 


In  particular  for  the  sine  wave  oscillation  previously*  mentioned,  the  closed  form  of  the  equation  for  total  amplitude 
of  pressure  pulsation  becomes 
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Vb  ~ " Pb 


= 27(l-—Y 

\ Wft/ 


7 — 1 


A/&+1 


hr-— sin  [(M-1)  [(M+1)  7] 

— M6-l  l j l j 


7—1 


Mb-\- 1 


-r.7  7 si" [<M*-1> t+l+2’‘r]~si" [(M'+1)srI+2';] 

— M6— 1 L J L * 


M* 


2 

7—1 


+ 


M&+1 


Y-r:;  , sin  [(M*_ !)  k+i+2*  ;]+sil1  [<M-+1)  k ~l+2’ ;] 

— y—  Mb—1 


(29) 
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The  maximizing  values  of  2ir  - for  equation  (29)  are  expressed  in  equation  (30).  The  upper  signs  in  equation  (30)  apply  to 

T 

the  first  brace  and  first  term  in  the  second  brace  in  equation  (29)  and  the  lower  signs  in  equation  (30)  apply  to  the  second 
term  in  the  second  brace  in  equation  (29) : 

7—1 


M6+l 


, 2t rt  2 
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The  determination  of  the  constant  Cx  and  the  amplitudes 
is  slightly  more  lengthy  for  waves  not  expressed  in  simple 
closed  form  (for  any  time  and  x/L)  such  as  triangular  pulses, 
and  so  forth.  In  these  cases  it  may  be  necessary  to  plot  the 

curves  of  and  ~ against  time  at  x/L=%  and  at  any 

other  desired  values  of  xjL  to  determine  the  value  of  the 

constant  Gx  and  the  maximum  value  of  the  term  ~^=r  — • 

7Ci  p 

However,  computations  have  shown  that  the  maximized 
values  of  the  sum  and  difference  of  F and  G for  the  same  wave 
forms  vary  only  slightly  with  Mb  if  M&<0.  Consequent!}7, 
if  the  amplitude  is  to  be  determined  for  several  adjacent 
values  of  Mb  the  values  of  \F±G\max  need  be  computed  for 
only  one  value  of  Mb.  Then  the  total  amplitude  can  be 
obtained  from  equation  (28)  employing  these  same  values  of 
1 F±G\max  but  varying  Mb  in  the  denominator. 

For  a given  frequency  and  wave  form  the  theory  predicts: 


(1)  a linear  increase  in  pressure  amplitude  with  decrease  in 
mass  flow  from  the  incipient  value;  (2)  as  n increases  with 
resultant  lower  frequency  for  a given  mass  flow,  the  ampli- 
tude will  increase;  and  (3)  higher  values  of  Mb  result  in  larger 
amplitudes  at  the  same  value  of  n and  mass-flow  reduction. 

APPARATUS 

Tests  of  models  of  two  different 'diameters  were  conducted 
in  one  of  the  blow-down  jets  of  the  Langley  Gas  Dynamics 
Branch  which  uses  low  humidit}7  air  from  large  pressure 
tanks.  The  models  were  tested  at  a Mach  number  of 
1.94 ±0.02  in  a jet  5 inches  high  and  6 inches  wide.  The  test 
Reynolds  number  based  on  cowling-inlet-diameter  was  5.7 X 
106  for  the  larger  model.  The  majority  of  the  testing  for  the 
small  model  was  done  at  a Reynolds  number  of  1.2X106. 
(Thus  a Reynolds  number  ratio  of  4.75:1  was  obtained.) 
The  test-section  side  walls  extended  past  the  end  of  the  nozzle 
blocks  so  that  the  region  in  which  the  inlet  was  located  was 
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open  to  blie  atmosphere  on  top  and  bottom  while  bounded 
laterally  by  the  tunnel  side  walls.  The  test-section  pressure 
was  adjusted  to  approximately  atmospheric  pressure  for 
tests  of  the  large  model  to  minimize  disturbances  near  the 
cowling  which  was  located  forward  of  the  Mach  lines  originat- 
ing at  the  ends  of  the  nozzle  block.  For  the  small  model  the 
pressure  was  generally  below  atmospheric  in  order  to  lower 
the  Reynolds  number  further  but  the  flow  near  the  cowling 
was  undisturbed  since  the  shocks  from  the  end  of  the  nozzle 
intersected  the  model  well  behind  the  cowling. 

In  the  absence  of  the  models,  the  turbulence  level  for 
pressure  in  the  test  section  was  measured  by  a sting-mounted 
inductance  gage  and  found  to  be  negligible  for  the  lower 
test  pressures  used  for  the  small  model.  However,  the 
pressure  fluctuations  reached  an  amplitude  of  about  1.6 
percent  of  the  test-section  pressure  for  the  higher  pressure 
runs. 

Owing  to  misalinement  of  the  model  in  the  tunnel,  tests  of 
the  large  model  were  made  at  a positive  angle  of  attack  of 
0.5°.  Consequently,  the  majority  of  the  small  model  tests 
were  conducted  at  this  angle  of  attack,  and,  in  addition,  a 
few  pertinent  runs  were  made  at  angles  of  attack  of  0° 
and  —0.5°. 

Two  intersecting  piano  wires  were  affixed  to  the  outside  of 
the  tunnel  windows  to  provide  reference  lines.  The  horizontal 
wire  was  alined  nearly  parallel  to  the  center-line  flow  whereas 
the  vertical  wire  formed  an  angle  of  approximately  89°45' 
with  the  horizontal  wire  in  the  upper  left  quadrant. 

The  models  which  were  constructed  to  be  as  geometrically 
similar  as  possible  are  shown  schematically  in  figure  2 where 
dimensions  are  presented  in  terms  of  nominal  combustion- 
chamber  diameters.  The  diameter  for  the  large  model  was 
4.026  inches  (the  internal  dimensions  of  4-inch  standard 
pipe)  and  for  the  sma.11  model  was  1.278  inches  (internal 
dimension  of  1%-inch  extra-strong  pipe),  which  gives  a scale 
factor  of  3.15  for  the  two  models. 


The  models  will  be  denoted  by  three  numbers.  The  first 
number  gives  the  nominal  diameter,  the  second  the  length- 
diameter  ratio,  and  the  third  the  cowling-position  parameter 
(angle  between  ray  from  apex  of  cone  to  cowling  lip  and  axis 
of  ram  jet).  Thus,  model  4.026-14.91-44.2°  would  have  a 
nominal  diameter  of  4.026  inches,  a length-diameter  ratio  of 
14.91,  and  a cowling-position  angle  of  44.2°.  Omission  of 
any  of  the  numbers  will  cause  no  ambiguity  since  the  di- 
ameters are  4.026  and  1.278,  the  length  ratios  14.91  and 
29.82,  and  cowling  angles  are  between  40°  and  48°.  The 
models  are  closely  similar  in  overall  internal  shape  and  in 
external  shape  in  the  region  rearward  as  far  as  3 diameters 
from  the  inlet.  In  order  to  use  the  same  plug  valve  and 
exhaust  s}rstem,  a transition  section  was  used  at  the  rear  of 
the  small  model  (see  fig.  2). 

The  removable  center  body  was  supported  b}^  three  faired 
struts  120°  apart  and  provision  was  made  for  varying  the 
center-body  position  in  an  axial  direction  by  the  insertion  of 
spacers  between  the  center  body  and  its  strut  support.  The 
spacers  required  to  give  cowling-position  angles  of  48.1°, 
44.2°,  and  40.1°  with  tolerances  of  ±0.05°  were  determined 
by  micrometer  measurements.  The  critical  shock  angle  for  a 
25°  cone  at  a Mach  number  of  1.94  is  43°  30'.  The  ordinates, 
obtained  by  micrometer  and  surface  table  measurements,  of 
the  cowlings  and  center  bodies  are  given  in  table  I.  The 
large  center  body  had  a conical  half-angle  of  25.1°  and  the 
small  body,  a conical  half-angle  of  25.2°.  Fabrication  limi- 
tations of  the  small  model,  rather  than  aerodynamic  consid- 
erations, dictated  the  external  cowling  design  and  required  an 
external  lip  angle  of  the  cowling  surface  greater  than  the  de- 
tachment angle  for  a Mach  number  of  1.94.  The  internal 
surface  at  the  lip  was  chosen  to  be  approximately  parallel  to 
the  flow  after  the  conical  shock.  Furthermore,  the  cowlings 
were  not  sharp -edged  but  had  flats  perpendicular  to  the 
model  axis  of  about  0.01  inch  and  0.001  inch,  respectively,  for 


Large  model,  £ = 4.026 


Lear  actuator 


Instantaneous  pressure  pickup 
location  - diameters  from  cowling 

Gage 

Short  model 

Long  model 

i 

2.34 

2.34 

2 

4.IO 

4.10 

3 

8.98 

23.90 

4 

12.49 

27.41 

Rake  survey  plane-' 


6"  standard  pipe' 


Small  model,  D- 1.278" 

Figure  2. — Schematic  diagram  of  models  tested.  Small  model  is  similar  to  large  model  except  for  transition  section  at  plug  valve. 
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TABLE  I.— ORDINATES  OF  MODELS 


* Axial  location,  rfD 

Radii  of  4.026-inch-diameter 
model 

Radii  of  1.27S-inch-diameter 
model 

Center  body 

Inner  cowling 

Center  body 

Inner  cowling 

ri/ri 

Tifn 

ri/ri 

n/n 

-0-  3095 

0 

n 

0 

0.290 

0. 601 

0.  294 

0.  599 

.02 

.308 

.611 

.313 

.608 

.04 

.327 

.622 

.332 

.617 

.06 

.345 

.631 

.350 

.626 

.08 

.362 

.639 

.369 

.634 

.10 

.377 

.647 

.386 

.643 

.11 

.383 

.650 

.391 

. 647 

. 12 

.389 

.653 

.395 

.651 

. 13 

.394 

.656 

.397 

.655 

. 14 

.397 

.660 

.400 

.658 

. 15 

.398 

.662 

.399 

.661 

.16 

.398 

.665 

.399 

. 664 

. 18 

.398 

.669 

.398 

.670 

.20 

.397 

.673 

. 675 

.25 

.396 

.681 

.684 

.30 

.395 

.686 

.688 

.40 

.393 

.693 

.50 

.391 

.700 

.75 

.385 

.7 

16 

1.00 

.379 

.732 

1.50 

. 36S 

.765 

2.00 

.356 

. 798 

2.50 

.345 

.830 

3.00 

.333 

.863 

3.  44 

.324 

.892 

3.50 

.324 

.896 

3.  55 

.324 

.899 

3.65 

.319 

.905 

Same  as 

Same  as 

3. 82 

.308 

.916 

4.026  model 

4.026  model 

4.00 

.297 

.929 

4.50 

.268 

.961 

5.00 

.239 

.994 

5. 10 

.233 

1.0 

5.50 

.209 

6. 00 

.180 

6.15 

. 171 

6.  32 

. 162 

6.50 

. 151 

6.  97 

.124 

7.00 

. 124 

7.20 

.099 

7.  30 

.079 

7.  40 

.037 

7.  47 

0 

1.0 

To  valve 

Values  remain  constant  for  remainder  of  models 

•Note:  jr  =0  is  taken  at  cowling  lip 


the  large  and  small  models.  The  variation  of  area  normal 
to  the  internal  flow  with  axial  distance  for  cowling-position 
angle  of  44.2°  is  shown  in  figure  3.  The  small  model  had  a 
very  slight  amount  of  internal  contraction  just  inside  the 
cowling  due  to  an  0.003-inch  error  in  boring  out  the  cowling 
in  the  first  0.1  inch  of  the  model.  The  included  conical  angle 

x 

of  the  internal  cowling  is  3.75°  rearward  of  ^=0.5.  The 

central  body  has  a 1.2°  included  angle  after  the  shoulder. 
The  blockage  of  the  support  struts  is  only  about  7 percent  of 
the  local  cross-sectional  area. 

The  plug  valve  was  operated  by  a Lear  model  440  actuator 
and  the  position  of  the  valve  was  recorded  electrically  by 
means  of  a system  employing  an  NACA  control  position 
transmitter,  model  46C  (slide-wire  resistance),  linked  to  the 
valve  rod. 

A nine- tu be  total-pressure  rake  with  tubes  alined  in  a 
vertical  plane  and  positioned  radially  as  shown  in  table  II 
was  cm  plo^yed  in  conjunction  with  a mercury-differential 
manometer  to  determine  total-pressure  profiles.  The  three 
equalh-  spaced  support  struts  were  positioned  such  that  the 
top  strut  was  vertical.  Hence,  the  upper  tubes  of  the  rake 
were  in  a strut  wake,  while  the  lower  tubes  were  unobstructed. 
Two  static  orifices  located  at  the  rake  station  were  inde- 
pendent^ connected  to  the  manometer  and  also  to  Bourdon 
pressure  gages.  Pressure  in  the  settling  chamber  of  the  nozzle 
was  measured  by  both  Bourdon  and  inductance  gages  while 
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Figure  3. — Local  flow  area  plotted  against  axial  distance  from  cowling 
for  models  tested.  Cowling-position  angle,  44.2°. 


the  pressure  in  the  reference  tank  of  the  induction  gages  was 
measured  by  a Bourdon  gage. 

Four  15-pound-per-square-inch  NACA  miniature  electrical 
pressure  gages  were  flush  mounted  with  the  diffuser  wall  at 
the  axial  stations  given  in  figure  2.  These  gages  were  refer- 
enced to  an  air  bottle  to  allow  operation  at  high  pressures. 
A fifth  inductance  gage  was  mounted  in  the  settling  chamber 
to  compensate  for  the  time  lag  which  might  be  induced  by 
the  long  tubing  from  the  settling  chamber  to  the  Bourdon 
gage  on  the  manometer  board.  In  addition,  a calibrated 
thermocouple  was  inserted  into  the  settling  chamber. 

A General  Electric  B-H6  mercury  lamp  was  used  as  the 
light  source  for  instantaneous  and  high-speed  motion-picture 
shadowgraphs.  Motion  pictures  of  the  shadowgraph  image 
appearing  on  a ground-glass  screen  were  taken  with  a Wollen- 
sak  Optical  Company  Fastax  camera  running  approximately 


TABLE  II. — RAKE  ORDINATES  IN  VERTICAL  PLANE 

Top 


Rake  tube 
number 

..  Rakeradius 

Ordmate=T^ — - — -j-t — 
Duct  radius 

Large  model 

Small  model 

1.9 

0.910 

0. 889 

2,8 

.694 

.702 

3,7 

.468 

.468 

4.6 

.231 

.234 

5 

0 

0 
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350  to  900  frames  per  second.  Signals  from  the  pressure 
gages  were  amplified  by  a Consolidated  type  1-113  amplifier 
and  then  recorded  on  sensitized  paper  in  a Consolidated  type 
5-114  recorder  employing  galvanometer  elements.  The  fre- 
quency response  of  this  system  was  flat  from  2 to  300  cycles 
per  second.  In  order  to  correlate  movie  film  with  the  pressure 
records,  a timing  light  was  attached  to  one  edge  of  the  shad- 
owgraph glass  screen  and  the  circuit  energizing  this  light 
connected  in  parallel  with  one  of  the  recording  galvanometers 
so  that  ever}7  time  the  light  flashed,  a “blip”  appeared  on  the 
pressure  record.  In  order  to  reduce  the  labor  of  correlation, 
an  interrupter  was  placed  in  the  light  circuit  to  stop  the  flow 
of  current  for  a noticeable  period  four  or  five  times  a second 
and  hence  to  provide  blank  spaces  on  the  film  and  pressure 
record  which  could  be  easily  counted. 

The  camera  photographing  the  manometer  board  could  be 
operated  either  manually  or  electronically.  In  the  latter 
mode  of  operation  a pressure  pulse  in  the  ram  jet  caused  the 
camera  solenoid  to  trip  and  concurrently  put  a marker  on  the 
pressure  record. 

TEST  PROCEDURE 


METHOD  OF  DATA  REDUCTION  AND  COMPUTATION 

The  nondimensional  mass  flow  — ~ — at  any  rake  radius 

PtVmax  J 

was  computed  (for  steady  flow  or  low  amplitude  buzzing) 
from  the  tank  pressure  and  the  local  total  pressure  and  static 
pressure  with  the  assumption  that  the  static  pressure  was 
constant  across  the  rake  survey  plane  and  stagnation  tem- 
perature was  equal  to  that  in  the  tank.  The  local  mass 
flows  were  then  integrated  to  yield  the  mass  flow  in  the  cross- 
sectional  area  bounded  by  the  outer  rake  tubes.  An  incre- 
mental correction  was  applied  to  this  mass  flow  to  account 
for  the  additional  mass  flow  between  the  outer  rake  tube 
and  the  wall.  In  order  to  determine  the  constant  to  be  used 
for  adjusting  mass  flow  for  the  large  model,  the  integrated 
mass  flow  was  averaged  over  several  runs  for  configurations 
4.026-29.82-48.1°  where  a smooth  symmetric  velocity 
profile  existed  at  the  rake  station  and  where  the  mass  flow 
was  known  since  both  shocks  were  swallowed.  The  average 
of  the  local  mass  flows  at  the  outer  rake  stations  was  also 
determined  for  these  runs.  The  incremental  constant  for 
the  large  models  was  then  determined  as  follows: 


Tests  of  the  various  configurations  were  made  in  the  fol- 
lowing manner:  After  “no-flow”  pressure  and  thermocouple 
zero  traces  had  been  recorded,  the  plug  valve  was  retracted 
so  that  the  mass  flow  through  the  model  would  be  limited 
only  by  the  supersonic  diffuser  configuration.  Then,  the 
tunnel  was  started  and  brought  up  to  operating  conditions. 
The  valve  was  closed  to  a position  below  that  which  caused 
instability  and  a manometer  picture  and  a short  pressure 
record  taken.  After  resetting  the  manometer  camera,  the 
Fastax  camera  and  pressure  recorder  were  then  started 
and  the  valve  closed  as  slowly  as  possible  until  buzz  began. 
The  valve  was  then  varied  further  depending  upon  the  type 
of  run  desired.  A no-flow  pressure  trace  was  made  after 
each  run  when  possible. 

Other  runs  were  made  to  determine  steady  or,  if  buzzing, 
quasi-steady  average  values.  In  these  cases  the  manometer 
and  pressure  records  were  taken  at  various  fixed  valve 
positions. 

The  differential  inductance  gages  and  valve-position 
indicator  were  calibrated  daily.  Both  the  larger  and  small 
models  were  tested  at  length-diameter  ratios  of  14.91  and 
29.82  for  each  of  the  cowling-position  parameters  of  40.1°, 
44.2°,  and  48.1°.  In  addition,  the  small  model  was  run 
with  no  central  body  in  order  to  get  a steady-flow  calibration 
for  the  effective  sonic  area  of  the  valve  at  various  positions 
down  to  mass  flows  approaching  zero.  Such  a series  of  runs 
was  not  made  for  the  large  model  because  of  danger  of 
choking  the  tunnel  and,  in  addition,  because  it  was  felt 
that  with  a strong  shock  far  ahead  of  the  inlet  that  the  model 
would  not  be  free  from  wall  effects. 


Incremental  const. 

/ Mass  flow  /Av.  integrated\ 

__\for  100%  capture  area/  \ mass  flow  / 
Average  local  mass  flow  at  outer  rake 

The  adjusting  factor  to  be  applied  to  each  of  the  integrated- 
mass-flow  curves  for  the  large  model  was  then  equal  to  the 
product  of  the  incremental  constant  times  the  local  mass 
flow  value  at  the  outer  rake  locations,  that  is: 

( Total  \_/Integrated\ 

Vmass  flow/  \ mass  flow  /' 

/Incremental^  /Outer  rake  mass\ 
\ const.  / \flow  for  each  run/ 


The  product  of  the  nondimensional  local  mass  flow  times 


pressure  recovery 


7 ( — ^ was  integrated 


similarlv 


, F maxVl  o 

by  using  the  correction  constant  obtained  for  the  mass  flow. 
Assuming  the  constant  to  be  the  same  for  both  pressure  re- 
covery and  mass  flow  introduces  an  error  of  about  0.1  percent 
in  pressure  recovery.  The  weighted  average  pressure  re- 
covery was  determined  as  the  quotient  of  the  total  area  under 


the 


pUpi 


Pt 


Pi 


pU 

VTr 


Vmaj.Pt 


curve. 


curve  divided  by  the  total  area  under  the 


A similar  constant  was  obtained  for  use  in  the  small-model 
computations  by  using  the  average  values  obtained  from 
swallowed  shock  runs  of  configuration  1.278-29.82-48.1°. 
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The  effective  sonic  area  of  the  plug  valve  as  it  approached 
the  full}7  closed  position  was  computed  for  the  small  model 
from  runs  made  with  the  central  bod}7  removed,  a configura- 
tion which  did  not  buzz  at  any  mass-flow  value.  A calibra- 
tion curve  of  sonic  area  against  valve  position  was  thus  ob- 
tained for  low  mass  flow.  This  curve  in  conjunction  with  the 
average  value  of  pressure  recovery  was  used  to  determine 
the  mass  flow  for  the  larger  amplitude  buzz  of  the  small 
model.  The  static-pressure — total-pressure  method  used 
for  steady-flow  small-amplitude  buzzing  became  inaccurate 
in  this  region  since  standing  waves  in  the  manometer  tubing 
(see  ref.  8)  gave  erroneous  pressure  readings  which,  even  if 
small,  have  a large  effect  when  the  difference  between  static 
and  total  pressure  becomes  small  also.  This  error  in  pressure 
would  have  only  a small  effect  on  mass  flow  computed  on  a 
sonic  area  and  total-pressure  basis. 

The  data  plotted  in  figures  4 to  12  were  obtained  in  the 
manner  described  above.  An  examination  of  figure  4 shows 
the  computed  total  mass-flow  ratios  for  the  high  Z/Z)  models 
with  swallowed  shock  to  vary  only  ±1.0  percent  from  the 
100-percent  capture  mass-flow  ratio. 

Typical  steady-state  mass-flow  and  Mach  number  profiles 
for  the  29.82-48.1°  configurations  are  presented  in  figures 
13  and  14,  respectively.  Since  the  Mach  number  is  so  small 
these  curves  are  also  close  approximations  to  the  velocity 
profile.  Because  both  the  normal  and  conical  shock  are 
inside  the  cowling,  the  mass  flow  is  known  and  the  part  of 
the  curve  between  the  outer  rake  and  the  wail  was  assumed 
to  be  approximately  the  cubic  equation: 


pU(r) 

pU(r0) 


c*  (i_£)+cr3  (1_£) +Gi  (i_£) 


Moss-flow  rotio,  m/m^ 


Figure  4. — Curves  of  pressure  recovery  plotted  against  mass- flow 
ratio  for  configurations  29.82-48.1°.  Flagged  symbols  denote  un- 
steady flow. 


r 

r 

— 

Cc 

nfiai 

ratio 

n 

!_J 

Jr 

026-29.82-48.1° 

O 

- ‘t.udb 
! 

- m 

yi  - 

1 

o 

\ 

f 

r 

t 

c 

A .5  .6  .7  .8  .9  1.0 

Moss-flow  rotio,  mjm ^ 


Figure  5. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  4.026-48.1°.  Flagged  symbols  denote  un- 
steady flow. 


Mass-flow  ratio,  m/m^ 


Figure  6. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  1.278-48.1°.  Flagged  symbols  denote  un- 
steady flow. 


The  constants  C2,  C3)  and  C4  were  determined  to  satisfy  the 
boundary  conditions  of  (1)  a curve  tangent  at  the  outer 
rake  position  to  the  curve  determined  by  the  rake  readings, 
(2)  a prescribed  mass  flow,  and  (3)  a curve  which  coincides 
with  the  outer  rake  points.  The  form  of  the  equation  in- 
herently satisfies  the  zero  velocity  condition  at  the  wall 
(assuming  the  density  does  not  approach  zero).  The  short- 
dash  curves  of  figures  13  and  14  are  drawn  so  that  the  total 
mass  flow  of  the  1.278  model  would  give  a mass-flow  ratio 
of  1.000,  and  the  long-short-dash  curve  is  the  one  for  which 
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Moss- flow  rotio,  m/m & 


Figure  7. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  29.82-44.2°.  Flagged  symbols  denote  un- 
steady flow. 


Moss -flow  rotio,  m/m ^ 


Figure  8. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  4.026-44.2°.  Flagged  symbols  denote  un- 
steady flow. 

the  integrated  mass  flow  enclosed  between  the  wall  and  the 
outer  rake  is  equal  to  the  “standard  increment”  applied 
in  the  general  computations.  The  two  curves  coincide  for 
the  4.026  model.  The  Mach  number  profile  is  then  de- 
termined, since  M(r0)<tCl,  from 

M(r)  _ pU(r)  1+V  M2(fo) 

M(r0)  pU{r0)  i | 7 1 


The  effective  Mach  numbers,  defined  as  that  Mach  number 
which  if  invariant  across  the  survey  plane  would  give  the 
measured  values  of  mass  flow,  pressure,  and  so  forth,  of 
these  runs  were  0.209  and  0.219  for  the  4.026  and  1.278 
models,  respectively.  The  average  weighted  pressure  re- 
coveries were  0.639  and  0.601. 


Moss-flow  rotio.  m/m^ 


Figure  9. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  1.278-44.2°.  Flagged  symbols  denote  un- 
steady flow. 
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Figure  10. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  29.82-40.1°.  Flagged  symbols  denote  un- 
steady flow. 


Moss-flow  ratio,  m/m ^ 


Figure  11. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  4.026-40.1°.  Flagged  symbols  denote  un- 
steady flow. 
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Figure  12. — Curves  of  pressure  recovery  plotted  against  mass-flow 
ratio  for  configurations  1.278-40.1°.  Flagged  symbols  denote 
unsteady  flow. 


Figure  13. — Mass-flow  profiles  at  rake  survey  station  for  configurations 

29.82-48.1°. 


Figure  14. — Mach  number  profiles  at  rake  survey  station  for  configura- 
tions 29.82-48.1°. 


The  trace  of  the  valve-position  indicator  was  measured 
to  an  accuracy  of  0.01  inch  on  the  pressure  record,  which 
gave  the  indicated  physical  position  of  the  valve  to  0.005 
inch.  Some  play  in  the  linkage  mechanism  and  change  in 
the  voltage  applied  to  the  slide- wire  resistance  reduced  the 
accuracy  of  the  position  indicator  for  the  large  model.  These 
factors  were  largely  eliminated  in  the  small  model.  There 
was  also  a lag  of  about  0.03  second  in  the  response  of  the 
indicator  so  that  for  conditions  of  rapid  throttling  the  valve 
readings  were  compensated  for  this  time  lag.  The  maximum 
valve  speed  obtained  from  the  slope  of  valve  position  plotted 
against  time  was  0.55  inch  per  second. 

In  order  to  determine  the  values  of  static  pressures  and 
valve  position  at  incipient  mass  flow,  the  corresponding 
values  were  read  from  the  pressure-time  or  valve-position — ■ 
time  trace.  Values  were  taken  when  either  the  high-speed 
motion  pictures  or  the  pressure  traces  showed  instability. 
It  was  necessary  to  employ  the  motion  pictures  in  some 
cases  where  the  turbulence  and  hash  level  in  the  gages, 
especially  the  two  forward  ones,  was  high.  The  probable 
cause  of  the  high  hash  level  in  the  first  two  gages  was  separa- 
tion in  the  subsonic  diffusers. 

Total  amplitude  measurements  were  taken  by  measuring 
peak-to-peak  pressure  fluctuations  on  the  pressure-time 
curve. 

The  following  are  the  estimated  maximum  probable  errors 
arising  when  the  flow  is  steady: 

Mass-flow  ratio: 

For  high  length-diameter  ratios ±2  percent 

For  low  length-diameter  ratios it  3 percent 

Valve  position: 

For  large  model ±0.01  in. 

For  small  model ±0.005  in. 

Pressure  recovery ± 1.0  percent 

Static  pressure ±0.5  percent 

Mach  number  in  ram  jet ±0.002 

RESULTS  AND  DISCUSSION 

GENERAL  RESULTS 

Figures  4 to  12  show  the  performance  curve  of  the  inlets  in 
terms  of  pressure  recover}7  and  mass  flow.  Experimental 
points  having  unsteady  flow  are  denoted  by  flagged  symbols. 
The  ram  jets  with  the  higher  value  of  length-diameter  ratio 
were  employed  to  give  more  accurate  values  of  mass  flow  and 
pressure  recovery  for  comparison  purposes  since  in  the  larger 
models  the  velocity  profile  has  become  a smooth  nearly 
symmetrical  curve  showing  negligible  effects  of  the  center- 
body  wake  and  angle  of  attack  by  the  time  the  rake  station 
has  been  reached.  Each  of  the  high-length-diameter-ratio 
configurations  is  compared  separately  with  its  two  counter- 
parts, namely:  the  same  length-diameter-ratio  model  of 
different  diameter  and  the  shorter  version  of  the  same  diam- 
eter. It  is  obvious  from  inspection  that  the  accuracy  is 
lower  in  the  lower  LjD  models,  but  the  curves  for  the  high 
and  low  L/D  models  of  the  same  diameter  and  cowling- 
position  angle  may  be  considered  the  same  within  the  order 
of  the  expected  experimental  scatter. 

Table  III  is  a compilation  of  the  values  of  mass-flow  ratio, 
pressure  recovery,  valve  position,  and  ratio  of  static  pressure 
to  tank  pressure  at  the  start  of  buzz.  The  incipient  mass  flow, 
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TABLE  III.— VALUES  OF  PARAMETERS  AT  START  OF  BUZZ 


Static  pressure 

Configuration 

Mass-flow 

ratio 

Pressure 

recovery 

Tank  pressure 

Valve 

position 

Gage  1 

Gage  4 

1.  278-14.  91-48.1° 

0.91 

0.795 

0. 744 

0. 782 

1.35 

1.  278-29.  82-48. 1° 

.925 

.790 

.738 

.778 

1.345 

4 026-14.  91-48. 1° 

.955 

.795 

.727 

.781 

2.12 

4.026-29.  82-48. 1° 

.945 

.790 

.733 

.782 

2. 12 

1.278-14.91-44.  2° 

.98 

.844 

.805 

.837 

1.34 

1.  278-29.  82-44.  2° 

.98 

.844 

.804 

.835 

1.34 

4.  026-14.  91-44.  T 

.98 

.848 

.804 

.842 

2.07 

4.  026-29.  82-44.  2° 

.98 

.844 

.802 

.838 

2.06 

1.278-14.  91-40.1° 

.85 

.846 

.817 

.840 

1.31 

1.278-29.82-40.  1° 

.85 

.846 

.814 

.844 

1.31 

4 026-14.  91-40. 1° 

.86 

.832 

.806 

.825 

1.965 

4.  026-29.  82-40. 1° 

.86 

.832 

.804 

.829 

1.96 

with  one  exception  where  the  interval  between  the  highest 
measured  unsteady  flow  and  lowest  measured  steady  flow  was 
large,  was  assumed  equal  to  the  largest  value  of  mass  flow  at 
which  unsteady  flow  was  first  recorded.  This  exception  arose 
in  the  case  of  the  1.278-14.91-48.1°  configuration  where  the 
unsteady  flow  was  noted  up  to  a mass-flow  ratio  of  about  0.89 
and  the  lowest  measured  steady  flow  was  at  a ratio  of  0.915. 
The  critical  mass  flow  of  0.91  was  determined  by  extrapolat- 
ing a curve  of  pressure  pulsation  amplitude  plotted  against 
mass  flow  to  zero  amplitude. 

The  incipient  pressure  recovery  was  obtained  from  the 
faired  curve  of  pressure-recovery  mass  flow  at  the  incipient 
mass-flow  value.  The  static-pressure — tank-pressure  ratios 
and  the  valve  positions,  determined  from  the  time-history 
records,  are  the  average  values  of  several  runs. 

Shadowgraphs  of  the  critical-flow  shock  pattern  for  the 
various  model  configurations  are  given  in  figure  15.  These 
pictures,  with  the  exception  of  figure  15(g)  which  is  for  a 
negative  angle  of  attack,  are  of  the  high  length-diameter 
configurations  at  a positive  angle  of  attack  of  0.5°.  The 
shadowgraphs  of  the  models  are  adjusted  to  have  approxi- 
mately the  same  dimensions  to  facilitate  comparison.  The 
cowling  lip  was  referenced  by  two  pieces  of  opaque  tape 
affixed  to  the  tunnel  glass  at  the  top  and  bottom  of  the  test 
section,  but  because  of  the  enlarging  procedure  just  men- 
tioned the  tape  will  show  only  in  the  large-diameter-model 
pictures. 

The  external  shock  pattern  for  the  configurations  with 
cowling-position  angles  of  44.2°  and  48.1°  appear  unaffected 
by  the  slight  angle  of  attack.  For  the  44.2°  configuration 
three-dimensional  effects  are  responsible  for  the  apparent 
presence  of  the  normal  shock  ahead  of  the  cowling  when  in 
reality  it  is  just  at  the  lip,  a fact  which  may  be  verified  by  the 
opaque-tape  reference  marks. 

A difference  in  the  flow  configuration  due  to  0.5°  angle  of 
attack  is  noticeable  for  a cowling  position  angle  of  40.1°. 
The  normal  shock  on  the  leeward  side  of  the  cross  flow  induced 
by  the  angle  of  attack  is  advanced  ahead  of  the  cowling  lip 
more  than  the  shock  on  the  windward  side;  and,  in  addition, 
the  leeward  shock  may  terminate  in  a lambda  shock  near  the 


L-80248 


(a)  Configuration 

4.026- 29.82-48.1°;  <*=0.5°. 
(c)  Configuration 

4.026- 29.82-44.2°;  <*  = 0.5°. 


(b)  Configuration 

1.278- 29.82-48.1°;  <*=0.5°. 
(d)  Configuration 

1.278- 29.82-44.2°;  <*=0.5°. 


Figure  15. — Instantaneous  spark  shadowgraphs  of  flow  patterns  for 
minimum  stable  mass  flow. 


cone.  Proof  that  this  phenomenon  arises  from  the  slight 
angle  of  attack  is  found  in  the  shadowgraphs  of  the  critical 
mass  flow  of  the  same  supersonic  diffuser  configuration  for 
an  angle  of  attack  of  0.5°  (fig.  15(f))  and -0.5°  (fig.  15(g)) 
which  show  the  shock  pattern  to  change  with  angle  of  attack. 
The  cross  flow  of  the  boundary  layer  causes  a boundary 
layer  build-up  on  the  leeward  side  which  results  in  the 
asymmetric  shock  pattern. 

Curves  of  Mach  number  at  the  center  line  of  the  rake 
plotted  against  steadv-flow  pressure  recovery  for  configura- 
tions 4.026-29.82-48.1°  and  1.278-29.82-48.1°  are  shown  in 
figure  16.  These  curves  are  typical  of  the  44°  and  40°  con- 
figurations also.  Values  were  not  plotted  for  unsteady  flow 
since  such  a procedure  would  make  the  plot  multiple  valued 
in  pressure  recovery. 

SCALE  EFFECTS 

A dimensional  analysis  of  the  problem  of  testing  buzzing 
models  for  correlation  purposes  yields  the  following  results. 
The  variables  in  the  problem  are:  (1)  pressure  p or  pressure 
perturbation  Ap;  (2)  stream  velocity  V;  (3)  density  p; 
(4)  length  L or  diameter  D;  (5)  viscosity  p;  (6)  sonic  velocity 
a;  (7)  periodic  time  r;  (8)  turbulent  velocity  w and/or  per- 


A THEORY  FOR  STABILITY  AND  BUZZ  AMPLITUDE  IN  RAM  JETS 


307 


(e)  Configuration  (f)  Configuration 

4.026-29.82-40. 1 ° ; a=0.5°.  1.278-29.82-40.1°;  a = 0.5°. 

(g)  Configuration  1.278-14.91-40.1°;  a=  —0.5°. 


Fig  r re  15. — Concluded. 


urbation  velocity  AU.  Then,  the  related  nondimensional 

►arameters  in  the  mass-length-time  system  are:  (1)  Mach 

V pVL 

umber  — > (2)  Reynolds  number  > (3)  wave  length  of 

a p 

aodel  L , (4)  pressure  coefficient  or  (5)  turbulence 
ar  pV  pV 

w Al 

r perturbation  ratios  ^or  -y-  Thus,  if  models  of  different 


cale  (Z>)  are  to  be  tested  without  maintaining  constant 
ieynolds  number,  the  effect  of  varying  Reynolds  number 
nust  be  ascertained. 


The  importance  of  boundary-layer  growth  and  separation 
o the  stability  of  inlets  in  absence  of  combustion  will  be 
liscussed  in  a later  section  of  this  report.  If  these  viscous 
ffects  are  to  be  a major  factor  in  determining  the  stability 
f inlets,  Reynolds  number  effects  would  then  also  be  expected 
o be  a major  consideration. 

Steady  flow. — From  the  results  presented  the  performance 
f the  models  to  the  start  of  buzz  may  be  discussed.  Figures 
6,  8,  9,  11,  and  12,  in  which  pressure  recovery  plotted 
gainst  mass-flow  ratio  of  model  pairs  having  the  same 
liameter  and  cowling  angle  are  compared,  show  the  perform- 
nce  of  such  pairs  to  be  nearly  the  same  within  experimental 
catter.  There  does  appear  to  be  a tendency  for  the  lower 
jjD  models  to  have  up  to  1 percent  higher  pressure  recovery 


during  buzzing,  but  this  might  be  attributed  to  the  different 
frequencies  of  the  standing  waves  in  the  manometer  tubing. 
Although  the  mass-flow  measurements  have  a larger  range 
of  error  in  the  low  L/D  models,  the  induction-gage  pressures 
and  valve-position  indicator  are  not  so  affected.  Hence,  a 
good  check  of  the  conditions  at  start  of  buzz  for  the  same 
diameter  and  cowling-position-angle  models  is  found  in 
table  III,  where  the  maximum  variation  of  average  valve 
position  at  start  of  buzz  is  found  to  be  0.005  inch  and  0.01 
inch  for  the  1.278-  and  4.026-inch  models,  respectively,  and 
of  average  static-to-tank  pressure  ratio  at  corresponding 
stations  is  found  to  be  about  0.5  percent.  An  analysis  of 
the  high-speed  motion  pictures  also  revealed  the  shock 
patterns  to  be  the  same  at  the  start  of  buzz  independent  of 
L/D  ratio  for  the  same  diameter  and  cowling-lip  angle. 

A comparison  of  the  performance  of  similar  configurations 
having  different  diameters  shows  only  a slight  scale  effect. 
The  pressure  recovery  mass-flow  curves  of  the  44.2°  and 
48.1°  diffusers  (figs.  4 and  7)  are  nearly  identical  for  the  two 
diameters.  Instability  appears  at  a slightly  higher  mass- 
flow  ratio  in  the  larger  model  of  48.1°  lip  angle  than  in  the 
corresponding  small  model,  but  the  2-percent  variation  has 
little  significance.  The  shadowgraphs  of  the  flow  patterns 
at  the  incipient  point  for  the  above  configurations  (figs. 
15  (a)  to  15  (d))  show  no  important  differences  in  the  flow 
for  the  different  sized  models. 

It  is  to  be  noted  that  in  the  40.1°  inlets  where,  although 
the  critical  mass  flows  are  nearly  the  same,  the  peak  pressure 
recovery,  critical  pressure  recovery,  and  the  ratio  of  static 
pressure  to  tank  pressure  are  higher  in  the  small  diameter 
model  in  spite  of  the  lower  Reynolds  number  of  these  models. 
See  figure  10  and  table  III. 

It  was  also  found  that  the  overall  incipient  values  did  not 
change  when  the  angle  of  attack  was  reduced  to  0°  or  made 
negative  by  0.5°  for  the  configurations  1.278-40.1°  although 
the  local  conditions  alternated  with  the  shock  pattern. 
Shadowgraphs  in  figures  15  (e)  and  15  (f)  at  a positive  angle 
of  attack  are  nearly  identical  for  the  different  sized  models. 
Figure  15  (g)  at  an  angle  of  attack  —0.5°  is  not  a mirror 
image  of  figure  15  (f),  although  the  tendency  of  the  leeward 
shock  to  advance  and  bifurcate  is  quite  evident.  For  a con- 
figuration such  as  this,  which  is  extremely  sensitive  to 
changes  in  angle  of  attack,  such  a variation  could  be  attrib- 
uted either  to  a failure  to  exactly  match  the  positive  angle 
with  its  negative  counterpart  or  to  a slight  eccentricity  of 
the  central  body  which  would  alter  the  effective  angle  of 
attack  of  the  cone. 

The  Reynolds  number  effects  on  the  profiles  of  the  models 
of  large  L/D  are  evident  in  figure  16;  these  profiles  are  typical 
of  the  curves  for  all  the  cowling-position  angles.  Although 
both  models  have  profiles  of  turbulent  pipe  flow  the  greater 
relative  viscous  forces  in  the  low  Reynolds  number  tests 
result  in  a larger  region  of  retarded  flow  contrasted  to  the 
much  more  fully  developed  flow  of  the  high  Reynolds 
number  model  (fig.  13). 

The  velocity  and  mass-flow  profiles  of  the  low  L/D  models 
showed  the  influence  of  the  0.5°  angle  of  attack  in  varying 
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amounts  in  a majority  of  the  runs.  The  pressure  recovery 
and  velocity  were  higher  in  that  section  of  the  survey  plane 
behind  the  leeward  cone  surface  for  both  large  and  small 
models.  Two  profiles  for  positive  and  negative  angles  of 
attack  of  configuration  1.278-14.91-40.1°  which  show  the 
manner  in  which  the  asymmetry  alternated  with  angle  of 
attack  are  presented  in  figure  17.  Oswatitsch  (ref.  1)  dis- 
covered the  same  phenomenon  in  certain  of  his  tests  at 
slightly  larger  angles  of  attack.  Since  the  boundary  layer 
tends  to  accumulate  on  the  leeward  side  of  the  central  body 
one  might  expect  the  poorer  performance  to  occur  in  this 
region.  For  configurations  14.91-40.1°  the  shadowgraphs 
show  external  separation  on  the  leeward  side  as  the  incipient 
. mass  flow  is  approached.  There  are  several  possible  explana- 
tions for  the  measured  distribution  of  total  pressure.  First, 
the  lambda  shock  on  the  leeward  side  might  increase  the  total 
pressure  recovery  of  the  fluid  flowing  through  the  upper 
bifurcations  sufficiently  to  offset  the  adverse  effect  of  the 
separation  at  the  cone  surface.  Secondly,  the  flow  on  the 
inner  surface  of  the  windward  cowling  might  separate  to  a 
greater  degree  than  that  on  the  leeward  side  of  the  central 


Figure  16. — Curves  of  average  pressure  recovery  plotted  against 
Mach  number  at  center  of  rake  survey  station  for  configurations 
29.82-48.1°. 
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Figure  17. — Mass-flow  and  Mach  number  profiles  at  rake  survey  sta- 
tion for  configuration  1.278-14.91-40.1°  at  angles  of  attack  of  ±0.5°. 


body.  Finally,  there  is  the  possibility  of  a more  violent 
separation  occurring  in  the  subsonic  diffuser,  either  off., the 
central  body  or  cowling  surface  of  the  opposite  side.  In 
other  words,  the  early  flow  separation  on  one  side  of  the 
center  body  may  prevent  a more  violent  separation  of  the 
flow  on  the  same  side  later  in  the  subsonic  diffuser^ 

The  apparent  lack  of  a strong  Reynolds  number  effect  in 
determining  the  stability  of  the  40.1°  and  48.1°  configurations 
(where  the  conical  shock  did  not  intersect  the  cowling  lip) 
was  not  expected.  Prior  to  conducting  the  tests  it  was 
thought  that  the  Reynolds  number  effect  would  be  small  for 
those  inlets  which  had  the  conical  shock  at  the  lip  since  the 
vortex  sheet  position  would  govern  stability.  For  those 
inlets  in  which  the  central-body  boundary  layer  was  an 
important  part  of  the  governing  mechanism  for  stability,  the 
Reynolds  number  was  thought  to  be'  a very  important 
parameter.  This  negligible  effect  of  Reynolds  number  should 
not  be  assumed  to  apply  to  inlets  in  general  but  rather  to 
represent  the  effect  only  on  the  particular  configurations 
investigated.  It  does,  however,  show  that  there  is  the 
possibility  of  testing  cold-flow  scaled  models  for  approximate 
prediction  of  stability  limits. 

Unsteady  flow. — The  behavior  of  the  comparative  models 
during  buzzing  was  also  very  similar.  This  similarity 
extended  not  only  to  the  unsteady-flow  cycles  which  were 
made  up  of  multiple  waves  but  also  to  the  cycles  dependent 
on  random  pulses.  Typical  examples  of  the  first  case  are 
shown  in  figure  18  where  the  pressure-time  records  of  con- 
figuration 4.026-14.91-44.2°  at  a mass  flow  ratio  of  0.66  is 
compared  to  the  curves  of  configuration  1.278-14.91-44.2° 
at  a mass  flow  of  0.69.  In  spite  of  the  3-percent  variation  in 
mass  flow  it  is  obvious  that  the  wave  forms  are  quite  similar 
if  the  time  scale  is  modified  by  a,  factor  equal  to  the  length 
ratio.  The  pressure  records  of  the  1.278  model  were  taken 
at  a higher  film  speed  to  facilitate  comparison.  The  vertical 
lines  on  the  record  indicate  time  intervals  of  0.01  second. 

Figure  19  shows  the  pressure-time  records  of  configurations 
14.91-40.1°  near  the  start  of  buzz  where  there  is  no  regular 
cycle  buzzing,  instead  the  unsteady  flow  is  characterized  by 
spasmodic  pulses  separated  by  time  intervals  of  various 
lengths.  These  latter  curves  show  the  unsteady  behavior 
to  be  similar,  even  where  irregular. 


Gage  I 
Gage’  £ . 


Gage  3 
Goge  4 


Time *■  0.01  sec j 

(a)  Configuration  4.026-14.91-44.2°  (b)  Configuration  1.278-14.91-44.2° 

at  a mass-flow  ratio  of  0.66.  at  a mass-flow  ratio  of  0.69. 

Figure  18. — Pressure  time  records  showing  similar  regular  pulses  in 
buzzing  of  similar  configurations.  Pressure  is  positive  upward. 
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The  unsteady  flow  of  configuration  1.278-14.91-40.1°  was 
unstable  at  a mass-flow  ratio  of  0.72  and,  as  is  shown  in 
figure  20,  changed  from  a relatively  low  frequenc\r  of  120 
to  160  cycles  per  second,  which  was  often  found  in  most  of 
the  1.278-14.91  configurations,  to  much  higher  frequencies, 
usually  approximately  800,  900,  or  1,400  c\rcles  per  second. 
The  whole  shock  pattern  oscillated  at  this  frequency.  With 
no  change  in  valve  position  this  high-frequency  pattern 
would  in  time  break  down  and  revert  back  to  the  low  fre- 


(a)  Configuration  4.026-14.91-40.1°.  (b)  Configuration  1.278-14.91-40.1° 

Figure  19. — Pressure- time  records  showing  similar  isolated  spasmodic 
pulse  in  buzzing  of  similar  configurations.  Pressure  is  positive 
upward. 

I 


Time O.OI  sec 


(a)  Slight  valve  motion. 

(b)  No  valve  motion. 

Figure  20. — Pressure-time  records  showing  transition  from  low- 
frequency  to  high-frequency  buzzing  in  configuration  1.278-14.91- 
40.1°. 


quencv,  and  so  forth.  This  conversion  to  high  frequency  is 
shown  in  figure  20.  In  figure  20  (b)  (gage  1 is  inoperative) 
there  is  no  valve  motion  and  the  high  frequenc}7  of  900  c}7cfes 
per  second  is  superimposed  on  the  160-c\Tile-per-second  buzz. 
In  figure  20  (a)  the  valve  is  slowh-  closing  to  the  position  of 
figure  20  (b),  and  in  this  case  the  high-frequency  breakdown 
results  in  a 1400-cycle-per-second  buzz  with  the  elimination 
of  most  of  the  low-frequency  pulses.  An  examination  of 
other  records  and  motion  pictures  at  slighth-  higher  mass 
flows  showed  a possibility7'  that  the  frequency  of  oscillation  of 
the  bifurcated  part  of  the  shock  to  be  about  900  cycles  per 
second  when  the  upper  part  of  the  shock  was  responding  to 
th  e 1 o w f r eq  u en  cv . | 

Figures  19  and  20  also  prove  the  fact  that  th!e  buzzing 
cycles  are  not  necessarily  repeatable,  but  that  single  pulses 
may  occur  or  the  cycle  change  drastically  with  nol  change  in 
ram-jet  geometry.  Averaged  results  for  the  higp  and  low 
frequency,  obtained  with  no  valve  motion,  simila^to  that  in 
figure  20  showed  a variation  of  less  than  % percent  ih  pressure 
recovery  and  mass  flow  which  is  less  than  the  scatter  of  the 
tests. 

The  flow  of  the  longer  1.27S-40.10  model  did  not  break 
down  completely  into  a high-frequency  oscillation  for 
periods  longer  than  0.02  second,  but  the  pressure  records  did 
show  evidence  of  such  high  frequency  which  was  usually 
definitely  subordinate  to  the  low  frequency.  Previous 
unpublished  data  of  tests  at  the  Langley  Aeronautical 
Laboratory  have,  however,  shown  the  high-frequency 
oscillation  to  be  present  in  high  LjD  models.  Safety  con- 
siderations, plus  the  doubt  that  large  amplitude  oscillations 
would  be  free  from  influence  of  the  test-section  boundaries, 
prevented  all  but  a few  runs  of  large  pulsation  amplitude  for 
configuration  4.026-40.1°.  No  runs  for  the  14.91  LjD  model 
were  made  at  a low  enough  mass-flow  ratio  for  the  high  fre- 
quency to  appear  predominant,  though  the  oscillation  fre- 
quency of  the  lambda  shock  was  determined  to  be  about  350 
cycles  per  second  compared  to  the  900  cycles  per  second  of 
the  model  smaller  by  a factor  of  1/3.  A few  runs  were  made 
at  low  mass  flows  for  the  4.026-29.82-40.1°  configuration 
and  these  also  had  high-frequency  components  subordinate 
to  the  low  frequency. 

Figure  21  is  part  of  an  8 50-frame-per-seeond  shadowgraph 
motion-picture  film  taken  concurrently  with  the  pressure 
record  shown  in  figure  19  (b)  of  a single  spasmodic  pulse  of 
configuration  1.278-14.91-40.1°.  The  shadowgraph  frames 
are  numbered  to  correspond  to  the  numbers  on  the  pressure 
record. 

From  these  shadowgraphs  it  is  evident  that  an  appreciable 
part  of  the  total  shock  motion,  as  well  as  almost  all  of  the 
lambda  shock  motion,  occurs  between  frames  9 and  10.  This 
is  in  agreement  with  the  pressure  record  of  the  gage  at  x/L = 
0.275  which  shows,  more  sharply  than  the  other  gages,  the 
break  in  pressure  which  for  this  particular  gage  occurs  con- 
currently with  shadowgraph  frame  number  10.  The  time 
lag,  or  time  for  a wave  to  travel  from  the  cowling  lip  to 
xjL— 0.275,  is  about  one-half  the  time  between  frames. 
Thus,  in  this  case,  where  it  should  be  emphasized  there  was 
no  valve  movement  whatsoever,  it  is  evident  that  the  overall 
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ram-jet  geometry  can  have  no  effect  on  the  initial  shock 
motion.  This  is  substantiated  by  the  fact  that  the  initial 
shock  motion,  which  is  an  appreciable  part  of  the  overall 
motion,  has  been  completed  before  any  wraves  which  it 
generates  at  the  inlet  have  had  time  to  travel  even  4 diameters 
downstream,  let  alone  have  had  time  to  reflect  from  any 
significant  geometrical  or  aerodynamic  changes  and  return 
to  the  cowling  to  influence  further  motion.  The  reflection 
from  the  valve  of  the  start  of  the  initial  expansion  reaches  the 
inlet  at  frame  12,  but  the  shock  does  not  start  to  retreat  until 
frame  19  although  expansion  waves  reflected  from  the  nozzle 
are  continously  hitting  the  shock  during  the  interval  be- 
tween frames  12  to  19.  The  fact  that  the  shock  does  not 
start  to  move  rearward  when  the  reflected  expansion  from 
the  exit  nozzle  strikes  it  from  behind  indicates  that  there  must 
be  a flow  phenomenon  at  or  near  the  cowling  which  generates 
compressions  to  cancel  the  effect  of  the  expansion.  The 
above  shock  motion  is  not  peculiar  to  this  particular  con- 
figuration but  has  been  observed  to  occur  in  other  tests. 
Although  many  of  these  tests  may  have  a gradual  throttling 
process,  it  is  found  that  the  shock  is  still  out  of  equilibrium 
with  the  rearward  part  of  the  ram  jet  (that  is,  it  moves 
faster  than  the  low’  throttling  rate  would  require). 


Note  also  that  the  normal  shock  is  slightly  further  ad- 
vanced than  the  position  of  figure  15  (f)  at  the  incipient  mass 
flow.  Thus  for  a short  period  of  time  the  shock  has  an 
equilibrium  position  at  a mass  flow  below’  the  value  for  start 
of  buzz. 

The  model  pairs  having  the  same  diameter,  supersonic 
diffuser,  and  subsonic  diffuser  configuration  have  approxi- 
mately, within  the  expected  maximum  error,  the  same  pres- 
sure recovery  mass-flow’  curves  (figs.  5,  6,  8,  9,  11,  and  12). 
In  the  unsteady  flow’  range  there  does  appear  a slight 
tendency  for  slightly  higher  pressure  recoveries  for  the  shorter 
L/D  models.  Now  only  the  combustion-chamber  volume 
varies  in  these  comparable  pairs.  Since  the  combustion- 
chamber  volume  changes  by  a factor  of  about  three  between 
the  29.82  and  14.91  LID  models,  according  to  the  resonator 
theory  of  reference  6 the  slope  of  the  pressure  recovery 
against  mass-flow’  curve  at  the  start  of  buzz  for  these  con- 
figurations with  continuous  slopes  should  also  vary  so  that 
the  slope  of  the  14.91  LID  model  should  be  three  times  the 
slope  of  the  29.82  L/D  model  since  the  absolute  values  of 
pressure  recovery  and  mass  flow  at  start  of  buzz  are  the  same 
(table  III).  However,  the  experimental  curves  for  the 
40.1°  and  48.1°  configurations  having  continuous  slopes 
show7  that  the  low  L/D  models  generally  have  a smaller,  not 
larger,  slope. 

DISCUSSION  OF  STABILITY  CRITERIA 

Since  various  contrasting  theories  (refs.  4 to  6)  have  been 
expounded  regarding  the  start  of  instability  of  supersonic 
diffusers,  there  is  a definite  need  for  clarification  of  the  subject. 
It  will  be  advantageous  to  consider  first  the  basic  aero- 
dynamic phenomena  involved  in  the  initiation  and  con- 
tinuation of  the  buzz  cycle. 

Quasi-one-dimensional  theory  for  originating  mechanism. — 

The  theory  of  reference  5 describes  the  buzzing  cycle  once  it 
has  been  initiated  and  assumes  the  initiating  mechanism  to 
be  some  form  of  separation  near  the  inlet.  It  was  found  that 
an  unsteady-flow  theory  based  on  a quasi-one-dimensional 
analysis  gave  very  close  correlation  to  the  experimental 
pressure-time  records  in  the  ram-jet  model.  The  shortest 
model  studied,  with  an  LiD  of  about  16,  was  rather  long  for 
a ram  jet;  how’ever,  since  the  gage  nearest  the  cowling, 
located  about  5 diameters  downstream  from  the  cowiing, 
showed  excellent  agreement  with  the  plane  wave  theory,  it 
may  be  assumed  that  plane  w ave  theory  holds  for  ram  jets 
having  LID  greater  than  5 and  probably  even  to  low  er  values. 

On  a quasi-plane  wave  basis  the  buzzing  circle  may  be 
analyzed  in  the  following  manner:  In  the  start  of  buzzing  the 
normal  shock  moves  outward  away  from  the  cowiing  and 
this  shock  motion  requires  compression  waves  to  strike  the 
downstream  side  of  the  shock.  Since  the  pressure-time  curves 
of  reference  5 and  figure  19  show  that  in  the  absence  of  rapid 
throttling  there  are  no  compression  waves  moving  upstream 
inside  the  ram  jet  at  any’  appreciable  distance  from  the 
inlet,  then  the  required  compression  weaves  must  be  generated 
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at  or  near  the  cowling  entrance.  Equation  (2)  of  reference  5 
shows  that  either  a flow  area  decreasing  with  time  or  a flow 
entropy  increasing  with  time  is  needed  to  generate  upstream 
moving  compression  waves  (that  is,  an  increase  of  the 
parameter  Q in  eq.  (2)  of  ref.  5).  A separation,  or  even  an 
unseparated  boundary  layer  growing  with  time,  satisfies 
both  these  requirements  since  the  rate  of  displacement 
thickness  growth  produces  a decreasing  effective  flow  area 
while  concurrently  the  entropy  is  increasing  due  to  boundary- 
layer  losses. 

The  entering  of  the  vortex  sheet  from  the  conical-normal- 
shock  intersection  into  the  cowling  will  also  result  in  both  a 
reduced  flow  area  for  the  flow  inside  the  vortex  sheet  and, 
after  mixing,  an  increased  entropy.  Moreover,  the  entrance 
of  the  vortex  sheet  must  be  violent  and  abrupt  since  the 
vortex  sheet  itself  cannot  stagnate  on  either  the  outer  or 
inner  surface  of  the  cowling  because  of  the  total  pressure 
difference  existing  across  it.  Thus,  the  entrance  of  the  vortex 
sheet  or  the  growing  of  the  boundary  lay7er  (separation) 
have  much  the  same  effect  as  closing  a throttling  valve 
located  near  the  inlet. 

, Thus,  the  mechanism  of  buzz  initiation  may  be  described 
as  follows:  The  entrance  of  the  vortex  sheet,  increasing  sepa- 
ration, or  boundary-layer  growth  (behind  the  shock),  either 
on  the  central  body  or  on  the  inner  surface  of  the  cowling, 
generates  a compression  wave  which  forces  the  normal  shock 
outward.  This  initial  growth  may  be  very  small  and  may 
result  from  the  random  fluctuations  present  in  the  flow. 
Such  a case  was  illustrated  in  figure  19  for  no  valve  motion. 
When  buzzing  arises  during  throttling,  the  compression 
waves  generated  by  the  throttling  process  force  the  shock 
to  a position  where  either  a random  pulse  at  the  inlet  or  the 
next  small  wave  from  the  exit  throttle  may  perturb  the  shock. 
In  cases  where  the  entrance  of  the  vortex  sheet  into  the 
cowling  causes  the  initiation  of  buzz,  the  pulse  generated  by 
the  abrupt  motion  of  the  vortex  may  also  be  augmented  by 
separation  on  the  cowling  surface  so  that  the  compression 
wave  generated  is  stronger  and  consequently  the  shock  is 
generally  forced  out  abruptly.  Reference  4 explains  that 
the  case  in  which  the  vortex  sheet  enters  the  cowling  without 
causing  separation  is  a result  of  the  mixing  of  the  low  and 
high  energy  air  on  each  side  of  the  vortex  sheet  before  sub- 
sonic diffusion  occurs.  In  addition,  the  pulse  created  by  the 
vortex  motion  would  be  weakened  for  the  inlets  having 
sharper  leading  edges  and  thinner  cowling  thicknesses. 
These  possibilities  could  explain  the  observed  entrance  of 
the  vortex  sheet  into  the  cowling  without  causing  buzz. 
In  cases  where  separation  on  the  central  body  initiates  the 
buzz  there  is  usually  no  such  rapid  growth  of  the  separated 
region,  instead  a small  growth  of  separation  generates  a 
compression  wave  which  forces  the  shock  out  slightly. 
However,  in  this  new  forward  position  to  which  the  shock  has 
been  forced,  new  flow  conditions  exist  behind  it  which  include 
a more  adverse  pressure  gradient  between  the  shock  and  the 


cowling  entrance.  Consequently,  additional  separation  may 
occur  with  consequent  production  of  more  compression  waves 
to  force  the  shock  out  farther,  and  so  forth.  This  outward 
motion  of  the  shock  will  continue  until  either  (a)  an  equilib- 
rium condition  is  reached  in  the  region  of  flow  between  the 
shock  and  separation  region,  or  (b)  an  expansion  wave  can 
strike  the  shock  from  behind  to  lower  its  back  pressure  so 
that  it  will  retreat  toward  the  cowling  (see  ref.  5). 

It  is  to  be  noted  that  it  is  not  necessary  to  “choke”  the 
entering  flow  in  the  sense  that  sonic  Arelocity  must  be  obtained 
near  the  cowling  entrance  to  start  buzzing.  The  rate  of 
effective-flow-area  decrease  and  entropy  increase  are  the 
important  parameters,  though  it  must  also  be  emphasized 
that  these  factors  will  generate  stronger  waves  when  the 
Mach  number  is  near  unity. 

Wave  cycle. — Now  that  the  basic  phenomena  involved  in 
the  initiation  of  buzzing  have  been  described,  the  mechanism 
by  which  it  is  perpetuated  will  be  reviewed  (see  ref.  5):  The 
outward  motion  of  the  shock  and  the  increasing  boundary- 
layer  displacement  thickness  reduce  the  mass  flow  through 
the  diffuser.  This  reduced  mass  flow  results  in  an  expansion 
wave  which  moves  down  the  subsonic  diffuser  and  combus- 
tion chamber  and  lowers  the  pressure,  density,  and  velocity7. 
At.  the  sonic  exit  nozzle,  this  downstream  expansion  is  re- 
flected as  another  expansion  wave  which  moves  upstream 
until  it  meets  the  shock.  Whereupon  the  shock  moves 
rearward  and  passes  through  the  position  it  had  at  the  start 
of  buzz.  The  separation  which  originally  caused  the  buzz 
is  not  as  large  at  this  time  because  the  upstream  expansion 
wave  creates  a favorable  pressure  gradient  and  the  retreating 
shock  results  in  reduced  losses.  In  other  words,  as  the 
shock  passes  the  position  from  which  buzz  started  the  flow 
conditions  are  not  the  same.  A change  in  flow  pattern  at 
the  same  shock  position  is  shown  in  the  instantaneous  shad- 
owgraphs, figure  22.  Since  the  lambda  pattern  is  known  to 
exist  in  the  outward  motion,  the  other  flow  configuration 
probably  occurs  during  the  retreating  shock  motion.  This 
would  also  be  in  accord  with  the  effect  of  favorable  pressure 
gradient  just  mentioned.  The  rearward  shock  motion  gen- 
erates a downstream  compression  wave,  which  in  turn  reflects 
as  another  compression  wave  moving  upstream  until  it  also 
strikes  the  shock. 

In  certain  cases,  since  the  strength  of  the  waves  reflected 
at  the  nozzle  depends  on  the  relative  constriction  of  the 
nozzle  area  to  combustion-chamber  area,  this  reflected  com- 
pression is  strong  enough  to  return  the  shock  to  the  position 
at  which  buzzing  began,  and  consequently7  another  cyrcle 
starts  immediately7.  The  frequency7  is  then  nearly7  identical 
to  that  of  an  organ  pipe  closed  at  one  end  with  a length  equal 
to  the  ram  jet. 

In  other  cases  the  first  reflection  is  weaker  so  that  the  shock 
is  not  moved  far  enough  forward  to  reach  the  buzzing  posi- 
tion. However,  since  the  compression- wave — shock- wave 
interaction  results  in  the  generation  of  a downstream  com- 
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Figure  22. — Instantaneous  shadowgraphs  taken  during  buzzing  of 
configuration  1.278-14.91-40.1°  to  show  variation  in  flow  pattern 
at  foot  of  shock  when  outer  part  of  shock  is  at  same  position. 


pression  which  is  in  turn  reflected  at  the  nozzle  as  an  upstream 
compression  wave,  this  latter  wave  may  move  the  shock  out 
far  enough  for  the  next  cycle  to  commence.  If  not,  further 
compressions  are  generated  and  reflect  until  the  shock  is 
finally  forced  upstream  to  the  point  where  it  initially  started 
to  buzz.  In  reference  5 extremely  close  correlation  between 
theory  and  experiment  proved  this  behavior. 

There  are  also  cases  where  a reflected  compression  wave  in 
itself  is  sufficient  to  push  the  shock  ahead  of  its  initial  posi- 
tion, in  which  case  the  shock  will  move  farther  out  in  the  next 
cycle  than  it  did  in  the  previous  one.  In  this  manner  the 
amplitude  of  the  oscillation  may  increase  from  its  original 
one  without  further  throttling. 

In  cases  of  a very  high  frequency  buzz  (fig.  20)  which 
generally  occurs  at  the  lower  mass  flows  of  certain  inlets 
there  is  insufficient  time  for  any  w ave  whatsoever  to  traverse 
the  ram  jet  in  the  period  of  one  cycle.  Consequent^  the 
“source”  of  the  buzz  must  be  the  flow'  in  the  immediate 
vicinity  of  the  inlet,  although  the  alteration  or  amplification 
of  these  pulses  may  depend  on  the  overall  ram-jet  flow  . In 
other  words,  the  shock  and  boundary-layer  oscillations  ahead 
of  the  ram-jet  ducting  may  be  compared  to  a tuning  fork 
at  the  mouth  of  an  air  column.  For  example,  the  oscillation 
frequency  of  the  foot  of  the  shock  of  configuration  1.278- 
14.91-40.1°  appeared  to  be  about  900  cycles  persecond  while 
the  remainder  of  the  shock  pattern  oscillated  at  a much  lower 
frequency.  Since  the  fifth  harmonic  (second  and  fourth  do 
not  exist)  of  the  ram-jet  ducting  considered  as  an  organ  pipe 
closed  at  one  end  is  about  870  cycles  per  second,  it  is  not  at 
all  surprising  to  find  high-frequency  buzzing  in  the  range  of 
800  to  900  cycles  per  second  as  described  previously.  A 


possible  explanation  for  the  mechanism  of  the  source  of  the 
buzzing  is  the  fact  that  the  normal  shock,  which  is  in  motion 
due  to  separation  in  its  rear,  w ill  move  far  enough  fonvard 
so  that  the  cone  boundary  layer  existing  at  its  foot  becomes 
small  enough  and  possesses  enough  momentum  to  be  able 
to  withstand  the  pressure  ratio  of  the  shock  without  separat- 
ing, or  at  least  without  separating  as  much.  Nowr  since  it  is 
the  rate  of  increase  in  separation,  boundary  layer,  or  entropy 
w'hich  causes  the  upstream  moving  compression  waves  that 
keep  the  shock  in  motion,  when  this  rate  falls  off,  resultant 
expansion  waves  will  travel  upstream  to  start  the  shock 
moving  rearward  again.  As  the  shock  moves  rearward  the 
boundary  layer  becomes  more  susceptible  to  separation  and  a 
point  is  reached  where  the  rate  of  change  of  the  aforemen- 
tioned variables  become  positive  and  the  next  cycle  com- 
mences. 

Proposed  theory  for  stability  criteria  of  supersonic  inlet  in 
cold  flow. — It  has  been  shown  for  axisymmetric  conical 
center  body  supersonic  inlets  without  heat  addition  that  the 
pressure  disturbances  (in  the  absence  of  rapid  throttling) 
originate  at  or  near  the  cowling  entrance.  Furthermore, 
the  sound  wave  traveling  downstream  and  carrying  the 
“news”  of  the  initiation  of  buzz  reaches  the  combustion 
chamber  only  after  the  second  shock  has  completed  a sub- 
stantial part  of  its  outward  motion.  Consequently,  in  these 
cases  it  is  impossible  for  the  mechanism  w hich  determines  the 
stability  to  be  located  in  the  combustion  chamber  (in  cold 
flow');  instead,  one  is  forced  to  look  for  the  answer  in  the 
forw  ard  part  of  the  ram  jet  at  the  supersonic  diffuser  and  that 
part  of  the  subsonic  diffuser  just  behind  it  near  the  cowling 
entrance.  It  must  also  be  noted  that  although  the  flow 
inside  the  ram  jet  may  be  very  closely  approximated  by 
quasi-one-dimensional  steady  or  unsteady  flow',  as  in  refer- 
ence 5,  the  flow  external  to  and  ahead  of  the  cowling  cannot 
be  so  treated.  The  pressure  pulses  emerging  from  the  cow  ling 
spread  out  into  the  whole  region  of  flow'  behind  the  normal 
shock  and  are  not  “bound”  by  the  streamline  entering  the 
cowling. 

Thus,  a possible  explanation  of  the  phenomenon  may  be 
examined  qualitatively  by  considering  the  external  flow 
ahead  of  the  cowling.  An  insight  into  the  overall  reaction 
can  be  obtained  by  assuming  quasi-one-dimensional  flowT 
although  it  must  be  remembered  the  flow  ahead  of  the 
cowling  is  three-dimensional.  In  the  one-dimensional-flow' 
model,  the  stream  tube  entering  the  cowling  is  considered 
as  a “channel”  with  flexible  walls  which  expand  at  a rate 
sufficient  to  account  for  the  spillage  of  mass  flow'  around  the 
cowling  in  the  actual  flow'.  Furthermore,  any  changes  from 
the  unperturbed  state  of  entropy  ahead  of  the  cowling  are 
assumed  to  occur  not  at  the  shock  system  but  at  the  cowling. 
In  other  w ords,  a distortion  is  introduced  by  considering  that 
all  of  the  generated  waves  are  created  at  the  cowling  instead 
of  in  the  wdiole  region  between  the  shock  and  cowling.  The 
phenomena  of  increasing  separation  or  boundary-layer  thick- 
ness, which  generates  upstream  moving  compression  w aves 
and  creates  conditions  of  reduced  mass  flow'  and  higher 
stagnation  pressure  immediately  behind  them,  have  been 
discussed.  Xowt  with  the  concept  of  a perturbation  (that  is, 
vortex  entrance,  increased  boundary  layer,  separation) 
which  decreases  the  effective  flow'  area  and  increases  the 


A THEORY  FOR  STABILITY  AND  BUZZ  AMPLITUDE  IN  RAM  JETS 


313 


entropy  at  the  cowling  entrance  so  that  an  upstream  com- 
pression wave  is  generated  at  the  inlet,  the  conditions  for 
stability^  may  be  determined: 

(a)  Stable  condition:  If,  as  the  shock  is  forced  outward 
with  decreasing  mass  flow,  the  expansion  waves  generated 
by  the  flexible  walls  (spreading  out  to  accommodate  the  three- 
dimensional  spillage)  are  of  greater  strength  than  the  net  sum 
of  the  initial  compression  wave  and  any  additional  waves 
generated  at  the  cowling  due  to  flow  changes  arising  from  the 
perturbed  shock,  then  the  shock  will  halt  its  outward  motion 
and  retreat  toward  the  cowling.  It  should  be  noted  that 
both  a decrease  in  entropy  rise  through  the  shock  system  as 
well  as  a decrease  in  separation  or  boundary-layer  thickness 
in  the  flow  just  after  the  shock  (both  conditions  are  associated 
with  an  increase  in  the  conventional  total  pressure  recover}7) 
will  result  in  the  generation  of  expansion  waves  to  aid  those 
arising  from  the  flexible  wall  in  forcing  the  shock  to  retreat. 

(b)  Unstable  condition:  If,  as  the  shock  is  forced  outward 
with  decreasing  mass  flow  the  expansion  waves  generated  by 
the  flexible  walls  are  of  less  strength  than  the  net  sum  of  the 
initial  compression  wave  and  any  additional  waves  generated 
at  the  cowling,  then  the  shock  will  not  immediately  halt  its 
outward  motion.  Instead  it  will  move  ahead  of  the  cowl- 
ing until  it  reaches  an  equilibrium  with  the  flow  in  the 
cowling  (that  is,  the  conditions  behind  the  last  wave  originat- 
ing at  the  cowling  are  matched  by  a particular  shock  position) 
or  until  the  net  expansion  wave  (that  is,  the  cumulative 
wave)  generated  on  the  downstream  side  of  the  separation 
“throttle”  has  an  opportunity  to  reflect  from  the  exit  nozzle 
and  return  to  the  inlet.  Both  types  of  shock  motion  are 
demonstrated  for  the  same  diffuser  configuration  with 
different  combustion  chamber  lengths  in  figures  9,  10,  15, 
and  16  of  reference  5.  Again  it  should  be  noted  that  an 
increase  in  entropy  rise  through  the  shock  system  and  an 
increase  in  separation  or  boundary-layer  height  (correspond- 
ing to  a decrease  in  the  conventional  total  pressure  recovery) 
will  result  in  the  generation  of  additional  compression  waves 
to  help  keep  the  shock  in  outward  motion. 

With  these  arguments  in  mind  it  is  evident  that  the 
stability  of  a supersonic  inlet  is  determined  by  the  relation 
between  the  transient  flow  conditions  behind  the  normal 
shock  and  the  instantaneous  flow  existing  in  the  cowling  inlet 
of  a conical  diffuser.  The  fact  that  buzzing  has  been  found 
experimentally  to  arise  concurrently  with  a positive  slope 
of  the  mean  (time  averaged)  pressure  recovery  plotted  against 
mass-flow  curve  (ref.  6)  does  not  conflict  with  the  above 
analysis.  Moreover,  since  the  instability  criteria  proposed 
previously  in  this  section  show  that  an  instantaneous  de- 
crease in  pressure  recovery  with  mass  flow  at  the  inlet  will  gen- 
erate destabilizing  compression  waves  it  would  be  surprising 
if  the  instantaneous  values  integrated  over  a buzzing  cycle 
and  then  averaged  did  not  yield  values  lower  than  the 
steady-flow  value  at  the  last  stable  position. 

A similar  stability  criterion  based  on  separation  or  boundary- 
layer  growth  could  be  applied  to  scoop  inlets.  Instead 
of  the  dependence  of  stability  on  the  boundary-layer  effects 
on  the  central  body  and  cowling  in  the  case  of  symmetric 
conical  inlets,  the  dependence  would  be  based  on  the  bound- 
ary layer  on  the  compression  surface  and  the  opposite  wall. 

The  buzzing  of  convergent-divergent  perforated  inlets 


(ref.  2)  might  also  be  explained  on  a similar,  but  less  compli- 
cated, basis.  Owing  to  lack  of  pressure-distance-time  data 
it  is  impossible  to  definitely  state  the  disturbance  origin, 
but  the  following  probable  solution  is  presented.  In  con- 
trast to  the  conical  inlets  where  separation  on  the  central 
body  or  inner  cowling  surfaces  was  the  triggering  mechanism, 
for  convergent-divergent  perforated  inlets  the  probable  me- 
chanism is  the  thickening  of  the  boundary  layer  on  the  out- 
side of  the  cowling. 

When  a shock  is  located  in  the  converging  section  of  the 
inlet  the  mass  flow  passing  through  the  shock  is  equal  to 
that  passing  through  the  rearward  perforations  and  through 
the  throat.  Now  along  the  outer  surface  of  the  cowling 
the  boundary  layer  thickens  abruptly  at  the  position  of  the 
internal  shock  because  of  the  shock  pressure  differential 
which  is  transmitted  through  the  perforations  and  also 
because  of  the  increased  mass-flow  spillage  through  the  per- 
forations behind  the  shock  (see  fig.  19  of  ref.  2).  This  thick- 
ening of  the  boundary  layer  causes  an  oblique  compression 
wave  to  propagate  into  the  free  stream  so  that  the  pressure 
in  this  region  is  above  free-stream  static. 

Now  if  a momentary  thickening  perturbation  of  this 
external  boundary  layer  occurs,  then  the  effective  “ramp 
angle”  of  the  layer  will  increase  and  the  oblique  compres- 
sion wave  increases  in  strength,  the  pressure  increases,  and 
the  increasing  pressure  on  the  outer  side  of  the  perforations 
decreases  the  mass  flow  through  them.  The  effect  of 
pressure  on  the  mass  flow  may  be  verified  by  the  appendix 
of  reference  2. 

The  reduced  mass-flow  spillage  means  that  there  must  be 
an  increase  in  the  mass  flow  through  the  throat,  but  this  is 
impossible  without  shock  motion  since  the  throat  is  choked 
at  the  original  shock  conditions.  The  shock  must  then 
move  forward  seeking  to  find  another  equilibrium  condition 
matching  the  flow  through  the  perturbed  shock  with  the 
perturbed  flow  through  the  throat  and  perturbed  spillage. 
As  the  shock  moves  upstream  (usually)  into  regions  of  higher 
Mach  number  the  losses  across  the  shock  will  increase  so 
the  stability  will  depend  upon  whether  the  spillage  flow 
can  be  increased  enough  to  pass  the  added  required  mass 
flow.  The  external  pressure  is  also  increasing  as  the  shock 
moves  up  because  of  increased  shock  strength  and  more 
spillage  to  produce  a larger  boundary  layer  with  resultant 
stronger  oblique  compression  waves. 

In  this  case  the  stability  of  the  inlet  would  then  hinge  on 
the  perturbed  relationship  of  mass  flow  through  the  throat 
and  perforations  and  still  be  divorced  from  steady-state 
combustion-chamber  pressures.  The  remainder  of  the 
buzzing  cycle  would  follow  and  depend  on  reflections  from 
the  exit  nozzle. 

Discussion  of  Ferri-Nucci  vortex-sheet  theory. — The  sta- 
bility theory  (ref.  4)  based  on  a vortex  sheet  impinging  on 
the  cowling  lip  was  found  to  be  valid  for  the  44.2°  configura- 
tions. Since  the  conical  shock  intersected  the  cowling  lip, 
the  vortex  sheet  struck  the  lip  as  soon  as  the  normal  shock 
emerged  from  the  cowling  and  prevented  any  steady  mass- 
flow  reduction  below  the  maximum  attainable  for  this 
configuration.  However,  for  cowling  angles  of  40.1°  and 
48.1°  there  was  no- vortex  sheet  approaching  the  cowling 
at  the  onset  of  buzzing  and  hence  this  criterion  was  not 
applicable  in  these  cases.  The  instability  of  these  two 
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models  arose  from  separation  on  the  central  body  at  the 
foot  of  the  shock.  Since  the  cone  surface  Mach  number  was 
high  (approximately  1.4),  the  pressure  rise  across  the  normal 
shock  should  be  appreciable  and  separation  should  be  ex- 
pected. Thus,  the  vortex-sheet  criterion  appears  to  be 
inapplicable  for  inlets  with  high  Mach  numbers  on  the  cone 
surface  unless  the  vortex  sheet  at  critical  mass  flow  is  quite 
near  the  cowling  lip. 

Other  investigators  have  arrived  at  similar  conclusions. 
The  vortex  criteria  may  also  become  fallible  for  inlets  having 
very  low  rates  of  subsonic  diffusion  after  the  cowling  lip. 

Discussion  of  Sterbentz-Evvard  resonator  theory. — The 
theory  of  reference  6 is  based  on  an  analysis  of  the  oscillation 
in  the  ram  jet  which  considers  a resonator  model  similar  to 
that  which  might  be  obtained  from  a system  composed  of  a 
mass  with  a weightless  spring  at  each  end.  The  “mass” 
is  a “slug”  of  air  in  which  compressibility  is  neglected  and 
which  is  located  in  the  diffusing  region  of  the  ram  jet.  This 
slug  is  assumed  to  oscillate  as  a unit  parallel  to  the  axis  of 
the  ram  jet  so  that  a region  of  “virtual  separation”  arises 
between  the  lateral  boundaries  of  this  slug  and  the  diverging 
surfaces  of  the  diffuser. 

One  of  the  “weightless  springs”  is  the  remainder  of  the  air 
iii  the  ram  jet  (mainly  the  air  in  the  combustion  chamber) 
where  compressibility  effects  give  rise  to  pressure  changes 
to  provide  a force-displacement  relationship.  The  pressure 
changes  are  assumed  to  result  from  the  variation  in  the 
amount  of  air  present  in  the  combustion  chamber  as  the  flow 
of  air  entering  from  the  diffuser  and  that  leaving  the  choked- 
exit  nozzle  vary  with  time.  The  inertia  of  the  air  in  the 
combustion  chamber  is  neglected.  The  assumption  is  also 
made  that  the  pressure  in  the  combustion  chamber  may  be 
considered  constant  throughout  at  any  instant. 

The  other  weightless  spring  is  the  external  shock  pattern 
which  gives  rise  to  pressure  changes  exerting  a force  on  the 
upstream  end  of  the  slug.  This  spring  has  a spring  constant 
that  may  be  either  positive  or  negative.  It  is  assumed  that 
total  pressure,  in  lieu  of  static  pressure,  at  the  inlet  produces 
accelerating  forces.  Furthermore,  the  variation  of  this 
total  pressure  from  a mean  value  is  assumed  to  be  given  bv 
the  product  of  the  variation  of  the  subsonic  diffuser  exit-mass 
flow  from  a mean  value  and  of  the  mean  slope  of  the  curve 
for  subsonic-diffuser-exit  total  pressure  against  diffuser- 
exit  mass  flow.  In  other  words,  it  is  assumed  that  the 
dynamic  performance  of  the  supersonic  diffuser  is  equivalent 
to  the  mean  (that  is,  quasi  static)  performance  of  the  super- 
sonic and  subsonic  diffuser  combination. 

The  assumptions  of  constant  density  throughout  the  slug 
and  constant  pressure  at  any  instant  in  the  combustion 
chamber  is  equivalent  to  assuming  that  the  wave  length  of 
the  highest  frequency  component  of  the  oscillation  is  much 
larger  than  the  length  of  the  ram  jet.  If  the  high-frequency 
components  are  to  be  ignored  and  only  fundamental  vibra- 
tions considered  then  the  ram  jet  must  have  a length  neglig- 
ible compared  to  the  fundamental  wave  length. 

Since  reference  5 has  proven  that  quasi  plane  waves 
govern  the  buzzing  cycle,  it  will  be  advantageous  to  attempt 
a correlation  between  these  waves  and  the  resonator  model. 
The  downstream  spring  is  an  approximation  for  the  effect 
of  the  moving  plane  waves  including  those  reflected  from  the 


choked  exit  nozzle.  The  upstream  spring  then  should  be 
chosen  as  an  approximation  for  the  effect  at  the  cowling 
of  the  waves  traveling  upstream  as  well  as  reflecting  from 
the  shock  system  and  boundary  layer  at  the  cowling.  How- 
ever, by  assuming  the  upstream  “spring  constant”  to  be 
given  by  mean  values  of  the  slope  of  the  total  pressure 
against  the  mass-flow  curve  measured  at  the  subsonic 
diffuser  exit,  the  approximation  becomes  dubious. 

The  oscillating  slug  of  air  in  the  diffuser  neck  is  used  to 
approximate  the  fluid  in  the  ram  jet  which  has  the  highest 
velocity  perturbations.  The  plane-wave  theory  shows  that 
the  assumption  of  a choked  nozzle  results  in  the  ram  jet’s 
acting  much  the  same  as  an  organ  pipe  closed  (in  regard  to 
perturbations)  at  the  exit  so  that  the  velocity  perturbations 
are  highest  near  the  entrance.  However,  when  the  combus- 
tion chamber  is  much  longer  than  the  diffuser,  the  momen- 
tum perturbation  in  the  combustion  chamber  cannot  be 
neglected. 

Now  if  the  frequency  of  oscillation  is  low  and  of  a simple 
harmonic  type  without  higher  frequency  components  so  that 
the  wave  length  of  the  oscillation  is  much  larger  than  the 
length  of  the  ram  jet,  then  the  relative  pressure  distribution 
along  the  ram  jet  at  a particular  instant  of  time,  obtained 
by  quasi-plane-wave  theory,  may  be  crudely  approximated 
by  the  resonator  model.  Thus,  under  these  conditions, 
the  resonator  model  might  be  expected  to  give  frequencies 
of  the  correct  order  of  magnitude. 

However,  this  resonator  model  would  still  be  inapplicable 
for  the  determination  of  the  correct  stability  parameters. 
The  reason  for  the  possible  usefulness  on  one  hand  for 
frequency  computations  and  the  unsuitability  for  stability 
computations  on  the  other  hand  lies  in  the  importance  of 
time  effects  and  local  flow  conditions  on  stability. 

It  has  been  shown  previous!}7  that  the  flow  perturbations 
at  the  start  of  buzz  originate  at  the  inlet  and  grow  to  an 
appreciable  size  relative  to  their  ultimate  magnitude  before 
the  waves  generated  by  the  start  of  the  growth  can  travel 
downstream  to  the  combustion  chamber.  If  waves  traveling 
downstream  with  a speed  equal  to  the  sum  of  the  sonic  and 
the  fluid  speeds  reach  the  combustion  chamber  only  after 
such  an  appreciable  growth,  then  it  is  obvious  that  any 
entropy  discontinuities,  which  move  with  the  speed  of  the 
fluid  and  which  arise  from  the  shock  motion  or  boundary- 
layer  variations  at  the  cowling,  must  arrive  at  the  combustion 
chamber  at  an  even  later  time.  Thus  the  springs  of  the 
resonator  model,  which  approximate  (for  frequency  purposes) 
the  effect  over  a complete  low  frequency  cycle  of  the  waves 
in  the  ram  jet,  are  not  applicable  at  the  start  of  buzz  since 
the  upstream  waves  are  not  present  in  the  actual  physical 
phenomenon. 

If  one  were  to  set  up  a mass  and  spring  model  for  stability 
purposes  as  an  analogy  to  the  stability  criteria  proposed  in 
an  earlier  section  of  this  report,  the  mass  would  be  the  slug 
of  air  between  the  normal  shock  and  the  boundary  layer 
or  entropy  disturbance  near  the  cowling  inlet  which  gives 
rise  to  the  upstream  moving  compression  waves.  The 
upstream  spring  would  exert  a force  related  to  the  instan- 
taneous value  of  pressure  recovery  and  mass  flow  through 
the  shock  and  cowling  system.  There  would  be  no  down- 
stream spring  for  stability  determination  since,  as  proved 
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previously,  tlie  initial  motion  of  the  slug  would  be  unaffected 
by  reflections  from  the  rear  of  the  ram  jet.  However, 
instead  of  the  downstream  spring  acting  on  the  rearward 
surface  of  the  slug,  there  would  be  a forcing  function  repre- 
senting the  waves  generated  by  the  boundary-layer  disturb- 
ance. The  initial  motion  (stability)  of  the  slug  would 
then  depend  upon  the  relation  between  the  forces  exerted 
by  the  upstream  spring  and  forcing  function,  where  the 
forcing  function  is  also  affected  by  feedback  of  a magnitude 
dependent  on  the  slug  position.  In  this  analog}7  the  feed- 
back forces  represent  the  additional  waves  generated  owing 
to  changes  of  entropy,  effective  flow  area,  and  spillage 
at  the  cowling  inlet  as  the  shock  is  displaced  from  its  original 
position.  The  stable  case  would  then  occur  when  a random 
force  arising  at  the  rear  face  of  the  slug  would  move  the  slug 
only  slightly  before  the  spring  ahead  could  stop  the  motion. 
The  converse  would  then  be  true  for  cases  of  instability  in 
which  case  the  slug  would  continue  to  move  outward  until 
stopped  by  removal  of  the  forcing  function  or  (if  enough 
time  has  elapsed  in  the  equivalent  ram  jet  to  permit  reflec- 
tions from  the  exit  nozzle)  the  application  of  another  restoring 
force  to  the  rear  face. 

The  various  assumptions  employed  in  the  resonator  theory 
of  reference  6 should  also  be  weighed  closely.  The  very 
critical  assumption  that  the  pressure  on  the  upstream  face  of 
the  slug  can  be  given  by  a mean  relation  between  total 
pressure  recovery  and  mass  flow  at  the  diffuser  exit  is  par- 
tic  id arly  susceptible  to  doubt.  First  there  is  the  question  of 
the  indeterminancy  of  the  slope  of  pressure  recovery  plotted 
against  mass  flow  for  inlets,  operating  with  the  conical  shock 
at  the  lip  of  the  cowling,  which  have  no  reduction  in  mass 
flow  without  buzzing.  The  slope  of  the  curve  is  then 
discontinuous  at  the  start  of  buzz  (see  fig.  7).  Then  there 
also  arises  the  question  of  the  relationship  of  static  to  dy- 
namic properties.  For  example,  if  the  shock  velocity  may  be 
considered  slow,  the  mass  flow  entering  the  cowling  would  be 
the  same  for  cases  similar  to  those  shown  in  figures  22(a) 
and  (b)  and  figures  22(c)  and  (d)  where  the  shock  pattern  is 
quite  similar  except  for  the  bifurcation  at  its  foot.  How- 
ever, the  similarity  of  pressure  recovery  in  the  combustion 
chamber  could  be  markedly  affected  by  the  varying  degrees 
of  separation  at  the  foot  of  the  shock  even  though  the  mass 
flow  was  the  same.  If  the  shock  velocity  may  not  be  con- 
sidered slow,  then  there  immediately  arises  a discrepancy  in 
the  assumption  since  the  pressure  recovery  is  different  across 
advancing  and  retreating  shocks  when  the  mass  flow  behind 
them  is  the  same.  In  addition,  the  assumption  that  the 
instantaneous  static  pressure  at  the  inlet  may  be  approxi- 
mated by  the  quasi-steadv  total  pressure  at  the  diffuser  exit 
not  only  ignores  compressibility  at  the  inlet  (where  the  Mach 
number  is  high)  but  also  disregards  possible  strong  changes 
in  the  performance  of  the  subsonic  diffuser  as  the  shock  moves 
outward  (usually)  accompanied  by  separation  either  on  the 
cowling  or  center-bod}7  surface. 

Finally,  there  is  the  question  whether  it  is  correct  to  use 
mean  values  to  describe  quasi-steady-flow  conditions  for 
part  of  a cycle  when  there  is  never  any  possibility  of  equi- 
librium between  the  different  parts  of  the  flow.  In  other 
words,  if  strong  waves  or  disturbances  exist  at  any  instant 
between  the  cowling  and  the  subsonic  diffuser  exit,  then  the 


pressure  perturbation  at  the  cowling  cannot  correctly  be 
approximated  as  the  product  of  the  mean  slope  of  the  diffuser 
exit  pressure-recovery  mass-flow  curve  and  diffuser  exit 
mass-flow  deviation  from  the  mean.  For  example,  for  the 
configuration  of  figures  9 and  10  of  reference  5 from  the 
instant  the  first  cycle  of  buzzing  begins  (with  the  normal 
shock  at  the  cowling  inlet)  the  conditions  just  behind  the 
shock  never  reach  an  equilibrium  with  those  at  the  inlet 
until  the  shock  finally  halts  its  motion  and  remains  steady 
two-thirds  of  the  way  out  on  the  spike.  In  other  words  the 
aforementioned  equilibrium  is  never  attained  so  that  the 
quasi-steady  state  never  exists  with  the  shock  a quarter  of 
the  way  out,  half  the  way  out,  and  so  forth.  Yet  a mean 
value  as  employed  in  reference  6 presumes  that  the  flow  is  in 
equilibrium  as  it  passes  outward  along  the  spike  and  that 
possible  steady  flows  exist  a quarter  of  the  way  out,  half  the 
way  out,  and  so  forth. 

The  neglect  of  the  velocity  perturbations  in  the  com- 
bustion volume,  when  the  combustion  chamber  is  long 
relative  to  the  diffuser  length,  must  also  be  considered  since 
the  ratio  of  the  combustion  chamber  area  to  slug  cross- 
sectional  area  is  usually  between  three  and  four.  Thus 
neglecting  these  combustion-chamber  perturbations  relative 
to  those  in  the  slug  rougldy  assumes  that  one-third  or  one- 
fourth  is  negligible  compared  to  unity. 

The  wave  length  of  the  oscillation  and  its  higher  frequency 
harmonics  in  relation  to  the  dimensions  of  the  model  must 
also  be  examined.  For  example,  for  the  higher  frequency 
oscillations  of  references  6,  7,  and  a British  paper  by  C.  F. 
Griggs  and  E.  L.  Goldsmith  (not  generally  available),  the 
wave  length  of  the  basic  oscillations  are  only  five  to  six  times 
the  length  of  the  model  (i.  e.,  an  equivalent  n between  2.5 
and  3)  so  that  the  constant  pressure  and  density  assumptions 
become  inaccurate. 

It  should  be  noted  that  the  resonator  theory  cannot 
possibly  be  applied  to  the  very  high  frequency  buzzing 
discussed  in  a previous  section  of  this  report  and  in  the 
British  paper.  The  wave  length  of  the  high-frequency 
oscillation  in  the  latter  paper,  where  the  L/D  ratios  of  the 
models  were  approximately  3 to  3%,  was  only  twice  that  of 
the  model.  The  highest  frequency  oscillation  of  configura- 
tion 1.278-14.91-40.1°  had  a wave  length  of  less  than  half 
the  model  length.  Furthermore,  the  resonator  theory  of 
reference  6 cannot  account  for  an  abrupt  change  in  frequency 
of  any  significant  magnitude  with  no  significant  change  in 
valve  position,  mass  flow,  or  pressure  recovery. 

Experimental  data  are  compared  with  the  resonator 
theory  in  references  6 and  7 as  well  as  in  the  British  paper. 
The  experimental  frequencies  agree  in  regard  to  trend  and 
order  of  magnitude.  The  arbitrary  value  of  the  geometric 
parameter  denoting  the  end  of  the  oscillating  slug  was  chosen 
by  Griggs  and  Goldsmith  to  give  a minimum  resonator 
frequency;  yet  the  experimental  values  were  always  lower 
than  the  resonator  frequency  (except  for  the  very  high 
frequency  cases)  and  errors  ranged  up  to  50  percent  of  the 
experimental  frequency.  It  should  be  noted  that  when  the 
wave  length  of  the  oscillation  was  about  five  or  slx  times  as 
great  as  the  ram-jet  length,  Griggs  and  Goldsmith  reported 
theoretical  frequencies  consistently  higher  than  experimental 
values  whereas  references  6 and  7 found  theoretical  fre- 
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quencies  to  be  lower  than  experiment.  Since  a linearized 
theory,  when  stretched  to  the  limits  of  its  applicability, 
usually  gives  results  consistently  on  one  side  of  experimental 
data  this  irregular  behavior  is  at  present  unexplainable. 

The  comparison  between  the  slope  of  the  diffuser  pressure 
recovery  against  mass-flow  curve  at  start  of  buzz  predicted 
by  the  resonator  theory  and  the  experimental  values  of 
reference  6 and  others  is  not  conclusive.  Griggs  and  Gold- 
smith state  the  magnitude  of  the  slope  to  be  so  small  for  the 
models  tested  that  the  criterion  of  a positive  slope  appears  to 
be  sufficient  for  instability.  The  data  of  reference  6 indicate 
buzzing  to  occur  with  a positive  slope,  but  the  magnitude  of 
the  experimental  slope  sometimes  exceeds  and  at  other  times 
is  not  as  large  as  the  theoretical  slope. 

It  should  be  noted  that  there  are  major  differences  between 
the  instantaneous  relationship  involving  total  pressure  and 
mass  flow  at  the  cowling  which  was  employed  as  a stability 
criterion  in  a previous  section  and  the  mean  relationship 
obtained  from  the  resonator  theory  of  reference  6.  First,  the 
mean  relationship  is  concerned  with  the  whole-ram-jet 
geometry  while  the  instantaneous  one  is  concerned  only  with 
conditions  local  to  the  cowling.  Secondly,  changes  in  the 
combustion-chamber  total  pressure  are  the  result  of  buzzing 
while  the  instantaneous  variation  at  the  cowling  is  a requisite 
condition  for  instability.  The  separation  throttling  and 
reduced  mass  flow  generate  expansion  waves  moving  down- 
stream into  the  combustion  chamber  which  reduce  the  total 
pressure,  and  of  course  these  waves  are  later  followed  by 
fluid  of  higher  entropy.  The  fact  that  buzzing  occurs  only 
with  a positive  slope  of  the  mean  total -pressure  against  mean 
mass-flow  curve  has  been  explained  in  a previous  section  as 
resulting  from  a cyclic  integration  of  the  effect  of  the  waves 
and  entropy  increase. 

The  amplitude  computations  of  reference  7 are  based  on 
the  same  model  as  the  frequency  computations  with  the 
exception  that  the  upstream  spring  constant  may  be  non- 
linear and  is  determined  as  the  slope  of  an  assumed  steady 
flow  relation  between  diffuser  pressure  recovery  and  mass 
flow.  Thus  these  computations  might  be  expected  to  also 
yield  results  showing  the  general  trends  and  orders  of 
magnitude.  It  has  been  stated  previously  in  this  report  that 
the  quasi-plane-wave  solution  for  certain  frequencies  might 
be  approximated  by  constant  pressure  in  the  combustion 
chamber  at  any  instant  of  time.  However,  there  is  a varia- 
tion in  amplitude  along  this  chamber  which  can  be  significant 
for  amplitude  considerations  at  higher  frequencies.  An 
examination  of  the  experimental  data  of  figure  4 of  reference 
7 reveals  several  facts  pertinent  to  this  argument.  First 
the  higher  frequencies  of  each  of  the  long  and  short  models 
are  inversely  proportional  to  the  model  lengths,  which  sub- 
stantiates the  fact  that  quasi  plane  waves  govern  the  oscilla- 
tion. The  wave  length  of  the  particular  oscillation  is  about 
5/4  times  the  length  of  the  particular  ram  jet  (n~2.9). 
Now  the  experimental  amplitudes  were  measured  at  different 
x 

values  of  (x/A~0.8  for  small  models,  x/Z~  0.5  for  large) 

and  consequently  since  quasi-plane-wave  theory  predicts 
and  experiments  show  amplitudes  increasing  with  xjL  it  is 
to  be  expected  that  the  measured  amplitudes  would  be 
higher  for  the  shorter  model.  If  the  gages  had  been  located 


at  the  same  value  of  xjL  the  amplitudes  could  be  nearly 
equal.  The  result  obtained  by  the  resonator  method  which 
predicts  higher  amplitudes  for  the  shorter  model  may  be 
interpreted  to  reflect  the  fact  that  the  longer-combustion- 
chamber  length  relative  to  total  length  of  the  larger  volume 
ram  jet  yields  an  average  pressure  amplitude  over  that 
length  which  is  less  than  the  average  pressure  amplitude 
over  the  shorter  relative  length  of  the  small-volume  ram 
jet  (since  these  lengths  are  taken  from  the  exit  of  the  ram 
jet  and  local  amplitude  increases  as  the  exit  is  approached). 

In  conclusion  it  may  be  stated  that  the  model  assumed 
in  the  resonator  analysis  of  references  6 and  7 may  be 
considered  a rough  approximation  to  the  actual  phenomena 
when  applied  for  purposes  of  obtaining  the  general  trends 
and  orders  of  magnitude  of  frequency  and  amplitude  of 
oscillation  providing  the  wave  length  of  the  highest  frequency 
component  of  the  oscillation  be  much  larger  than  the  length 
of  the  ram  jet.  The  resonator  analysis  is  not  applicable 
when  considering  the  initial  instability  of  the  inlet  without 
combustion  and  should  not  be  so  applied  to  obtain  such 
stability  criteria. 

COMPARISON  BETWEEN  THEORETICAL  AND  EXPERIMENTAL  PRESSURE 
AMPLITUDES  AND  MASS  FLOW 

The  theoretical  approximation  to  determine  pressure 
amplitude  variation  with  mass  flow  was  applied  with  the 
assumption  that  the  shape  of  the  pressure-time  curve  at 
x/L—l  be  either  sinusoidal  or  sawtooth  with  equal  time 
intervals  between  peaks  and  valleys.  The  sinusoidal  form 
is  often  found  experimentally  for  the  lower  amplitudes.  As 
the  buzzing  becomes  more  violent,  the  general  form  of  the 
pressure-time  curve  usually  becomes  more  highly  peaked  so 
that  a saw  too  tli  curve  more  nearly  approximates  the  actual 
curve.  Of  course,  the  experimental  pressure  records  at 
higher  amplitudes  are  usually  made  up  of  many  superimposed 
waves,  but  these  pressure  variations  also  can  be  approximated 
by  adding  simple  curves.  For  example,  figure  23  compares 
the  pressure-time  curve  obtained  experimentally  for  con- 
figuration 1.278-14.91-48.1°  with  the  one  obtained  by 


wave. 


Figure  23. — Comparison  of  experimental  pressure-time  record  with 
pressure-time  record  obtained  by  adding  sine  and  sawtooth  pulses. 
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adding  a sinusoidal  curve  with  7i=l  to  a sawtooth  curve 
with  an  equivalent  3 and  amplitude  about  four  times 

that  of  the  sinusoidal  curve  (that  is,  a sawtooth  curve 
which  has  a frequenc}7  one-third  that  of  the  sinusoidal 
curve).  The  small-perturbation-pressure-amplitude  theory 
permits  the  addition  of  such  pulses  since  the  governing 
differential  equation  (eq.  (8))  is  linear,  but  it  cannot  predict 
the  relative  amplitudes  of  the  waves  having  different  fre- 
quencies without  making  some  assumption  regarding  how 
much  of  the  decrement  in  mass  flow  is  due  to  each  particular 
wave.  Then  a further  assumption  would  be  necessary 
regarding  the  phase  relationship  of  the  waves  in  order  to 
obtain  net  peak  values.  Since  there  is  no  simple  way  of 
estimating  these  factors,  they  are  ignored  and  the  ampli- 
tudes computed  as  if  the  whole  pressure  and  mass-flow 
variation  were  due  to  the  lower  frequency  (higher  value  of  n) 
oscillation.  Note  that  the  ?i=l  oscillation  has  a very  small 
amplitude  near  the  midpoint  of  the  ram  jet  (see  gage  3 
at  x/L= 0.602  of  fig.  23),  which  approaches  zero  as  x/L->  1/2 
and  >0. 

The  variation  of  pressure  amplitude  coefficient  with  axial 
position  along  the  ram  jet  for  a value  of  Mb= 0.14  is  shown 
in  figure  24  for  both  the  sine  curve  and  sawtooth  curve. 
The  sawtooth  curve  predicts  amplitudes  from  0 to  20  percent 
higher,  other  conditions  being  equal. 

The  variation  of  total  amplitude  coefficient  with  incipient 
Mach  number  is  shown  in  figure  25  for  various  values  of  n at 
x/L— 0.838.  Since  the  experimental  effective  incipient 
Mach  number  for  all  configurations  tested  was  close  to 
Mb= 0.14,  this  value  was  used  as  a basis  to  compare  the 
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Axial  position,  x/L 


Figure  24. — Variation  of  pressure  amplitude  coefficient  with  axial 
position  for  Mb=0.14. 


Incipient  Mach  number,  Mb 


Figure  25. — Variation  of  pressure  amplitude  coefficient  with  Mach 
number  at  start  of  buzz  for  x/L— 0.838. 


theoretical  and  experimental  trends  of  amplitude  shown 
plotted  against  mass  flow  in  figures  26  and  27.  The  theo- 
retical curves  are  drawn  for  x/L— 0.838;  whereas  the  experi- 
mental points  include  values  at  x/L— 0.838  and  x/L  = 0.919 
(gages  4 with  L/D=  14.91  and  29.82).  However,  from 
figure  24,  it  may  be  seen  that  there  is  011I37  a slight  difference 
in  the  predicted  amplitude  at  the  two  stations.  Keference 
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Figure  26. — Total  amplitude  of  pressure  pulsations  at  gage  4 plotted 
against  nondimensional  decrement  in  mass  flow  from  minimum 
stable  flow.  Configurations  1.278. 
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Figure  27. — Total  amplitude  of  pressure  pulsations  at  gage  4 plotted 
against  nondimensional  decrement  in  mass  flow  from  minimum 
stable  mass  flow.  Configurations  4.026:  0 5°. 
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5 states  that  for  buzzing  other  than  the  very  high  frequency 
type  there  is  a minimum  of  two  complete  wave  traversals 
per  cycle  (n  must  be  equal  to  or  greater  than  2)  and  the 
pressure  records  of  the  present  tests  showed  most  of  the 
runs  to  have  frequencies  corresponding  to  values  of  n between 
2 and  3.  Consequently,  only'  the  corresponding  theoretical 
curves  are  shown  for  n equal  to  2 and  3.  The  general 
agreement  for  the  lower  amplitudes  tends  to  substantiate 
the  theory  and  the  assumptions  involved,  while  the  agree- 
ment at  the  higher  amplitudes  is  only  a coincidence  and  must 
not  be  construed  to  mean  the  theory  is  applicable  to  large 
amplitudes. 

The  experimental  results  indicate  that  the  supersonic 
diffuser  configurations,  when  used  in  conjunction  with  the 
same  subsonic  diffuser,  yield  similar  curves  of  amplitude 
plotted  against  mass-flow  decrement.  The  value  of  Mb,  how- 
ever, may  often  depend  largely  on  the  supersonic  configur- 
ation. 

A simplified  method  for  predicting  the  mass-flow  reduc- 
tion below  the  value  at  start  of  buzz  without  exceeding  a 
given  small  pressure  amplitude  may  be  obtained  from  the 
linearized  theory.  Since  n usually  decreases  (frequency  in- 
creases) as  the  mass  flow  is  reduced  (see  refs.  5 and  6)  for  a 
given  configuration,  the  value  of  n may'  be  assumed  to  be  4 
or  greater  at  the  start  of  buzz.  Higher  values  of  n will 
yield  lower  permissible  mass-flow  reductions  for  a given  am- 
plitude. In  other  words,  the  “factor  of  safety”  of  the  pre- 
diction increases  as  the  chosen  value  of  n increases.  Then 
employing  values  of  mb  and  Mb  assumed  from  geometry  of 
the  ram  jet  or  experimentally  determined,  the  permissible 
reduction  in  mass  flow  for  a given  small  amplitude  of  pres- 
sure pulsation  may'  be  obtained  from  equations  (28),  (29), 
and  (30). 

CONCLUSIONS 

An  analysis  based  on  a quasi-one-dimensional-flow  model 
has  been  made  of  the  flow  in  a ram  jet  with  supersonic 
diffuser.  The  results  indicate  the  following  conclusions: 

1.  From  a theory'  developed  on  a quasi-one-dimensional- 
flow  basis,  it  was  found  that  the  stability'  of  the  ram  jet  is 
dependent  upon  the  instantaneous  values  of  mass  flow  and 
total  pressure  recovery'  of  the  supersonic  diffuser  and  im- 
mediate neighboring  subsonic  diffuser.  Conditions  for 
stable  and  unstable  flow  were  presented. 

2.  The  model  assumed  in  the  resonator  analysis  of  NACA 
TN  3506  may'  be  considered  a rough  approximation  to  the 
actual  phenomena  when  applied  for  purposes  of  obtaining 
the  general  trends  and  orders  of  magnitude  of  frequency'  and 
amplitude  of  oscillation  providing  the  wave  length  of  the 
highest  frequency7  component  of  the  oscillation  be  much 
larger  than  the  length  of  the  ram  jet.  The  resonator  analysis 
is  not  applicable  when  considering  the  initial  instability'  of 
the  inlet  without  combustion  and  should  not  be  so  applied  to 
obtain  such  stability'  criteria. 

3.  A simple  theory'  for  predicting  the  approximate  ampli- 
tude of  small  pressure  pulsation  in  terms  of  mass-flow  decre- 
ment from  minimum-stable  mass  flow  was  developed  and 
found  to  agree  with  experiments. 


In  addition  to  the  theoretical  results,  cold-flow  tests  at  a 
Mach  number  of  1.94  of  ram-jet  models  having  scale  factors 
of  3.15:1  and  fieynolds  number  ratios  of  4.75:1  with  several 
supersonic  diffuser  configurations  indicated  the  following 
results: 

1.  The  predominant  variation  in  steady'-flow  performance 
resulted  from  the  larger  boundary'  lay'er  in  the  combustion 
chamber  of  the  low  Reymolds  number  model. 

2.  The  conditions  at  which  buzz  originated  were  nearly 
the  same  for  the  same  supersonic  diffuser  (cowling-position 
angle)  configurations  in  both  large  and  small  diameter 
models.  There  was  no  appreciable  variation  in  stability 
limits  of  any'  of  the  models  when  the  combustion-chamber 
length  was  increased  by'  a factor  of  three.  The  negligible 
effect  of  Reynolds  number  on  stability'  of  the  off-design  con- 
figurations was  not  anticipated  in  view  of  the  importance  of 
boundary'  lay'er  to  stability',  and  this  result  should  not  be 
construed  to  be  generally'  applicable. 

3.  The  unsteady-flow  performance  and  wave  patterns  were 
also  similar  when  considered  on  a reduced-frequency'  basis 
depending  on  the  relative  lengths  of  the  model. 

4.  The  velocity'  profile  in  the  combustion  chamber  at  both 
Reynolds  numbers  was  appreciably'  influenced  by'  an  angle 
of  attack  of  0.5°.  The  external  shock  pattern  was  notice- 
ably' affected  only'  for  the  lower  cowling-position  angles. 
The  pressure  recovery'  and  mass-flow  values  at  the  start  of 
buzz  were  not  noticeably'  affected. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  July  28 , 1963. 
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CHARTS  FOR  ESTIMATING  PERFORMANCE  OF  HIGH-PERFORMANCE  HELICOPTERS 

By  Alfred  Gesso w and  Robert  J.  Tapscott 


SUMMARY 

Theoretically  derived  charts  shotting  the  profile-drag — thrust 
ratio  are  presented  for  helicopter  rotors  operating  in  forward 
iUght  and  having  hinged  rectangular  blades  with  a linear  twist 
of  0°,  —8°,  and  — 16 °.  The  charts , showing  the  profile-drag 
characteristics  of  the  rotor  for  various  combinations  of  pitch 
angle , ratio  of  thrust  coefficient  to  solidity , and  a parameter 
representing  shaft  power  input , are  presented  for  tip-speed 
ratios  ranging  from  0.05  to  0.50.  Also  presented  in  chart  form 
are  the  ratio  of  thrust  coefficient  to  solidity  as  a function  of 
inflow  ratio  and  blade  pitch  angle  and  the  retreating -blade 
angles  of  attack  as  a function  of  inflow  ratio  and  collective 
pitch  and  as  a function  of  power  and  thrust  coefficients. 

The  charts  of  this  report  differ  from  the  rotor  performance 
papers  previously  published  by  the  National  Advisory  Com- 
mittee for  Aeronautics  in  that  the  theory  on  which  the  charts 
are  based  includes  an  approximate  allowance  for  stall  in  the 
reversed-flow  region  and  contains  no  small-angle  assumptions 
regarding  blade-section  inflow  angles  and  velocities.  The  charts 
of  this  report  are  therefore  considered  more  accurate  than  pre- 
vious ones  for  flight  conditions  involving  high  inflow  velocities 
and  large  regions  of  reversed  velocity  that  may  be  encountered 
by  high-performance  helicopters.  The  assumption  is  made , 
however , that  outside  of  the  reversed-velocity  region , the  section 
angles  of  attack  are  small;  thus  the  angles  can  be  replaced  by 
their  sine.  In  addition,  other  than  including  an  approximate 
allowance  for  stall  in  the  reversed-velocity  region , the  charts  do 
not  include  stall  and  compressibility  effects. 

The  charts  may  be  used  to  study  the  effects  of  design  changes 
on  rotor  performance  and  to  indicate  optimum  performance 
conditions,  as  well  as  to  estimate  quickly  rotor  performance  in 
forward  flight.  They  are  also  useful  in  obtaining  inflow-ratio 
and  pitch-angle  values  for  use  in  calculating  flapping  coeffi- 
cients and  spanwise  loadings.  The  method  of  applying  the 
charts  to  performance  estimation  is  illustrated  through  sample 
calculation  of  a typical  rotor-performance  problem. 

INTRODUCTION 

Equations  were  presented  in  reference  1 from  which  the 
thrust,  the  accelerating  and  decelerating  torque,  and  the 
profile-drag  power  of  a hinged  rotor  operating  at  high  tip- 
speed  ratios  and  inflow  angles  could  be  calculated.  Because 
the  equations  do  not  place  any  limitation  on  the  magnitude 
of  the  inflow  angle  or  on  the  rotor  angle  of  attack,  they  are 
considered  more  accurate  than  previous  analyses  when 
applied  to  high-speed  helicopters  and  to  certain  types  of  con- 


vertible aircraft.  This  report  is  an  extension  of  reference  1 
in  that  the  equations  of  that  reference  are  used  as  the  basis  of 
a method  for  calculating  the  performance  of  lifting  rotors  over 
a wide  range  of  operating  conditions. 

Because  the  basic  equations  are  lengthy,  the  application  of 
the  method  is  considerably  simplified  by  presenting  the  more 
lengthy  equations  in  the  form  of  charts  from  which  rotor 
performance  can  be  quickly  estimated.  The  charts  cover 
operation  at  any  rotor  angle  of  attack  at  tip-speed  ratios 
varying  from  0.05  to  0.50  for  blades  that  are  twisted  0°,  —8°, 
and  — 16°  (negative  twists  correspond  to  blade  pitch  angles 
at  the  tip  which  are  lower  than  at  the  root).  With  the 
exception  of  an  approximate  allowance  for  stall  in  the 
reversed-velocity  region,  the  charts  do  not  include  stall  and 
compressibility  effects. 

Limit  lines  showing  conditions  for  which  blade  angles  of 
attack  exceed  specified  values  at  given  radial  stations  are 
included  in  the  charts.  These  limit  lines  are  useful  in 
determining  operating  conditions  at  which  stalling  begins 
and  for  determining  the  limiting  operating  conditions. 

SYMBOLS 


a slope  of  curve  of  section  lift  coefficient  against  sec- 

tion angle  of  attack,  per  radian  (assumed  equal 
herein  to  5.73) 

b number  of  blades  per  rotor 

Cl,  rotor  lift  coefficient,  ^ 

P 

Cp  rotor-shaft  power  coefficient, 

T 

CT  rotor  thrust  coefficient, 

c blade  section  chord,  ft 

ce  equivalent  blade  chord  (weighted  on  thrust  basis), 
(RCPdr 

M > ft 

I ri 2dr 

Cd0  section  profile-drag  coefficient 

Cj  section  lift  coefficient 

Dp  helicopter  parasite  drag,  lb 

( D/L)0  rotor  profile  drag-lift  ratio 

f parasite-drag  area,  hpV-  SC1  ^ 

/,  mass  moment  of  inertia  of  blade  about  flapping 
hinge,  slug-ft2 


i Supersedes  NACA  Technical  Notes  3323  by  Alfred  Gessow  and  Robert  J.  Tapscott,  1955,  and  3482  by  Robert  J.  Tapscott  and  Alfred  Gessow,  1955. 
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L rotor  lift,  lb 

P rotor-shaft  power,  ft-lb/sec 

P/L  shaft-power  parameter,  where  P (in  this  ratio  only) 
is  equal  to  rotor-shaft  power  divided  by  velocity 
along  flight  path  and  is  therefore  also  equal  to 
drag  force  that  could  be  overcome  by  shaft  power 
at  flight  velocity 

R blade  radius  measured  from  center  of  rotation,  ft 
r radial  distance  from  center  of  rotation  to  blade 

element,  ft 

T rotor  thrust,  lb 

V true  airspeed  of  helicopter  along  flight  path,  fps 
v induced  velocity  at  rotor  (always  positive),  fps 

W helicopter  gross  weight,  lb 

x ratio  of  blade-element  radius  to  rotor-blade  radius, 

r/R 

a.  rotor  angle  of  attack;  angle  between  axis  of  no 

feathering  (that  is,  axis  about  which  there  is  no 
cyclic-pitch  change)  and  plane  perpendicular  to 
flight  path,  positive  when  axis  is  inclined  rear- 
ward, deg 

aT  blade-element  angle  of  attack,  measured  from  line  of 
zero  lift,  deg  (when  used  in  three-term  drag  polar 
in  fig.  1 (b),  aT  is  expressed  in  radians) 
a(z)(*)  blade-element  angle  of  attack  at  any  radial  position 
x and  at  any  blade  azimuth  angle  deg;  for 
example,  a(ii0)(27o°)  is  blade-element  angle  of  attack 
at  tip  of  retreating  blade  at  270°  azimuth  position 
<*<wr=o.4)(27o°)  blade-element  angle  of  attack  at  radius  at 
which  tangential  velocity  equals  0.4  tip  speed 
and  at  270°  azimuth  position,  deg 
y flight-path  angle  (positive  in  climb,  negative  in 

glide),  deg 

0.75  blade-section  pitch  angle  at  0.75  radius;  angle  be- 
tween line  of  zero  lift  of  blade  section  and  plane 
perpendicular  to  axis  of  no  feathering,  deg 
0i  difference  between  blade  root  and  blade-tip  pitch 
angles,  positive  when  tip  angle  is  larger,  deg 

x . n V sin  a—v 

a innow  ratio, 

, , F COS  a 

ii  tip-speed  ratio,  — ~ ^ 

p mass  density  of  ah',  slugs/cu  ft 

a rotor  solidity,  bce/^R 

yp  blade  azimuth  angle  measured  from  downwind  posi- 

tion in  direction  of  rotation,  deg 
ft  rotor  angular  velocity,  radians/sec 

Subscripts: 
c climb 

i induced 

o profile 

p parasite 

v vertical  component 

METHOD  OF  ANALYSIS 

The  performance  method  presented  herein  utilizes  the 
equations  developed  in  reference  1 for  blade-flapping  coeffi- 
cients, rotor  thrust,  torque,  and  profile-drag  power  and  also, 
with  some  modifications,  the  energy  performance  analysis 
described  in  reference  2.  Inasmuch  as  the  performance 


method  described  herein  is  based  on  the  equations  developed 
in  reference  1,  the  assumptions  and  limitations  incorporated 
in  the  reference  equations  also  apply  to  the  performance 
calculations.  (The  effects  of  the  primaiy  assumptions  and 
limitations  are  discussed  subsequently  in  the  section  entitled 
“Range  of  Application  of  Charts.  ”) 

In  utilizing  the  equations  of  reference  1 to  compute  the 
section  lift  and  drag  contributions  of  the  forward-velocity 
region,  wherein  stall  effects  were  ignored,  the  section  lift  was 
calculated  on  the  basis  of  constant  lift-curve  slope  (a=5.73) 
and  the  section  drag  was  calculated  on  the  basis  of  a three- 
term  drag  polar  (cdo=0.0087  — 0.216«r  + 0.400ar2).  These  val- 
ues arerepresentativeof“semismooth”  blades  and  are  the  same 
values  used  in  the  construction  of  the  charts  of  reference  2. 
For  the  reversed-velocity  region,  the  values  of  cx  and  cd  that 
were  used  are  shown  in  figure  1.  The  values  of  cx  and  cd<> 
above  the  stall  are  based  to  some  extent  on  wind-tunnel  data 
given  in  reference  3 and  are  presented  in  figure  1 on  the  con- 
cept of  a 360°  angle-of-attack  range.  This  concept  is  useful 
in  the  analysis  because  the  angle  of  attack  in  the  reversed- 
velocity  region  can  exceed  180°. 

By  following  the  procedure  of  reference  1,  it  was  assumed 
that  the  thrust,  torque,  and  power  contributions  of  the 
reversed-velocity  region  could  be  approximated  by  using 
constant  lift  and  drag  coefficients  corresponding  to  a single 
representative  section  angle  of  attack.  For  each  flight  con- 
dition, the  representative  angle  was  computed  at  a radial 
station  about  one-third  of  the  distance  from  the  center  of 
rotation  to  the  outboard  edge  of  the  reversed-velocity 
region  and  at  an  azimuth  angle  of  270°.  The  forces  at  this 
radial  station  were  found  to  represent  approximately  the 
average  of  the  forces  in  the  reversed-velocity  region  from 
plots  of  the  radial  distribution  of  the  forces  determined  from 
step-by-step  calculations  for  several  sample  cases.  The 
values  of  ct  and  cdo  corresponding  to  the  representative  angle 
of  attack  were  obtained  from  figure  1.  Although  some 
uncertainty  as  to  the  maximum  value  of  cdo  in  the  90° 
angle-of-attack  region  exists,  it  was  found  that  the  use  of  a 
maximum  value  of  2.0,  for  example,  instead  of  1.6  had  a 
negligible  effect  on  the  chart  values  over  the  range  of  applica- 
bility of  the  charts. 

FUNDAMENTAL  PERFORMANCE  EQUATION 

The  power  supplied  at  the  rotor  shaft  of  a helicopter  is 
expended  in  overcoming  the  rotor  profile-drag  losses,  the 
induced-drag  losses,  and  the  parasite-drag  losses  and  in 
changing  the  potential  energy  of  the  aircraft  in  climb.  The 
division  of  shaft  power  among  the  various  sources  can  be 
written  in  coefficient  form  as 


CP=CPo+CPi+0Pp+CPc  (1) 

In  presenting  the  relationship  between  CP  and  CPq  for  various 
flight  conditions  in  chart  form,  the  resulting  plots  are  greatly 
clarified  if  the  power-coefficient  ratios  are  divided  hy  the 
thrust  coefficient.  Thus, 


Gp^__  Cr<,  ■ Opt  . Cpv  . Cpc 

CT  Ct  Ct  Ct  ^ CT 


(2) 


Each  ratio  of  power  coefficient  to  thrust  coefficient  in  equa- 
tion (2)  may  be  considered  alternately  as  either  an  equiva- 
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lent  drag-thrust  ratio  (wherein  the  equivalent  drag  is  equal 
to  the  drag  force  that  would  absorb  the  power  at  a velocity 
equal  to  QR)  or  as  an  efficiency  factor  representing  power 
per  unit  thrust  at  a given  tip  speed. 

Almost  any  problem  in  helicopter  performance,  whether  it 
be  to  determine  the  shaft  power  required  to  maintain  a stead  j7- 
flight  condition,  the  rate  of  climb  at  a given  power  condition,  or 
the  top  speed  of  a given  helicopter,  can  be  solved  by  means  of 
the  fundamental  power  relation  expressed  by  equation  (2). 
It  will  be  noted  that  the  familiar  P/L,  ( D/L)0 , . . . notation 
used  in  previous  NACA  helicopter  performance  papers  is 
replaced  herein  by  CPICT , CPJCT , ....  The  power  coeffi- 
cients are  based  on  the  relatively  constant  QR  instead  of  on 
V ; thus,  the  notation  used  herein  avoids  having  the  equiva- 
lent drag  approach  infinity  as  the  forward  speed  approaches 
zero.  For  the  same  reason,  rotor  lift  L — based  on  CLi  which 
is  dependent  on  forward  speed — is  replaced  by  the  rotor 
thrust  T inasmuch  as  CT  is  independent  of  forward  speed. 
The  conversion  of  one  form  of  ratio  to  another  is  simply: 


PERFORMANCE  CHARTS 


The  calculation  of  the  various  0PjCT  ratios  in  equations 

(5)  to  (9)  can  be  greatly  simplified  by  means  of  charts  that 
relate  the  more  length}7  ratios  to  the  fundamental  variables 
X,  0.75,  and  \x  and  to  each  other.  Such  charts  are  presented 
in  figures  2 to  7,  and  their  use  is  demonstrated  in  succeeding 
sections  of  this  report. 

Each  chart  of  figures  2,  3,  and  4 gives  2 CTl*a  as  a function 
of  X and  0.75  for  fixed  values  of  p ranging  from  0.05  to  0.50. 
In  figures  5,  6,  and  7,  CPJCT  is  shown  as  a function  of  CP/CT , 


2CTl<ra,  and  0.75  for  fixed  values  of  p ranging  from  0.05  to 
0.50.  Also,  stall  limit  lines,  the  significance  of  which  is 
discussed  in  references  2 and  6,  are  shown  in  these  plots. 
Figure  8 is  a graphical  presentation  of  equation  (9)  from 


which  the  climb  parameter 


cos  ol 


CP 
yt  may 

\jp 


be  determined 


from  the  climb 
cos  a.  CP 


angle  y and  the  parasite-drag  parameter 


Cp=P 
Ct  l 


(3) 


RELATIONS  REQUIRED  IN  PERFORMANCE  CALCULATIONS 

Formulas  that  are  necessary  for  evaluating  helicopter 
performance  by  means  of  equation  (2)  are  listed  as  follows: 


T cos  (a+y)  = W+DP  sin  y (4) 


(Equation  (4)  is  based  on  the  assumption  that  the  resultant 
rotor  force  acts  along  the  axis  of  no  feathering.) 


0P_  P 
Ct~(9:R)T 

0P  p 

Opi__  CT 
CT"2m[1 +(X/m)T/2 

1 j M3 

Ct  20V  ttB2  COS3  a 


(5) 

(6) 

(7) 

(8) 


Cp  . r . cP  cos  a r ~ / Cp_ y cos2  <*1  n 

7— =sm7  —sm  7 -p^ h -v/ 1 — cos-  M -^-2  ) — — 

Ct  L Ct  m V \Ct)  r J COS  a 

(9) 


tan  «=- 


Cj 


M ' 2M2[1  + (X/m)2 


1/2 


(10) 


These  equations,  with  the  exception  of  equation  (9),  are 
similar  to  those  derived  in  chapter  9 of  reference  4 except 
for  the  factor  p/cos  oc.  Equation  (9)  includes  a drag  term 
and  is  derived  from  a corresponding  equation  presented  in 
the  appendix  of  reference  5 by  using  a multiplying  factor  of 
p/cOS  a. 


OUTLINE  OF  PERFORMANCE  METHOD  UTILIZING  CHARTS 

The  problem  of  computing  helicopter  performance  may  be 
thought  of  as  one  of  finding  the  value  of  one  variable  for 
given  values  of  other  pertinent  variables,  the  variables  being 
related  by  a number  of  basic  equations.  The  problem,  in 
essence,  thus  becomes  the  solution  of  a number  of  simulta- 
neous equations.  The  procedure  can  be  greatly  simplified  by 
utilizing  the  performance  charts  presented  in  figures  2 to  7. 
The  steps  required  in  two  typical  types  of  performance 
calculations  will  be  outlined  and  demonstrated  by  a sample 
calculation. 

CALCULATION  OF  RATE-OF-CL1MB  CURVES 

If  the  rate  of  climb  (or  descent)  is  required,  the  calculating 
procedure  would  be  as  follows  (for  a given  p)  for  the  known 
parameters  P,  W,  a,  /,  ftP,  and  p: 

(1)  Assume  and  calculate  CT- 

(2)  Compute  CPICT  from  equation  (5). 

(3)  Find  CpJCt  and  0,75  from  figure  5,  6,  or  7. 

(4)  Find  X from  figure  2,  3,  or  4. 

(5)  Calculate  oc  from  equation  (10). 

(6)  Compute  CPJCT  and  CP JCTlvom  equations  (7)  and  (S). 

(7)  Compute  CPJCT  from  equation  (2). 

(8)  Find  7 from  figure  8. 

(9)  Compute  Vv  from  the  relationship  Vv=V  sin  7. 

(10)  If  both  7 and  Dv  are  very  large,  a new  CT  can  be  com- 
puted by  means  of  equation  (4)  and  the  process  repeated  to 
find  a new  value  of  Vv. 

CALCULATION  OF  POWER-REQUIRED  CURVES 

A common  performance  calculation  is  to  find  the  power 
required  by  a helicopter  flying  at  a given  airspeed  and  at  a 
given  rate  of  climb  (or  climb  angle).  The  procedure  would 
be  as  follows  for  the  known  parameters  W , a,  /,  7, 9R,  p,  and  V: 

(1)  Assume  that  a=0°  and  that  (X/p)2<$Cl;  then,  calculate 
T (and  CT ) from  equation  (4). 

(2)  Calculate  p from  its  definition. 

(3)  Calculate  CPJCTi  CPJCT}  and  CPJCT  from  equations 
(7),  (8),  and  (9),  respectively.  For  convenience  of  applica- 
tion, equation  (9)  has  been  used  to  construct  figure  8,  from 
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which  can  be  obtained,  for  example,  values  of  0PjCT  for 
given  values  of  7 and  CP  jGT . 

(4)  On  the  appropriate  chart  of  figure  5.  6,  or  7,  lay  off  the 
sum  of  CPiICT:  CPplCT,  and  0PjCT  along  the  CPjCT axis.  Then, 
with  that  point  as  a base,  constiuct  a line  having  a slope  of 
unity.  (If  CPJCT  and  CP/CT  were  drawn  to  the  same  scale 
in  figures  5,  6,  and  7,  the  construction  line  would  be  drawn 
at  a 45°  angle.  For  the  actual  scales  of  figures  5,  6,  and  7, 
the  line  is  constructed  at  an  angle  which  has  a tangent  of  2.) 
The  intersection  of  this  line  with  the  proper  2 CTl<ja  line  will 
yield  values  for  CPJCT , CPjOT , and  0.75.  This  procedure  is 
illustrated  for  a constant  tip-speed  ratio  by  the  following 
sketch: 


In  order  to  avoid  interpolation  between  tip-speed-ratio 
charts,  the  value  of  V can  be  chosen  so  that  /a  is  an  even  mul- 
tiple of  0.05;  otherwise,  the  answer  can  be  linearly  interpo- 
lated between  two  successive  charts. 

(5)  Since  2GTj<ra,  0.75,  and  fx  are  now  known,  X can  be 
found  from  figure  2,  3,  or  4. 


(6)  Compute  « from  equation  (10)  and  recompute  fx  from 


the  equation  ju= 


V cos  a 


(7)  Recompute  CT , CPJCTl  CPJCT)  and  CPJCT  and  find 
new  values  of  CPjCT  and  CPJCT . If  these  values  differ  from 
the  initially  computed  ones  by  more  than  a few  percent,  re- 
peat the  process.  Normally  one  iteration  is  sufficient. 
However,  when  a is  within  the  range  of  ±20°  and  /a  ^ 0.50,  the 
initial  assumptions  that  cos  a=l  and  (X//a)2<1  are  ade- 
quate and  no  iterations  are  needed. 


SAMPLE  PERFORMANCE  CALCULATION 

The  performance  calculations  outlined  in  the  preceding 
section  will  be  illustrated  by  a sample  problem:  Calculate 
the  power  required  by  a helicopter  traveling  at  180  feet  per 
second  and  climbing  at  a rate  of  300  feet  per  minute.  The 
following  additional  data  are  known:  TF=4,287  pounds, 
<r=0.08,  £2/2=600  feet  per  second,  p=0.00238  slug  per  cubic 
foot,  R—20  feet,  0i  = — 8°,  and  /=12  square  feet. 


(1)  Assume  that  <*=0°  and  (X/p)2« a.  Also,  7=sin_1 

~S^n~1  lfo=16°  anc^  ~ ^3  pounds.  Then,  from 

equation  (4),  T=4,300  pounds,  and  Cr=0.0040. 

(2)  Then,  M=  180/600  = 0.30. 

(3a)  From  equation  (7),  CPi/CT=  0.0067. 

(3b)  From  equation  (8),  CPJCT=0.0322. 

pne  /v  Op 

(3c)  Then, ~rt1= 0-107.  From  figure  8, 

fx  Ut 

cos  cc  CP  CP 

7^=  0.028.  Thus,  ^=0.0084. 

/i  Cj1  C/7T 

c c c 

(4a)  7^+7^+7^=0.0067  + 0.0322  + 0.0084  = 0.0473. 

Or  Or  Or 

(4b)  For  /i— 0.30  and  2CV/o-a=0.018,  figure  6(e)  gives: 

Cp 

77^=0.0315 

Or 

^=0.0788 

Or 

0.75=9° 

(5)  For  0 75=9°  and  2CT/<ra= 0.018,  figure  3(e)  gives 
X=  — 0.080. 

(6)  The  rotor  angle  of  attack  a can  now  be  computed  from 
equation  (10)  as  follows: 

. -0.080,  0.004 

an“  0.30  ^0.1S(1+0.0712)1/2  0'24° 

a=  — 13.8° 

(7a)  Recomputing  the  power  coefficients  with  the  above 
values  for  oc  and  X results  in  changes  that  are  within  the 
accuracy  of  the  computations;  therefore,  the  originally 
computed  values  are  sufficient. 

(7b)  The  power  required  is  then  calculated  as 

Power=^  CTTrPJp(P.B.y 
Or 

= (0.079)  (0.004)x(20)2  (0.00238)  (600)3 
=204,000  ft-lb/sec 
= 371  hp 

(7c)  The  rotor  profile-drag  power  is 

Profile  power 204000 

= 80,000  ft-lb/sec 
= 146  hp 

RANGE  OF  APPLICATION  OF  CHARTS 

In  the  preparation  of  the  charts,  it  was  necessary  to  make 
some  assumptions  regarding  the  rotor  physical  parameters 
to  be  used  with  the  theory.  Some  of  the  more  pertinent 
effects  of  these  assumptions  as  well  as  the  effects  of  the  re- 
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strictive  assumptions  of  the  theory  are  discussed  in  the 
succeeding  sections. 

BLADE  CHARACTERISTICS 

The  sample  rotors  for  which  the  charts  presented  herein 
were  prepared  were  assumed  to  have  hinged  rectangular 
blades  with  a mass  factor  pcaRAII{  equal  to  15  and  linear 
twists  of  0°,  — 8°,  and  —16°.  However,  according  to  the 
error  analysis  made  in  reference  6,  it  would  appear  that  the 
charts  would  be  applicable  to  rotors  having  values  of  mass 
factors  ranging  from  0 to  25.  Thus,  although  blade-flapping 
motion  is  sensitive  to  mass  factor,  average  rotor  forces  are 
relatively  insensitive  to  moderate  changes  in  the  flapping 
motion. 

Although  the  charts  were  calculated  for  rotors  having 
uniform-chord  blades,  previous  experience  has  shown  that, 
in  general,  the  forward-flight  performance  of  rotors  with 
blades  having  as  much  as  3:1  taper  ratio  can  be  predicted 
with  good  accuracy  by  equations  derived  for  uniform-chord 
blades,  provided  that  the  rotor  solidity  is  based  on  the 
equivalent  weighted  chord  ce. 

To  determine  the  effects  of  blade  twist  on  the  theoretical 
values  of  CPJCT,  a comparison  of  the  values  obtained  from 
the  charts  for  the  different  twists  was  made  at  several  un- 
stalled flight  conditions.  From  the  comparison,  it  appeared 
that  for  forward  speeds  ranging  from  the  speed  for  minimum 
power  to  the  maximum  speeds  of  present-day  helicopters 
(that  is,  for  values  of  tip-speed  ratio  between  approximately 
0.05  and  0.30)  the  effects  of  twist  on  the  profile  power  are 
small,  particularly  when  considered  as  a percentage  of  the 
total  power  required.  The  importance  of  twist,  however, 
is  not  primarily  its  effect  on  profile  power  but  in  the  delay 
of  stall.  The  effect  of  twist  on  stall  limits  is  discussed  in  a 
later  section  of  this  report. 

AIRFOIL  SECTION  CHARACTERISTICS 

The  three-term  drag  polar  used  in  the  preparation  of  the 
charts  (see  section  entitled  “Method  of  Analysis”)  is  con- 
sidered as  representative  of  practical  construction  blades  of 
conventional  airfoil  section  having  fairly  accurate  leading- 
edge  profiles  and  rigid  surfaces.  The  charts  may  be  ap- 
plied, however,  to  rough  or  poorly  built  blades  of  conven- 
tional section  by  multiplying  the  profile-drag — thrust  ratio 
obtained  from  the  charts  by  a constant  “roughness”  factor 
equal  to  the  ratio  of  the  average  of  the  ordinates  of  the  drag 
curve  of  the  actual  blade  to  the  average  of  the  ordinates  of 
the  drag  curve  used  in  the  charts.  If  the  drag  curves  do 
not  have  similar  shapes,  the  determination  of  this  factor 
should  take  into  account  the  relative  importance  of  different 
angles  of  attack;  a basis  for  doing  this  by  a method  of 
“weighting”  curves  is  discussed  in  reference  7.  The  angle 
of  attack  at  which  stall  000111*5  will  also  be  affected  by  the 
roughness  of  the  blade  surface,  and  consideration  should  be 
given  to  the  surface  condition  when  estimating  the  limits  of 
valid  it}7  of  the  theory. 

STALL  LIMITS 

Satisfactory  limits  to  the  use  of  a theory  in  which  stall  is 
not  considered  are,  for  powered  flight,  the  conditions  at 
which  the  tip  of  the  retreating  blade  reaches  its  stalling  angle 


of  attack,  as  shown  in  references  2 and  6.  For  the  auto- 
rotative  case,  limits  to  the  theory  are  shown  to  consist  of 
the  conditions  at  which  the  velocity  of  the  blade  elements  of 
the  stalled  inboard  sections  reach  high  enough  values  so  that 
the  contributions  of  these  elements  to  the  total  thrust  and 
torque  of  the  rotor  become  significant.  Therefore,  follow- 
ing the  procedure  of  previous  NACA  rotor  papers  (such  as 
ref.  2),  there  are  included  on  the  charts  of  this  report  two 
sets  of  limit  lines.  One  set  corresponds  to  conditions  at 
which  a blade  element  at  an  azimuth  angle  of  270°  with  a 
relative  velocity  equal  to  0.4  of  the  tip  speed  reaches  angles 
of  attack  of  12°  and  16°,  whereas  the  other  set  corresponds 
to  conditions  at  which  the  blade  tip  at  an  azimuth  angle  of 
270°  reaches  angles  of  attack  of  12°  and  16°.  These 
limit  lines  are  designated  by  the  symbols  «(Mr=o.4)(27o°)  and 
«d.oH27o°),  respectively.  The  12°  and  16°  lines  represent 
a range  of  angles  of  attack  in  which  conventional  blade 
airfoils  would  be  expected  to  stall.  Also,  since  vibration 
and  control  limitations  brought  on  by  blade  stall  occur,  in 
general,  when  the  calculated  stall  angle  is  exceeded  by  about 
4°,  the  difference  between  the  12°  and  16°  lines  should  also 
be  useful  in  estimating  the  limits  to  practical  operating  con- 
ditions of  a rotor.  Moderate  amounts  of  stall  can  be  ap- 
proximately accounted  for  by  empirical  corrections  to  the 
profile  power  when  the  limit  lines  on  the  charts  are  exceeded. 
The  basis  on  which  these  corrections  may  be  made  is  dis- 
cussed in  reference  8 and  the  procedure  is  summarized  in 
reference  4 (pp.  266-267).  The  limit  lines  on  the  profile 
power  charts,  however,  should  be  considered  only  as  an 
indication  of  the  limits  of  applicability  of  the  charts.  For 
estimating  the  limiting  operating  conditions  the  straight- 
line  plots  for  thrust-coefficient — solidity  ratio  or  the  plots  of 
figure  9 (a)  should  be  used. 

Theory  indicates,  and  flight  measurements  have  shown, 
that  blade  twist  is  effective  in  delaying  stall.  Twisting  the 
blade  so  as  to  lower  the  pitch  at  the  tip  with  respect  to  the 
pitch  at  the  root  tends  to  distribute  the  lift  more  evenly 
along  the  blades  and  therefore  minimizes  the  high  angles 
of  attack  in  the  tip  region.  Blade  angles  of  attack  of  12° 
and  16°  at  the  specified  stations  are  plotted  in  figure  9(a)  as 
functions  of  \ and  0.75  for  0°,  —8°,  and  —16°  twist.  For 
use  in  cases  wherein  it  may  be  more  convenient  to  determine 
the  blade  angles  of  attack  in  terms  of  power  and  thrust 
coefficients,  combinations  of  CpjCT  and  2CTl^ci  for  which 
blade  angles  of  attack  at  the  specified  station  reach  12° 
and  16°  for  0°,  —8°,  and  —16°  twist  are  plotted  in  figure 
9(b).  As  would  be  expected,  these  plots  show  that  higher 
values  of  Ct/o  can  be  attained  with  negative  twist  before 
retreating  blade  stall  is  encountered.  Conversely,  the 
greater  the  negative  twist,  the  higher  the  tip-speed  ratio 
that  can  be  reached  at  a given  (7r/<r  before  the  onset  of  stall. 

It  should  be  noted  that  negative  values  of  twist  tend  to 
decrease  the  angle  of  attack  at  the  tip  of  the  advancing 
blade.  The  advancing-blade-tip  angle  of  attack  is  shown  in 
figure  10  as  a function  of  2 CV/ca  and  \x  at  several  power 
conditions  (as  represented  by  the  pitch  values)  for  twists 
of  —8°  and  —16°.  Although  the  large  negative  angles  of 
attack  at  the  advancing-blade  tip  will  adversely  affect  the 
performance,  this  effect  is  believed  to  be  of  less  importance 
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than  the  benefits  achieved  by  the  delay  in  retreating  blade 
stall.  There  is  the  possibility,  however,  that  high  negative 
advancing-blade-tip  angles  of  attack  would  result  in  a con- 
tribution to  blade  stresses  which  should  be  considered  for  in- 
dividual designs.  These  tip  angles,  however,  were  calculated 
on  the  basis  of  uniform  inflow  velocity,  and  the  local  upwash 
which  tends  to  occur  at  the  advancing  tip  should  result  in 
less  negative  values. 

COMPRESSIBILITY  LIMITS 

The  section  lift  and  drag  coefficients  used  in  the  prepara- 
tion of  the  charts  of  this  report  do  not  vaiy  with  Mach 
number.  It  is  expected  that  the  primary  effect  of  such 
variation  would  be  an  increase  in  the  profile-drag  power  if 
the  drag-divergence  Mach  number  were  approached  or 
exceeded.  Therefore,  the  charts  underestimate  the  power 
required  for  a rotor  operating  within  the  range  where  com- 
pressibility effects  are  encountered.  It  is  hoped  that  power 
losses  due  to  compressibility  may  be  taken  into  account 
by  adding  corrections  to  the  charts  in  a manner  similar  to 
that  done  for  the  effects  of  stall.  The  corrections  probably 
could  be  based  on  results  of  strip  analyses  or  on  experimental 
data.  The  operational  limits  imposed  by  Mach  number, 
however,  are  yet  to  be  determined. 

CONCLUDING  REMARKS 

Charts  based  on  rotor  theory  have  been  presented  from 
which  the  profile-drag- thrust  ratio  of  a rotor  can  be  deter- 
mined for  various  combinations  of  pitch  angle,  ratio  of  thrust 
coefficient  to  solidity,  tip-speed  ratio,  and  power  input. 
The  equations  on  which  the  charts  are  based  have  taken  into 
account  blade  stall  in  the  reversed-velocity  region  and  are  not 
limited  by  small-angle  assumptions  for  blade  pitch  and 
inflow  angles.  For  these  reasons  the  method  is  believed  to 
be  more  accurate  than  previous  methods  for  cases  wherein 
the  rotor  inflow  velocity  is  relatively  large,  for  rotors  oper- 
ating at  steep  rates  of  climb  or  descent,  for  flight  at  high 
tip-speed  ratios,  or  for  convertiplane  transition  attitudes. 


In  addition  to  providing  a convenient  means  for  quickly 
estimating  rotor  performance,  the  charts  should  be  useful 
as  a means  for  estimating  the  effects  of  changes  in  design 
variables  and  as  a base  to  which  corrections  may  be  applied 
for  the  effects  of  stall  and  compressibility.  Charts  which 
indicate  the  stall  condition  of  the  rotor  and  which  serve  to 
indicate  the  limits  to  practical  rotor  operating  conditions 
are  also  presented. 

The  method  of  using  the  charts  for  performance  estimation 
is  outlined  and  illustrated  through  computation  of  a sample 
problem. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  23,  1955. 
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(a)  Ci  plotted  against  ar. 

(b)  CdQ  plotted  against  ar. 

Figure  1. — Section  lift  and  drag  characteristics  used  in  evaluation  of 
re  versed- velocity  region. 
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(a)  /x  — 0.05. 

(b)  M = 0.10. 

Figure  2. — Thrust-coefficient — solidity  ratio  as  a function  of  inflow  ratio  and  pitch  angle  for  blades  having  0°  twist. 


Thrust -coefficient-solidity  ratio,  2Cr/ao 
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(c)  m=0.15. 

(d)  /i=0.20. 

Figure  2. — Continued. 
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Inflow  rotio,  X 

(e)  m=0.30. 

(f)  m=0.40. 

(g)  m=0.50. 

Figure  2. — Concluded. 
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(a)  m=0.05. 

(b)  M=0.10. 

Figure  3. — Thrust-coefficient — solidity  ratio  as  a function  of  inflow  ratio  for  blades  having  —8°  twist. 
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(c)  /x=0.15. 

(d)  m=0.20. 


Figure  3. — Continued. 


Thrust— coefficient — solidity  rotio»  ZCjjaQ  Thrust- coefficient-solidity  ratio,  2 Cjf 


Thrust -coefficient -solidity  ratio,  2C  T/cra 
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(a)  ;z  = 0.05. 

(b)  M = 0.10. 

Figure  4. — Thrust-coefficient — solidity  ratio  as  a function  of  inflow  ratio  and  pitch  angle  for  blades  having  — 16°  twist. 


Thrust -coefficient-solidity  ratio,  2 £7/0*0 
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Inflow  ratio,  X 


(c)  71  = 0.15. 

(d)  7,1=0.20. 


Figure  4. — Continued. 
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(e)  ji  = 0.30. 

(f)  m=0.40. 

(g)  m = 0.50. 

Figure  4. — Concluded. 
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(c)  m = 0.15. 

(d)  n= 0.20. 


Figure  5. — Continued. 
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(e)  *4  = 0.30. 

(f)  *4  = 0.40. 


Figure  5. — Continued. 
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(a)  m = 0.05. 

(b)  m=0.10. 

Figure  6. — Protile-drag — thrust  ratio  for  blades  having  — S°  twist. 
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(c)  m=0.15. 

(d)  /!  = 0.20. 


Figure  6. — Continued. 
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(e)  m=0.30. 

(f)  m = 0.40. 
Figure  6. — Continued. 
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(b)  /x  = 0.I0. 
Figure  7. — Continued. 
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(c)  /i  = 0.15. 

(d)  m = 0.20. 

Figure  7. — Continued. 
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(f)  m=0.40. 
Figure  7. — Continued. 
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(a)  Retreating-blade  angle  of  attack  as  function  of  inflow  ratio  and  collective  pitch. 
Figure  9. — Plots  for  estimating  retreating-blade  stall  conditions. 
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(b)  Retreating-blade  angle  of  attack  as  function  of  thrust  and  power  coefficients. 

Figure  9. — Concluded. 


(a)  6\  = — S°. 

(b)  0,  = — 16°. 

Figure  10. — Plots  for  estimating  advancing-tip  angle  of  attack. 
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PLASTIC  DEFORMATION  OF  ALUMINUM  SINGLE  CRYSTALS  AT  ELEVATED  TEMPERATURES  1 


By  R.  D.  Johnson,  A.  P.  Young,  and  A.  D.  Schwope 


SUMMARY 

This  report  describes  the  results  of  a comprehensive  study  of 
plastic  deformation  of  aluminum  single  crystals  over  a wide 
range  of  temperatures . The  results  of  constant-stress  creep 
tests  have  been  reported  for  the  temperature  range  from  400°  to 
900 0 F . For  these  tests,  a new  capacitance-type  extensometer 
was  designed.  This  unit  has  a range  of  0.30  inch  over  which 
the  sensitivity  is  very  nearly  linear  and  can  be  varied  from  as 
low  a sensitivity  as  is  desired  to  a maximum  of  10  microinches 
per  millivolt  with  good  stability. 

In  constant-load  creep  tests  at  temperatures  up  to  1,100°  F , 
four  additional  slip  planes  {the  (100),  ( 311 ),  (110),  and  (211)) 
have  been  observed , besides  the  customary  (111)  plane.  The 
(311)  slip  plane  has  been  observed  above  300°  F;  the  (100), 
above  500°  F;  the  (211),  above  700°  F;  and  the  (110),  only  at 
1,000°  F. 

The  stress-strain  curve  has  been  determined  in  constant-load- 
rate  tests  at  temperatures  of  82°,  500°,  and  1,100 0 F for  single 
crystals  of  two  purities,  99.99 + percent  and  99.95  percent 
aluminum. 

Experiments  were  carried  out  to  investigate  the  effect  of  small 
amounts  of  prestraining,  by  two  different  methods,  on  the  creep 
and  tensile  properties  of  these  aluminum  single  crystals.  Two 
high-resolution  X-ray  techniques  used  to  detect  and  to  follow 
the  strain  in  these  experiments  showed  a definite  'polygonization 
of  the  crystalline  lattice  during  creep. 

Light  microscopy  has  been  employed  to  observe  the  details 
of  the  process  of  kinking.  Electron  microscopy  has  been  used 
with  various  replica  techniques  to  investigate  the  complex  nature 
of  the  slip  bands  resulting  from  plastic  deformation  at  elevated 
temperatures.  From  these  observations,  it  has  been  concluded 
that  plastic  deformation  takes  place  predominantly  by  slip 
which  is  accompanied  by  the  mechanisms  of  kinking  and 
polygonization. 

INTRODUCTION 

This  investigation  lias  been  directed  toward  the  problem 
of  determining  the  mechanisms  of  creep.  This  required  that 
a number  of  different  approaches  be  employed  in  attacking 
the  problem.  Reliable  creep  data  had  to  be  obtained  over 
a wide  range  of  temperatures.  Then  perturbations  or  small 
changes  had  to  be  introduced  into  the  specimens  to  study 
their  effects  on  the  deformation  characteristics.  Examples 


of  such  perturbations  are  a small  change  in  purity  or  a small 
amount  of  pres  training.  In  addition,  it  was  necessary  to 
observe  the  changes  in  the  specimens  resulting  from  plastic 
deformation.  This  can  be  done  on  the  surface  by  light  mi- 
croscopy, or,  on  an  even  finer  scale,  by  electron  microscopy. 
The  deformation  can  be  studied  below  the  surface  by  high- 
resolution  X-ray  diffraction  methods. 

Previous  portions  of  this  investigation  have  included  a 
survey  of  creep  in  metals  (ref.  1),  a study  of  the  plastic  and 
elastic  properties  of  high-purity  aluminum  single  crystals  at 
room  temperature  (ref.  2),  and  a determination  of  the  creep 
and  tensile  properties  of  these  aluminum  single  crystals  from 
room  temperature  to  400°  F (ref.  3).  This  portion  of  the 
investigation  has  been  concerned  primarily  with  the  plastic 
properties,  both  creep  and  tensile,  over  a wide  range  of  tem- 
peratures up  to  and  including  1,100°  F. 

Normal  X-ray  back-reflection  Lane  photographs  were  used 
for  orientation  determination.  This  same  method  can  be 
used  to  identify  the  operative  slip  system  when  tests  are 
conducted  in  the  temperature  range  wherein  more  than  one 
type  of  slip  plane  may  operate.  This  was  found  to  be  nec- 
essary in  aluminum,  where  the  slip  plane  might  be  (111), 
(100),  or  (211)  at  elevated  temperatures. 

The  use  of  electron  microscopy  in  studying  the  deforma- 
tion of  metals  on  a submicroscopic  scale  is  just  coming  into 
prominent  and  accepted  use.  Although  research  of  this  type 
has  been  carried  on  for  the  past  few  years,  better  and  more 
reliable  methods  of  replication  have  greatly  enhanced  the 
use  of  the  electron  microscope  in  this  particular  application. 
Most  of  these  studies  to  date  have  been  on  polycrystalline 
materials  deformed  in  tensile  tests  or  by  bending.  This  effort 
represents  one  of  the  first  to  stud}7  the  plastic  deformation 
of  single- crystal  specimens  by  creep  with  electron  microscopy 
and  replica  techniques. 

Tins  investigation  was  conducted  at  Battelle  Memorial 
Institute  under  the  sponsorship  and  with  the  financial  as- 
sistance of  the  National  Advisory  Committee  for  Aeronau- 
tics. The  authors  wisli  to  thank  Messrs.  G.  D.  McDowell, 
W.  B.  Wilson,  and  J.  R.  Doig  for  performing  the  X-ray  work 
throughout  the  course  of  the  investigation.  Thanks  are  also 
extended  to  Mr.  C.  L.  Seale  for  his  part  in  developing  the 
capacitance  strain  gage  and  associated  electronic  equipment 
and  to  Mr.  R.  D.  Smith  for  carrying  out  the  testing  program. 


1 Supersedes  NT  AC  A TN  3351,  “Plastic  Deformation  of  Aluminum  Single  Crystals  at  Elevated  Temperatures”  by  R.  D.  Johnson,  A.  P.  Young,  and  A.  D.  Selnvope,  1955. 
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SYMBOLS 

d— 1 -{-e 

L prefix  to  ciystal  number,  indicating  99.95-percent 

purity 

P,S  prefix  to  ciystal  number,  indicating  99.99"l"-percent 
purity 

a,  0,x  angles  between  three  cube  planes  and  specimen 
axis 

7 resolved  shear  strain 

e tensile  strain 

X angle  between  slip  direction  and  specimen  axis 

o'  tensile  stress 

r resolved  shear  stress 

<t>  angle  between  normal  to  slip  plane  and  specimen 

axis 

EQUIPMENT 
TESTING  FACILITIES 

The  general  equipment  for  performing  creep  tests  and 
constant-load  tests  at  elevated  temperatures  has  been  de- 
scribed in  detail  elsewhere  (ref.  3).  Three  creep  units  were 
designed  to  employ  direct  axial  loading  through  a fixed  ball- 
seat  arrangement.  Two  units  were  modified  to  allow  load- 
ing through  a lever  arm  with  a 9:1  arm  ratio.  These  units 
were  used  for  constant-load-rate  tests  in  which  the  load  was 
applied  by  vibrating  lead  shot  along  a trough  into  a weight 
pan  at  the  end  of  the  lever  arm  at  appro ximately  a constant 
rate.  This  equipment  was  housed  in  a constant-temperature 
room  in  which  the  temperature  was  maintained  at  82°  ±2°  F. 
Each  creep  unit  was  equipped  with  an  electric-resistance- type 
furnace,  either  in  one  piece  or  of  the  split  type.  The  power 
to  each  furnace  was  controlled  by  a Variac  connected  to  a 
Honeywell  controller. 

CONSTANT-STRESS  DEVICE 

One  of  the  creep  units  previously  used  for  direct  loading  has 
been  converted  to  a special  lever-arm  arrangement.  The 
mechanics  of  this  type  of  arrangement  have  been  described  by 
Cottrell  and  Aytekin  (ref.  4).  In  the  deformation  of  single 
crystals,  the  slip  direction  rotates  toward  the  tension  axis  as 
extension  takes  place.  In  order  to  maintain  a.  constant 
resolved  shear  stress,  that  is,  the  component  of  the  tensile 
stress  resolved  in  the  slip  plane  in  the  slip  direction,  it  is 
necessary  to  reduce  the  lever-arrn  ratio  by  the  factor 
cos  X/[l  — sin2  (X/d2)]172.  Otherwise,  the  resolved  shear  stress 
increases  as  extension  takes  place. 

The  stress  was  transmitted  from  the  weight  pan  to  the  lever 
arm  and  from  the  lever  arm  to  the  specimen  through  steel 
tapes  which  followed  profiles.  The  profile  on  the  end  of  the 
lever  arm  attached  to  the  specimen  with  a 3-inch  gage  length 
was  circular  with  a radius  of  6 inches  fi;om  the  profile  to  the 
knife-edge  suspension.  Four  profiles  were  made  for  the  other 
end.  Each  was  calculated  to  give  an  initial  lever-arm  ratio 
of  2:1  and  then  decrease  according  to  the  factor  quoted 
above  for  extensions  out  to  15  percent.  One  was  made  for  each 
of  the  initial  angles  of  X of  30°,  35°,  40°,  and  45°,  X being  the 
angle  between  the  slip  direction  and  the  specimen  axis. 
Since  face-centered  cubic  crystals  have  12  octahedral  slip 
systems,  this  range  of  profiles  was  suitable  for  the  most 
favorably  oriented  slip  system  in  most  crystals. 


The  lever-arm  system  had  to  be  balanced  so  that  its  center 
of  gravity  was  exactly  at  the  center  of  rotation,  so  that  no 
external  moments  other  than  the  applied  one  would  act  after 
extension  began.  First,  the  profiles  were  made  to  weigh  the 
same  and  to  have  approximately  the  same  moments.  Second, 
a small  weight  pan  was  attached  to  the  specimen  side  of  the 
lever  arm  for  adjusting  the  moment  to  zero  when  the  lever 
arm  was  in  a horizontal  position.  Third,  a threaded  shaft 
was  mounted  directly  above  the  point  of  the  knife-edge  sus- 
pension. Two  threaded  steel  plates  placed  on  this  shaft 
enable  a coarse  and  a fine  adjustment  to  be  made,  so  that  the 
vertical  position  of  the  center  of  gravity  of  the  whole  lever- 
arm  arrangement  could  be  adjusted  to  the  line  of  the  knife- 
edge  contact  about  which  rotation  takes  place.  Thus,  the 
lever-arm  arrangement  remained  balanced  throughout  the 
whole  range  of  extension  for  which  it  was  designed. 

CAPACITANCE  STRAIN  GAGES 

Two  capacitance-type  strain  gages  have  been  used  in  this 
investigation.  The  one  containing  flat  parallel  plates  in  the 
pickup  has  been  described  in  reference  3.  This  unit  has  been 
redesigned  slightly,  so  that  now  both  capacitance  plates 
are  mounted  on  the  same  shaft.  This  increases  the  stability 
of  the  unit,  while  adding  slightly  to  its  weight.  Although  this 
unit  has  a very  high  sensitivity,  the  sensitivity  is  not  linear 
over  much  of  the  range.  The  range  can  be  increased  with 
some  sacrifice  in  sensitivity.  Typical  values  from  calibration 
curves  indicate  that,  for  a range  of  0.02  inch,  the  sensitivity 
varies  from  1.6  to  16  micro  inches  per  millivolt.  For  a range 
of  0.10  inch,  the  sensitivity  varies  from  4 to  50  microinches 
per  millivolt.  The  unit  can  be  rezeroed  mechanically7  to 
increase  the  total  range. 

Because  of  the  larger  strains  anticipated  in  these  elevated- 
temperature  tests,  a new  type  of  capacitance  strain  gage  was 
developed.  The  pickup  for  this  unit  is  a dual-capacitance 
type  with  cylindrical  plates,  as  shown  in  figure  1.  It  is 
constructed  so  that,  as  extension  takes  place,  the  central 
cylinder  moves  within  the  concentrically  located  rings. 
Thus,  the  capacity  increases  in  one  section  and . decreases  in 
the  other.  The  capacitance  pickup  has  a total  electrical 
range  of  10  to  50  micromicrofarads  per  section. 

The  outer  shell  and  the  end  plates  of  this  unit  are  made 
of  Lucite,  and  the  other  parts  are  constructed  of  commercial 
1100  (2S)  aluminum.  The  center  cylinder  has  four  holes 
drilled  through,  it  to  reduce  its  weight.  The  pickup  is  con- 
nected to  the  specimen  by  stainless-steel  arms  similar  to 
those  used  with  the  flat  parallel-plate  pickup.  One  end  of 
the  specimen  is  connected  to  the  Lucite  case  and  the  other 
end,  to  the  push  rod. 

The  four  parts  of  the  capacitance-measuring  unit  are 
shown  in  figure  2.  The  oscillator  is  a push-pull  type  em- 
ploying the  same  tuned  circuit  for  both  grid  and  plate 
circuits.  The  variable  condenser  in  this  tuned  circuit  al- 
lows the  sensitivity  to  be  varied  from  approximately  10 
microinches  per  millivolt  to  as  low  a sensitivity  as  is  desired. 
The  variation  in  sensitivity  has  little  effect  upon  the  range. 
The  sensitivity  is  linear  within  approximately  2 percent  over 
a range  of  0.30  inch.  A typical  calibration  curve  is  shown 
in  figure  3. 
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Top  view  with  top 
plate  removed 


Center  cylinder,  O.D.  1.359  in.-- 


For  electrical  connectioru'- 
to  rings 


.✓For  electrical  connection 
to  center  cylinder 


^Sliding  fit  with  as  little  friction 
or  play  as  possible 

-Four  6-32  screws  evenly 
spaced  around  top 
and  bottom  plates 

Space  between  rings 
0.500  in. 


^ -Outer  shell,  I.D.  in., 
O.D.  2 in.  16 
~'Ring  fit  tight  to  outside 
shell,  I.D.  1.400  in. 


Ball  bearing  set  into  end  of  push  rod-- 


Figure  1. — Capacitance  pickup  with  cylindrical  plates.  Materials: 
Cylindrical  plates  and  push  rod  are  commercial  1100(2S)  aluminum; 
outside  case  is  Lucite. 


The  oscillator  is  inductively  coupled  to  two  tuned  cir- 
cuits consisting  of  Lh  L2,  and  the  capacitance  pickup.  By 
means  of  discriminator  action,  the  variations  in  capacitance 
of  the  pickup  produce  a proportional  direct-current  voltage 
across  the  two  100,000-ohm  potentiometers  at  the  output 
of  the  discriminator.  The  potentiometers  are  linear  types 
and  are  ganged  together.  This  facilitates  rezeroing  elec- 
trically in  order  to  achieve  high  sensitivity  over  the  entire 
range. 

The  output  of  the  discriminator  is  amplified  by  the 
direct-current  amplifier  and  applied  to  a recording  instru- 
ment. The  two  100-ohm  resistors  across  which  the  output 
voltage  is  developed  can  be  changed  to  match  the  input 
impedance  of  the  recording  device.  The  1,000-ohm  vari- 
able resistor  in  the  cathode  circuit  of  the  6N7GT  tube  is 
used  to  adjust  the  linearity  of  the  stage.  This  control 
remains  fixed  after  it  is  set  initially,  unless  the  tube  is 
replaced.  The  fourth  part  of  this  measuring  unit  is  the 
power  supply. 

The  lead  wire  from  the  measuring  unit  to  the  pickup  was 
300-ohm  television  cable.  However,  since  stray  and  lead- 
wire  capacities  have  a large  effect  on  the  sensitivity  of  the 
instrument,  it  was  necessary  to  calibrate  the  unit  with  the 
lead  wires  in  the  same  position  that  they  would  be  in  during  a 
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Extension,  in. 

Figure  3. — Calibration  plot  for  cylindrical-plate  pickup.  Sensitivity, 
41  microinches  per  millivolt  over  a range  of  0.30  inch. 

test.  Therefore,  the  cable  was  replaced  by  a 185-ohm  shielded 
twin  lead,  with  the  shield  used  as  the  ground  wire.  For 
short  lengths  of  approximately  2 feet,  this  wire  does  not 
exhibit  the  above  shortcoming.  The  linear  sensitivity  and 
the  extended  range,  which  can  also  be  increased  by  mechan- 
ically rezeroing  the  capacitance  pickup,  have  been  found  to  be 
extremely  useful  in  this  investigation. 

EXPERIMENTAL  PROCEDURE 

PREPARATION  OF  CRYSTALS 

The  single  crystals  of  aluminum  were  grown  by  the  strain- 
anneal  method  in  the  form  of  tensile  specimens  with  a 3-inch 
reduced  section  which  had  been  machined  to  a 0.505-;nch 
diameter.  The  method  has  been  discussed  at  length  in  refer- 
ences 2 and  3.  The  crystals  were  grown  primarily  from 
high-purity  (99.99+  percent)  aluminum  containing  17  parts 
per  million  of  copper,  10  parts  per  million  each  of  iron  and 
silicon,  6 parts  per  million  of  sodium,  3 parts  per  million  of 
magnesium,  and  no  detectable  manganese  or  calcium.  A 
few  crystals  were  also  grown  from  a slightly  lower  purit}r 
aluminum,  approximately  99.95  percent.  This  material 
contained  200  parts  per  million  of  silicon,  80  parts  per  million 
of  iron,  50  parts  per  million  of  calcium,  30  parts  per  million 
each  of  manganese  and  magnesium,  8 parts  per  million  of 
lead,  and  5 parts  per  million  of  copper.  These  determinations 
were  made  by  spectroscopic  analysis. 

In  order  to  be  able  to  increase  the  yield  of  large  single 
crystals  from  the  growth  process,  the  amount  of  prestraining 
was  varied  to  determine  more  accurately  the  critical  value  of 
the  amount  of  prestraining.  From  the  summary  of  the  re- 
sults of  the  two  growths  of  54  specimens  each  presented  in 
table  1,  it  appears  that  1-  to  lX-percent  prestrain  yields  the 
maximum  number  of  crystals  throughout  the  entire  3-inch 
reduced  section  for  the  high-purity  aluminum.  Since  a 
total  of  only  12  of  the  lower  purity  crystals  was  grown,  the 
prestrain  was  not  varied  for  these  specimens.  However,  the 
critical  amount  of  prestraining  increases  as  the  purity' 
decreases.  This  prestraining  follows  a 6-hour  anneal  at 
550°  C for  grain-size  stabilization  and  precedes  the  final 
anneal,  which  takes  11  days,  starting  at  450°  C and  ending 
at  635°  to  640°  C. 

After  the  crystals  were  grown,  they  were  etched  with  a 
solution  containing  50  parts  hydrochloric  acid,  48  parts 
nitric  acid,  and  2 parts  hydrofluoric  acid  by  volume.  For 


TABLE  3.— SUMMARY  OF  RESULTS  OF  CRYSTAL  GROWTH 


Crystal  size,  in. 

Number  of  crystals  at  prestrain,  percent,  of— 

Total 

o 

1J4 

• 1 

First  growth— 

54  specimens  a 

1 

b 4 

5 

1 

10 

1__ 

b 4 

11 

5 

20 

2 

i>  2 

3 

0 

5 

3 

b 2 

12 

19 

Total. _J 

12 

31 

11 

54 

Second  growth- 

-54  specimens  a 

1___ 

! 

3 

2 

4 

x 

ii 

1 

0 

3 

1 

2 

2 

s 

2 

0 

1 

2 

4 

6 

13 

3 

0 

2 

5 

14 

1 

22 

Total 

1 

9 

10 

24 

10 

54 

* All  from  aluminum  of  99.99+-pereent  purity  unless  otherwise  indicated. 
b From  aluminum  of  99.95-percent  purity. 


the  most  part,  the  specimens  were  clectropolished  according 
to  the  procedure  mentioned  in  the  section  “Electron-Micro- 
scope Techniques.” 

The  orientation  of  each  specimen,  or  the  largest  crystal  in 
the  gage  length,  was  determined  by  the  Laue  back-reflection 
X-ray  technique.  The  orientations  of  the  cube  faces  and  the 
most  probable  slip  systems  are  presented  in  table  2.  The 
crystals  have  been  grouped  according  to  their  use,  although 
some  crystals  have  been  used  for  more  than  one  test  or 
observation.  The  angles  0,  and  x are  the  angles  the  three 
cube  planes  make  with  the  specimen  axis.  The  angle  be- 
tween the  slip  direction  and  the  specimen  axis  is  given  as  X, 
and  the  angle  between  the  normal  to  the  slip  plane  and  the 
specimen  axis  is  given  as  <j>.  With  but  one  exception, 
crystal  S-64,  the  orientations  of  the  slip  planes  reported  are 
the  three  most  favorable  (111)  types  of  planes.  These  are 
tabulated  along  with  the  values  of  X for  the  associated  [110] 
directions  and  the  values  of  cos  <t>  cos  X.  This  is  true  for  all 
but  the  last  section  of  table  2,  “Crystals  for  constant-load 
creep  tests.”  In  these  specimens  other  slip  planes  have  been 
important,  so  the  reported  plane  may  be  a (111),  (100),  or 
(211),  but  the  associated  slip  direction  is  still  a [110]  direction. 

TESTING  PROCEDURE 

In  the  constant-load-rate  tests,  the  load  rate  was  held 
approximately  constant  throughout  the  test  at  a value 
between  % pound  per  minute  and  2 pounds  per  minute. 
This  load  rate  could  be  varied  by  varying  the  power  input 
to  the  vibrator  which  moved  shot  along  a trough  and  into  a 
container  on  the  weight  pan.  This  load  was  applied  on  the 
long  portion  of  a lever  arm  with  an  arm  ratio  of  9:1.  A 
spring  scale  was  placed  in  the  linkage  between  the  lever  arm 
and  the  weight  pan  for  load  measurements.  The  test  was 
started  after  the  lever-arm  assembly  had  been  balanced  to 
give  no  net  load  on  the  specimen.  A 2-inch  gage  length  was 
used  in  these  tests. 

In  the  creep  tests  the  loading  was  accomplished  by  releas- 
ing a hydraulic  jack  holding  the  weight  pan.  As  a matter  of 
technique,  a 50-pound  weight  was  placed  between  the  weight 
pan  and  the  jack  to  insure  that  the  jack  would  release  the 
load  freely  but  without  impact.  The  recording  apparatus 
for  the  capacitance  strain  gage  allowed  the  entire  creep 
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TABLE  2.— CRYSTALLOGRAPHIC  DATA  FOR  ALUMINUM 
SINGLE  CRYSTALS— Concluded 


Crystal 


Slip  plane 


(3  X I X Cos  $ cos  X 


Crystals  for  constant-load  creep  tests— Concluded 


S-60 

(100) 

* 29.0 

“ 35.5 

41.0 

“49.0 

41.0 

0.  495 

(100) 

54.  5 

a 36.0 

. 470 

(211) 

57.5 

8 36.0 

. 434 

(111) 

65.  0 

a 36. 0 

.342 

(111) 

65.0 

41.  0 

.319 

S— 71 

(100) 

a 33.1 

“ 40.  7 

30.7 

49.3 

“41.4 

.489 

(100) 

56.9 

“ 34. 1 

. 452 

(111) 

66.3 

a 34.  1 

.333 

(111) 

a 69. 1 

30.  7 

.307 

S-77 

(100) 

“ 23.5 

39.0 

41.6 

“ 49.0 

43.0 

• .480 

(100) 

tt  51.  0 

41  5 

471 

(111) 

a 59.  0 

41  5 

. 386 

(111) 

a 59  o 

43.  0 

. 376 

S-82 

(100) 

“ 36.  1 

38.2 

30.9 

“51.8 

38.7  ; 

.482 

(100) 

53.  9 

a 36.  5 1 

. 474 

(111) 

66.  4 

a 36.  5 

* 322 

(111) 

66  4 

38  7 

312 

S-84 

(311) 

“41.3 

18.8 

42.3 

45.5 

“ 45.  7 

.488 

(100) 

* 47.  7 

a 45.  9 

. 468 

(211) 

47.  3 

a 45.  7 

. 473 

(111) 

54.0 

a 45.  7 

. 410 

(HD 

54.0 

“ 45.  9 

.409 

S-S7 

(HO) 

“ 79.5 

“3.7 

9.7 

“ 50.0 

42.3  | 

.475 

(Ul). 

“51.0 

42.3  ! 

.465 

“Measured  from  left  end  of  specimen;  all  others  measured  from  right. 


curve  to  be  recorded  continuously  and  automatically.  In 
the  constant-stress  tests,  the  entir.e  system  was  balanced 
with  the  specimen  and  capacitance  strain  gage  in  place. 
Then  the  weight  pan  and  any  additional  weights  would  act 
as  the  applied  load.  In  these  constant-stress  tests,  a 3-inch 
gage  length  was  employed,  and  only  specimens  with  a single 
crystal  throughout  the  entire  3-inch  reduced  section  were 
used.  The  arms  from  the  capacitance  strain  gage  were 
attached  to  the  shoulders  of  the  specimen. 

In  the  prestrain  experiments,  two  different  types  of  pre- 
straining were  employed.  A rapid  strain  rate  was  obtained 
by  dead-weight  loading  or  essentially  rapid  initial  elongation. 
A relatively  slower  strain  rate  was  obtained  in  a constant- 
load-rate  test.  Since  the  initial  extension  could  not  be  pre- 
dicted reliably,  this  prestraining  by  dead-weight  loading  was 
carried  out  first  on  one  specimen.  Then  prestraining  in  a 
constant-load-rate  test  could  be  carried  out  to  the  same 
shear  strain  on  a second  crystal,  so  that  the  effects  of  the 
two  types  of  prestraining  could  be  compared  on  the  basis  of 
the  same  shear  strain. 

In  the  prestraining  operation,  the  extensometer  was  con- 
nected to  the  specimen  on  its  shoulders.  This  prevented  any 
damage  resulting  from  the  contact  between  the  knife  edges 
and  the  crystal  in  the  2-inch  gage  length  used  in  the  subse- 
quent test.  Specimens  for  which  test  results  were  to  be 
compared  directly  were  chosen  to  have  approximately  the 
same  values  of  cos  </>  cos  X,  the  factor  which  determines  the 
fraction  of  the  tensile  stress  which  is  resolved  in  the  slip  plane 
in  the  slip  direction.  When  the  prestraining  was  performed 
at  elevated  temperatures,  a split  furnace  was  used  so  that 
the  furnace  could  be  removed  shortly  after  the  prestraining 
operation  had  been  completed.  In  the  subsequent  test 
upon  which  the  effect  of  prestraining  w7as  being  studied,  an 
attempt  w7as  made  to  minimize  and  to  equalize  the  heating 
periods.  This  tended  to  reduce  and  to  standardize  any 
recovery  effects  which  may  have  been  important  at  the 
temperature  of  the  test. 


X-RAY  DIFFRACTION  METHODS 

A normal  back-reflection  Laue  technique  has  been  em- 
ployed for  the  determination  of  crystal  orientations.  This 
method  has  been  useful  also  for  the  determination  of  the 
operative  slip  plane  in  elevated-temperature  tests/  When 
the  slip  bands  on  a deformed  crystal  exhibited  abnormally 
large  shear  strains,  a back-reflection  Laue  photograph  w7as 
taken  normal  to  the  shelf  produced  by  the  slip  band.  In 
this  manner  the  operation  of  slip  systems  containing  the  (100) 
and  the  (211)  slip  planes  wras  confirmed.  However,  the 
resolution  of  this  technique  is  not  sufficient  to  detect  tensile 
strains  less  than  about  2 percent,  so  it  w7as  necessary  to  use 
techniques  wuth  higher  resolution  to  detect  and  to  follow7  the 
strain  throughout  the  various  stages  of  a prestrain  experi- 
ment. 

The  first  of  these  techniques  to  be  used  w7as  the  “oblique 
Laue”  method.  The  experimental  arrangement  for  this  meth- 
od is  presented  in  figure  4.  An  arrangement  of  tw70  rectangu- 
lar slits,  each  v7ith  one  very  small  dimension  in  the  vertical 
direction,  w7as  used  to  limit  the  area  of  the  crystal  to  be 
photographed.  Specimens  studied  by  this  method  were- 
crystals  with  a (100)  plane  nearly  parallel  to  the  crystal 
surface.  With  the  arrangement  of  figure  4,  each  Laue  spot 
from  a perfect  crystal  is  elongated  into  a streak  composed  of 
a continuous-radiation  spectrum  over  the  spectral  range 
permitted  by  the  geometrical  divergence  of  the  slits.  With 
an  imperfect  crystal,  the  spectral  band  wmild  be  lengthened, 
but  the  sensitivity  with  respect  to  local  orientation  changes 
would  not  be  very  high.  To  improve  the  sensitivity,  the 
angle  of  incidence  of  the  X-ray  beam  upon  the  crystal  w7as 
adjusted  to  superimpose  the  characteristic  L-beta  spectrum, 
from  the  second  order  of  the  (100)  plane,  upon  the  continuous- 
radiation  streak.  Different  wavelengths  are  reflected  from 
different  parts  of  the  irradiated  area  of  the  crystal  at  their 
respective  Bragg  angles.  The  ability  of  the  crystal  to  resolve 
the  individual  lines  in  the  tungsten  L-beta  spectrum  gives  a 
good  indication  of  the  regularity  or  perfection  of  the  crystal 
lattice  in  the  small  region  being  photographed.  In  this 
method  a single  reflection  is  studied  in  detail  before  deforma- 
tion, after  prestraining,  and  then  after  a creep  test. 

The  second  method  to  be  used  w7as  an  X-ray  reflection 
micrograph  method.  The  experimental  arrangement  for  this 
technique  is  presented  in  figure  5.  Unfiltered  copper  radia- 
tion w7as  employed.  The  crystal  w7as  oriented  with  the  aid 
of  a portable  Geiger  tube,  so  that  the  K-alpha  wavelength 
wras  reflected  by  the  (200)  planes,  which  were  approximately 
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Figure  4. — Top  view  of  experimental  arrangement  for  oblique  Laue 
photographs.  (Not  drawn  to  scale.) 
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Target  focal  spot  (line  source) 


(parallel  to  specimen  surface) 


Figure  5. — Top  view  of  experimental  arrangement  for  X-ray  reflection 
micrographs.  (Not  drawn  to  scale.) 

parallel  to  the  crystal  surface.  A slit-formed  beam,  well 
collimated  in  its  short  horizontal  dimension,  was  reflected 
from  the  crystal.  Because  of  the  large  distance  between  the 
X-ray  source  and  the  slits,  some  effective  collimation  was 
achieved  in  the  long  vertical  dimension.  The  photographic 
plate  and  the  crystal  were  translated  without  any  relative 
motion  between  the  two,  in  order  that  a larger  area  of  the 
crystal  could  be  examined.  The  translation  extended  the 
line  image  of  the  beam,  defined  b j the  slits,  into  a band.  If 
the  crystal  were  perfect,  the  band  would  be  of  uniform  in- 
tensity. Any  gross  crystal  imperfections  would  result  in 
intensity  deficiencies  in  the  image.  Hence,  an  X-ray  micro- 
graph of  the  lattice  distortion  was  obtained.  The  high 
resolution  of  this  method  is  a result  of  the  large  target-to- 
crystal  distance  (31  centimeters),  the  short  crystal-to-plate 
distance  (approximately  1 to  2 millimeters),  and  the  fine 
slits  (ref.  5).  Exposures  were  made  on  either  lantern  slide 
or  Type  V-0  photographic  plates. 

All  exposures  have  been  made  with  the  X-ray  tube  operat- 
ing at  10-milliampere  current  and  a voltage  of  approximately 
35  kilovolts. 

ELECTRON-MICROSCOPE  TECHNIQUES 

Present-day  electron  microscopes  require  specimens  thin 
enough  to  be  permeable  to  an  electron  beam.  Therefore, 
metal  surfaces  must  be  studied  by  means  of  replicas. 
Anodic-oxide  replicas  can  be  made  from  aluminum  and 
aluminum  alloy7s.  The  technique  has  been  described  by 
several  investigators  (refs.  6 and  7).  Anodic-oxide  replicas 
were  used  in  the  initial  stages  of  this  investigation.  They 
were  quite  strong  and  held  up  well  in  the  electron  beam. 
Some  difficulty  was  experienced  in  obtaining  replicas  of 
uniform  thickness.  Also,  the  replicas  were  quite  likely  to 
be  dirt}7.  Neither  of  these  factors  is  too  serious  if  the  samples 
are  easy  to  prepare,  so  that  several  sets  of  replicas  can  be 
prepared  under  varying  conditions  of  anodization.  How- 
ever, it  was  not  practicable  to  prepare  a large  number  of 
creep  specimens  for  electron  microscopy.  Therefore,  a 
major  portion  of  the  effort  in  this  investigation  was  devoted 
to  developing  a replica  technique  which  would  not  destroy 
the  creep  specimen,  thus  making  it  possible  to  prepare  several 
sets  of  replicas  from  one  specimen. 

The  practicability  of  a specific  replica  technique  depends 
on  the  nature  of  the  surface  to  be  replicated.  The  surface 
of  the  aluminum  bars  had  to  be  prepared  so  that  fine  structure 


in  the  slip  bands  after  creep  could  be  observed.  During 
most  of  the  investigation  electropolishing,  in  a bath  con- 
sisting of  equal  parts  by  volume  of  methanol  alcohol  and 
concentrated  nitric  acid,  followed  by  etching  in  a modified 
aqua  regia  solution,  appeared  to  be  the  best  .surface 
preparation. 

The  polished  specimen  surface  was  protected  against 
oxidation  during  testing  at  elevated  temperatures  bv  one  of 
two  methods.  One  method  was  to  perform  the  test  in 
vacuum;  the  second  was  to  coat  the  specim  n with  Dow 
Corning  710,  a silicone  oil.  This  was  possible  for  tem- 
peratures up  to  500°  F or  slightly  higher.  After  testing,  the 
oil  could  be  dissolved  in  xylene. 

The  replica  techniques,  other  than  the  oxide  replicas, 
involved  stripping  a thick,  plastic  film  from  the  aluminum 
bar.  If  this  initial  plastic  was  Zapon,  then  a positive  plastic 
replica  could  be  made  by  flowing  Formvar  on  the  surface  of 
the  Zapon.  The  Zapon  was  then  dissolved  in  amyl  acetate, 
leaving  the  Formvar,  insoluble  in  amvl  acetate,  in  the  form 
of  a positive  replica.  This  technique  has  been  described  in 
detail  elsewhere  (refs.  8 and  9).  However,  these  plastic 
replicas  did  not  hold  up  well  over  the  etch  pits  or  over  sharp 
corners  in  the  slipped  regions. 

A method  for  preparing  multiple  aluminum  oxide  replicas 
from  a single  surface  has  been  described  by  Hunter  (ref.  10). 
He  evaporated  a thin  film  of  aluminum  on  a stripped  plastic 
replica.  He  then  formed  an  oxide  lay7er  on  the  outer  surface 
in  an  anodizing  bath  and  dissolved  away  the  aluminum  and 
' the  plastic,  leaving  the  oxide  replica.  It  was  felt  that,  for  the 
purposes  of  this  investigation,  the  surface  of  the  aluminum 
adjacent  to  the  plastic  replica  would  have  to  be  anodized. . 
Several  methods  for  separating  the  aluminum  film  from  the 
plastic  and  then  anodizing  the  inner  surface  were  tried  with- 
out much  success.  This  technique  is  potentially  good 
if  some  method  can  be  devised  for  separating  the  soft 
aluminum  film  intact  from  the  plastic. 

During  the  latter  part  of  the  investigation,  the  formula  for 
Alcoa  R5  Bright  Dip,  a patented  chemical  polishing  treat- 
ment licensed  by  Aluminum  Company  of  America,  was 
obtained.  This  chemical  polish  was  followed  by  an  etch  of 
a few  seconds’  duration  in  a solution  containing  10  cubic 
centimeters  of  concentrated  hydrochloric  acid,  30  cubic 
centimeters  of  concentrated  nitric  acid,  and  20  cubic  centi- 
meters of  a 5-percent  ferric  chloride  solution  to  develop 
etch  pits.  The  faces  of  etch  pits  developed  by7  this  solution 
represent  (100)  planes.  With  this  surface  preparation  it 
was  possible  to  make  replicas  consisting  of  a thin,  evaporated, 
platinum  film  backed  by  an  evaporated  silica  film.  These 
replicas  held  up  quite  well  over  the  small  etch  pits  developed 
by  the  ferric  chloride  etch.  As  a result  of  the  thinness  of 
the  platinum  film  and  the  large  scattering  cross  section  of 
platinum  atoms  for  high-energy  electrons,  the  contrast 
was  sufficient  to  disclose  fine  structure  in  the  slip  bands. 

This  platinum-replica  technique  was  developed  at  Battelle. 
The  method  was  applied  as  follows:  A strip  of  Faxfilm,  wet 
on  one  side  with  acetone,  was  pressed  onto  the  aluminum 
bar  and  then  stripped  when  dry.  Platinum  was  evaporated 
from  two  sources  on  opposite  sides  of  the  film  and  inclined 
at  45°  angles  to  the  film.  One  source  was  about  double  the 
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strength  of  the  other,  to  give  shadow  contrast.  Then  silica 
was  evaporated  at  normal  incidence.  The  platinum-silica- 
coated  plastic  was  cut  into  small  squares.  The  squares 
were  placed  on  specimen  screens,  and  these,  in  turn,  were 
placed  on  a coarse  mesh  in  a glass  container.  Acetone  was 
added  barely  to  cover  the  coarse  screen.  After  two  or  three 
changes  of  solvent,  the  plastic  was  dissolved  and  the  replicas 
were  ready  for  viewing  in  the  microscope. 

Faxfilni  strippings  have  also  been  used  to  replicate  the 
surfaces  of  these  round  aluminum  single  crystals  for  light 
microscopy.  This  produces  a flat  replica  from  a curved 
surface  that  ordinarily  would  be  difficult  to  reproduce  in 
a micrograph.  The  strippings  can  be  used  directly  as 
replicas,  or  they  can  be  shadowed  with  metal  for  better 
contrast. 

EXPERIMENTAL  RESULTS  AND  DISCUSSION 

STRESS-STRAIN  CURVE 


With  larger  strains  the  resolved  shear  stress  varies  during 
extension  according  to  the  following  equation  (ref.  4): 

, sin2  XV- 

r=a  cos  <!>  (^1 (2) 

For  tensile  strains  of  1 percent  or  less  the  resolved  shear 
strain  is  given  within  1 percent  by  the  relation: 

7 = e/cos  <t>  cos  X (3) 

For  larger  strains  the  resolved  shear  strain  is  also  affected 
by  the  lattice  rotation.  The  shear  strain  has  been  described 
analytically  in  terms  of  the  original  orientation  and  the 
tensile  strain  (d—  1 + e)  by  Schmid  and  Boas  (ref.  12)  with 
the  relation : 

7=c0g  ^ [(d2—sin2  X^— cos  X]  (4) 


Prior  results  (ref.  2)  had  shown  that  the  critical  resolved 
shear  stress  at  room  temperature  increased  by  almost  an 
order  of  magnitude  when  the  purity  was  decreased  from 
99.99+  to  99.95  percent.  Previous  work  (ref.  3)  had  also 
shown  the  stress-strain  curve  to  be  quite  dependent  on  the 
test  temperature.  Therefore,  stress-strain  curves  were 
determined  in  constant-load-rate  tests  at  82°,  500°,  and 
1,100°  F for  each  of  two  purities,  99.99+  and  99.95  percent 
aluminum.  These  stress-strain  curves  were  determined 
primarily  to  compare  the  effect  of  temperature  and  the 
effect  of  impurity  content  on  the  plastic  properties  of  single 
c^stals  of  aluminum  over  the  range  of  temperature  of 
interest.  These  stress-strain  curves  are  presented  in  figure 
6,  along  with  two  curves  reported  by  Boas  and  Schmid 
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Figure  6. — Effects  of  temperature  and  purity  on  stress-strain  curves 
of  aluminum  single  crystals. 


(ref.  11)  at  temperatures  of  64°  and  1,112°  F for  aluminum 
single  crystals  of  99.63-percent  purity  containing  predom- 
inantly 0.23  percent  iron  and  0.14  percent  silicon. 

The  data  (stress  a versus  strain  e)  from  these  tests  were 
converted  to  shear  stress  r and  shear  strain  y and  corrected 
for  the  rotation  of  the  slip  direction  toward  the  tension  axis 
during  extension.  For  values  of  tensile  strain  less  than  1 
percent,  the  resolved  shear  stress  is  given  within  1 percent 
by  the  equation : 

(1) 


A decrease  in  purity  from  99.99+  to  99.95  percent  has 
caused  an  increase  in  the  stress  required  to  produce  a given 
strain.  This  increase  in  stress  varies  from  approximately  40 
to  85  percent  for  the  curve  at  82°  F over  the  range  of  shear 
strain  from  0.04  to  0.20.  For  the  two  curves  at  500°  F over 
a similar  range  of  strains,  the  increase  varies  from  150  to  80 
percent.  For  the  two  curves  at  1,100°  F,  the  increase  varies 
from  50  percent  to  almost  0 percent  over  the  same  range  of 
strains. 

Concerning  the  magnitude  of  this  increase  produced  by  a 
small  decrease  in  purity,  the  increase  is  quite  important  at 
82°  F and  500°  F but  becomes  almost  insignificant  at  1,100° 
F.  The  effect  of  a still  further  decrease  in  purity  to  99.63 
percent  is  demonstrated  by  the  curves  reported  by  Boas  and 
Schmid  at  64°  F.and  1,112°  F.  Although  the  increase  in  the 
stress  level  at  64°  F is  appreciable,  the  important  fact  is  that 
the  stress  level  has  been  raised  considerably  at  1,112°  F. 
Although  not  readily  apparent  from  these  curves,  there  is  a 
large  effect  of  the  impurity  content  on  the  yield  stress  or  the 
critical  resolved  shear  stress,  that  is,  the  stress  that  marks 
the  initiation  of  plastic  deformation. 

To  observe  the  effect  of  temperature  on  the  stress-strain 
curve,  one  need  only  to  pick  out  the  curves  designated  by 
the  same  type  of  line.  When  these  data  were  plotted  on 
logarithmic  paper,  a fairly  linear  range  existed  in  the  plots 
over  the  range  of  strains  from  0.05  to  0.20  or  more.  The 
slopes  of  these  curves  are  referred  to  ordinarily'  as  the  strain- 
hardening coefficients.  Although  the  slopes  decreased  with 
increasing  temperature  for  the  99.95-percent-pure  crystals, 
no  similar  trend  was  apparent  in  the  case  of  the  99.99+- 
percent-pure  crystals.  Therefore,  no  comparison  of  the  effect 
of  impurities  on  the  strain-hardening  coefficient  as  a function 
of  temperature  could  be  made. 

These  tests  have  been  extremely  useful  in  obtaining  in- 
formation on  the  flow  stress  required  to  produce  a given 
strain  in  these  aluminum  single  crystals  at  various  tempera- 
tures. They  have  also  given  a good  indication  of  the  effect 
of  alloying  elements  on  the  mechanical  properties  that  might 
be  expected  with  small  amounts  of  alloying  additions  in 
elevated-temperature  tests. 

Because  the  processes  or  mechanisms  of  slip,  kinking,  and 
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polygonization  are  present  in  the  total  deformation  process, 
it  is  felt  that  the  effects  of  temperature  and  impurity  content 
on  the  stress-strain  curve  are  related  directly  to  the  manner 
in  which  these  two  variables  affect-  the  movement  and  gener- 
ation of  dislocations.  However,  this  relationship  is  probably 
not  a simple  one.  In  this  respect,  Cottrell  has  discussed  the 
effect  of  solute  atoms  on  the  behavior  of  dislocations  (ref.  13). 
The  primary  effect  of  the  solute  or  impurity  atoms  is  to 
retard  the  movement  of  dislocations  through  the  interaction 
of  the  stress  fields  associated  with  the  solute  atoms  and  the 
dislocations.  An  increase  in  temperature  enhances  the  de- 
formation process  by  increasing  the  internal  thermal  energy 
and  thermal  fluctuations,  increasing  the. amplitude  of  vibra- 
tion of  the  atoms,  and  decreasing  the  bonding  energy  between 
atoms.  This  eventually  results  in  propagation  of  slip  on 
planes  other  than  the  close-packed  octahedral  planes  at 
elevated  temperatures. 

Work-hardening  was  first  attributed  to  the  interaction 
of  dislocations  by  Taylor  (ref.  14),  who  pointed  out  that 
dislocations  exert  forces  on  one  another.  Koehler  has  dis- 
cussed the  nature  of  work-hardening  on  the  basis  of  inter- 
action-hardening (ref.  15),  which  predominates  at  high 
strains,  and  on  the  basis  of  source-hardening  (ref.  16),  which 
predominates  at  low  strains.  The  sources  referred  to  are 
the  so-called  Frank-Read  sources  (ref.  17),  which  have  been 
postulated  by  Frank  and  Read  to  explain  the  multiplication 
of  dislocations  during  plastic  deformation  and  to  account  for 
the  occurrence  of  avalanches  of  slip  on  one  plane.  These 
sources  are  stopped  when  some  dislocations  become  blocked 
at  barriers  and  a back  stress  builds  up. 

In  general,  the  initiation  of  plastic  deformation  is  better 
understood  than  these  later  states  of  deformation  involving 
work-hardening.  The  yield  phenomenon  in  single-crystal 
and  polycrystalline  metals  has  been  discussed  by  Cottrell 
(ref.  18).  He  attributed  the  yield  point  to  the  release  of 
anchored  dislocations.  This  takes  place  when  the  summa- 
tion of  the  external  or  applied  stress  and  an}7  internal  stresses, 
enhanced  by  thermal  fluctuations,  is  sufficient  to  free  the 
first  anchored  dislocations.  Plastic  deformation  is  not 
observed  until  these  moving  dislocations  receive  enough 
energy  to  surmount  the  barriers  presented  by  the  mosaic 
boundaries  and  other  obstacles  present  in  the  metal,  in  order 
that  slip  can  propagate  through  the  bulk  of  the  metal. 

CREEP  CURVE 

The  data  from  the  constant-stress  creep  tests  at  elevated 
temperatures  are  presented  in  linear-coordinate  plots  of 
total  shear  strain  versus  time  in  figures  7 through  10.  These 
data  are  presented  in  a summarized  form  in  logarithmic  plots 
in  figure  11.  Crystals  used  in  these  tests  were  specimens 
which  contained  a single  crystal  throughout  the  entire  3-inch 
reduced  section.  They  had  no  favorably  oriented  high- 
temperature  slip  systems  which  might  operate  at  the  tempera- 
ture of  the  test.  This  was  necessary  so  that  the  operative 
slip  system  would  be  the  one  containing  the  (111)  plane  and 
the  [110]  direction  with  the  highest  resolved  shear  stress. 
By  determining  the  operative  slip  system  prior  to  testing, 
the  correct  profile  could  be  chosen  to  maintain  an  approxi- 
mately constant  resolved  shear  stress  throughout  the  test. 
The  tensile  strains  have  been  converted  to  shear  strains  by 


equation  (3)  for  the  strain-time  plots  presented.  The  creep 
curves  have  all  been  drawn  on  the  same  scale  for  easier  visual 
comparison  of  the  curves  in  various  figures. 

Prior  to  performing  these  elevated-temperature  tests,  it 
was  necessary  to  determine  whether  an  oxide  layer  might 
affect  the  reliability-  of  the  creep  measurements.  An  oxide 
layer  was  formed  on  one  crystal  by  anodizing  at  70  volts  and 
on  another  by  annealing  in  air  for  1 hour  at  1,000°  F.  In 
neither  case  was  any  appreciable  effect  observed  on  the 
creep  properties  of  these  high-puritv  single  crystals  when 
tested  at  300°  F and  400-psi  resolved  shear  stress.  However, 
the  result  might  be  expected  with  single-crystal  specimens 
/2  inch  in  diameter,  since  most  experiments  designed  to 
study  the  effect  of  oxide  layers  employ  much  smaller  speci- 
mens. In  smaller  specimens  the  cross-sectional  area  of  the 
oxide  layer  itself  may  be  an  appreciable  fraction  of  the  cross- 
sectional  area  of  the  specimen.  Because  of  this  result,  it 
was  not  considered  necessary  to  build  vacuum-creep  units 
to  obtain  reliable  creep  data  at  elevated  temperatures. 

The  effect  of  the  impurity  content  on  the  plastic  properties, 
as  detected  in  the  stress-strain  curves,  has  been  checked 
also  on  the  creep  curve  from  the  two  specimens  deformed  in 
vacuum  at  500°  F for.  electron-microscopy  observations. 
Specimen  S-20  extended  12.4  percent  in  25  hours  at  300-psi 
resolved  shear  stress,  as  compared  with  a resolved  shear 
stress  of  970  psi  (more  than  three  times  as  large)  which 
was  necessary  to  extend  crystal  L-12  12.4  percent  in  17 
hours,  both  in  constant-load  creep  tests. 

The  maximum  strain  for  the  highest  stress  at  each  temper- 
ature in  the  constant-stress  tests  has  been  limited  by  the 
range  over  which  the  profiles  were  designed  to  maintain  a 
constant  resolved  shear  stress.  The  range  of  temperatures 
investigated  was  from  400°  to  900°  F.  In  this  range  of 
temperatures  recovery  was  definitely  an  important  factor, 
although  recrystallization  was  not  observed,  probably  be- 
cause the  crystals  were  not  sufficiently  highly  deformed. 

Creep  curves  for  three  stresses  at  500°  F are  shown  in 
figure  7.  These  curves  are  similar  to  those  obtained  in  the 
temperature  range  from  room  temperature  to  400°  F (ref.  3). 
They  exhibit  a continually  decreasing  slope.  Although  the 
slope  appears  to  reach  a constant  value,  which  might  be 
termed  the  steady-state  or  minimum  creep  rate,  the  magni- 
tude of  this  slope  depends  on  the  time  scale  chosen.  This 


Figure  7. — Strain-time  curves  for  three  stresses  at  500°F. 
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can  be  demonstrated  by  plotting  the  data  on  two  time  scales, 
one  in  units  of  seconds  and  the  other  in  units  of  hours. 
Botli  plots  will  tend  toward  an  approximately  constant 
slope.  However,  the  magnitudes  of  the  slopes  from  the 
two  time  scales  differ  considerably,  the  slope  from  the  plot 
with  the  second  scale  being  approximately  equal  to  the 
initial  slope  of  the  curve  on  the  hour  scale.  This  character- 
istic type  of  creep  curve  was  observed  also  at  the  lowest 
stress,  50  psi,  at  700°  F (see  fig.  8)  and  at  400  psi  at  400°  F 
(see  fig.  10).  A creep  rate  that  continually  decreases  may 
be  detected  by  plotting  the  creep  curve  logarithmically,  as 
in  figure  11.  On  sucli  a plot,  the  slope  of  the  line  will  be 
less  than  unity  and  will  never  increase,  although  a decrease 
in  slope  is  possible.  This  type  of  curve,  exhibiting  a con- 
tinually decreasing  creep  rate,  has  been  observed  also  by 
Hazlett  and  Parker  (ref.  19). 
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Figure  8. — Strain-time  curves  for  four  stresses  at  700°F. 

The  remainder  of  the  constant-stress  creep  curves  from 
figures  8,  9,  and  10  appear  in  figure  11  as  curves  which  are 
convex  downward,  rather  than  straight  lines.  The  reason 
for  this  curved  plot  has  been  the  point  of  considerable  con- 
troversy, as  evidenced  by  the  recent  discussion  by  Roberts 
and  Grant  of  Hazlett’s  and  Parker’s  ideas  (ref.  19).  Refer- 
ences have  been  quoted  to  back  up  both  viewpoints.  The 
viewpoint  of  Hazlett  and  Parker  lias  been  supported  by 
the  results  of  an  independent  investigation  by  Bhattacharva, 
Congreve,  and  Thompson  (ref.  20).  Likewise,  Roberts  is 
backed  up  by  the  bulk  of  the  work  by  Andrade  (ref.  21)  and 
the  more  recent  work  of  Cottrell  and  Aytekin  (ref.  4). 

Hazlett  and  Parker  preferred  to  interpret  this  curvature 
to  be  a result  of  the  time-independent  strain  occurring  in  the 
initial  extension.  They  claimed  that  the  initial  extension 
should  be  subtracted  from  the  total  strain  prior  to  plotting 
the  data,  in  which  case  the  logarithmic  plot  again  assumed 
its  linearity.  This  assumption  appears  to  be  reasonable  since 
one  would  not  expect  that  the  initial  extension  would  follow 
a relation  involving  the  time.  This  method  of  plotting  was 
tried  on  the  data  from  several  of  the  constant-stress  creep 
tests  in  this  investigation  without  complete  success.  An 
amount  of  strain  usually  could  be  found  which,  if  subtracted 
from  the  total  strain,  would  result  in  a linear  logarithmic 
plot.  However,  this  amount  of  strain  was  generally  larger 
than  the  observed  initial  shear  strain  in  the  creep  tests.  This 
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Figure  9. — Strain- time  curves  for  four  stresses  at  900° F. 
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Figure  10. — Strain-time  curves  for  various  stresses  and  temperatures. 

was  especially  true  at  the  higher  temperatures.  Since  much 
lower  stresses  had  to  be  used  at  the  higher  temperatures  to 
obtain  comparable  curves,  the  initial  shear  strains  were 
correspondingly  less.  Hence,  if  the  observed  initial  shear 
strain  was  subtracted  from  the  total  shear  strain  prior  to 
plotting,  man)-  of  the  curves  were  still  convex  downward. 
The  amount  of  curvature  is  more  than  can  be  accounted  for 
by  the  fact  that  the  shear  strains  were  not  corrected  for  rota- 
tion by  equation  (4).  Therefore,  unless  the  stress  was  not 
truly  constant,  it  appears  that  the  curvature  in  some  of  these 
logarithmic  plots  must  be  due  to  a decrease  in  the  rate  at 
which  the  creep  rate  is  decreasing,  if  not  to  an  approxi- 
mately constant  creep  rate. 

Concerning  the  characteristic  creep  curves-  presented  in 
figure  11,  some  generalizations  can  be  made.  The  linear 
plots  are  predominant  at  high  stresses  and  low  temperatures, 
whereas  the  plots  which  are  convex  downward  are  predomi- 
nant at  lower  stresses  and  higher  temperatures.  These  results 
are  in  agreement  with  the  recent  work  of  Roberts  (ref.  22), 
who  studied  the  creep  behavior  of  extruded  electrolytic 
magnesium  in  polycrystalline  form.  The  two  curves  which 
are  convex  upward  (100-psi  resolved  shear  stress  at  500°  F 
and  50-psi  resolved  shear  stress  at  700°  F)  are,  in  both  cases, 
for  the  lowest  stress  investigated  at  each  temperature.  The 
lowering  of  the  first  portion  of  the  curve  may  have  resulted 
from  a small  amount  of  accidental  prestraining  prior  to 
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(a)  75-psi  resolved-shear-stress  tests. 

(b)  100-psi  resolved-shear-stress  tests. 

(c)  400-psi  resolved-shear-stress  tests. 

(d)  500°F  tests. 

(e)  700°F  tests. 

(f)  900°F  tests. 

Figure  11. — Summary  of  constant-stress  creep  data  on  logarithmic  plots. 


testing.  However,  this  strain  should  have  been  annealed 
out  before  the  load  was  applied.  On  the  other  hand,  the 
lowering  of  the  later  portion  of  the  curve  may  have  resulted 
from  the  onset  of  duplex  slip,  which  is  known  to  retard  the 
creep  process  (ref.  3).  In  this  investigation  duplex  slip  has 
also  been  observed  on  a fine  scale  in  the  slip  bands  on  crystals 
deformed  during  creep  at  elevated  temperatures.  It  might 
also  have  resulted  from  the  retarding  effect  of  kink  bands  on 
the  slip  process,  since  slip  bands  have  been  observed  to  stop 
in  the  kink  bands  in  this  investigation.  In  the  900°  F tests, 
the  25-psi  and  40-psi  tests  were  performed  with  the  same 
crystal.  This  crystal  was  annealed  for  % hour  at  900°  F with 
the  load  removed  after  a shear  strain  of  less  than  1 percent 
in  the  25-psi  test. 

Many  investigators  have  employed  various  methods  for 
analyzing  and  correlating  creep  data  in  empirical  or  mathe- 
matical forms  in  addition  to  those  already  mentioned. 
Wyatt  (ref.  23)  has  analyzed  transient  creep  in  pure  metals, 
and  Cottrell  (ref.  24)  had  discussed  several  of  the  time  laws 
of  creep.  Sherby  and  Dorn  (ref.  25)  have  correlated  the 
creep  data  from  alpha  solid  solutions  of  aluminum,  and 
Johnson  and  Frost  (refs.  26  and  27)  have  discussed  the  appli- 
cation of  various  relations  to  creep  data  from  elevated- 
temperature  tests.  Most  of  these  methods  employ  more 
than  one  empirical  constant,  and  usually  three  constants, 


to  describe  the  time  dependence  of  the  creep  process.  The 
few  theoretical  attempts  to  describe  creep  have  been  dis- 
cussed in  references  1 and  3. 

In  the  work  reported  here  it  has  not  been  possible  to  de- 
scribe accurately  the  time  dependence  of  the  results  of  the 
constant-stress  creep  tests  summarized  in  figure  11  in  a simple 
manner.  Therefore,  a complete  mathematical  analysis  of 
the  stress  and  temperature  dependences  of  the  creep  process 
has  not  been  obtained.  It  is  felt  that  these  results  are  in- 
dicative of  the  complex  nature  and  the  differing  kinetics  of 
the  processes  which  make  up  the  total  deformation  process, 
even  in  the  case  of  creep  of  single  crystals  of  liigh-purity 
aluminum.  From  a study  of  the  inhomogeneity  in  creep 
deformation  of  coarse-grained  high-purity  aluminum,  Chang 
and  Grant  (ref.  28)  have  concluded  that  any  mathematical 
description  of  the  creep  curve  must  be  considered  to  be  a 
statistical  summation  of  the  equations  describing  the  various 
component  processes  of  creep.  Since  three  mechanisms  of 
deformation  have  been  observed  in  this  investigation,  it  is 
felt  that  the  description  and  understanding  of  these  basic 
mechanisms  are  more  important  than  developing  an  empirical 
relationship  which  may  describe  the  creep  process  mathe- 
matically without  any  physical  insight  regarding  the  creep 
process  itself.  Naturally,  both  would  be  desirable  if  the}7 
could  be  obtained. 


364 


REPORT  1267 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


PRESTRAIN  EXPERIMENTS 

Relatively  little  work  has  been  reported  on  the  effect  of 
prestrain  on  creep,  or,  for  that  matter,  any  other  type  of 
plastic  deformation.  Probably  the  most  complete  investi- 
gation of  this  type  has  been  reported  by  Kennedy  (ref.  29), 
who  studied  the  effect  of  instantaneous  prestraining  (of  the 
order  of  5 seconds)  on  constant-stress  creep  in  poly  crystal- 
line lead.  He  investigated  the  effect  of  prestrains  from  0 to 
16  percent  at  temperatures  of  100°  C,  35°  C,  and  —180°  C 
on  the  creep  curve  at  room  temperature  at  three  stress  levels 
out  to  a total  time  of  3 hours.  He  fitted  the  resulting  data 
to  Andrade’s  law,  involving  two  arbitrary  constants  p and  k, 
by  shifting  the  time  scale  of  the  strain-time  plot.  In  this 
work  he  found  that  the  amount  the  time  scale  had  to  be 
shifted  increased  with  increasing  amounts  of  prestrain  and 
decreased  with  increasing  temperature  of  the  prestrain. 
For  prestrains  up  to  10  percent  the  creep  curve  from  a 
prestrained  specimen  could  be  made  to  coincide  with  the 
curve  from  an  unstrained  or  control  specimen  by  this  shift 
in  the  time  scale.  However,  for  prestrains  larger  than  10 
percent  a decrease  in  one  of  the  arbitrary  constants  k was 
necessary. 

Bhattacharya  and  coworkers  (ref.  20)  have  studied  the 
effect  of  prior  strain  on  creep  of  polycrystalline  aluminum  at 
150°  C under  a constant  tensile  stress.  As  mentioned  pre- 
viously, they  found  that  the  creep  strain  (the  total  strain 
minus  the  initial  strain  upon  loading)  followed  a power-law 
relationship  with  time,  defined  by  two  constants,  a coefficient 
a and  an  exponent  k for  the  time  parameter.  In  a rather 
sketchy  analysis,  they  found  that  the  constant  k increased 
and  the  constant  a divided  by  the  seventh  power  of  the  ap- 
plied stress  decreased  with  increasing  prestrain  out  to  6 
percent  and  that  both  were  approximately  constant  with 
larger  amounts  of  prestrain.  The  constant  a was  divided 
by  the  seventh  power  of  the  applied  stress  since  the  stress  had 
to  be  raised  to  obtain  similar  rates  of  creep  as  the  degree  of 
prestrain  was  increased.  The  only  points  that  the  authors 
noted  concerning  these  results  were  that  the  power-law  re- 
lationship still  existed  for  the  prestrained  specimens  and  that 
very  small  amounts  of  prior  strain  could  well  account  for  the 
unsatisfactory  reproducibility  often  observed  in  the  creep 
behavior  of  pure  metals. 

Other  viewpoints  have  also  been  expressed  on  the  effect  of 
strain  rate  and  temperature  on  plastic  deformation.  Brown 
(ref.  30)  attempted  to  describe  qualitatively  an  equation  of 
state  to  explain  the  effects  of  a change  in  the  temperature  or 
in  the  strain  rate  during  a tensile  test;  that  is,  a faster  strain 
rate  or  a lower  test  temperature  produced  a higher  stress- 
strain  curve.  Rosi  and  Mathcwson  (ref.  31)  observed  this 
effect  of  changing  the  temperature  on  the  stress-strain  curve 
of  single  crystals  of  high-purity  aluminum  at  low  strains  up 
to  1-percent  extension.  Ellis  and  Greiner  (ref.  32)  found  that 
the  effect  of  decreasing  the  rolling  temperature  was  to  raise 
the  stress-strain  curve  (i.  e , increased  flow  strength  and 
ultimate  strength)  at  room  temperature.  They  concluded 
that  this  observed  effect  was  caused  by  simultaneous  recovery 
during  the  rolling  operation. 

Following  this  brief  review  of  the  limited  amount  of 
material  available  on  the  effect  of  prestraining,  the  results  of 


this  investigation,  presented  in  figures  12  through  16,  will 
now  be  discussed.  The  effects  of  prestraining  to  the  same 
shear  strain  by  a very  rapid  strain  rate  and  by  a compara- 
tively slower  strain  rate  on  the  room-temperature  stress- 
strain  curve  are  depicted  in  figure  12,  along  with  the  stress- 
strain  curve  from  a control,  or  unstrained,  specimen.  The 
amount  and  the  path  of  the  prestrain  have  been  included  in 
both  plots,  so  that  the  total  shear  strain  and  the  resolved 
shear  stress  could  lie  corrected  for  rotation.  The  two  crystals 
that  were  prestrained  had  almost  identical  orientations. 
Still,  only  about  two- thirds  of  the  stress  required  in  the  rapid 
prestraining  by  dead-weiglit  loading  was  required  to  produce 
the  same  shear  strain  in  the  slow  prestraining  in  a constant- 
load-rate  test.  It  was  perhaps  significant  that  no  strain 
was  detected  in  the  subsequent  constant-load-rate  tests 
below  the  ‘stress  level  to  which  the  crystals  had  been  pre- 
strained. Therefore,  no  appreciable  recovery  had  taken  place 
at  room  temperature  during  the  period  of  approximately  24 
hours  which  elapsed  between  the  time  the  crystals  were 
prestrained  and  the  time  the  stress-strain,  curves  were 
obtained.  The  most  important  consequence  of  the  pre- 
straining was  to  increase  the  yield  stress  of  the  crystals.  For 
comparable  amounts  of  shear  strain  the  rapid  prestraining 
was  more  effective  than  the  slow  prestraining  in  raising  the 
stress-strain  curve. 

The  effect  of  increasing  the  amount  of  rapid  prestraining 
at  room  temperature  on  the  creep  curve  at  200°  F and  400-psi 
resolved  shear  stress  is  shown  in  figure  13.  The  prestraining 
decreased  the  initial  shear  strain  substantially.  However, 
at  this  temperature  strain-hardening  was  very  predominant. 
Therefore,  it  was  difficult  to  determine  the  effect  of  the 
prestraining  on  the  later  stages  of  creep,  since  the  creep  rate 
decreased  rapidly  even  in  the  unstrained  control  specimen. 
An  increase  in  the  amount  of  the  prestrain  increased  the 
observed  effect;  that  is,  the  decrease  in  the  initial  shear  strain 
and  the  lowering  of  the  creep  curve  were  more  pronounced. 
In  these  and  subsequent  curves  the  amount  of  the  prestrain 
has  not  been  included  in  the  total  shear  strain. 


Figure  12. — Effect  of  prestraining  by  two  different  methods  at  82° F 
on  stress-strain  curve  at  82°F. 
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Figure  13. — Effect  of  rapid  prestraining  on  creep  curve  at  200°F  and 
400-psi  resolved  shear  stress. 

The  result  of  varying  the  temperature  of  the  rapid  pre- 
straining and  its  effect  on  the  creep  curve  at  300°  F and  300- 
psi  resolved  si) ear  stress  are  presented  in  figure  14.  Increas- 
ing the  temperature  of  the  prestraining  from  room  tempera- 
ture to  the  testing  temperature  reduced  the  effect  of  the 
prestrain  considerably.  The  effect  of  the  prestraining  at  the 
elevated  temperature  was  less  for  a larger  amount  of  pre- 
strain, although  the  stress  required  to  produce  this  larger 
strain  was  slightly  lower.  Again,  the  primary  effect  of  the 
prestrain  was  to  reduce  the  initial  shear  strain  and  to  lower 
the  total  shear  strain  and  the  level  of  the  creep  curve. 

The  effects  of  both  rapid  and  slow  prestraining  at  room 
temperature  on  the  creep  curve  at  300°  F and  400-psi  re- 
solved shear  stress  are  shown  in  figure  15,  along  with  a con- 
trol curve  from  an  unstrained  crystal.  Similar  plots  for  both 
types  of  prestraining  performed  at  300°  F to  a larger  shear 
strain  are  presented  in  figure  16.  In  addition  to  a reduced 
initial  shear  strain,  the  creep  rate  in  the  later  stages  of  the 
creep  process  also  was  reduced.  In  prestraining  at  300°  F 
the  faster  strain  rate  was  more  effective  in  enhancing  the 
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Figure  14. — Effect  of  temperature  of  rapid  prestraining  on  curve  at 
300° F and  300-psi  resolved  shear  stress. 
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Figure  15. — Effects  of  two  types  of  prestraining  at  82°F  on  creep 
curve  at  300°F  and  400-psi  resolved  shear  stress. 
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Figure  16. — Effects  of  two  types  of  prestraining  at  300° F on  creep 
curve  at  300°F  and  400-psi  resolved  shear  stress. 

creep  resistance  of  the  single  crystals.  Although  this  trend 
was  also  observed  in  the  stress-strain  curves  (see  fig.  12),  it 
was  not  observed  with  the  room-temperature  prestraining 
in  figure  15.  This  may  have  resulted  from  some  accidental 
prestraining  of  the  crystal,  S-94,  in  addition  to  the  intentional 
slow  prestraining.  The  crystals  were  extremely  soft,  and 
this  particular  ciystal  had  to  be  handled  more  than  most 
because  of  the  X-ray  pictures  taken  before  and  after  pre- 
straining and  after  the  subsequent  creep  test. 

Although  not  without  exception,  the  effect  of  prior  strain 
on  the  creep  curve  can  be  described.  As  determined  in  this 
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investigation,  the  effect  of  prestraining  is  to  reduce  the  initial 
shear  strain  considerably,  to  remove  a portion  of  the  early  or 
transient  portion  of  the  creep  curve,  and,  in  some  instances, 
to  reduce  the  creep  rate  in  the  later  stage  of  creep.  The 
larger  the  amount  of  the  prestrain,  the  more  the  shape  of  the 
creep  curve  is  affected.  Also,  increasing  the  temperature  of 
the  prestrain  reduces  its  influence  on  the  creep  process.  The 
most  important  observation  that  has  been  made  is  that  the 
rapid  prestraining  obtained  in  dead-weight  loading  is  more 
effective  in  hardening  the  crystals  and  increasing  their  resist- 
ance to  plastic  deformation  than  the  slower  prestraining 
obtained  in  a constant-load -rate  method  of  deformation. 
Since  the  resolved  shear  stress  required  to  produce  the  same 
shear  strain  is  higher  for  the  rapid  prestraining  than  for  the 
slower  prestraining,  dislocation  theory  provides  a reasonable 
explanation  for  this  behavior.  The  higher  stress  level  in- 
volved in  the  rapid  prestraining  has  used  up  more  of  the 
Frank-Read  sources  than  were  present  in  the  crystal  initially. 
The  stress  required  to  operate  a Frank-Read  source  is  Gb/l , 
where  G is  the  ah  ear  modulus,  b is  the  Burgers  vector  or  unit 
slip  distance  in  the  slip  direction,  and  l is  the  length  of  the 
source  (ref.  33).  Thus,  the  longest  sources  operate  at  the 
lowest  stress  level.  Since  a larger  applied  stress  is  required 
in  the  rapid  prestraining  to  produce  the  same  shear  strain  as 
that  produced  with  the  relatively  slower  prestraining,  the 
sources  would  be  effectively  used  up  to  a higher  stress  level 
by  the  rapid  prestraining.  The  resulting  increases  in  harden- 
ing of  the  crystals  can  be  attributed  to  source-hardening,  as 
defined  by  Koehler  (ref.  16)  in  his  analysis  of  stress-strain 
data  at  low  strains. 

The  concept  that  more  Frank-Read  sources  and,  hence, 
more  active  slip  planes  are  operative  with  the  faster  strain 
rate  is  consistent  with  the  fact  that  the  deformation  is  more 
uniform  with  the  faster  strain  rate.  This  same  observation 
has  been  made  on  crystals  deformed  at  two  relatively 
different  strain  rates  at  1,100°  F.  Hence,  the  process  of 
slip-band  formation  is  related  directly  to  the  strain  rate. 
This  will  be  discussed  further  in  a later  section  covering  the 
observations  of  slip  bands  by  light  microscopy. 

The  above  description  of  the  effect  of  prestraining  on  the 
creep  behavior  of  single  crystals  of  aluminum  has  been 
stated  in  terms  of  trends  purposely  because  of  the  difficulty 
encountered  in  obtaining  reproducible  results.  This  dif- 
ficulty is  due  in  part  to  the  almost  unavoidable  amount  of 
accidental  prestraining  which  occurs  during  handling  of 
these  soft  crystals,  in  part  to  the  fact  that  the  crystals  do 
not  have  identical  orientations,  and  in  part  to  the  inherent 
microscopic  differences  in  the  single  crystals  even  in  the 
annealed  state.  Regarding  the  latter  cause,  Parker  and  co- 
workers (ref.  34)  have  found  that  the  yield  stresses  of  zinc 
single  crystals  with  identical  orientations  can  be  more  than 
doubled  by  varying  the  annealing  procedure  prior  to  testing. 
They  associate  this  result  with  the  effect  of  subboundaries 
existing  in  the  zinc  crystals.  The  status  of  these  sub- 
boundaries, which  apparently  can  be  changed  by  the  an- 
nealing procedure,  must  play  an  important  part  in  deter- 
mining the  plastic  properties  of  metals.  A fine  substructure 
of  the  order  of  1 micron  in  linear  dimensions  has  been 
detected  in  this  investigation  in  the  annealed  aluminum 


single  crystals.  Therefore,  it  is  apparent  that  the  effect  of 
annealing  procedure  andfrdeformation  of  this  substructure 
will  have  to  be  understood  before  further  experiments  on 
the  effect  of  prestraining  are  undertaken. 

X-RAY  DIFFRACTION  INVESTIGATION 

High-resolution  X-ray  diffraction  techniques  have  been 
employed  to  obtain  an  indication  of  crystal  perfection  and  to 
study  the  changes  produced  in  the  crystalline  lattice  by 
small  amounts  of  prestraining  and  by  subsequent  deforma- 
tion in  creep.  Since  the  oblique  Laue  technique  was  not  a 
conventional  one,  photographs  have  been  made  by'  three 
methods  from  a crystal  found  to  be  imperfect  after  the 
growth  process.  The  imperfect  nature  of  the  crystal  was 
noticed  first  in  the  normal  back -reflection  Laue  photograph 
in  figure  17  (a)  used  for  the  determination  of  the  crystal 
orientation.  This  photograph  was  made  with  the  standard 
specimen-to-film  distance  of  3 centimeters  and  ordinary 
pinhole  collimators  with  continuous  tungsten  radiation. 
When  the  large  pinhole  collimators  were  replaced  by  a col- 
limating system  consisting  of  a fine  pinhole  (150  microns  in 
diameter)  and  a fine  slit  (3  millimeters  by  150  microns), 
the  photograph  shown  in  figure  17  (b)  was  obtained.  The 
use  of  the  fine  collimators  increased  the  resolution  and  the 
detail  observable  in  the  individual  reflections,  although  with 
the  considerable  increase  in  the  required  exposure  time  from 
10  minutes  to  12  hours. 

A still  further  increase  in  resolution  was  obtained  by  ob- 
serving the  reflection  of  the  tungsten  L-beta  spectrum  of  a 
single  crystallographic  plane  with  an  increased  specimen- 
to-film  distance  and  the  collimating  arrangement  for  oblique 
Laue  photographs,  as  shown  in  figure  4.  A photograph  of 
this  type  for  the  (200)  planes  of  this  same  imperfect  crystal  is 
shown  in  figure  17  (c),  and  a comparison  photograph  of  a 
relatively  perfect  single  crystal,  in  figure  17  (d).  The 
imperfect  crystal  exhibited  fairty  large  differences  in  orienta- 
tion in  both  the  vertical  and  the  horizontal  directions  in  the 
area  photographed,  in  addition  to  not  being  able  to  resolve 
the  tungsten  L-beta  spectrum.  However,  the  relatively 
perfect  crystal,  S-13,  definitely  resolved  the  individual  lines 
in  the  tungsten  L-beta  spectrum.  From  a comparison  of  the 
photographs  obtained  in  the  three  methods  of  photographing 
an  imperfect  crystal  made  up  of  regions  of  different  orienta- 
tions, one  can  visualize  better  what  has  taken  place  in 
deformed  crystals  which  were  originally  relatively  perfect, 
as  indicated  by  an  oblique  Laue  photograph  such  as  that 
shown  in  figure  17  (d). 

The  theory  of  this  oblique  Laue  method  has  been  men- 
tioned already  under  “Experimental  Procedure.”  If  the 
sample  is  a perfect  crystal  and  is  alined  properly,  all  the 
various  tungsten  L-beta  wavelengths  will  be  reflected  from 
the  same  family  of  crystallographic  planes,  but  at  different 
positions  along  the  length  of  the  crystal.  These  charac- 
teristic reflections  will  strike  the  film  at  known  consecutive 
positions  along  the  film.  As  a matter  of  fact,  from  the 
relative  intensities  and  the  separations  in  the  photograph 
in  figure  17  (d),  the  various  reflections  can  be  identified 
as  the  L-beta-4,  L-beta-6,  L-beta-1,  L-beta-3,  and  L-beta-2 
wavelengths,  respectively,  from  left  to  right.  If  a fine- 
grained polyciystalline  sample  were  to  be  examined,  each 
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(a)  Normal  back-reflection  Laue  photograph  of  imperfect  crystal  S-63.  Exposure  time,  10  minutes;  IX. 

(b)  Back-reflection  photograph  of  imperfect  crystal  S-63  with  a fine  pinhole  and  slit  collimation.  Exposure  time,  12  hours;  IX. 

(c)  Oblique  Laue  photograph  of  (200)  reflection  from  crystal  S-63.  Exposure  time,  20  minutes;  2.5X. 

(d)  Oblique  Laue  photograph  of  (200)  reflection  from  crystal  S-13.  Exposure  time,  10  minutes;  2.5X. 

Figure  17. — Back-reflection  Laue  and  oblique  Laue  photographs  of  imperfect  crystal  S-63  and  oblique  Laue  photograph  of  relatively  perfect 

crystal  S-13. 


wavelength  would  reflect  continuously  over  a considerable 
portion  of  the  reflection  band.  On  the  other  hand,  if  the 
crystal  were  composed  of  crystallites  having  small  dis- 
orientations from  the  average,  not  all  the  rays  of  any  one 
wavelength  would  strike  at  the  same  position  along  the 
band.  Hence,  the  relative  intensities  of  the  spots  would  be 
different  from  those  of  a perfect  crystal,  and  the  spots  might 
not  appear  at  the  correct  positions.  The  amount  of  disturb- 
ance of  the  oblique  Laue  photograph  from  the  ideal  condi- 
tion yields  a qualitative  measure  of  the  imperfections  in  the 
area  photographed.  The  interpretation  of  asterism  as 
being  due  to  distortion  or  internal  lattice  strains  and  of 
discrete  spots  as  being  due  to  different  orientations  is  the 
same  as  in  normal  back-reflection  Laue  photographs. 


A series  of  oblique  Laue  photographs  was  taken  from 
crystal  S-5,  initially,  after  rapid  prestraining,  and  after  a 
creep  test  at  300°  F and  400-psi  resolved  shear  stress.  These 
photographs,  shown  in  figures  18(a),  18(b),  and  18(c),  show 
the  decreasing  ability  of  the  crystal  to  resolve  the  different 
wavelengths  after  successive  deformations.  A decrease  in 
reflected  intensity  is  also  apparent  from  a consideration  of 
exposure  times.  Figure  18(b),  taken  after  prestraining, 
shows  considerable  distortion  of  the  original  pattern,  although 
no  discrete  spots  were  found.  This  indicates  that  the  lattice 
was  strained,  but  no  new  crystallites  had  formed  that  could 
be  detected.  No  difference  in  this  reflection  (i.  e.,  no  recov- 
ery) could  be  detected  in  a second  photograph  after  72  hours 
at  room  temperature.  Figure  18(c)  shows  very  definitely  the 
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(a)  (200)  reflection  from  undeformed  crystal  S-5  with  experimental  arrangement  shown  in  figure  4.  Exposure  time,  10  minutes. 

(b)  Same  reflection  after  1.63-percent  extension  by  prestraining  with  400-psi  resolved  shear  stress  for  3 minutes  at  82° F.  Exposure  time,  10 

minutes. 

(c)  Same  reflection  after  an  additional  11.1-percent  extension  by  creep  with  400-psi  resolved  shear  stress  at  300°F  to  575°F  in  17  hours. 

Exposure  time,  80  minutes. 

(d)  (200)  reflection  from  undeformed  crystal  S-8  with  same  experimental  arrangement  except  a 150-micron  pinhole  was  substituted  for  150- 

micron  slit.  Exposure  time,  100  minutes. 

(e)  Same  reflection  after  1.53-percent  extension  by  prestraining  with  400-psi  resolved  shear  stress  for  3 minutes  at  82°F.  Exposure  time, 

100  minutes. 

(f)  Same  reflection  after  an  additional  7.30-percent  extension  by  creep  with  400-psi  resolved  shear  stress  at  300° F for  64  hours.  Exposure  time, 

12  hours. 

Figure  18. — Oblique  Laue  photographs  from  (200)  plane  of  two  aluminum  single  crystals  at  various  stages  of  deformation  with  tungsten  radiation. 

2.5X. 


presence  of  many  small  crystallites,  or  the  formation  of  a 
substructure.  However,  this  crystal  was  found  to  be  bent 
slightly  during  the  course  of  this  series  of  photographs  and 
extensions.  In  addition,  the  failure  of  a temperature  con- 
troller overnight  allowed  the  test  temperature  to  increase 
from  300°  to  57 5°  F,  and  the  crystal  extended  until  the 
weight  pan  came  to  rest  on  the  jack  used  in  loading,  after 
which  the  crystal  remained  at  temperature  with  essentially 
no  applied  stress.  Because  of  these  varying  conditions, 
another  experiment  was  performed. 

To  increase  the  resolution  of  the  arrangement  shown  in 
figure  4,  the  150-micron  slit  was  replaced  by  a 150-micron 
pinhole.  This  necessitated  an  increase  in  exposure  times  by 


a factor  of  10  but  increased  the  sharpness  of  the  reflections. 
A similar  series  of  photographs  was  then  made  on  crystal 
S-8,  initially,  after  a rapid  prestraining,  and  after  a creep 
test  at  300°  F and  400-psi  resolved  shear  stress.  The  resolu- 
tion of  this  set  of  photographs,  shown  in  figures  18(d),  18(e), 
and  18(f),  was  better,  but  the  results  are  essentially  the  same. 
The  initial  status  of  the  crystal  was  very  good,  as  evidenced 
by  the  resolution  of  the  five  lines  in  the  tungsten  L-beta 
spectrum.  The  apparent  difference  in  the  lengths  of  the 
tungsten  Ij-beta  spectrum,  as  shown  in  figure  17(d)  and 
figure  18(d),  was  a result  of  the  fact  that  the  crystal  surfaces 
were  at  different  angles  with  the  incident  beam.  Again,  the 
prestraining  introduced  considerable  distortion,  as  evidenced 
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by  the  broadening  of  the  characteristic  reflections,  but  no 
new  orientations  were  detected.  After  the  subsequent  creep 
test,  many  discrete  spots  were  evident.  However,  the  dis- 
crete reflections  were  larger  than  those  obtained  from  crystal 
S-o  after  creep.  It  appeared  that  some  of  the  crystallites 
may  have  been  large  enough  to  reflect  all  or  at  least  parts  of 
the  characteristic  tungsten  radiation  from  the  L-beta 
spectrum. 

The  second  high-resolution  X-ray  technique  employed  to 
detect  and  to  follow  the  strain  throughout  the  course  of  a 
prestrain  experiment  was  the  reflection-micrograph  method. 
The  experimental  arrangement  for  this  method  is  presented 
in  figure  5.  Although  the  method  itself  has  been  described 
by  Honeycombe  (ref.  5),  the  translational  oscillation  of  the 
film  and  the  specimen  to  increase  the  area  under  observation 
with  this  technique  is  believed  to  be  new.  However,  this 
method  does  increase  the  exposure  time  considerably  above 
that  required  with  a stationary  specimen.  If  a single  crystal 
is  properly  oriented  in  this  beam,  a reflection  of  character- 
istic radiation  will  be  obtained.  Areas  of  either  great  or 
small  disorientation  in  the  crystal  will  not  reflect.  If  the 
reflection  is  a low-order  reflection,  differences  in  intensity  in 
the  reflection  may  occur  as  a result  of  differences  in  extinc- 
tion over  the  irradiated  surface  of  the  crystal.  However, 
extinction  would  not  be  expected  to  produce  sharp  discon- 
tinuities in  intensity.  If  the  crystal  is  oriented  so  as  to 
reflect  the  continuous  radiation,  differences  in  extinction 
may  be  observed,  but  small  disorientations  will  not  be 
observed. 

The  X-ray  micrographs  obtained  from  crystal  S-94 
initially  after  a slow  prestrain  at  room  temperature  and 
after  a creep  test  at  300°  F and  400-psi  resolved  shear  stress 
are  presented  in  figure  19.  The  specimen  was  cross  scratched 
to  mark  the  area  to  be  irradiated.  The  vertical  and  pos- 
sibly the  horizontal  scratches  can  be  seen  in  figure  19  (a), 
whereas  the  horizontal  scratch  shows  up  well  in  figure 
19  (b).  The  original  micrograph  of  the  crystal  before  any 
deformation  (fig.  19  (a))  showed  no  extra  detail  when  ex- 
amined at  100X.  The  continuous  variations  in  intensity 
can  be  interpreted  as  differences  in  extinction.  However, 
an  attempt  to  correlate  these  variations  with  optically 
apparent  irregularities  in  the  electropolished  surface  of  the 
crystal  was  not  successful.  In  figure  19  (b),  a micrograph 
of  the  specimen  after  prestraining,  the  reflection  was  still 
largeH  characteristic  radiation.  However,  this  figure  shows 
large  areas  where  the  (200)  reflecting  planes  have  rotated 
relative  to  other  portions  of  the  crystal  so  that  no  charac- 
teristic reflection  was  possible.  Traces  of  kink  bands, 
which  were  quite  apparent  after  the  creep  test,  appear  to 
run  diagonally  up  and  to  the  right  in  figure  19  (b).  There- 
fore, the  rotation  observed  in  figure  19  (b)  can  be  attributed 
to  the  early  onset  of  kinking.  After  the  creep  test  the  lattice 
was  so  distorted  that  one  of  the  entrance  slits  had  to  be 
removed  to  get  an  exposure  in  a reasonable  length  of  time. 
Hence,  the  height  of  the  micrograph  was  increased  slightly 
in  addition  to  the  increase  in  the  horizontal  scanning  which 
resulted  from  an  increased  translation.  In  all  cases  these 
micrographs  appear  to  be  approximately  twice  as  large  as 
calculated  from  the  translation  and  the  magnification.  The 
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(a)  Deformation,  none  except  a vertical  and  a horizontal  scratch 

mark;  exposure  time,  6 hours;  emulsion,  type  V-0;  trans- 
lation, 2 millimeters. 

(b)  Deformation,  1.47-percent  extension  in  constant-load-rate  test 

to  327-psi  resolved  shear  stress  at  82° F in  15  minutes;  ex- 
posure time,  6 hours;  emulsion,  type  V-0;  translation,  2 
millimeters. 

(c)  Deformation,  an  additional  6.94-percent  extension  by  creep 

with  400-psi  resolved  shear  stress  300° F in  118  hours;  expo- 
sure time,  15  hours  (with  one  entrance  slit  removed) ; emul- 
sion, lantern  slide;  translation,  4 millimeters. 

Figure  19. — X-ray  reflection  micrographs  from  (200)  plane  of  alu- 
minum single  crystal  S-94  at  various  stages  of  deformation  with 
copper  radiation.  2.5X. 

micrograph  given  as  figure  19  (c)  shows  considerable  fine 
structure  parallel  to  the  slip  lines  in  the  reflections  when 
viewed  at  100X.  Very  little  of  the  material  in  the  irradi- 
ated area  has  been  left  intact  to  reflect  the  characteristic 
radiation  because  of  the  manner  in  which  the  crystal  lattice 
has  been  broken  up. 

The  manner  in  which  the  lattice  breaks  up  during  defor- 
mation has  developed  recently  into  a highly  controversial 
issue.  Wood  and  his  English  co workers  (refs.  35,  36,  37, 
38,  and  39)  have  supported  a fragmentation  theory,  accord- 
ing to  which  the  lattice  breaks  up  immediately  into  sub- 
grains in  order  to  allow  deformation  to  take  place  along  the 
subgrains  or  crystallite  boundaries.  The  size  of  the  sub- 
grains formed  in  a polycrystalline  material  was  found  to  be 
a function  of  the  strain  rate  and  the  temperature.  On  the 
other  hand,  numerous  other  workers,  including  Calm  (refs. 
40  and  41),  Greenough  and  Smith  (refs.  42  and  43),  and 
Servi,  Norton,  and  Grant  (ref.  44),  have  concluded  from 
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similar  experiments  that  the  breakup  of  the  crystalline 
lattice  was  a two-stage  process  in  which  plastic  bending  of 
the  lattice  planes  was  followed  by  polygonization.  Poly- 
gon ization  is  the  process  by  which  plastically  bent  and  dis- 
torted regions  can  form  a network  of  smaller  regions  which 
are  relatively  free  of  internal  strains  and  which  exhibit 
slight  differences  in  orientation  from  one  small  region  to 
the  next.  The  plastic  bending  of  the  lattice  produces  an 
excess  of  dislocations  of  one  sign.  Then,  at  suitable  tem- 
peratures, the  stress-induced  movement  of  the  dislocations 
causes  the  dislocations  to  migrate  along  slip  planes  and  to 
collect  in  localized  regions  to  form  an  array  of  low-angle 
boundaries.  Simultaneously,  the  segments  of  the  lattice 
between  the  boundaries  lose  their  curvature  and  elastic 
strain. 

In  a recent  paper  Gervais,  Norton,  and  Grant  (ref.  45) 
observed  both  types  of  subgrain  formation.  The}7  found 
that  the  immediate  fragmentation  did  take  place  in  kinking 
but  that  most  of  the  subgrain  boundaries  were  formed  by 
polygonization.  They  found  little  evidence  of  the  flow 
along  the  subgrain  boundaries  predicted  by  Wood  and  his 
coworkers,  but  considerable  rotation  was  observed  to  take 
place.  In  an  investigation  of  the  creep  processes  in  coarse- 
grained aluminum  (refs.  46,  47,  and  48)  McLean  studied 
the  formation  of  subgrains  by  using  light  microscopy  and 
X-ray  techniques.  He  observed  no  subboundaries  during 
primary  creep.  Diffuse  X-ray  spots  did  not  split  into  dis- 
crete spots  until  secondary  creep  had  set  in.  From  then  on, 
the  subgrain  size  decreased  with  increasing  extension,  being 
detected  first  near  the  grain  boundaries  and  later  in  the 
interior  of  the  grains.  The  disorientation  of  the  subgrains 
also  increased  with  extension.  These  disorientations  were 
considerably  larger  than  predicted  by  the  observed  sub- 
boundary movements.  From  this  evidence  McLean  pro- 
posed a model  in  which  the  polygonization  of  the  lattice 
into  a substructure  results  in  an  observed  extension.  With 
this  interpretation,  polygonization,  which  contributes  to 
the  total  deformation,  can  be  termed  a mechanism  of 
deformation. 

The  X-ray  work  performed  in  this  investigation,  particu- 
larly the  oblique  Laue  photographs,  lends  support  to  the 
views  expressed  by  the  second  group  of  workers  that  the 
substructure  is  formed  in  a two-stage  process.  The  oblique 
Laue  photographs  in  figure  18  showed  distortion  of  the  lat- 
tice without  any  substructure  formation  after  prestraining 
to  a low  extension  at  room  temperature.  The  photographs 
taken  after  a creep  test  showed  that  a definite  substructure 
had  been  formed  during  creep.  The  reflection  micrographs 
in  figure  19  also  indicated  considerable  rotation  after  the 
prestraining,  but  no  fine  substructure  was  detected  until 
after  the  creep  test.  This  evidence  for  a two-stage  process 
in  the  formation  of  a substructure  and  the  large  rotations 
observed  support  McLean's  conclusion  that  polygonization 
was  definitely  a mechanism  of  deformation,  rather  than  a 
result  of  the  deformation. 

OPERATIVE  SUP  SYSTEMS  AT  ELEVATED  TEMPERATURES 

The  operation  of  additional  slip  systems,  exp eci ally  at 
elevated  temperatures,  has  been  discussed  by  Chalmers 


and  Martius  (ref.  49)  on  the  basis  of  the  energy  of  disloca- 
tions and  their  associated  slip  planes.  The  slip  direction 
is  the  most  closely  packed  direction.  This  corresponds 
to  the  movement  of  those  dislocations  with  the  shortest 
possible  Burgers  vector,  that  is,  the  shortest  unit  slip  dis- 
tance in  the  slip  direction  necessary  to  bring  the  crystal 
lattice  back  into  registry.  For  face-centered-cubic  metals, 
such  as  aluminum,  this  direction  is  a [110]  direction,  and 
the  unit  slip  distance  is  a/(2)1/2,  where  a is  the  lattice 
parameter. 

The  energy  of  a dislocation  must  also  depend  on  which 
slip  plane  is  involved.  Otherwise,  any  plane  containing  a 
[110]  direction  might  operate  at  any  temperature.  Chal- 
mers and  Martius  have  taken  this  dependence  to  be  a func- 
tion of  the  shear  strain,  with  the  dislocations  of  lowest 
energy  producing  the  lowest  shear  strain  in  a unit  slip 
process.  The  shortest  distances  to  the  next  parallel  planes 
for  the  (111),  (100),  and  (211)  planes  are  aft 3)1/2,  a/2,  and 
a/2(6)1/2,  respectively.  The  tangents  of  the  angles  of  shear 
for  the  unit  slip  process  are  1.225,  1.414,  and  3.464,  respec- 
tively, for  these  three  planes  with  their  associated  [110] 
slip  directions. 

At  room  temperature  only  the  (111)  [110]  slip  system 
has  been  observed.  However,  as  the  temperature  of  defor- 
mation is  increased,  other  systems  have  been  observed  to 
operate.  In  the  cases  reported,  the  systems  reported  have 
been  ones  which  have  a low  value  of  shear  strain  for  the 
unit  slip  process.  Boas  and  Schmid  (ref.  50)  have  observed 
slip  in  the  (100)  plane  in  a [110]  direction  in  single  crystals 
of  aluminum  at  450°  C.  More  recently,  Servi,  Norton, 
and  Grant  (ref.  44)  have  shown  that  additional  slip  sys- 
tems became  operative  during  creep  of  high-purity  coarse- 
grained aluminum  at  elevated  temperatures.  The}7  found 
that  the  operative  slip  plane  might  be  either  a (100)  plane 
or  a (211)  plane,  in  addition  to  the  customary  close- 
packed  (111)  plane.  In  all  cases  the  associated  slip  direc- 
tion was  one  of  the  [110]  close-packed  directions  located  in 
the  slip  plane.  However,  the  stress  systems  in  polycrystal- 
line materials  are  often  quite  complex. 

With  single-crystal  specimens  of  known  orientations  it 
was  possible  to  determine  the  effect  of  temperature  on  the 
operative  slip  system.  Twenty-two  crystals  were  deformed 
at  temperatures  from  300°  to  1,100°  F.  All  but  one  were 
deformed  in  constant-load  creep  tests,  and  19  had  one  or 
more  high-temperature  slip  systems  containing  a (100), 
(211),  (311),  or  (110)  plane,  at  least  one  of  which  was  oriented 
more  favorably  than  the  most  favorable  system  containing 
a (1 1 1)  slip  plane.  Therefore,  the  resolved  shear  stress,  or  the 
value  of  cos  <j>  cos  X which  determines  the  fraction  of  the 
applied  tensile  stress  which  was  resolved  in  the  slip  plane 
in  the  slip  direction,  was  higher  for  a system  containing 
one  of  the  four  high-temperature  slip  systems  than  for  any 
system  containing  an  octahedral  slip  plane.  The  pertinent 
data  on  these  tests,  presented  in  table  3,  include  the  con- 
ditions of  the  test,  the  type  of  the  primary  operative  slip 
plane  and  its  orientation  factor  cos  4>  cos  X,  and  the  ratio  of 
the  resolved  shear  stress  in  the  most  favorably  oriented 
high-temperature  slip  system  to  that  in  the  most  favorably 
oriented  low-temperature  slip  system. 
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The  results  are  presented  graphically  in  figure  20.  The 
ratio  of  the  resolved  shear  stress  on  the  favorably  oriented 
high-temperature  slip  system,  containing  a (211),  (100), 
(311),  or  (110)  slip  plane,  to  that  on  the  most  favorably 
oriented  octahedral  slip  system  has  been  plotted  for  each 
test  temperature.  To  the  left  of  the  straight  line,  the  slip 
plane  was  always  an  octahedral  plane.  To  the  right  of  the 
line,  the  slip  plane  was  one  of  the  four  observed  planes 
( (211),  (100),  (311),  or  (110)  ) in  the  s}Tstem  on  which  the 
resolved  shear  stress  was  the  highest.  The  boundary  line 
delineating  octahedral  slip  from  high-temperature  slip  slopes 
down  to  the  right  from  the  lowest  test  temperature,  300°  F, 
where  a high-temperature  slip  system  must  be  favored  by 
approximately  40  percent  to  operate,  to  the  point  where 
a high-temperature  slip  s37st,em  will  operate  at  900°  F if  it 
is  equally  favored  or  slightly  more  so.  Because  of  the  12 
slip  systems  containing  a (111)  plane  and  a [110]  direction, 
one  must  be  favored  to  some  extent.  Therefore,  it  is  not 
possible  to  obtain  crystals  with  high-temperature  slip  sys- 
tems that  are  favored  by  more  than  50  to  55  percent  over 
the  most  favorably  oriented  octahedral  slip  system.  The 
occurrence  of  slip  on  the  (311)  slip  plane  has  been  observed 
above  300°  F;  on  the  (100),  above  500°  F;  on  the  (211), 
above  700°  F;  and  on  the  (110)  (one  specimen),  only  at 
1,000°  F. 
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Figure  20. — Effect  of  orientation  on  operative  slip  system  as  function 
of  temperature. 


The  onset  of  slip  on  these  four  high-temperature  slip 
S37stems  in  aluminum  demonstrates  the  increase  in  the  ease 
of  plastic  deformation  with  the  increase  in  the  temperature 
at  which  the  deformation  takes  place.  As  the  temperature 
increases,  the  amplitude  of  vibration  and  the  thermal  energy 
of  the  atoms  increase  until  the  condition  stated  by  Chalmers 
and  Martius  for  the  operative  slip  plane  no  longer  holds. 
Then  slip  planes  having  slighth7  higher  values  of  shear  strain 
for  the  unit  slip  distance  can  operate  also  if  they  are  oriented 
more  favorabty  for  slip  than  the  most  favorable  s37stem 
exhibiting  the  lowest  value  of  shear  strain  for  a unit  slip 
distance.  As  the  temperature  is  increased  still  further,  the 
amount  by  which  the  high-temperature  slip  S37stem  must  be 
favored  decreases  in  accord  with  the  results  shown  in  figure 
20  for  single  c^stals  of  high -purity  aluminum. 


STRAIN  MARKINGS  BY  LIGHT  MICROSCOPY 

The  details  of  kinking  and  slip-band  formation  have  been 
observed  b37  light  microscop37.  However,  the  structure  of 
the  slip  bands  must  be  studied  with  electron  microscop37  b37 
replica  techniques,  and  this  work  will  be  discussed  in  the 
next  section. 

The  microscopic,  strain  markings  observed  on  five  repre- 
sentative cr37stals  are  presented  in  figure  21.  These  micro- 
graphs were  taken  in  a direction  perpendicular  to  a plane 
containing  the  specimen  axis  and  approximated  parallel 
to  the  plane  containing  the  slip  direction.  In  all  cases,  the 
cr37stals  were  positioned  so  that  the  ends  of  the  ellipses 
formed  b3r  the  intersection  of  the  slip  bands  with  the  speci- 
men surface  appear  convex  to  the  left  and  the  kink  bands 
appear  convex  to  the  right.  The  kink  bands  were  observed 
on  almost  all  ciystals  deformed  in  creep  from  300°  to  1,100° 
F,  with  no  apparent  dependence  on  the  orientation  of  the 
specimen  axis.  The  amount  of  kinking  appeared  to  depend 
on  the  amount  of  deformation,  on  the  temperature  at  which 
the  deformation  took  place,  and  possibh7  on  the  strain  rate. 
The  kink  bands  were  very  sharp  in  the  temperature  range 
from  300°  to  500°  F.  In  figure  21  (b),  the  observable  bands 
are  kink  bands,  which  were  much  more  prominent  than  the 
slip  bands,  which  were  not  apparent  in  this  micrograph. 
As  the  temperature  was  increased,  the  kink  bands  broadened 
out  until  the37  were  barety  noticeable  in  the  creep  specimen 
deformed  at  1,100°  F,  as  shown  in  figure  21  (e).  The  kink 
bands  were  approximate^7  perpendicular  to  the  slip  direc- 
tion; that  is,  the  slip  direction  was  normal  to  the  plane  of 
the  kink  bands.  These  observations  did  not  appear  to 
depend  on  the  primary  operative  slip  plane,  which  was  a 
(111)  in  figure  21  (a),  a (100)  in  figure  21  (b),  and  a (211) 
in  figures  21  (c),  21  (d),  and  21  (e). 

Kinking  presumabh7  is  the  collection  of  an  excess  number 
of  dislocations  in  a localized  region.  The  plysical  appearance 
of  the  kink  bands  depends  on  the  manner  in  which  these 
dislocations  are  distributed,  that  is,  whether  the3r  exist  in  a 
network  or  whether  the37*have  been  collected  in  a boundary^ 
Quite  often  the  broad  kink  bands  would  either  fade  awa37 
or  appear  as  a rumpled  surface  when  viewed  at  higher  magni- 
fications. However,  micrographs  of  the  sharp  kink  bands 
were  obtained  at  100X  from  specimens  deformed  at  300° 
and  500°  F.  Three  t37p'es  of  kink  bands  that  were  observed 
in  a Faxfilm  replica  of  the  surface  are  presented  in  figure  22. 
The  most  t37pical  form  of  a kink  band  runs  diagonal^7  down 
and  to  the  right  in  figure  22  (a).  Slip  bands  were  observed 
to  stop  in  the  kink  band,  but  no  discrete  difference  in  ori- 
entation was  apparent.  In  figure  22  (b),  the  kink  bands 
running  diagonalh7  up  and  to  the  right  exhibited  a sh^rp 
discon  tin  uit3T  in  the  surface  in  the  kink  band.  When  the 
specimen  was  viewed  directh7,  instead  of  the  replica,  the 
difference  in  the  reflections  of  light  from  the  material  on 
either  side  of  the  kink  band  provided  evidence  that  there  was 
a discrete  difference  in  the  orientation  in  this  t3rpe  of  sharp 
kink  band,  which  has  been  observed  also  b37  Gervais,  Norton, 
and  Grant  (ref.  45).  In  the  third  t37pe  of  kinking,  duplex 
slip  has  been  observed  in  the  kink  band  in  the  upper-left- 
hand  corner  of  figure  22  (c). 
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(a)  Crystal  S-78;  test,  400-psi  resolved  shear  stress  at  300°F; 

extension,  12.6  percent  in  94  hours. 

(b)  Crystal  S-82;  test,  450-psi  resolved  shear  stress  at  500°  F; 

extension,  7.8  percent  in  140  minutes. 

(c)  Crystal  S— 18 ; test,  182-psi  resolved  shear  stress  at  700°  F; 

extension,  12  percent  in  46  minutes. 

(d)  Crystal  S-64;  test,  constant  load  rate  at  1,100°F;  extension, 

13  percent  in  6 minutes. 

(e)  Crystal  S-42;  test,  27.6-psi  resolved  shear  stress  at  1,100°F; 

extension,  14  percent  in  5.2  hours. 

Figure  21. — Light  micrographs  of  kink  bands  and  slip  bands  on  single 
crystals  of  aluminum  deformed  at  various  temperatures.  2X. 


Kinking  does  not  take  place  in  single  crystals  of  zinc 
deformed  in  pure  shear  (ref.  34),  but  it  does  in  zinc  single- 
crystal  tension  specimens  (ref.  51).  Therefore,  the  bending 
moment  which  acts  on  a crystal  deformed  by  creep  in 
tension  must  be  responsible  for  the  occurrence  of  kinking. 
In  addition,  the  slip  planes  rotate  toward  the  tension  axis  as 
extension  takes  place,  and  the  lattice  on  the  opposite  side  of 
the  crystal  must  deform  to  accommodate  this  rotation. 
Chen  and  Mathewson  (ref.  52)  have  observed  the  formation 
of  kink  bands  in  single  crystals  of  aluminum  that  were  very 
similar  to  the  typical  kink  band  shown  in  figure  22  (a). 

Gervais,  Norton,  and  Grant  (ref.  53)  have  investigated  the 
role  of  the  bending  moment  in  kink-band  formation.  They 
concluded  that  slip  on  a second  system  could  relieve  the 
bending  moment  and  prevent  kinking.  In  an  attempt  to 
check  this  hypothesis,  three  specimens,  S-3,  S-13,  and  S-51, 
each  with  two  favorably  oriented  slip  systems,  were  deformed 
at  500°  F in  constant-load  creep  tests.  The  test  conditions 
for  these  specimens  have  been  included  at  the  end  of  table  3. 
In  crystals  S-3  and  S-51  duplex  slip  was  not  observed  on  a 
gross  scale  but  only  locally  in  the  kink  bands,  as  shown  in 
figure  22  (c).  In  crystal  S-13,  one  slip  system  was  operative 
on  one  end  of  the  crystal  and  another  on  the  other  end. 
Kink  bands  were  formed  on  each  end  of  the  specimen,  and 
the  only  duplex  slip  on  a gross  scale  was  observed  in  the 
transition  range  between  the  two  ends  of  the  crystal.  The 
deformation  was  too  inhomogeneous  to  tell  anything  about 
kinking  in  this  region.  Because  the  specimens  did  not 
exhibit  duplex  slip  on  a gross  scale,  they  did  not  prove  or 
disprove  whether  duplex  slip  could  eliminate  kinking. 
However,  they  did  indicate  a tendency  for  duplex  slip  to 
take  place  on  a fine,  rather  than  a gross,  scale  at  elevated 
temperatures.  This  tendency  has  also  been  observed  in 
the  electron-microscopy  study  of  slip-band  formation  at 
elevated  temperatures. 

Low-magnification  photographs  of  the  slip  bands  are 
presented  in  figure  21.  In  general,  the  amount  of  shear  on 
each  slip  band  increased  as  the  temperature  was  increased, 
that  is,  for  a given  strain.  However,  the  most  important 
observation  to  be  made  from  these  photographs  is  the 
difference  between  the  slip  bands  formed  at  1,100°  F during 
a const  an t-load-rate  test  with  a fairly  rapid  strain  rate  (see 
fig.  21  (d))  and  those  formed  in  a creep  test  with  a relatively 
slower  strain  rate  (see  fig.  21  (e)).  The  slow  deformation 
was  much  more  inhomogeneous.  These  gross  slip  bands 
observed  on  the  creep  specimen  were  actually  made  up  of  a 
number  of  slip  bands  which  could  be  resolved  easily  at  100X. 
Other  light  micrographs  of  slip  bands  on  specimens  of  the 
two  purities  are  presented  in  figure  23.  The  slip  bands  on 
the  high-purity  crystal  S-2  appeared  quite  broad  and  wavy 
at  100X  after  an  extension  of  9.3  percent  at  500°  F in  1.5 
hours  with  400-psi  resolved  shear  stress.  The  slip  bands  on 
the  low-purity  crystal  L-12  appeared  relatively  straight  and 
much  narrower  at  250X  after  an  extension  of  14.4  percent  in 
a constan  t-load-rate  test  at  500°  F in  19  minutes.  In 
addition,  duplex  slip  on  a gross  scale  was  quite  apparent  in 
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TABLE  3.— SUMMARY  OF  DATA  ON  OPERATIVE  SLIP  PLANE  AT  ELEVATED  TEMPERATURES 


Crystal 

Tempera- 
ture, °F 

Test 

(a) 

Strain,  < 

Primary  operative  plane 

Type 

Cos  <£  cos  X 

rfhieh-temperature  system) 
r(lll) 

S-21 

300 

400- psi  RSS  for  10  min 

0.005 

(311) 

0.  454 

1.43 

S-20 

500 

300-psi  RSS  for  25.4  hr 

. 124 

(HI) 

.417 

1.  139 

S-82 

500 

450-psi  RSS  for  140  min. . 

.078 

(100) 

.482 

1.  497 

P-1 09 

700 

75- psi  RSS  for  67  hr.. 

.025 

(111) 

.422 

1.  121 

P-159 

700 

100-psi  RSS  for  IS. 5 hr 

.098 

(311) 

. 477 

1.23 

S-18 

700 

182-psi  RSS  for  46  min . _ 

. 12 

(211) 

.487 

1.  14 

S-71 

700 

147-psi  RSS  for  5.3  hr..  

. 10 

(100) 

.489 

1.46S 

S-60 

800 

109-psi  RSS  for  278  min ..  . 

. 165 

(100) 

.495 

1.447 

S-27 

900 

79-psi  RSS  for  168  min 

. 10 

(211) 

.472 

1.054 

S-46 

900 

75-psi  RSS  for  100  min 

. 11 

(100) 

.494 

1.290 

S— 45 

900 

71.0-psi  RSS  for  100  min 

. 117 

(100) 

.491 

1.418 

S-87 

1.000 

50-psi  RSS  for  15  min 

. 10 

(110) 

.475 

1.02 

S-77 

1.000 

62.2-psi  RSS  for  18  min 

. 10 

(100) 

.480 

1.  244 

S-l 

1.000 

67.3-psi  RSS  for  25  min 

. 216 

(100) 

.495 

1.345 

S-64 

1.  100 

CLR  in  6 min 

. 13 

(211) 

. 477 

1.072 

S-39 

1,  100 

27.2-psi  RSS  for  66  hr 

. 129 

(211) 

. 49G 

1.088 

S-42 

1.  100 

27.6-psi  RSS  for  5.2  hr. 

. 14 

(211) 

.489 

1.  104 

S-S4 

1.  100 

28.8-psi  RSS  for  6 hr .... 

. 20 

(311) 

.488 

1.  19 

P-149 

1,  100 

29.9-psi  RSS  for  20  hr 

.35 

(100) 

.486 

1.  197 

S-3 

500 

400-psi  RSS  for  3.3  hr 

.115 

(111) 

.493 

S-13 

500 

400-psi  RSS  for  45  min.  ..  ...  

. 10 

(111) 

.485 

.480 

S-51 

500 

600-psi  RSS  for  1 min. 

. 15 

1 

(111) 

.489 

* BSS,  resolved  shear  stress;  CLR,  constant  load  rate. 


the  lower  purity  specimen.  These  same  observations  were 
made  in  the  electron  micrographs  at  much  higher  magnifica- 
tions. 

Several  speculative  viewpoints  have  been  expressed  on 
slip-band  formation,  considerable  experimental  work  has 
been  done,  and  conclusions  have  been  drawn  from  this  work. 
However,  no  complete  physical  explanation  has  been  put 
forth  to  explain  why  slip  bands  form  as  they  do.  The 
propagation  of  slip  in  high-purity  aluminum  single  crystals 
at  room  temperature  has  been  observed  and  photographed 
with  a moving-picture  camera  by  Chen  and  Pond  (ref.  54). 
However,  Brown  (refs.  30,  55,  56,  and  57)  probably  has  done 
the  most  work  on  this  problem  of  slip-band  formation.  In 
reference  55  Brown  states  that  he  found  that  the  average 
number  of  individual  lines  in  a slip  band  after  15  percent 
deformation  increased  with  temperature,  while  the  spacing 
decreased.  The  slip  distance  on  an  individual  slip  line 
decreased  only  slightly  with  temperature  and  was  approxi- 
mately 2,000  A at  all  temperatures  from  — 1S0°  to  500°  C. 
In  reference  30  Brown  reports  that  the  slip  bands  formed  at 
room  temperature  were  initially  individual  lines  at  low  strains, 
and  then  the  number  of  lines  in  a band  increased  as  the  strain 
was  increased.  He  attempted  to  explain  slip-band  forma- 
tion on  the  basis  that  slip  took  place  in  the  regions  of  lowest 
hardness  in  the  crystal  and  that  a self-annealing  process 
caused  the  hardness  to  be  low  in  the  region  very  close  to  the 
first  and  the  subsequent  slip  lines  in  a slip  band.  This 
description  must  be  considered  weak,  without  any  physical 
significance,  until  a physical  picture  of  the  self-annealing 
processes  can  be  presented. 

Recently,  two  suggestions  for  such  a self-annealing  process 
have  been  presented.  Koehler  (refs.  16  and  58)  has  suggested 
that  the  internal  stresses  resulting  from  thermal  fluctuations 
can  produce  slip  lamellae  (individual  lines)  by  allowing  a 
screw  dislocation  to  undergo  cross  slip  and  subsequent 
Frank-Read  generation  on  a neighboring  slip  plane  parallel 
to  the  initial  locked  lamella.  This  process  would  be  depend- 
ent on  the  time  involved  in  deformation,  since  longer  times 
would  allow  more  suitably  large  thermal  fluctuations  to 


activate  the  process  more  times  in  the  same  slip  band.  As 
evidence  for  this  time  dependence,  Koehler  quoted  Brown’s 
results  (ref.  30)  that  slip  bands  in  aluminum  strained  rapidly 
at  450°  C contained  only  11  lamellae,  whereas  those  formed 
in  aluminum  strained  1 percent  per  day  at  450°  C contained 
50  lamellae. 

The  second  suggestion  for  interpreting  the  structure  of  slip 
bands  is  based  on  a recovery  model  for  the  high-temperature 
creep  process  described  by  Sherby  and  Dorn  (ref.  59). 
They  have  attributed  the  rate-controlling  process  to  the 
recover}7  of  barriers  (to  dislocation  movement)  by  a self- 
diffusion process;  that  is,  the  barriers  are  reduced  in  strength, 
rather  than  being  surmounted  by  thermally  activated  dis- 
locations. At  the  temperatures  at  which  diffusion  is  appre- 
ciable, it  is  also  possible  that  a locked  Frank-Read  generator, 
such  as  the  segment  of  an  edge  dislocation  line  in  the  slip 
plane,  can  climb  perpendicular  to  the  slip  plane,  by  self- 
diffusion, to  a neighboring  plane,  where  it  again  can  generate 
dislocations,  resulting  in  another  slip  lamella  in  the  slip  band. 
This  process  would  also  be  time  dependent  to  the  extent 
that  specimens  deformed  in  slow  creep  tests  at  high  tempera- 
tures would  be  able  to  develop  wide  slip  bands,  whereas 
specimens  deformed  in  relatively  faster  tensile  tests  would 
not  have  time  to  build  up  the  large  slip  bands.  These  results 
are  verified  on  a gross  scale  in  figures  21  (d)  and  21  (e). 
Details  of  the  structure  of  the  slip  bands  must  be  observed 
by  electron  microscopy.  Regardless  of  the  interpretation, 
the  experimental  results  have  shown  that  the  structure  of  the 
slip  bands  at  elevated  temperature  is  dependent  on  the  rate 
of  straining.  The  relation  is  probably  not  simple  but  should 
be  dependent  on  the  recovery  rate,  which  is  a function  of 
time,  temperature,  and  possibly  total  strain. 

Up  to  this  point  in  the  investigation,  three  mechanisms  of 
creep,  slip,  kinking,  and  polygonization,  have  been  observed. 
All  three  can  be  regarded  as  dislocation  phenomena.  They 
are  probably  all  dependent  on  or  interrelated  to  a recovery 
process  involving  either  self-diffusion  (ref.  59)  or  possibly  the 
removal  or  redistribution  of  excess  dislocations  (ref.  60). 
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fa)  Crystal  S-78;  test,  400-psi  resolved  shear  stress  at  300°F;  extension,  12.6  percent  in  94  hours;  typical  kink  band. 

(b)  Crystal  S-82;  test,  450-psi  resolved  shear  stress  at  500° F;  extension,  7.8  percent  in  140  minutes;  sharp  kink  bands. 

(c)  Crystal  S-51;  test,  600-psi  resolved  shear  stress  at  500° F;  extension,  15  percent  in  1 minute;  duplex  slip  in  kink  bands. 

Figure  22. — Light  micrographs  of  various  types  of  kink  bands  observed  on  unshadowed  Faxfilm  replicas  of  deformed  aluminum  single  crystals. 

100X. 


ELECTRON-MICROSCOPE  OBSERVATIONS 

The  results  of  the  electron-microscope  work  are  presented 
in  the  form  of  16  micrographs  in  figures  24,  25,  26,  and  27. 
Light  micrographs  have  already  been  shown  in  figure  23 
from  two  of  the  crystals  from  which  electron  micrographs 
were  made. 


Figures  24  (a)  and  24  (b)  show  the  elementary  slip-line 
structures  in  specimens  with  relatively  low  strain.  These 
figures  are  not  representative  of  most  of  the  surface  area  of 
the  specimen,  since  most  of  the  area  shows  no  strain  mark- 
ings at  all.  Areas  with  slip-line  markings  such  as  those  in  the 
figures  are  seen  in  only  about  1 percent  of  the  surface  area 
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scanned.  In  figure  24  (a)  the  slip  lines  are  nearly  uniform, 
with  the  shear  on  each  slip  plane  being  about  400  A.  This 
is  in  agreement  with  the  data  of  Kuhlmann-Wilsdorf  and 
Wilsdorf  (refs.  61  and  62)  for  the  magnitude  of  the  elemen- 
tary structure  which  they  observed  covering  the  entire  sur- 
face between  slip  bands  at  high  strains  at  room  temperature. 
As  can  be  seen  in  figure  24  (a),  even  at  low  strain  there  is 


evidence  of  some  duplex  slip.  It  is  not  cross  slip  (i.  e.,  slip 
on  two  planes  in  a common  direction)  because  the  slip  direc- 
tions are  not  the  same  in  the  two  systems.  This  is  consistent 
with  the  Kuhlmann-Wilsdorf  hypothesis  that  aluminum 
contains  many  more  possible  Frank-Read  sources  (ref.  17) 
than  can  become  active,  because  the  dislocations  from  the 
different  sources  interfere  strongly  with  each  other’s  motion. 


L-92399 


(a)  Crystal  S-2;  100X.  (See  fig.  26  for  electron  micrographs.) 

(b)  Crystal  L-12;  250X.  (See  fig.  27  for  electron  micrographs.) 

Figure  23. — Light  micrographs  of  slip  bands  on  deformed  aluminum  single  crystals  of  two  purities  with  chemically  polished  surfaces.  Both  micro- 
graphs are  from  unshadowed  Faxfilm  replicas. 


435875—57 25 
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(a)  Crystal  P-181 ; test,  400-psi  resolved  shear  stress  at  82°F  (10  minutes) ; extension,  0.90  percent;  13,500X. 

(b)  Crystal  P-175;  test,  tensile  test  at  400°F  in  vacuum;  extension,  5 percent;  8,000X. 

(c)  Test,  bending  at  82°F;  deformation,  heavily  deformed;  3,500X. 

(d)  Test,  bending  at  82°F ; deformation,  heavily  deformed;  4,500X. 

Figure  24. — Electron  micrographs  of  aluminum-oxide  replicas  from  electro-polished  surfaces  of  deformed  aluminum  single  crystals. 


Therefore,  the  yield  stress  for  duplex  slip  may  not  be  appre- 
ciably greater  than  that  for  single  slip,  depending  on  the 
crystal  orientation.  The  spacing  and  over-all  distribution 
of  the  slip  lines  is  not  in  agreement  with  the  results  of  Kuhl- 
mann-Wilsdorf  and  Wilsdorf.  This  may  be  due  partly  to 
the  fact  that  their  observations  were  made  on  polycrystal- 
line, rather  than  single-crystal,  specimens. 

There  is  no  evidence  of  the  400  A elementary  slip-line 
structure  in  any  of  the  high-purity  crystals  deformed  at 
elevated  temperatures.  The  family  of  slip  lines  in  figure 
24  (b)  appears  to  have  been  generated  from  Frank-Read 


sources  in  the  interior  of  the  metal.  In  the  widest  portion 
of  the  slip  lines  the  shear  is  probably  between  1,500  A and 
2,000  A.  An  accurate  determination  is  difficult  because 
there  is  no  etch  pit  in  the  figure  from  which  the  orientation 
of  the  free  surface  can  be  calculated.  The  waviness  of  the 
slip  lines  at  elevated  temperatures  is  noticeable  in  figure 
24  (b).  This  can  be  attributed  to  several  causes.  The  first 
cause  is  curvature  of  the  lattice.  However,  this  does  not 
seem  likely  at  such  a low  strain.  The  second  cause  is  bending 
of  the  replica,  which  might  create  the  illusion  of  curved  lines. 
In  view  of  the  irregularity  of  the  waviness,  this  does  not 
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appear  to  be  likely.  The  most  plausible  explanation  appears 
to  be  that  these  slip  lines  are  not  generated  by  a single 
Frank-Read  source  but  by  multiple  sources  on  planes  close 
together.  It  is  entirely  possible  that  a thinner  replica, 
particularly  a platinum  replica,  would  disclose  some  fine 
structure  in  the  wavy  slip  lines  of  figure  24  (b),  which  was 
made  from  an  aluminum-oxide  replica.  It  seems  probable 
that  the  dynamics  of  slip-line  or  slip-band  (multiple  lines) 
formation  at  elevated  temperatures  are  more  complex  than 


the  mechanisms  based  on  Frank-Read  sources  and  proposed 
by  Fisher,  Hart,  and  Pry  (ref.  63)  and  other  investigators. 

The  slip  bands  observed  at  low  magnification  after  the 
deformation  of  high-purity  aluminum  at  500°  F were  also 
distinctly  wavy,  as  shown  in  figure  23  (a).  Kuhlmann- 
Wilsdorf  and  Wilsdorf  have  suggested  that  the  special  form 
of  the  slip  bands  (i.  e.,  whether  they  are  wavy  or  straight)  is 
determined  very  early  in  the  deformation  process.  This 
hypothesis,  although  interesting,  is  not  very  informative 


(a)  Crystal  S-89  (unoriented);  test,  800-psi  tensile  stress  at  500°F  in  vacuum;  extension,  11  percent  in  19  hours;  type  replica,  aluminum 

oxide;  7,500X. 

(b)  Crystal  S-56;  test,  constant  load  rate  at  500°F  with  oil  coating;  extension,  22  percent  in  16  minutes;  type  replica,  aluminum  oxide;  4,000X. 

(c)  Crystal  L-ll;  test,  970-psi  resolved  shear  stress  at  500°F  in  vacuum;  extension,  12.4  percent  in  17  hours;  type  replica,  Formvar;  3,000X. 

(d)  Crystal  L-ll;  test,  970-psi  resolved  shear  stress  at  500°F  in  vacuum;  extension,  12.4  percent  in  17  hours;  type  replica,  platinum;  4,000X. 

Figure  25. — Electron  micrographs  of  slip  bands  on  various  replicas  from  electro-polished  surfaces  of  deformed  aluminum  single  crystals. 
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with  regard  to  the  dynamics  of  the  process.  This  hypothesis 
is  apparently  borne  out  for  the  most  part  in  aluminum 
specimens  that  were  heavily  deformed  at  room  temperature. 
The  slip  lines  and  slip  bands  in  heavily  deformed  aluminum 
(deformed  by  bending)  are  straight,  as  shown  by  two  ex- 
amples in  figures  24  (c)  and  24  (d).  The  slip  in  the  easily 
resolved  slip  lines  (e.  g.,  the  group  of  three  spaced  quite 
close  together  and  running  from  the  bottom  center  diagonally 
up  and  to  the  right  in  fig.  24  (d))  exhibits  a shear  strain  of 
1,500  A to  2,000  A.  However,  there  are  evidently  some 


finer  slip  lines  which  are  not  resolvable  at  a magnification  of 
10,000X  in  these  particular  replicas.  It  appears  from  figures 
24  (a),  24  (c),  and  24  (d)  that  the  shear  along  the  slip  plane 
in  aluminum  strained  at  room  temperature  varies  from  400  A 
to  several  thousand  angstroms.  This  is  in  disagreement 
with  Brown’s  result  (ref.  57)  that  the  shear  is  uniformly 
about  2,000  A.  It  agrees  with  the  observation  of  a consider- 
able range  in  the  shear  on  individual  slip  planes  made  by 
Kuhlmann-Wilsdorf  and  Wilsdorf  (refs.  61  and  62). 

Figures  25  (a),  (25  (b),  26  (c),  and  26  (d)  show  the  surface 


L-92402 


(a)  Crystal  S-2;  undeformed;  surface,  chemically  polished  and  etched;  6,500X. 

(b)  Crystal  S-2;  undeformed;  surface,  chemically  polished  and  etched;  16,000X. 

(c)  Crystal  S-2;  test,  400-psi  resolved  shear  stress  at  500°F  with  oil  coating;  extension,  9.3  percent  in  1.5  hours;  surface,  chemically  polished; 

23,000X. 

(d)  Crystal  S-37 ; test,  50-psi  resolved  shear  stress  at  1,000°F  in  vacuum;  extension,  12  percent  in  1.4  hours;  surface,  electro-polished;  21,000X. 

Figure  26. — Electron  micrographs  of  platinum  replicas  of  undeformed  and  deformed  regions  on  aluminum  single  crystals. 
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L-92403 


(a)  14,000X. 

(b)  14,000X. 

(c)  14.000X. 

(d)  50,000X. 

Figure  27. — Electron  micrographs  of  slip  bands  on  a deformed  aluminum  single  crystal  with  a chemically  polished  surface.  Crystal  L-12;  test, 
constant  load  rate  at  500° F with  protective  oil  coating;  extension,  14.4  percent  in  19  minutes;  type  replica,  platinum. 


structures  in  high-purity  aluminum  crystals  deformed  at 
elevated  temperature.  All  of  the  specimens  strained  at 
500°  F show  evidence  of  duplex  slip  on  different  planes  in 
varying  degrees.  This  indicates,  as  previously  mentioned, 
an  excess  of  Frank-Read  sources.  The  slip  band  in  figure 
26  (c)  runs  down  and  to  the  right.  However,  it  should  be 
mentioned  that  this  structure  was  not  typical  of  the  surface. 
When  the  platinum  replicas  were  examined  under  a vertical 
light  microscope,  slip  bands  were  clearly  visible.  However, 
they  almost  always  faded  out  when  the  objective  lens  current 
was  turned  on  and  the  image  enlarged  and  focused  on  the 
viewing  screen.  This  is  an  indication  that,  when  a high- 
purity  aluminum  crystal  is  deformed  at  elevated  tempera- 


tures, the  slip  is  too  fine  to  be  visible  in  the  electron  micro- 
scope. The  step  heights  are  probably  less  than  200  A. 
Only  rarely  was  a band  such  as  that  one  in  figure  26  (c) 
visible  at  high  magnification.  Originally,  the  structure  in 
figure  26  (c)  was  interpreted  as  a relatively  fine  slip  on  cubic 
planes  (i.  e.,  parallel  to  the  side  of  the  cubic  etch  pit  in  the 
lower  right-hand  comer)  superimposed  on  a coarse  slip  on 
octahedral  planes.  However,  in  view  of  the  fact  that  the 
slip  bands  are  not  generally  visible  at  all  in  the  electron 
microscope,  this  structure  in  figure  26  (c)  can  be  construed 
probably  better  as  a group  of  narrow  sub-bands  with  octa- 
hedral slip  too  fine  to  be  resolved  superimposed  on  resolvable 
cube  slip.  In  any  event,  the  slip  in  most  of  the  bands  must 
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be  fine  slip  because  it  was  not  generally  visible  in  the  electron 
microscope  in  replicas  taken  from  high -purity  crystals  de- 
formed in  creep  at  elevated  temperatures. 

Bands  in  crystals  deformed  at  1,000°  F sometimes  appear 
straighter  and  narrower  in  the  light  microscope  than  bands 
in  specimens  strained  at  500°  F.  The  whole  field  in  figure 
26  (d)  would  appear  to  be  single  band  hr  the  Tight  microscope 
at  a magnification  of  100X.  The  resolved  shear  stress  at 
1,000°  F is  only  about  one-eighth  that  required  to  give  an 
equivalent  creep  curve  at  500°  F in  the  high-purity  alumi- 
num. Evidently  slip  on  parallel  planes  may  be  easier  than 
multiple  slip  at  this  temperature.  This  depends,  in  part, 
on  the  crystal  orientation.  However,  more  work  is  needed 
in  the  examination  of  band  structures  at  high  magnification 
as  a function  of  both  temperature  and  strain  rate,  as  there 
are  insufficient  data  available  at  present  to  test  theories  of 
slip-band  formation. 

Figure  27  shows  micrographs  of  band  structures  in  a lower 
purity  aluminum  crystal  strained  rapidly  at  500°  F.  The 
bands  in  figures  27  (a),  27  (b),  and  27  (c)  run  through  etch  pits. 
This  band  structure  is  quite  complex.  Apparently  there  are 
nearly  equal  slips  oh  two  sets  of  planes,  giving  a basket-weave 
structure.  Which  slip  system  appears  more  prominent  de- 
pends on  the  orientation  of  the  free  surface.  In  some  areas, 
such  as  in  figure  27  (d),  the  surface  becomes  so  rumpled  that 
the  pattern  no  longer  appears  to  be  crystallographic  in 
nature.  This  can  be  attributed  to  a displacement  of  the 
slip  lines  by  the  lines  of  the  second  S37stem.  If  there  are  more 
than  two  systems  operating,  or  if  the  slip  alternates  on  first 
one  system  and  then  the  other,  the  pattern  can  become  nearly 
unrecognizable  as  a slip-system  pattern,  particularly  for 
certain  orientations  of  the  free  surface. 

In  an  investigation  of  deformed  polycrvstalline  aluminum 
with  both  Formvar  and  aluminum-oxide  replicas,  Garrod, 
Suitor,  and  Wood  (ref.  64)  observed  that  wavy  slip  bands 
were  typical  at  elevated  temperatures  but  offered  no  expla- 
nation. Trotter  (ref.  65)  made  the  same  observation  on 
coarse-grained  high-purity  aluminum  deformed  at  200°  C in 
creep.  However,  be  attributed  the  wavy  nature  of  the  slip 
lines  to  the  occurrence  of  intimate  cross  slip. 

In  the  lower  purity  aluminum,  the  displacement  per  slip 
plane  is  about  500  A,  as  compared  with  2,000  A for  the  pri- 
mary slip  system  in  high-purity  aluminum.  The  bands  are 
narrower  and  straighter  in  the  lower  purity  aluminum,  as  can 
be  seen  in  the  light  micrographs  in  figures  23  (a)  and  23  (b). 
Also,  in  the  lower  purity  aluminum,  there  is  duplex  slip 
between  the  bands,  as  shown  in  figure  23  (b)  and  in  electron 
micrographs  in  figures  25  (c)  and  25  (d).  The  indications 
are  that  there  is  still  an  excess  of  Frank-Read  sources  in 
the  lower  purity  aluminum,  so  that  most  of  the  deforma- 
tion takes  place  in  the  slip  bands.  However,  the  propaga- 
tion of  avalanches  is  hampered  by  the  lattice  defects  around 
impurities,  so  that  the  strain  per  band  is  limited.  If  the 
strain  is  high  enough,  there  is  some  cross  slip  between  bands. 

A subgrain  structure  in  annealed  polycrystalline  aluminum 
was  first  noted  b}-  Robinson  and  Hunter  (ref.  66)  in  electron 
micrographs  from  aluminum-oxide  replicas  of  a chemically 
polished  surface.  This  same  structure  has  been  revealed  in 
figures  26  (a)  and  26  (b)  in  platinum  replicas  from  an  unde- 


formed aluminum  single  crystal.  Although  this  crystal 
actually  was  deformed,  the  surface  was  prepared  before  the 
deformation,  and  these  micrographs  from  undeformed  sec- 
tions of  the  crystal  are  characteristic  oflfi  crystal  as  grown 
by  the  strain-anneal  method.  Figure  26  (a)  is  probably  the 
most  striking  of  all  the  micrographs  presented.  All  the 
smallest  etch  pits  are  located  in  subgrain  or  domain  bound- 
aries, whereas  the  somewhat  larger  ones  are  bisected  by  one 
of  the  boundaries.  The  facts  that  the  boundaries  are  de- 
lineated by  the  chemical  polish  and  that  the  etch  pits  origi- 
nate in  the  boundaries  indicate  that  these  boundaries  mark 
the  sites  of  localized  crystal  imperfections  of  some  sort.  The 
most  probable  explanation  is  that  they  are  the  boundaries 
between  small  blocks  slightly  out  of  register.  The  continu- 
ous etching  of  the  small  boundaries  might  result  from  the 
elastically  strained  regions  around  the  horizontal  component 
of  edge  dislocations  making  up  the  straight  boundaries.  At 
higher  mangification,  such  as  in  figure  26  (b),  the  boundaries 
do  not  always  appear  continuous. 

The  dimensions  of  these  blocks  range  from  about  3/4 
micron  to  3 microns,  or  of  the  order  of  1 micron.  This 
range  of  size  is  particularly  difficult  to  detect,  since  the 
particles  are  too  small  to  yield  individual  X-ray  reflections 
in  anything  but  the  best  of  microbeam  techniques,  and  they 
are  too  large  to  cause  X-ray  line  broadening.  This  mosaic 
structure  has  been  predicted  in  the  theory  of  imperfect 
cr\7stals  (ref.  67),  and  there  is  reason  to  believe  that  all 
metals  are  made  up  of  such  a characteristic  structure.  This 
small  substructure  undoubtedly  plays  a large  part  in  deter- 
mining the  mechanical  properties  of  metals.  Wyon  and 
Crussard  (ref.  68)  and  Parker  and  coworkers  (ref.  34)  have 
carried  out  experiments  indicating  that  the. boundaries  of  a 
fine  substructure,  at  least  at  low  strains,  will  act  as  barriers 
to  deformation.  How  this  fine  substructure  detected  in  this 
investigation  varies  with  annealing  procedure  remains  to  be 
seen. 

The  presence  of  this  mosaic  structure  in  a supposedly 
single  costal  brings  up  the  question  of  the  distribution  of 
dislocations  in  the  annealed  costal.  According  to  the  dis- 
location model  of  a grain  boundaty,  nearty  all  of  the  disloca- 
tions could  be  concentrated  in  the  boundaries.  Vogel,  Pfann, 
and  Core3^  (ref.  69)  have  observed  etch  pits  in  a low-angle 
boundaiy  between  two  subgrains  in  germanium.  They 
found  that  the  etch-pits  developed  at  regular  intervals  along 
the  boundaiy,  the  spacing  being  related  to  the  observed 
difference  in  orientations  of  the  two  subgrains.  Therefore, 
the37  concluded  that  the  etch  pits  started  at  the  intersection 
of  the  line  of  the  edge  dislocations  in  the  boundary  with  the 
surface.  More  recenth7,  Amelinckz  (ref.  70)  has  found  that 
etch  pits  developed  on  slightty  deformed  aluminum  along 
the  slip  lines,  along  grain  boundaries,  and  randomty.  From 
the  results  of  this  investigation,  the  classification  of  “ran- 
domly,”  in  all  probability,  refers  to  the  etch  pits  formed  at 
small  subgrain  or  mosaic  boundaries,  as  shown  in  figure 
26  (a). 

At  first  sight,  the  hypothesis  that  all  the  dislocations  are 
concentrated  in  the  boundaries  does  not  appear  to  be  con- 
sistent with  the  presence  of  the  elementary  slip-line  struc- 
ture, as  detected  b37  Kuhlmann-Wilsdorf  and  Wilsdorf  (refs. 
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61  and  62).  They  observed  fine  slip  in  aluminum  with  an 
average  displacement  of  300  A to  400  A per  plane,  with  the 
lines  spaced  at  approximately  400  A.  However,  when  it  is 
considered  that  the  structure  observed  in  figure  26  (a)  repre- 
sents only  the  top  layer  and  that  there  are  mail}7  more  layers 
below  this  one  hi'  offset  positions,  it  is  easy  to  see  how  the 
elementary  lines  can  be  so  closely  spaced,  even  if  the  dislo- 
cations and,  hence,  the  Frank-Read  sources  are  in  these 
small  boundaries,  rather  than  inside  the  mosaic  blocks. 
Again,  regardless  of  the  interpretation,  any  theory  of  slip-line 
formation  must  take  into  account  the  presence  and  the  effect 
of  this  fine  structure  in  the  annealed  crystals. 

Some  suggestions  have  been  made  in  this  section  about 
future  work.  Basic  to  the  theory  of  creep  is  the  theory  of 
slip-band  formation.  The  electron  microscope  is  probabty 
the  best  single  instrument  for  examination  of  slip  bands. 
Improved  surface-preparation  and  replica  techniques  en- 
hance the  .value  of  this  instrument.  It  probably  would  be 
advisable  to  use  only  high-purity  aluminum  in  a fundamental 
study  of  slip-band  formation.  Crystals  strained  at  various 
temperatures  over  a wide  range  of  temperatures  and  with 
varying  degrees  of  strain  and  strain  rate  would  have  to  be 
examined.  It  probably  would  be  profitable  to  examine  the 
structure  of  a chemically  polished  surface  after  a low  strain 
to  see  whether  any  relationship  exists  between  the  slip  lines 
and  the  fine  substructure,  which  indicates  a definite  ordering 
of  at  least  one  type  of  crystal  imperfection. 

SUMMARY  OF  RESULTS 

The  results  of  a study  of  plastic  deformation  of  aluminum 
single  crystals  over  a wide  range  of  temperatures  may  be 
summarized  as  follows: 

1.  The  effects  of  impurity  content  and  temperature  on  the 
plastic  properties  of  single  crystals  of  aluminum  have  been 
observed  in  stress-strain  curves  determined  by  constant- 
load-rate  tests  at  82°,  500°,  and  1,100°  F on  specimens  of 
two  purities. 

2.  The  creep  characteristics  of  high-purity  aluminum 
single  crystals  have  been  determined  for  various  stresses  in 
the  temperature  range  from  400°  to  900°  F under  the  condi- 
tion of  a constant  resolved  shear  stress.  No  empirical  rela- 
tion has  been  obtained  which  could  describe  the  creep  data 
over  the  range  of  the  variables  investigated,  presumably 
because  of  the  differing  kinetics  of  the  mechanisms  of  defor- 
mation that  have  been  observed. 

3.  The  increased  creep  resistance  provided  by  small 
amounts  of  prior  strain  was  found  to  be  determined  by  the 
details,  such  as  temperature,  strain  rate,  and  amount  of  the 
prestrain. 

4.  The  results  of  high-resolution  X-ray  techniques  used 
to  detect  and  to  follow  the  internal  strain  throughout  the 
various  stages  of  a prestrain  experiment  showed  the  ciystal- 
line  lattice  to  break  up  by  a two-stage  process  involving 
plastic  bending  and  subsequent  polygonization. 

5.  At  temperatures  of  about  300°  F and  above  the  opera- 
tive slip  plane  could  be  a (311),  a (110),  a (100),  or  a (211) 
plane.  The  operative  plane  was  the  plane  in  the  system  on 
which  the  resolved  shear  stress  was  the  highest,  assuming 
that  the  slip  direction  was  a [110]  direction  in  all  cases. 


6.  The  details  of  kinking  and  slip-band  formation  in 
plastic  deformation  of  single  crystals  of  aluminum  have  been 
observed  and  recorded  in  light  micrographs.  Kink  bands 
always  form  along  planes  to  which  the  slip  direction  is 
normal.  The  formation  of  gross  slip  bands  at  elevated 
temperature  appeared  to  be  a function  of  the  rate  of  strain. 

7.  A fine  substructure,  disclosed  by  means  of  a chemical 
polish,  lias  been  detected  in  annealed  single  crystals  of  higli- 
purity  aluminum.  This  structure  has  linear  dimensions  of 
the  order  of  1 micron. 

8.  Etch  pits  have  been  observed  to  originate  in  the 
boundaries  between  these  small  domains. 

9.  On  crystals  deformed  at  room  temperature,  shear 
displacements  from  400  A to  a few  thousand  angstroms 
have  been  observed  on  individual  slip  planes,  or  at  least  on 
fine  slip  bands  which  cannot  be  resolved  at  a magnification 
of  10,000X. 

10.  The  amount  of  shear  displacement  per  slip  band  has 
been  observed  to  be  considerably  less  in  the  lower  purity 
specimens  than  in  the  high-purity  specimens  deformed  to  a 
comparable  strain  at  the  same  elevated  temperature. 

11.  Duplex  slip  has  been  observed  within  the  band  struc- 
ture in  specimens  of  both  purities. 

12.  Duplex  slip  between  the  slip  bands  was  much  more 
apparent  in  the  lower  purity  specimens  in  both  the  electron 
and  the  light  micrographs. 

13.  The  three  mechanisms  of  plastic  deformation  by 
creep,  slip,  kinking,  and  polygonization.  that  have  been 
detected  can  all  be  interpreted  as  dislocation  phenomena. 

Battelle  Memorial  Institute, 

Columbus,  Ohio,  December  29 , 1958. 
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THEORETICAL  CALCULATIONS  OF  THE  PRESSURES,  FORCES,  AND  MOMENTS  AT 
SUPERSONIC  SPEEDS  DUE  TO  VARIOUS  LATERAL  MOTIONS  ACTING 
ON  THIN  ISOLATED  VERTICAL  TAILS 1 

By  Kenneth  Margolis  and  Percy  J.  Bobbitt 


SUMMARY 

Velocity  potentials , pressure  distributions , and  stability  de- 
rivatives are  derived  by  use  of  supersonic  linearized  theory  for 
families  of  thin  isolated  vertical  tails  performing  steady  rolling , 
steady  yawing , and  constant-lateral-acceleration  motions.  Ver- 
tical-tail families  (half -delta  and  rectangular  plan  forms)  are 
considered  for  a broad  Mach  number  range . Also  considered 
are  the  vertical  tail  with  arbitrary  sweepback  and  taper  ratio  at 
Mach  numbers  for  which  both  the  leading  edge  and  trailing  edge 
of  the  tail  are  supersonic  and  the  triangular  vertical  tail  with  a 
subsonic  leading  edge  and  a supersonic  trailing  edge.  For  pur- 
poses of  completeness , analogous  expressions  and  derivatives  for 
sideslip  motion  obtained  primarily  from  other  sources  are 
included . 

Expressions  for  potentials , pressures , and  stability  derivatives 
are  tabulated.  Curves  which  determine  the  stability  derivatives 
for  half-delta  and  rectangular  tails  are  presented  which  enable 
rapid  estimation  of  their  values  for  given  values  of  aspect  ratio 
and  Mach  number.  In  order  to  indicate  the  importance  of  end- 
plate  effects , several  comparisons  are  shown  of  the  derived  results 
(based  on  a zero-end-plate  analysis ) with  those  corresponding  to 
a complete-end-plate  analysis. 

INTRODUCTION 

Detailed  knowledge  of  the  loading,  forces,  and  moments 
acting  on  vertical  tails  undergoing  various  maneuvers  is  a 
necessary  prerequisite  for  determining  the  lateral  dynamic 
behavior  of  aircraft.  The  information  presently  available  is, 
in  many  instances,  insufficient  to  enable  reliable  estimates  to 
be  made  of  the  vertical- tail  contributions  to  airplane  stabil- 
ity at  supersonic  speeds.  Aside  from  calculations  for  several 
“slender”  configurations,  theoretical  results  to  date  have 
been  concerned,  for  the  most  part,  with  tail  configurations 
either  subject  to  a constant  sideslip  attitude  or  performing 
a steady  rolling  motion  (see  refs.  1 to  13). 

For  the  sideslip  motion,  the  effects  of  Mach  number  and 
aspect  ratio  on  the  aerodynamic  loads  of  a number  of  tail 
configurations  with  both  one  and  two  planes  of  cross-sec- 
tional symmetry  have  alread}r  been  investigated  extensively. 
The  same  effects  on  tail  arrangements  in  a rolling  motion 

’Supersedes  NACA  Technical  Notes  3373  by  Kenneth  Margolis,  1955,  and  3240  by  Percy  J 


have  also  received  considerable  attention  which  has  mainly 
been  directed  toward  tails  with  two  planes  of  symmetry  such 
as  cruciform  arrangements.  Additional  theoretical  analysis 
devoted  to  the  evaluation  of  the  Mach  number  and  aspect- 
ratio  effects  on  the  forces  and  moments  acting  on  tail  sys- 
tems in  roll  with  one  plane  of  cross-sectional  symmetiy  is 
required.  Tail  arrangements  performing  a steady  yawing 
motion  or  a constant-lateral-acceleration  motion  have  re- 
ceived little  attention  to  date  in  the  literature.  Yet  the 
forces  and  moments  produced  by  these  motions  are  by  no 
means  negligible,  and  some  indication  of  their  magnitudes 
is  necessa^,  particularly  at  supersonic  speeds,  in  order  to 
evaluate  their  relative  importance  on  lateral  stability. 

The  primary  purpose  of  this  report  is  to  present  the  results 
of  a theoretical  investigation  to  determine  at  supersonic 
speeds  the  pressures,  forces,  and  moments  acting  on  several 
families  of  thin  isolated  vertical  tails  subject  to  various 
lateral  disturbances.  Three  motions  are  treated:  steady  roll- 
ing, steady  yawing,  and  constant  lateral  acceleration.  A 
fourth  motion,  namely,  constant  sideslip,  although  analyzed 
previously,  is  included  for  purposes  of  completeness.  The 
basic  plan  forms  considered  are:  (a)  half-delta  tail  with 
either  a subsonic  or  supersonic  leading  edge,  (b)  rectangular 
tail,  (c)  general  sweptback  tail  of  arbitrary  taper  ratio  with 
supersonic  leading  and  trailing  edges,  and  (d)  triangular  tail 
with  a subsonic  leading  edge  and  a supersonic  trailing  edge. 
The  half-delta  and  rectangular  vertical  tails  are  analyzed  in 
detail  in  that  forces  and  moments  (expressed  in  the  form  of 
stability  derivatives)  and  their  variations  with  Mach  num- 
ber and  aspect  ratio  are  presented  in  a series  of  simple  charts. 
Useful  expressions  and  formulas  are  included  for  the  other 
plan  forms  which  enable  similar  calculations  to  be  carried  out. 

A secondary  objective,  in  view  of  the  geometric  nonplanar 
characteristics  of  tail  arrangements,  is  to  consider  the  esti- 
mation of  the  mutual  aerodynamic  interference  that  exists 
between  the  vertical  and  horizontal  tails.  In  order  to  gain 
some  insight  into  the  possible  effects  of  such  interference, 
several  of  the  derived  results  are  compared  with  correspond- 
ing calculations  based  on  a complete-end-plate  analysis.  (A 
complete-end-plate  analysis  implies  that  the  horizontal  tail 
acts  as  a perfect  reflection  plane.) 

. Bobbitt,  1954. 
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rectangular  coordinates  used  in  analysis  (see 
fig.  2(a)) 

rectangular  coordinates  of  doublet 

longitudinal  and  vertical  distances,  respectively, 
that  origin  is  displaced  relative  to  tail  apex 
(see  fig.  2(c)) 

perturbation  velocities  in  x-  and  ^-directions, 
respectively 

free-stream  or  flight  velocity  (see  fig.  2) 

Mach  number,  F/Speed  of  sound 

angular  velocities  about  x - and  2-axes,  respec- 
tively (see  fig.  2) 
angle  of  sideslip  (see  table  I) 
rate  of  change  of  ($  with  time,  dfi/dt 
time 

density  of  air 

free-stream  dynamic  pressure,  -i  pV2 

A 

coefficient  of  pressure  difference  between  op- 
posite sides  of  tail  surface  due  to  particular 
motion  under  consideration,  positive  in  sense 
of  positive  side  force  (see  fig.  2) 
constant  determining  degree  of  homogeneity  of 
quasi-conical  velocity  field 
perturbation  velocity  potential  due  to  particu- 
lar motion  under  consideration  evaluated  on 
positive  y- side  of  tail  surface  (see  fig.  2) 
difference  in  perturbation  velocity  potential 
between  two  sides  of  tail  surface, 

,z) 

potential  of  supersonic  doublet  distribution 

potential  of  line  of  doublets 

doublet-strength  function 

line-doublet-distribution  function 

root  chord  of  vertical  tail 

span  of  vertical  tail 

area  of  vertical  tail 

taper  ratio  of  vertical  tail,  Tip  chord /Root 
chord 

aspect  ratio  of  vertical  tail,  b2/S 
slope  of  leading  edge  of  tail;  cotangent  of 
sweepback  angle  of  leading  edge  (see  fig.l) 


1-Vl -B2m2 
Bm 


V2(l-Vl  -B-m2) 
E'{k) 


E'Qc)  complete  elliptic  integral  of  second  kind  with 
modulus  VT— k2, 


K'(k)  complete  elliptic  integral  of  first  kind  with 
modulus  y 1 — Ar2, 
r*'2  dn 

Jo  yi  — (1  — k2)  sin2n 

r , co,  co  arbitrary  constants  (co=c cBm) 

,=_  yi+F2[F(l  +k2)K’{k)  + (1  -4k2+E)E'(k)\ 

(2 ■ - V)  (1  - 2k2) E'(ky-+k2(l+  FjK'  (k)  E' (k)  - ¥K' (k) 2 

(1 +P)3/2[(1  +k2)  E'(k)-2k2K'  (jfc)l 
2[(2 -**)(! -2F)E'®2+F(1 + k2)K'  ( k j E'  (jfc)  ~EK'  (Z:)2] 


ky/l+k2[a+k2)E'(k)-2k2K'(k)] 

Tr  (2  - F)  ( 1 - 2k2)  E'  (k)2+k2(l+k2)K'(k)E'(k)- tK'(k) 2 

, _ (1  +P)3'2[  2 (1  -k2+ki)E'(k)-k2(l+k2)K' m 

2*[(2 -F)(l -2**)£'(*)*+A*(l +FW'  WE' (k)-EK'  (A:)2] 

e infinitesimally  small  quantity 

^ x — B2za 

y~  Vl -B2a2yix2-B2(y2+^ 

T0  expression  for  7 indicated  at  ?/=0,  — 1 

V1-5VV1-W 

\k,v  variables  used  for  integrating  purposes 

Y side  force 

N yawing  moment 

L'  rolling  moment 

CY  side-force  coefficient,  YjqS 

Cn  yawing-moment  coefficient,  N/qSb 

C\  rolling-moment  coefficient,  L'/qSb 
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Subscripts: 

2)  refers  to  rolling  condition 

r refers  to  yawing  condition 

r—  1 refers  to  unit-yawing  condition 

0 refers  to  sideslip  condition 

P=l  refers  to  unit-sideslip  condition 

/3  refers  to  constant-lateral-acceleration  condition 

w based  on  wing  dimensions 

1,2  components  used  for  derivatives 

Abbreviations : 

L.  E.  leading  edge 
T.  E.  trailing  edge 

All  angles  are  measured  in  radians. 

ANALYSIS 

SCOPE 

The  vertical-tail  plan  forms  considered  herein  are  shown 
in  figure  1.  The  leading  edge  has  arbitrary  sweepback  and 
the  trailing  edge  may  be  either  sweptback  or  sweptforward. 
The  permissible  ranges  of  sweep,  aspect  ratio,  and  taper 
ratio  for  the  supersonic-leading-edge  configurations  are 
determined  by  the  conditions  (indicated  in  fig.  1)  that  both 
the  leading  edges  and  trailing  edges  remain  supersonic  and 
that  the  Mach  line  emanating  from  the  leading  edge  of  the 
root  chord  does  not  intersect  the  tip  chord.  Also,  the  tip 
chord  must  be  parallel  to  the  root  chord.  For  the  subsonic 
leading-edge  configurations,  only  the  case  of  zero  taper  ratio 
is  considered  and  the  restriction  to  supersonic  trailing  edge 
is  imposed. 

Expressions  based  on  linearized  supersonic-flow  theory 
are  obtained  for  the  perturbation  velocity  potentials  and 
pressure  distributions  due  to  steady  rolling,  steady  yawing, 
and  constant  lateral  acceleration.  For  purposes  of  complete- 
ness, analogous  results  for  constant  sideslip  motion  obtain- 
able, in  general,  from  references  9 and  10  are  included. 
The  expressions,  which  are  derived  for  the  condition  of  zero 
geometric  angle  of  attack  and  which  are  valid  for  low  rates 
of  angular  velocities,  small  sidelip  angles,  and  small  angle- 
of-sideslip  variation  with  time,  are  tabulated  so  that  they 
may  be  utilized  conveniently  in  the  calculation  of  load 
distributions  and  the  corresponding  forces  and  moments. 

Two  important  members  of  the  family  of  vertical-tail 
plan  forms  are  considered  in  detail.  These  are  the  rectangu- 
lar tail  and  the  triangular  tail  with  an  unswept  trailing  edge, 
that  is,  the  half-delta  tail.  For  these  tails,  closed-form 
expressions  are  derived  for  the  side  force,  yawing  moment, 
and  rolling  moment  due  to  each  motion.  The  resulting 
formulas  are  expressed  in  the  form  of  stability  derivatives 
and  are  tabulated;  simple  charts  are  presented  which  permit 
rapid  estimation  of  the  12  stability  derivatives  for  given 
values  of  aspect  ratio  and  Mach  number.  Tabulation 


of  the  derivatives  for  subsonic-edge  triangular  tails  with 
trailing-edge  sweep  are  also  presented. 

Three  systems  of  body  axes  are  employed  in  the  present 
report.  For  plan-form  integrations  and  in  the  derivation 
and  presentation  of  velocity  potentials  and  pressures,  the 
conventional  analysis  system  shown  in  figure  2 (a)  is  utilized. 
In  order  to  maintain  the  usual  stability  system  of  positive 
forces  and  moments,  the  axes  systems  shown  in  figures  2 
(b)  and  2 (c)  are  used  in  formulating  the  stability  derivatives. 
A table  of  transformation  formulas  is  provided  which  enables 
the  stability  derivatives,  presented  herein  with  reference  to 
a center  of  gravity  (origin)  located  at  the  leading  edge  of  the 
root  chord  (fig.  2(b)),  to  be  obtained  with  reference  to  an 
arbitrary'  centcr-of-gravity  location  (fig.  2 (c)). 

BASIC  CONSIDERATIONS 

The  calculation  of  forces  acting  on  the  vertical  tail  essen- 
tially requires  a knowledge  of  the  distribution  of  the  pressure 
difference  between  the  two  sides  of  the  tail  surface.  This 
pressure-difference  distribution  is  expressible  in  terms  of  the 
perturbation-velocity-potential  difference  or  “potential  jump 
across  the  surface”  A <p  by  means  of  the  linearized  relationship 


Inasmuch  as  for  the  present  investigation  thin  isolated  tail 
surfaces  are  considered  and  thus  no  induced  effects  are 
present  from  any  neighboring  surface,  the  perturbation 
velocity  potentials  on  the  two  sides  of  the  tail  are  equal  in 
magnitude  but  are  of  opposite  sign.  Equation  (1)  may  then 
berewrittenin  terms  of  the  perturbation  velocity  potential  as 
follows: 


q ~V*\V  bx^bt) 


(2) 


where  is  evaluated  on  the  positive  y- side  of  the  tail  surface. 

The  basic  problem,  then,  is  to  find  for  each  motion  under 
consideration  the  perturbation-velocity-potential  function 
^ for  the  various  tail  regional  areas  formed  cither  by  plan- 
form  or  plan-form  and  Mach  line  boundaries.  (Sec,  for 
example,  the  sketch  given  in  table  I.) 

For  time-independent  motions,  such  as  steady  rolling, 
steady  yawing,  and  constant  sideslip,  the  potential  functions 
are  of  course  independent,  of  time  (i.  e.,  the  last  term  in 
eqs.  (1)  and  (2)  vanishes)  and  may  be  determined  for  the 
subsonic-leading-edge  cases  b}7  the  doublet-distribution 
method  of  references  14  and  15.  The  details  of  the  method 
and  its  application  are  given  in  the  appendixes.  The  super- 
sonic-leading edge  configurations  are  analyzed  by  the  well- 
known  source-distribution  method  utilizing  the  area-can- 
cellation— Mach  line  reflection  technique  of  reference  16. 
The  mathematical  details  are  not  presented  herein,  because 
it  is  felt  that  previous  papers  dealing  with  wing  problems 
(e.  g.,  refs.  17  to  20)  have  applied  the  basic  method  in  suffi- 
cient detail.  The  main  difference  to  be  noted  is  that  the 
root  chord  of  the  isolated  vertical  tail  is,  in  effect,  another 
free  subsonic  edge  similar  to  the  tip  chord  and  must  be 
treated  accordingly.  Actually,  tail  regions  I and  III  (refer 
to  the  sketch  in  table  I)  are  not  affected  by  the  additional 


388 


REPORT  1268 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


tip,  and  wing  results  in  these  regions  for  constant  angle 
of  attack  (ref.  20),  steady  rolling  (ref.  20),  and  steady  pitch- 
ing (ref.  18)  are  applicable  to  constant  sideslip,  steady 
rolling,  and  steady  yawing  motions,  respectively,  for  the 
vertical  tail,  provided  appropriate  changes  in  coordinates 
are  introduced  and  the  proper  sign  convention  is  maintained. 

The  time-dependent  motion  considered  in  the  present 
report,  that  is,  constant  lateral  acceleration,  can  be  analyzed 
in  a manner  analogous  to  that  used  for  a wing  surface  under- 
going constant  vertical  acceleration  (e.  g.,  refs.  21  to  23). 
By  folio  whig  this  procedure,  the  basic  expressions  for  the 
perturbation  velocit}7  potential  and  pressure  coefficient 
(evaluated  at  time  t=  0)  may  be  derived  as  follows: 


Equations  (3)  and  (4)  ma}7  be  deduced  directly  from  equa- 
tions (1)  and  (2)  of  reference  23,  provided  the  corresponding 
tail  motion  is  substituted  for  each  wing  motion  and,  further, 
that  care  is  exercised  in  preserving  the  conventional  system 
of  positive  forces  and  moments.  The  choice  of  time  £=0  in 
equation  (4)  was  made  for  purposes  of  convenience  and 
simplicity,  inasmuch  as  the  pressure  due  to  constant  sideslip 
is  eliminated,  and  thus  only  the  increment  in  pressure  due 
to  time  rate  of  change  of  sideslip,  that  is,  j3,  remains. 

The  right-hand  sides  of  equations  (3)  and  (4)  are  composed 
of  terms  involving  stead}7  or  time-independent  motions,  in 
particular,  the  motions  previously  discussed  in  this  section. 
Thus,  once  the  potentials  and  pressures  are  determined  for 
steady  yawing  and  constant  sideslip,  corresponding  ex- 
pressions may  be  obtained  for  constant  lateral  acceleration 
hy  use  of  equations  (3)  and  (4). 

Derivations  of  the  potentials  and  pressures  for  the  various 
regions  of  the  tail  plan  forms  under  consideration  have  been 
carried  out  for  each  motion  by  using  the  methods  and  tech- 
niques discussed.  Tabulations  of  the  potential  and  pressure- 
distribution  functions  are  given  in  tables  I and  II  for  con- 
stant sideslip,  in  tables  III  and  IV  for  steady  rolling,  in 
tables  V and  VI  for  steady  yawing,  and  in  tables  VII  and 
VIII  for  constant  lateral  acceleration. 

The  forces  and  moments  acting  on  the  vertical  tail  due  to 
each  motion  may  be  obtained  by  plan-form  integrations  of 
the  appropriate  potential  and  pressure  functions  and  may 
be  given  as  follows  (the  center  of  gravity  is  assumed  to  be  at 


the  leading  edge  of  the 

root  section) : 

r-*j 

fTiP  fTE  A P , , 

I — dx  dz 

Root  Jl.  E.  q 

(5) 

N=—q 

/-Tip  pT.  E.  Ap 

I - x dx  dz 

J Root  J L.  E.  q 

(6) 

£'-*J 

’Tip  r T.  E.  AP 

— zdxdz 

Ro.t  J L.  E.  q 

(7) 

For  stead}7  motions,  ^ and  thus  the  first  integration 

with  respect  to  x in  equations  (5)  and  (7)  yields  <p;  hence, 
equations  (5)  and  (7),  when  applied  to  steady  motions,  reduce 


to  essentially  a single  integration  involving  the  potential 
function. 

The  nondimension  al  force  and  moment  coefficients  and 
corresponding  stability  derivatives  are  directly  obtainable 
from  the  definitions  given  in  the  list  of  symbols.  For 
example, 

Cn=i 


n~(  . rb  ) 

\d  vL 


=["-*_  (2LX 

hrb\qSb) 

^ TT 


_|  r— »0 


=r_A  /_j_  rTip  r*  ^xdxdzY\ 
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Inasmuch  as  the  various  pressure  coefficients  are  linear  with 
reference  to  their  respective  angular  velocities,  attitude,  or 
acceleration  (i.  e.,  linear  in  p,  r,  /3,  or  /3),  the  partial  deriva- 
tive in  the  preceding  example  may  be  replaced  by 
and  the  derivative  Cnr  is  then  expressed  as 


rb/V 


Onr 


Sb>L 


J'Tip  r T.E. 
Root  J L.  E. 


AP 


x dx  dz 


(8) 


Corresponding  expressions  for  the  11  other  derivatives  CY 
Cnp  Cip  CyT,  Cl,  CYp,  Cnp , Civ,  CYy  Cn ^ and  CV  may  be 
obtained  in  an  analogous  manner. 

In  the  present  report,  the  triangular  vertical  tail  with 
unswept  trailing  edge  (half-delta)  and  the  rectangular  ver- 
tical tail  have  been  analyzed  in  detail.  The  results  obtained 
upon  performing  the  plan-form  integrations  and  other 
mathematical  operations  indicated  in  the  previous  discussion 
are  tabulated  in  table  IX.  Table  X presents  similar  results 
for  the  subsonic-edge  triangular  tails  with  trailing-edge  sweep. 
For  convenience,  a table  of  transformation  formulas  is  pre- 
sented (table  XI)  which  enables  the  derived  results  for  the 
stability  derivatives  (tables  IX  and  X)  to  be  expressed  with 
respect  to  an  arbitrary  center-of-gravity  location. 

Values  of  the  elliptic-function  parameters  appearing  in  the 
subsonic-edge  formulas  are  presented  graphically  in  figure  3. 

COMPUTATIONAL  RESULTS  AND  DISCUSSION 

The  formulas  for  the  stability  derivatives  given  in  tables 
IX  and  X are  seen  to  be  functions  of  the  tail-aspect  ratio  A 
and  the  Mach  number  parameter  B—^lM2—  1.  Use  of  the 
combined  parameter  AB  for  the  abscissa  variable  and  appro- 
priate choice  of  derivative  parameters  for  the  ordinates  allow 
the  analytical  results  for  most  of  the  stability  derivatives  to 
be  expressed  graphically  by  means  of  a single  simple  curve; 
the  stability  derivatives  due  to  /3-motion  require  two  curves. 
Figures  4 to  9 present  the  results  for  the  half-delta  tail  and 
figures  10  to  14  present  the  analogous  results  for  the  rec- 
tangular tail.  The  lower  limit  AB—  1 for  the  rectangular 
vertical  tail  corresponds  to  the  condition  where  the  Mach 
line  from  the  leading  edge  of  the  root  chord  intersects  the 
trailing  edge  of  the  tip  chord.  Values  of  the  derivatives  for 
the  situation  where  the  Mach  line  from  the  leading  edge,  of 
the  root  chord  intersects  the  tip  chord,  that  is,  values  of 
AB<^  1,  cannot,  in  general,  be  obtained  easily  because  of  the 


THEORETICAL  AERODYNAMICS  OF  THIN  ISOLATED  VERTICAL  TAILS  AT  SUPERSONIC  SPEEDS 


389 


fact  that  the  calculation  involves  the  consideration  of  inter- 
acting external  flow  fields.  The  lower  limit  AB—  1 in  this 
case  is  not  very  restrictive  except  for  very  low  aspect  ratios 
at  low  supersonic  Mach  numbers. 

In  considering  the  curves  given  in  figures  4 to  14,  the  fol- 
lowing facts  should  be  kept  in  mind:  (a)  The  results  are  for 
a completely  isolated  vertical  tail,  (b)  the  center-of-gravitv 
location  is  assumed  to  be  at  the  tail  apex,  and  (c)  parameters 
used  for  nondimensionalizing  purposes  are  the  area  and  span 
of  the  vertical  tail.  For  other  center-of-gravitv  locations, 
analogous  curves  may  be  drawn  by  use  of  the  presented  data 
and  the  axes-transformation  formulas  given  in  table  XI. 

Thus  far,  only  the  isolated  vertical  tail  has  been  consid- 
ered, that  is,  the  zero-end-plate  solution.  For  comparison 
purposes,  results  for  several  of  the  derivatives  based  on  a 
complete-end-plate  analysis  have  been  obtained  and  are 
presented  in  figures  15  and  16.  The  comparisons  are  shown 
for  the  side-force  and  yawing-moment  derivatives  due  to 
constant  sideslip,  steady  yawing,  and  constant  lateral  accel- 
eration. The  complete-end-plate  results  for  these  tail  de- 
rivatives are  obtainable  from  stability  derivatives  previously 
reported  for  symmetrical  wings  (refs.  18,  20,  23,  and  24), 
provided  modifications  are  introduced  to  account  for  (a) 
changes  in  nondimensionalizing  parameters,  (b)  correspond- 
ence of  wing  and  vertical-tail  motions,  and  (c)  preservation 
of  sign  convention  for  positive  sense  of  motion,  moments, 
and  so  forth.  The  transformations  of  symmetrical-wing 
derivatives  into  complete-end-plate  derivatives  for  vertical 
tails  having  the  same  plan-form  geometry  as  the  lialf-wing 
may  be  summarized  as  follows: 

Cr  — — IX  (Expression  for  CL(x  with  wing  aspect  ratio  re- 
placed by  2 A) 

4 1 + X+X\ 


C 


n?  3 A (1  + X)2 

ratio  replaced  by  2/i) 


X (Expression  for  Cm  with  wing  aspect 


Cy  =^r  X (Expression  for  CLfl  with  wing  aspect 

r 6 A (1-f-XJ  9 

ratio  replaced  by  2A) 

8 (1  I X ! X2)2 

Gn'=9A*  ~ (l  + x)*  X(ExPiession  for  Cm,  with  wing  aspect 
ratio  replaced  by  2/1) 

9.  1 _L  \ J_  \2 

— ^ (1  + x)2  x (Expression  for  CLit  with  wing  aspect 
ratio  replaced  by  2/1) 


Cnb=—  9^2  ^^4-~x)V  X (Expression  for  Cm-  with  wing 
aspect  ratio  replaced  by  2 A) 

where  CLq,  Cm(x,  CLq,  Cmq,  CL^  and  Cmix  are  conventionally 
defined  wing  derivatives  (see,  for  example,  ref.  23).  Figures 
15  and  16  indicate  that  for  a given  aspect  ratio  the  effect  of 
an  end  plate  decreases  with  increasing  Mach  number  and 
that  for  a given  Mach  number  the  effect  of  an  end  plate 
decreases  with  increasing  aspect  ratio.  Although  these  con- 
clusions apply  specifically  to  those  derivatives  presented,  it 
is  felt  that  similar  evidence  would  be  found  for  the  other 
derivatives  as  well.  The  percentage  differences  between 
zero-  and  complete-end-plate  results  vary  of  course  with 
center-of -gravity  location,  as  well  as  with  Mach  number  and 


aspect  ratio,  but  in  general  are  not  too  large  for  the  side-force 
and  yawing-moment  derivatives  considered  except  at  the 
lower  values  of  AB. 

The  stability  derivatives  as  presented  herein  have  been 
made  nondimensional  with  respect  to  vertical- tail  parameters 
such  as  tail  span  b , tail  area  S}  and  the  angles  pb/V,  rbjV , 
and  pb/V.  The  magnitudes  of  the  derivatives  may,  there- 
fore, appear  to  be  quite  large  with  respect  to  the  expected 
tail  contributions  to  the  derivatives  for  a complete  airplane. 
The  following  factors  should  be  used  in  converting  the  pre- 
sented analytical  and  numerical  results  to  corresponding 
derivatives  (denoted  in  the  following  relationships  by  sub- 
script w)  based  on  wing  area  Sw,  wing  span  bw,  and  angles 
pbj 2V,  rbj 2V,  and  pbj 2V: 

°r> 

(<?,,„) (C‘p)=§-w  l~  (CV  C‘e) 

°rX’  (°rb) 

=4XB(c^c‘>’°»'’c‘r’  S’S) 

CONCLUDING  REMARKS 

Velocity  potentials,  pressure  distributions,  and  stability 
derivatives  have  been  derived  by  use  of  supersonic  linearized 
theory  for  families  of  thin  isolated  vertical  tails  performing 
steady  rolling,  stead}7  yawing,  and  constant-lateral-accelera- 
tion motions.  Vertical-tail  families  (half-delta  and  rectangular 
plan  forms)  are  considered  for  a broad  Mach  number  range. 
Also  considered  are  the  vertical  tail  with  arbitrary  sweepback 
and  taper  ratio  at  Mach  numbers  for  which  both  the  leading 
edge  and  trailing  edge  of  the  tail  are  supersonic  and  the 
triangular  vertical  tail  with  a subsonic  leading  edge  and  a 
supersonic  trailing  edge.  For  purposes  of  completeness, 
analogous  expressions  and  derivatives  for  sideslip  motion 
obtained  primarily  from  other  sources  are  included. 

The  effects  of  a complete  end  plate  on  several  of  the  side- 
force  and  yawing-moment  derivatives  have  been  considered, 
and  it  appears  that  only  for  relatively  small  values  of  the 
aspect-ratio — Mach  number  parameter  A^lAP—  1 do  the 
complete-end-plate  and  zero-end-plate  values  differ  signifi- 
cantly enough  to  warrant  further  study  of  finite-end-plate 
corrections. 

An  additional  point  of  interest  pertinent  to  the  present 
investigation  is  that  the  results  obtained  for  the  yawing- 
moment  derivatives  due  to  steady  }7awing  and  constant 
lateral  acceleration  OnT  and  Cn.  may  be  used  to  approximate 

the  aerodAmamic  damping  of  the  lateral  oscillation  in  yaw  to 
the  first  order  in  frequency.  This  approximation  to  the 
lateral  damping  is  given  b}7  the  expression  Cn  — and  can 

be  rapidly  calculated  from  the  curves  and  formulas  given 
herein. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  March  5 , 1956. 
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APPENDIX  A 


DETERMINATION  OF  PRESSURE-DISTRIBUTION  EXPRESSIONS  FOR  A SUBSONIC-EDGE  TAIL  UNDERGOING  YAWING  AND 

ROLLING  MOTIONS 


A method  for  solving  supersonic-flow  boundar}7- value 
problems  governed  b}7  the  classical,  linearized,  partial- 
differential  equation 


dx2  dy2  dz 2 


(Al) 


has  been  developed  in  reference  14  and  an  appbcation  to 
rolling  and  pitching  triangular  wings  is  given  in  reference  15. 
This  method  allows  the  prediction  of  the  disturbance- 
potential  function  <p,  and  hence  the  pressure  distribution,  for 
planar  lifting  surfaces.  The  analysis  given  in  reference  15  is 
briefly  summarized  herein  and  is  applied  to  the  determination 
of  the  pressure  distributions  on  a triangular-vertical-tail 
surface  (fig.  2)  performing  rolling  and  yawing  motions. 
(Yawing  in  the  xz-plane  is  analogous  to  pitching  in  the  xy~ 
plane.) 


DETERMINATION  OF  THE  FORM  OF  THE  VELOCITY  POTENTIAL 

As  is  well-known,  the  potentials  of  both  the  supersonic 
source  and  the  supersonic  doublet  and  their  distributions 
represent  solutions  of  equation  (Al).  For  the  determination 
of  the  potentials  and  pressure  distributions  of  lifting  surfaces 
with  subsonic  leading  edges,  a distribution  of  doublets  that 
uniquely  satisfies  the  prescribed  boundary  conditions  is 
required.  The  boundary  conditions  on  the  vertical  tail 
for  the  motions  to  be  considered  herein  are  as  follows: 

On  the  rolling  vertical  tail, 


z 

v~y)z~xy  -—x])d  (A2) 

and  on  the  yawing  vertical  tail, 

v=—rx  (A3) 

In  addition,  the  following  relations  must  be  valid  on  the 
surfaces  of  the  tail: 

For  the  rolling  motion, 


and  for  the  yawing  motion, 


It  is  also  necessary  that  the  pressure  along  the  streamwise 
edge  be  zero. 

The  potential  in  space  produced  by  a distribution  of 
doublets,  for  example,  in  the  x^-plane,  with  the  doublet 
axes  normal  to  the  plane  is 


By 


(AS) 


where  the  area  S is  the  region  of  the  X2-plane  intercepted 
by  the  forecone  from  the  field  point  (x,  y , z). 

The  potential  on  the  surface  carrying  the  doublet  distribu- 
tion is  given  by 


<pD{x,z)v=±0=  lim  f"^-  ff  ^(1, 


V(x-!)2-£2(2-f)2- W. 


As  stated  in  reference  15,  this  surface  potential  is  directly 
proportional  to  the  doublet-strength  function  A(x,z);  that  is, 

<P/>(x>z)v=±o=  ±ttA(x,z)  (A9) 

The  surface-pressure  velocity  u(x,z)  then  becomes 


_d<pD(x,z)v=>± o , J>A(z,z) 

u{x,z)v.± 0-  ^ _±1r__ 

and  the  linearized  pressure  coefficient 

AP_4u(x,z)v=+0 

S l ~ V 

may  be  written  as 

AP__47r  5 A(x,z) 
q dx 


(A10) 


(All) 


(A  12) 


The  problem  to  be  considered  in  this  appendix  is  one  in 
which  the  sidewash  on  the  surface  is  prescribed  (see  eqs. 
(A2)  and  (A3))  and  the  surface  velocity  potential  has  to  be 
determined.  The  doublet-strength  function  A{xiz)  then  is 
an  unknown  and  the  determination  of  this  quantity  requires 
in  general  the  solution  of  an  integral  equation.  In  some 
cases  the  general  form  of  the  surface-potential  function 
A(x,z)  is  known  or  can  be  obtained  by  inverting  an  integral 
equation.  The  problem  then  resolves  simply  into  an  evalu- 
ation of  the  arbitrary  constants  of  the  general  solution  by 
making  use  of  the  prescribed  boundary  conditions. 

Brown  and  Adams  in  their  analysis  of  rolling  and  pitching 
triangular  wings  with  subsonic  leading  edges  (ref.  15)  were 
able  to  determine  the  function  A(x,z)  by  utilizing  the  concept 
that  the  conical  properties  of  the  produced  flow  gave  rise  to 
potentials  and  pressures  in  the  crossflow  planes  that  were 
similar  in  form  to  the  potentials  and  pressures  acting  on  flat 
finite  segments  in  a two-dimensional  flow;  these  segments 
correspond  to  a section  of  the  wing  in  any  crossflow  plane. 
This  remarkable  connection  between  linearized  supersonic 
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conical  flow  and  incompressible  two-dimensional  flow  is 
discussed  by  Busemann  in  reference  25. 

A more  general  and  rigorous  approach  to  obtain  the 
doublet-strength  function  may  be  formulated  from  an 
analysis  presented  in  a later  paper  by  Lomax  and  Heaslet 
(ref.  26)  dealing  also  with  conical  and  the  so-called  quasi- 
coni cal  problems.  In  this  analysis  a general  surface-pressure- 
coefficient  expression  has  been  determined  for  planar  lifting 
surfaces  with  prescribed  boundary  conditions  of  the  form 

v~x‘g(S)  ^Ai3) 

This  expression  is 


The  arbitral  constants  r and  u>  in  the  so-called  distribution 
function  f(6)  are,  in  terms  of  bx  and  b2i 

T = — 

2 irB  \3  m?'mj 
V b, 

w 2wB3m2 

By  relating  equation  (A16)  to  equation  (A9),  the  doublet- 
strength  function  A (x,z)  is  seen  to  be 

A{x,z)=a?f  (0  (*418) 


A P=/£V  $±1  bfi* 

2 \B/  i= o V(m— 0)(0— wii) 


(A  14) 


0 

where  bt  are  constants,  0=->  K is  determined  by  the  boundary- 

condition  equation  (eq.  (Al3)),  and  m and  mx  are  the  tan- 
gents of  the  apex  angles  of  the  two  panels  of  the  lifting  sur- 
face. When  mx=m,  the  lifting  surface  is  symmetrical  about 
the  common  root  chord  of  the  two  panels,  and  when  mx  ^m, 
the  lifting  surface  is  asymmetrical  about  this  chord.  From 
equations  (Al2),  (A14),  and  (A9)  the  form  of  A(x,z)  or, 
synonymously,  the  form  of  the  surface  potential  may  be 
obtained  by  a simple  integration.  It  should  be  mentioned 
at  this  point  that  reference  26  presents  a method  for  deriving 
the  arbitrary  constants  bt  in  the  pressure  coefficient  (eq. 
(A14)).  This  method  is  related  to  that  of  reference  15 
which  concerns  itself  with  obtaining  the  arbitrary  constants 
in  the  velocity  potential. 

By  application  of  equation  (Al4)  to  the  boundary  problem 
of  the  triangular  vertical  tail  (m^O)  and  by  noting  from  the 
prescribed  boundary  conditions  (see  eqs.  (A2)  and  (A3))  that 
k—  1,  the  pressure  coefficient  for  both  the  yawing  and  rolling 
motions  is 


A P x bo~\~ bi6-\~ b262 

2 ~B  A/(m-0)0 


(A  15) 


The  constant  b0  in  this  expression  must  be  set  equal  to  zero 
in  order  to  satisfy  the  condition  that  along  the  streamwise 
edge  the  pressure  must  be  zero. 

The  velocit}7  potential  on  the  vertical-tail  surface  is  easily 
obtainable  from  the  pressure  expression  by  the  formula 


v r A P 

<P~~r  «£ 

4 Jl.e.  {1 


and  has  been  found  to  be 

<P 


where 


j (|)=/(0)  = (rd+um)  A/0(m-0) 


(A  16) 


(A  17) 


A comparison  of  the  potential  given  by  equations  (A16) 
and  (A17)  and  the  potential  obtained  for  the  slender,  rolling, 
vertical  tail  reported  in  reference  5 shows,  as  expected,  that 
both  are  of  the  same  form. 


EVALUATION  OF  THE  CONSTANTS  t AND  w 


The  constants  r and  co  in  the  expressions  for  the  velocity 
potential  given  by  equations  (Al6)  and  (A17)  are  still  to  be 
determined.  As  indicated  previously,  the  expression  for 
the  pressure  coefficient,  and  hence  the  velocity  potential,  can 
be  determined  completely  through  an  application  of  the  pro- 
cedures developed  in  reference  26;  however,  many  of  the 
integrations  and  integrating  procedures*  required  in  the 
method  in  reference  15  were  already  known  to  the  junior 
author  at  the  inception  of  this  project  and,  for  this  reason, 
the  analysis  herein  to  determine  the  constants  r and  w 
closely  parallels  the  procedures  discussed  in  reference  15. 

The  determination  of  the  constants  r and  a>  depends  upon 
satisfying  the  boundary  conditions  associated  with  the  verti- 
cal tail  for  the  rolling  and  yawing  motions.  These  boundary 
conditions  are  given  by  equations  (A2)  to  (A7).  The  needed 
expressions  for  the  prescribed  velocities  and  then*  derivatives 
with  respect  to  6 in  terms  of  the  distribution  function  j(<j) 
are  derived  in  appendix  B. 

For  the  rolling  motion  the  constants  r and  co  may  be 
obtained  by  replacing  f(a)  by  its  equivalent  (eq.  (A17))  in 

^ (v  lx 1 

the  equations  given  in  appendix  B for  v/x  and  ^ and  then 


applying  the  boundary  conditions  given  by  equations  (A2) 
and  (A4).  When  the  integrations  have  been  performed, 
the  resulting  equations  may  be  solved  simultaneously  for 
tp  and  c Op.  The  yawing  constants  are  obtained  in  a like 
manner  with  equations  (A3)  and  (A6)  replacing  equations 
(A2)  and  (A4),  respectively. 

In  the  calculation  of  the  quantities  vjx  and  — ; any 


value  of  6 may  be  considered.  It  is  advantageous  for  inte- 
gration purposes  to  let  this  value  of  9 be  zero.  However, 
since  one  of  the  limits  of  integration  is  zero  and  since  in 
several  of  the  integrands  a singular  point  exists  at0—  a=0,  the 
integrations  in  which  these  singularities  occur  must  be  per- 
formed for  9 arbitrary  before  9 can  be  set  equal  to  zero. 
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Substituting  equation  (A17)  into  equation  (B4)  gives,  for  8 equal  to  zero. 


— 3(rB<r+<o5m)  (Bin — B a)  tanh  1 -%/l  — B~a2  2 (rBa-j-  uBtn)  ■\lBa(Bm — Ba) 

(1— 52tr2)5/2  + (1-BV)2 


v=\_  rr 

x~b}  o L 

lim/lim  ["-  ^Ba+uBm)  ^Ba(Bm-Ba)  (1  -gVg)2  V 1 -W 

0->O  V.  «->0  L-SJo 


d(Ba)  "i- 


( l-B2a2)2(Bc-B8)2 
1 (rBa+aBm)  4Bo(Bm—Bo)  (1  -B2od)2^\  - W 


d(B<r)  + 


i£ 


B(9+e) 


(i -B2a2)2(Bc-Bey2 


d(Bo)  - 


2(TB8+wBm)  sjBd{Bm—B8)  Vl-W 
Bh 


]} 


Carrying  out  the  integrations  in  equation  (Al9)  yields 


z B^fl+F(l-k2y 


{ K'  (k)  [2k3  t -1-  wk2  ( 1 + k2)  ] ■ - E'  (k)  [rk  ( 1 + k2) — Z ( 1 — 4k2 -f E)  ] } 


where 


and 


1— VI— B2m2 


Bm 


(A19) 

(A  20) 
(A21) 


u=wBrn==c 


2k 

1+F 


These  integrations  were  accomplished  with  the  aid  of  the  tables  in  references  27  and  28  and  are  discussed  in  appendix  C. 
Substituting  the  distribution  function  into  equation  (B5)  results  in,  for  8 approaching  zero, 


b(v/x) 

30 


■r 


• L" 


FsT? a ( tB a T wBm)  -JB a (Bin — B a)  tanh  1 \ 1 — B2a'2 2>Ba(rBa  ccBm ) ^lBa(Bm — Ba) 


(1  -BV)5/2 


(1-BV)2 


d(Ba 


)+ 


limfhmi 

e >0  V «.->o  b ■' 11  L y 1 — B~62  (JB 


jBa{Bm — Bo)  (jBa-\- aiBm)  ~i]Ba(Bfn — Bo) 


(Ba-Bd)2  A/ 1 —B282  (1  -BV)  (Ba-Bd) 

2 (rBa+wBm)  ylB<r(Bm-Bo)  A/l  -B2021  ,(R  . rB0(rB<r+a,Bm)  a/B7 

{Ba-Bey  «<»+.>  L yr=w(B<r- 

(rBo-+o>B?n.)  ->jBa(Bm — Bg-)  ^ 2(TBaJrwBm)  yBa(Bm—Ba)  yi — B202 
yi  -B202  (1  -BV)  (Ba—B8) + (Ba-Bd)3 


( Bm—Bo •) 

~wy 


-2Jd(Bg 


■)- 


2 B0(rB0+toBffl)  ^B8(B8-Bm)  2[-4B202r+B0Bm(3r-2co)+coBW]  A/l  -W\  \ 

BeJl-BW  B^B8(B8-Bm)  J ) 

By  performing  the  integrations  in  equation  (A22),  the  following  expression  is  obtained: 


b(v/x) 


[k2K'(k)  (r+Tk2+2Zik)  + E,(k)  (2Tk2-2r-Zik-2rki-Z>k3)] 


c)0  yi+F(l-F)2 

Consider  the  rolling  case  for  which  t=  r„  and  w=wp.  Also  from  equations  (A2)  and  (A4),  for  0=0,  v/x=0  and  ^ 

2k 


(A22) 

(A23) 
b(v/x) 


Solving  equations  (A20)  and  (A23)for  tp  and  wp,  with  w - Bmo)p= ^ gives 


-2>yi+F  [F(l+  k2)  K'  (k)  + (\-Ak2+kA)E'  (k)  ] 

T’~  tt  [ • - k*K'  (k)2 + k2(  1 + k 2)  K'  (k)E'(k)  + C2-k2)(l-  2 k2)  E'  (k)2] 

p(l+k2)3/2[2k2K'  ( k ) - (1 +k2)E'(k)] 

2 ir[ — k*K’  (ky+k2(l+k2)K,(k)E,(k)  + (2—k2)(l—2k2)E'(ky 


V- 

(A24) 

(A25) 
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— 2k  'o  &(vfx) 

For  the  yawing  case  t=tT}  c3— and,  from  equations  (A3)  and  (A6)  — r and  — ^^=0,  respectively.  Solving 

equations  (A20)  and  (A23)  simultaneously  after  making  these  substitutions  yields 


BrifcV  1 + k2[2k2K'  (*)-(!  + k2)  E'  (k)  ] 


cor  = 


\[-kAK/(k)2+k2(l+k2)K/(k)E/(k)  + (2-k2)(l-2k2)E/(k)2) 
-Br(l+k2y/2[k2(l+k2)K'(k)-2(l-k2+k4)E'(k)] 


(A26) 


(A27) 


27rk[-k*K/(k)2+k2(l+k2)K'(k)E'(k)  + (2-k2)(l-2k2)E'(k)2] 

It  is  convenient  for  plotting  purposes  and  in  expressing  the  aerodynamic  coefficients  to  make  the  following  definitions: 

,Br  } 

Tr=Tr 

• 7 r 

, Br 

0Jr  — C0T  — 

7 r 


,v 


J — T 


, V 

^p—^p  — 

7 r 


(A28) 


so  that  Tr'}  0)/,  TP',  and  w/  are  functions  of  the  Bm  only.  The  variations  of  these  four  parameters  with  Bm  are  shown  in 
figure  3. 

The  velocity  potentials  for  the  rolling  and  yawing  motions,  completely  defined  by  equations  (Al6)  and  (Al7)  and  the 
constants  given  in  equations  (A21),  (A24),  (A25),  (A26),  (A27),  and  (A28),  may  now  be  written  as 


and 


<PP =px2(rp,d+ w/m)  V 0(m—d ) 


(A29) 

(A30) 


(pr =Brx2  (t/6+ co/m) 

The  pressure  coefficients  for  the  rolling  and  yawing  motions  found  from  equations  (A29),  (A30),  (A10),  and  (All)  are 

(A31) 


/AP\  _2p  rvfmz2Jr S7n2o)p/xz—2mo)/ z2 


\ <Z  Jv 


V 'yj  z (rnx — z) 


and 


( A _2 Br  r/mz2-\-Sm2co/xz—2mo)/z2 
\ )t  V - \lz(mx—z ) 


(A32) 
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APPENDIX  B 

DEVELOPMENT  OF  EQUATIONS  RELATING  THE  e-VELOCITY  TO  THE  DISTRIBUTION  FUNCTION  f (a)  IN  THE  y=0  PLANE 

Equation  (A8)  gives  the  expression  for  the  velocity  potential  (evetywhere  in  space)  resulting  from  a distribution  of 
doublets  in  the  zs-plane  with  the  strength  of  each  doublet  in  this  distribution  being  governed  by  the  doublet-strength  function 
A{x,z).  The  derivative  of  this  velocity  potential  with  respect  to  any  one  of  the  coordinates  x,  y,  or  z will  give  the  perturbation 
velocity  in  that  direction.  Of  primary  interest  herein  is  the  e-velocity  or  the  y-derivative  of  this  potential 


v(x,y,z)-- 


dy 


(Bl) 


for  points  on  the  xs-plane.  Brown  and  Adams  in  reference  15  have  constructed  the  velocity  potential  in  space  of  a distribution 
of  doublets  by  the  following  approach.  First,  by  using  equations  (A8)  and  (A18),  the  potential  of  a line  of  doublets  in  the 
r 2-plane  at  an  angle  tan-1<r  to  the  cc-axis  is  determined.  This  potential  is  given  by 


where 


rr B2y(x—B2<rz)  / 7_\  2 B2y^-B\y2+z2) 

(1-5V)5'2  y6COm  7 y2-l)+ (l-BVy 


(B2> 


x—B2<jz 


y— 


Vl -B2a\/x2-B2(y2+z2) 


The  velocity  potential  of  a distribution  of  line  doublets  (i.  e.,  a surface  distribution)  in  the  £2-plane,  on  the  vertical  tail,  with 
strengths  governed  by  the  distribution  function /(<r)  m&y  then  be  written  as 

nm 

<P=J  (B3) 

where  tan_1m  is  the  apex  angle  of  the  vertical  tail. 

Substituting  equation  (B2)  into  equation  (B3)  and  differentiating  with  respect  to  y yield  the  following  equation  for  the 
^-velocity  as  fiyjx  approaches  zero  (see  ref.  15) : 


rBw-t) 

B/Mvi-we-Bw 

3£/(<7)(l-JBV0)cotli-17o  2Bf(a)^l-B2d2 

Jo 

(1  — 5V)2(B<r — Bd)2 

(1— 5V) 5/2  1 (1-BV)2  J 

d(Ba)  + 


rBn  [Bf(a)^I\  — B2d'2(l  — B2od)2  35/(<r)(l-£2<70)coth 

Jb(.+o  L (1  B2c2)2(Ba  Bd)2  (1  -£V)5'2 


'to  , mw)^-B¥ 
i"  (1  -SV)2 


J d(Ba  ] 


2/(g)VI-W\ 


(B4) 


The  singularity  which  occurs  in  the  ^ — - term  of  equation  (B2)  when  y is  set  equal  to  zero  has  been  accounted  for  in  equation 
(B4). 

By  taking  the  first  and  second  derivatives  of  equation  (B4)  with  respect  to  0,  two  other  useful  relations  are  obtained. 
They  are  given  in  the  appendix  of  reference  15  as 


b(v/x) 

~dTz 


=lim 

e— >0 


{X 


*<*-«>  pBV/V  cotlr1 70  B2(3Bc+2Bd+BeB2a2)f(a) 
(1— BV)5/2 


BdB2f(a) 


EM 


Vl-B26»2(l-5-V)2  ^l-B292(Bo-B9)2  Vl ~B2e2{l -5V) (Bv—BO) 


2B2J(ah!l-B262 

(Ba—Bd) 


EM 


and 


Vl-B202(l  — £V)  (Ba-Bd) 


T,,Rs,  r^B3af(a)  coth-1 70  B2(W„  + 2BeABMBa2)f(<r) 

J Jfi(*+0  L (1  -BV)5/2  Vl--B202(l-BV)2  7 

2B2j{«)yfi=mf\  ,/p  , 2B2ef(e)  4 


EEM 

Vi -B2e2(Ba-Bey~ 


b2(v/x) 

be2  z 


fr  ^ w_vr^[r®+®]} 


r b(6+o  (Ba- 
ft2 (v/x) 


(B5) 


(B6) 


The  factor  multiplying  the  /' '(0)  term  of  the  expression  for  ^2  ' as  it  appears  in  reference  15  is  slightly  in  error  and  has 

been  corrected  in  equation  (B6).  (The  symbols  /'(0)  and  f"{Q)  denote  the  first  and  second  derivatives,  respectively,  with 
respect  to  0.) 

Considering  equations  (A5)  and  (A7),  it  is  evident  that  equation  (B6)  must  be  zero  for  both  the  rolling  and  yawing  cases. 
This  equation  has  already  been  satisfied  by /(0)  (eq.  (A17)),  since  equation  (B6)  is  in  essence  the  integral  equation  which  was 
inverted  to  obtain  the  general  pressure  expression  from  which  /(0)  was  derived  (see  ref.  26). 
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APPENDIX  C 

INTEGRATIONS  TO  OBTAIN  v/x 

The  expression  for  vjx  is,  for  6 approaching  0 (see  eq.  (A19)), 


v=]_  rDm r: 

x~bJ  o L 


© 

— 3(r5<r+£jBm)  — Bo)  tanh-1  V 1 — B^a2 

(1— 5V)5/2 

© 

2 (tB< t+ coBm)  -JB<r(Bm. — ~Bo)~\  ,/D  . 

I d\Jio)-\- 


(1-£V)2 


©O 


1 (-rBa+wBm)  TjBa(Bm-Ba)  (l-B2<rey-Jl^B2d2  ,rty  , , 

ISVSud  a-BvnB'-m’  <i(B")+ 


X 


®b 

Bm  (rBa+^Bin)  yiB(x(Bm — 5a-)  (1 — B2a6) 2 V 1 — 5202 


*(*+0 


(i -BwyiBa-Bey 


d(Bo)  ■ 


2 (r50+ o>5m)  ^lBd(Bm—Bd)  V 1 — 52021  \ 

52<  J/ 


(Cl) 


This  expression  has  been  broken  into  parts  as  indicated  by  the  circled  numbers  with  the  third  part  being  broken  into  two 
additional  parts  ©a  and  ®b  because  of  the  singularity  in  the  integrand.  Since  © and  © are  elementary  integrations  similar 
to  those  found  in  most  integral  tables  (see  ref.  27),  only  © will  be  dealt  with  in  detail.  Performing  the  integrations  © and 
© and  combining  the  results  yield 


A/l—  B2d2  f 2 (tBO + w) V Bd(Bm—Bd ) 7t[t(— 7 SflZfrn— 2 + 1050— ’5ra)+«(4  — 75?tt+450— BdBm)] 

B \ Be 


8 V 1 —Bm(l—BQ) 

ir[T(—2—10B8-\-B7n—7BdBm)-{-u(—4:+4Bd—7Bm+BdB7n)\  ^ 


8 -\/l  -^Brn(l  -\-B&) 

where  c3  = c *2?m.  The  first  term  of  expression  (C2)  exactly  cancels  so  that  the  total  of  ©,  ©,  and  @ for  0— >0  is 

7r  r(2-{-B7n)  — oj(4  — 75m)  t(— 2-\-B7n)—  £(4d-7jBm)~j 


7 


85  [_  Vl  —Bm  ' yi+5m 

The  following  two  integrals  comprising  © remain  to  be  evaluated: 

— 3 rDm  rBa-slBaiBrn-Ba)  tanh~\/l-5V 


j 


5 


X" 


(1-5V)5'2 


—3  fBm  cj  -\IBcr(Bm,—Bo)  tanh~‘  Vl  —Biai 


B 


X 


(1-£V)5/2 


rf(5<r) 


(C2) 


(03) 


(C4) 


(05) 


It  might  be  mentioned  at  this  point  that  the  integrands  of  expressions  (C4)  and  (C5)  are  finite  and  continuous  over  the  interval 
0 to  Bin  and  therefore  must  yield  a finite  quantity  when  integrated. 


The  integration  of  expression  (C4)  by  parts  gives 

r- t,nh-vr=w  m J m 

L B(l—B*0*)*  Jo  #LJo  2(1  —Bt<P)*ilBo(Bm—Ba)  Jo  5v(l-BV)2  'J 

Integration  of  expression  (C5)  by  parts  gives 

P~ o)^lBa(B7n— Ba)  tanh-1  ^l—B2o2~Ym  fBm  c35?ft  tanh'1  Vl—SV  To^lBa(B7n—Ba)  , . 

L BBa(l-B2^  Jo  “Jo  255c(l-5V)5S/5(r(5m-5<,)  l ) Jo  55V(l-5202  C j 1 ' 
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Combining  expressions  (C6)  and  (C7)  results  in 

^ r- (tBv+u)  -jBeCBm-Ba)  tanh-1  a/1-5VT”  CBm  (rBc  + Z>)  Vj5tr(fim-£<r) 

V~l  BBail-B^2)*  Jo  Jo  BB2c2(l-BW)2  j + 

CBm  {TB<r{Bm—2B<i) —u>Bm\  tanh-1^/!— j?V  jcr„\ 

Jo  2BB<r(l -Biayi^lBa(Bm-W)  1 


(CS) 


The  first  term  of  equation  (C8),  when  evaluated  at  the  limits,  is  either  zero  or  infinity.  The  integrand  of  ®,  as  was  noted, 
is  finite  over  the  whole  interval;  therefore,  infinities  introduced  as  a result  of  parts  integrations  must,  in  the  end,  cancel 
themselves. 

The  second  term  of  equation  (C8)  is  an  elementary  integration  which  when  evaluated  (with  infinities  neglected)  yields 


7 r ^2r-(-4aj  — 3 tBtyi — 5a )Bm  — 4co  — 5w5mT 27+3x57/1 
85  \ ^ll+Bm 


(C9) 


It  is  now  convenient  in  integrating  the  third  term  in  equation  (C8)  to  introduce  the  variable  substitution 


B<7 


t+k 

1 -\-k\p 


(CIO) 


so  that  Bm  and  k are  related  by 


Bm 


2k 

1 +k2 


(Oil) 


The  third  term  in  equation  (C8)  when  transformed  by  equation  (CIO)  may  be  written  in  the  form 


-1 


where 


5yi+P(i-P) 

Ii= md+ 

I2=-  P k(r+Zk*)Fffldt 
J —k 

•=£ 


(Cl  2) 


fc  Tk(l-\-k2)  +.3 tot 2 


k l — \p2 
k Z>k\k2-2) 


F(\k)d\k 


-r. 


FWdt 


h 

I- 


k k2—rp' 

**(  l-k2) 


r -J* i 

- J-k  (i- 


vw-w 

k(l  — k4\f/2)  \j/ 


__  Ck  jyH 

7-~J-kTi^y)(k2-y) 

tanh- 


m* 


F(\p)dip 

F{i)di 


7(1  — **)(**-*») 

The  integrals  Is,  and  /7  are  elementary  and  may  be  determined  by  an  integration  by  parts.  If  the  multiplicative  factor 
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before  the  summation  sign  in  equation  (Cl2)  is  neglected  until  all  the  components  are  totaled,  these  three  components  become 


r , T , T — rA:(l+Z:4)7r  co&2(l -\-k2)ir 

h+ii+h—  l_k2  i-i* 


(C13) 


Consider  the  integration  required  for  ]2)  that  is, 


tanh-1 

f 

V(l-F)(l-*2) 

L J 

J-*  v 

d\p 


(C14) 


Let  \p=k  sin  0 ; then  expression  (Cl4)  becomes 


It  can  be  shown  that 
tanh 


f*/2  ta  L l+^sin 
J-W2  Vl  — &2  sin20 


— k2  sin20) 
sin  0 


dO 


-TV(1~;x-FTtl— l°t»nh-'  ,Vl~P  — tanh—  ^====  0S»S»/2 

L 1+^  sin  ^ J -yjl—k2  sin20  y 1 — k2  sin20 


= tanh“ 


Vi  — k2  — A/l— &2  sin  0 


Vl-F  sin20 


-tanh" 


Vl-F  sin20 


0^0^  — tt/2 


(Cl  5) 


(C16) 


This  fact  allows  expression  (Cl 5)  to  be  written  as 
tanh 


tanli-f/1^  ,)d>  tanh-  ^ V — a-  /-Vt-f  sin  A 

rx/2  Vyi-FsinW  _ f "2  Vl-FsinW  j_  f°  V Vl-F  siii29  / 

J-»/2  V 1 — I2  sin20  Jo  V 1 — &2  sin20  J-*/2  V 1 — k2  sin20 


de 


(C17) 


The  last,  two  integrals  of  expression  (Cl7)  cancel  each  other  and  leave 


tanh-(,^  ) 

, Vyi-^sinV 

Jo  Vl-F  sin20 


dd 


(CIS) 


After  the  inverse  hyperbolic  tangent  is  replaced  by  its  logarithmic  equivalent  and  the  additional  variable  transformation 

1 -k2 


1 — k2  sin2  0 


is  introduced,  expression  (CIS)  becomes 


Cvf2  A 1+sin  A dy 

J sin-*  yrru  \ °ge  1 — sin  v)  Vsin2  v—(l  — 


k2) 


(C19) 

(C20) 


It  is  now  convenient  to  make  the  substitution 
Expression  (C20)  then  becomes 


5 = sin“iyi—  k2 

f^Vlno-  1 + sin  A dv 
J a \ ge  1 — sin  v)  A/sin2  v— si 


sin25 


(C21) 


which  is  exactly  in  the  form  of  the  fourth  integration  formula  of  table  335  in  reference  28.  This  formula  gives  the  value  of 
expression  (C21)  as  irKf(k ).  The  integration  of  /2  ma}T  now  be  expressed  as 


I2^-k(T  + uk?)irK'{k) 


(C22) 


Using  the  same  integrating  procedure  for  /3,  /4j  and  /6  as  just  outlined  for  I2  and  the  integration  formulas  in  tables  335  and 
336  of  reference  28  leads  to 

r [rk{l+k2)  + ^k2][\+Kf{k)-Ef(k))iv 
h~  1 —k2 
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It+h=irZ>(  1 — F)Fn£—  —kr)  -°)F7r[1+  £,(^] 

where  II  [-(i-fc2),VT=F,  1]  is  a complete  elliptic  integral  of  the  third  kind  with  modulus  ^ll—Ic2  and  parameter 

Summing  all  the  various  parts  contributing  to  the  third  term  in  equation  (C8),  including  the  common  factor, 
following  expression: 


-1 , /,TP+^F+^/(")[2^+^1+^- 

#(i-jt2)yr+F\  i-*2 

- — (k)  +F']+^V(l  — fe2)n[^—  (l-F),  l—k2,  ij  j- 


-(1-F). 
gives  the 


(C23) 


The  addition  of  expression  (C23)  to  expression  (C9)  completely  evaluates  Q.  Expression  (C3)  gives  the  evaluation  of  ©,  ®, 
and  (?).  Before  writing  the  total  integration,  that  is  the  sum  of  expressions  (C23),  (C9),  and  (C3),  it  is  desirable  to  combine 
expressions  (C3)  and  (C9),  which  are  functions  of  Bm)  and  transform  them  by  equation  (Cll)  to  functions  of  k.  This  pro- 
cedure yields 


7 r(o)&2+  r&3) 

J5VT+F(1~F) 


(C24) 


The  total  integration  may  now  be  written  in  terms  of  the  parameter  k as 


^/__^i_^)2|^(A:)[2Pr+^2(l+F)]-g-(Ar)[2FS+^(l+F)]+^2(l-F)2n|^-(l-F),l-^,|j|  (C25) 

By  use  of  the  process  commonly  known  as  interchanging  the  amplitude  and  parameter  (see  pp.  133  to  141  of  ref.  29)  the  elliptic 

E'(k) 

integral  of  the  third  kind  appearing  in  equation  (C25)  is  found  to  be  equivalent  to  — This  operation  permits  the  expres- 
sion for  vjx  (eq.  (C25))  to  assume  the  form  given  in  equation  (A20). 
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TABLE  I 

FORMULAS  FOR  POTENTIAL  DISTRIBUTION  DUE  TO  CONSTANT  SIDESLIP 


Region  (see 
sketch) 

*>(*,0 +,«) 

I 

Vp(mx-z) 
V B2m 2—  l 

II 

Vp  . .nix—  z{2Bm—  1) 

— n (mx—z)  cos-1 - + 

Tr^EPni1  — 1 L mx-z 

-| 

2yfzm(x—Bz)(Bin—  1) 

III 

Vp  (,  N mx—  z+2{\  + Bm){z—  b)  , 

— z ; {mx—z)  cos  1 — 1 -f 

l(  mx-z 

) 

2 \{z  — b)(Bm+  l)[/)(l-rfim)  — m(x+Bz)]  > 

IV 

2 (II  + III-I) 

V. 

VpH(Bm )V  z(mx—  z) 
Bm 
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TABLE  III 

FORMULAS  FOR  POTENTIAL  DISTRIBUTION  DUE  TO  STEADY  ROLLING 


Region 
(see  sketch) 

<p(x,  0+,z) 

I 

2(B*J-  \yn  { (?nl  z)[  mx+z(2B*m*  1)]| 

II 

p\  mx(4Bm—  1)  + z{2Bhn2  — 2Bm—  3)  jinz(x—Bz) 

tt(  3(B2to2-1)  V Bm+ 1 

(mx  — z)l?nx  — z(2B2m2  — 1)]  , mx  +2(1—  2Brn)  ) 

2{B2m2~\)zn  COkJ  mx—z  ) 

III 

p \ (mx  — z)[  — mx-\-  z(2B2m2  — 1)]  , mx—  z-\-2(l-\~Bm)(z  — b) 

r(B2m‘—  l)3li  1 2 C0S  mx-z 

(mx  b)(4Bm  l)  + (*  6)( 3 ^2Bhn*  2Bm)  66(B2m2  1)  V(2_6)(Bm+1)[6(1  + Bm)  to(x+Bz)]J 

IV 

2(114-111-1) 

V 

p(rv' z-\- 03  v'mx)^z(mx  — z) 
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TABLE  IV 

FORMULAS  FOR  PRESSURE-DIFFERENCE  COEFFICIENT  DUE  TO  STEADY  ROLLING 


Region 
(see  sketch) 

AP,  ^ 
— (*,«) 

I 

4 pm{B2m?z  — mx) 

II 

4 p r 2 Bm2  Jzm(x  — Bz ) 

7rVL(^2w2— 1)  \ Bm-\- 1 

m2  (a; — B2zm)  _ , + z ( 1 — 2flm)  "1 

(B2m2  — 1)3/2  C°“  mx—z  J 

III 

4pm  i (B2r;2-  ^ co-.  ™x-z  + 2(l+Bm)(z-b) 

,rF(BW-l)««r  wm;  cos 

_ \ 

2Bm V (z  - h)  (Bw  + 1 ) [6 ( 1 + B?n)  - m(x  + Bz)  ] i 

IV 

2(114-111  — 1) 

2p  rp/wz2  + 3??i2ajp'xz  — 2mwv'z2 

V 

V V z(mz— z ) 
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TABLE  V 

FORMULAS  FOR  POTENTIAL  DISTRIBUTION  DUE  TO  STEADY  YAWING 


Region 
(see  sketch) 

<p{X,0+yZ) 

I 

2(Bhn?-l)™lxH  2m  + BimZ)+2xz 

II 

r (x(bB2m2-\-^Bm  — %)—B2mz(2Bm-\-l)  lmz(x—Bz) 

7t  ( 3(B2mt—  1)  V Bm+ 1 + 

(mx—  z)[mzB2+x(m2B2—  2)]  mx—  z(2Bm—  1)  ) 

2(B2m2  — 1)3/2  C°"  mx  — z ) 

III 

r(  mx(5B  m 4 Bm  6)  +B  m(z  b)(2Bm  1)  + Bmb(4+Bm)  y(2  6)(Bm+ i)[fr(j +Bm)  m(x  + 8z)}  + 

7 r(  6m(t>£m — \)i,£ 

{mx  — z)  [ Bhn 2 (mx  + z)  — 2 mx]  mx  — 2 -b  2 ( 1 -f-  Bm)  (2  — 6)  } 

1)3«  cos  mz-z  ) 
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TABLE  VI 

FORMULAS  FOR  PRESSURE-DIFFERENCE  COEFFICIENT  DUE  TO  STEADY  YAWING 


(Tail  is  in  12-plane ; positive  yawing) 
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TABLE  VII 

FORMULAS  FOR  POTENTIAL  DISTRIBUTION  DUE  TO  CONSTANT  LATERAL  ACCELERATION 


(Tail  is  in  zz-plane;  positive  0 in  positive  y-direction) 


Region 
(see  sketch) 

¥>(*>  0+,2) 

I 

j3(mx—z)  mM2{mx—  z)~ 1 

VB2TO2— 1 L 2(B2m2  — 1)  J 

' II 

O-  r11]  [$sem  (-*-> ! 

Tj==rLKz-b)(Bm+l)[b(l  + Bm)-7n(x+Bz)][2lV+M  ^+BmHb-mx)  + M Bm(z-b)(2Bm-  1)T 

iryBhn2— 1(  L SB{B2m2  — 1)  J 

[>-  [^+fg£Sf  ] (— ■) } 

III 

IV 

2(II-|-III-I) 

V 

-W«(—  („'.W«>+[>  <'*+»’]  «£■>} 
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TABLE  VIII 

FORMULAS  FOR  PRESSURE-DIFFERENCE  COEFFICIENT  DUE  TO  CONSTANT  LATERAL  ACCELERATION 


Region 
(see  sketch) 

ap,  i 

— ix,z) 

I 

4/3(mz  — 2)(l  + m2) 
V(B2m2  — 1)3/2 

II 

4)3  \B2(l-\-m2)(mx— z)  mx—  z(2Bm—  I) 

ttB:  - 1 l B2m2— 1 mx—z 

0 T,  M2{B2m2  + Bm-  1)"|  /— 

2L1  B2m-  — 1 JVzm(z  Bz){Bm  1)| 

III 

4)3  |R2(1  + m2)(mx—  z)  mi- z + 2(l  + Rra)  (z  — b) 

irB2  V^jBhn-  — 1 l B2m2  — 1 °°'J  ?ra-2 

B2m?-  1 1 V(z  — 6)  (B«i+  l)[6(.l  + Bm)  -»nx  + Bz)]j 

IV 

2(11  + 111-1) 

V 

2)3  [“ (R2+  l)B(r/m22  + 3mVaJZ - 2m«/22) 

L V z(mx  — z ) 

(B»+l)xzH(Bm)  2H(Bm)^Jz(mx—  z)~\ 

Bylz(mx-z ) Bm  J 
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TABLE  IX 

STABILITY  DERIVATIVES  FOR  HALF-DELTA  AND  RECTANGULAR  ISOLATED  VERTICAL  TAILS 


Derivative 

(a) 

Half-delta  tails 

Rectangular  tails 
AR^l 

0^AR<2 

ABZ.2 

Cy& 

~ H (Bm) 

A 1 AB 
BAj  ABA-  2 

B V 2AB/ 

Cnp 

3 % H{Bm) 

16  / AR 

2 (\  M 

3AB\ AB  + 2 

AB V 3AR/ 

H(Bm)  .y 

4 AR+1 

3S  yjAB{AB  + 2) 

B \ 2AB/ 

^ (r/  + 2ip') 

4 VAB(AB  + 3) 
3R  (AR  + 2)3/2 

2AR-1 

AR2 

(V  + 2V) 

2(AB  + 3) 
VAB(AB-t-2)3/2 

3AR-2 

3A2R2 

ttAB  / 5 , A 

4 B \8  T”  +"V 

2A2R2  + 6AR  + 3 
3B-/AB  (AB  + 2)3/2 

1 + 4 AB  - 24  A2B2  + 32A3B3 
24  A3R4 

CYr 

^ (r/  + 2a>/) 

8(2AB+5) 

2(3AR—  1) 

3VAB(AB  + 2)3'2 

3A2R2 

C„r 

g-  (Tr'  + 2ct>r') 

• 4R(2AR  + 5) 

R(8AR  — 3) 

[AR(AR  + 2)F2 

6A3R3 

C‘r 

irAR  / 5 , A 

— Tr  + «*  ) 

2(3A2R2  + 9AR  + 5) 
3[AR(AR  + 2)F2 

3AR-1 

3A2R2 

Cy b . 

AH*  r /.  „ , io// (Bm)  ~\ 
4~LTr+  r 3A2B2  J 

ABir  f , 8H(Bm)~\ 

1F[t'+2"'“  Am  J 

8 R2-AR-1 

3S2  a/AB(ABA  2)3 

2(R2  + 2-3AR) 
3A2R4 

\ 

S 

T |_2  T'  +3“r  ~ A2/?2  J + 

7T  P3  , , o , 12// (Bm)~| 

4/?L2Tr+3aJr  A2R2  J 

4 R2  — AR  — 1 

5 VA3B3(AB  + 2)3 

. vC  If 

3B2  — 8AB  + 6 
6A3R4 

ARtt  ro  , , 0 , 6 H(Bm)l 

S~L  '+4T'~  A-B‘  J 

ABir  r„  , , 5 , 8//(Bm)l 

8R2  |_2w'  +4  T'  A2R2  J 

2 B2  + A2B2  + 3AB  + 3 
3B2  VA3B3(AB  + 2)3 

R2  + 2-3AR 
3A2R4 

* Angular  velocities  and  moments  measured  about  the  system  of  body  axes  shown  in  figure  2 (b). 
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TABLE  X 


STABILITY  DERIVATIVES  FOR  TRIANGULAR  ISOLATED  VERTICAL  TAILS 
WITH  SUBSONIC  LEADING  EDGE  AND  SUPERSONIC  TRAILING  EDGE 


Derivative 

Formula 

(a) 

(b) 

CYp 

-iV; a5"(»“> 

C.„ 

ir(3AB  + 2Bm)  H(Rmy 
6Bm^2BmAB 

Cl, 

CYv 

%V2BmAB( 

C., 

— ml2BmAB  [%„  (g2BTO+i6 Ab)  + Uv  i.32Bm  1 4 AB^  8A2B2)] 

Civ 

i^V2B«ab(|v+ |v+^|V) 

Cyr 

W2  BmAB^+^+gfeJ) 

Cnr 

-TB^2BmAB^r,  (33 Bm~\  16 Ab)+10'  (32 Rm"1  4 AB  1 8A2B2)] 

Cir 

tJ2 BmAB^r,’ +&+%£*,') 

Cy. 

— rsfr/  «// . 2B?n\  H(Bm)  HfBm)] 

-.V2BmABLT+-4  ^l+  J-  4 fi%U  CBmABj 

P 

»•  /xn — i7>  r7-1-'  1 “’■Y  t ,2Bm\  H(Bm)  H(Bm)~\ 
B2 \2BmAB  |_T+T  ( 1 ) 4Bim,  - 2/W/J 

7rB^2BmAB^r,  *"i6AB)  + Wr  (32BTO  1 4AB  1 8 A2B2) 

% 

(32B3m3+8B2m2AB  + 8BmA2B2)  + 

(32BTO  I"16Ab)  1 “r  (32B?ra  1 4AB^  8A2B2) 
(32B3ot3+4B2to2AB  + 8BtoA2B2) 

c'k 

-^V2B..xs[ w+w+“”»'  «<«•»>] 

P 

^^2BmAB  [orr  4 5ur  + AB  u,  (^B2mi  1 BotAb) 

■ Angular  velocities  and  moments  measured  about  the  system  of  body  axes  shown  in  figure  2 (b). 

b Formulas  valid  for  triangular  plan  forms  with  either  sxveptback  or  sw-eptforward  trailing  edge  provided  the  edge  is  supersonic. 
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TABLE  XI 

TRANSFER-OF-AXES  FORMULAS 


Stability  derivatives 
in  a body  system  of 
axes  with  origin  at 
tail  apex  (see  fig.  2 
(b)) 

Formulas  for  transfer  to  a body  system 
of  axes  with  origin  displaced  dis- 
tances xq  (positive  forward)  and  z0 
(positive  downward)  from  the  tail 
apex  (see  fig.  2 (c)) 

Cy» 

C*e 

C«g~iCyg  , 

c‘> 

<VHfCr, 

c>-p 

C~-Xi  Crv 

c‘,+i  o,p 

Cyr 

Cr.-fC,, 

Cl, 

Cyg 

Crg 

s. 

C»g-fCrg 

C,g+ f Cyg 
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- — X cr 


(b) 


• (a)  Plan  forms  of  vertical  tails  analyzed.  (Trailing  edge  may  be 

either  sweptback  or  sweptforward  provided  it  remains  supersonic.) 

(b)  Special  cases  (rectangular  and  half-delta  vertical  tails)  for  which 
stability-derivative  curves  are  presented. 

Figure  1. — Tail  plan  forms  and  associated  data. 


(a)  Body-axes  system  used  for  analysis.  Free-stream  velocity  V. 

(b)  Principal  body-axes  system  used  for  presentation  of  stability 
derivatives.  Entire  system  moving  with  flight  velocity  V. 

(c)  Same  type  of  axes  system  as  (b)  with  origin  translated. 


Figure  2. — Systems  of  body  axes.  Positive  directions  of  axes,  forces, 
and  moments  indicated  by  arrows. 
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Bm 

Figure  3. — Variation  of  the  parameters  * > w/,  Bm<o/t  rv'  and  t/  with  Bm. 
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AB 

Figure  6. — Curves  for  determining  the  stability  derivatives  due  to  steady  yawing  Cyt,  C„r , and  Cir  for  isolated  half-delta  vertical  tails.  Deriva- 
tives based  on  vertical-tail  parameters  b,  S,  and  angle  rbjV;  principal  bod\--axes  system  with  origin  at  leading  edge  of  root  section. 
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Figure  7. — Curves  for  determining  the  stability  derivative  due  to  constant  lateral  acceleration  Cy.  for  isolated  half-delta  vertical  tails.  Deriva- 

p 

tive  based  on  vertical-tail  parameters  b,  S,  and  angle  $b/V;  principal  body-axes  system. 
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Figure  8. — Curves  for  determining  the  stability  derivative  due  to  constant  lateral  acceleration  Cn.  for  isolated  half-delta  vertical  tails.  Deriva- 

& . 

tive  based  on  vertical-tail  parameters  6,  Sy  and  angle  $b/V;  principal  body-axes  system  with  origin  at  leading  edge  of  root  section. 
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Figure  9. — Curves  for  determining  the  stability  derivative  due  to  constant  lateral  acceleration  Ct.  for  isolated  half-delta  vertical  tails.  Deriva. 
tive  based  on  vertical-tail  parameters  b,  S , and  angle  $b/V;  principal  body-axes  system  with  origin  at  leading  edge  of  root  section. 
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Figure  10. — Curves  for  determining  the  stability  derivatives  due  to  constant  sideslip  Crp  Cn$,  and  Ci$  for  isolated  rectangular  vertical  tails. 
Derivatives  based  on  vertical-tail  parameters  6 and  S;  principal  body-axes  system  with  origin  at  leading  edge  of  root  section. 
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Figure  11. — Curves  for  determining  the  stability  derivatives  due  to  steady  rolling  CVp,  Cnj)1  and  Cip  for  isolated  rectangular  vertical  tails. 
Derivatives  based  on  vertical-tail  parameters  b,  S , and  angle  pb/V;  principal  body-axes  system  with  origin  at  leading  edge  of  root  section. 
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AB 

Figure  13. — Curves  for  determining  the  stability  derivatives  due  to  constant  lateral  acceleration  CV-  and  C,.  for  isolated  rectangular  vertical 
tails.  Derivatives  based  on  vertical-tail  parameters  b,  S,  and  angle  $b/V;  principal  body-axes  system  with  origin  at  leading  edge  of  root 
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(b)  Steady  yawing. 
Figure  15. — Continued. 
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(a)  Constant  sideslip. 

Figure  16. — Comparisons  of  zero-  and  complete-end-plate  solutions  for  the  side-force  and  yawing- 
moment  derivatives  due  to  several  lateral  motions  for  rectangular  vertical  tails.  Derivatives 
based  on  vertical-tail  parameters  b,  S,  and  angles  pb/ V,  rb/V,  and  $b/V;  principal  body-axes 
system  with  origin  at  leading  edge  of  root  section. 
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THEORETICAL  SPAN  LOAD  DISTRIBUTIONS 
AND  ROLLING  MOMENTS  FOR  SIDESLIPPING  WINGS  OF  ARBITRARY 
PLAN  FORM  IN  INCOMPRESSIBLE  FLOW  1 

By  M.  J.  Queijo 


SUMMARY 

A method  oj  computing  span  loads  and  the  resulting  rolling 
moments  for  sideslipping  wings  of  arbitrary  plan  form  in  in- 
compressible flow  is  derived.  The  method  requires  that  the 
span  load  at  zero  sideslip  be  known  for  the  wing  under  con- 
sideration. Because  this  information  is  available  for  a variety 
of  wings , this  requirement  should  not  seriously  restrict  the 
application  of  the  present  method . The  basic  method  derived 
herein  requires  a mechanical  differentiation  and  integration  to 
obtain  the  rolling  moment  for  the  general  wing  in  sideslip. 
For  wings  having  straight  leading  and  trailing  edges  over  each 
semispan , the  rolling  moment  due  to  sideslip  is  given  by  a simple 
equation  in  terms  of  plan-form  parameters  and  the  lateral 
center  of  pressure  of  the  lift  due  to  angle  of  attack. 

The  mechanical  differentiation  and  integration  required  to 
obtain  the  rolling  moment  for  the  general  wing  can  be  avoided 
by  use  of  a step-load  method  which  is  also  derived.  Charts  are 
presented  from  which  the  rolling-moment  parameter  Ci^/CL 
can  be  obtained  for  wings  having  straight  leading  and  trailing 
edges  over  each  semispan. 

Calculated  span  loads  and  rolling-moment  parameters  are 
compared  with  experimental  values.  The  comparison  indi- 
cates good  agreement  between  calculations  and  available  experi- 
mental data. 


indicated  a rapid  decrease  in  load  and  experiments  indicated 
a rapid  increase.  The  method  of  reference  1 does  predict 
the  rapid  tip-load  change  with  sideslip  which  has  also  been 
observed  for  unswept  wings.  Examination  of  reference  1 
indicated  that  the  basic  concepts  employed  therein  could  be 
used  in  the  calculation  of  span  loads  and  rolling  moments 
for  swept  wings  in  sideslip,  provided  sweep  effects  could  be 
taken  into  account. 

The  purpose  of  the  present  report  is  to  derive  a method, 
using  the  basic  concepts  of  reference  1 and  introducing  a 
means  to  account  for  sweep  effects,  which  permits  the  calcu- 
lation of  the  span  load  distribution  and  rolling  moment  for 
any  wing  in  sideslip.  The  method  requires  that  the  span 
load  distribution  at  zero  sideslip  angle  be  known.  Since 
this  information  is  available  for  a large  variety  of  wings 
(see  refs.  4 to  7,  for  example),  this  restriction  is  not  believed 
to  be  serious. 

The  basic  concepts  used  herein  permit  the  determination 
of  the  span  load  and  the  resulting  rolling-moment  coefficient 
of  a wing  in  sideslip  by  use  of  either  an  integration  method 
and  a continuous  span  wise  circulation  distribution  or  a series 
summation  in  combination  with  a stepped  circulation  distri- 
bution. Both  methods  are  developed  herein. 

SYMBOLS 


INTRODUCTION 

The  span  load  distributions  and  rolling  moments  of  a wing 
in  sideslip  are  important  in  considering  the  structural  and 
dynamic  lateral-stability  requirements  of  an  aircraft  and, 
hence,  have  been  the  subject  of  numerous  experimental  and 
theoretical  studies.  Most  of  the  studies  have  been  limited 
to  the  determination  of  the  rolling  moment  due  to  sideslip 
Cip)  however,  a few  studies  have  been  concerned  with  the 
span  load  distributions  for  wings  in  sideslip.  (See  refs.  1, 
2,  and  3,  for  example.)  References  1 and  2 are  theoretical 
studies:  reference  1,  for  unswept  wings;  and  reference  2,  for 
sweptback  wings.  Comparisons  between  experimental  and 
theoretical  span  loads  for  unswept  wings  showed  good 
agreement  (ref.  1).  The  few  comparisons  in  reference  2 
between  theoretical  and  experimental  span  loads  for  swept 
wings  indicated  fair  agreement  over  most  of  the  semispan 
but  poor  agreement  near  the  wing  tip  where  the  theory 

1 Supersedes  NACA  Technical  Note  3605  by  M.  J.  Queijo,  1955. 
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aspect  ratio,  b2/S 
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wing  lift  coefficient  due  to  angle  of  attack, 
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wing  rolling-moment  coefficient, 

Wing  rolling  moment 
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bp 


c chord,  parallel  to  plane  of  symmetry 

cct  _ 52y 
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c average  chord,  S/b 

c<  chord  at  inboard  end  of  a vortex 
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Cl 
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(y)a 

(7)3 

(7)0=0 
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K 
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X 


P 


section 


lift  coefficient, 


Section  lift 
\,Vc 


section  lift  coefficient  due  to  angle  of  attack 
section  lift  coefficient  due  to  sideslip 
section  lift  coefficient  at  zero  sideslip  angle 
chord  at  outboard  end  of  a vortex 
section  lift  (lift  per  unit  span) 
rolling  moment  due  to  one  horseshoe  vortex 
number  of  horseshoe  vortices  representing  wing 
index  which  indicates  a specific  horseshoe  vortex 
wing  area 

semispan  of  a horseshoe  vortex 
free-stream  velocity 

spanwise  distance  from  plane  of  symmetry 
span  wise  position  of  center  of  pressure  due  to 
angle-of-attack  load  on  one  semispan 
distance  along  quarter-chord  line,  measured  from 
plane  of  symmetry 
geometric  angle  of  attack,  radians 
induced  angle  of  attack,  radians 
sideslip  angle,  radians 
vortex  strength  in  spanwise  direction 
vortex  strength  Ty  for  wing  at  zero  sideslip  angle 
vortex  strength  along  quarter-chord  line 
section  load  parameter  for  total  load  on  section, 
CCi 

c 


section  load  parameter  due  to  angle  of  attack 
section  load  parameter  due  to  sideslip 
section  load  parameter  at  zero  sideslip  angle 
section  load  parameter  due  to  twist 
local  angle  of  attack  due  to  twist,  radians 
factor  from  reference  1 

sweep  of  quarter-chord  line,  deg  (positive  for 
sweepback) 

Tip  chord 
taper  ratio,  Eoofc  chord 


mass  density  of  air 


Superscript: 


denotes  that  factor  has  been  made  nondimen- 

£ 

sional  by  dividing  by  6/2;  for  example, 


ANALYSIS 

In  making  span-load  calculations,  the  wing  is  generally 
represented  by  a system  of  vortices.  For  the  case  of  zero 
sideslip,  the  unswept  wing  can  be  represented  by  a sj^stem 
of  spanwise  and  chordwise  vortices  as  shown  in  figure  1 (a). 
For  wings  of  high  aspect  ratio,  the  spanwise  vortices  are 
generally  replaced  by  a single  vortex,  and  the  resulting 


system  (fig.  1 (b))  is  the  common  lifting-line-theory  repre- 
sentation of  a wing  at  zero  sideslip  angle. 

Various  systems  of  vortices  have  been  considered  for  the 
representation  of  unswept  wings  in  sideslip.  One  system  is 
a modification  of  the  lifting-line-theory  representation  and 
consists  of  a single  spanwise  vortex  and  a sheet  of  trailing 
vortices  which  are  parallel  to  the  free  airstream  (fig.  1 (c)). 
This  system  was  used  by  Blenk  (ref.  8) ; however,  his  calcu- 
lated rolling  moments  due  to  sideslip  were  opposite  in  sign 
from  those  obtained  experimentally. 

The  vortex  system  used  by  Weissinger  for  the  unswept 
wing  in  sideslip  is  shown  in  figure  1 (d),  and  this  system  is 
also  a modification  of  the  lifting-line-theory  representation 
at  zero  sideslip.  The  theoretical  arguments  for  the  system 
are  given  in  reference  1 and,  therefore,  will  not  be  repeated 
here.  However,  it  should  be  noted  here  that  the  span  load 
distributions  and  values  of  Cx&  computed  by  Weissinger  for 
unswept  wings  are  generally  in  very  good  agreement  with 
experiment. 

As  stated  in  the  introduction,  the  basic  concepts  used 
herein  are  the  same  as  those  of  reference  1 and  are  applied 
directly  to  the  swept  wing.  The  swept  wing  in  sideslip  is 
represented  by  a system  of  vortices,  as  indicated  in  figure 
2 (a),  which  consists  of  a vortex  located  along  the  wing 
quarter-chord  line  and  a sheet  of  vortices  emanating  from  this 
vortex.  The  vortices  of  the  sheet  are  parallel  to  the  wing 
plane  of  symmetry  from  the  quarter-chord  line  to  the  trailing 
edge,  and  then  they  slant  so  as  to  be  parallel  to  the  relative 
wind  direction. 1 In  the  present  report,  the  portion  of  the 
vortex  sheet  parallel  to  the  plane  of  symmetry  is  referred  to 
as  being  made  up  of  chordwise-bound  vortices,  whereas 
the  rest  of  the  vortex  sheet  is  considered  to  be  made  up  of 
tr ailing-free  vortices. 


<c) 


(a)  General  arrangement  for  zero 
sideslip, 

(c)  Blenk’s  arrangement  (ref.  8) 
for  sideslip. 

Figure  1. — Vortex  systems  used 


(d) 


(b)  Lifting-line-theory  arrange- 
ment for  zero  sideslip. 

(d)  Weissinger’s  arrangement  (ref. 
1)  for  sideslip. 

for  representing  unswept  wings. 
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The  lift  produced  by  a unit  length  of  vortex  is  given  by 
the  Kutta-Joukowski  equation 


1=pVpY 


and  also  by 


h=-  pV2  cos2  (A—0)  cx 


a cos  (A— 3) 


where  T is  the  vortex  strength  (or  circulation)  and  Vp  is 
the  velocity  component  perpendicular  to  the  vortex.  As 
may  be  seen  from  figure  2 (a),  the  free-stream  velocity  has 
components  perpendicular  to  the  quarter-chord-line  vortex 
and  the  chordwise-bound  vortices  and,  hence,  these  vortices 
will  produce  lift  in  accordance  with  the  Kutta-Joukowski 
equation.  The  trailing-free  vortices  are  parallel  to  the  rela- 
tive wind  and  hence  produce  no  lift.  The  strength  of  the 
chordwise-bound  vortices  is  determined  by  the  strength 
distribution  of  the  quarter-chord -line  vortex;  therefore,  the 
lift  distribution  of  the  wing  in  sideslip  can  be  determined, 
provided  the  distribution  of  the  strength  of  the  quarter- 
chord -line  vortex  for  the  wing  in  sideslip  is  known. 

The  vortex  strength  would  be  made  up  of  the  circulation 
due  to  the  basic-type  loading  (camber  and/or  twist),  angle- 
of-attack  loading,  and  some  modification  to  the  sum  of  these 
loadings  as  a result  of  sideslip.  In  general,  the  circulation 
at  zero  sideslip  can  be  obtained  from  published  reports  (refs. 
4,  5,  and  6,  for  example),  and  the  remaining  unknown  is  the 
modification  due  to  sideslip.  An  approximate  method  of 
evaluating  this  effect  is  as  follows:  with  reference  to  figure 
2 (b),  which  pertains  to  the  right,  or  leading  wing  semispan, 
the  lift  per  unit  length  of  the  quarter-chord-line  vortex  of  a 
swept  wing  in  sideslip  is  given  by 

l\  = pV  cos  (A  — /S)  Tz 


(a)  Overall  representation. 

(b)  Details  of  an  element  of  the  quarter-chord-line  vortex. 

Figure  2. — Representation  of  a wing  by  the  vortex  system  used  in 

analysis. 


so  that  the  circulation  Tz  is 

IV=|  Vcc1q  (a—a{) 

Similarly,  for  the  wing  at  zero  sideslip,  the  circulation  is 
given  by 

(rz)0=o=7j  Vcc1q  (a— 

Thus  the  circulation  at  a sideslip  angle  is  related  to  the  circu- 
lation at  zero  sideslip  by 


r,=(r2)^0 


a — at 

(a—a{)p=Q  . 


It  appears,  therefore,  that  the  local  circulation  of  the  quarter- 
chord-line  vortex  of  a wing  at  a given  angle  of  attack  will  be 
changed  by  sideslip  only  if  slideslip  changes  the  induced 
angle  of  attack.  For  infinite  aspect  ratio,  the  induced  angle 
of  attack  is  zero  and,  hence,  r2  is  exactly  equal  to  (rz)^=0. 
For  large  aspect  ratios,  when  at  is  small  relative  to  a , a modi- 
fication to  on  due  to  sideslip  probably  will  have  a negligible 
effect  on  the  local  circulation.  Even  for  small  aspect  ratios, 
when  at  can  be  large  relative  to  a,  it  does  not  appear  that  a 
small  sideslip  angle  should  affect  at  enough  to  change  the 
local  circulation  appreciably.  This  argument  is  substan- 
tiated to  some  extent  by  calculations  of  the  circulation  dis- 
tribution of  unswept  wings  in  sideslip  made  by  Weissinger 
(ref.  1).  These  results  showed  that  for  unswept  wings  the 
change  in  circulation  due  to  sideslip  was  small  and  resulted 
in  an  increment  in  C\JCL  that  was  independent  (for  practical 
purposes)  of  aspect  ratio  and  taper  ratio  for  a fairly  wide 
range  of  both  parameters. 

Because  of  the  effort  involved  in  actually  computing  the 
circulation  distribution  for  wings  in  sideslip  and  because  of 
the  arguments  given  in  the  preceding  paragraph,  the  analysis 
of  the  present  report  is  based  on  the  assumption  that  the 
circulation  distribution  for  the  wing  in  sideslip  is  the  same 
as  for  the  wing  at  zero  sideslip.  Span  load  distributions  for 
the  wing  in  sideslip  can  then  be  obtained  by  the  methods 
derived  in  the  appendix.  The  rolling  moment  due  to  side- 
slip can  be  obtained  for  any  wing  by  integration  of  the  span 
load  due  to  sideslip,  and  this  method  is  referred  to  herein 
as  the  integration  method.  For  the  most  general  case,  the 
integration  involved  in  this  method  cannot  be  made  con- 
venientty.  In  such  instances  a second  method,  wherein  the 
wing  is  represented  by  a number  of  horseshoe  vortices  (see 
figs.  3 and  4),  can  be  used.  This  method  also  is  derived 
herein.  The  resulting  values  of  the  rolling-moment  param- 
eter CXp  are  obtained  and  a small  correction  to  account  for 
effects  of  slideslip  on  the  circulation  distribution  (as  deter- 
mined in  ref.  1 for  unswept  wings)  is  applied.  Although  this 


432 


REPORT  1269 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(0) 


(b)  Representation  of  a wing  by  a finite  number  of  horseshoe  vortices. 

Figure  3. — Representation  of  wing  when  span  load  is  assumed  to  be 
made  up  of  spanwise  step  loadings. 


Figure  4. — Details  of  nth  horseshoe  vortex  used  in  representing  wing 
in  sideslip  by  a number  of  horseshoe  vortices. 

final  correction  may  not  be  strictly  applicable  to  swept  wings, 
it  is  a small  quantity  and  should  be  of  the  right  order  of 
magnitude  even  for  swept  wings. 

RESULTS  AND  DISCUSSION 

GENERAL  REMARKS 

The  general  equations  derived  in  the  appendix  can  be 
used  to  obtain  span  loads  and  rolling  moments  for  side- 
slipping wings  of  arbitrary  plan  form  and  twist  in  incompres- 
sible flow.  The  general  equations  have  been  used  to  deter- 
mine equations  which  apply  specifically  to  wings  having 
straight  leading  and  trailing  edges  and  for  wings  of  elliptic 


plan  form.  Equations  for  specific  types  of  wings  not  treated 
herein  (for  example,  M,  W,  or  cranked  wings)  can  be  obtained 
from  the  general  equations  with  little  difficulty.  The  span 
loads  and  rolling  moments  for  wings  in  sideslip  can  be 
obtained  by  the  methods  presented  herein,  however,  only  if 
the  span  load  at  zero  sideslip  angle  is  known.  This  is  not  a 
serious  restriction  since  such  information  is  available  for  a 
large  variety  of  wings.  However,  wings  of  odd  plan  form 
present  an  additional  problem  in  that  it  will  generally  be 
necessary  to  compute  the  span  load  at  zero  sideslip  before 
proceeding  to  the  sideslip  case.  In  such  instances,  the  span 
load  at  zero  sideslip  can  be  computed  by  using  a method 
such  as  that  of  references  7,  9,  and  10. 

In  the  following  sections,  some  of  the  equations  derived 
in  the  appendix  are  repeated  and  results  obtained  are 
discussed. 

SPAN  LOAD  DISTRIBUTION  IN  SIDESLIP 

The  span  load  distribution  of  a wing  in  sideslip  can  be 
determined  from  the  following  general  equation: 

y=(y)f>-0  (1  ±0  tan  A)— | 0c*  ^p-°  (1) 

The  load  due  to  sideslip  is  given  by 

(y)e=(y)?=o( ±0  tan  A)— | /3c*  (2) 


Wherever  a choice  of  signs  is  indicated,  a plus  sign  applies  to 
the  right  or  leading  wing  semispan,  and  a minus  sign  applies 
to  the  left  or  trailing  wing  semispan. 

A study  of  equation  (2)  shows  that,  if  a portion  of  the  total 
wing  load  is  symmetric  over  the  wing  span  at  zero  sideslip, 
the  change  in  that  portion  of  the  load  due  to  sideslip  will  be 
antisymmetric  (and,  hence,  will  produce  a resultant  rolling 
moment).  On  the  other  hand,  if  a portion  of  the  total  wing 
load  is  antisymmetric  over  the  wing  span  at  zero  sideslip,  the 
change  in  that  portion  of  the  load  due  to  sideslip  is  symmetric 
(and,  hence,  will  produce  no  resultant  rolling  moment). 

In  order  to  illustrate  the  effects  of  sideslip  on  span  loads, 


CCi 

the  parameter  has  been  computed  for  several  rigid 

wings  of  aspect  ratio  4.5.  This  parameter  can  be  obtained 
readily  by  expanding  equation  (2) ; thus, 


Cv)/J=[y)»+Qr)  Cl J (±/3  tan  A)—  | /3c* 


Inasmuch  as  the  term  (7)0  is  independent  of  CL  due  to  angle 
of  attack  for  rigid  wings,  differentiating  with  respect  to  0 and 
CL  yields  the  desired  parameter 


CCX  / CCi\ 

cCifi  \cCL)a 


(±  tan  A)— -c* 


(3) 


For  elliptic  wings,  equation  (3)  reduces  to 


CCJ3  ± IT2 A T 


(4) 


Computed  values  of  are  shown  in  figure  5 for  several 

wings.  The  span  load  due  to  sideslip  is,  of  course,  anti- 
symmetric and,  hence,  results  are  presented  only  for  the 
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bf  2 

(a)  Elliptic  wing. 

(b)  A — 0°;  X— 0.50. 

Figure  5. — Estimated  span  load  due  to  sideslip  for  several  plane  wings. 

A— 4.5. 

right  semispan.  In  each  case  the  contributions  of  the 
quarter-chord-line  vortex  and  chord  wise-bound  vortices  are 
presented  individually  and  are  also  combined.  The  results 
show  that,  for  the  true  elliptic  wing  (unswept  midchord  line), 
the  chordwise-bound  vortices  account  for  three-quarters  of 
the  local  load  coefficient  and  the  local  load  coefficient  varies 
linearly  with  span  wise  position. 

The  results  for  the  unswept  wing  are  in  qualitative  agree- 
ment with  the  results  given  for  unswept  wings  in  reference  1 
and  indicate  an  infinite  load  coefficient  at  the  wing  tips. 
The  effects  of  sweep  can  be  seen  by  comparing  figures  5 (b) 
and  5 (c).  The  local  load  due  to  sideslip  associated  with 
the  quarter-chord-line  vortex  is,  of  course,  a consequence  of 
sweep  and  can  contribute  greatly  to  the  load  in  sideslip. 

Some  comparisons  between  calculated  and  experimental 
span  loads  due  to  sideslip  are  shown  in  figure  6 for  an  un- 


fa) A = 45°;  X=0.50. 
Figure  5. — Concluded. 


tapered  45°  sweptback  wing  of  aspect  ratio  5.16.  The  loads 
due  to  sideslip  were  computed  from  equation  (2)  and  ex- 
perimental values  of  (7)3=0*  In  general,  the  computed  and 
experimental  span  loads  due  to  sideslip  are  in  very  good 
agreement  at  low  angles  of  attack. 

ROLLING  MOMENT  DUE  TO  SIDESLIP 

Integration  method. — A general  equation  for  the  rolling 
moment  due  to  sideslip  is  given  in  the  appendix  as 

j x [to* tan  A+f c*  ^f\  v*dy*+ 

Jo  [(t)‘  tan  A“i c*  w]  y*dy* } - 

\ £ [to.  tan  A -f  c*  ^f£*dy*+0.05CL  (5) 


434 


REPORT  1269 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


— 

— i — i — i — i — i — i — i — i — - 

Experiment  (ref.  3) 
Eauation  (7>) 

1 1 

2 

1 



— 

r ^ 





■=n 

/ 

l 

L 

L 

V) 

r 

zn 

1 

1 



— j 

t 

? 

/ 

2 

■— 

■ - 

■ 

□ 

w. 

.4  I I I I I I I I I I I ! i I ! I I 1 3 

-1.0  -.8  -.6  -.4  -.2  0 .2  4 .6  .8  1.0 


JL 

b/2 


(a)  A=5.16;  A = 45°;  X-1.00;  <*  = 5.7°;  and  0=10°. 

(b)  A = 5.16;  A — 45°;  X=1.00;  a=11.5°;  and  /3=10°. 


Figure  6. — Comparison  of  experimental  and  calculated  span  loads  due 

to  sideslip. 


If  the  wing  under  consideration  has  symmetrical  twist, 
equation  (5)  can  be  written  as 

@ip=~ 2 ^[(7)0 +(7)J  tan  A— 

The  rate  of  change  of  Ci&  with  CL  for  rigid  wings  is  given  by 
^=— | V*  tan  A+|  c*  y*dy*+ 0.05  (7) 


which,  for  wings  having  straight  leading  and  trailing  edges 
over  each  semispan,  reduces  to 


J-4{^)+^[to"A-Kr+i)]}+0  03  <*> 

For  elliptic  wings  (having  unswept  mid  chord  lines),  the 
parameter  Oi&jCL  is  given  by 


CL 


16 


3 t^A 


-0.05 


(9) 


Equation  (8)  has  been  used  to  evaluate  the  parameter 
CWCL  for  rigid  wings  covering  a wide  range  of  aspect  ratio, 
taper  ratio,  and  sweep,  and  having  straight  leading  and 
trailing  edges  over  each  semispan.  The  values  of  y*  used 
in  equation  (8)  were  obtained  from  references  4,  5,  and  6. 
The  results  are  given  in  figure  7. 

Some  comparisons  of  values  of  Cifi/CL  computed  from  the 
equations  presented  herein  with  those  of  other  theories  are 
shown  in  figures  8,  9,  and  10.  The  variation  of  CifjCL 
with  aspect  ratio  for  elliptic  wings  was  computed  by  using 
equation  (9)  and  is  shown  in  figure  8.  The  computed  values 
are  somewhat  greater  than  those  given  in  equation  (4)  of 


reference  1 with  k=  1.5.  The  primary  reason  for  the  differ- 
ence in  the  curves  is  that  the  effects  of  the  quarter-chord  - 
line  vortex  were  not  considered  in  reference  1.  Omission 
of  these  effects  in  the  present  analysis  3nelds  a curve  of 
CipjCL  against  aspect  ratio  which  is  in  close  agreement  with 
Weissinger’s  curve.  The  remaining  difference  between  the 
two  curves  (when  the  quarter-chord-line  vortex  is  neg- 
lected) is  present  because,  for  elliptic  wings,  reference  1 
evaluated  the  increment  in  C^/GL  due  to  the  small  change 
in  vortex  strength  associated  with  sideslip  by  an  exact 
expression  which  is  slightly  different  from  the  value  of  0.05 
used  herein. 

Values  of  Ci^CL  computed  from  equation  (8)  are  com- 
pared in  figure  9 with  :those  from  reference  1 for  unswept 
wings  having  straight  leading  and  trailing  edges.  In  refer- 
ence 1,  Weissinger  derives  the  following  equation  for  this 
type  of  wing: 


2^A2?+o.o5 


(10) 


The  reference  also  states  that  the  exact  theory  fixes  the 
value  of  k at  1.5,  but  that,  from  comparison  with  experi- 
ment, a more  practical  value  is  k — 1.0.  The  practice  in 
the  past  therefore  has  been  to  use  this  equation  with  k — 1.0 
for  unswept  wings;  and,  in  instances  where  sweep  has  been 
considered,  the  same  equation  generall3r  has  been  used  and 
an  increment  due  to  sweep  then  added.  (See  ref.  11,  for 
example.)  Tests  of  present-day  wings  generally  have  shown 
more  negative  values  of  Ci^CL  than  those  predicted  by 
equation  (10)  with  k = 1.0,  but  these  values  are  in  good 
agreement  with  calculated  values  if  k = 1.5  is  used.  It 
appears  likely  that  the  value  of  k considered  practical  hy 
Weissinger  was  based  on  tests  of  wings  which  were  in  use 
at  the  time  the  investigation  was  made.  These  wings  gen- 
erally had  rounded  tips,  which  would  tend  to  reduce  the  tip 
loading  and,  hence,  also  reduce  Ci?jCL. 

Figure  9 presents  a comparison  of  values  of  C^lCL  from 


figure  7 (computed  from  eq.  (8))  with  theoretical  values 
from  reference  1 (computed  from  eq.  (10)).  Agreement 
between  the  values  is  good  when  k = 1.5  is  used  in  equation 
(10);  in  fact,  with  k = 1.5,  equations  (8)  and  (10)  are 
identical  for  a taper  ratio  of  1.0  and  zero  sweep. 

Values  of  CtJCL  computed  from  equation  (8)  for  un tapered 


45°  sweptback  wings  are  compared  in  figure  10  with  values 
from  reference  11.  The  values  from  reference  11  arc  some- 
what lower  than  those  of  the  present  report.  Most  of  the 
difference  is  associated  with  the  fact  that  the  values  of  refer- 
ence 11  are  in  part  made  up  of  the  value  for  unswept  wings 
determined  by  Weissinger’s  equation,  equation  (10),  with 
jc=  1 .0.  The  remaining  difference  is  associated  with  the  con- 
tribution to  Cip  due  to  sweep.  A comparison  of  equation 
(17)  of  reference  11  and  equation  (8).  of  the  present  report 
shows  that  the  remaining  difference  is  due  to  an  induction 


factor 


A+ 2 cos  A 


used  in  reference  11  to  account  for  induced 


A+ 4 cos  A 

effects  because  of  the  antisymmetric  load  due  to  sideslip.  No 
such  induction  factor  appears  in  the  present  report  because 
it  has  been  argued  that  the  circulation  remains  symmetric 
even  when  the  wing  is  sideslipping. 
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Aspect  ratio,  4 

i)  X = 0. 

>)  X=0.25 

.h  aspect  ratio,  taper  ratio,  and  sweep. 
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(c)  X = 0.50. 

(d)  X=1.00. 

Figure  7. — Continued. 
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Taper  ratio,  X 


Figure  12. — Comparison  of  experimental  and  calculated  effect  of  X 
Cia 

on  .4  = 2.61;  A = 45°. 

Cl 


Some  comparisons  of  experimental  and  calculated  low- 
speed  values  of  CiJ CL  are  shown  in  figures  11  and  12.  The 
present  theory  correctly  predicts  effects  of  sweep,  aspect 
ratio,  and  taper  ratio,  and  the  calculated  values  also  gen- 
erally agree  quantitatively  with  experimental  data  from 
references  12  to  15. 

Step-load  method. — As  stated  previously,  the  advantage 
of  using  the  step-load  method  instead  of  the  integration 
method  is  that  any  integration  or  differentiation  is  avoided 
and,  hence,  the  method  is  convenient  to  use  for  wings  having 
the  following  characteristics:  (1)  chords  which  are  not 
simple  functions  of  span  wise  position  and  (2)  loads  which  are 
associated  with  twist. 

The  general  equation  for  the  rolling  moment  is  derived  in 
the  appendix  and  is 

C‘ = ~2N~2  „ JrL "{ ('2n+ 1 ^ tan  A)  — 

| pN[nc*-(n+ 1 )c,*]  ((7)^0]„- 

1 n-JV/2  f 

2 Jp  S ^(2»-l)(l+0tanA)+ 

[(7Wo]„+O.O50Ct  (11) 

If  the  wing  is  S37mmetric,  the  rolling  moment  due  to  sideslip  is 

1 n = AT/2  f 

G,»=~Wi  S ^(2»-l)  tan  A+ 

| Ar[»c0*— (n— l)c,*]^-  [(7)0=o]„+O.O5Ct  (12) 

If  in  addition  to  being  symmetric,  the  wing  is  also  rigid,  then 
the  rate  of  change  of  with  CL  is  given  by 

Cia  1 n-m  f 

C~r~N<  s {<2»-»taaA+ 

| (13) 


(a)  Elliptic  wings. 


(b)  Tapered  wings,  A =1.5. 

Figure  13. — Concluded. 

In  order  to  determine  the  compatibility  of  the  integration 
and  step-load  methods,  values  of  C,JCL  for  several  rigid  sym- 
metrical wings  were  computed  and  the  results  are  presented 
in  figure  13.  The  results  show  that  values  of  C,JCL  com- 
puted by  the  step-load  method  converge  rapidly  on  the 
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values  from  the  integration  method  as  the  number  of 
horseshoe  vortices  used  in  the  step-load  method  is  increased. 
About  20  horseshoe  vortices  should  be  sufficient  for  a reason- 
able representation  of  a wing. 

Equation  (12)  was  used  to  compute  the  increment  in  Ciff 
due  to  linear  twist  for  a wing  having  an  aspect  ratio  of  4.0, 
a taper  ratio  of  0.6,  45°  sweep  of  the  leading  edge,  and  —6° 
maximum  twist  at  the  wing  tips.  Values  of  ( y)e  used  in  the 
calculations  were  obtained  by  interpolation  of  the  material 
in  reference  6.  The  computed  value  of  Cl&  due  to  twist  at 
a=0°  was  0.05,  a value  which  compares  well  with  the  ex- 
perimental value  of  0.04  (ref.  16). 

CONCLUDING  REMARKS 

A method  of  computing  span  loads  and  the  resulting  roll- 
ing moments  for  sideslipping  wings  of  arbitrary  plan  form 
in  incompressible  flow  is  derived.  The  method  requires  that 
the  span  load  at  zero  sideslip  be  known  for  the  wing  under 
consideration.  Since  this  information  is  available  for  a large 
variety  of  wings,  this  requirement  should  not  seriously  re- 
strict the  application  of  the  present  method.  The  basic 


method  derived  herein  requires  a mechanical  differentiation 
and  integration  to  obtain  the  rolling  moment  for  the  general 
wing  in  sideslip.  For  wings  having  straight  leading  and 
trailing  edges  over  each  semispan,  the  rolling  moment  due 
to  sideslip  is  given  by  a simple  equation  in  terms  of  the  plan- 
form  parameters  and  the  lateral  center  of  pressure  of  the  lift 
due  to  angle  of  attack. 

The  mechanical  differentiation  and  integration  required 
to  obtain  the  rolling  moment  for  the  general  wing  can  be 
avoided  by  a step-load  method  which  is  also  derived  herein. 

Charts  are  presented  from  which  the  rolling-moment  pa- 
rameter C^CL  can  be  obtained  for  wings  having  straight 
leading  and  trailing  edges  over  each  semispan. 

Calculated  span  loads  and  rolling-moment  parameters  are 
compared  with  experimental  values.  The  comparison  in- 
dicates good  agreement  between  calculations  and  available 
experimental  data. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  October  6 , 1955. 


APPENDIX 

DERIVATION  OF  EQUATIONS 


GENERAL  EQUATIONS  FROM  INTEGRATION  METHOD 

In  the  following  derivation,  all  equations  refer  to  the 
right  or  leading  wing  semispan  unless  otherwise  noted. 
The  considerations  presented  in  the  section  entitled  “Analy- 
sis” permit  lift  to  be  obtained  from  the  quarter-chord-line 
vortex  and  from  the  chordwise-bound  vortices.  By  refer- 
ring to  figure  2(b),  it  is  seen  that,  for  the  right  (leading) 
wing  semispan,  the  lift  per  unit  length  of  the  quarter-chord  - 
line  vortex  of  a swept  wing  in  sideslip  is  given  by 

l\  = pV  cos  (A  — /3)  Tz 

or,  per  unit  length  of  wing  span,  by 

h=pV cos  (A-/3)r L 
COS  A 

The  lift  due  to  one  chordwise-bound  vortex  is 

For  small  sideslip  angles  such  that  sin  0=0  and  cos  0=1.0, 
the  lift  component  per  unit  of  wing  span  for  the  quarter- 
chord-line  vortex  is 

^i=pVr2(l  + 0 tan  A)  (Al) 

and  for  the  chordwise-bound  vortex, 

'■=-!  <A2> 


In  general,  span  load  or  circulation  distributions  are 
presented  in  terms  of  the  spanwise  circulation  strength 
rv  rather  than  the  strength  Tz  along  the  quarter-chord  line. 
The  relationship  between  Tv  and  can  be  determined 
readily  from  consideration  of  the  lift  on  a wing  at  zero 
sideslip  angle.  The  lift  per  unit  span  is  given  by 

(l)^0=  PVTy  (A3) 

and  also  by 

(l)e-o=pVrt  cos 

from  which  it  is  seen  that  Tv  and  Tz  are  equal.  Equations 
(Al)  and  (A2)  therefore  can  be  written  as: 

h=pVTy(l+p  tan  A)  (A4) 

and 

h=-\pVcf>^  (A5) 

The  vortex  strength  Ty  is  related  to  the  section  lift  at  zero 
sideslip  by  equation  (A3)  or,  in  coefficient  form,  by 

r„=irc(c,)0=o  (AC) 

Substituting  equation  (A6)  into  equations  (A4)  and  (A5), 
adding  the  resulting  equations,  and  nondimensionalizing 
yields  the  following  general  equation  for  determining  the 
span  load^distribution: 

7=(7)s=0(1+/3  tan  A)— 


(A7) 
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Similarly,  for  the  left  (or  trailing)  wing  semispan,  it  can  be 
shown  that 

•Y=(7)0_o(1-/3  tan  A)— (A8) 

Equations  (A7)  and  (A8)  can  be  used  to  determine  the  span 
load  on  a wing  in  sideslip,  provided  that  the  load  at  zero 
sideslip  is  known.  The  load  due  to  sideslip  for  the  right 
semispan  is  % 

(7),=(7)^0  j8  tan  A-|/fc*^gfcS  (A9) 

and  for  the  left  semispan, 

(7)s=  (7)/j=o  P tan  A (A10) 


The  parameter  (7)0=0  is  made  up  of  the  components  (7)0 
and  (7)0*  For  rigid  wings,  only  (7)a  varies  with  CL)  and, 
therefore,  the  rate  of  change  of  load  due  to  sideslip  with 
Cl  is  given  by  the  following  equation  for  the  right  wing 
semispan: 


a(7W7\ 

<)CL  \CL)a 


0 tan  A— -j 8c* 


A second  differentiation,  with  respect  to  0,  yields  the  fol- 
lowing load  parameters: 


For  the  right  semispan, 


(All) 


For  the  left  semispan, 


(A12) 


The  rolling  moment  of  a wing  in  sideslip  can  be  determined 
by  an  integration  of  the  span  load  multiplied  by  the  proper 
moment  arm.  A general  form  of  a rolling-moment  equation 
is  obtained  from  equations  (A7)  and  (A8),  to  which  must 
be  added  the  increment  determined  by  Weissinger  (ref.  1) 
for  unswept  wings  and  which  is  supposed  to  account  for  the 
small  modification  in  circulation  strength  Fv  due  to  sideslip. 
Thus,  the  rolling-moment  equation  is 


i=\  ( J°  vy*dy*~ £ yy*dy*)+0.05f5CL  (A13) 


where  7 for  the  left  wing  semispan  is  used  in  the  first  inte- 
gral and  7 for  the  right  wing  semispan  is  used  in  the  second 
integral.  The  rolling  moment  due  to  sideslip  is  determined 
by  substituting  equations  (A7)  and  (A8)  into  equation 
(A13)  and  differentiating  with  respect  to  0.  The  result  can 
be  shown  to  be,  in  expanded  form, 


°'0=-\  { [w  a fcan  A+f c*  y*dy*+ 

Jo‘[(7)9tanA-|c*^]w|- 

\ Jo*  [(7) a tan  A-|  c*  ^r]  y*dy*+0.05CL  (Al4) 
The  rate  of  change  of  ClB  with  CL  for  a rigid  wing  is  given  by 


Equation  (A15)  can  be  reduced  by  noting  that  the  first 
term  on  the  right-hand  side  can  be  integrated  by  inspection; 
that  is, 


tan  A y*dy*=y*  tan  A 


(Al6) 


The  second  term  of  equation  (A15)  can  be  simplified  by 
integration  by  parts,  so  that  equation  (A15)  becomes 


9* 

CL 


-1  -y  a-|  J‘  (£)_  (f+y^)dy+0M 

(A  17) 


Equation  (Al7)  can,  of  course,  be  further  simplified  if  c*  is 
a simple  function  of  spanwise  position. 

The  differentiation  and  integration  indicated  in  the 
various  rolling-moment  equations  can  be  avoided  by  use  of 
the  step-load  method  which  is  developed  in  the  following 
section. 


GENERAL  EQUATIONS  FROM  STEP-LOAD  METHOD 

The  basic  assumptions  of  the  step-load  method  of  deter- 
mining the  span  load  and  rolling  moment  of  a wing  in  sideslip 
are  identical  to  those  of  the  integration  method.  In  the 
step-load  method  the  span  load  distribution  at  zero  sideslip 
angle  is  approximated  by  a number  Arof  equal-span  horseshoe 
vortices  which  arc  oriented  and  numbered  as  shown  in  figures 
3 and.  4.  By  considering  one  horseshoe  vortex  with  its 
center  at  spanwise  position  yn  (see  fig.  4 for  details),  it  is 
readily  seen  that  lift  is  produced  by  the  quarter-chord-line- 
vortex  segment  and  the  two  chordwise-bound  vortices  of 
the  horseshoe  vortex.  The  lift  due  to  one  horseshoe  vortex 
on  the  right  wing  semispan  is 

Lift=pF  cos  (A— /3)  r„  -^J+Pv  sin  P r*  (|  c<) 

or,  when  small  sideslip  angles  are  assumed, 

Lift=2$pF Tv  (1+jS  tan  A)+^  pV r„/3  (c0— c{)  (A18) 
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The  step-load  method  results  in  a total  load  on  each 
horseshoe  vortex  made  up  of  a distributed  load  due  to  the 
quarter-chord-line-vortex  segment  and  two  concentrated 
loads  (concentrated  relative  to  spanwise  position)  due  to 
the  cliordwise-bound  vortices.  It  appears,  therefore,  that 
the  step-load  method  does  not  lend  itself  to  the  determination 
of  a continuous  span  load  distribution. 

The  loads  given  b}7  equation  (A  18)  can,  of  course,  be  used 
to  determine  the  rolling  moment  of  the  wing.  The  rolling 
moment  due  to  each  horseshoe  vortex  is  obtained  b}7  mul- 
tiplying the  load  on  each  lift-producing  element  b}7  its 
moment  arm;  therefore, 

l'=-2spVyTy(l+0  tan  A)-|  pVTv§[{y+s)c0-{y-s)ct] 


This  equation  can  be  simplified  to 

l'=-PVyTv-^2s(l+l3  tan  A)+|  4(1+j)<s«“(1“y)c*]} 

(A19) 


Substitution  of  equation  (A6)  into  equation  (A19)  yields 
l'=—^pV2yc(c,)p= 0-^2s(1+/3  tan  A)  + 

KKH1-;)-]}  (A20) 


The  spanwise  distance  to  the  center  of  a horseshoe  vortex  on 
the  right  wing  semispan  is  given  by 


and  on  the  left  wing  semispan  as 

l'=— pF2c(c,)/j-o^2*^(2»+l)(l—  (3  tan  A)— 

| 13 N [nc0*-{n+  l)c,*]  j-  (A22) 

The  most  general  form  for  the  rolling-moment  coefficient  is 
obtained  by  summing  equations  (A21)  and  (A22)  over  the 
wing  span  and  adding  the  correction  determined  by  Weis- 
singer  in  reference  1.  The  result  is 

C=  — (•2«.+  1)(1 — , 0 tan  A)— 

| mnc„*-(n+  l)ct*]  | [(Tfo-o],- 

i n = N/2  f 

S |(2n-l)(l+/?tan  A)+ 

|#V[nc.*-(»-l)e«*]  [(yk=o]n+0.05pCL  (A23) 

If  the  wing  is  symmetrical,  then  it  is  necessary  onl}7  to 
integrate  over  one  semispan,  multiply  the  result  by  two,  and 
add  the  0.0 5pCL  increment.  The  rolling  moment  due  to 
sideslip  for  a symmetrical  wing  is  given  by 

G,e=~W2  Yj  "{^2n—  l)tan  A+|  («— l)c,*] 

[(y)f>=o\n+omcL  (A24) 


y=(2n—  l)s 

Therefore,  equation  (A20)  can  be  written  as 

l'= — i pV2c(ci)p=o(2n — l)$-^2$(l+/3  tan  A)+ 

i « [(1+2^l)  C“(1_S=l)  “']} 

This  equation- can  be  simplified  further  by  algebraic  manip- 
ulation to  obtain 


For  rigid  wings,  the  rate  of  change  of  C{  with  CL  is  given  by 

p i n=N(2  f 

C?=-N’£V2n~1}t“A  + 

| N[nc*~(n~iyt*]  V [(jr)„]„+005  <A25> 

The  various  equations  can  be  simplified  if  c0  and  c{  are 
simple  functions  of  spanwise  position. 

EQUATIONS  FOR  SPECIFIC  TYPES  OF  WINGS 


r=-Py2c(c()^0*2|(2n-l)(l+^  tan  Aj+^[^-(n-l)jJ| 


Similarly  it  can  be  shown  that,  for  the  left  or  trailing  wing 
semispan,  the  rolling  moment  due  to  one  vortex  is  given  by 

l'=-PV2c(cl)tl=0s2-[(2n+ 1)(1  -0  tan  A)-^[^“-(n+l) 


The  horseshoe-vortex  semispan  is  related  to  the  wing  span 
by  b=2Ns;  hence,  the  rolling  moment  per  vortex  on  the 
right  wing  semispan  can  be  written  as 


Z'=“pF2c(cj)0=o  ^(2n— l)(l-|-/3  tan  A)+ 


PN  [ncc 


(n—  l)c<*]  y 


Elliptic  wings — integration  method. — Elliptic  wings  have 
geometric  and  aerodynamic  load  characteristics  at  zero 
sideslip  which  can  be  defined  by  simple  mathematical  ex- 
pressions; hence,  some  of  their  aerodynamic  derivatives  can 
be  obtained  readily.  The  following  characteristics,  which 
can  be  derived  with  little  difficulty,  are  listed  for  reference: 


VT— iy*)2 


. 2 y* 

tan  A= — j . = - - 

d(rr)  4 * 

\CL/g_  4 y* 

dy*  * 


(A21) 
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These  relationships  can  be  used  with  equations  (A9)  and 
(A  15)  to  obtain 

(ly  32  n ..oa. 

rr^Ay°L  (A26) 

and 

S“-sra+0'05  (A27> 

Wings  with,  straight  leading  and  trailing  edges — integra- 
tion method. — The  chord  of  a wing  having  straight  leading 
and  trailing  edges  over  each  semispan  is  given  by 

c*=z^-^[1-(1-X)2/*]  (A28) 

Equation  (A28)  can  be  used  with  equations  (A9)  and  (A17) 
to  obtain 


and 

jj-frUanA  A1S+X)|1  0 A),.]*)- 

(A  29) 

1 

CL~  2 

L(i+x)+!'‘[tan  A ^(i+x)]}+005 

(A  30) 

Elliptic  wing — step-load  method. — The  following  charac- 
teristics of  elliptic  wings,  when  represented  by  horseshoe 
vortices,  can  be  readily  derived  and  are  listed  for  reference. 
For  the  right  semi  span, 

(c/)n= tJa^2-47*2 
(c'*jn= VAr2— 4(«'— 1)2 

(tan  A)„=L  [-\W2— 4(n— l)2— V N2— 4ti2] 

These  relationships  can  be  used  with  equation  (A25)  to  obtain 
ClR  A f n = A72  r , . 

C£=_tt2AA73\  S [(4«'+1)VAP— 4«.  - 

(4n-5)  VAr2-4(n-l)2]  VAr2~  (2»- 1)2  } +0.05  (A31) 

Wings  with  straight  leading  and  trailing  edges — step-load 
method. — The  local  chord  of  a wing  having  straight  leading 
and  trailing  edges  over  each % semispan  is  given  by  equation 
(A28).  The  chords  can  also  be  expressed  as 

(Co*)b=au+x)  [1-(1-x)  ]v] 


and 

These  expressions  can  be  used  with  equation  (A25)  to  obtain 

(2,,-lXl+X)^  tan  a][(£)J}  +0.05  (A32) 
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REVIEW  OF  EXPERIMENTAL  INVESTIGATIONS  OF  LIQUID-METAL  HEAT  TRANSFER  1 

By  Bernard  Lurarsky  and  Samuel  J.  Kaufman 


SUMMARY 

The  experimentally  obtained  results  of  various  investigators 
of  liquid-metal  heat-transfer  characteristics  were  examined  and 
found  to  be  not  always  directly  comparable  because  of  differences 
in  experimental  apparatus  or  in  methods  of  calculation.  The 
experimental  data  were  therefore  reevaluated  using  assumptions 
and  methods  as  consistent  as  possible  and  then  compared  with 
each  other  and  with  theoretical  results . 

The  reevaluated  data  for  both  local  fully  developed  and  average 
Nusselt  numbers  in  the  turbulent-flow  region  were  still  found  to 
have  considerable  spread , with  the  bulk  of  the  data  being  lower 
than  predicted  by  existing  anaylses.  An  equation  based  on 
empirical  grounds  which  best  represents  most  of  the  iully 
developed  heat-transfer  data  is 

A%=0.625  Pe0  4 

where  Nu  represents  the  Nusselt  number  and  Pe , the  Peclet 
number.  The  theoretical  prediction  of  the  heat  transfer  in  the 
entrance  region  was  found  to  give  lower  values , in  most  cases , 
than  those  found  in  the  experimental  work. 

The  theoretical  and  experimental  results  for  the  ratio  of  local 
Nusselt  number  to  fully  developed  Nusselt  number  were  inte- 
grated to  obtain  predictions  for  the  ratio  of  average  Nusselt 
number  to  fully  developed  Nusselt  number  for  a range  of  Peclet 
numbers  and  length-diameter  ratios.  Most  of  the  experimental 
data  fall  between  60  to  80  percent  of  the  predicted  values. 

The  experimental  evidence  was  insufficient  to  serve  as  a basis 
for  any  conclusion  concerning  liquid-metal  heat  transfer  in  the 
laminar  or  transition  flow  regions. 

INTRODUCTION 

The  use  of  liquid  metals  as  heat-transfer  media  is  presently 
of  considerable  interest.  A number  of  theoretical  and  experi- 
mental investigations  to  determine  the  heat-transfer  charac- 
teristics of  liquid  metals  have  been  made  by  various 
investigators  (refs.  1 to  26).  In  the  literature,  the  results  of 
the  experimental  investigations  often  have  been  compared 
with  each  other  and  with  the  results  of  theoretical  investiga- 
tions. During  the  course  of  investigations  of  liquid-metal 
heat-transfer  characteristics  at  the  NACA  Lewis  laboratory, 
the  work  of  the  various  experimental  investigators  was 
carefully  examined.  It  was  found  that  different  investiga- 
tions were  not  always  direct!}7  comparable  because  of  differ- 


ences in  the  experimental  apparatus  or  in  the  methods  of 
calculation.  Some  of  the  differences  found  were: 

(1)  Liquid-metal  physical  properties  that  differed  from 
those  currently  accepted  were  sometimes  used. 

(2)  At  times,  centerline  temperatures  in  and  out  of  the 
test  section  were  measured  rather  than  “mixing-cup” 
temperatures. 

(3)  Some  of  the  experiments  were  conducted  with  uni- 
form heat  input  to  the  wall  of  the  test  section,  while  others 
more  closely  approached  constant  wall  temperature. 

(4)  Some  investigators  measured  the  combined  heat- 
transfer  coefficient  in  a tube  and  concentric  annulus;  different 
methods  were  used  to  obtain  the  individual  coefficients. 

(5)  Some  investigators  measured  local  fully  developed 
heat-transfer  coefficients;  others  measured  average  over-all 
coefficients. 

(6)  The  velocity  profiles  entering  the  test  section  varied; 
some  approached  a fully  developed  turbulent  profile,  while 
others  were  more  nearly  uniform. 

(7)  Different  length-diameter  ratios  of  the  test  section 
were  used. 

The  differences  in  experimental  apparatus  of  items  (6) 
and  (7)  affect  only  the  average  heat- transfer  coefficient  and 
not  the  fully  developed  coefficient. 

Because  of  the  differences  in  experimental  apparatus  and 
methods  of  calculation  listed,  the  experimental  data  of 
references  1 to  26  were  reevaluated  using  consistent  assump- 
tions and  methods  in  order  to  permit  a better  intercom- 
parison of  the  experimental  results  and  comparison  with  the 
results  of  theoretical  investigations. 

SYMBOLS 

a constant 

cp  specific  heat,  Btu/(lb)(°F) 

D equivalent  or  hydraulic  diameter,  ft 

Dt  annulus  inner  diameter,  ft 

D0  annulus  outer  diameter,  ft 

f friction  factor 

G weight  flow  per  unit  area,  lb/(hr)(sq  ft) 

Gz  Graetz  number,  PeDjl  or  PeDjx 

k thermal  conductivity,  Btu/(hr)(sq  ft)(°F/ft) 

l length  of  test  section,  ft 

m constant,  eq.  (10) 

Nu  Nusselt  number,  UDjk 

n constant,  eq.  (10) 


1 Supersedes  NACA  TN  3336,  “Review  of  Experimental  Investigations  of  Liquid-Metal  Heat  Transfer,”  by  Bernard  Lubarsky  and  Samuel  J.  Kaufman,  1955. 

Preceding  Page  Blank 
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Pe  Peclet  number,  RePr,  GDcp/k 

Pr  Prancltl  number,  cPn!k 

Re  Reynolds  number,  GD/n 

St  Stanton  number,  UlcpG 

tc  fluid  centerline  temperature,  °F 

tm  fluid  bulk  temperature,  °F  (“bulk  temperature”  as 
used  in  this  report  is  synonymous  with  “mixing-cup 
temperature”  and  “mixed  mean  temperature”) 
tw  wall  temperature,  °F 

U heat-transfer  coefficient,  Btu/(hr)(sq  ft)(°F) 

x distance  along  test  section,  ft 

/z  fluid  bulk  viscosity,  lb/ (hr)  (ft) 

Subscripts: 
an  annulus 

av  average 

j fully  developed 

x at  station  x 

PROCEDURE 

The  experimental  data  of  the  various  references  were 
reevaluated  as  consistently  as  possible,  plotted  as  Nusselt 
number  against  Peclet  or  Graetz  number  or  against  both,  and 
the  results  compared  with  theoretical  predictions.  These 
three  steps  will  be  discussed  in  reverse  order,  because  some 
of  the  methods  used  in  reevaluating  the  data  were  deter- 
mined b}7  theoretical  considerations. 

THEORETICAL  INVESTIGATIONS  OF  LIQUID-METAL  HEAT  TRANSFER 

The  following  discussion  gives  a brief  description  of  some  of 
the  results  of  theoretical  investigations  and  is  not  intended 


Peclet  number,  Pe 

Figure  1. — Theoretical  predictions  of  fully  developed  Nusselt  numbers 
for  heat  transfer  to  liquid  metals  in  turbulent  flow  in  round  tubes. 


to  be  complete.  All  the  theoretical  investigations  discussed 
consider  only  the  turbulent-flow  region. 

Fully  developed  heat-transfer  coefficients. — Heat-transfer 
coefficients  for  liquid  metals  in  turbulent  flow  with  fully 
developed  velocity  and  temperature  profiles  have  been  pre- 
dicted by  a number  of  investigators  using  somewhat  different 
assumptions: 

(1)  Uniform  heat  input  to  the  wall;  round  tubes:  The  most 
frequenth7  analyzed  case  is  that  of  heat  transfer  to  a round 
tube  with  uniform  rate  of  heat  input  along  the  length  of  the 
tube.  This  case  was  investigated  by  Martinelli  (ref.  27) 
using  the  “momentum  transfer  analogy.”  Lyon  (ref.  6) 
found  a simplified  equation  which  approximated  MartinellPs 
more  complex  relation.  This  equation,  which  is  recom- 
mended by  the  Liquid-Metals  Handbook  (ref.  28),  is 

A7%=  7.0 + 0.025  Pef* 8 (1) 

Cope  (ref.  29)  investigated  the  possibility  of  assuming  that 
the  modified  vorticity  transfer  analogy  applied  to  the  tur- 
bulent core  of  the  fluid,  while  the  momentum  transfer 
analogy  applied  to  the  boundary  layer  and  buffer  layer. 
Kennison  (ref.  30)  assumed  that  the  heat  transfer  is  analogous 
to  the  transfer  of  vorticity  for  turbulent  fluid  flow  in  a long 
straight  pipe.  Deissler  (ref.  31)  modified  the  momentum 
transfer  analogy  to  allow  for  heat  transferred  by  conduction 
to  or  from  a turbulent  particle  as  it  moves  radially  in  the 
tube.  Deissler’s  analysis  is  for  a Prandtl  number  of  0.01. 

Some  of  the  results  of  these  various  investigations  are 
shown  in  figure  1.  The  experimental  results  for  fully 
developed  heat  transfer  in  a round  tube  with  uniform  heat; 


Peclet  number,  Pe 


Figure  2. — Theoretical  predictions  of  fully  developed  Nusselt  num- 
bers for  heat  transfer  to  liquid  metals  in  turbulent  flow  in  annuli 
and  between  flat  plates. 
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input  will  be  compared  with  Lyon’s  equation  (eq.  (1))  inas- 
much as  this  is  the  equation  recommended  by  the  Liquid- 
Metals  Handbook  and  most  commonly  used  in  practice. 

(2)  Uniform  wall  temperature;  round  tubes:  The  fully 
developed  heat-transfer  coefficient  in  turbulent  flow  in  a 
round  tube  with  a uniform  wall  temperature  has  been 
investigated  by  Seban  and  Shimazaki  (ref.  32)  using  the 
momentum  transfer  analogy;  the}7  give,  as  an  approximate 
relation,  the  equation 

Ar%=  5.0 +0.025  Pe,os  (2) 

This  equation  is  also  plotted  in  figure  1.  The  Liquid-Metals 
Handbook  lists  the  equation  as 

Ar%=4. 8 + 0.025  Pefo  s (3) 


(a)  Ratio  of  entrance  Nusselt  number  to  fully  developed  Nusselt 
number  against  Graetz  number. 


and  gives  the  work  of  Seban  and  Shimazaki  as  a reference. 
The  experimental  results  for  fully  developed  heat  transfer 
in  a round  tube  with  a uniform  wall  temperature  will  be  com- 
pared with  Seban  and  Shimazaki ’s  equation  (eq.  (2)). 

(3)  Uniform  heat  input;  annuli:  Very  little  theoretical 
work  has  been  done  on  the  fully  developed  heat-transfer 
coefficient  in  annuli.  For  thin  annuli  (diameter  ratio  <1.4) 
the  Liquid-Metals  Handbook  recommends  the  use  of  the 
theoretical  relation  proposed  by  Seban  (ref.  33)  for  heat 
transfer  to  parallel  plates  with  heat  through  one  side  only: 

A%/tare=  5.8+0.020  Pef,an°  * for  DJD^IA  (4) 

For  annuli  of  diameter  ratio  greater  than  1.4,  the  Liquid- 
Metals  Handbook  lists  an  equation  which  approximates  the 
results  of  Bailey  (ref.  34)  and  is  of  the  form  suggested  by 
Werner,  King,  and  Tidball  (ref.  7): 

^Tuftan  — 0.75(Do/Di)°  'A  (7.0+0.025  PeftanA)  for ZL/Z>i>1.4 

(5) 

Equations  (4)  and  (5)  are  plotted  in  figure  2.  The  experi- 
mental data  on  heat  transfer  in  annuli  will  be  compared  with 
these  equations. 

Local  heat-transfer  coefficients  in  entrance  region. — Heat- 
transfer  coefficients  in  the  entrance  region  have  been  calcu- 
lated by  several  investigators  for  a number  of  different  cases. 
Poppendiek,  Palmer,  and  Harrison  (refs.  26,  35,  and  36)  have 
analyzed  the  case  of  uniform  wall  temperature  for  various 
different  entering  velocity  profiles;  the  analysis  assumes  that 
the  eddy  diffusivity  of  heat  is  negligible  when  compared  with 
the  molecular  diffusivity  and  consequently  is  intended  only 
for  low  Reynolds  numbers.  The  analysis  is  independent  of 
Prandtl  number.  Deissler  (ref.  37)  analyzed  the  case  of 
uniform  heat  input  at  the  wall,  with  a full}7  developed  velocity 
profile  at  the  entrance;  the  numerical  calculations  were 
carried  out  only  for  a Prandtl  number  of  0.01.  Seban  and 
Shimazaki  (ref.  38)  have  made  calculations  for  the  case  of 
uniform  wall  temperature  and  full}7  developed  velocity  profile 
at  the  entrance  for  a Prandtl  number  of  0.01  and  Reynolds 


(b)  Nusselt  number  against  Peclet  number. 


Figure  3. — Theoretical  predictions  of  heat  transfer  to  liquid  metals 
in  turbulent  flow  in  round  tubes. 


numbers  of  104  and  105.  The  results  of  the  analyses  of 
Poppendiek  and  Palmer  and  of  Deissler  are  shown  in  figure  3. 

Average  heat-transfer  coefficients. — Predictions  of  average 
heat-transfer  coefficients  can  be  made  by  integrating  the 
predictions  for  local  heat-transfer  coefficients  over  the  length- 
diameter  ratio  of  the  tube  in  question.  Heat  transfer  in  the 
entrance  region,  however,  has  been  analyzed  for  only  rela- 
tively specialized  cases.  Therefore,  the  experimental  results 
for  average  heat-transfer  coefficients  will  first  be  compared 
with  equations  (1)  and  (2),  even  though  these  equations  are 
derived  for  fully  developed  heat-transfer  coefficients.  Later 
in  the  report,  a comparison  will  be  made  with  the  average 
heat-transfer  coefficients  on  the  basis  of  the  analytical 
evidence. 
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Radius 

Figure  4. — Theoretical  predictions  of  Marti nelli  (ref.  27)  for  fully 
developed  temperature  profiles  for  heat  transfer  to  liquid  metals  in 
round  tubes.  Prandtl  number,  0.022. 

Temperature  distribution. — The  full}7  developed  temper- 
ature distribution  due  to  heat  transfer  to  a liquid  metal  in 
turbulent  flow  in  a round  tube  has  been  predicted  on  theoret- 
ical grounds  by  several  investigators.  The  predictions  of 
Martinelli  (ref.  27)  are  shown  in  figure  4 for  a Prandtl  num- 
ber of  0.022.  Martinelli,  using  his  own  predicted  values  for 
the  temperature  distribution,  calculated  the  ratio  of  the 
temperature  differences  (tw—tm)/(tw—te)  as  a function  of 
Reynolds  and  Prandtl  numbers.  Martinelli’s  results  are 
shown  in  figure  5(a)  for  Prandtl  numbers  pertinent  to  liquid 
metals.  Martinelli  also  calculated  values  of  (tw—tm)/ 


Temperature,  °F 
(a)  Mercury. 

Figure  6. — Physical  properties  of  liquid  metals  (ref.  28) . 


(tw—  te)  for  full}7  developed  flow  between  flat  plates  with  heat 
flow  through  both  walls  with  uniform  heat  flux.  These 
results  are  shown  in  figure  5(b). 


(a)  In  round  tubes.  (b)  Between  flat  plates. 


Figure  5.-  Theoretical  predictions  of  Martinelli  (ref.  27)  of  ratio  (tw—tm)/(tw—te)  for  heat  transfer  to  liquid  metals. 
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METHODS  OF  CALCULATION 


The  heat-transfer  parameters  were  evaluated  using  the 
same  method  of  calculation  for  each  individual  reference  as 
was  used  by  the  authors  of  that  particular  reference,  with  the 
following  exceptions: 

(1)  All  physical  properties  of  liquid  metals  were  taken 
from  the  second  edition  of  the  Liquid-Metals  Handbook  (ref. 
28).  These  properties  are  shown  in  figure  6. 

(2)  When  an  investigator  measured  the  combined  liquid- 
metal  heat-transfer  coefficient  in  a tube  and  concentric 
annulus,  the  individual  heat-transfer  coefficients  were  ob- 
tained by  assuming  that  the  ratio  of  the  Nusselt  number  in 
the  tube  to  the  Nusselt  number  in  the  annulus  is  determined 
by  equations  (1),  (4),  and  (5): 


Nu  _ 7.0+0.02 5Pe0* 
Nua~5.8+0.020Pean0-8 


for  DJ)i  <1.4 


(6) 


Nu  _ 7.0+0.02 5Pe0  8 

A^a«_0.75(19o/Z)00-3(7.0+0.025P6an0-s) 


for  D0/Di>  1.4  (7) 


Temperature.  °F 


(c)  Lead-bismuth  eutectic.  (d)  Sodium. 

Figure  6. — Concluded.  Physical  properties  of  liquid  metals  (ref.  28). 
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Because  of  the  lack  of  theoretical  work  on  average  heat- 
transfer  coefficients,  particularly  in  annuli,  the  same  ratios 
which  have  been  assumed  for  the  fully  developed  Nusselt 
numbers  will  be  assumed  for  the  average  Nusselt  numbers. 

It  is  important  to  note  that  in  most  of  those  tests  in  which 
the  combined  coefficient  in  a tube  and  concentric  annulus 
was  measured,  the  Reynolds  number  in  the  annulus  was 
smaller  than  the  Reynolds  number  in  the  tube.  Quite  often 
the  flow  in  the  annulus  was  in  the  transition  flow  region, 
while  the  flow  in  the  tube  was  in  the  turbulent-flow  region. 
Inasmuch  as  there  are  no  predictions  for  liquid-metal  heat 
transfer  in  the  transition  region,  equations  (6)  and  (7)  will 
be  used  to  separate  the  tube  and  annulus  heat-transfer 
coefficients  even  when  the  flow  in  the  annulus  is  in  the 
transition  region.  This  procedure  is  open  to  question,  and 
the  interpretation  of  the  data  calculated  by  this  procedure 
may  be  inaccurate. 

(3)  In  those  tests  in  which  the  centerline  temperature  of 
the  fluid  was  measured  instead  of  the  bulk  temperature,  the 
temperature  difference  between  the  wall  and  the  bulk  fluid 
will  be  calculated  from  Martinelli’s  relation  for  (tw—tm)/ 
(fig.  5).  Martin elli 7 s prediction  of 
for  flat  plates  with  heat  flowing  through  both  sides  will  be 
used  for  annuli  inasmuch  as  no  other  predictions  covering  as 
broad  range  of  Reynolds  and  Prandtl  numbers  are  available. 

REEVALUATION  OF  EXPERIMENTAL  DATA 

The  experimental  investigations  of  references  1 to  26  will 
first  be  discussed  individually  and  then  compared  with  each 
other  and  with  theoretical  investigations. 

The  experimental  work  of  the  various  investigators  will  be 
discussed  in  a chronological  order  determined  by  the  publica- 
tion date  of  the  original  manuscript. 

Styrikovich  and  Semenovker. — Styrikovich  and  Semenov- 
ker  (ref.  1)  investigated  heat  transfer  to  mercury  as  part  of 
their  investigation  of  the  mercury-steam  binary  power  cycle. 
They  used  a series  of  five  tubes  for  test  sections,  each  about 
106  inches  in  length  with  0.63-,  0.87-,  1.58-,  1.67-,  and  1.97- 
inch  diameters.  The  tubes  were  heated  by  external  electric 
heaters.  Thermocouples  were  placed  17.2  inches  apart  on 
the  outside  surface  of  each  tube.  The  bulk  fluid  tempera- 
ture in  the  test  section  was  calculated  by  adding  to  the  inlet 
temperature  the  temperature  rise  corresponding  to  the  heat 


Figure  7. — Comparison  of  variations  of  Prandtl  number  of  mercury 
with  temperature  of  Liquid-Metals  Handbook  (ref.  28)  and  of 
Styrikovich  and  Semenovker  (ref.  1). 


Peclet  number,  Pe 


Figure  8. — Reevaluated  data  of  Styrikovich  and  Semenovker  (ref.  1) 
for  fully  developed  heat  transfer  to  mercury  in  round  tubes. 

input.  The  velocity  profile  of  the  mercury  entering  the  test 
section  was  essentially  fully  developed.  The  method  of 
heating  the  mercury  approximated  uniform  heat  input  to  the 
wall.  The  heat-transfer  coefficient  was  calculated  for  only 
the  central  portion  of  the  tube.  The  coefficients  presented 
are  essentially  the  fully  developed  heat-transfer  coefficients. 

The  physical  properties  used  in  evaluating  the  heat- 
transfer  coefficients  are  not  listed,  but  the  Prandtl  number  is 
tabulated  over  a range  of  temperature  from  32°  to  1112°  F. 
These  Prandtl  numbers  are  lower  than  the  values  in  reference 
28,  which  lists  values  of  Prandtl  number  for  temperatures 
up  to  600°  F.  The  values  of  Prandtl  number  of  Styrikovich 
and  Semenovker  and  of  reference  28  are  shown- in  figure  7. 
Since  the  specific  heat  and  viscosity  in  the  temperature  range 
used  are  essentially  the  same  in  reference  28  as  those  reported 
in  the  International  Critical  Tables  (1929  edition),  the 
inaccuracies  in  Prandtl  number  may  be  assumed  due  to 
incorrect  values  of  thermal  conductivity.  It  appears  that 
Styrikovich  and  Semenovker  used  the  thermal-conductivity 
data  of  Gelhoff  and  Neumeier,  which  have  been  found  to  be 
high  (ref.  12).  It  was  deemed  advisable  to  recalculate  the 
data  of  Styrikovich  and  Semenovker  using  the  values  of 
thermal  conductivity  from  reference  28.  The  precise  tem- 
perature level  of  the  various  data  points  is  not  reported, 
but  the  average  temperature  level  is  given  as  about  932°  F. 
At  this  temperature,  Stj7rikovich  and  Semenovker  list  a 
Prandtl  number  of  0.0056.  Reference  28  presents  Prandtl 
number  data  up  to  600°  F which  when  extrapolated  to  932° 
F give  a Prandtl  number  between  0.006  and  0.007.  The 
data  points  were  reevaluated  using  a Prandtl  number  of 
0.0065  at  932°  F.  This  increased  the  Nusselt  and  Peclet 
numbers  of  the  data  by  about  16  percent.  The  reevaluated 
data  of  Styrikovich  and  Semenovker  are  shown  in  figure  8; 
also  shown  for  comparison  is  equation  (1). 
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Gilliland,  Musser,  and  Page. — Gilliland,  Musser,  and  Page 
(refs.  2 and  3)  measured  both  heating  and  cooling  coefficients 
for  mercury.  The  heating  test  section  had  a 0.319-inch  inside 
diameter  and  a 14-inch  length;  heat  was  added  by  dropwise 
condensation  of  steam  on  the  outside  of  the  test  section. 
The  cooling  test  section  had  a 0.319-inch  inside  diameter 
and  a 51-inch  length;  it  was  cooled  bv  water  flowing  on  the 
outside  in  a direction  opposite  to  that  of  the  inside  flow. 
Both  test  sections  were  made  of  nickel.  The  mercuiy  and 
water  bulk  temperatures  entering  and  leaving  the  test  sec- 
tions and  the  stream  temperature  and  pressure  entering  the 
test  section  were  measured.  The  velocity  profile  of  the  mer- 
cury was  fully  developed  at  the  entrance  to  both  test  sections. 
The  methods  of  heating  and  cooling  the  mercury  were  such 
that  the  heating  tests  approximated  a constant  wall  tempera- 
ture, while  the  cooling  tests  were  somewhere  between  a 
constant  wall  temperature  and  a constant  heat  input.  The 
heat-transfer  coefficient  measured  was  an  over-all  average 
coefficient. 

Inasmuch  as  no  wall  temperatures  were  measured,  it  was 
necessar}7  to  separate  the  mercuiy  heat-transfer  coefficients 
from  those  of  the  steam  and  water.  This  was  done  by  the 
Wilson  plot  method  (see  refs.  2 and  3). 

(1)  Heating:  Tests  were  run  with  water  in  place  of  mer- 
cury, and  the  Wilson  plot  method  was  used  to  determine  the 
combined  resistance  of  the  steam  film  and  the  wall.  The 
range  of  water  flows  covered  was  sufficiently  small  and  the 
scatter  of  the  points  sufficiently  great  that  values  of  the  com- 
bined resistance  could  be  chosen  ranging  from  40  percent 
greater  to  15  percent  smaller  than  the  value  selected.  An 
increase  of  40  percent  in  steam  and  wall  resistance,  however, 
would  increase  the  mercury  coefficient  only  about  8 percent. 
An  attempt  was  made  to  use  the  results  of  the  mercury  runs 
to  confirm  the  steam  and  wall  resistance,  but  in  this  case  the 
range  of  mercury  flows  and  data  scatter  permits  selecting  a 
value  of  resistance  ranging  from  200  percent  greater  to  50 
percent  lower  than  the  value  chosen.  The  slope  of  the  Wilson 
plot  for  the  runs  with  water  can  be  compared  with  the  slope 
predicted  by  the  standard  empirical  relation  for  heat  transfer 
to  water  (ref.  39,  p.  168) 

Nu=0.023Re°  8Pr0A  (8) 

The  slope  predicted  by  equation  (8)  turns  out  to  be  consider- 
abl}7  higher  than  the  slope  best  representing  the  experimental 
data. 

(2)  Cooling:  At  a given  mercury  flow  rate,  the  water  flow 
rate  was  varied  and  the  combined  mercury  film  and  tube  wall 
resistance  determined  by  means  of  a Wilson  Plot.  The  range 
and  scatter  of  the  data  are  such  that  the  resistance  of  the 
mercury  and  the  wall  could  be  chosen  20  percent  lower  or  15 
percent  higher  than  the  value  actually  chosen.  The  corre- 
sponding variation  in  mercury  coefficient  would  be  somewhat 
greater.  Alternativelj7,  cooling  coefficients  for  mercury  were 
calculated  by  evaluating  the  coefficients  for  water  in  an 
annulus  using  the  following  equation  (ref.  39,  p.  202): 

(9) 


The  resulting  mercury  coefficients  were  approximately  40  per- 
cent lower  than  those  derived  by  the  Wilson  plot  method. 
The  physical  properties  used  by  Gilliland,  Musser,  and  Page 
are  about  the  same  as  those  of  reference  28.  In  view  of  the 
possible  inaccuracies  in  the  method  of  evaluating  the  data, 
the  reported  results  of  Gilliland,  Musser,  and  Page  may  not 
be  very  accurate.  Their  data  are  shown  in  figure  9 without 
change;  shown  for  comparison  are  equations  (1)  and  (2). 
The  lower  values  for  cooling  coefficient  may  be  due  to  the 
longer  length-diameter  ratio  of  the  cooling  section. 

Elser. — Elser  (ref.  4)  measured  cooling  heat-transfer 
coefficients  for  mercury.  Three  different  test  sections  were 
used : The  test-section  inner  diameters  were  0.31 7,  0.308,  and 
0.260  inch;  the  0.317-incli-diameter  test  section  was  made  of 
mild  steel,  and  the  other  test  sections  were  made  of  stainless 
steel.  The  test  sections  were  all  over  38  inches  long,  but 
measurements  were  made  between  two  stations  10.2  and 
38.3  inches  from  the  entrance.  The  mercury  was  cooled  by 
water  flowing  in  a concentric  annulus  in  a direction  opposite 
to  the  flow  of  mercury.  Two  thermocouples  imbedded  in 
the  wall  measured  the  wall  temperature  at  the  two  stations. 
Two  other  thermocouples  immersed  in  the  stream  measured 
a temperature  close  to  the  fluid  centerline  temperature.  The 
velocity  profile  of  the  mercuiy  at  the  first  station  was  fully 
developed.  The  cooling-water  flow  rate  was  such  that  a uni- 
form heat  input  to  the  wall  was  approximated.  The  full}7 
developed  heat-transfer  coefficient  was  measured. 

The  only  mercury  property  listed  by  Elser  is  Prandtl  num- 
ber. These  values  are  in  agreement  with  the  values  of  refer- 
ence 28,  and  the  other  mercury  properties  will  be  assumed  to 
be  correct.  The  basic  data  are  not  presented  by  Elser.  He 
presents  a plot  of  Stanton  number  against  Reynolds  number 


Peclet  number,  Pe 


Figure  9. — Data  of  Gilliland,  Musser,  and  Page  (refs.  2 and  3)  for 
average  heat  transfer  to  mercury  in  round  tubes.  Length-diameter 
ratio  HD:  heating  section,  45;  cooling  section,  160. 
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showing  his  data  points.  The  values  of  Stanton  number 
have  been  corrected  by  Elser  to  a common  Prandtl  number 
by  approximating  the  data  with  a curve  of  the  form 

Nuf = aRefmPrfn  ( 1 0) 

He  gives  no  values  of  n , so  that  it  is  impossible  to  return  to 
the  basic  points. 

Elser  measured  mercury  flow  by  measuring  the  mercury 
pressure  drop  and  assuming  the  following  formula  for  friction 
factor: 

4/=|for  ^<80,000  (11) 

-4r2log  (ft?V4/)-0.8  i?e>80,000  (12) 

V4/ 

Equation  (11)  is  from  Blasius;  equation  (12)  from  Karman. 

Elser's  heat-transfer  coefficients  are  based  on  the  difference 
between  wall  and  fluid  centerline  temperatures.  He  is°not 
certain  of  the  location  (depth)  of  his  wall  thermocouples  and 
states  that  the  difference  between  a midwall  and  a wall  sur- 
face location  results  in  shifts  of  heat-transfer  coefficients  of 
4,  7,  and  18  percent,  respectively,  for  the  three  tubes  of 
0.317-,  0.308-,  and  0.260-inch  diameter.  In  Elser's  data, 
the  wall  thermocouple  is  assumed  to  be  at  the  wall  midpoint. 
Martinellffs  predictions  for  the  ratio  of  the  temperature  dif- 
ferences (■ tw—tm)/(tw—tc ) (fig.  5(a))  were  used  to  change  the 
heat-transfer  coefficients  of  Elser  so  that  they  would  be 
based  on  the  difference  between  wall  and  fluid  bulk  tempera- 
tures. This  increased  the  Nusselt  number  about  40  to  60 
percent.  In  this  reevaluation  the  wall  thermocouples  were 
assumed  to  be  located  at  the  wall  midpoint.  If  the  ther- 
mocouples were  assumed  at  the  wall  surface,  the  Nusselt 
numbers  would  be  somewhat  increased.  Figure  10  shows 


Figure  10.  — Reevaluated  data  of  Elser  (ref.  4)  for  fully  developed  heat 
transfer  to  mercury  in  round  tubes. 


the  reevaluation  data  of  Elser;  shown  for  comparison  is 
equation  (1). 

Bailey,  Cope,  and  Watson. — Bailey,  Cope,  and  Watson 
(ref.  5)  measured  cooling  coefficients  for  mercury.  The  test 
section  was  a mild-steel  tube  of  0.437-inch  inner  diameter. 
The  central  18  inches  of  the  tube  was  surrounded  by  a water 
jacket,  with  about  6 inches  projecting  at  each  end.  These 
ends  were  enclosed  in  chambers  in  such  a manner  that  the 
inlet  and  outlet  mercury  passed  along  the  outside  of  the 
ends  before  entering  and  after  leaving  the  test  section.  Fluid 
temperatures  were  measured  at  the  inlet  and  outlet  of  the 
test  section;  wall  temperatures  were  measured  at  four  sta- 
tions along  the  length  of  the  water-jacketed  section  of  the 
tube. 

There  is  considerable  question  as  to  just  what  temperature 
was  measured  at  the  test-section  outlet.  First,  there  was 
no  provision  made  for  mixing  before  the  exit  temperature 
was  measured.  Second,  inasmuch  as  the  mercury  was  being 
cooled,  the  temperature  distribution  of  the  mercury  was  such 
that  the  temperature  near  the  wall  was  lower  than  the  bulk 
temperature.  The  mercury  was  discharged  from  the  test 
section  into  a larger  chamber,  turned  180°,  and  passed  over 
the  end  of  the  test  section  which  projected  from  the  water 
jacket.  Because  of  the  mixing  in  the  discharge  and  turning 
processes,  the  mercury  on  the  outside  of  the  projecting  end 
had  a nearly  flat  temperature  profile.  Hence,  the  mercury 
on  the  outside  of  the  projecting  end  of  the  test  section  was 
at  about  fluid  bulk  temperature,  while  the  mercury  on  the 
inside  of  the  projecting  end  (close  to  the  wall)  was  at  a tem- 
perature lower  than  fluid  bulk  temperature.  Heat  was  there- 
fore transferred  from  the  outside  to  the  inside;  this  tended 
to  increase  the  measured  mercury  exit  temperature  and  con- 
sequently decrease  the  observed  heat-transfer  coefficients. 
The  combined  effect  on  heat-transfer  coefficient  of  the  heat 
transferred  through  the  projecting  end  and  the  lack  of  mixing 
before  the  exit  temperature  measurement  is  very  difficult  to 
estimate. 

The  velocity  profile  at  the  entrance  to  the  water-jacketed 
section  of  the  test  section  was  close  to  fully  developed.  The 
method  of  cooling  was  such  that  uniform  wall  temperature 
was  approximated  at  the  lower  mercury  Peclet  numbers, 
while  uniform  heat  input  to  the  wall  was  more  nearly  the 
case  at  high  mercury  Peclet  numbers.  Fully  developed  heat- 
transfer  coefficients  were  measured. 

The  physical  properties  used  by  Bailey,  Cope,  and  Wat- 
son were  somewhat  different  from  the  values  of  reference  28  ; 
the  Prandtl  numbers  were  about  10  percent  high.  The  data 
of  Bailey,  Cope,  and  Watson  were  therefore  reevaluated, 
using  the  physical  properties  of  reference  28,  in  two  ways: 
First,  it  was  assumed  that  the  measured  mercury  exit  tem- 
perature was  equal  to  the  fluid  bulk  temperature;  second,  it 
was  assumed  that  the  measured  mercury  exit  temperature 
was  equal  to  the  fluid  centerline  temperature,  and  Marti n- 
elli’s  predictions  of  ( tw—tm)/(tw—tc, ) (fig.  5)  were  used  to 
calculate  , the  fluid  bulk  temperature.  The  results  of  both 
methods  of  computation  are  shown  in  figure  11;  equations 
(1)  and  (2)  are  shown  for  comparison.  Because  of  the  un- 
certainties described  in  the  measurement  of  mercury  exit 
temperature,  it  is  difficult  to  say  whether  either  set  of  data 
in  figure  11  is  at  all  correct. 
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Figure  11. — Reevaluated  data  of  Bailey,  Cope,  and  Watson  (ref.  5) 
for  fully  developed  heat  transfer  to  mercury  in  round  tubes. 

Lyon. — Lyon  (ref.  6)  used  a tube  and  concentric  annulus 
to  measure  the  combined  coefficient  resulting  from  transfer- 
ring heat  from  a sodium-potassium  alloy  (52  percent  Na,  48 
percent  K)  flowing  in  the  annulus  to  the  same  fluid  flowing 
in  the  tube.  The  weight  flows  in  the  tube  and  annulus  are, 
necessarily,  the  same.  This  type  of  test  section  is  often  re- 
ferred to  as  a “figure  eight”  and  will  be  so  referred  to  herein. 
Lyon  used  four  different  test  sections  made  of  nickel  and 
having  the  following  dimensions: 


Test  section 

A 

B 

C 

D 

Tube  inner  diameter,  D,  in 

Annulus  inner  diameter,  in 

Annulus  outer  diameter,  D0,  in 

Length,  l,  in 

0. 432 
.500 
.715 
48 

0.  703 
.757 
.931 
69 

0.  434 
.500 
.684 
33 

0.  434 
. 500 
.684 
69 

Bulk  fluid  temperatures  were  measured  at  the  inlet  and  out- 
let of  the  tube  and  annulus.  The  velocity  profiles  of  the 
fluid  entering  the  tube  and  the  annulus  were  approximately 
flat  (uniform  velocity).  The  figure-eight  test  section  with 
counterflow  gives  approximately  constant  heat  input  to  the 
wall.  The  heat-transfer  coefficients  measured  were  over-all 
average  coefficients. 

Lyon  used  physical  properties  which  were  somewhat  dif- 
ferent from  those  of  reference  28.  The  specific  heat  was 
about  12  percent  higher  and  the  thermal  conductivity  was 
about  6 percent  higher.  Use  of  the  properties  of  reference 
28  decreases  both  the  Nusselt  and  Peclet  numbers  about 
5 percent.  Lyon  assumed  that  the  resistances  of  the  walls 
of  the  four  test  sections  were  approximately  constant,  neg- 
lecting the  differences  in  wall  thickness.  Lyon  did  not 
separate  the  experimental  tube  and  annulus  coefficients,  but 
rather  calculated  a combined  predicted  coefficient  using 
equation  (1)  for  the  tube  and  an  equation  approximating  the 
results  of  Harrison  and  Menke  (ref.  40) 

A^/,an=4.9  + 0.0175  Pef>an  0.8  (13) 

for  the  annulus.  The  Liquid-Metals  Handbook  (ref.  28) 
mentions  equation  (13),  but  prefers  equations  (4)  and  (5) 
for  heat  transfer  in  an  annulus. 

Lyon's  data  were  reevaluated  using  the  physical  properties 
of  reference  28  and  calculating  exactly  the  resistance  of  the 


wall.  The  over-all  heat-transfer  coefficient  was  divided  into 
a tube  coefficient  and  an  annulus  coefficient  assuming  that 
the  Nusselt  numbers  in  the  tube  and  annulus  are  related  as 
in  equations  (6)  and  (7),  which  are  taken  from  equations  (1), 
(4),  and  (5).  The  use  of  equations  (4)  and  (5)  rather  than 
equation  (13)  for  the  annulus  results  in  higher  annulus  heat- 
transfer  coefficients  and  lower  tube  heat-transfer  coefficients 
for  the  same  over-all  heat-transfer  coefficient.  The  re- 
evaluated data  of  Lyon  are  shown  in  figures  12  and  13; 
equations  (1),  (4),  and  (5)  are  shown  for  comparison. 

Untermeyer. — The  data  of  Untermeyer  were  obtained 
from  unclassified  material  in  a classified  report.  Unter- 
me}7er  measured  heating  coefficients  for  a lead-bismuth 
eutectic  with  and  without  magnesium  addition.  The  test 
section  was  a steel  tube  with  a 0.25-inch  inner  diameter  and 
18-inch  length.  The  test  section  was  heated  by  passing 
electric  current  directly  through  it  and  the  fluid  it  contained. 
Wall  temperatures  and  fluid  inlet  and  outlet  temperatures 
were  measured.  The  velocity  profile  at  the  test-section 
entrance  was  closer  to  flat  than  to  fully  developed.  The 
method  of  heating  most  nearly  approximated  uniform  heat 
input  to  the  wall.  Local  fully  developed  coefficients  were 
measured. 

The  physical  properties  used  by  Untermeyer  are  different 
from  those  of  reference  28.  The  thermal  conductivity  used 
by  Untermeyer  was  about  15  percent  lower  and  the  vol- 
umetric specific  heat  was  about  8 percent  higher.  It  is 
difficult  to  determine  from  the  data  whether  the  heat  gener- 
ated directly  in  the  fluid  has  been  subtracted  from  the  total 
heat  input.  It  is  also  difficult  to  determine  whether  a mix- 
ing chamber  was  used  in  the  measurement  of  the  fluid  bulk 
temperature  leaving  the  test  section.  Figure  14  shows  the 
data  of  Untermeyer  reevaluated  using  physical  properties 
from  reference  28. 


Peclet  number,  Pe 

Figure  14. — Reevaluated  data  of  Untermeyer  for  fully  developed  heat 
transfer  to  lead-bismuth  eutectic,  with  and  without  magnesium 
addition,  in  round  tubes. 


Nusselt  number,  Nu  Nusselt  number,  No 
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(a)  Test  section  A (length-diameter  ratio  l/D,  111). 


(c)  Test  section  C (length-diameter  ratio  l/D,  76).  (d)  Test  section  D (length-diameter  ratio  l/D,  159). 

Figure  12. — -Reevaluated  data  of  Lyon  (ref.  6)  for  average  heat  transfer  to  sodium -potassium  alloy  in  round  tubes. 


Nusselt  number,  Nu 


Nusselt  number,  Nu  Nusselt  number,  Nu 
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In  round  tubes;  test  section  A (lengt.h-diameter  ratio  IjD,  50). 


(b)  In  annuli;  test  section  A (length-diameter  ratio  IjD , 54;  ratio  of 
outer  to  inner  diameter,  1.83). 


Reclet  number,  Pe 


(e)  In  round  tubes;  test  section  B (length-diameter  ratio  IjD,  48).  (d)  In  annuli;  test  section  B (length-diameter  ratio  IjD,  54;  ratio  of 

outer  to  inner  diameter,  1.83). 


Figure  15. — Reevaluated  data  of  Werner,  King,  and  Tidball  (ref.  7)  for  average  heat  transfer  to  sodium-potassium  alloy. 
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Werner,  King,  and  Tidball. — -Werner,  King,  and  Tidball 
(ref.  7 and  unclassified  data  from  a classified  report)  used 
a figure-eight  test  section  (tube  and  concentric  annulus 
with  same  fluid  in  both)  to  measure  heat-transfer  coefficients 
for  a sodium-potassium  alloy.  Cooling  coefficients  were 
measured  in  the  tube  and  heating  coefficients  in  the  annulus. 
Two  test  sections  having  the  following  characteristics  were 
used : 


The  tests  in  test  section  A were  all  run  with  an  alloy  of  56 
percent  sodium  and  44  percent  potassium.  The  tests  in 
test  section  B were  run  with  alloys  of  both  56  percent  sodium 
plus  44  percent  potassium  and  23  percent  sodium  plus  77 
percent  potassium.  Fluid  temperatures  were  measured 
at  the  inlet  and  outlet  of  the  tube  and  of  the  annulus.  In 
test  section  A no  provision  was  made  for  mixing  the  fluid 
before  measuring  the  outlet  temperatures  of  the  tube  or 
the  annulus,  except  that  the  fluid  turned  one  right-angle 
bend  before  each  thermocouple.  The  outlet  temperatures 
measured  in  test  section  A were,  therefore,  somewhere 
between  fluid  bulk  temperature  and  fluid  centerline  temper- 
ature, probably  closer  to  fluid  centerline  temperature.  In 
test  section  B,  mixing  baffles  were  used  to  mix  the  fluid 
before  measuring  outlet  temperatures,  and  the  temperatures 
measured  were  fluid  bulk  temperatures.  The  velocity7 
profiles  of  the  fluid  entering  the  tube  and  the  annulus  were 
essentially  flat  in  test  section  B,  and  between  flat  and  fully 
developed  in  test  section  A.  The  figure-eight  test  section 
with  counterflow  gives  approximately  uniform  heat  input 
to  the  wall.  The  lieat-transfer  coefficients  measured  were 
over-all  average  coefficients. 

Werner,  King,  and  Tidball  used  physical  properties  which 
were  about  the  same  as  those  of  reference  28.  However, 
the  relation  used  to  divide  the  over-all  heat-transfer  coeffi- 
cient in  the  test  section  into  separate  coefficients  for  the 
tube  and  annulus  is  somewhat  different  from  that  recom- 
mended by  the  Liquid-Metals  Handbook  (eq.  (7)). 

The  experimental  data  of  Werner,  King,  and  Tidball  were 
reevaluated  using  'equation  (7)  to  separate  the  over-all 
heat-transfer  coefficient  into  tube  and  annulus  coefficients. 
In  addition,  the  predictions  of  Martinelli  for  the  ratio  of  the 
temperature  differences  (tw— tc)  for  the  tube  and  the 
annulus  (fig.  5)  were  used  to  make  allowance  for  the  lack 
of  mixing  of  the  fluid  before  the  outlet  thermocouples  of 
test  section  A.  The  reevaluated  data  of  Werner,  King,  and 
Tidball  are  shown  in  figure  15;  equations  (1)  and  (5)  are 
shown  for  comparison. 

Sineath. — Sineath  (ref.  S)  ran  heat-transfer  tests  with 
mercury  in  rectangular  channels.  SineatlTs  test  section 
was  of  the  figure-eight  ty7pe  except  that,  instead  of  a tube 
and  concentric  annulus,  he  had  two  rectangular  channels 
with  one  common  wall.  Heat  was  added  to  the  mercury  in 
one  channel  and  removed  from  the  mercury7  in  the  other. 
The  common  wall  of  the  two  channels  was  4 inches  high 


by  X inch  thick  and  was  made  of  mild  steel.  The  channel 
gap  was  X inch  and  the  length,  25  inches.  Fluid  tempera- 
tures were,  measured  at  the  inlet  and  outlet  of  the  two 
channels.  No  attempt  was  made  to  provide  any  mixing 
of  the  fluid  before  the  outlet  temperatures  were  measured 
except  that  the  abrupt  transition  from  a 4-  by7  X-inch 
rectangular  channel  to  the  X-inch  pipes  which  carried  the 
fluid  to  and  away  from  the  test  section  probably  resulted  in 
considerable  mixing.  The  pipe  entered  the  channels  at 
right  angles  to  the  direction  of  flow  in  the  channels;  there 
was  no  smooth  transition  piece  between  the  pipes  and  the 
channels.  The  fluid  temperatures  measured  were  probably 
close  to  the  bulk  temperature.  However,  the  abrupt 
change  of  section  at  the  entrance  to  the  channels  probably 
caused  some  of  the  heat-transfer  surface  to  be  relatively 
less  effective  as  a result  of  poor  local  flow  distribution.  The 
figure-eight  test  section  with  counterflow  approximated 
uniform  heat  input  to  the  wall.  The  heat-transfer  coeffi- 
cients measured  were  over-all  average  coefficients. 

Sineath  ran  four  sets  of  tests.  The  first  three  sets  were 
inconclusive  because  of  experimental  difficulties  with  air 
entrainment  and  with  deposition  of  mercurous  oxide  on 
the  wall  through  which  heat  was  being  transferred.  These 
problems  were  partially  eliminated  in  the  fourth  set  of  runs. 
There  was  probably  no  air  entrainment  during  the  fourth 
set  of  runs;  the  wall  through  which  heat  was  being  trans- 
ferred was  carefully  cleaned  at  the  beginning  of  the  runs  but 
was  covered  with  a thin  layer  of  scale  at  the  end. 

Sineath  used  physical  properties  similar  to  those  of  refer- 
ence 28.  The  tempera tures  in  the  two  channels  were  suffi- 
ciently close  that  the  heat-transfer  coefficients  in  both  chan- 
nels could  be  assumed  the  same. 

The  data  of  the  fourth  set  of  runs  of  Sineath  are  shown 
unchanged  in  figure  16;  equation  (4)  is  shown  for  comparison. 
The  data  of  Sineath  are  undoubtedly  lower  than  they  should 


Peclet  number,  Pe 


Figure  16. — Data  of  Sineath  (ref.  8)  for  average  heat  transfer  to  mer- 
cury in  rectangular  ducts.  Length-diameter  ratibr  l/Dt  50. 


Test  section 

A 

B 

0.68  

0.70 

.75 

1.37 

33.S 

Nickel 

Annulus  inner  diameter,  Di,  in. 

Annulus  outer  diameter,  Da,  in 

length,  /,  in  

.75... 

1.37 

33.8 

Material  __  

304  Stainless  steel - - 
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Figure  17. — Data  of  English  and  Barrett  (refs.  9 and  10)  for  fully 
developed  heat  transfer  to  mercury  in  round  tubes. 


be  as  a result  of  the  deposit  of  an  oxide  film  on  the  heat- 
transfer  surface  and  of  the  abrupt  change  of  cross  section 
at  the  entrance  to  the  channels,  which  makes  a portion  of 
the  heat-transfer  surface  ineffective.  It  is  difficult,  however, 
to  estimate  the  magnitude  of  these  effects. 

English  and  Barrett. — English  and  Barrett  (refs.  9 and  10) 
measured  heating  coefficients  for  mercury.  The  test  sec- 
tions were  of  nickel  and  stainless  steel  with  a 0.051 -inch 
inner  diameter,  a 0.059-inch  outer  diameter,  and  a 1.9-inch 
length.  A copper  coating  was  bonded  to  the  outside  of  the 


Figure  19. — Data  of  Seban  (ref.  11)  for  fully  developed  heat  transfer 
to  lead-bismuth  eutectic  in  round  tubes. 


Graetz  number,  Gz  - 

Figure  18. — Data  of  English  and  Barrett  (ref.  9)  for  entrance-region 
heat  transfer  to  mercury  in  round  tubes.  Peclet  number,  800  to 
900. 

test  section;  the  outer  diameter  of  the  copper  was  0.0825 
inch.  The  test  section  was  heated  by  passing  electricity 
directly  through  it.  The  inlet  and  outlet  mercury  bulk 
temperatures  were  measured,  as  was  the  outside- wad  temper- 
ature along  the  test  section;  the  voltage  distribution  along 
the  test  section  was  also  measured.  The  velocity  profile 
at  the  test-section  entrance  was  fully  developed.  The 
method  of  heating  most  nearly  approximated  uniform  heat 
input  to  the  wall.  English  and  Barrett  measured  local  heat- 
transfer  coefficients  along  the  test  section  and  present  the 
local  fully  developed  coefficients  for  all  runs.  For  one  run, 
the  local  coefficient  along  most  of  the  tube  is  presented. 

The  physical  properties  used  by  English  and  Barrett 
are  the  same  as  those  of  reference  28  except  that  the  viscosity 
is  slightly  high  at  low  temperatures.  This  will  probably  not 
affect  the  full}^  developed  heat-transfer  coefficients,  but  the 
entrance-region  Reynolds  numbers  should  be  increased 
3 to  4 percent. 

The  fully  developed  heat- transfer  coefficients  of  English 
and  Barrett  are  shown  unchanged  in  figure  17;  equation  (1) 
is  shown  for  comparison.  The  entrance  heat- transfer 


Graetz  number, Gz-—*- 


Figure  20. — Data  of  Seban  (ref.  11)  for  entrance-region  heat  transfer 
to  lead-bismuth  eutectic  in  round  tubes. 
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coefficients  for  the  one  run  presented  are  shown  in  figure 
18;  Deissler's  predicted  curves  for  a Prandtl  number  of  0.01 
and  the  same  Peclet  number  range  are  shown  for  comparison. 

Seban. — Seban  (ref.  11)  measured  heat-transfer  coefficients 
with  lead-bismuth  eutectic  in  two  different  t}^pes  of  test 
section.  One  was  the  figure-eight  type  with  a tube  and 
concentric  annulus;  the  other  was  a copper-coated  tube 
heated  by  external  electric  heaters.  Only  combined  heat- 
transfer  coefficients  for  the  tube  and  annulus  of  the  figure- 
eight  test  section  are  presented  in  reference  11.  Not  enough 
basic  data  (specifically,  fluid  temperatures)  are  presented  to 
separate  the  tube  and  annulus  coefficients.  Accordingly, 
only  the  electrically  heated  test  section  will  be  discussed. 
The  test  section  had  a 0.652-inch  inner  diameter  and  a 48- 
inch  length.  The  copper  coating  was  for  the  purpose  of 
containing  the  wall  thermocouples  in  a region  of  relatively 
low  temperature  gradient  and  of  smoothing  out  the  non- 
uniformities of  heat  input  of  the  external  electric  heaters. 
The  fluid  bulk  temperatures  were  measured  at  the  inlet 
and  outlet  of  the  test  section,  and  the  wall  temperatures 
were  measured  at  eight  stations  along  the  tube.  The  velocity 
profile  was  close  to  fully  developed  at  the  entrance  to  the 
test  section.  The  method  of  heating  approximates  very 
closely  uniform  heat  input  to  the  wall.  Local  heat-transfer 
coefficients  were  measured.  The  local  fully  developed 
coefficients  are  presented  for  all  the  runs;  entrance  coeffi- 
cients are  presented  for  a few  of  the  runs. 

The  plwsical  properties  of  Seban  are  the  same  as  those 
given  in  reference  28.  Seban  had  some  trouble  with  fouling, 
which  caused  the  heat- transfer  coefficients  to  decrease  with 
time.  Figure  19  shows  unchanged  the  fully  developed  heat- 
transfer  coefficients  of  Seban;  equation  (1)  is  shown  for 
comparison.  Those  points  taken  immediately  after  cleaning 
have  higher  heat-transfer  coefficients  than  the  others. 
The  entrance  heat-transfer  coefficients  presented  by  Seban 
are  shown  in  figure  20;  predicted  curves  of  Deissler  (see 
fig.  3)  for  the  same  range  of  Peclet  number  and  for  a Prandtl 
number  of  0.01  are  shown  for  comparison. 

Trefethen. — Trefethen  (refs.  12  and  13)  used  a figure-eight 
type  of  test  section  to  measure  heat-transfer  coefficients  with 
mercury.  Six  different  tubes,  described  in  the  following 
table,  were  used  in  the  tube  and  concentric  annulus  test 
section: 


Test  section 

A 

B 

C 

D 

E 

F 

Tube  inner  diam- 
eter, D,  in. 
Annulus  inner  di- 

0.711 

0.737 

0.585 

0.523.... 

0.308.... 

0.429. 

.749 

.748 

.629 

.627.... 

.378. ... 

.500. 

ameter,  D{,  in. 
Annulus  outer  di- 

.874  

.874.... 

.874 

.874.... 

.S74 

.874. 

ameter,  D„,  in. 
Length,  /,  in. 

39.3 

39.3 

39.3 

39.3.... 

39.3 

39.3. 

Tube  material 

Stainless 

Stainless 

Stainless 

Copper. 

Copper.. 

Copper. 

steel. 

steel. 

steel. 

Heating  and  cooling  tests  were  run  in  both  the  tube  and 
the  annulus.  Trefethen  measured  the  fluid  bulk  tempera- 
ture at  the  inlet  and  outlet  of  the  tube  and  annulus.  He 
also  measured  the  wall  temperature  of  the  outside  of  the 
annulus.  The  velocity  profiles  were  between  flat  and  fully 
developed  at  the  entrance  to  the  test  section,  probably  a 
little  closer  to  flat.  The  counterflow  figure-eight  test 
section  approximated  a uniform  heat  input  to  the  wall. 


Trefethen  presents  a fully  developed  heat-transfer  coef- 
ficient for  the  central  section  of  his  tube  (from  10.2  to  29.4 
in.  from  the  entrance.)  In  his  calculations  he  assumed  that 
the  temperature  difference  between  the  fluid  in  the  tube 
and  in  the  annulus  remains  the  same  as  the  temperature 
difference  at  the  entrance  to  the  tube  and  annulus,  and  that 
the  fluid  bulk  temperature  gradient  along  the  length  of  the 
tube  center  section  is  the  same  as  the  temperature  gradient 
along  the  annulus  outer-wall  center  section.  Trefethen 
separates  the  tube  and  annulus  coefficients  in  a manner 
different  from  that  resulting  from  the  use  of  equations  (6) 
and  (7). 

The  physical  properties  used  by  Trefethen  are  about  the 
same  as  those  of  reference  28  for  the  range  of  temperature 
covered  by  his  experiments.  (The  values  of  thermal  con- 
ductivity at  high  temperature  (extrapolated  by  Trefethen 
to  correct  the  data  of  Styrikovich  and  Semenovker)  are 
lower  than  those  of  the  Liquid-Metals  Handbook  by  about 
6 percent  at  212°,  14  percent  at  392°,  and  20  percent  at 
662°  F.) 

The  data  of  Trefethen  for  fully  developed  heat- transfer 
coefficients  were  recalculated  using  equations  (6)  and  (7) 
to  separate  the  coefficients  of  the  tube  and  annulus.  The 
reevaluated  data  for  the  tube  are  shown  in  figure  21 ; equation 
(1)  is  shown  for  comparison.  Trefethen  gives  enough  data 
to  permit  the  calculation  of  over-all  average  heat-transfer 
coefficients  for  the  tube  and  annulus.  These  coefficients 
also  were  calculated  using  equations  (6)  and  (7)  to  separate 
the  individual  coefficients  in  the  tube  and  annulus.  These 
data  are  shown  in  figure  22;  equations  (1),  (4),  and  (5) 
are  shown  for  comparison. 

Doody  and  Younger. — Doody  and  Younger  (refs.  14  and 
15)  measured  both  heating  and  cooling  coefficients  for 
mercury  with  and  without  sodium  additions.  The  test 
section  was  a steel  tube  0.493  inch  in  inner  diameter  and  61 


Figure  21. — Reevaluated  data  of  Trefethen  (refs.  12  and  13)  for  fully 
developed  heat  transfer  to  mercury  in  round  tubes. 
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(a)  In  round  tubes;  length-diameter  ratio  1}D,  53  to  128. 


(b)  In  annuli;  length-diameter  ratio  l/D,  70  to  334. 

Figure  22. — Reevaluated  data  of  Trefethen  (refs.  12 
and  13)  for  average  heat  transfer  to  mercury. 

inches  long.  The  test  section  was  heated  or  cooled  by  water 
flowing  in  a concentric  annulus.  Both  parallel  and  counter- 
flow runs  were  made.  The  annulus  was  61  inches  long,  but 
the  annulus  entrance  and  exit  were  each  6 inches  from  the 
ends  of  the  test  section;  therefore,  the  length  of  the  test 
section  between  the  annulus  entrance  and  exit  was  49 
inches.  Tube  wall  temperatures  were  measured  at  five 
stations  starting  inch  downstream  of  the  annulus  inlet 


and  ending  3 inches  upstream  of  the  annulus  outlet  (inlet 
and  outlet  refer  to  the  parallel-flow  case) ; the  measurements 
covered  45)4  inches  of  the  test  seection.  The  mercury 
temperature  was  measured  at  the  inlet  and  outlet  of  the 
test  section.  The  measurement  of  test-section  exit  tem- 
perature was  made  without  any  preliminary  mixing  of  the 
fluid,  and  the  exit  temperature  measured  is  closer  to  the 
fluid  centerline  temperature  than  to  the  fluid  bulk  tempera- 
ture. The  mercury  velocity  profile  at  the  test-section 
entrance  was  probably  closer  to  flat  than  it  was  to  fully 
developed.  The  method  of  heating  resulted  in  a wall 
condition  somewhere  between  uniform  heat  input  and  uni- 
from  wall  temperature  for  the  counterflow  runs.  The 
parallel-flow  runs  resulted  in  a wall  condition  where  the 
rate  of  heat  input  varied  even  more  rapidly  than  for  the 
condition  of  uniform  wall  temperature. 

The  physical  properties  used  by  Doody  and  Younger  are 
the  same  as  those  of  reference  28  except  for  the  thermal 
conductivity.  The  values  of  thermal  conductivity  used  b}r 
Doody  and  Younger  are  low  by  about  1 to  14  percent  in  the 
temperature  range  of  the  investigation.  Because  of  the 
location  of  the  annulus  entrance  and  exit  as  described,  some 
effective  length  of  test  section  between  49  and  61  inches  must 
be  selected.  Doody  and  Younger  used  a method  due  to 
Sherwood  and  Petrie  (ref.  41)  and  arrived  at  an  effective 
length  of  56  inches.  Since  the  wall  temperatures  at  the  ends 
of  the  test  section  were  not  measured,  Doody  and  Younger 
extrapolated  the  wall  temperature  measurements  to  cover  a 
length  of  56  inches,  the  “effective”  length  of  their  test  sec- 
tion. Inasmuch  as  this  extrapolation  necessarily  neglects 
end  effects,  the  data  of  Doody  and  Younger  represent  some- 
thing between  over-all  average  and  fully  developed  heat- 
transfer  coefficients. 

The  heat  balances  of  Doody  and  Younger  show  deviations 
as  great  as  140  percent,  with  deviations  between  40  and  100 
percent  being  quite  common.  Flow  was  measured  by  an 
orifice,  and  the  orifice  calibration  showed  variations  as  great 
as  50  percent.  The  end  temperature  differences  between 
the  wall  and  the  fluid  found  by  the  previously  mentioned 
extrapolation  were  very  small,  varying  from  about  0.3°  to 
8°  F,  with  values  of  2°  F or  less  being  extremely  common. 
Small  errors  in  temperature  measurement  can  therefore 
result  in  large  errors  in  log  mean  temperature  difference. 

Doody  and  Younger  attempted  to  check  their  experimental 
apparatus  by  running  heat- transfer  experiments  with  butanol. 
Unfortunately,  most  of  these  data  were  in  the  transition 
region.  Some  of  the  data  were  in  the  laminar-flow  region, 
and  these  data  were  25  to  75  percent  higher  than  the  predic- 
tions of  the  Colburn  equation  for  laminar  flow  (ref.  39,  p.  191). 

In  view  of  the  difficulties  mentioned,  the  data  of  Doody 
and  Younger  may  not  be  very  accurate.  The  data  of 
Doody  and  Younger  were  reevaluated  using  the  physical 
properties  of  reference  28  and  the  predictions  of  Martinelli 
for  the  ratio  {tw—tm)l(tw—tc)  to  determine  the  value  of  the 
temperature  differences  between  the  wall  temperature  and 
the  fluid  bulk  temperature  at  the  test-section  exit.  The 
original  data  on  wall  temperature  are  not  presented  in  either 
reference  14  or  15;  therefore  the  extrapolated  end  tempera- 
ture will  be  used  for  the  wall  temperature  at  the  test-section 
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(a)  Without  sodium  addition. 

Figure  23. — Reevaluated  data  of  Doody  and  Younger  (refs 

inlet  and  outlet.  The  reevaluated  data  of  Doody  and 
Younger  are  shown  in  figure  23;  equations  (1)  and  (2)  are 
shown  for  comparison. 

Lubarsky. — Lubarsky  (ref.  16)  used  a figure-eight  type  of 
test  section  to  measure  heating  coefficients  in  a tube  and 
cooling  coefficients  in  a concentric  annulus  for  lead-bismuth 
eutectic  with  and  without  magnesium  additions.  The  test 
section  was  40.2  inches  long,  with  a 0.402-inch  tube  inner 
diameter,  a 0.50-inch  annulus  diameter,  and  a 0.625-inch 
annulus  outer  diameter.  The  fluid  bulk  temperatures  at 


Peclel  number,  Pe 


(a)  In  round  tubes;  length-diameter  ratio  l/D,  100. 

Figure  24. — Data  of  Lubarsky  (ref.  16)  for 


(b)  With  small  sodium  additions. 

14  and  15)  for  heat  transfer  to  mercury  in  round  tubes. 

the  inlet  and  outlet  of  the  tube  and  annulus  were  measured 
The  entering  velocity  profile  was  approximately  flat.  The 
figure-eight-type  heat  exchanger  with  counterflow  approxi- 
mated uniform  heat  input  to  the  wall.  Over-all  average 
heat-transfer  coefficients  were  measured. 

Lubarsky  used  physical  properties  which  were  the  same 
as  those  of  reference  28.  He  used  equation  (6)  to  separate 
the  heat-transfer  coefficients  in  the  tube  and  the  annulus. 
Lubarskv’s  data  are  shown  unchanged  in  figure  24;  equations 
(1)  and  (4)  are  shown  for  comparison. 


(b)  In  annuli;  length-diameter  ratio  l/D,  322. 
erage  heat  transfer  to  lead-bismuth  eutectic. 
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Johnson,  Hartnett,  and  Clabaugh  (lead-bismuth  tests). — 
Johnson,  Hartnett,  and  Clabaugh  (refs.  17  and  18)  measured 
heating  coefficients  for  lead-bismuth  eutectic  in  an  aluminum- 
coated  tube  heated  externally  by  electric  heaters.  The  test 
section  was  very  similar  to  that  of  Seban  (ref.  11)  described 
previously,  except  that  an  aluminum  coating  was  used  instead 
of  a copper  one.  The  test-section  inner  diameter  was  0.652 
inch  and  its  length  48  inches.  The  fluid  bulk  temperature 
was  measured  at  the  inlet  and  outlet  of  the  test  section,  and 
the  wall  temperature  was  measured  at  eight  stations  along 


Pec  let  number,  Pe 


Figure  25. — Data  of  Johnson,  Hartnett,  and  Clabaugh  (refs.  17  and 
18)  for  fully  developed  heat  transfer  to  lead-bismuth  eutectic  in 
round  tubes. 


the  wall.  The  inlet  velocity  profile  was  very  close  to  fully 
developed.  The  method  of  heating  very  closely  approxi- 
mated uniform  heat  input  to  the  wall.  Local  heat- transfer 
coefficients  are  presented  for  both  the  full}7  developed  region 
and  the  entrance  region. 

Physical  properties  the  same  as  those  of  reference  28  were 
used.  The  data  on  full}7  developed  heat-transfer  coefficients 
are  shown  unchanged  in  figure  25;  equation  (1)  is  shown  for 
comparison.  The  data  on  entrance  heat-transfer  coefficients 
are  shown  unchanged  in  figure  26;  predicted  curves  of  Deissler 
(fig.  3(b))  for  the  same  length-diameter  ratio  x/D  and  a 


Peclet  number,  Pe 


Peclet  number,  Pe 


(a)  Length-diameter  ratio  xlD , 4.0.  (c)  Length-diameter  ratio  xjD , 23. 

Figure  20. — Data  of  Johnson,  Hartnett,  and  Clabaugh  (refs.  1 7 and  18)  for  entrance-region  heat  transfer  to  lead-bismuth  eutectic  in  round  tubes. 
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Peclet  number,  Pe 

Figure  27. — Data  of  Johnson,  Hartnett,  and  Clabaugh  (refs.  17  and 
18)  for  average  heat  transfer  to  lead-bismuth  eutectic  in  round 
tubes.  Length-diameter  ratio  l/D,  74. 

Prandtl  number  of  0.01  are  shown  for  comparison.  The  pre- 
dictions of  Poppendiek  and  Palmer  (fig.  3(b))  for  low  Reyn- 
olds numbers  are  also  shown  in  figure  26.  From  the  local 
data  of  Johnson,  Hartnett,  and  Clabaugh,  it  is  possible  to 
determine  an  approximate  over-all  average  coefficient  by 
plotting  and  integrating  the  local  coefficients.  The  results 
of  this  procedure  are  shown  in  figure  27;  equation  (1)  is 
shown  for  comparison. 

Isakoff  and  Drew. — Isakoff  and  Drew  (refs.  19  and  20) 
measured  heating  coefficients  with  mercury.  The  test  sec- 
tion was  a stainless-steel  tube  with  a 0.127-inch  wall  thickness, 
1.5-inch  inner  diameter,  and  about  223-inch  length,  heated 
externally  by  electric  heaters.  The  fluid  bulk  temperature 
was  measured  at  the  test-section  inlet  and  outlet,  and  the 


outside  wall  temperature  was  measured  at  seven  stations 
along  the  tube.  Velocity  and  temperature  profiles  in  the 
fluid  were  measured  at  three  stations  along  the  tube  (x/D= 
58,  98,  and  138).  The  entrance  velocity  profile  was  very 
close  to  flat.  The  method  of  heating  approximated  very 
closely  uniform  heat  input  to  the  wall.  Local  fully  de- 
veloped heat-transfer  coefficients  were  measured  at  the 
stations  of  x/D= 98  and  x/D=  138.  The  heat-transfer  coeffi- 
cients measured  at  the  x/D=5 S are  still  in  the  entrance 
region. 

The  physical  properties  used  by  Isakoff  and  Drew  are  the 
same  as  those  of  reference  28.  The  inside  wall  temperature 
was  calculated  in  two  wa}7s:  one  was  to  extrapolate  the 
temperature  profile  in  the  fluid  to  the  wall;  the  other  was  to 
use  the  measured  outside  wall  temperature  to  calculate  the 
temperature  drop  through  the  wall.  When  this  calcula- 
tion was  made,  the  two  inside  wall  temperatures  were  found 
to  coincide  for  only  three  of  the  total  of  12  experimental  runs. 
For  the  other  nine  runs,  the  inside  wall  temperature  cal- 
culated from  the  outside  wall  temperatures  was  higher  than 
the  inside  wall  temperature  as  extrapolated  from  the  fluid 
temperature  profile.  Fluid  and  wall  temperatures  for  two 
typical  runs  are  shown  in  figure  28. 

This  discrepancy  between  the  two  methods  of  determining 
inside  wall  temperature  nm j be  due  to  inaccuracies  in  the 
measurement  of  outside  wall  temperature.  The  outside  wall 
temperature  was  measured  by  eight  thermocouples  at  each 
station.  The  temperature  readings  of  these  thermocouples 
varied  as  much  as  25  percent  from  each  other  in  the  high-flux 
region.  The  deviation  may  have  been  due  to  the  proximity 
of  the  thermocouples  to  the  electric  heaters.  At  any  rate, 
the  order  of  magnitude  of  the  variation  of  the  thermocouple 
readings  on  the  outside  wall  is  as  great  as  the  magnitude  of  the 
differences  in  temperature  resulting  from  the  two  methods  of 
calculating  inside  wall  temperature.  It  is  interesting  to  note, 
however,  that  the  inside  wall  temperature  as  calculated 
from  the  outside  wall  temperature  is  greater  (for  nine  cases 
out  of  twelve)  than  that  extrapolated  from  the  fluid  tempera- 
ture profile.  This  effect  is  that  which  would  be  noted  if 


(a)  Run  3.  (b)  Run  12. 

Figure  28. — Test-section  temperatures  from  two  typical  runs  of  Isakoff  and  Drew  (refs.  19  and  20). 
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results;  Deissler’s  predicted  curves  (fig.  3)  are  shown  for 
comparison.  The  outside  wall  temperature  was  measured 
at  a sufficient  number  of  stations  along  the  tube  (see  fig.  28) 
to  permit  the  estimate  of  an  over-all  average  heat-transfer 
coefficient.  The  average  over-all  coefficient  from  x/D=Q. 3 
to  x/D=  138,  based  on  inside  wall  temperatures  calculated 
from  the  outside  temperature,  is  shown  in  figure  31.  These 
average  coefficients  are  actually  lower  than  the  fully  devel- 
oped coefficients  because  the  average  outside  wall  tempera- 
ture at  the  second  station  from  the  test-section  entrance  is 
higher  than  might  be  expected  from  the  other  measured 
temperatures.  Whether  this  might  be  a result  of  the  local 
temperature  gradients  caused  by  the  external  electric  heaters 
cannot  be  determined. 

The  temperature  profiles  in  the  fluid  at  xjD— 138  are 
shown  in  figure  32  and  compared  with  the  predictions  of 
Martinelli  (ref.  27). 

Stromquist. — Stromquist  (ref.  21)  measured  heating  co- 
efficients for  mercury  with  and  without  sodium  additions. 
The  test  section  was  a steel  tube  heated  by  passing  electricity 
directly  through  the  tube.  The  following  four  different  test 
sections  were  used: 


Figure  29. — Data  of  Isakoff  and  Drew  (refs.  19  and  20)  for  fnl!}" 
developed  heat  transfer  to  n ercury  in  round  tubes.  Length- 
diameter  ratio  x/D,  138. 

there  were  some  form  of  interfacial  resistance  between  the 
fluid  and  the  tube.  However,  because  of  the  circumferen- 
tial variation  of  outside  wall  temperature  and  because  three 
of  the  runs  showed  no  difference  in  the  insidewall  temperature 
calculated  by  the  two  methods,  no  conclusions  can  be  reached. 

The  data  of  Isakoff  and  Drew  are  shown  in  figure  29  for 
the  fully  developed  heat-transfer  coefficient  (x/D=  138);  the 
coefficient  is  shown  for  both  methods  of  calculating  inside 
wall  temperature;  equation  (1)  is  shown  for  comparison. 
The  entrance  data  at  x/D—5S  are  shown  in  figure  30;  in- 
asmuch as  the  ordinate  in  this  figure  is  a ratio,  both  methods 
of  calculating  the  inside  wall  temperature  give  the  same 


Figure  30. — Data  of  Isakoff  and  Drew  (refs.  19  and  20)  for  entrance- 
region  heat  transfer  to  mercury  in  round  tubes  (inside  wall  temper- 
atures extrapolated  from  fluid  temperature  profile).  Length- 
diarr  eter  ratio  x/D,  58. 


Test  section 

A 

B 

C 

D 

Inner  diameter,  Di,  in.  

0.380 

0.  488 

0.  753 

0.787 

Outer  diameter,  Da , in 

. 753  i 

1.002 

1.500 

1.  501 

Length,  l,  in 1 

47. 25  ! 

48.  25 

50.  25 

50.  25 

Fluid  bulk  temperatures  were  measured  at  the  test-section 
inlet  and  outlet,  and  the  outside  wall  temperatures  were 
measured  at  12  stations  along  the  length  of  the  test  section. 


Figure  31. — Data  of  Isakoff  and  Drew  (refs.  19  and  20)  for  average 
heat  transfer  to  mercury  in  round  tubes  (inside  wall  temperatures 
calculated  from  outside  wall  temperatures). 
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Figure  32. — Data  of  Isakoff  and  Drew  (refs.  19  and  20)  for  fully 
developed  temperature  distribution  for  heat  transfer  to  mercury 
in  round  tubes.  Length-diameter  ratio  x/D , 138. 


The  entrance  velocity  profile  to  the  test  section  was  some- 
where between  flat  and  fully  developed.  The  method  of 
heating  more  nearly  approximated  uniform  heat  input  than 
it  did  uniform  wall  temperature.  Local  heat-transfer  co- 
efficients, both  entrance  and  fully  developed,  were  measured. 

Stromquist  used  physical  properties  which  were  the  same 
as  those  of  reference  28.  Figure  33  shows  the  fully  developed 
heat-transfer  coefficients  of  Stromquist  unchanged ; equation 
(1)  is  included  for  comparison.  The  unchanged  entrance 
heat-transfer  coefficient  data  of  Stromquist  are  shown  in 
figure  34;  Deissler’s  predicted  curves  (fig.  3(a))  are  shown 
for  comparison.  The  predictions  of  Poppendiek  and  Palmer 
(fig.  3(a))  for  low  Reynolds  numbers  are  shown  in  figure 
34(a). 

MacDonald  and  Quittenton. — MacDonald  and  Quittenton 
(refs.  22  and  23)  measured  heating  coefficients  with  sodium. 
The  test  section  consisted  of  a monel  tube  with  a copper 


Figure  33. — Data  of  Stromquist  (ref.  21)  for  fully  developed  heat 
transfer  to  mercury,  with  and  without  sodium  additions,  in  round 
tubes. 


jacket  bonded  to  the  outside.  The  test  section  of  0.625- 
inch  inner  diameter  and  6 0.05 -inch  length  was  heated  ex- 
ternally b}r  electric  heaters.  The  purpose  of  the  copper 
jacket  was  the  same  as  the  purpose  of  the  copper  coating 
used  by  Seban  (ref.  11)  and  described  in  a previous  section 
entitled  “Seban.”  The  fluid  bulk  temperature  was  measured 
at  the  inlet  and  outlet  of  the  test  section,  and  the  wall  tem- 
peratures were  measured  at  11  stations  along  the  test  sec- 
tion. The  entrance  velocity  profile  was  close  to  fully  de- 
veloped if  the  length  of  piping  in  the  diagram  shown  in 
figure  1 of  reference  23  is  drawn  to  scale.  The  method  of 
heating  very  closely  approximated  uniform  heat  input  to 
the  walls.  Local  heat-transfer  coefficients  were  measured; 
the  authors  present  fully  developed  heat-transfer  coefficients 
for  a length  of  the  tube  from  47.3  to  54.8  inches  down- 
stream of  the  tube  entrance. 

MacDonald  and  Quittenton  used  the  same  physical  proper- 
ties as  those  in  reference  28.  The  data  for  fulty  developed 
heat-transfer  coefficients  are  shown  unchanged  in  figure 
35;  equation  (1)  is  shown  for  comparison.  The  data  show 
a great  amount  of  scatter.  Consecutive  runs  at  identical 
Peclet  numbers  and  similar  temperature  levels  vary  as  much 
as  120  percent  in  Nusselt  number,  with  variations  of  30  to 
60  percent  in  consecutive  runs  being  common.  In  view  of 
this  scatter,  the  entrance  coefficients  and  over-all  average 
coefficients  have  not  been  calculated,  although  the  data  were 
sufficient  to  make  these  calculations  possible. 

Johnson,  Clabaugh,  and  Hartnett  (mercury  tests). — 
Johnson,  Clabaugh,  and  Hartnett  (ref.  24)  measured  heat- 
ing coefficients  for  mercury.  The  test  section  was  almost 
identical  to  the  test  section  described  previously  under  the 
section  “Johnson,  Hartnett,  and  Clabaugh  (lead-bismuth 
tests).”  The  test  section  was  an  aluminum-coated  tube 
with  a 0.652-inch  inner  diameter  and  a 48-inch  length. 
The  fluid  bulk  temperatures  were  measured  at  the  inlet  and 
outlet  of  the  test  section;  the  wall  temperatures  were  meas- 
ured at  eight  stations  along  the  test  section.  The  entrance 
velocity  profile  was  close  to  fully  developed.  The  method  of 
heating  approximated  very  closely  uniform  heat  input  to 
the  wall.  Local  heat-transfer  coefficients,  both  fully  devel- 
oped and  entrance,  are  presented. 
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The  physical  properties  used  by  Johnson,  Clabaugh,  and 
Hartnett  are  the  same  as  those  of  reference  28.  The  full}' 
developed  heat-transfer  coefficients  of  Johnson,  Clabaugh, 
and  Hartnett  are  shown  unchanged  in  figure  36;  equation 
(1)  is  shown  for  comparison.  The  entrance  heat-transfer 
coefficients  are  shown  in  figure  37.  Deissler's  predicted 


sis 


_ u 


g i 


Z 

■ 

3 

n 

]Z 

z 

I 

T~ 

Fteclet 
number, - 
Pe 

□ 

Pur 

e 

me 

rcur 

n 

y (no 

nw< 

dtinq) 

/ 

o Sodium  amalgam  (wetting) 

O Sodium  amalgam  (nonwettin 
— Deissler  (ref.  37) 

/ 

J 

100C 

— 

7“ 
/ 

1 

— 

— 

3op 

•pe 

ndi 

eK 

and  Pc 

alnrx 

sr  (re 

f.3( 

>)  ’ 

11  m 

r 

II 

m 

WA 

II 

II 

m 

m 

m 

II 

II 

m 

WA 

II 

- 

II 

M 

II 

a. 

m 

II 

1 

III 

!■ 

\ 

it- 

a 

m 

II 

~ 

* 

1 

1 

111 

mwmmm 

m 

cr 

II 

1 

a 

1 

m 

m 

E 

m 

11 

ED 

in 

!!■ 

III 

(a) 

c 

j 

I 

Z 

]Z 

Z 

T 

E 

BZ 

J 

i 

III 

~ . 10  I02 

'Graetz  number,  Gz- 

(a)  1 70< Peclet  number < 1000. 


I03 


I 


2.0 

1.8 

1.6 

1.4 


S.  1.2 


1.0 


z 

L 

Z 

L 

~ 

3 

n 

IT 

J 

'1600/ 

2000 

Peclet 

number, 

Pe 

□ Pure  me  rcur 

v 

y 

nor 

iwetting) 

7 

I 

Z 

o ouaium  amaigam  vweumg/ 

L O Sodium  amalgam  (nonwettinq) ) 

1 

1 

— 

-De 

issle 

r (r 

ef 

3 

7) 

WA 

m 

h 

■ 

TM 

■ 

/ 

/ 

7 

a 

/ 

■ 

WA 

■ 

1 

□ t 

71 

Q_ 

1 

< 

m 

id 

1 

~~c 

*-o 

p. 

B 

Th 

fz 

■ 

■ 

IE 

1 

(b [ 

X 

_ 

1 

10 


I02 


I03 


Graetz  number,  Gz  - 

(b)  1000< Peclet  number<2000. 


to4 


PeD 

Graetz  number,  Gz  - — j- 


Peclet  number,  Pe 


Figure  35. — Data  of  MacDonald  and  Quittenton  (refs.  22  and  23) 
for  fully  developed  heat  transfer  to  sodium  in  round  tubes. 
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Figure  34. — Data  of  Stromquist  (ref.  21)  for  entrance-region  heat  transfer  to  mercury,  with  and  without  sodium  additions,  in  round  tubes. 
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Figure  36. — Data  of  Johnson,  Clabaugh,  and  Hartnett  (ref.  24)  for 
fully  developed  heat  transfer  to  mercury  in  round  tubes. 


curves  (fig.  3(b))  are  shown  for  comparison;  the  predictions 
of  Poppendiek  and  Palmer  (fig.  3(b))  for  low  Reynolds 
number  are  also  shown  in  figure  37.  From  the  experimen- 
tal^ determined  entrance  and  fully  developed  heat-transfer 
coefficients,  it  is  possible  to  determine  by  integration  the 
over-all  average  coefficient.  The  resulting  over-all  average 
heat-transfer  coefficients  are  shown  in  figure  38;  equation 
(1)  is  shown  for  comparison. 


(a)  Length-diameter  ratio  x/D,  4.6. 

Figure  37. — Data  of  Johnson,  Clabaugh,  and  Hartnett  (ref. 


Johnson,  Hartnett,  and  Clabaugh  (laminar  and  transition 
ow). — I)  hnson,  Hartnett,  and  Clabaugh  (ref.  25)  have 
measured  heating  coefficients  for  lead-bismuth  eutectic  and 
mercury  in  the  laminar  and  transition  flow  regions.  The 
test  section  used  was  identical  to  the  test  sections  used  in 
the  investigations  of  lead-bismuth  eutectic  and  mercury  in 
the  turbulent-flow  region  by  Johnson,  Hartnett,  and  Cla- 
baugh (see  the  preceding  sections  entitled  “Johnson,  Hart- 
nett, and  Clabaugh  (lead-bismuth  tests)”  and  “Johnson, 
Clabaugh,  and  Hartnett  (mercury  tests)”).  The  test  sec- 


Peclet  number,  Pe 

(c)  Length-diameter  ratio  x/D , 23. 


24)  for  entrance-region  heat  transfer  to  mercury  in  round  tubes. 
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Figure  38. — Data  of  Johnson,  Clabaugh,  and  Hartnett  (ref.  24)  for 
average  heat  transfer  to  mercury  in  round  tubes.  Length-diameter 
ratio  Z/Z>,  74. 

tion  was  an  aluminum-coated  tube  of  0.652-inch  inner 
diameter  and  a 48-inch  length.  The  fluid  bulk  tempera- 
tures were  measured  at  the  inlet  and  outlet  of  the  test  sec- 
tion, and  the  wall  temperatures  were  measured  at  eight  sta- 
tions along  the  test  section.  The  entrance  velocity  profile 
was  in  doubt,  since  the  flow  was  mostly  in  the  transition 
region.  The  method  of  heating  approximated  very  closely 
uniform  heat  input  to  the  wall.  Local  heat-transfer  co- 


Figure 40. — Data  of  Poppendiek  and  Harrison  (ref.  26)  for  average 
heat  transfer  to  mercury  in  very  short  round  tubes. 


efficients,  both  fully  developed  and  entrance,  were  measured. 

The  physical  properties  used  by  Johnson,  Hartnett,  and 
Clabaugh  are  the  same  as  those  of  reference  28.  The  fully 
developed  heat-transfer  coefficients  are  shown  in  figure 
39(a) ; equation  (1)  is  shown  for  comparison.  The  entrance- 
region  heat-transfer  coefficients  are  shown  in  figure  39(b). 
There  has  been  no  theoretical  work  on  entrance-region  heat 
transfer  in  the  transition  flow  region;  therefore  no  curves 
can  be  shown  for  purposes  of  comparison. 


Peclet  number,  Pe  Peclet  number,  Pe 

(a)  Fully  developed  heat  transfer.  (b)  Entrance^region  heat  transfer. 

Figure  39. — Data  of  Johnson,  Hartnett,  and  Clabaugh  (ref.  25)  for  heat  transfer  to  lead-bismuth  eutectic  and  mercury  in  round  tubes  in 

laminar  and  transition  flow  regions. 
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Poppendiek  and  Harrison. — Poppendiek  and  Harrison 
(ref.  26)  have  measured  average  heating  coefficients  with 
mercury  in  very  short  test  sections.  The  test  section  was  a 
small  hole  along  the  axis  of  a copper  disk  of  3-inch  outer 
diameter  heated  on  the  outside  with  water.  An  unheated 
starting  length  was  used  so  that  the  entrance  velocity  profile 
was  very  close  to  fully  developed.  Three  different  test  sec- 
tions were  used: 


Test  section 

A 

B 

C 

Inner  diameter,  D{,  in 

J4 

Mo 

Length,  l,  in 

Mo 

M« 

The  fluid  buffi  temperatures  of  the  mercury  were  measured 
at  the  inlet  and  outlet  of  the  test  section.  Wall  tempera- 
tures were  measured  at  several  radial  stations  in  the  test 
section.  The  method  of  heating  approximated  constant  wall 
temperature. 

The  properties  used  by  Poppendiek  and  Harrison  are  the 
same  as  those  of  reference  28.  The  over-all  average  heat- 
transfer  coefficients  are  shown  in  figure  40.  Also  shown  is 
a predicted  curve  of  Poppendiek  and  Harrison  (ref.  26)  for 
average  coefficients.  They  obtained  the  curve  by  integrat- 
ing the  local  coefficients  predicted  by  Poppendiek  and 
Palmer  for  low  Peclet  numbers  (fig.  3). 


(c)  2000<Peclet  number<3000.  (d)  3000< Peclet  number<4500. 


Figure  41. — Data  of  Poppendiek  and  Harrison  (ref.  26)  for  average  heat  transfer  to  mercury  in  very  short  round  tubes  compared  with 

predictions  of  Deissler  (ref.  37). 


Nusselt  number,  Nu 
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“I 1 > 1 1 1 — 1 — r-n 1 1 

Lyon  (theor.),  ref.  6 (eq. (I) ) 

Trefethen  (mercury),  refs.  12  and  13  _ 

Johnson,  Hartnett,  and  Clabaugh  (mercury  and 
lead- bismuth  eutectic;  laminar  and  transition 
flow),  ref.  25 

Johnson,  Clabaugh,  and  Hartnett  (mercury), 
ret  24 

Stromquist  ( mercury),  ref.  21 

English  and  Barrett  (mercury),  refs.  9 and  10  ■ 

Untermeyer  (lead -bismuth  eutectic) 

Untermeyer  (lead-bismuth  eutectic  plus  magnesium)  * 
Seban  (lead-bismuth  eutectic),  ref.  II 
Isakoff  and  Drew  (mercury;  inside  wall  tempera-" 
tures  calculated  from  fluid  temperature 
profiles),  refs.  19  and  20 
Isakoff  and  Drew  (mercury;  inside  wall  tempera- 
calculated  from  outside  wall  temperatures), 
refs.  19  and  20  • 

Johnson,  Hartnett,  andClabaugh  (lead-bismuth 
eutectic),  refs.  17  and  18 
Styrikovich  and  Semenovker  (mercury),  ref.  I 


10* 


10 


I03 

Peclet  number,  Pe 


(a)  Faired  curves  of  experiments. 


So  that  the  data  could  be  compared  with  the  predictions 
of  Deissler  (fig.  3),  the  local  heat-transfer  predictions  of 
Deissler  were  integrated  to  obtain  predictions  for  average 
Nusselt  number  for  short  length-diameter  ratios.  In  figure 
41  the  data  of  Poppendiek  and  Harrison  for  average  Nusselt 
number  are  compared  with  the  predictions  of  Deissler  for 
the  average  Nusselt  number  for  small  length-diameter  ratios. 

INTERCOMPARISON  OF  EXPERIMENTAL  RESULTS  AND 
COMPARISON  WITH  THEORY 

The  experimental  results  of  the  various  investigators  will 
be  compared  with  each  other  and  with  theoretical  predic- 
tions. The  arrangement  of  the  subjects  to  be  considered 
will  be  the  same  as  in  the  section  Theoretical  Investigations 
of  Liquid-Metal  Heat  Transfer. 

Fully  developed  heat-transfer  coefficients. — Fully  devel- 
oped heat-transfer  coefficients  for  the  case  of  uniform  heat 
input  to  the  wall  were  measured  by  the  following  investi- 
gators from  the  group  of  20  investigations  reviewed:  Sty- 
rikovich and  Semenovker;  Elser;  Untermeyer;  English  and 
Barrett;  Seban;  Trefethen;  Johnson,  Hartnett,  and  Clabaugh 
(lead-bismuth  tests);  Isakoff  and  Drew;  Stromquist;  Mac- 
Donald and  Quittenton;  Johnson,  Clabaugh,  and  Hartnett 
(mercury);  and  Johnson,  Hartnett,  and  Clabaugh  (laminar 
and  transition  flow).  Curves  representing  mean  lines 
through  the  data  of  these  various  investigators  are 
shown  in  figure  42(a);  when  the  amount  of  scatter 
of  a set  of  data  is  so  great  that  no  mean  line 
can  be  drawn  through  it,  a cross-hatched  area  is  used 
to  represent  the  data;  equation  (1)  is  shown  in  figure  42(a) 
for  purposes  of  comparison.  The  spread  of  all  the  data  in 
figure  42(a)  is  extremely  great.  However,  the  following 
data  are  not  considered: 

(1)  Data  below  a Peclet  number  of  200:  These  data,  being 
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(b)  Reevaluated  data  points. 


Figure  42. — Comparison  of  measured  and  predicted  fully  developed  Nusselt  numbers  in  round  tubes  with  constant  heat  input  to  wall. 
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below  a Reynolds  number  of  10,000  and  therefore  in  the 
transition  flow  region,  are  not  intended  to  be  represented  by 
equation  (1). 

(2)  Data  of  Elser,  and  MacDonald  and  Quitten ton:  These 
are  less  reliable  because  of  the  very  large  scatter  of  the 
data. 

(3)  Data  of  Untermeyer:  Severe  corrosion  throughout 
the  duration  of  the  tests  caused  large  changes  in  the  physical 
dimensions  of  the  test  section,  as  well  as  possibly  contami- 
nating the  fluid  and  the  heat-transfer  surface. 

The  Nusselt  number  of  the  remaining  data  can  be  compared 
with  the  predicted  values  of  equation  (1)  as  follows: 


Peclet  number,  Pc 

200 

500 

1000 

2000 

5000 

9000 

Range  of  ratio  of  measured  values 

0.54 

0.  55 

0.57 

0.57 

0.55 

0.  50 

to  predicted  values. 

to 

to 

to 

to 

to 

to 

0.  69 

0.  75 

0. 96 

1.04 

1. 13 

1.26 

Another  method  of  comparing  the  data  for  the  fully 
developed  heat  transfer  is  to  show  on  a single  plot  the  actual 
corrected  data  of  all  the  investigators  (fig.  42(b)).  If  the 
same  data  are  considered  valid  in  this  figure  as  in  figure 
42(a),  a line  given  by  the  following  equation  would  best 
represent  most  of  the  data: 

A%=0.625  Pe0A  (14) 

This  equation  is  purely  empirical  and  does  not  in  an}"  way 
suggest  that  the  theoretical  predictions  are  faulty.  How- 
ever, inasmuch  as  there  is  a considerable  amount  of  scatter 
and  since  most  of  the  data  agree ‘fairly  well  with  this  line, 
it  would  seem  preferable  for  the  designer  to  use  equation  (14) 
until  further  experiment  reduces  the  uncertainty  as  to  the 
precise  values  of  liquid-metal  heat-transfer  coefficients. 

Local  heat-transfer  coefficients  in  entrance  region. — 
Entrance-region  heat- transfer  coefficients  have  been  meas- 
ured by  the  following  investigators  from  the  group  of  20 
investigations  reviewed:  English  and  Barrett;  Seban;  John- 
son, Hartnett,  and  Clabaugh  (lead-bismuth  eutectic); 
Isakoff  and  Drew;  Stromquist;  Johnson,  Clabaugh,  and 
Hartnett  (mercury);  Johnson,  Hartnett,  and  Clabaugh 
(laminar  and  transition  flow);  and  Poppendiek  and  Harrison. 
The  bulk  of  the  data  on  heat  transfer  in  the  entrance  region 
is  in  the  reports  of  Johnson,  Hartnett,  and  Clabaugh  (lead- 
bismuth  eutectic);  Stromqtiist;  Johnson,  Clabaugh,  and 
Hartnett  (mercury);  and  Poppendiek  and  Harrison;  and  is 
presented  in  figures  26,  34,  37,  and  41. 

There  is  considerable  scatter  in  most  of  the  entrance 
heat-transfer  data  presented.  The  predictions  of  Deissler 
(fig.  3)  agree  well  with  the  data  of  Stromquist  (fig.  34),  but 
fall  slightly  low  when  compared  with  the  remaining  data 
(figs.  26,  37,  and  41). 

English  and  Barrett,  Seban,  and  Isakoff  and  Drew  present 
a small  amount  of  entrance-region  heat-transfer  data.  As 
may  be  seen  from  figure  18,  the  data  of  English  and  Barrett 
are  considerably  lower  than  the  predictions  of  Diessler. 
The  data  of  Seban  (fig.  20)  agree  reasonably  well  with  the 
predictions  of  Deissler.  The  data  of  Isakoff  and  Drew 
(fig.  30)  are  considerably  higher  than  the  predictions  of 
Deissler,  which  may  be,  in  part,  due  to  the  fact  that  the 
entrance  velocity  profile  of  Isakoff  and  Drew  was  very 


nearly  flat,  while  in  the  analyses  of  Deissler  a fully  developed 
velocity  profile  was  assumed  at  the  entrance. 

Average  heat-transfer  coefficients. — Theoretical  predic- 
tions of  the  over-all  average  heat-transfer  coefficient  can  be 
made  from  the  information  on  local  heat-transfer  coef- 
ficients. The  predictions  of  Deissler  for  the  ratio  Nuf/Nux 
were  integrated  mechanically,  and  the  values  of  the  ratio  of 
average  Nusselt  number  to  fully  developed  Nusselt  number 
Nuaz/Nur  are  shown  plotted  against  length-diameter  ratio 
xjD  for  various  Peclet  numbers  in  figure  43. 

Values  of  average  Nusselt  number  were  determined  from  . 
the  values  of  the  ratio  Nuav/Nuf  in  figure  43  and  the  values 
of  fully  developed  Nusselt  number  Nuf  of  equation  (1). 
The  results  are  shown  in  figure  44,  which  gives  the  variation 
of  average  Nusselt  number  with  Peclet  number  for  several 
length-diameter  ratios. 


Figure  43. — Predictions  of  Deissler  (ref.  37)  for  variation  of  ratio  of 
average  Nusselt  number  to  fully  developed  Nusselt  number  with 
length-diameter  ratio  for  various  Peclet  numbers  (Prandtl  number, 


0.01). 
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Figure  45. — Comparison  of  measured  and  predicted  average  Nusselt 
numbers  in  round  tubes  with  uniform  heat  input  to  wall. 


The  measured  average  heat-transfer  coefficients  are 
described  as  follows: 

(1)  Uniform  heat  input  to  the  wall;  round  tubes:  Average 
heat- transfer- coefficients  in  round  tubes  with  constant  heat 
input  to  the  walls  were  measured  by  Lyon;  Werner,  King, 
and  Tidball;  Trefethen;  Lubarsky;  Johnson,  Hartnett,  and 
Clabaugh  (lead-bismuth);  Isakoff  and  Drew;  and  Johnson, 
Clabaugh,  and  Hartnett  (mercury).  Curves  representing 
mean  lines  through  the  data  of  these  various  investigators 
are  shown  in  figure  45.  Also  shown  is  the  relation  for  average 
Nusselt  number  (l/D= 100)  from  figure  44.  The  Nusselt 
numbers  of  the  data  compare  with  the  predicted  values  for 
a length-diameter  ratio  of  100  as  follows  (values  below  a 
Peclet  number  of  200  are  not  considered  because  they 
fall  in  the  transition  flow  region): 


Peclet  number,  Pe 

200 

500 

1000 

2000 

5000 

9000 

Range  of  ratio  of  measured  values 

0.  64 

0.  75 

0.54 

0.  61 

0.75 

0.70 

to  predicted  values. 

to 

to 

to 

to 

to 

to 

0.88 

1.03 

1. 10 

1.  21 

0.83 

0.88 

(2)  Uniform  wall  temperature;  round  tubes:  Average 
heat-transfer  coefficients  in  round  tubes  with  uniform  wall 

temperatures  or  with  wall  conditions  somewhere  between 

uniform  wall  temperature  and  uniform  heat  input  were 
measured  by  Gilliland,  Musser,  and  Page;  and  b}7  Doody  and 
Younger.  In  figure  46  are  curves  representing  mean  lines 
through  the  data  of  Gilliland,  Musser,  and  Page;  the  data 
of  Doody  and  Younger  are  represented  by  a cross-hatched 

area  because  of  scatter.  Also  shown  in  figure  46  are  the 

relations  for  average  Nusselt  number  (l/D=100)  calculated 
from  equations  (1)  and  (2)  and  figure  44.  The  following 

data  are  not  considered:  * 


Figure  46. — Comparison  of  measured  and  predicted  average  Nusselt 
numbers  in  round  tubes  with  uniform  wall  temperature  or  with  a 
wall  condition  somewhere  between  uniform  wall  temperature  and 
uniform  heat  input. 

(a)  Data  below  a Peclet  number  of  200:  These  data  are 
in  the  transition  flow  region. 

(b)  Data  of  Doody  and  Younger:  The  scatter  is  large. 
The  Nusselt  number  of  the  remaining  data  can  be  com- 
pared with  the  predicted  values  for  an  IjD  of  100  as  follows 
(values  of  Nusselt  number  halfway  between  the  values  of 
the  two  theoretical  curves  in  fig.  46  will  be  used  for  com- 
parison): 


Peclet  number,  Pe 

530 

1000 

Range  of  ratio  of  measured  values  to  predicted  values 

0.63 

0. 61 

to 

to 

0.69 

0.72 

(3)  Annuli:  Average  heat-transfer  coefficients  in  annuli 
or  between  flat  plates  with  constant  heat  input  to  the  wall 
were  measured  by  Lyon;  Werner,  King,  and  Tidball; 
Sineath;  Trefethen;  and  Lubarsky.  Figure  47  shows  curves 
representing  mean  lines  through  the  data  of  these  various 
investigators;  also  shown  are  the  relations  for  average 
Nusselt  number  (l/D=  100)  calculated  from  equations  (4) 
and  (5)  and  figure  44.  The  Nusselt  numbers  of  the  data 
compare  with  the  predicted  Nusselt  numbers  (average  of 
the  Nusselt  numbers  of  the  two  theoretical  curves  of  fig. 
47)  as  follows  (values  below  a Peclet  number  of  200  are  not 
considered  because  the}2 * * * * 7  fall  in  the  transition  flow  region): 


Peclet  number,  Pe 

200 

500 

1000 

Range  of  ratio  of  measured  values  to  predicted  values. 

0.69 

to 

1.21 

0. 39 
to 

1.37 

0.39 
to 
0.  67 
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Figure  47. — Comparison  of  measured  and  predicted  average  Nusselfc 
numbers  in  annuli  and  between  flat  plates  with  uniform  heat  input 
to  wall. 


Temperature  distribution. — The  only  experimental  data 
on  temperature  distribution  are  those  of  Isakoff  and  Drew. 
Plots  of  the  temperature  distributions  measured  by  them  are 
shown  in  figure  32;  Martinelli's  predicted  temperature  distri- 
butions are  shown  for  comparison.  It  is  possible  to  use 
Isakoff  and  Drew's  temperature  and  velocity  profiles  (the 
measured  velocity  profiles  check  quite  well  with  the  pre- 
dicted velocity  profiles)  to  calculate  the  values  of  the  ratio 
(tw  / ($w  ic)  shown  in  figure  48.  Martinelli’s  predictions 
(fig.  5)  for  the  ratio  (tu>—tm)l(tw—tc)  are  also  shown.  The 
measured  values  are  smaller  than  the  predicted  values.  The 
predicted  values  of  Martinelli  for  (tw—tm)/(tw—tc)  were  used 
to  calculate  the  fluid  bulk  temperature  in  those  cases  in 
which  fluid  centerline  temperature  was  measured  (Elser; 
Doody  and  Younger;  Werner,  King,  and  Tidball  (test 
section  A)).  If  the  values  of  (ttD’—tm)/(tw—'tc)  are  actually 
lower  than  predicted  by  Martinelli,  the  Nusselt  numbers  of 
these  cases  would  increase. 


Figure  48. — Comparison  of  measured  and  predicted  values  of  ratio 
C tw—tm)l(tw—te ) in  round  tubes  with  uniform  heat  input  to  wall. 


1.4 


A Lubarsky,  ref.  16 
8 Sfromquisi,  ref.  21 
C Johnson  Hartnett,  and  Clabaugh  (lead-bismuth  I 
eutectic?;  fully  developed  data,  refs.  17  and  18 1 
D Isakoff  and  Drew,  fully  developed  data  (inside 
wall  temperatures  calculated  from  temper- 
ature profiles),  refs.  19  and  20 
E Seban,  ref.  II 
F Lyon,  ret  6 

G Johnson,  Clabaugh, and  Hartnett  (mercury); 

fully  developed  data,  ref.  24 
H Trefethen,  refs.  12  and  13 
J English  and  Barrett  refs.  9 and  10 
K Werner,  King,  and  Tidball  (test  section B1  ref.  7 i 
M Werner  King  and  Tidball  (test  section  , 
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Figure  49. — Variation  of  ratio  of  measured  Nusselt  number  to  pre- 
dicted Nusselt  number  with  Peclet  number. 


Final  comparison  of  heat-transfer  data. — The  experi- 
mental data  of  all  the  investigators  for  fully  developed  and 
average  heat-transfer  coefficients  have  been  compared  with 
the  appropriate  prediction,  and  the  results  are  shown  in 
table  I. 

The  variation  of  the  ratio  of  measured  to  predicted  Nusselt 
number  with  Peclet  number  is  shown  in  figure  49  for  some  of 
the  data  of  table  I.  The  results  which  are  not  shown  in 
figure  49  were  not  included  for  the  following  reasons: 

(1)  There  is  large  scatter  of  data. 

(2)  Obvious  uncertainties  exist  as  to  the  accuracy  of  the 
data. 

(3)  The  measurements  are  of  average  heat-transfer  co- 
efficients which  were  made  concurrently  with  the  measure- 
ments of  fully  developed  coefficients;  the  fully  developed 
coefficients  are  shown  in  figure  49. 

(4)  The  measurements  are  of  annulus  heat-transfer  co- 
efficients which  were  made  concurrently  with  the  measure- 
ments of  round-tube  coefficients;  the  round-tube  coefficients 
are  shown  in  figure  49. 

On  the  basis  of  the  results  shown  in  table  I and  figure  49,  it 
can  be  seen  that  most  of  the  measured  values  of  fully  de- 
veloped and  average  Nusselt  numbers  for  turbulent  flow  (as 
given  by  eqs.  (1),  (2),  (4),  and  (5)  and  fig.  43)  fall  between  60 
to  80  percent  of  their  predicted  values. 

SUGGESTED  EXPERIMENTAL  WORK 

It  is  suggested  that  the  type  of  experiment  most  likely  to 
reduce  the  uncertainties  with  respect  to  liquid-metal  heat 
transfer  would  be  one  in  which  velocity  and  temperature 
profiles  were  measured  in  the  fluid,  somewhat  like  the  ex- 
periment of  Isakoff  and  Drew.  The  experiment  of  Isakoff 
and  Drew  could  be  improved  by  the  use  of  a thick,  high- 
conductivity  metallic  coating  around  the  test  section  similar 
to  the  one  used  by  Seban  or  Johnson,  Hartnett,  and  Clabaugh; 
this  would  probably  eliminate  the  uncertainties  in  the 
measurements  of  outside  wall  temperature. 

The  experimental  data  are  insufficient  to  lead  to  any  con- 
clusion concerning  liquid-metal  heat  transfer  in  the  laminar 
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and  transition  flow  regions.  Such  data  are  greatly  needed, 
because  the  small  amount  of  data  in  these  flow  regions 
disagrees  considerably  with  theoretical  predictions. 

SUMMARY  OF  RESULTS 

The  review  of  the  experimental  investigations  of  liquid- 
metal  heat  transfer  may  be  summarized  as  follows: 

.1.  The  experimental  data  of  the  various  investigators  were 
reevaluated  using  assumptions  and  methods  as  consistent  as 
possible,  and  the  results  were  compared  with  each  other  and 
with  theoretical  values. 

2.  The  reevaluated  experimental  data  for  fully  developed 
Nusselt  number  in  the  turbulent-flow  region  were  found  still 
to  have  considerable  spread,  and  most  of  the  data  are  lower 
than  predicted  theoretically. 

3.  An  equation  based  on  empirical  grounds,  which  best 
represents  most  of  the  fully  developed  heat-transfer  data,  is 

A%=0.625  Pe0A 

where  Nu  and  Pe  represent  Nusselt  number  and  Peclet 
number,  respectively. 

4.  The  theoretical  predictions  of  heat  transfer  in  the 
entrance  region  were  found  to  give  lower  values,  in  most 
cases,  than  those  found  in  the  experimental  work. 

5.  Integrating  the  theoretical  and  experimental  results  for 
the  ratio  Nux/Nur  gave  predictions  for  the  value  of  the  ratio 
Nuav/Nuf  over  a range  of  Peclet  number  and  length-diameter 
ratio. 

6.  The  small  amount  of  data  on  temperature  distribution 
disagreed  with  the  theoretical  predictions,  the  discrepancy 
increasing  with  decreasing  Reynolds  number. 

7.  The  experimental  evidence  is  insufficient  to  lead  to  any 
conclusion  about  liquid-metal  heat  transfer  in  the  laminar 
and  transition  flow  regions. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  November  4,  1954- 
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TABLE  I— COMPARISON  OF  HEAT-TRANSFER  DATA 


Investigation 

Ref. 

Type  of  heat-transfer 
coefficient  measured 

Theoretical  eq.  used  for 
comparison 

Ratio  of  measured  Nusselt 
number  to  predicted  Nus- 
selt number  for  Peclet 
number  of — 

200 

500 

1000 

2000 

Styrikovich  and  Semen- 
ovker. 

1 - 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nu/=  7.0  + 0.025  Pe,°-S 

-- 

-- 

0.  80 

0.  77 

Gilliland,  Musser,  and 
Page  (heating  data). 

2,  3 

Round  tube,  over-all  av., 
uniform  wall  tempera- 
ture. 

A'it/=5.0  + 0.025  pefo.S! 

* corrected  for  l/D  = 44. 

-- 

0.  69 

0.  72 

-- 

Gilliland,  Musser,  and 
Page  (cooling  data). 

2,  3 

Round  tube,  over-all  av., 
between  uniform  heat 
input  and  uniform  wall 
temperature. 

Arw/=  6.0 + 0.025  Pe/0-8,  (av. 
of  eqs.  (1)  and  (2)),  cor- 
rected for  ///)=160. 

! 

0.  63 

0.  61 

Elser  __ 

4 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

i\lUf=  7.0  + 0.025  Pe/0-8 

-- 

-- 

-- 

0.  17 
. 40 

Bailey,  Cope,  and  Wat- 
son. 

5 

Round  tube,  fully  devel- 
oped, between  uniform 
heat  input  and  uniform 
wall  temperature 

/Vit/=  6.0 + 0.025  Pe/>-s,  (av. 
of  eqs.  (1)  and  (2)). 

0.  36 

0.  46 

0.  39 

0.  35 

Lvon  (tube  data)-- 

G 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf=  7.0  + 0.025  Pe/0-8,  cor- 
rected for  1/0  = 110. 

0.  63 

0.  72 

0.  80 

-- 

Lyon  (annulus  data) 

6 

Annulus,  over-all  av.,  uni- 
form heat  input. 

Nufttin  = 5.8  + 0.020 
Pe/an0  8,  corrected  for 
l/D  = 225. 

0.  74 

0.  90 

-- 

— 

Untermeyer  (without 
magnesium  additions). 

--- 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nvj=  7.0  + 0.025  Pe,08 

-- 

0.  16 

0.  23 

0.  48 

Untermeyer  (with  mag- 
nesium additions). 

--- 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Ar?t/=  7.0  + 0.025  Pe/-8 

-- 

0.  92 

0.  80 

-- 

Werner  and  King  (heat 
exchanger  A,  tube 
data) . 

--- 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf=  7.0  + 0.025  Pe/-8,  cor- 
rected for  l/D  = 49. 

0.  69 

0.  76 

0.  79 

-- 

Werner  and  King  (heat 
exchanger  A,  annulus 
data).. 

Annulus,  over-all  av.,  uni- 
form heat,  input. 

NUf  an:=0.75(/J>o/Pi)0‘3X 
(7.0  + 0.025  Pef.an**), 
D0/Di=  1 .83,  corrected 
for  l/D  = 55. 

0.  90 

Werner,  King,  and  Tid- 
ball  (heat  exchanger 
B,  tube  data). 

7 

* 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf—  7.0  + 0.025  Pe/-8,  cor- 
rected for  If  I)  ~ 49. 

0.  97 

1.  04 

1.  14 

Werner,  King,  and  Tid- 
ball  (heat  exchanger 
B,  annulus  data). 

7 

Annulus,  over-all  av.J  uni- 
form heat  input. 

Arw/.an-0.75(Do/Pt)°-3X 
(7.0  + 0.025  Pe/.a„°-8), 
D0/Di=  1.83,  corrected 
for  l/D= 55. 

1.  15 

1.  29 

Sineath  _ 

8 

Rectangular  ducts,  over-all 
av.,  uniform  heat  input. 

JVw/=  5.8 +0.020  Pe/,a„0'8, 
corrected  for  Z/D  = 5 0. 

-- 

0.  41 

0.  40 

-- 

English  and  Barrett 

9,  10 

Round  tube,  fulh7  devel- 
oped, uniform  heat  input. 

AT?t/=  7.0  + 0.025  Pe/0-8 

0.  61 

0.  74 

-- 

-- 

Seban 

11 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Arit/=  7.0 + 0.025  Pe/0-8 

-- 

-- 

0.  67 

0.  58 

Trefethen  (fully  devel- 
oped tube  data). 

12,  13 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Arit/=  7.0  + 0.025  Pe/0-8 

0.  68 

0.  77 

0.  78 

0.  76 

Trefethen  (over-all  aver- 
age tube  data). 

12,  13 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf=  7.0+ 0.025  Pe/0-8,  cor- 
rected for  l/D  = 65. 

0.  74 

0.  83 

0.  86 

0.  87 

a “Corrected  for  l/D”  means  that  the  fully  developed  Nusselt  number  found  from  the  eq.  was  multiplied  by  the  ratio 
Nuav  /NUf  from  fig.  43. 


REVIEW  OF  EXPERIMENTAL  INVESTIGATIONS  OF  LIQUID-METAL  HEAT  TRANSFER  477 


TABLE  I.  COMPARISON  OF  HEAT-TRANSFER  DATA— Concluded 


Investigation 

Ref. 

Type  of  heat-transfer 
coefficient  measured 

Theoretical  eq.  used  for 
comparison 

Ratio  of  measured  Nusselt  number  to 
predicted  Nusselt  number  for  Peclet 
number  of — 

200 

500 

1000 

2000 

5000 

9000 

Trefethen  (over-all  aver- 
age annulus  data). 

12,  13 

Annulus,  over-all  av.,  uni- 
form heat  input. 

Average  of  Nu/= 5.8+ 0.020 
Pe/> -8  and  Nuf =0.7 5 ( DJ 
Di)0’3  (7.0  + 0.025  Pe/,o„0  S), 

yy^=2,  corrected  for  l/D  = 

i 

200.  ' 

0.  81 

0.  87 

Doody  and  Younger  (data 
with  no  sodium  addi- 
tions). 

14,  15 

Round  tube,  over-all  av., 
between  uniform  heat 
input  and  uniform  wall 
temperature. 

Arw/=  6.0  + 0.025  /V-8,  (av- 
erage of  eqs.  (1)  and  (2)), 
corrected  for  Z/Z)  =114. 

0.  22 
. 51 

0.  33 
. 53 

Doody  and  Younger  (data 
with  sodium  additions). 

14,  15 

Round  tube,  over-all  av., 
between  uniform  heat 
input  and  uniform  wall 
temperature. 

Nuf=  6.0  + 0.025  Pe/°-s,  (av- 
erage of  eqs.  (1)  and  (2)), 
corrected  f or  1/ D=  114. 

0.  50 
. 92 

Lubarsky  (tube  data) 

16 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf=  7.0  + 0.025  Pe/0*8,  cor- 
rected for  //D=100. 

-- 

-- 

0.  54 

0.  61 

-- 

-- 

Lubarsky  (annulus  data) 

16 

Annulus,  overall-av.,  uni- 
form heat  input. 

Nuftan=  5.8  + 0.020Pe/.a„°*s, 
corrected  for  l/D  = 320. 

-- 

0.  59 

0.  72 

-- 

-- 

-- 

Johnson,  Hartnett,  and 
Clabaugh  (lead-bis- 
muth eutectic,  fully 
developed  data). 

17,  18 

Round  tube,  fully  developed, 
uniform  heat  input. 

Nuf=  7.0  + 0.025  Pe/0*8 

0.  76 

0.  70 

Johnson,  Hartnett,  and 
Clabaugh  (lead- bis- 
muth eutectic,  over-all 
average  data). 

17,  18 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf=  7.0+0.025  Pc/®-8,  cor- 
rected for  l/D=  74. 

0.  77 

0.  72 

— 

Isakoff  and  Drew  (fully 
developed  data,  inside 
wall  temperature  calcu- 
lated from  fluid  temper- 
ature profile) . 

19,  20 

Round  tube,  fully  developed, 
uniform  heat  input. 

A^/=7.0-0.025  Pe/>*8 

0.  97 

1.  05 

1.  14 

1.  25 

Isakoff  and  Drew  (fully 
developed  data,  inside 
wall  temperature  calcu- 
lated from  outside  wall 
temperature). 

19,  20 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nuf=  7.0  + 0.025  Pe/*8 

0.  95 

0.  94 

0.  90 

0.  91 

Isakoff  and  Drew  (over- 
all average  data,  inside 
wall  temperature  calcu- 
lated from  outside  wall 
temperature). 

19,  20 

Round  tube,  over-all  av., 
uniform  heat  input. 

Arw/=7.0+0.025  Pe/0*8,  cor- 
rected for  l/D=  138. 

0.  93 

0.  84 

0.  84 

0.  86 

Stromquist 

21 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nuf=  7.0+0.025  Pe/0*8 

0.  54 

0.  55 

0.  57 

0.  58 

0.  54 

0.  51 

MacDonald  and  Quitten- 
ton. 

22,  23 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nuf=  7.0  + 0.025  Pe/0*8 

1.  0 
. 26 

-- 

— 

-- 

-- 

— 

Johnson,  Clabaugh,  and 
Hartnett  (mercury,  ful- 
ly developed  data). 

24 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nu,=  7.0+ 0.025  Pe/0-8 

0.  68 

0.  70 

0.  71 

0.  70 

Johnson,  Clabaugh,  and 
Hartnett  (mercury, 
over-all  average  data). 

24 

Round  tube,  over-all  av., 
uniform  heat  input. 

Nuf=  7.0  + 0,025  Pe/0-8,  cor- 
rected for  l/D=  74. 

0.  70 

0.  73 

0.  75 

0.  76 

0.  76 

0.  69 

Johnson,  Hartnett  and 
Clabaugh  (laminar  and 
transition  flow). 

25 

Round  tube,  fully  devel- 
oped, uniform  heat  input. 

Nu/=  7.0  + 0.025  Pe/0-8 

0.  68 

-- 

REPORT  1271 


ON  BOATTAIL  BODIES  OF  REVOLUTION  HAVING  MINIMUM  WAVE  DRAG1 


By  Keith  C.  Harder  and  Conrad  Rennemann,  Jr. 


SUMMARY 

The  'problem  of  determining  the  shape  of  slender  boattail 
bodies  of  revolution  for  minimum  wave  drag  has  been  reex- 
amined. It  was  found  that  minimum  solutions  for  Ward’s 
slender-body  drag  equation  can  exist  only  for  the  restricted 
class  of  bodies  for  which  the  rate  of  change  of  crosssectional 
area  at  the  base  is  zero . In  order  to  eliminate  this  restriction, 
certain  higher  order  terms  must  be  retained  in  the  drag  equation 
and  isoperimetric  relations.  The  minimum  problem  for  the 
isoperimetric  conditions  of  given  length,  volume,  and  base  area 
is  treated  as  an  example.  According  to  Ward’s  drag  equation, 
the  resulting  body  shapes  have  slightly  less  drag  than  those 
determined  by  previous  investigators. 

INTRODUCTION 

An  approximate  expression  for  the  wave  drag  of  slender 
bodies  of  revolution  having  zero  rate  of  change  of  cross- 
sectional  area  at  the  base  was  first  given  by  Von  Karman 
(ref.  1).  By  using  this  expression,  together  with  the  calculus 
of  variations,  several  investigators  (refs.  1 to  3)  have  deter- 
mined minimum-wave-drag  bodies  for  various  isoperimetric 
conditions.  Later,  Ward  (ref.  4)  derived  the  slender-body 
approximation  for  the  drag  of  bodies  with  a nonzero  rate  of 
change  of  cross-sectional  area  at  the  base. 

In  reference  5,  Adams  considered  several  minimum- wave- 
drag  problems  on  the  basis  of  Ward’s  equation.  In  each  case 
he  concluded  that  the  minimum-drag  body  had  zero  slope 
at  the  base.  This  conclusion  implied  that  the  minimum 
shapes  for  Ward’s  equation  are  the  same  as  those  for  Von 
Karman’s.  Recently,  Parker  (ref.  6)  presented  a different 
expression  for  the  wave  drag  of  slender  bodies  and  showed 
that  the  optimum  body  having  given  length  and  base  area 
has  a finite  slope  at  the  base.  Clearly,  this  result  is  not  in 
agreement  with  that  obtained  b}7  Adams. 

In  the  present  report,  the  problem  of  determining 
minimum-drag  boattail  bodies  of  revolution  on  the  basis  of 
linear  theory  is  reexamined  with  particular  emphasis  on  the 
choice  of  drag  equation,  isoperimetric  relations,  and  method 
of  calculating  the  body  shape.  The  minimum  problem  for 
the  isoperimetric  conditions  of  given  length,  volume,  and 
base  area  is  treated  as  an  example. 


DISCUSSION  OF  MINIMUM-WAVE-DRAG  PROBLEM 

Within  the  approximations  of  linear  theor}7,  the  supersonic 
flow  past  slender  bodies  of  revolution  can  be  represented  by 
a distribution  of  sources  along  the  axis  of  the  body.  The 
wave  drag  D of  the  bod}7  may  be  related  to  the  source 
distribution  (ref.  1)  by 

w=~S!ionx)m  x°&\x~t\dxdz  a) 

provided  the  source  distribution  f(x)  is  zero  at  the  nose  and 
the  base  (i,  e., /(0)=/(Z)=0)  where  p is  the  stream  density 
and  U is  the  stream  velocity.  The  coordinate  system  is 
shown  in  the  following  sketch : 


r 


In  the  slender-body  approximation,  the  source  strength  is 
related  to  the  body  cross-sectional-area  distribution  A{x)  by 

ft  A 

(2) 

and  the  restriction  that/(Z)=0  implies  that  either  the  body 
is  closed  (R(l)  = 0)  or  that  the- body  has  zero  slope  at  the 
base  (R'(l)=  0). 

Several  investigators  (refs.  1 to  3)  have  determined  mini- 
mum-wave-drag bodies  for  various  isoperimetric  conditions 
by  applying  the  calculus  of  variations  to  equation  (1). 
However,  as  a result  of  the  restriction  that/(Z)  = 0,  these 
shapes  can  be  considered  optimum  only  for  the  restricted 
class  of  bodies  having  zero  rate  of  change  of  cross-sectional 
area  at  the  base. 


• Supersedes  NACA  Technical  Note  3478  by  Keith  C.  Harder  and  Conrad  Rennemann,  Jr.,  1955. 
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WARD’S  DRAG  EQUATION 

An  equation  which  does  not  have  the  restriction  that 
/(Z)  = 0 was  proposed  by  Ward  (ref.  4)  on  the  basis  of  slender- 
body  theory  as 

2/(0  log  log,  ® (3) 


where  /3=VM2—  1 and  M is  the  Mach  number.  The  source 
strength  is  again  related  to  the  body  geometry  by  equa- 
tion (2). 

The  problem  of  determining  the  source  distribution  which 
minimizes  the  drag  given  by  equation  (3)  for  given  isoperi- 
metric  conditions  without  specifying  the  value  of  f(l)  at  the 
outset  is  a variable  end-point  problem  of  the  calculus  of 
variations.  In  appendix  A this  problem  is  considered  for 
a general  type  of  isoperimetric  condition  where  it  is  shown 
that,  if  a mathematical  minimum  exists,  it  satisfies  the  con- 
dition/(Z)=0.  The  significance  of  the  mathematical  solu- 
tion obtained  by  the  variational  procedure  warrants  further 
consideration  since  the  variational  procedure  assumes  the 
existence  of  a solution  at  the  outset  and,  consequently,  can 
lead  only  to  necessary  conditions  for  the  attainment  of  an 
extremum.  Three  mutually  exclusive  possibilities  must  be 
considered : 

(1)  A minimum  for  Ward's  equation  exists  for  the  class 
of  bodies  having  all  values  of  the  slope  at  the  base  and 
satisfies  the  condition/®  = 0. 

(2)  A minimum  for  Ward's  equation  exists  only  for  the 
restricted  class  of  bodies  for  which /(Z)=0. 

(3)  No  minimum  exists  for  Ward's  equation. 

A single  example,  not  satisf3fing  the  condition /(Z)  = 0 but 
‘ having  less  drag  than  the  shape  obtained  by  the  variational 
procedure,  is  sufficient  to  eliminate  the  first  possibility. 
Perhaps  the  simplest  example  is  the  cone  which,  for  given 
length  and  base  area,  has  less  drag  than  the  variational  min- 

imurn  (Von  K&rmdn's  ogive)  for  /3  = 0.164.  However, 

a more  illuminating  example  is  given  by  the  body 

A(»)=  A(l)  - f x+U'-x)  log,  (l-^Yl  (Ogxgl)  (4) 
l+(  logepL  V lJA 

where  A(l)  is  the  base  area,  Z'=Z  + e,  and  e is  a parameter 
related  to  the  slope  at  the  base  7?'(Z)  by 


R\l)=- 

2 


B(!)  log/ 
(/+«  loge  jt) 


For  this  body,  Ward's  equation  (eq.  (3))  gives  the  result  that, 
for  small  e, 


which  approaches  minus  infinity  as  e approaches  zero;  that  is, 
as  the  slope  and  curvature  at  the  base  both  approach  infinity. 
(The  mathematical  symbol  0{  ) denotes  the  order  of  a func- 
tion.) The  body  shape  for  e=0  is  shown  in  the  following 
sketch : 


In  order  to  decide  between  the  second  and  third  possibil- 
ities, it  would  be  necessary  to  prove  the  existence  or  non- 
existence of  a minimum  solution  for  Von  Karman's  drag 
equation  (eq.  (1)).  Such  a study  is  beyond  the  scope  of  the 
present  report;  however,  it  should  be  noted  that  the  min- 
imum solutions  obtained  for  Von  Karman's  equation  have 
provided  a useful  guide  in  the  search  for  low-drag  shapes. 
It  is  in  this  same  vein  that,  later  in  the  report,  minimum 
problems  are  considered  on  the  basis  of  a different  drag 
equation.  Since  existence  proofs  are  not  attempted,  the 
most  that  can  be  claimed  is  that,  if  a solution  exists,  it  must 
have  a certain  mathematical  form.  However,  in  order  to 
avoid  the  repetition  of  this  qualifying  remark  in  the  remainder 
of  the  report,  solutions  obtained  by  the  calculus  of  variations 
are  referred  to  as  minimum  solutions. 

The  problem  under  discussion  has  been  previously  consid- 
ered by  Adams  (ref.  5)  who  correctly  determined  the  neces- 
sary conditions  for  a minimum.  His  interpretation  of  these 
conditions  was  that  the  optimum  boattail  body  has  zero  rate 
of  change  of  cross-sectional  area  at  the  base.  However,  the 
proper  interpretation  is  that,  if  a minimum  exists,  it  exists 
only  for  the  restricted  class  of  bodies  having  zero  rate  of 
change  of  cross-sectional  area  at  the  base. 
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PARKER’S  DRAG  EQUATION 

From  the  preceding  discussion,  it  is  clear  that  Ward's  drag 
equation  (eq.  (3))  cannot  be  used  to  determine  minimum- 
drag  boattail  bodies.2  Parker  (ref.  6)  has  shown  that  applica- 
tion of  the  calculus  of  variations  to  the  drag  equation 


4?rD 

w 


mn*)  cosh-1 


PW)(x-0  \ 


| dx  r/£ 

(5) 


which  he  obtained  on  the  basis  of  linear  theory,  yields  a 
minimum  without  the  restriction  that/(Z)  = 0 for  the  isoperi- 
metric  conditions  of  given  length  and  base  area.  The  body 
shape  so  determined  has  a finite  slope  at  the  base  and  less 
drag  than  the  mathematical  minimum  for  equation  (3). 

Equation  (5)  contains  some  higher  order  terms  which  are 
not  included  in  the  slender-body  approximation  to  the  drag 
(eq.  (3))  since  Parker  did  not  make  the  slender-body  approxi- 
mation to  the  velocity  potential  in  the  derivation.  Appar- 
ently, the  additional  terms  are  necessaiy  in  order  to  obtain 
minimum-drag  shapes  without  the  restriction  that  /(Z)  = 0. 
However,  it  should  not  be  inferred  that  equation  (5)  neces- 
sarily gives  a better  estimate  of  the  drag  of  bodies  satisfying 
the  assumptions  of  slender-body  theory  than  equation  (3). 
Ligh thill  (ref.  8)  has  shown  that  the  slender-bodv  equations 
(eqs.  (2)  and  (3))  are  fully  as  accurate  as  the  linearized  dif- 
ferential equations  of  motion  for  sufficiently  smooth  bodies. 
Consequently,  the  slender-body  results  are  theoretically 
equivalent  to  those  obtained  without  making  the  slender-  • 
body  approximation. 


ISOPERIMETRIC  CONDITIONS 


and  base.  The  linear-theory  expression  for  A'(x ) is 


(■*-*  M)/M 

jo  V(x-Q2-02r2 


(6) 


where  r is  on  the  body  surface.  Equation  (6)  is  approxi- 
mately satisfied  by  evaluating  the  integral  on  the  cone 


r=R(l)  j Then, 


V 


(x-Qf'(QdS 


(7) 


from  which,  with  5=8 
and 

A{1)  ~ /:  ° -i>  MW1-®*-**1*  ^ (8) 

where  use  lias  been  made  of  the  condition  /(0)  = 0.  Simi- 
larly, the  volume  V is  given  approximately7'  by 

v-wr  # o) 


In  the  derivation  of  equations  (8)  and  (9)  from  equation  (7), 
terms  of  the  order  of  52log65  have  been  neglected.  The 
slender-body  approximation  to  the  isoperimetric  relations 
is  obtained  by  equating  5 to  zero  in  equations  (8)  and  (9). 


The  isoperimetric  conditions  most  commonly  considered 
have  been  those  of  fixed  length,  volume,  and  base  area.  In 
order  to  carry  out  the  mathematical  details  of  determining 
the  source  strength  which  minimizes  the  drag,  the  isoperi- 
metric conditions  must  be  direct]}*  related  to  the  source 
strength.  The  simplest  relations  would  appear  to  be  those 
given  by  slender-body  theory.  However,  in  order  to  carry 
out  the  analysis*  on  the  basis  of  Parker's  equation,  certain 
higher  order  terms  must  be  retained  in  the  isoperimetric 
relations.  In  particular,  the  limits  of  integration  in  the 
isoperimetric  relations  must  be  the  same  as  those  in  the  drag 
equation.  Furthermore,  the  analysis  can  sometimes  be 
simplified  by  including  certain  additional  higher  order  terms 
in  the  integrand  of  the  isoperimetric  relations. 

The  relation  between  the  isoperimetric  conditions  and 
source  strength  used  in  the  example  to  be  treated  in  the 
present  report  is  obtained  by  approximately  satisfying  the 
boundary  conditions  on  a cone  passing  through  the  nose 

* Essentially  the  same  arguments  can  be  used  to  show  that  Ligh  thill’s  drag  equation  (ref. 
7),  which  was  derived  for  slender  shapes  with  discontinuities  in  slope,  cannot  be  used  to 
determine  minimum-drag  bodies  with  corners. 


CALCULATION  OF  BODY  SHAPE 

When  the  calculus  of  variations  is  applied  to  the  drag 
equation  and  isoperimetric  relations,  the  resulting  source 
strength  for  minimum  drag  contains  several  constants  to 
be  determined  from  the  isoperimetric  conditions.  The 
calculation  of  these  constants  and  the  body  shape  can  be 
treated  independently  of  the  minimization  process. 

Since  higher  order  terms  have  been  retained  in  the  drag 
equation  and  isoperimetric  relations,  the  question  arises 
as  to  whether  similar  terms  should  be  retained  in  the  body- 
shape  calculation.  Theoretically,  the  inclusion  of  these 
terms  does  not  affect  the  accuracy  of  the  result  for  shapes 
satisfying  the  assumptions  of  slender-body  theory.  Even 
so,  it  is  interesting  to  compare  the  various  body  shapes 
obtained  from  the  source  distribution 

/(£) — K VI  [Z + &R(l)  ~ £]  (10) 

found  by  Parker  to  give  minimum  drag  for  the  isoperimetric 
conditions  of  given  length  and  base  area.  In  equation  (10), 
K is  a constant  to  be  determined  from  the  isoperimetric 


482 


REPORT  1271 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


conditions.  The  numerical  value  of  K depends  on  the  method 
used  to  calculate  the  body  shape. 

Parker  calculated  the  body  shape  from  this  source  distri- 
bution without  making  the  slender-body  approximation  by 
numerically  solving  the  integral  equation 

rx-pR  (j)  

^)=Jo  f'toMiz-Q'-im&dZ  (11) 

The  body  shape  calculated  from  equation  (10)  by  means  of 
the  slender-body  expression  A'(x)=f(x)  is 

A{x)=m^  [*Vl  — t’+cos-H— Q]  (-l^tgc)  (12) 
where 

a 1 +t  Kl 2 A(l)  J-pR{l) 

l 1+c  2(l+c)2  c V 1— c2+cos“l  (— c)  l+pR(l) 

When  the  expression  A'(x)  —f(x)  is  altered  to  take  partially 
into  account  the  fact  that  a given  point  on  the  body  is 
influenced  only  by  sources  in  the  upstream  Mach  cone  by 
equating 


dA(x)_ 


dx 

the  body  shape  is  given  by 
l2K 


--j(x  1 


(13) 


A(x)= 


where 


and 


’4c(l+c) 


[t  Vl  — <2+cos-1  (—  0]  (—  ist^2c— 1) 


(14) 


-1 

1 l 1 


l2K 


A(l ) 


4c(l+c)  2(2c— 1)  Vc(l—  c)+cos  *(1—  2c) 

The  body  shapes  calculated  by  means  of  equations  (11), 
(12),  and  (14)  for  /3  ^^=0.2  are  compared  in  figure  1.  The 
differences  between  the  shapes  are  small  even  for  this  rather 


large  value  of  jS 


For  smaller  values  of  the  differ- 


ences are  even  less  and  the  shapes  become  coincident  as  0 
approaches  zero.  Similar  body-shape  calculations  based  on 


Figure  1. — Comparison  of  body  shapes  calculated  from  source  ditrsi- 
bution  given  by  equation  (10)  by  various  methods  for  ^——=0.2. 


equations  (2)  and  (13)  for  the  source  strength  that  is  derived 
in  the  example  (fixed  volume,  length,  and  base  area)  were 

performed  for  ^—^=0.05  and  several  values  of  /32  ^ where 

V is  the  volume.  This  comparison  is  not  presented  since  the 
body  shapes  obtained  by  the  two  methods  are  almost  iden- 
tical. Evidently,  the  difference  in  body  shape  is  appreciable 
only  for  shapes  that  cannot  be  considered  slender.  Conse- 
quently, the  simpler  slender-body  relation  is  preferable. 

The  discussion  concerning  the  inclusion  of  higher  order 
terms  is  briefly  summarized  as  follows:  Higher  order  terms 
must  be  retained  in  the  drag  equation  in  order  to  obtain  the 
minimum-drag  boattail  body;  having  done  this,  higher  order 
terms  must  also  be  retained  in  the  isoperimetric  relations  in 
order  to  perform  the  anatysis.  Once  the  source  strength  for 
minimum  drag  has  been  determined  within  several  unde- 
termined constants,  higher  order  terms  need  not  be  retained 
in  the  calculation  of  the  shape  and  drag  of  bodies  satisfying 
the  assumptions  of  slender-body  theory. 

PROBLEM  OF  LENGTH,  VOLUME,  AND  BASE  AREA 

The  problem  of  determining  the  body  shape  that  gives 
minimum  wave  drag  for  fixed  length,  volume,  and  base  area 
is  treated  in  order  to  illustrate  the  ideas  developed  in  the 
preceding  sections.  The  minimum-drag  body  having  given 
length  and  base  area  or  given  length  and  volume  can  be 
obtained  as  special  cases  of  the  problem  under  consideration. 

The  source  distribution  for  minimum  drag  is  obtained  by 
applying  the  calculus  of  variations  to  equations  (5),  (8), 
and  (9),  and  as  shown  in  appendix  B,  this  leads  to  the  source 
distribution 

m)=(a+bQM-z+mi)}  (i5) 

where  a and  b are  constants  to  be  determined  from  the 
isoperimetric  conditions. 

As  discussed  in  the  previous  section,  the  body  shape  is 
determined  on  the  basis  of  the  slender-body  equations. 
Integration  of  A'  (x)  =J(x)  gives 

A(x)=0Tcf  {j  [<VT=F+cos-‘  (-*)]-§  d-*2)3'2} 

(-1  %t^c)  (16) 

where 

x 1 +t  _l-pR(l)  p 1+PR(1)  , 
l~l+c  C l+0R(l)  2 

and 

A=a+l±^R(l)  b 

The  base  area  is  given  by 

{j  [cVl^M-cos-1  (_c)]-|  (1-cT2}  (17) 

The  volume  is  obtained  from  equation  (16)  as 

V=W&?  {^[c  cos_1  (-<>)+ Vi^2-|  (i -cT/2]- 

|[|d-c2)3/2+cvr:zc5+cos_l  (-«)]}  <18)’ 
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Equation  (16)  for  A(x)  (with  the  use  of  eqs.  (17)  and  (18)) 
reduces  to  the  minimum-drag  body  shape  given  by  Haack 
(ref.  3)  and  Adams  (ref.  5)  when  c=l.  In  this  case,  A(x) 
is  given  by 

A(x)=^&  [eVT^+cos-1  (-01+ 

7 r 

£[^-A(o](1-<2)3/2(-1^<^1)  (19) 

where 

g_ 1+ 1 
2 


This  body  was  obtained  by  Haack  on  the  basis  of  Von 
Kdrmdn’s  drag  equation  (eq.  (1))  and  by  Adams  on  the 
basis  of  Ward’s  drag  equation  and  is  referred  to  in  the 
remainder  of  the  report  as  the  Haack-Adams  body. 

The  constants  A and  B in  the  equation  for  the  body 
shape  (eq.  (16)  ) are  determined  from  equations  (17)  and 
(18)  in  terms  of  0,  /?(/),  and  V.  The  solution  may  be 
expressed  as 


and 


P2A=A1—A2P2 

pB=Bx-B$2 


V 

l3 

(20) 

V 

i3 

(21) 

where  Ah  A2)  B\}  and  B2  are  functions  of  0 Values  of 

Ah  A2,  Bi,  and  B2  are  given  in  table  I for  values  of  0 —~ 
between  0.01  and  0.10. 


A direct  comparison  of  the  drag  of  the  body  of  the  present 
report  with  that  of  the  Haack-Adams  body  is  made  on  the 
basis  of  Ward’s  drag  equation.  From  equation  (3),  the  drag 
of  the  source  distribution  given  by  equation  (15)  is 


(A2{  [cos-(-C)P+2CVl^  cos-1  (-c)- 
(1 — c2)} — 4AB(1 — c2)[c+  Vl — c2  cos-1  ( — c)]+ 

[(2— 5c2)(l—  c2)+2cVl—  c2  (2c2— 1)  cos_1(— c)+ 

(cos-1  (— c))2]+2(/l+i?c)2(l — c2)  log0  [4(1 +c)])  (22) 


TABLE  I 

COEFFICIENTS  OF  EQUATIONS  (20)  AND  (21) 


-R(l) 

FA=A,-A&j. 

(eq.  (20)) 

(eq.  (21)) 

Ax 

A* 

Hi 

Ht 

0. 10 

0. 080572 

0.  76164 

0.  26804 

18.0291 

.09 

.064852 

.66854 

.21938 

IS.  1466 

.OS 

.050946 

.57666 

. 17531 

18. 2780 

.07 

.038807 

.48644 

. 13590 

IS.  4255 

.00 

.028390 

. 39S43 

. 10121 

18.  5919 

.05 

. 019652 

.31338 

. 071357 

18.7809 

.04 

. 012554 

. 23231 

.046443 

18.  9973 

.03 

. 0070607 

. 15669 

.026623 

19. 2482 

.02 

.0031450 

.088843 

.012091 

19.  5439 

.01 

.00079066 

.032849 

.0031002 

19.8686 

The  drag  of  the  Haack-Adams  body  is 

«, 

The  form  of  equations  (20),  (21),  and  (22)  indicates  that 

pjj2^2  is  a function  of  02  p and  0 In  figure  2,  the  drag 

of  the  Haack-Adams  body  (eq.  (23)  ) and  the  drag  given  by 
equation  (22)  are  plotted  on  a logarithmic  scale  for  several 


values  of  0 


m 

i 


To  help  orient  the  reader,  several  body 

W) 


shapes  are  shown  for  0=1,  -y-=0.05.  The  drag  given  by 

equation  (22)  is  somewhat  less  than  that  of  the  Haack- 

V 
P 

W)  _ . ^ V 


Adams  body  for  most  values  of  02  jg*  For  example,  for 


Each  drag  curve  begins  at  a particular  value  of  02 


0 —^—=0.05  and  02  ^=0.01,  which  represents  a fuselage- 

type  shape,  the  body  given  by  equation  (16)  has  approxi- 
mately 7 y2  percent  less  drag  than  the  Haack-Adams  body. 

K 

P 

for  a given  value  of  0 —p>  smaller  values  of  02  — give  rise 
to  negative  body  areas. 

For  a given  value  of  0 the  slope  at  the  base  of  the 

V 

body  is  positive  for  small  values  of  02  and  is  negative  for 

large  values.  The  two  drag  curves  become  nearly  tangent 

V 

at  intermediate  values  of  02  ^ for  which  the  body  slope  at 

the  base  is  near  zero.  Actually,  the  Haack-Adams  body 
must  have  less  drag  for  this  condition  since  this  body  gives 
minimum  drag  for  Ward’s  equation  for  the  class  of  bodies 
which  have  zero  slope  at  the  base. 

V 

The  value  of  02  for  minimum  drag  is  obtained,  for  a 

given  value  of  0 ~p}  by  equating  B to  zero  in  equations 

(17)  and  (18).  This  procedure  gives  the  optimum  body 
having  a given  length  and  base  area. 

In  figure  3 the  body  shape  of  the  present  report  is  com- 
pared with  the  Haack-Adams  body  for  0 ^j^=0.05  and 
V 

02  ^ =0.003  and  0.02.  The  bodies  are  plotted  to  an  expanded 

vertical  scale  (expanded  5 times)  to  illustrate  the  differences 
which  for  the  most  part  are  small.  The  most  significant 

V 

difference  occurs  near  the  base  for  the  larger  values  of  02 

where  the  body  given  by  equation  (16)  does  not  exhibit  the 
reflex  shape  of  the  afterbody  characteristic  of  the  Haack- 
Adams  body. 

The  effect  of  Mach  number  on  bod}7  shape  is  illustrated  in 
figure  4 where  the  optimum  shapes  (vertical  scale  enlarged 

2 % times)  for  ^—^=0.05  and  ^-=0.02  are  compared  for 

M=a/2  and  M=^fE.  The  body  shape  of  the  present  report 
exhibits  a small  dependence  on  Mach  number,  whereas  the 
Haack-Adams  body  is  independent  of  Mach  number. 
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Figure  2. — Comparison  of  drag  given  by  Ward's  equation  for  Haack-Adams  body  and  body  given  by  equation  (22).  Body  shapes  shown  are 


for = 0.05. 
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Axial  coordinate,  x/l 

Figure  3. — Comparison  of  Haack- Aclams  body  with  that  given  by 
equation  (22)  for  /3-^~=0.05. 

CONCLUSIONS 

The  problem  of  determining  the  shape  of  slender  boattail 
bodies  of  revolution  for  minimum  wave  drag  has  been  re- 
examined and  the  following  conclusions  are  indicated: 

1.  Minimum  solutions  for  Ward's  drag  equation  can  exist 
only  for  the  restricted  class  of  bodies  for  which  the  rate  of 
change  of  cross-sectional  area  at  the  base  is  zero. 

2.  In  order  to  eliminate  this  restriction,  certain  higher 
order  terms  must  be  retained  in  the  drag  equation  and 
isoperimetric  relations.  However,  higher  order  terms  need 
not  be  retained  in  the  calculation  of  drag  and  body  shape 
from  the  source  distribution. 


0 J .2  .3  .4  .5  .6  .7  .8  .9  1.0 

Axial  coordinate,  x/l 


Figure  4. — Effect  of  Mach  number  on  body  shape  given  by  equation 
(22)  for  -^-=0.02  and  R=^-= 0.05. 


3.  Adams  in  NACA  Technical  Note  2550  correctly  deter- 
mined the  necessary  conditions  for  a minimum  for  Ward's 
drag  equation.  His  interpretation  of  these  conditions  was 
that  the  optimum  boattail  body  has  zero  rate  of  change  of 
cross-sectional  area  at  the  base.  However,  the  proper  inter- 
pretation is  that,  if  a minimum  exists,  it  exists  only  for  the 
restricted  class  of  bodies  having  zero  rate  of  change  of  cross- 
sectional  area  at  the  base. 

4.  Application  of  the  ideas  expressed  in  conclusion  2 to 
the  minimum  problem  of  given  length,  volume,  and  base  area 
led  to  body  shapes  which  have  slightly  less  drag  than  the 
Haack- Adams  body. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  8,  1955. 


APPENDIX  A 

APPLICATION  OF  CALCULUS  OF  VARIATIONS  TO  WARD  S DRAG  EQUATION 


In  this  appendix  the  calculus  of  variations  is  applied  to 
Ward's  drag  equation  (eq.  (3))  for  a general  type  of  isoperi- 
metric condition  to  determine  the  source  strength  for  mini- 
mum drag  when  the  source  strength  at  the  bas e/(Z)  is  not 
specified  at  the  outset.  From  equation  (3),  Ward's  drag 
equation  is 

^jr=—  Jo  Jo  /'(*)/'(!) log,  \x~t\dx (lt+ 

2/(0 £ m ioge  o i-m-m  io&  p ^ (au 

The  usual  isoperimetric  conditions  considered  may  be  related 
to  the  source  strength  b}T  expressions  of  the  form 

o 

Ji=£mg/m  (A2) 

For  example,  #(£)  = 1 for  fixed  base  area  and  £)  for 

fixed  volume.  In  the  subsequent  anatysis,  it  is  assumed  that 
one  of  the  isoperimetric  conditions  is  that  of  fixed  base  area. 
This  assumption  simplifies  the  anatysis  without  restricting 
its  generality. 


In  the  derivation  of  equation  (Al)  it  is  assumed  that 

/(0)  = 0 (A3) 

Equation  (A3)  gives  one  of  the  end-point  conditions  to  be 
satisfied  by  the  minimizing  source  distribution.  At  the  other 
end  point,  x—l}  the  value  off(x)  is  not  prescribed. 

The  source  distribution  for  minimum  drag  is  obtained  by 
considering  the  variation  of  the  function 

x*/i  (A4) 

where  the  Lagrange  multipliers  are  determined  from  the 

isoperimetric  conditions.  The  variation  of  equation  (A4) 
is  obtained  by  considering  the  one-parameter  famity  of  com- 
parison functions  (see  ref.  9,  for  example) 

J(x)  = F(x)+erj(x)  (A5) 

where  F(x)  is  the  function  which  minimizes  equation  (A4), 
e is  the  parameter  of  the  family,  and  r)(x)  is  an  arbitrary  func- 
tion within  the  condition 

(A6) 


v(0)=0 


486 


REPORT  1271 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


This  condition  arises  since  all  the  comparison  functions  must 
satisfy  the  same  end-point  condition  as  the  minimizing  func- 
tion. Since  no  end-point  condition  is  prescribed  at  x=l} 
rt(l)  is  arbitrary. 

From  equations  (A4)  and  (A5),  J is  a function  of  e and  the 
source  strength  for  minimum  drag  is  determined  from  the 
condition 


those  choices  of  ??(£)  for  which  r)(l)  = 0.  For  such  rj(£), 


and  from  the  basic  lemma  of  the  calculus  of  variations  (ref.  8), 


d f ' F(x)dx 

dU  o X— f 


(A8) 


dJ 

G?€  t 


_°_  j;  ,(i)  [_|  j;  | *<»] «+ 

„(0  [lim  F(J)  log, 


mi)  J 


where  the  equation  has  been  simplified  by  several  integra- 
tions by  parts  and  use  of  equations  (A3)  and  (A6). 

Since  equation  (A 7)  must  hold  for  all  choices  of  con- 
sistent with  equation  (A6),  it  must  in  particular  hold  for 


With  this  result,  and  for  general  *?(£)  once  again,  that  is,  rj(l) 
not  necessarily  equal  to  zero,  the  end-point  condition  ob- 
tained is  that 

lta[r<01o*fjg*]-0  (A9) 

In  order  to  satisfy  this  condition,  F(l)  must  equal  zero.  Con- 
sequently, the  body  shapes  which  give  a mathematical 
minimum  for  Ward’s  equation,  if  they  exist,  must  have  zero 
rate  of  change  of  cross-sectional  area  at  the  base. 


APPENDIX  B 

APPLICATION  OF  CALCULUS  OF  VARIATIONS  TO  PARKER’S  DRAG  EQUATION 

The  source  distribution  for  minimum  drag  for  the  isoperimetric  condition  of  given  length,  volume,  and  base  area  is  ob- 
tained by  considering  the  variation  of  the  function 

J=^0+\A(1)+X2v  (Bl) 

where  D , A(l),  and  V are  given  by  equations  (5),  (8),  and  (9),  respectively,  and  \ and  X2  are  Lagrange  multipliers.  By 
proceeding  in  the  same  manner  as  in  appendix  A,  the  variation  of  equation  (Bl)  is  obtained  by  considering  the  one-parameter 
family  of  comparison  functions. 

f(x)=F(x)+erj(x)  (B2) 

where  F(x)  is  the  function  which  minimizes  equation  (Bl),  e is  the  parameter  of  the  family,  and  is  an  arbitrary  function 
within  the  condition  77(0)  = 0. 


The  source  strength  for  minimum  drag  is  then  determined  from  the  condition 

-'i-pmi) 


dJ\ 

de 


-o-r 

=0  Jo 


’/(!) 


vd-mi))  j™ 


x— zja— z)!-0*ffs(o<fo+l-Xl+2  ^ 

<-> 

where  the  equation  has  been  simplified  by  several  integrations  by  parts  and  use  of  the  conditions 

F(0)=t7(0)=0 

Since  equation  (B3)  must  hold  for  all  choices  of  tj(£)  consistent  with  77(0)  =0,  it  must  in  particular  hold  for  those  choices 
of  77(f)  for  which  — /37?(Z)]  = 0.  For  such  77(f) , 

F(x)^/(l-Q2-p2R2(l) 
x-^/(l-x)2-p2R2(l) 

and  from  the  basic  lemma  of  the  calculus  of  variations, 


i.  <{2I 


dx+  [x,+|  a-ajvtf-a*- mi)  }<s=o 


2X 


i-rnn  p(X)  V(Z-g)2-/Wl) 
x-^Kl-xf-pRXl) 


<fc+[x,+|  ^-^)]V(^-?)2-W/)=A^ 


(B4) 
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where  Ar  is  a constant.  With  this  result,  and  for  general 
the  end-point  condition  is  obtained  as 


lim  f9  r*™  -yKl-tf-pim 
(-4-0RU)  1 J0 

V(/-9  2-Woj»=0  (B5) 

Since  equation  (B4)  must  hold  for  all  values  of  £,  and  in 
particular  for  from  equation  (B5),  A^O.  Hence, 

V( ^ “ Q2~P2R2(l)  can  be  canceled  from  each  term  of  equation 
(B4)  and  the  following  integral  equation  is  obtained  for  the 
source  strength: 


[xi+|  (*-£)] 


-»mi)  F(x)  dx 

x-^/(l-xy-p2RXlf 


-~d~Q  (B6) 


The  solution  of  equation  (B6)  satisfying  the  condition  F{ 0) 
=0  is 


m=m=(a+bt)^[i-z+mi)} 

where  a and  b are  constants  related  to  \x  and  X2. 


(B7) 
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A REEVALUATION  OF  DATA  ON  ATMOSPHERIC  TURBULENCE  AND  AIRPLANE  GUST  LOADS 

FOR  APPLICATION  IN  SPECTRAL  CALCULATIONS  1 

By  Harry  Press,  May  T.  Meadows,  and  Ivan  Hadlock 


SUMMARY 

The  available  information  on  the  spectrum  of  atmospheric 
turbulence  is  first  briefly  reviewed.  On  the  basis  of  these  results , 
methods  are  developed  for  the  conversion  of  available  gust  statis- 
tics normally  given  in  terms  of  counts  of  gusts  or  acceleration 
peaks  into  a form  appropriate  for  use  in  spectral  calculations. 
The  fundamental  quantity  for  this  purpose  appears  to  be  the 
probability  distribution  of  the  root-mean-square  gust  velocity. 
Estimates  of  this  distribution  are  derived  from  data  for  a number 
of  load  histories  of  transport  operations;  also , estimates  of  the 
variation  of  this  distribution  with  altitude  and  weather  condition 
are  derived  from  available  data  and  the  method  of  applying  these 
results  to  the  calculation  of  airplane  gust-response  histories  in 
operations  is  also  outlined. 

INTRODUCTION 

During  the  last  few  years,  advances  have  been  made  in  the 
analysis  of  airplane  behavior  in  rough  air  through  the  appli- 
cation of  the  theory  of  random  processes  and  the  techniques 
of  generalized  harmonic  analysis  (refs.  1 to  7).  The  applica- 
tion of  these  techniques  is  based  upon  the  representation  of 
atmospheric  turbulence  as  a continuous  random  disturbance 
characterized  by  power-spectral-density  functions  and  certain 
probability  distributions.  The  power  spectrum  of  the  tur- 
bulence is  then  used  along  with  the  ah  plane  response  char- 
acteristics to  determine  the  power  spectra  and  other  statis- 
tical characteristics  of  the  airplane  loads  or  motions  in  rough 
air.  The  application  of  this  approach  to  the  problem  of 
calculating  load  and  other  histories  for  operational  flight 
requires  detailed  information  on  the  spectrum  of  turbulence 
in  the  atmosphere.  The  information  required  may  be  con- 
sidered of  two  types:  detailed  information  on  the  spectrum 
of  turbulence  and  its  variations,  and  information  on  the 
probabilit}7  of  encountering  the  various  spectra. 

A few  measurements  of  the  power  spectrum  of  atmospheric 
turbulence  have  so  far  been  made  and  are  briefly  reviewed  in 
the  report.  These  measurements  indicate  that,  over  most  of 
the  frequency  range  of  interest,  the  spectra  are  inversely 
proportional  to  the  square  of  the  frequency  and  may  be 
approximated  by  simple  analytic  expressions  such  as  have 
been  used  in  wind-tunnel  studies  of  isotropic  turbulence. 


Also,  the  intensity  of  the  turbulence  as  given  by  the  root- 
mean-square  gust  velocity  varied  appreciably  with  the 
weather  conditions.  These  results  thus  appear  to  provide 
some  information  on  the  power  spectrum  and  its  variations. 
The}7  do  not,  however,  provide  any  information  of  the  second 
type  required,  that  is,  information  on  the  probability  of  en- 
countering the  various  spectra  in  actual  operations.  The 
purpose  of  this  report  is  to  provide  information  of  this  second 
type,  that  is,  information  on  the  probabilities  of  encountering 
the  various  conditions  of  turbulence. 

The  only  source  of  information  on  the  probability  of  en- 
countering the  various  conditions  of  atmospheric  turbulence 
appears  to  be  the  considerable  amount  of  statistical  data  con- 
cerning atmospheric  turbulence  and  airplane  loads  in  rough 
air  that  has  been  collected  by  the  National  Advisory  Com- 
mittee for  Aeronautics  in  the  last  20  years.  (See,  for  example, 
refs.  8 to  12.)  These  data  have  been  obtained,  in  most 
cases,  from  airplane  acceleration  measurements  in  normal 
operations,  although  in  some  instances  (ref.  10)  the  data  were 
obtained  in  special  flight  investigations.  These  data  are 
generally  given  in  the  form  of  the  number  of  peak  accelera- 
tions or  effective  (or  “derived”)  gust  velocities  per  second 
which  exceed  given  values  and  in  this  form  do  not  appear 
applicable  to  spectral  methods  of  analysis. 

Fortunately,  in  the  theory  of  random  processes,  relations 
have  been  derived  (ref.  13)  between  peak  counts  (such  as 
have  been  made  for  normal  acceleration)  and  the  associated 
power  spectra.  These  relations  apply  to  the  case  of  a 
stationary  Gaussian  random  process,  the  stationarity  of 
the  process  implying  that  its  characteristics  do  not  change 
with  time  and  the  term  Gaussian  designating  a process 
characterized  by  a Gaussian  probability  distribution  for 
the  amplitude  of  the  disturbance  as  well  as  for  its  time 
derivatives.  The  approximate!}7  Gaussian  character  of 
turbulent  velocity  fluctuations  has  been  noted  and,  for  the 
case  of  atmospheric  turbulence,  results  reported,  for  example 
in  reference  3,  appear  to  support  such  an  assumption. 
Inasmuch  as  the  intensity  of  turbulence  is  known  to  vary 
widely  with  weather  conditions,  the  overall  gust  and  load 
experience  in  operations  cannot  be  considered  a stationary 
Gaussian  process.  If  the  operational  gust  history  is 


1 Supersedes  NACA  Technical  Notes  3362  by  Harry  Press,  May  T.  Meadows,  and  Ivan  Hadlock,  1955,  and  3540  by  Harry  Press  and  May  T.  Meadows,  1955. 
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considered  to  be  a nonstationary  Gaussian  process  varying 
only  in  intensity  or  root-mean-square  gust  velocity,  the 
problem  of  specifying  the  gust  history  is  reduced  to  that 
of  specifying  the  probability  distribution  of  the  root-mean- 
square  gust  velocity.  For  this  case,  it  appears  possible  to 
extend  the  results  of  reference  13  for  the  stationary  Gaussian 
process  in  order  to  derive  a basis  for  estimating  the  distri- 
bution of  root-mean-square  gust  velocity  from  counts  of 
acceleration  peaks. 

On  the  basis  of  the  foregoing  considerations,  techniques 
are  developed  in  this  report  for  the  estimation  of  the  prob- 
ability distributions  of  the  root-mean-square  acceleration 
and  root-mean-square  gust  velocity  from  data  on  peak 
gust  accelerations.  Two  approaches  are  considered:  first, 
that  the  root-mean-square  gust  velocity  takes  on  only  a 
few  discrete  values  and,  secondly  and  more  realistically, 
that  the  root-mean-square  values  cover  a continuous  range 
of  values.  These  techniques  are  then  applied  to  available 
gust-load  data  obtained  from  a number  of  transport  opera- 
tions and  the  associated  probability  distributions  of  root- 
mean-square  gust  velocity  are  derived.  Also,  available 
data  are  used  to  estimate  the  variations  in  this  distribution 
with  altitude  and  weather  condition.  The  method  of 
application  of  these  results  to  the  calculation  of  gust-load 
and  other  airplane  response  histories  in  operations  is  out- 
lined and  some  of  the  limitations  of  the  present  results  are 
indicated. 
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SPECTRAL  CHARACTERISTICS  OF  ATMOSPHERIC 
TURBULENCE 


SYMBOLS 


-r  _pVSm  I. 

^1—  OTJ7  -V' 


'WA 


~ 2W 
dn 

/ K) 

k*v) 

h°v) 

yiiKsrr 

7 r 


L * J 


K 

L 

M(a„) 

rrt 

N{  ) 


acceleration,  g units 

scale  parameters  in  distributions,  /(<r%) 

A 

scale  parameters  in  distributions,  f(<ru) 
average  chord,  ft 

probability  density  distribution  of  <ran 
probability  density  distribution  of  <jtj 
cumulative  probability  distribution  of  a a 
acceleration  due  to  gravity,  32.2  ft/sec2 

airplane  gust-response  factor 

4W 


airplane  mass  parameter, 
scale  of  turbulence 

average  number  of  maximums  per  second 
exceeding  given  value  of  an  in  operations 
slope  of  lift  curve  per  radian 
average  number  of  maximums  per  second 
exceeding  given  value  of  specified  argument 
for  Gaussian  disturbance 

“ nc»  “1^ 

J oo2$(aj)do) 


r»  oo 

I $(u>)du 


In  the  way  of  background  for  the  present  analysis,  it  will 
be  helpful  to  review  the  available  measurements  of  the 
power  spectrum  of  atmospheric  turbulence.  Figure  1 con- 
tains a summary  of  most  of  the  available  airplane  measure- 
ments of  the  power  spectrum  of  atmospheric  turbulence. 
The  first  of  these  measurements  was  made  by  Clementson 
at  the  Massachusetts  Institute  of  Technology  (ref.  4),  and 
subsequent  measurements  were  made  by  the  National  Ad- 
visory Committee  for  Aeronautics  (refs.  5 and  7),  Douglas 
Aircraft  Company,  Inc.  (ref.  14),  Massachusetts  Institute 
of  Technolog}7  (ref.  15),  and  Cornell  Aeronautical  Laboratory 
(refs.  16  and  17).  The  curves  shown  represent  the  various 
power  spectra  which  were  obtained  under  different  weather 
conditions.  The  abscissa  is  the  frequency  argument  0 which 
has  the  dimensions  of  radians  per  foot  and  is  equal  to  2ir 
divided  b}7  X,  the  gust  wavelength.  (The  data  shown  cover 
a range  of  gust  wavelengths  from  about  10  feet  to  5,000  feet.) 

The  spectra  in  all  but  one  case  are  for  the  vertical  or  lateral 
component  of  the  turbulence.  In  one  case  marked  by  the 
letter  H , the  spectrum  is  for  the  horizontal  or  longitudinal 
component  of  turbulence.  Examination  of  these  results  indi- 
cates that  the  spectral  shapes  appear  to  be  relatively  consist- 
ent; in  all  cases,  the  power  decreases  rapidly  with  increasing 
frequency.  In  fact,  in  most  cases,  the  spectra  appear  to  be 
inversel}7  proportional  to  the  square  of  the  frequency.  This 
spectral  shape  of  I/O2  is  in  reasonable  agreement  with 
theoretical  results  obtained  for  the  spectral  shape  at  the 
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Figure  1. — Summary  of  airplane  measurements  of  the  power  spectrum  of  atmospheric  turbulence. 

higher  frequencies  in  the  theory  of  isotropic  turbulence.  At 
the  lower  frequencies,  the  situation  is  not  as  clear,  few 
measurements  being  available  for  frequencies  ft<0.002. 

Some  additional  measurements  obtained  at  the  Cornell 
Aeronautical  Laboratory  and  at  the  NACA  (ref.  18)  do 
cover  these  lower  frequencies  and  indicate  a flattening  of 
the  spectrum  at  frequencies  ft <C 0.001. 

In  addition  to  these  variations  in  spectral  shape,  the 
various  measurements  also  differ  in  turbulence  intensity. 

The  individual  root-mean-square  values  are  estimated  to 
vary  from  roughly  1.5  to  perhaps  8 feet  per  second,  which, 
as  will  be  seen,  represent  the  relatively  light-to-moderate 
levels  of  atmospheric  turbulence. 

Another  source  of  information  on  the  spectral  character- 
istics of  atmospheric  turbulence  is  the  measurements  at 
lower  altitudes  made  from  meteorological  towers.  A large 
number  of  such  spectral  measurements  have  now  been 
obtained.  A few  representative  measurements  obtained  at 
an  elevation  of  about  300  feet  and  for  various  conditions  of 
average  wind  speed  Vw  (ref.  19)  are  shown  in  figure  2. 

These  measurements  extend  to  lower  frequencies  (longer  gust 
wavelengths)  than  do  most  of  the  available  airplane  measure- 
ments. At  the  higher  frequencies,  these  results  approximate 
the  same  form  1/ft2  that  is  characteristic  of  the  airplane 


Figure  2. — Measurements  of  the  power  spectrum  of  atmospheric 
turbulence  obtained  at  300  feet  from  a meteorological  tower  (ref.  19). 
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measurements.  In  addition,  at  the  lower  frequencies,  a 
definite  tendency  toward  a flattening  of  the  spectra  can  be 
noted.  The  variation  in  the  spectrum  intensity  with  wind 
speed  Vw  should  also  be  noted. 

Because  of  the  general  characteristics  of  these  spectral 
measurements,  it  has  been  convenient  in  theoretical  studies 
to  use  the  following  analytical  expression  for  the  turbulence 
spectrum 


1+312  2L2 

(1  + 12  2A2)2 


(1) 


where  12=27 r/X  and  X is  the  gust  wavelength.  This  expression 
has  been  useful  in  wind-tunnel  studies  of  turbulence  and 
has  the  general  characteristics  of  the  measured  spectra  of 
atmospheric  turbulence.  The  equation  has  two  parameters: 
the  mean-square  gust  velocity  <jv2  which  describes  the  overall 
intensity,  and  the  so-called  scale  of  turbulence  L which,  in  a 
sense,  can  be  considered  to  be  proportional  to  the  average 
eddy  size.  Curves  for  this  expression  are  shown  in  figure  3 
for  values  of  L of  200,  600,  1,000,  and  2,000  feet.  At  higher 
frequencies,  these  curves  all  approach  a shape  of  1/122  but 
differ  in  the  frequency  at  which  the  flattening  occurs.  For 
increasing  values  of  A,  the  curves  flatten  out  at  lower 
frequencies.  Comparison  of  these  curves  with  those  of 
figures  1 and  2 and  other  measurements  of  the  spectrum  for 
atmospheric  turbulence  has  indicated  that  the  values  of  L 
for  atmospheric  turbulence  are  of  the  order  of  1,000  feet.  A 
value  of  1,000  feet  is  used  as  a representative  average  value 
in  the  subsequent  analysis. 


For  design  purposes,  the  overall  gust  experience  in  opera- 
tions is  of  concern.  Presumably,  the  overall  experience 
consists  of  various  exposure  times  to  each  of  the  spectra 
shown  in  figures  1 and  2 as  well  as  to  other  spectra  associated 
with  different  weather  conditions.  It  thus  appears  important 
to  determine  the  proportion  of  flight  time  spent  under  these 
various  conditions  of  turbulence.  In  the  next  section 
methods  are  developed  for  obtaining  information  on  this 
problem  from  available  gust  statistics.  These  methods  are 
then  applied  in  a subsequent  section. 

DERIVATION  OF  CONVERSION  TECHNIQUES 

BASIC  METHOD 

In  the  present  analysis,  use  will  be  made  of  some  concepts 
and  results  in  the  theory  of  random  processes.  The  theory 
of  random  processes  is  a recently  developed  branch  of  proba- 
bility theory  and  the  aspects  of  the  theory  pertinent  to  the 
present  applications  are  described  in  some  detail  in  reference 
13.  In  particular,  the  relations  between  peak  counts  and 
spectra  for  a stationaiy  Gaussian  random  process  which 
will  be  used  in  the  present  study  are  derived  therein.  Some 
general  aspects  of  random-process  theory  are  also  covered 
in  references  20  and  21. 

In  many  recent  studies  of  airplane  behavior  in  rough  air, 
atmospheric  turbulence  is  generally  considered  a stationary 
Gaussian  random  process.  The  assumption  that  turbulence 
is  a Gaussian  random  process  appears  warranted  by  the 
approximately  Gaussian  character  of  turbulent  velocity 
fluctuations.  The  assumption  of  stationarity  implies  that 


Reduced  frequency,  £1,  radians/ft 


Figure  3. — Analytic  representation  of  the  spectrum  of  atmospheric  turbulence. 
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the  statistical  characteristics  of  the  turbulence  are  invariant 
with  space  and  time  and  also  appears  warranted  for  many 
purposes.  For  present  purposes  (in  which  the  overall  gust 
and  load  experiences  of  an  airplane  in  operational  flight  are 
of  concern),  however,  the  process  cannot  be  considered  a 
simple  stationary  one,  inasmuch  as  the  turbulence  charac- 
teristics of  the  atmosphere  vary  widely  with  weather  con- 
ditions, particularly"  in  regard  to  the  intensity  of  the  turbu- 
lence. 

In  order  to  account  for  the  variations  in  atmospheric  turbu- 
lence with  weather  condition,  it  will  be  assumed  that  turbu- 
lence is  only  locally  Gaussian  and  stationary;  that  is,  its 
statistical  characteristics  are  Gaussian  and  invariant  in  a 
given  restricted  region  and  for  a short  time  but  vary,  particu- 
larly in  intensity,  from  time  to  time  and  place  to  place. 
This  assumption  implies  that  the  region  or  time  is  small 
relative  to  the  entire  flight  path  or  flight  duration  but  large 
enough  for  statistical  equilibrium  to  be  achieved.  The 
Gaussian  character  for  the  turbulent  velocity"  fluctuations 
for  a given  weather  condition  will  be  used  as  a building  block 
to  construct  the  operational  gust  history,  which  must 
cover  many  weather  conditions  and,  in  the  overall,  is  not  a 
stationary  Gaussian  process.  On  this  basis,  the  overall  tur- 
bulence experienced  by  an  airplane  in  given  operations  is 
taken  to  consist  of  the  summation  for  appropriate  exposure 
times  to  a series  of  elemental  stationary  Gaussian  processes. 

If  the  airplane  response  to  turbulence  is  linear,  as  assumed 
in  the  present  analysis,  the  response,  such  as  the  load 
history  to  each  elemental  turbulence  process,  is  likewise  a 
Gaussian  process  and  the  overall  operational  load  history 
may  in  turn  also  be  considered  to  consist  of  a summation  of 
the  loads  for  the  various  elemental  Gaussian  turbulence 
disturbances.  This  scheme  serves  to  yield  a reasonable 
approximation  of  the  actual  airplane  load  history  and, 
further,  has  the  particular  advantage  for  present  purposes  of 
permitting  the  use  of  relations  between  peak  counts  and 
spectra  derived  for  the  stationary  Gaussian  case  in  reference 
13. 

The  foregoing  considerations  form  the  basis  for  the  present 
analysis.  They  will  be  applied  in  order  to  estimate  the 
probability  distribution  of  root-mean-square  acceleration 
from  operational  data  on  peak  accelerations.  These  esti- 
mates of  the  distribution  of  root-mean-square  acceleration 
will  then  be  used  in  order  to  obtain  the  associated  probability 
distributions  of  root-mean-square  gust  velocity  by"  taking 
into  account  the  airplane  dynamics. 

RELATIONS  BETWEEN  NUMBER  OF  PEAKS  AND  SPECTRA 


where 

A T(y)  average  number  of  maximums  per  second  exceeding 
given  values  of  y 
o)  frequency,  radians/sec 

3>(co)  power-spectral-densit}-  function  of  random  disturb- 
ance y(t) 


Equation  (2)  is  the  exact  expression  for  the  number  of 
crossings  per  second  with  positive  slope  of  given  values  of  y 
but  is  an  approximate  expression  for  the  number  of  maxi- 
mums above  a given  value  of  y.  For  present  purposes, 
however,  equation  (2)  appears  to  be  an  adequate  approxima- 
tion of  the  number  of  peaks,  as  indicated  in  the  appendix,  and 
forms  the  basis  for  the  present  analysis. 

Examination  of  equation  (2)  indicates  that  the  number  of 
peaks  per  second  above  given  values  depends  upon  o-2,  which 
is  the  area  under  the  spectrum,  and  upon  the  second  moment 
of  the  spectrum  about  the  origin.  If  it  is  assumed  that  the 
spectral  shape  of  turbulence  is  invariant  with  weather  con- 
ditions (as  suggested  by  available  measurements)  and  varies 
only  in  intensity  or  root-mean-square  gust  velocity,  the  out- 
put spectrum  $an(w)  for  acceleration  an(t)  for  a given  airplane 
under  given  operating  conditions  (fixed  speed,  weight, 
altitude,  etc.)  is  likewise  invariant  in  shape.  Under  these 
conditions,  the  coefficient  of  the  exponential  term  in  equation 
(2)  is  a fixed  constant  and  equation  (2)  may  be  written  as 

N(an)=Noe-any^  (3) 

where  the  constant  A70  is  given  by 


(4) 


The  constant  N0  gives  the  expected  number  of  tunes  per 
second  that  an(t)  crosses  the  value  zero  with  a positive  slope. 
Because  of  the  invariance  of  the  shape  of  <f>an(oj),  the  quantity 
A^o  is  independent  of  the  turbulence  intensity.  It  has  the 
dimensions  of  a frequency  and  can  be  considered  a character- 
istic frequency  of  the  airplane  acceleration  response  to 
turbulence. 

If  the  logarithm  of  both  sides  of  equation  (3)  is  taken,  the 
following  relation  is  obtained: 


Simple  Gaussian  case, — The  asymptotic  relation  between 
the  average  number  of  maximums  per  second  exceeding  a 
given  value  and  the  spectrum  of  a stationary  Gaussian  dis- 
turbance y(t)  has  been  derived  in  reference  13  and  is  for  large 
values  of  y given  by  (see  appendix) 


log  ;V(«„)=log  A'o-gJ  (5) 

Equation  (5)  indicates  that  the  log  AT(an)  is  a linear  function 
of  a2  with  slope  equal  to  —1/2 <r.  Thus,  for  a stationary 
Gaussian  disturbance,  the  root-mean-square  value  a may  be 
obtained  simply  from  the  slope  of  the  line  for  the  number  of 
peaks  when  plotted  on  semilogarithmic  paper  as  a function 
of  a2.  Because  of  the  linearity  of  the  relationship,  this 
plotting  arrangement  is  found  useful. 
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A representative  distribution  of  the  number  of  peak  accel- 
erations per  second  (both  positive  and  negative  peaks)  ob- 
tained from  operations  of  a transport  airplane  is  shown  as 
the  solid  curve  of  figure  4 as  a function  of  an2.  The  data  are 
given,  as  is  generally  the  case,  for  a threshold  value  of  0.30. 
The  distribution  appears  concave  upward  and  departs  con- 
siderably from  the  straight  lines  that  would  be  expected  for  a 
simple  stationary  Gaussian  disturbance  in  this  plot.  It  is 
thus  clear  that  the  overall  distribution  of  peak  accelerations 
cannot  be  adequately  represented  by  the  simple  Gaussian 
case.  A method  for  obtaining  a more  adequate  representa- 
tion of  the  load  history  is  explored  in  the  following  para- 
graphs. For  this  purpose,  the  idea  of  a combination  or  com- 
posite of  Gaussian  processes  is  used  and  equation  (2),  which 


expresses  the  relation  between  peak  counts  and  the  power 
spectrum  for  the  simple  Gaussian  case,  is  extended  to  this 
composite  condition. 

Composite  Gaussian  case/ — If  the  overall  operational  load 
history  (in  terms  of  the  average  number  of  acceleration  peaks 
per  second  exceeding  given  values)  is  considered  to  consist  of 
various  exposure  times  to  different  Gaussian  gust  disturb- 
ances, the  average  number  of  peaks  per  second  exceeding 
given  values  is  given  by 

(6) 

t=l 

where  Pt  is  the  proportion  of  total  flight  at  the  ith.  condition 
and  Ni(an)  is  the  number  of  peak  accelerations  per  second 


Figure  4.  Illustrative  example  of  graphical  separation  into  Gaussian  components  of  distribution  of  peak  acceleration  (operation  1). 
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exceeding  given  values  of  acceleration  for  the  ith  condition. 
In  this  form,  equation  (6)  is  general  and  permits  accounting 
not  only  for  variation  in  the  spectrum  of  turbulence  but  also 
for  variations  in  the  airplane  response  characteristics. 

If  equation  (3)  is  substituted  into  equation  (6),  there  is 
obtained 

m^)=hmipie-^  (7) 

»=i 

It  will  be  assumed,  as  previously  indicated,  that  the  spectrum 
of  atmospheric  turbulence  is  invariant  in  shape  but  varies  in 
intensity  or  in  root-mean-square  gust  velocity.  This  assump- 
tion is  suggested  by  the  available  measurements  of  turbulence 
spectra  and  appears  reasonable  for  present  purposes.  Fur- 
ther, if  the  response  characteristics  for  a particular  airplane 
in  operation  are  represented  by  a single-response  function, 
such  as  obtained  for  average  values  of  the  airplane,  and  oper- 
ating parameters,  such  as  the  weight,  airspeed,  and  density, 
equation  (7)  may  be  written  for  this  (the  discrete)  case  as 

M^)==Ar0£p4e-“»2/^  (8) 

1=1 

where  the  quantity  N0  is,  as  in  equation  (3),  fixed  for  a 
given  airplane. 

Continuous  case. — If  the  airplane  is  now  assumed  to 
encounter  turbulence  of  all  intensities  (continuous  variations 
in  the  root -mean-square  gust  velocity)  but  of  the  same  spec- 
tral shape  (fixed  value  of  L for  present  applications),  equa- 
tion (8)  may  be  extended  for  the  continuous  case  to  yield 
the  following  relation : 

o) 

In  this  case,  the  sum  of  the  terms  of  equation  (8)  becomes  a 
continuous  integral.  The  expression  for  the  continuous  case 
contains  the  same  characteristic  frequency  N0,  which  is  inde- 
pendent of  the  turbulence  intensity,  the  same  exponential 
term  as  the  earlier  expressions,  and,  in  addition,  the  function 
/((Tan).  This  function  is  the  counterpart  of  the  ratios  Ph  P2, 

. . . Pk  in  equation  (8)  and  is  the  probability-density  dis- 
tribution of  aan  which  defines  the  proportion  of  time  spent  at 
various  values  of  aan;  the  quantity  f(<ran)d<ran  gives  the  pro- 
portion of  flight  time  spent  at  values  of  crfln  between  aan  and 
°an  + dc  ... 

The  relations  between  the  number  of  peaks  and  the  root- 
mean-square  values  of  the  random  process  given  by  equa- 
tion (8)  for  the  discrete  case  and  by  equation  (9)  for  the  con- 
tinuous case  are  the  basic  relations  in  the  present  analysis. 
These  two  relations  are  applied  in  the  following  sections  and 
methods  are  developed  for  estimating  the  distribution  of  the 
root-mean-square  acceleration  from  operational  gust-load 
data  generally  available  in  the  form  of  peak  counts  M(an) . 
Then,  the  transformation  of  these  distributions  of  root-mean- 
square  acceleration  to  distribution  of  root-mean-square  gust 
velocity  is  considered. 


DISTRIBUTION  OF  ROOT-MEAN-SQUARE  ACCELERATION  FOR  DISCRETE 

CASE 

As  previously  indicated,  the  operational  load  history  for  a 
particular  airplane  in  terms  of  the  number  of  peaks  per 
second  exceeding  given  values  is . given  by  equation  (8) . 
Each  of  the  terms  of  the  summation  of  equation  (8)  is  given 

by 

Mi(an)=N0Pie-°»*l2*<t  (10) 

which,  as  previously  noted,  yields  a straight  line  of  slope 
— 1/2  <r<2  if  log  M(an)  is  plotted  as  a function  of  an2.  This  con- 
dition suggests  that  the  overall  operational  loads  for  a given 
operation  when  plotted  in  this  specified  form  can  be  built  up 
of  straight-line  or  Gaussian  components.  A simple  trial  for 
a sample  load  history  shown  in  figure  4 indicates  that  a good 
approximation  to  M(an)  can  be  obtained  with  only  a few 
components.  (Note  that  the  ordinate  of  figure  4 is  2 M(an) 
inasmuch  as  both  acceleration  peaks  and  acceleration  mini- 
mums  have  been  included  in  the  operational  data.)  The 
values  for  the  three  components  shown  add  up  to  give  the 
short-dash  curve  which  is  seen  to  be  a close  approximation  to 
the  overall  load  history.  The  procedure  devised  for  the  deter- 
mination of  these  straight-line  components  consists  of  the 
following  steps:  First,  line  (1)  is  obtained  by  taking  a tan- 
gent to  the  tail  of  the  observed  distribution;  line  (2)  is  then 
taken  from  the  point  on  line  (1)  which  underestimates  the 
observed  distribution  by  one-half  and  is  drawn  tangent  to 
the  upper  part  of  the  overall  load-history  curve.  The  third 
line,  if  required,  is  then  obtained  from  line  (2)  in  the  same 
manner  that  line  (2)  was  obtained  from  line  (1).  The  sum 
of  the  values  of  the  lines  obtained  in  this  manner  will  gener- 
ally yield  a good  approximation  to  the  observed  distribution, 
as  will  be  seen  subsequently. 

The  procedure  outlined  in  the  preceding  paragraph  for 
obtaining  the  linear  components  of  the  observed  distribution 
is  somewhat  arbitrary.  Several  alternative  procedures  were 
also  considered  and  discarded.  These  procedures  included 
the  selection  of  the  first  component  at  the  upper  end  of  the 
curve  and  the  use  of  specified  combinations  of  slopes  cor- 
responding to  given  values  of  root-mean-square  gust  veloci- 
ties (which  might  be  considered  averages  for  various  weather 
conditions  such  as  clear-air  turbulence  and  thunderstorms). 
These  alternative  procedures  appeared  to  offer  no  significant 
advantages  and  had  the  additional  undesirable  characteristic 
of  yielding  a poorer  approximation  at  the  larger  values  of 
acceleration  which  are  of  greatest  interest. 

It  will  be  recalled  that  the  slopes  of  the  lines  in  figure  4 are 
equal  to  — l/2oi2,  — 1/2<t22,  and  — l/2o-32  where  <rh  a2,  and  <rZf 
respectively,  represent  the  root-mean-square  acceleration  for 
the  three  effective  Gaussian  components.  The  values  for  the 
case  represented  in  figure  4 are  ax  = 0.430,  cr2= 0.247,  and 
0-3=0.147.  These  values  cly  <r2i  and  <rz  for  the  acceleration 
components  are  used  subsequently  to  obtain  the  associated 
root-mean -square  gust  velocities  for  these  Gaussian  com- 
ponents. 

In  order  to  estimate  the  values  of  the  proportion  of  total 
flight  time  P{  for  the  ith  condition,  it  will  be  noted  from 
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equation  (10)  that  for  each  component 
p MijO'n) 


(11) 


where  Mi{an ) is  the  number  of  accelerations  per  second 
exceeding  an  for  the  itb  condition  or  component.  The  nu- 
merator of  equation  (11)  may  be  obtained  directly  from  the 
line  for  each  component  in  figure  4.  The  denominator  of 
equation  (11),  as  would  be  expected,  is  the  total  number  of 
peak  accelerations  per  second  exceeding  an  that  would  fee 
experienced  if  the  airplane  spent  all  its  flight  time  at  the 
indicated  root-mean-square  acceleration  value.  The  value 
of  the  denominator  is  seen  to  depend  upon  the  value  of  the 
constant  No. 

The  values  of  Ar0  and  the  denominator  of  equation  (11)  may 
be  determined  in  a number  of  ways.  They  may  be  de- 
termined from  their  relation  to  the  power  spectrum  as  given 
in  equations  (3)  and  (4),  but  this  procedure  is  not  very 
practical  for  present  purposes  because  the  acceleration 
spectrum  cannot  be  determined  from  the  type  of  records 
available.  The  value  of  these  quantities  can  also  be  de- 
termined in  a number  of  ways  from  short  sections  of  flight 
record  in  homogeneous  rough  air.  The  most  direct  way  is  to 
make  use  of  the  property  that  Ar0  is  equal  to  the  average 
number  of  times  per  second  that  an(t)  crosses  the  value  zero 
with  positive  slope.  Unfortunate^,  the  film  speed  of  the 
records  available  (2  to  8 feet  per  hour)  was  frequently  too 
slow  to  permit  such  counts  with  the  desired  degree  of 
reliabilit}7. 

Another  method  of  determining  the  value  of  A^o  and  the 
denominator  of  equation  (11)  from  sample  flight  records 
involves  the  use  of  the  property  of  equation  (3)  of  defining 
the  average  number  of  peaks  or  crossings  per  second  above 
given  values  of  an.  If  an  is  set  equal  to  ka  in  equation  (3), 
the  quantity  N{ka)  gives  the  average  number  of  peaks  per 
second  that  have  a value  of  an  greater  than  k<j  where  a is  the 
value  of  the  root-mean -square  acceleration  for  the  record. 
Thus,  from  equations  (3)  and  (4)  N(ka),  which  is  designated 
as  Nk  for  brevity,  is  given  by 


Inasmuch  as  the  average  number  of  peaks  (or  crossings)  per 
second  exceeding  a value  of  an=ka  can  be  estimated  from 
the  available  sample  records,  equation  (12)  provides  a 
useful  method  for  determining  the  value  of  No  and  the 
denominator  of  equation  (11).  Care  should  be  taken  in 
such  applications  to  insure  that  the  record  section  used 
approximates  a Gaussian  disturbance. 

On  this  basis,  the  proportion  of  flight  spent  in  rough  air 


yielding  a root-mean-square  acceleration  above  k<Ji  is  from 
equation  (11)  given  by 


t>  NLiQco^i) 

Ft~^r 


(13) 


where  MiQccri)  is  the  average  number  of  peaks  per  second 
exceeding  the  value  k<jt  for  the  linear  component.  This 
relation  is  used  in  the  subsequent  analysis  of  the  operational 
loads  data.  In  order  to  avoid  the  errors  associated  with  the 
expression  for  the  number  of  peaks  at  small  values  of  k,  a 
value  of  k of  2 was  generally  used.  For  the  illustration  of 
figure  4,  the  values  of  2M2(2<t2 ),  and  2Mz(2az) 

are  indicated  by  ticks  on  the  figure  and  are  4.3X10~6, 
3.2X10-4,  and  7.4X10-3.  The  sum  of  the  P's  will  in  any 
case  be  less  than  one,  the  remaining  time  being  in  either 
smooth  air  or  very  light  rough  air  which  does  not  contribute 
many  peak  values  above  the  threshold  value. 


DISTRIBUTION  OF  ROOT-MEAN-SQUARE  ACCELERATION 
FOR  CONTINUOUS  CASE 

The  representation  of  the  load  experience  in  the  previous 
section  in  terms  of  a few  discrete  values  of  root-mean-square 
acceleration  is  a simplification,  since  atmospheric  turbulence 
may  actually  be  expected  to  cover  a continuous  variation 
in  intensit}7.  In  this  section,  the  problem  of  estimating 
the  associated  continuous  distribution  of  root-mean  -square 
acceleration  from  the  overall  peak  counts  will  be  considered. 

The  determination  of  the  actual  probability  distribution 
of  root-mean-square  acceleration  /(< r)  from  a givren  peak-load 
history  requires  the  solution  of  the  integral  equation  given 
by  equation  (9).  Since  it  does  not,  in  general,  appear  pos- 
sible to  represent  the  load  experience  in  terms  of  the  number 
of  peak  accelerations  above  given  values  by  a simple  function, 
an  effort  was  made  instead  to  estimate /(cr)  directly  in  simple 
form,  based  on  the  results  obtained  in  the  application  of  the 
methods  for  the  discrete  case.  Equation  (9)  is  then  in- 
tegrated and  the  results  obtained  are  presented  in  chart 
form  for  use  in  comparison  with  operational  data. 

Experience  with  the  analysis  of  gust-load  data,  wherein  the 
foregoing  discrete-case  methods  have  been  used,  has  indicated 
that  the  distribution  of  a decreases  rapid h-  with  increasing 
values  of  a and  might  be  approximated  by  simple  exponen- 
tial distributions.  On  this  basis,  three  exponential- type 
probability  density  functions  were  considered,  namely, 


Case  a: 
Case  b: 
Case  c: 


(14) 


where  in  each  case  o-^O. 
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For  each  case,  a is  a scale  parameter,  larger  values  of  a 
representing  more  severe  load  histories.  The  three  distribu- 
tions are  shown  in  figure  5 for  values  of  1 and,  in  order, 
are  seen  to  have  increasingly  larger  areas  at  the  higher  values 
of  a . These  fimctions,  by  the  definition  of  a probability 
density  function,  all  have  unit  area. 

Case  a. — If  it  is  assumed  that  f(a)  is  given  by  case  a, 
equation  (9)  may  be  integrated  in  closed  form  and  yields  the 
following  result  for  M(an)/ A70: 


M(a„) 

N0 


e-an/ai 


(15) 


The  function  M{a^)jN0  gives  the  proportion  of  peak  acceler- 
ations exceeding  given  values  of  an  and  is  thus  a cumulative 
probability  distribution.  Figure  6(a)  shows  the  distribution 
M(an)jN0  for  a range  of  values  of  Equation  (15)  yields 
a simple  result  for  the  proportion  of  peak  accelerations  per 
second  exceeding  given  values  of  an , in  terms  of  the  single- 
scale parameter  of  the  distribution  of  aan.  The  value  of  the 
parameter  ax  is  inversely  proportional  to  the  slope  of  the  line 
for  M(an)/No  when  plotted  on  semilogarithmic  paper  and 
also  gives  the  value  of  below  which  68  percent  of  the  air- 
plane flight  tim.e  is  spent.  The  linear  variation  with  an  of 
the  log  M(an)  given  by  equation  (15)  is  of  considerable  inter- 
est because  gust-load  flight-test  data  on  peak  accelerations 
under  some  conditions,  particularly  where  a limited  range 
of  weather  conditions  is  represented,  tend  to  exhibit  linear 
trends  when  plotted  on  semilogarithmic  paper  (log  M(an)  as 
a function  of  an).  This  condition,  however,  does  not  generally 

apply  to  operational  data.  

Case  b. — The  distributions  of  M(an)  observed  from 
operational  flights  frequently  exhibit  a nonlinear  trend  and 


Figure  5. — Comparison  of  three  assumed  distributions. 


a concave  upward  form  when  the  log  M(an)  is  plotted 
against  an . This  form  implies  that  the  distributions  of 
/(or)  for  these  cases  might  more  adequately  be  represented 
by  case  b or  case  c.  Substituting  the  expression  for  case  b 
in  equation  (9)  yields  the  following  expression  for  the 
number  of  maximums  exceeding  an : 

«n2 

37(0=  f“— « 2"2  aido  (16) 

JO  0,2 

A closed-form  evaluation  of  the  integral  could  not  be  found. 
Numerical  evaluations  of  the  integral,  however,  are  made 
readily.  If  the  substitution  g—sci2  is  made  into  equation 
(16)  and  both  sides  of  the  equation  are  divided  by  AT0,  the 
following  result  is  obtained: 

an2  i 

(17) 

Equation  (17)  was  evaluated  for  various  values  of  an2/2a22 
so  that  M(a„)/iV0  could  be  determined  for  various  values  of 
a2.  The  results  obtained  are  shown  plotted  in  figure  6(b). 
Operational  gust-load  data  can  be  plotted  conveniently  in 
figure  6(b)  in  order  to  determine  whether  the}-  adhere  to  the 
present  distribution  shape  and,  if  so,  to  obtain  the  appropri- 
ate value  of  the  scale  parameter  a2.  (The  plotting  requires 
the  determination  of  the  value  of  Ar0  which  may  be  estimated 
from  flight  records  as  described  previously.)  The  points 
shown  in  the  figure  represent  operational  gust-load  data 
which  are  discussed  in  a subsequent  section. 

Case  c. — For  case  c,  equation  (9)  becomes 


M(an) 

No  Jo 


M^n)=J_re  2’2  a>  da 

No  2a3  Jo 


(18) 


Equation  (IS)  could  not  be  evaluated  in  closed  form  but 
was  evaluated  numerically  for  various  values  of  a3.  The 
results  obtained  for  a range  of  values  of  a3  are  shown  in 
figure  6 (c).  Operational  gust-load  data  can  also  be  plotted 
conveniently  in  figure  6 (c)  in  order  to  determine  whether 
they  adhere  to  the  present  distribution  shape  and,  if  so,  to 
obtain  the  appropriate  value  of  the  parameter  a3. 

In  general,  a good  representation  of  the  observed  dis- 
tribution of  peak  values  can  be  obtained  b}’  comparison  of 
the  data  with  the  three  charts  of  figure  6. 2 The  choice  of 
the  appropriate  case  and  the  value  of  the  scale  parameter 
then  specif}?-  the  probability  distribution  of  the  root-mean- 
square  acceleration  in  accordance  with  equations  (14).  As 
will  be  seen  in  the  section  entitled  “ Application  to  Gust- 
Load  Statistical  Data,,;  these  three  distributions  appear,  in 
most  cases,  to  be  adequate  for  the  representation  of  the 
types  of  data  so  far  considered.  However,  other  distribu- 
tion forms  appear  worth  investigating  in  future  studies. 

* The  charts  of  figures  6 (b)  and  6 (c)  contain  extensions  and  revisions  to  the  charts  presented 
earlier  in  Technical  Note  3362. 


Cumulative  probability, 
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1.0  1.2  1.4 

Acceleration,  on,  g units 


(a)  Case  a. 

Figure  6. — Cumulative  probability  of  a peak  acceleration  exceeding  given  values  of  an. 


Cumulative  probability, 
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(b)  Case  b. 

Figure  6. — Continued. 


Cumulative  probability, 
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(c)  Case  c. 

Figure  6. — Concluded. 
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Figure  8. — Graphical  separation  into  Gaussian  components  of  distribution  of  peak  acceleration. 
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DIRECT  TRANSFER  OF  GUST  LOADS  FROM  ONE  AIRPLANE  TO  ANOTHER 

It  ma}7  on  occasion  be  desirable  to  transfer  the  gust  loads 
directly  from  one  airplane  to  another  without  recourse  to 
first  determining  the  probability  distributions  of  root-mean- 
square  acceleration  and  gust  velocity.  The  following 
analysis  indicates  a simple  direct  manner  of  performing  this 
transfer. 

Consider  airplanes  i and  j.  Assume  that  the  gust  loads 
have  been  measured  on  airplane  i under  fixed  operating  con- 
ditions and  that  it  is  desired  to  determine  the  load  experience 
for  airplane  j under  fixed  operating  conditions  and  with  the 
same  turbulence  experience  as  that  of  airplane  i.  For 
airplane  i, 


Mt  (o)=(iV«)<  /,(*)  dct  (25) 

where  the  subscripts  for  acceleration  have  been  omitted  for 
brevity.  Similarly,  for  airplane  j 

M,(a)=(iVo),  f fMe-^Wdaj  (26) 

If  the  turbulence  experience  is  the  same  for  both  airplanes, 
then 


(27) 


b}7  virtue  of  equation  (22)  or  (22a).  Substituting  equation 
(27)  into  equation  (26)  and  making  use  of  the  relation  for 
the  change  of  variables  for  probability  distributions  yields 


The  integral  on  the  right-hand  side  is,  from  equation.  (25), 


equal  to  the  quantity 

(29) 

Thus, 

(30) 

Equation  (30)  indicates  that,  in  order  to  obtain  the  load 
his  tor}7  Mj(an ),  it  is  onty  necessan7  to  take  the  value  of 


measured  distribution  Af*(  ) at  the  acceleration  value 


and  multiply  the  result  by  the  ratio  of  the  charac- 


teristic frequencies  (N0)j/(No)i.  Essen tially,  the  operation 
involves  only  a change  of  the  abscissa  scale  and  a multiplica- 
tion of  the  ordinate  value  by  the  ratio  of  the  characteristic 
frequencies. 


It  should  be  noted  that  the  values  of  A need  not  neces- 
sarily be  restricted  to  the  one-degree-of-freedom  case  con- 
sidered in  the  present  conversion  of  the  acceleration  data  to 
gust  velocities.  In  mail}7  cases,  it  may  be  desirable  to  con- 
sider a more  complete  dynamic  analysis  in  determining  the 
quantities  iV0  and 

APPLICATION  TO  GUST-LOAD  STATISTICAL  DATA 

In  this  section,  the  methods  developed  in  the  section  on 
derivation  of  conversion  techniques  are  applied  to  available 
gust-load  statistical  data  in  order  to  convert  the  statistical 
data  in  terms  of  peak  counts  of  accelerations  and  gusts  into 
distribution  of  root-mean -square  gust  velocity.  The  data 
to  be  considered  are  of  two  types:  first,  data  obtained  from 
a number  of  different  transport  operations,  and,  then,  in  order 
to  obtain  a description  of  the  turbulence  that  is  more  flexible 
than  the  operational  gust  experience  and  that  is  applicable 
to  arbitrary  flight  plans,  available  data  on  the  variation  of 
turbulence  with  altitude  and  with  weather  condition.  For 
the  operational  data,  both  the  discrete  and  continuous 
methods  are  applied;  whereas,  onh7  the  continuous  case  is 
considered  for  the  other  data. 

OPERATIONAL  GUST-LOAD  HISTORIES 

Discrete  case. — The  graphical  procedure  outlined  in  an 
earlier  section  is  applied  to  a series  of  eight  operational  load 
histories  obtained  from  NACA  VGH  records.  The  scope  of 
the  data  considered  is  summarized  in  table  I.  The  data 
were  obtained  from  six  different  types  of  transport  airplanes 
with  operations  5,  6,  and  7 representing  the  same  airplane 
type  flown  by  different  operators.  The  pertinent  airplane 
characteristics  and  operating  conditions  are  given  in  table 
II.  These  data  include  estimates  of  the  overall  average 
flight  altitude,  average  flight  speed,  and  average  weight. 
The  overall  distributions  of  peak  accelerations  measured  in 
flight  are  given  in  table  III.  Because  of  the  limited  data 
available,  no  effort  was  made  to  consider  breakdowns  of  the 
overall  data  by  flight  condition  or  altitude.  Values  of  A70 
and  N2,  given  in  table  IV,  were  estimated  in  accordance 
with  equation  (12)  from  sections  of  record  obtained  in  con- 
tinuous rough  air  by  counting  the  number  of  peak  accelera- 
tions exceeding  2cr.  These  values  contain  some  revisions  of 
the  values  presented  earlier  in  NACA  Technical  Note  3362 
but  owing  to  the  nature  of  the  records  available  are  still 
considered  crude  estimates.  The  measured  distributions  of 
acceleration  increments  for  the  eight  operations  are  shown 
in  figures  8 (a)  to  8 (h).  (The  illustration  previously  con- 
sidered in  figure  4 is  operation  1 which  is  also  shown  in 
fig.  8 (a).)  The  subdivision  of  the  distribution  into  Gaussian 
components  in  the  manner  previously  described  is  also  indi- 
cated by  the  long-dash  lines  in  each  case.  The  values  of 
c Tt  and  Pi  for  each  operation  obtained  from  the  slopes  of  the 
linear  components  and  the  values  of  2M(2aij  were  deter- 
mined in  each  case  and  are  summarized  in  table  IV. 
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or  for  the  gust  spectrum  assumed  herein 

In  these  cases,  the  amplitude  of  the  airplane  frequency  re- 
sponse function  !T(S2)  will  depend  upon  additional  aerody- 
namic, geometric,  and  structural  parameters  of  the  airplane 
rather  than  upon  those  considered  in  the  single-degree-of- 
freedom  case. 

For  the  case  of  discrete  values  of  <ran,  equation  (22)  permits 
the  direct  evaluation  of  the  associated  values  of  root-mean- 
square  gust  velocity  av  for  the  single-degree-of-freedom 
case. 

For  the  case  of  a continuous  distribution  of  root-mean- 
square  acceleration,  the  appropriate  distribution  of  root- 
mean-square  gust  velocity  is  obtained  from  equation  (22)  or 
(22a)  by  the  relation  for  a change  of  variables  for  probability 
distributions  and  in  terms  of  f(<ran)  is  given  b}7 


f(cru) — Aif(Aiau)  ( <Tan — AYau) 

f(<Tu)—Af(A<Ju)  ((Tan  — Aau) 


Thus,  for  the  three  acceleration  distributions  considered,  the 
distributions  of  root-mean-square  gust  velocity  are  given  by 
the  following  equations: 


Case  a: 


where 


Case  b: 


where 


Case  c: 


where 


(24) 


(23b) 
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DISTRIBUTION  OF  ROOT-MEAN-SQUARE  GUST  VELOCITY 

In  the  foregoing  sections,  methods  have  been  given  for 
converting  the  overall  load  histories  from  counts  of  peak 
accelerations  into  several  discrete  root-mean-square  values 
of  acceleration  and  their  associated  percentage  exposure 
times  to  each  level  or  into  a continuous  distribution  of 
root-mean-square  acceleration.  The  problem  of  the  con- 
version of  these  results  into  the  airplane  gust  experience  is 
now  considered. 

The  root-mean-square  gust  acceleration  in  rough  air  is 
related  to  the  turbulence  spectrum  and  the  airplane  response 
characteristics  by  the  following  equation: 

j (T<*n~J  $u(u>)T2(a))do> 

=Jo  <t>an(w)da,  (19) 

where 

<kc/(a>)  power  spectrum  of  vertical  gust  velocity 

T{ o))  amplitude  of  airplane  acceleration  response  to 

sinusoidal  gusts  of  unit  amplitude 
power  spectrum  of  airplane  normal  accelera- 
tion 

Since  the  root-mean-square  acceleration  obtained  by  the 
preceding  evaluation  is  seen  to  depend  on  both  the  spectrum 
of  turbulence  and  the  airplane  response  characteristics,  the 
root-mean-square  acceleration  is  apparently  not  sufficient  to 
fix  the  turbulence  spectrum.  Several  procedures  appear 
possible  for  the  analysis  of  load  measurements  for  the  present 
purpose  of  deducing  root-mean-square  gust  velocities.  These 
include  the  actual  measurement  of  acceleration  spectra  and 
the  calculation  of  the  airplane  frequency-response  function. 
The  turbulence  spectrum  is  then  given  by 


$u(a)) 


T\ «) 


(20) 


This  procedure  is  extremely  laborious  and  requires  exten- 
sive calculations  for  the  output  spectrum  <t>a^(co);  the  reli- 
ability of  the  results,  in  turn,  depends  upon  the  reliability  of 
the  calculated  airplane  transfer  functions.  At  the  present 
time,  it  is  unlikely  that  the  large  amount  of  work  involved  in 
this  approach  is  warranted  even  if  the  available  records  were 
in  a form  which  would  permit  this  type  of  analysis.  Actually, 
the  film  speed  used  for  the  available  records  was  far  too  slow 
to  permit  this  type  of  analysis. 

As  an  alternative,  some  simplifications  appear  warranted. 
As  a preliminary  effort  in  this  direction,  it  will  be  assumed 
that: 

(1)  The  airplane  is  rigid. 

(2)  The  airplane  is  free  to  move  vertically  only  (not  pitch.) 

(3)  The  spectrum  of  vertical  gust  velocity  is  given  by 


$u($)=<ru 


L 1+3 122£2 

x (1  + ft2L2)2 


These  assumptions,  although  crude,  should  nevertheless 
provide  some  reasonable  approximations  of  the  gust  histories. 
The  possible  magnitude  of  the  errors  introduced  by  these 
assumptions  is  considered  in  the  section  entitled  “Reliability 
of  Results.” 

For  the  foregoing  conditions,  a useful  result  obtained  by 
Y.  C.  Fung  (ref.  2)  is  that 

16V2 

Z = C TV2  ~-2Q  (21) 


where 

Z 2 mean-square  acceleration 

c mean  chord 


K 


airplane  mass  parameter, 


4W 

(JirpSc 


s ratio  of  mean  chord  to  scale  of  turbulence,  c/L 

Since  K^>1  in  almost  all  cases  of  concern,  equation  (21) 
may  be  simplified  to  yield 


pVSm  ll(K,s) 

W~y~T~ 


<r*n — A\<ixj 


where 


(22) 


T pVSm 

A'~~ar 


V 


I(Kj) 


is  an  airplane  gust-response  factor  defined  in 


reference  2 and  is  shown  in  figure  7 as  a function  of  K for 
various  values  of  s~c/L. 

In  this  representation,  the  three-dimensional  slope  of  the 
lift  curve  m has  been  used  to  replace  2t  in  order  to  account 
for  the  overall  three-dimensional  aerodynamic  effects.  In 
this  form,  observed  values  of  aan  may  be  used  directly  with 
the  values  of  the  airplane  parameters  to  determine  av. 
This  calculation  requires  the  determination  of  the  value  of 
Ai.  For  this  purpose,  it  would  appear  adequate  to  use 
average  values  of  p,  V,  and  W as  well  as  an  average  value  of 
K for  a given  operation  or,  if  greater  precision  is  required, 
for  portions  of  an  operation.  Thus,  the  quantity  Al  may 
be  treated  as  a constant  for  a given  operation  (or  portion  of 
an  operation). 

It  should  be  noted  that  the  direct  proportionality  be- 
tween the  root-mean-square  gust  velocity  and  acceleration 
as  given  by  equation  (22)  is  not  restricted  to  the  one-degree- 
of-freedom  case  but  may  be  generalized  to  cover  as  many 
degrees  of  freedom  as  desirable.  In  general, 


Van—Acu  (22a) 

where,  from  equation  (19),  A is  defined  by 


$c(G)Ts(fi)dQ  * 


where  Q is  a reduced  frequency  co/V  in  radians  per  foot 
and  L is  the  scale  of  turbulence. 


(22b) 
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Figure  8. — Concluded. 
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The  results  of  figure  8 and  table  IV  indicate  that  the 
operational  load  histories  can,  in  most  cases,  be  reproduced 
by  numbers  of  the  order  of  1 percent  of  the  flight  time  at 
<Tan=0.U)g  and  0.05  percent  of  the  flight  time  at  aafi=0.3g. 
In  some  cases,  three  components  were  found  desirable. 
Actually,  the  total  flight  time  in  rough  air  is  considerably 
higher  than  the  1 percent  indicated  by  these  values,  as 
previously  mentioned,  and  should  perhaps  include  as  much 
as  10  percent  at  a lower  value  of  aan  of  the  order  of  0.05#. 
This  flight  time  would  yield  the  primary  contribution  to 
the  number  of  peak  accelerations  at  values  of  an  below 
0.3#  but  contributes  only  a few  peak  accelerations  above 
the  threshold  value  of  0.3#  used  in  the  data  evaluations 
considered  herein. 

The  conversion  of  the  root-mean-square  accelerations 
to  root-mean-square  gust  velocities  requires  the  deter- 
mination of  the  value  of  the  quantity  Ax  for  each  operation, 
as  defined  in  equation  (22), 

T pVSm  [KKJ) 

Al~  2W  V * 

For  this  purpose,  the  airplane  characteristics  given  in 
table  II  were  used  along  with  the  average  values  of  air 
density,  airspeed,  and  airplane  weight.  In  determining 
the  gust  response  factor,  average  values  of  weight  and  air 
density  were  also  used  along  with  a value  of  L of  1,000 
feet.  The  values  of  Ax  obtained  for  the  eight  operations 
and  the  resultant  values  obtained  for  <rv  are  given  in  table  IV. 
It  is  of  interest  to  note  that  a change  in  the  value  of  L 
by  a factor  of  2 results  in  root-mean-square  gust  .velocities 
that  are  increased  by  about  25  percent  if  L is  doubled 
(A=2,000  feet)  or  decreased  by  about  25  percent  if  L is 
halved  (Z=500  feet). 

Continuous  case. — In  order  to  determine  the  appropriate 
continuous  distribution  of  root-mean-square  acceleration, 
the  tabulated  distributions  of  table  III  were  compared 
with  curves  of  figure  6.  Operations  1,  2,  3,  and  8 appeared 
to  follow  case  b best  and  are  shown  in  figure  6 (b).  (The 
measured  distribution  of  peaks  which  included  positive  and 
negative  peaks  was  divided  by  2 for  this  comparison.) 
The  appropriate  values  of  a2  can  be  obtained  from  the 
figure  by  interpolation  and  are  given  in  table  IV.  The 
distribution  of  aa  for  these  operations  is,  from  equations  (14), 
given  by 

{2(<ra)=-  C~'J°2  (<r2  0) 

&2 

It  is  of  interest  to  note  that  all  three  of  the  two-engine 
aircraft  in  low-altitude  operations,  operations  1,  2,  and  3, 
are  best  represented  by  this  case. 

The  remaining  four  operations  had  a slower  rate  of  decrease 
in  M {(in) I N0  with  increasing  an ; this  condition  suggested 
that  case  c might  be  more  appropriate.  The  data  for  these 
operations  are  shown  plotted  in  figure  6 (c)  and  are  in  fair 
agreement  with  the  curves  for  case  c.  Again,  one-half  the 
measured  distributions  are  plotted  to  be  comparable  with 


the  calculated  curves.  The  acceleration  histories  for  these 
operations  are  thus  described  by  the  probability  distribution 
for  case  c (eqs.  (14)) 

where  the  appropriate  value  of  a3  determined  by  inter- 
polation from  figure  6 (c)  for  each  operation  is  given  in 
table  IV. 

In  some  of  the  foregoing  cases,  the  acceleration  histories 
are  not  too  well  represented  by  the  analysis.  Better  repre- 
sentations, if  desirable,  can  be  obtained,  however,  by  con- 
sidering combinations  of  the  three  distributions  or  more 
complicated  distribution  forms. 

The  conversion  of  these  distributions  to  distributions  of 
root-mean-square  gust  velocities  only  requires  the  deter- 
mination of  the  values  of  b defined  in  equations  (24).  The 
appropriate  values  of  b (b2  or  &3)  were  determined  by  use  of 
the  values  of  Ax  for  each  operation  and  are  given  in  table  IV. 
These  values  apply  to  the  associated  distributions  which  are 
given  by  equations  (24).  The  probability  distributions 
obtained  for  each  of  the  operations  are  shown  in  figure  9 (a). 
Because  of  the  changes  in  the  values  of  No  and  several  other 
minor  changes,  these  results  also  differ  in  some  cases  from 
those  presented  in  NACA  Technical  Note  3362.  The 
cumulative  probability  distributions,  which  are  obtained  by 
integrating  the  probability  distributions,  are  given  in  figure 
9 (b)  and  define  the  proportion  of  total  flight  time  spent  in 
turbulence  exceeding  given  values  of 

The  description  of  the  gust  experience  in  this  form  is 
directly  applicable  to  load  calculations  for  other  airplanes  in 
similar  operations  by  reversing  the  procedures  used  in  obtain- 
ing these  results.  However,  direct  application  of  these 
results  would  apply  only  to  similar  operations.  In  order  to 
obtain  results  that  are  more  flexible  and  applicable  to  arbi- 
trary flight  plans,  it  would  be  desirable  to  determine  the 
variations  in  these  distributions  with  altitude,  weather  con- 
dition, and,  perhaps,  geography.  Preliminary  results  ob- 
tained in  this  respect  are  described  in  the  next  sections. 

VARIATION  WITH  ALTITUDE 

Conversion  of  data. — In  order  to  arrive  at  some  rough 
estimates  of  the  variation  of/(c tv)  with  altitude,  use  was  made 
of  the  summary  of  gust  statistics  given  in  reference  22. 
Figure  6 of  reference  22  presents  estimates  of  the  average 
gust  experience  at  various  altitudes  that  are  representative 
of  contemporary  types  of  transport  operations.  In  order  to 
estimate  the  associated  distributions  of  root-mean-square 
gust  velocity,  these  results  which  are  in  terms  of  the  fre- 
quencies of  derived  gust  velocities  were,  for  convenience, 
first  converted  to  acceleration  peaks  by  using  the  conven- 
tional gust-response  equation  as  given,  for  example,  in  refer- 
ence 12,  and  the  characteristics  of  a representative  transport 
airplane.  The  charts  of  figure  6 could  then  be  used  to 
estimate  the  appropriate  distribution  form  and  the  scale 
value  a. 
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(a)  Probability  density.  (b)  Cumulative  probability. 

Figure  9. — Probability  distribution  of  the  root-mean-square  gust  velocity  for  eight  operations. 


The  airplane  and  operating  parameters  used  for  this  conver- 
sion to  accelerations  are  given  in  table  V.  The  acceleration 
histories  as  defined  by  the  cumulative  probability  distribu- 
tion of  peak  accelerations  M(an)/No  obtained  on  this  basis  are 
shown  in  figure  10  (a)  for  each  10,000-foot  altitude  bracket 
with  the  exception  of  the  lowest  altitude  bracket.  Also 
shown  in  the  figure  are  curves  for  M(an)/No  corresponding  to 
the  probability  distribution  of  root-mean-square  acceleration 
/3(o'an)  as  given  in  figure  6 (c).  It  will  be  noted  that,  except 
for  the  lowest  altitude  bracket,  the  acceleration  histories  can 
be  reasonably  well  approximated  by  members  of  this  family 
of  distributions.  The  appropriate  values  of  az  obtained  by 
interpolation  on  the  figure  for  these  altitudes  are  given  in 
table  V.  For  the  lowest  altitude  bracket,  0 to  10,000  feet,  a 
better  representation  was  needed.  A few  trials  indicated 
that  a very  good  approximation  for  the  data  for  the  lowest 
altitude  bracket  could  be  obtained  by  the  following  two-term 
probability  distribution: 

'KM0-99)  ^ <rW°»2‘+(0.01)  ok  <rW°'05°  <31) 


The  distribution  of  peak  accelerations  M(an)/AT0  correspond- 
ing to  this  distribution  for  <ra/i  is  shown  in  figure  10  (b)  as  the 
short-dash  curve  and  is  seen  to  be  in  excellent  agreement  with 
the  data  points  for  this  altitude  bracket.  The  contribution 


of  each  of  the  two  terms  of  the  right-hand  side  of  equation  (31) 
to  the  total  curve  is  indicated  by  the  two  long-dash  curves. 

By  applying  the  values  of  Ax  for  each  altitude  bracket  in 
table  V and  the  foregoing  results  in  equation  (23a),  the  follow- 

A 

ing  distributions  j(ou)  were  obtained  for  the  various  altitude 
brackets: 

For  the  altitude  bracket  of  0 to  10,000  feet, 

K'v)= 0.99  A.e-v>«+0.01  ^e-V2-84  (32) 

for  both  altitude  brackets  of  10,000  to  20,000  feet  and  20,000 
to  30,000  feet, 

2(o  32)2  e ^/0*32  (33) 

and  for  both  altitude  brackets  of  30,000  to  40,000  feet  and 
40,000  to  50,000  feet, 

<34> 

In  both  equations  (33)  and  (34)  average  values  of  bz  are 
given  for  the  two  10,000-foot  intervals  covered.  These  dis- 
tributions are  shown  in  figure  11  (a).  The  cumulative  dis- 
tributions are  shown  in  figure  11  (b)  and  give  the  proba- 
bility of  exceeding  given  values  of  aa. 


Cumulative  probability, 
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(b)  0 to  10,000  feet. 
Figure  10. — Concluded. 
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(a)  Probability  density.  (b)  Cumulative  probability. 

Figure  11. — Distribution  of  <ju  with  altitude  for  routine  operations. 


Perhaps  the  most  important  points  to  be  noted  from 
figure  11  (b)  are  the  relatively  large  amount  of  time  spent 
in  essentially  smooth  air  at  the  higher  altitudes  (<rc/<2  feet 
per  second  93  to  96  percent  of  the  time)  and  the  relatively 
large  amount  of  time  spent  in  light  to  severe  turbulence  at 
the  lowest  altitude  bracket  (<rt/>2  feet  per  second  25  percent 
of  the  time).  The  time  spent  above  5 feet  per  second  for 
the  lowest  altitude  bracket  is  roughly  five  to  ten  times  as 
great  as  that  for  the  higher  altitude  brackets. 

It  should  be  remembered  that  these  results  are  in  terms  of 
true  gust  velocity.  If  equivalent  gust  velocities  which  are 
more  directly  related  to  the  airplane  response  are  used,  the 
decrease  in  turbulence  intensity  with  altitude  would,  of 
course,  be  even  more  pronounced  than  is  indicated  herein. 

Method  of  application. —The  method  of  application  of 
these  results  to  the  calculation  of  response  histories  for 
arbitrary  flight  is  based  on  the  following  relation: 

_ On2 

j(<jv)e  2(2aur'  dcu  (35) 

which  is  obtained  by  substituting  equations  (22a)  and  (23b) 
into  equation  (9).  The  procedure  involves  the  division  of 
the  operational  flight  plan  into  homogeneous  portions  or 
segments  in  regard  to  flight  altitude  and  operating  con- 
ditions such  as  airspeed  and  airplane  weight.  The  appropri- 
ate distribution  of  the  root-mean-square  gust  velocity  is 


selected  for  each  flight  segment  from  figure  11  (a)  and  equa- 
tion (35)  is  then  evaluated  for  each  segment.  Actual  numer- 
ical calculations  are  facilitated  by  the  use  of  the  charts  of 
figure  6.  The  sequence  of  steps  involved  in  such  applica- 
tion is  as  follows: 

(1)  The  operational  flight  plan  is  divided  into  homogene- 
ous segments  in  regard  to  flight  altitude  (10,000-foot  alti- 
tude brackets)  and  operating  conditions  such  as  airspeed 
and  weight. 

A 

(2)  The  appropriate  distribution  of  j(<rv)  is  selected  for 
each  altitude  bracket  from  figure  11  (a). 

(3)  The  values  of  A are  determined  for  each  significant 
segment  of  the  flight  plan  in  accordance  with  equation  (22) 
or  (22c). 

(4)  In  order  to  obtain  the  associated  distributions  of  accel- 
eration /(crfln),  each  of  the  distributions  oif(av)  is  transformed 
by  the  relation 

where 

<ru=  G a J A 

(5)  The  values  of  N0  are  most  easily  determined  from 
flight  records,  if  available,  by  the  methods  already  indi- 
cated. For  new  designs  Ar0  must  be  estimated  analytically. 
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From  equations  (4)  and  (20) 


and  for  thunderstorms, 


“ /•  00 

L J $u(u)T2(a))dco  J 


The  reliable  estimation  of  A70  from  this  relation  is  a diffi- 
cult problem  inasmuch  as  the  value  depends  heavily  on  the 
reliability  of  both  the  gust  spectrum  and  the  airplane  fre- 
quency response  function  at  the  higher  frequencies.  In 
order  to  obtain  reliable  estimates  of  this  quantity,  it  appears 
necessary  to  account  for  the  effects  of  spanwise  variations  in 
turbulence  which  act  strongly  to  attenuate  the  airplane 
response  at  these  higher  frequencies.  The  effects  of  the 
spanwise  variations  of  turbulence  on  the  airplane  response 
have  been  studied  in  references  6 and  23  and  will  have  to 
be  considered  further  in  order  to  establish  how  best  to 
account  for  these  effects  in  estimating  the  value  of  A70  by 
analytical  means. 

(6)  The  distributions  of  aUn  and  the  values  of  Ar0  are  then 
used  in  equation  (9)  to  derive  the  number  of  peak  accelera- 
tions per  second  or  per  mile  for  each  condition.  These  cal- 
culations are  facilitated  by  the  use  of  charts  such  as  given 
in  figure  (6) . 

(7)  The  results  obtained  in  step  6 are  then  weighted  in 
accordance  with  the  flight  distance  in  each  condition  or 
segment  and  then  summed  for  all  conditions  in  order  to 
obtain  the  overall  acceleration  history. 

VARIATION  WITH  WEATHER  CONDITION 

In  the  preceding  discussion,  the  variation  in  the  gust  ex- 
perience with  flight  altitude  was  considered.  Another 
breakdown  of  the  gust  experience  which  may  be  useful  in 
some  problems  is  the  variation  in  gust  experience  with 
weather  conditions.  Figure  12  (a)  shows  estimates  of  the 
variations  in  /(o'er)  that  have  been  obtained  from  data  for 
several  types  of  turbulent  weather  conditions  (ref.  24).  The 
curve  for  clear-air  turbulence  was  based  on  data  obtained  in 
flight  through  clear  and  turbulent  air  at  the  lower  altitudes. 
The  curve  for  cumulus  clouds  was  based  on  data  obtained 
in  flight  under  moderate  convective  conditions  such  as  rep- 
resented by  bulging  cumulus  clouds.  Finally,  the  curve  for 
thunderstorms  was  based  on  data  obtained  in  flight  in  the 
immediate  vicinity  of  or  within  severe  thunderstorms.  In- 
asmuch as  the  data  of  reference  24  showed  a linear  variation 
of  the  logarithmic  gust  frequency  with  gust  intensity,  the 
probability  distributions  of  is  given  by  case  a (fig.  6 (a)). 
The  curves  of  figure  12  (a)  are  thus  given  by  the  equation 
for  case  a: 

e-'JW  (a„  ^ 0) 


The  values  obtained  for  bx  are  as  follows: 
For  clear-air  turbulence, 

£>!  = 3.15 

for  cumulus  clouds, 

6i  = 6.28 


&i  = 10.05 

A simple  linear  measure  of  the  relative  intensity  of  the  tur- 
bulence for  these  conditions  may  be  obtained  by7  comparing 
the  values  of  bx.  It  will  be  noted  that  the  values  of  bx  for  the 
cumulus  and  thunderstorm  conditions  are  roughly7  two  and 
three  times  that  for  the  clear-air  condition.  The  cumulative 
probability7  distributions  for  the  three  weather  conditions  are 
shown  in  figure  12  (b). 

It  has  been  estimated  that  contemporary7  transport  opera- 
tions spend  about  10  percent  of  their  flight  time  in  this  clear- 
air-turbulence  condition,  1 percent  in  the  cumulus  condition, 
and  perhaps  0.05  percent  in  thunderstorms.  These  results 
may7  therefore  be  applied  in  evaluating  the  effects  on  the  over- 
all load  experience  of  operational  procedures  which  would 
tend  to  modify7  this  weather  experience.  For  example,  tho 
introduction  of  airborne  radar  for  weather  avoidance  may7  be 
expected  to  reduce  the  exposure  time  to  the  severe  turbulence 
conditions  of  thunderstorms.  Also,  high  rates  of  climb  and 
descent  through  the  lower  and  more  turbulent  altitude  lay7ers 
may7  cause  a drastic  reduction  in  the  10  percent  of  the  flight 
time  attributed  to  clear-air-turbulence  conditions  and  there- 
by7 cause  a marked  reduction  in  the  overall  gust  experience. 

RELIABILITY  OF  RESULTS 

The  foregoing  analysis  has  indicated  that,  under  reasonable 
assumptions,  available  gust  statistics  in  the  form  of  counts  of 
acceleration  and  gust  peaks  may7  be  converted  into  a form 
suitable  for  applications  in  spectral  calculations  of  airplane 
responses.  The  appropriate  form  for  this  purpose  is  the  prob- 
ability7 distribution  of  the  root-mean -square  gust  velocity7. 
Estimates  of  this  distribution  are  derived  from  data  for  a 
number  of  transport  operations,  and  the  variation  of  this 
distribution  with  altitude  and  weather  condition  is  also  given. 
In  the  derivation  of  these  results,  a number  of  assumptions 
were  made  and  these  assumptions  may7  affect  the  reliability7  of 
the  results  obtained  and  their  method  of  application  in  re- 
sponse calculations.  The  reliability7  of  the  results  and  the 
method  of  applying  these  results  are  discussed  in  this  section. 

The  principal  errors  in  the  present  analysis  stem  from  the 
following  sources: 

(1)  The  assumption  of  the  form  of  the  turbulence  spectrum 
and  the  assumed  value  of  1,000  feet  for  the  scale  of  the 
turbulence 

(2)  The  assumption  of  average  values  of  weight,  altitude, 
and  airspeeds  in  the  reduction  of  the  data 

(3)  The  restriction  of  the  airplane  dynamics  to  the  one- 
degree-of-freedom  case  in  the  conversion  of  the  results  from 
acceleration  to  gust  velocity7 

(4)  The  assumption  that  the  gusts  are  uniform  across  the 
span 

(5)  The  statistical  sampling  errors  that  arise  from  the 
limited  data  considered. 

The  magnitude  of  the  errors  resulting  from  each  of  these 
sources  is  considered  in  turn. 
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(a)  Probability  density.  (b)  Cumulative  probability. 

Figure  12. — Distribution  of  root-mean-square  gust  velocity  with  weather  condition. 


Turbulence  spectra. — The  assumed  spectral  shape  given 
by  equation  (1)  appears  to  be  a reasonable  representation  of 
the  spectra  measurements  reviewed  in  figures  1 and  2 for 
the  region  of  gust  wavelengths  covered  (10  feet  to  perhaps 

10.000  feet).  At  the  shorter  gust  wavelengths,  the  spectrum 
probably  approaches  zero  at  a faster  rate  than  that  assumed. 
However,  the  contribution  of  these  higher  frequencies  to  the 
total  power  is  very  small  and  appears  negligible. 

At  the  very  low  frequencies  (say,  gust  wavelengths  greater 
than  3,000  feet),  the  spectrum  is  not  yet  adequately  defined 
although  the  available  measurements  suggest  a flattening  of 
the  spectrum  in  this  region  and  values  of  L of  the  order  of 

1.000  feet.  It  may  be  expected  that  the  value  of  L varies 
somewhat  with  weather  condition  and,  as  previously  indi- 
cated, such  variations  would  affect  the  reliability  of  the  de- 
rived root-mean -square  gust  velocities.  This  assumption 
thus  appears  to  be  a possible  source  of  error  in  the  distribu- 
tions of  root-mean-square  gust  velocities  derived  herein. 

The  consequences  of  such  possible  errors  in  the  scale  of 
turbulence  and  in  the  root-mean-square  gust  velocities  on  the 
reliabili ty  of  load  and  other  response  calculations  will  vary 
depending  upon  the  airplane  response  characteristics  and 
have  to  be  evaluated  in  each  case.  For  many  airplanes,  the 
errors  in  the  calculated  loads  m&y  be  largely  compensating 
inasmuch  as  the  errors  in  the  values  of  root-mean -square 
gust  velocity  will  be  balanced  bv  the  error  due  to  the  use  of 
the  erroneous_value  of  L (Z=  1,000  feet)  in  the  calculation  of 
the  quantity  A.  This  condition  can  be  verified  in  a concrete 
fashion  for  the  on  e-degree-of-freedom  case  by  some  trial  cal- 
culations by  use  of  the  curves  for  the  gust  response  factor  of 


figure  7 and  consideration  of  possible  variations  in  the  value 
of  the  scale  of  turbulence.  For  example,  representative 
values  of  the  mass  parameter  and  the  mean  chord  for  the 
airplanes  used  to  collect  the  gust  data  are  100  and  10  feet, 
respectively.  For  these  values  and  the  scale  of  turbulence 

of  1,000  feet,  the  value  of  is  0.01  and  the  value  of  the 

gust  response  factor  ^ HK,s)  is  0.465.  If  the  true  value  of 

the  scale  of  turbulence  is  2,000  feet,  the  value  of 

about  0.36.  The  use  of  the  higher  value  of  the  gust  response 
factor  would,  from  equation  (22),  yield  a root-mean-square 
gust  velocity  that  is  about  29  percent  too  low.  However,  the 
determination  of  the  value  of  A\  for  the  airplane  for  which  the 
loads  are  being  calculated  would,  in  turn,  be  high  by  about 
the  same  amount  for  many  cases.  For  example,  for  the  same 
mean  chord  but  with  a mass  parameter  of  200,  the  value 
obtained  for  the  gust  response  factor  in  figure  7 is  about  0.61 
for  X— 1,000  feet,  as  compared  with  the  value  of  0.48  for  the 
scale  of  turbulence  of  2,000  feet.  Thus,  the  use  of  a value  of 
L— 1,000  feet  in  the  load  calculation  yields  a compensating 
error  of  about  27  percent.  Thus,  at  least  for  limited  varia- 
tions in  the  airplane  parameters,  the  net  errors  in  the  load  cal- 
culation due  to  variation  in  the  scale  of  turbulence  from  the 
assumed  value  of  1,000  feet  would  be  small. 

Average  values  of  airplane  parameters. — -The  effects  of 
assuming  average  conditions  of  weight,  altitude,  and  speed 
may  also  be  expected  to  introduce  some  errors  in  the  derived 
root-mean-square  gust  velocities  given  in  figure  9 for  the 
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various  operations.  The  errors  resulting  from  the  assump- 
tions of  average  weight  and  altitude  may  be  expected  to  be 
small  because  these  errors  should  largely  average  out.  The 
effects  of  speed  variations  are  in  a somewhat  different  cate- 
gory inasmuch  as  efforts  are  normally  made  to  reduce  speed 
in  rough  air.  For  the  operations  considered  herein  (fig.  9), 
it  appears  that  the  reductions  in  speed  from  normal  operating 
speeds  were  generally  small  and  negligible  at  the  lighter  levels 
of  turbulence.  At  the  more  severe  levels  of  turbulence,  the 
airspeeds  were,  on  the  average,  somewhat  lower  than  normal 
operating  speeds,  but  the  reductions  in  most  cases  were 
small,  about  5 to  10  percent.  Thus,  the  distribution  of  ^ 
at  the  higher  levels  may  be  biased  to  this  extent. 

In  deriving  the  results  on  the  variation  of  the  distributions 
of  root-mean-square  gust  velocity  with  altitude  and  weather 
condition,  figures  (11)  and  (12),  the  assumption  of  an  average 
speed  was  not  necessary  inasmuch  as  the  original  distribu- 
tions of  derived  gust  of  reference  8 were  largely  based  on 
data  in  which  the  actual  speeds  were  taken  into  account. 
However,  average  conditions  of  altitude  and  weight  were 
assumed  both  in  the  derivation  of  the  basic  data  and  in  the 
present  reductions.  The  errors  due  to  these  sources  should 
be  largely  self-balancing  and  therefore  small. 

Airplane  dynamics. — In  the  derivation  of  the  root-mean- 
square  gust  velocities,  the  airplane  was  assumed  to  be  rigid 
and  restrained  in  pitch  although  free  to  move  vertically. 
These  assumptions  are  admittedly  rough  approximations 
and  their  effects  on  the  derived  gust  data  require  additional 
study.  Extensions  of  the  present  results  to  include  the  effects 
of  these  two  additional  degrees  of  freedom  appear  possible 
although  they  would  involve  a considerably  larger  number  of 
airplane  and  operating  parameters.  It  should,  however,  be 
possible  in  the  meantime  to  make  some  rough  overall  cor- 
rections to  the  root-mean-square  gust  velocities  for  some  of 
these  effects.  For  example,  available  information  suggests 
that  the  neglect  of  the  dynamic  structural-response  effects 
on  the  center-of-gravity  accelerations  might  be  expected  to 
have  resulted  in  roughly  a 10-percent  overestimation  of  the 
root-mean-square  gust  velocities  for  most  of  the  airplanes 
considered  in  the  present  study.  The  effects  of  the  airplane 
pitching  motions  on  the  root-mean-square  gust  velocities  for 
the  present  airplanes  are  also  generally  considered  small. 
Recent  studies  suggest  that  the  pitching  motions  for  the 
present  airplanes  would  tend  to  decrease  the  gust  accelera- 
tions and  thus  tend  to  lead  to  some  underestimation  of  the 
root-mean-square  gust  velocities.  A rough  estimate  of 
about  10  percent  appears  reasonable  for  this  effect  for  the 
airplanes  considered.  Thus,  it  is  suggested  that  the  overall 
effects  of  pitch  and  flexibility  might  largely  cancel  each 
other.  However,  additional  study  of  these  effects  is  needed. 

Effect  of  spanwise  variations  in  turbulence. — In  the 
present  analysis,  no  consideration  has  been  given  to  the 
the  effects  of  gust  averaging  introduced  by  the  finite  span. 
If  the  ratio  of  the  span  to  the  scale  of  turbulence  is  large, 
these  effects,  as  has  been  indicated  in  reference  6,  may  be 
appreciable.  For  example,  for  a span  of  150  feet  and  a 
value  of  L— 1,000  feet,  the  results  of  reference  6 suggest  that 
the  root-mean-square  value  of  vv  may  be  underestimated 
in  the  present  analysis  by  perhaps  as  much  as  5 to  10  percent. 
For  smaller  values  of  the  ratio  of  the  span  to  the  scale  of 


turbulence,  the  magnitude  of  this  discrepancy  is  consider- 
ably smaller.  If  desirable,  the  incorporation  of  these  effects 
on  an  average  basis  would  also  appear  straightforward. 

Statistical  reliability  of  results. — Since  the  present  results 
are  based  on  relatively  small  operational  samples  (of  the 
order  of  1,000  hours),  the  statistical  reliability  of  the  desired 
distributions  of  root-mean-square  value  is  dependent  upon 
the  statistical  reliability  of  the  acceleration  data.  Past 
experience  has  indicated  that  these  distributions  are  reliable 
for  samples  of  this  size  at  the  lower  levels  of  acceleration 
(0.3<jr  to  0.5^)  but  have  poor  statistical  reliability  at  the 
higher  acceleration  values.  As  a consequence,  it  may  be 
expected  that  the  derived  probabilities  for  the  higher  rQot- 
mean-square  gust  velocities  are  only  rough  estimates  and 
should  be  used  only  as  a guide.  More  reliable  information 
regarding  the  higher  root-mean-square  gust  velocities, 
requires  more  extensive  flight  data  although  it  may  be 
possible  to  supplement  the  present  results  by  use  of  available 
NACA  V-G  records.  The  extension  of  the  present  appli- 
cations to  include  such  other  data  is,  however,  beyond  the 
scope  of  the  present  report. 

Applicability  of  results. — In  view  of  the  foregoing  con- 
siderations, the  distribution  of  root-mean-square  gust  veloc- 
ity given  herein  may  be  considered  a reasonable  first-order 
estimate  of  the  characteristics  of  atmospheric  turbulence 
that  are  essentially  independent  of  the  characteristics  of 
the  airplanes  involved.  Thus,  these  gust  spectra  and 
root-mean-square  gust-velocity  distributions  can  be  reason- 
ably applied  in  gust-load  calculations  in  which  the  effects  of 
pitching  motions  and  flexibility  are  included  in  the  deter- 
mination of  the  airplane  transfer  functions. 

A final  word  of  caution  is  appropriate  in  regard  to  the 
limitations  of  the  present  results,  particularly  figure  11, 
for  response  calculations.  Inasmuch  as  the  basic  data  on 
which  the  present  results  are  based  were  largely  obtained 
from  conventional  American  transport- type  operations, 
they  are  representative  of  such  operations  in  regard  to  such 
factors  as  geograph}',  turbulence  avoidance  procedures,  and 
terrain  clearance.  As  a consequence,  the  present  results 
may  require  modification  for  operations  that  differ  in  a 
significant  fashion  from  those  considered  herein. 

CONCLUDING  REMARKS 

The  foregoing  analysis  lias  served  to  demonstrate  that 
the  gust  statistics  may,  under  reasonable  assumptions,  be 
converted,  into  a form  appropriate  for  spectral-type  calcula- 
tions. The  significant  and  fundamental  quantity,  for  this 
purpose,  appears  to  be  the  probability  distribution  of  the 
root-mean-square  gust  velocity.  The  results  obtained  in 
defining  the  variations  of  this  function  with  type  of  operation, 
flight  altitude,  and  weather  condition  provide  at  least  a 
starting  basis  for  their  application  to  response  calculations 
in  arbitrary  operations.  These  results  should  serve  to 
supplement  the  discrete-gust  techniques  in  current  use  and 
be  particularly  appropriate  in  problems  requiring  a more 
detailed  accounting  for  the  airplane  dynamics  than  is 
possible  by  discrete-gust  techniques. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  March  5,  1956. 


APPENDIX 

RELATIONS  BETWEEN  PEAK  COUNTS  AND  SPECTRA  FOR  A GAUSSIAN  RANDOM  PROCESS 


In  the  present  anatysis,  use  is  made  of  the  relations  be- 
tween the  number  of  maximums  per  second  and  the  spectra 
for  a Gaussian  random  process.  These  relations  are  derived 
in  reference  13  and  are  summarized  herein  in  order  to  per- 
mit the  examination  of  the  reliability  of  the  approximate 
expression  used  in  the  bod}-  of  the  report. 

NUMBER  OF  MAXIMUMS 

The  probability  pm  that  a Gaussian  random  process  y(t) 
will  have  a maximum  intensity  ranging  from  yx  to  yx-\-dyx 
in  the  time  interval  t to  t+dt  is  given  in  reference  13  as 

j>m=dy4t  ^[|Af|»  e~vWh\M\+ 

MnVx(md  e~VH1+ erf  (2\M\bL)'*j\  (A1) 

where  the  error  function  is 

2 Cz i 9 

erf  Zx=~ 7=  I e~z~dZ 


and  the  coefficients  Mi}  can  be  expressed  in  terms  of  the  value 
at  zero  of  the  autocorrelation  function  ^(r)  and  its  deriva- 
tives as 

Mn=-t oVo(4>  1 


Mn=(h"Y 

Mzz~  'Po'Pd' 

|Mh-^[Wo(4)-(W2]  , 

where 


(A2) 


and  \p0"  and  ^0(4)  are,  respectively,  the  values  at  0 of  the 
second  and  fourth  derivative  of  the  autocorrelation  function 
^(r).  The  values  at  zero  of  the  autocorrelation  function 
and  its  derivatives  are  in  turn  related  to  the  power-spectral- 
density  function  $>(co)  by  the  following  relations: 


^0= 


~K= 


go2<£  (o >)du 


^0 


(A3) 


Equation  (Al)  is  rather  un wieldly,  but  two  simple  results 
of  interest  may  be  obtained  from  it.  The  first  result — the 
expected  number  of  maximums  per  second  NP — is  obtained 
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by  integrating  over  yx  from  — to  00  and  over  t for  a time 
of  1 second  to  obtain 

N !-*")* 


1_ 

— co  — 

J o)4^(oi)do) 

2ir 

r*  oo 

I 0)24>(co)dco 

(A4) 


The  second  result  is  an  asymptotic  expression  for  large  yx 
for  the  number  of  maximums  per  second  N(yx)  exceeding 
given  values  of  yXf  which  can  be  obtained  by  integrating  an 
asymptotic  approximation  to  pm  from  yx  to  <*> ; the  result, 
given  in  reference  13,  is 


=2tt 


X 

lj; 


u>2$(cS)du 

$(a))da) 


-v  iW0 


(A  5) 


It  is  of  interest  to  note  that  the  right-hand  side  of  equation 
(A 5)  is  also  the  exact  expression  for  the  number  of  crossings 
per  second  with  positive  slope  of  given  values  of  yx. 

Equation  (A5)  is  the  basic  relation  used  in  the  present 
analysis  for  the  number  of  peaks  per  second  exceeding  given 
values  of  yx.  Since  it  is  an  approximation  for  this  purpose, 
the  magnitude  of  the  errors  introduced  in  the  present  analy- 
sis by  its  use  is  of  interest  and  is  considered  in  the  remainder 
of  the  appendix. 

RELIABILITY  OF  THE  APPROXIMATION 

Past  experience  has  indicated  .that  in  gust-load  applica- 
tions, the  approximation  given  by  equation  (A5)  is  in  most 
cases  good  for  values  of  yx/<r^>2.  For  values  of  yxj(j<C2} 
equation  (A5)  tends  to  underestimate  the  number  of  peak 
loads  to  some  extent.  The  magnitude  of  these  errors  does 
not,  however,  appear  to  be  large  and,  as  will  be  indicated, 
has  only  a very  small  effect  on  the  reliability  of  the  present 
analysis. 

The  magnitude  of  the  error  introduced  by  the  approxima- 
tion for  small  values  of  yxlr  umv  be  indicated  by  considering 
the  ratio  N(0)  to  the  total  number  of  peaks  Np.  From 
equations  (A4)  and  (A5),  this  ratio  is  given  by 


m o)  J 

| co2$(co)  do) 
f0 

NP  ( 

(J 

rm  \A 

| <i>(co)  doij 
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For  a low-pass  filter,  which  appears  to  describe  roughly  the 
response  of  a relatively  rigid  airplane  to  turbulence,  equation 
(A6)  reduces  to 


mo) 

N, 


(A7) 


The  quantity  NP)  which  gives  all  the  maximums,  includes 
some  maximums  at  negative  values  of  yx.  For  the  low-pass- 
filter  case,  the  results  of  reference  13  indicate  that  about  15 
percent  of  all  maximums  are  at  negative  values  of  yx.  Thus, 
the  approximation  of  equation  (A5)  appeal's  to  be  roughly 
10  percent  low  for  the  low-pass-filter  case  at  y1/< r=0.  For 
increasing  values  of  yjv,  this  error  decreases  rapidly  and  is 
less  than  3 percent  at  y\/(j= 0.5. 

For  moderately  flexible  airplanes  of  the  type  considered  in 
the  present  study,  the  degree  of  underestimation  of  the 
asymptotic  formula  is  somewhat  larger  than  for  the  band- 
pass case.  In  this  case,  calculations  indicate  that  equation 
(A5)  appears  to  underestimate  the  number  of  peaks  by 
about  30  percent  at  yJa—0,  10  to  15  percent  at  yja=l} 
and  2 to  3 percent  at  yi/a= 2.  The  effect  of  these  errors  is, 
however,  considerably  mitigated  in  the  present  applications 
for  the  following  reason.  The  total  number  of  peak  accel- 
erations exceeding  given  values  is  seen  from  equation  (9) 
to  depend  in  principle  upon  the  whole  distribution  of 
root-mean-square  values.  Actually,  for  the  particular 
exponential-type  functions  for/(cr)  considered  in  the  present 
analysis,  the  principal  contributions  to  M(an)  arise  from 
values  of  anl<7an  that  range  from  about  1.0  to  4.0.  Thus, 
the  asymptotic  expression  is  being  applied  principally  over 
the  region  where  the  underestimation  is  only  a few  percent. 
Therefore,  the  errors  introduced  in  the  present  analysis  by 
the  use  of  the  asymptotic  formula  (eq.  (A5))  can  be  con- 
sidered negligible. 
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TABLE  I— SCOPE  OF  OPERATIONS 


Operation 

Route 

Flight 

hours 

Flight 

miles 

1 

Northern  transcontinental 

834 

186, 000 

2 

Rocky  Mountains— North  and  South 

331 

55,500 

3 

Southern  transcontinental..  _ 

676 

130, 000 

4 

90  percent  east  of  Mississippi  River 

771 

202, 000 

‘ 5 

New  York  to  Europe— New  York  to  South 
America 

1,079 

284, 000 

6 

San  Francisco  to  Honolulu  

1,953 

486, 000 

7 

Northern  transcontinental 

876 

235,  500 

8 

Southern  transcontinental.. 

706 

193,  500 

TABLE  II.— AIRPLANE  AND  OPERATIONAL  CHARACTERISTICS 


Operation 

Gross 

weight,  W, 
lb 

Average 
weight,  W, 
lb 

Wing 
area,  S, 
sq  ft 

Average 
chord,  c, 
ft 

Average 

flight 

altitude,  ft 

Average  air 
density,  p, 
slugs/cu  ft 

Airspeed, 

V, 

ft/sec 

m, 

per  radian 

Mass 

parameter, 

K 

£=1,000; 

39,900 

33, 915 

864 

10.1 

5, 000 

0. 002049 

327 

5.0 

75.00 

0.411 

25,200 

21,420 

987 

10.4 

8,000 

. 001869 

246 

4. 92 

44. 14 

.318 

40,  500 

34,  425 

817 

9.7 

5, 000 

. 002049 

281 

5.03 

83.83 

.426 

107, 000 

90,  950 

1,650 

14.7 

10,000 

. 001756 

384 

4. 93 

84.55 

.385 

142,  500 

121, 125 

1,720 

12.9 

12,  500 

. 001622 

386 

5. 12 

133. 08 

.567 

142,500 

121,125 

1,720 

12.9 

12,500 

.001622 

366 

5. 12 

133.  08 

.567 

142,  500 

121, 125 

1,720 

12.9 

12,500 

.001622 

394 

5. 12 

133. 08 

.567 

89,900 

76,  415 

1,463 

13.7 

12, 100 

. 001653 

402 

4.  95 

91.20 

.495 

TA3LE  III.— NUMBER  OF  ACCELERATION  PEAKS 
EXCEEDING  GIVEN  VALUES 


On 

Cumulative  frequency  for  various  operations  1 

1 

2 

3 

4 

5 

6 

7 

8 

0.3 

20,  609 

19, 483 

5,  593 

1,888 

659 

612 

909 

1,287 

0.4  . 

4,632 

1,350 

427 

152 

132 

178 

232 

0.5 

1,203 

1,288 

365 

118 

40 

31 

40 

60 

0.6 

377 

370 

104 

44 

13 

10 

14 

18 

0.7 

124 

100 

31 

17 

5 

4 

5 

6 

0.8 

35 

16  ' 

6 

2 

2 

1 

0.9 

26 

9 

5 

2 

1 

1.0 

7 

3 

2 

1 

1.1 

4 

2 ! 

1.2 

2 

1.3 

1 

Total  flight  hours.. 

834 

331.1 

676. 5 j 

i 

770.8 

1,078.5 

1,  953.  4 

875.5 

706.5 

1 Number  includes  both  positive  and  negative  peaks. 
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TABLE  V 


TABLE  IV.— RESULTS  FOR  VARIOUS  OPERATIONS 


(a)  Summary  of  acceleration  experience 


Acceleration  experience  for  operation— 

1 

2 

3 

4 

5 

6 

7 

8 

Oo 

"l 

"1 

"3 

2M  i (2or) 

2Afj(2o?) 

2A/3(2a3) 

No 

2 Nt 

Pi 

Pi 

Pa 

a2 

as 

0.  430 
0.  247 
0. 147 

4.3X10-6 
3.2X10-* 
7.4X10-3 
1.0 
0.  270 
1.59X10-5 
1. 18X10-3 
2.74X10-2 
0.  030 

0. 287 
0.181 

0.  323 
0. 181 

0.  278 
0. 147 

0. 349 
0.  178 

0. 364 
0.171 
0. 104 

4.  6X10-2 
3.  7X10-3 
3.0X10-4 
0.5 
0.135 
3.41X10-6 
2.  74X10-4 
2.  22X10-3 

0.  255 
0. 132 

0.226 

0.128 

1. 35X10-< 
6.2X10-3 

1.35X10-* 

8.5X10-4 

1.9X10-3 

8.2X10-4 

9.  5X10-2 
6.  6X10-5 

9.  5X10-« 
5.4X10-4 

2. 85X10-4 
1. 15X10-3 

i.o 

0.270 

4.99X10-< 

2.29X10-2 

1.0 

0.270 

5.00X10-3 

3.15X10-3 

0.5 
0.135 
1.41X10-4 
6. 07X10-3 

6.5 
0. 135 
7. 04X10-6 
4. 89X10-4 

0.5 
0.  135 
7.04X10-3 
4.00X10-3 

0.5 
0. 135 
2.11X10-4 
8. 52X10-3 

6.034 

0.  026 

0.  022 

0. 041 

0. 036 

0.  034 

0.  037 

(b)  Summary  of  gust  experience  for  £ = 1,000  ft 


— 

Gust  experience  for  operation— 

> 

2 

3 

4* 

5 

6 

7 

8 

At 

'"a 

bi 

bi 

0. 01755 
24.  501 
14.  074 

8. 376 

1.  709 

0.0166 
17.  289 
10.904 

0.0146 
22. 063 
12. 363 

0.  0146 
19. 041 
10. 068 

0.0129 

27.033 

13.788 

0.  0122 
29.787 
13.  993 
8.  511 

0.0132 
19. 347 
10. 015 

0. 0156 
14. 515 
8.  221 

2.048 

1.781 

1.410 

.339 

0.317 

0. 308 

0. 322 

.—AIRPLANE  AND  OPERATIONAL  CHARACTERISTICS  USED  FOR  DISTRIBUTION  OF  <ra  WITH  ALTITUDE 

[ II'=76,415  lb;  5=  1,46-1  sq  ft;  c— 13.7  ft;  Vj=401.5  ft/sec;  m=4.95  per  radian;  No— 0.5  per  sec) 


Altitude,  ft 

Air  density, 
p,  slugs/cu  ft 

Mass 

parameter, 

K 

Ai 

02 

03 

62 

6s 

<*.•) 

0 to  10X103 

0.002049 

.001496 
. 001065 
. 000736 
,000458 

73.4 

100.5 
141.2 

204.5 
328.4 

0.  451 

.524 

.583 

.659 

.741 

0.01758 

.01491 

.01181 

.00907 

.00638 

0.  026 
.050 

1.479 
2. 844 

10  to  20 

0.040 

.035 

.0275 

.0225 

0.  327 
.313 
.289 
.282 

20  to  30 

30  to  40 

40  to  50 
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A STUDY  OF  THE  ZERO-LIFT  DRAG-RISE  CHARACTERISTICS  OF  WING-BODY  COMBINATIONS 

NEAR  THE  SPEED  OF  SOUND  1 

By  Richard  T.  Whitcomb 


SUMMARY 

Comparisons  have  been  made  of  the  shock  phenomena  and 
drag-rise  increments  for  representative  wing  and  central-body 
combinations  with  those  for  bodies  of  revolution  having  the  same 
axial  developments  of  cross-sectional  areas  normal  to  the  air- 
stream.  On  the  basis  of  these  comparisons , it  is  concluded  that 
near  the  speed  of  sound  the  zero-lift  drag  rise  of  a low-aspect- 
ratio  thin-wing  and  body  combination  is  primarily  dependent 
on  the  axial  development  of  the  woss-sectional  areas  normal  to 
the  air  stream.  It  follows  that  the  drag  rise  for  any  such  con- 
figuration is  approximately  the  same  as  that  for  any  other  with 
the  same  development  of  cross-sectional  areas. 

Investigations  have  also  been  made  of  representative  wing- 
body  combinations  with  the  body  so  indented  that  the  axial 
developments  of  cross-sectional  areas  for  the  combinations  were 
the  same  as  that  for  the  original  body  alone.  Such  indentations 
greatly  reduced  or  eliminated  the  zero-lift  drag-rise  increments 
associated  with  the  wings  near  the  speed  of  sound. 

INTRODUCTION 

In  the  interpretation  of  the  zero-lift  drag-rise  charac- 
teristics of  configurations  near  the  speed  of  sound,  the 
transonic  similarity  rules  and  linear  theory  have  been 
applied  in  limited  analyses.  However,  no  general  means  is 
available  for  directly  explaining  quantitatively  the  varia- 
tions of  the  transonic  drag  rise  associated  with  the  numerous 
changes  in  wing  plan  form  and  section  considered  by  airplane 
designers  even  for  the  simplified  case  of  a wing  alone.  More 
important,  even  a qualitative  understanding  of  the  large  and 
highly  variable  zero-lift  drag  interferences  near  the  speed  of 
sound  associated  with  practical  combinations  of  wings  and 
bodies  has  been  lacking.  A logical  means  for  interpreting 
the  drag-rise  values  for  bodies  with  thin  low-aspect-ratio 
wings  is  discussed  herein. 

The  results  presented  in  reference  1 indicate  that,  for  a 
representative  swept-wing  and  central-body  combination, 
the  zero-lift  drag  rise  is  due  primarily  to  shock  losses.  A 
study  of  these  results  also  indicates  that  the  shock  forma- 
tions about  this  relatively  complex  configuration  at  zero  lift 
near  the  speed  of  sound  are  similar  to  those  that  would  be 


expected  for  a body  of  revolution  with  the  same  axial  develop- 
ment of  cross-sectional  areas  normal  to  the  airstream. 
Further,  the  drag-rise  characteristics  for  this  wing-body 
combination  at  zero  lift  are  about  the  same  as  those  for  a 
body  of  revolution  (ref.  2)  with  approximately  the  same  axial 
development  of  cross-sectional  areas.  On  the  basis  of  these 
facts  and  a preliminary  consideration  of  the  general  physical 
nature  of  the  flow  about  configurations,  it  has  been  reasoned 
that  near  the  speed  of  sound  the  zero-lift  drag  rise  of  a wing- 
body  configuration  generally  should  be  primarily  dependent 
on  the  axial  development  of  the  cross-sectional  areas  normal 
to  the  airstream. 

In  order  to  ascertain  the  soundness  of  this  concept,  meas- 
urements have  been  made  of  the  flow  fields  and  drag-rise 
characteristics  for  four  representative  wing — central-bod}7 
combinations  and  for  bodies  of  revolution  with  the  same  axial 
developments  of  cross-sectional  areas  normal  to  the  air- 
stream. The  results,  obtained  at  Mach  numbers  from  0.85 
to  1.10  in  the  Langley  8-foot  transonic  tunnel,  are  compared 
and  analyzed  herein.  In  order  to  illustrate  possibilities  for 
improving  airplane  performance  at  transonic  speeds,  zero- 
lift  drag  coefficients  for  three  special  wing-body  combinations 
are  also  presented. 

EXPERIMENTS  AND  PROCEDURE 

CONFIGURATIONS 

Basic  bodies. — The  major  part  of  the  results  discussed 
herein  were  obtained  for  three  wings  in  conjunction  with  the 
bod}7  of  revolution  shown  in  figures  1 (a),  1 (b),  and*  1 (c). 
The  body  is  normally  cylindrical  in  the  region  of  the  wing 
and  has  a forebody  of  the  same  shape  as  that  of  the  body  de- 
scribed in  reference  1.  The  radii  of  the  cylindrical  body  are 
given  in  table  I.  The  swept  wing  was  also  investigated  in 
conjunction  with  the  body  having  a curved  afterbody  as 
shown  in  figure  1 (d).  This  combination  is  the  same  model 
used  in  studies  in  reference  1.  Radii  of  the  curved  body  are 
also  given  in  table  I.  The  maximum  diameter  of  this  curved 
body  is  somewhat  less  than  that  of  the  cylindrical  body. 

Wings. — The  wing  for  which  the  most  extensive  results 
were  obtained  has  0°  sweep  of  the  quarter-chord  line,  an 


i Supersedes  recently  declassified  NACA  Research  Memorandum  L52H08  by  Richard  T.  Whitcomb,  1952 
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aspect  ratio  of  4.0,  and  a taper  ratio  of  0.  The  streamwise 
sections  of  the  wing  are  symmetrical,  are  4 percent  thick, 
and  consist  of  circular  arcs  with  the  maximum  thickness  at 
the  40-percent-chord  stations.  This  configuration  (fig.  1 (a)) 
is  referred  to  as  the  “unswept”  wing.  Results  were  also  ob- 
tained with  this  wing  reversed  so  that  the  75-percent-chord 
line  is  unswept,  as  shown  in  figure  1 (b).  The  leading-edge 
sweep  of  this  wing  is  37°.  This  configuration  has  almost  a 
delta  plan  form  and,  therefore,  is  referred  to  as  the  “delta” 
wing.  Finally,  investigations  were  made  with  a wing  which 
has  45°  sweep  of  the  quarter-chord  line,  an  aspect  ratio  of 
4.0,  a taper  ratio  of  0.6,  and  an  NACA  65A006  airfoil  sec- 
tion parallel  to  the  airstream.  This  configuration  (figs.  1 (c) 
and  1 (d))  is  referred  to  as  the  “swept”  wing. 

Special  bodies. — Bodies  of  revolution  with  the  same  axial 
developments  of  cross-sectional  areas  as  the  wing-body  com- 
binations were  obtained  by  altering  the  original  bodies.  The 
radii  of  these  revised  bodies  of  revolution  are  given  in  table 
II.  Special  indented  bodies  of  revolution  were  investigated 
in  conjunction  with  the  three  wings  and  these  bodies  were 
also  obtained  by  altering  the  original  cylindrical  body.  The 
radii  of  these  bodies  in  the  region  of  the  wing  are  presented 
in  table  III. 

MEASUREMENTS 

Schlieren  surveys  were  obtained  with  a temporary  schlieren 
system.  In  order  to  obtain  side-view  schlieren  surveys  of 
the  fields  at  distances  from  the  model  center  lines  with  the 
horizontal  symmetrically  oriented  schlieren  system,  the 
various  models  were  displaced  downward  from  the  center 
line  of  the  tunnel,  as  shown  in  figure  2 (a).  In  every  case 
the  displacements  for  the  comparable  bodies  of  revolution 
were  the  same  as  for  the  wing-body  combination.  Plan- view 
schlieren  surveys  for  the  unswept-wing — body  configuration 
were  obtained  by  rotating  the  model  90°  and  displacing  it 
farther  from  the  center  line  of  the  tunnel.  Wall  Mach  num- 
ber distributions  were  obtained  from  pressures  measured  at 
the  rows  of  orifices  placed  along  the  center  lines  of  panels  of 
the  test  section  adjacent  to  the  top  and  bottom  panels  as 
shown  in  figure  2 (a).  The  relative  radial  locations  of  the 
wall  Mach  number  measurement  stations  with  respect  to 

TABLE  I.— ORDINATES  OF  BASIC  BODY 

[All  dimensions  are  in  inches] 


Curved  body 

Station 

Radius 

0 

0 

.200 

.092 

.300 

.119 

.500 

. 171 

1.000 

.289 

2.000 

.482 

3.000 

.645 

4.000 

.788 

0.000 

1.037 

8.000 

1.236 

10.000 

1.386 

12.000 

1.496 

14.000 

1.573 

16.000 

1.625 

18.000 

1.657 

20.000 

1.667 

22.000 

1.652 

24.000 

1.610 

28.000 

1.537 

28.000 

1.425 

30.000 

1.251 

32.000 

1.010 

32. 605 

0.940 

Cylindrical  body 

Station 

Radius 

0 

0 

.225 

. 04 

.338 

. 134 

.563 

.193 

1.125 

.325 

2. 250 

.542 

3. 375 

.726 

4.500 

.887 

6.  750 

1. 167 

9.000 

1.391 

11.250 

1.559 

13.500 

1.683 

15.  750 

1.770 

18.000 

1.828 

20.  250 

1.864 

22.500 

1.875 

43.000 

1.875 

TABLE  II.— ORDINATES  OF  COMPARABLE  BODIES  OF 
REVOLUTION 

[All  dimensions  are  in  inches] 


TABLE  III— ORDINATES  OF  INDENTED  BODIES 

(All  dimensions  are  In  inches] 


With  unswept 
wing 

Station 

Radius 

22.500 

1.875 

24.000 

1.875 

24.500 

1.857 

25.000 

1. 807 

25.500 

1.720 

26.000 

1.622 

26.500 

1.521 

27.000 

1.476 

27.500 

1.470 

28.000 

1.487 

28.500 

1.  533 

29.000 

1.580 

29.500 

1.642 

30.000 

1.664 

30.500 

1.710 

31.000 

1.743 

31.500 

1.773 

32.000 

1.812 

32.500 

1.837 

33.000 

1.856 

33.500 

1.868 

34.000 

1.875 

43.000 

1.  875 

With  delta  wing 

Station 

Radius 

22.500 

1.875 

24.000 

1.875 

24.500 

1.868 

25.000 

1.856 

25.500 

1.837 

26.000 

1.812 

26.500 

1.773 

27.000 

1.743 

27.500 

1.710 

28.000 

1.664 

28.500 

1.  642 

29.000 

1.580 

29.500 

1.533 

30.000 

1.487 

30.500 

1.470 

31.000 

1.476 

31.500 

1.521 

32.000 

1.622 

32.500 

1.720 

33.000 

1.807 

33.500 

1. 857 

34.000 

1.875 

43.000 

1.875 

With  swept  wing 

Station 

Radius 

22.500 

1.875 

23.125 

1.875 

24. 125 

1.842 

25.125 

1.787 

26. 125 

1.710 

27.125 

1.641 

28. 125 

1.592 

29. 125 

1.560 

30.125 

1.572 

31.125 

1.611 

32. 125 

1.640 

33.125 

1.656 

34. 125 

1.688 

35. 125 

1.740 

36.125 

1.802 

37. 125 

1.850 

38.125 

1.874 

38. 375 

1.875 

43.000 

1.875 

Comparable  to 
unswept  wing  on 
cylindrical  body 

Station 

Radius 

22.500 

1.875 

23.500 

1.875 

24.  500 

1.892 

25. 000 

1.939 

25.500 

2.012 

26. 000 

2. 087 

26.500 

2. 155 

27.000 

2.182 

27.500 

2.185 

28.000 

2.  174 

28.500 

2.145 

29.000 

2. 113 

29.  500 

2. 086 

30. 000 

2. 054 

30.500 

2.019 

31.000 

1.992 

31.500 

1.968 

32. 000 

1.934 

32.500 

1.911 

33. 000 

1. 894 

33.  500 

1.882 

34. 000 

1.875 

43. 000 

1.875 

Comparable  to 
delta  wing  on 
cylindrical  body 

Station 

Radius 

22.500 

1.875 

24. 000 

1.875 

24.500 

1.882 

25. 000 

1.894 

25.500 

1.911 

26. 000 

1.934 

26.500 

1.968 

27. 000 

1.992 

27.  500 

2.019 

28.000 

2. 054 

28.500 

2. 086 

29.000 

2.113 

29.  500 

2. 145 

30. 000 

2.174 

30.500 

2. 185 

31.000 

2. 182 

31.500 

2.155  • 

32.  000 

2. 087 

32.  500 

2.012 

33.  000 

1.939 

33.500 

1.892 

34.  500 

1.875 

43.  000 

1.875 

Comparable  to  swept 
wing  on  cylindrical 
body 

Station 

Radius  • 

22.500 

1.875 

23.  125 

1.  875 

24.125 

1.907 

25. 125 

1.957 

26. 125  I 

2.024 

27.  125 

2. 080 

28.  125 

2.117 

29.  125 

2. 143 

30. 125 

2. 135 

31. 125 

2.  107 

32. 125 

2. 083 

33. 125 

2. 071  S 

34. 125 

2.  045 

35. 125 

2.001 

36. 125 

1.  946 

37. 125 

1.899 

38. 125 

1.  876 

38. 375 

1. 875 

43.000 

1. 875 

Comparable  to  swept 
wing  on  curved 
body 

Station 

Radius 

14.000 

1.  573 

14.  300 

1.580 

14.625 

1.  595 

15.  625 

1.670 

16.  625 

1.747 

17.  625 

1.836 

18.  625 

1.903 

19.  625 

1.  943 

20.625 

. 1.966 

21.  625 

1.949 

22.  625 

1.901 

23.  625 

1.857 

24.  625 

1.822 

25.  625 

1.756 

26.  625 

1.664 

27.  625 

1.  545 

28.  625 

1.413 

29.  625 

1.  292 

29.  875 

1.260 

30.000 

1.  251 

32.000 

1.010 

32.  605 

0.  940 
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the  model  are  also  indicated  in  this  figure.  For  the  side-view 
schlieren  surveys,  the  distances  from  the  model  center  lines 
to  these  stations  were  35.5  and  52.8  inches;  for  the  plan-view 
surveys,  they  were  31.2  and  58.0  inches.  Drag  measure- 
ments were  obtained  by  internal  strain-gage  balances.  Base 
pressures  were  also  measured. 

PRESENTATION  OF  RESULTS 

Detailed  flow  surveys. — Composites  of  the  schlieren 
photographs  and  the  distributions  of  wall  Mach  number  Mw 
for  the  unswept-wing  and  cylindrical-body  combination, 
the  comparable  body  of  revolution,  and  the  cylindrical  body 
alone  are  presented  in  figure  2 for  several  stream  Mach 
numbers  Mm.  The  schlieren  photographs  presented  above 
the  diagrams  of  the  three  configurations  show  the  side  views ; 
those  below  the  wing-body  configuration  show  the  plan 
views.  The  plan -view  schlieren  surveys  for  the  wing-body 
configurations  were  not  duplicated  for  the  bodies  of  revolu- 
tion. The  relative  orientations  and  sizes  of  the  photographs 
with  respect  to  the  configuration  outlines  are  the  same  as 
those  of  the  schlieren  fields  with  respect  to  the  test  model. 
(See  sketches  in  fig.  2 (a).) 

The  wall  Mach  number  distributions  shown  above  the 
composites  for  the  three  configurations  were  obtained  during 
side-view  schlieren  surveys;  those  below  the  composites  for 
the  wing-body  combination  are  from  plan-view  surveys. 
(See  sketches  in  fig.  2 (a).)  These  two  Mach  number  dis- 
tributions presented  on  a given  set  of  ordinates  (fig.  2)  are 
for  the  two  measurement  stations  that  are  shown  by  the 
circle  and  square  symbols  labeled  in  the  top  sketch  of  figure 
2 (a).  The  Mach  number  distributions  are  placed  on  the 
composites  so  that  the  distances  from  the  center  line  of  the 
model  to  the  Mm  points  on  the  Mach  number  scales  are  equal 
relatively  to  the  distances  from  the  model  to  the  lower-wall 
Mach  number  measurement  stations,  as  indicated  by  the 
circle  symbol  in  the  sketch  in  figure  2 (a).  The  horizontal 
scale  of  the  wall  Mach  number  distributions  is  the  same  as 
that  for  the  model  outline. 

The  stream  Mach  numbers  at  which  the  various 
schlieren  photographs  and  wall  Mach  number  distributions 
were  obtained  varied  by  as  much  as  ±0.005  from  the  mean 
values  for  each  of  the  composites.  However,  the  maximum 
difference  between  the  stream  Mach  number  for  the  directly 
comparable  side-view  photographs  for  the  wing-body  com- 
bination and  for  the  comparable  body  of  revolution  was 
approximately  0.003. 

Drag  coefficients. — The  zero-lift  drag  coefficients  CDq  for 
the  wing-body  combinations,  the  comparable  bodies  of  revo- 
lution, and  the  basic  bodies  alone,  as  presented  in  the  various 
figures  such  as  figure  3,  are  all  based  on  wing  areas  of  1 
square  foot.  These  coefficients  have  been  corrected  to  a 
condition  at.  which  the  base  pressure  is  equal  to  the  stream 
static  pressure.  The  drag-coefficient  increments  A6z>0,  as 
presented  in  figure  3,  have  been  obtained  by  subtracting  the 
drag-coefficient  values  measured  at  a Mach  number  of 
approximately  0.85  from  those  measured  at  the  higher  Mach 
numbers.  This  subtraction  nearly  eliminated  the  effects  of 
differences  in  the  skin  friction  of  the  comparable  configur- 


ations on  the  comparisons  of  the  drag  characteristics  for 
these  configurations. 

The  maximum  error  of  the  absolute  drag  coefficients  pre- 
sented is  approximately  ±0.0005.  The  effects  of  wall- 
reflected  disturbances  on  the  drag  results  have  been  essen- 
tially eliminated  at  all  Mach  numbers  except  those  near  a 
value  of  about  1.05.  This  elimination  has  been  accomplished 
by  displacing  the  model  from  the  tunnel  center  line,  by  using 
a cylindrical  afterbod}7  on  the  larger  body,  and  by  correcting 
for  the  base-pressure  variations.  No  results  were  obtained 
for  Mach  numbers  near  1.05. 

Schlieren  photographs. — The  schlieren  fields  for  the  delta- 
and  swept-wing  configurations  (fig.  4,  for  example)  were 
oriented  with  respect  to  the  configurations  as  indicated  by 
the  lowest  schlieren  photographs  and  configuration  outlines. 

RESULTS  AND  DISCUSSION 

In  the  discussion  that  follows,  the  basic  comparisons  and 
analyses  are  made  for  the  unswept-wing — cylindrical-body 
combination.  The  results  for  the  other  combinations  indi- 
cate the  effects  of  several  variations  of  the  wing  and  body 
configurations  on  the  phenomena. 

UNSWEPT  WING  AND  CYLINDRICAL  BODY 

Shock  phenomena. — The  wall  Mach  number  distributions 
and  schlieren  photographs  presented  in  figures  2 (a)  to  2 (d) 
indicate  that  the  extensive  shock  formations  produced  by 
the  unswept-wing — cylindrical-body  combination  at  the 
test  Mach  numbers  near  the  speed  of  sound  are  almost  ex- 
actly the  same  as  those  caused  by  the  body  of  revolution 
with  the  same  axial  development  of  cross-sectional  areas, 
except  in  the  local  region  directly  downstream  of  the  wing. 
In  this  locality,  the  shock  formations,  while  not  as  closely 
similar  as  at  greater  distances  from  the  configurations,  are  at 
least  approximately  comparable.  (The  incompatible  shock 
crossing  the  downstream,  plan-view  schlieren  photograph 
(fig.  2 (d)),  at  a Mach  number  of  1.03  is  a weak  reflection  of 
a disturbance  of  the  configuration  from  the  tunnel  wall.) 
At  a Mach  number  of  1.10  (fig.  2 (e)),  the  similarities  of  the 
schlieren  photographs  for  the  comparable  configurations  are 
less  close  than  at  Mach  numbers  near  1.0. 

A study  of  the  physical  nature  of  the  flow  indicates  that 
the  similarities  of  the  extensive  shock  formations  produced 
by  the  wing-body  combination  and  a body  of  revolution 
with  the  same  axial  development  of  cross-sectional  areas 
near  the  speed  of  sound  can  logically  be  attributed  primarily 
to  two  basic  factors:  the  negligible  variations  of  stream-tube 
areas  with  changes  in  velocity  (ref.  3)  and  the  concentration 
of  the  effects  of  a disturbance  in  a plane  nearl}7  normal  to  the 
airstream.  (These  two  factors  are  basically  related.)  It  is 
apparent  that,  because  of  the  second  factor,  the  streamwise 
locations  of  the  effects  of  the  disturbances  of  the  wing  should 
be  essentially  the  same  as  those  for  the  corresponding  effects 
produced  by  the  body  of  revolution  with  the  same  axial 
distribution  of  disturbances.  Also,  because  of  the  second 
factor,  the  analysis  of  the  lateral  similarities  of  the  fields  of 
the  comparable  configurations  may  be  greatly  simplified 
by  considering  the  flow  changes  in  each  normal  plane 
independently. 
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Wing-body  combination 
Plan  view 


Model 


igure  2. — Comparisons  of  the  shock  phenomena  for  the  unswept-wing  and  cylindrical-body  combination  with  those  for  the  comparable 

body  of  revolution  and  the  cylindrical  body  alone. 
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Comparable  body  of  revolution 
Side  view 


Cylindrical  body 
Side  view 
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(a)  Ma=  0.95.  Concluded. 
Figure  2. — Continued. 
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Wing -body  combination 
Side  view 


(b)  Mao=  0.98.  See  figure  2 (a)  for  test-point  arrangement. 
Figure  2. — Continued. 
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Comparable  body  of  revolution 
Side  view 


Cylindrical  body 
Side  view 


(b) 


L-76103 


(b)  Mm=0A)8.  Concluded. 
Figuhe  2. — Continued. 
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Wing-body  combination 
Side  view 


(c)  Mm=  100.  See  figure  2 (a)  for  test-point  arrangement. 
Figure  2. — Continued. 
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Comparable  body  of  revolution 
Side  view 


n. 


Cylindrical  body 
Side  view 


(c) 
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(c)  Moo  = 1.00.  Concluded. 
Figure  2. — Continued. 
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(d)  A/a>=  1.03.  See  figure  2 (a)  for  test-point  f.rrangement. 
Figure  2.— Continued. 
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Comparable  body  of  revolution 
Side  view 


D. 


Cylindrical  body 
Side  view 
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(d) 


(d)  Mm=  1.03.  Concluded. 
Figure  2. — Continued. 
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Wing -body  combination 
Side  view 


(e)  3fao=1.10.  See  figure  2 (a)  for  test-point  arrangement. 
Figure  2. — Continued. 
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Comparable  body  of  revolution 
Side  view 
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Cylindrical  body 
Side  view 


(e) 
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(e)  M00=1.10.  Concluded. 
Figure  2. — Concluded. 
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Figure  3. — Comparisons  of  the  drag  rise  for  the  unswept-wing  and 
cylindrical-body  combination  with  that  for  the  comparable  body 
of  revolution  and  the  cylindrical  body  alone. 


As  a starting  point  for  the  analysis  of  the  lateral  similari- 
ties, consider  the  flow  about  the  comparable  configurations 
in  a given  normal  plane  at  a circle,  concentric  to  the  axis  of 
symmetry,  outside  the  tip  of  the  wing.  As  a result  of  the 
essential  invariance  of  the  stream  tubes,  the  total  radial 
deviations  of  the  fields  at  this  circle  are  essentially  the  same 
as  the  displacements  of  the  surfaces  of  the  configurations  in 
the  same  plane.  Since  the  total  surface  displacements  for 
the  two  configurations  are  the  same,  the  total  flow  deviations 
at  the  circle  must  be  essentially  equal.  However,  circum- 
ferential variations  of  these  deviations  may  exist  for  the 
wing-body  configuration.  The  essential  irrotationality  of 
the  flow  leads  to  reductions  of  these  circumferential  varia- 
tions with  increase  in  distance  from  the  configuration. 
Because  of  the  invariance  of  the  stream-tube  areas,  these 
reductions  are  relatively  rapid.  This  invariance  causes  the 
outer  field  to  be  relatively  inflexible,  and  as  a result,  it  reacts 
strongly  to  the  circumferential  variations  of  the  radial  devia- 
tions; this  reaction  produces  pronounced  circumferential 
pressure  gradients.  These  gradients  cause  deviations  in  the 


Figure  4. — Comparisons  of  the  shock  phenomena  for  the  delta-wing 
and  cylindrical-body  combination  with  those  for  the  comparable 
body  of  revolution.  Side  views. 


circumferential  direction  which  markedly  reduce  the  varia- 
tions of  the  radial  deviations.  Such  effects  lead  to  an 
essential  elimination  of  the  circumferential  variations  of 
radial  deviations  at  a relatively  short  distance  from  the  con- 
figuration. Also,  any  initial  circumferential  deviations  asso- 
ciated with  the  asymmetry  of  the  wing-body  combination 
are  rapidly  dissipated  with  increase  in  radial  distance.  As 
a consequence  of  the  rapid  dissipation  of  both  the  circum- 
ferential deviations  and  the  variations  of  radial  deviations 
with  radial  distance,  the  deviations  in  a given  plane  at  a 
short  distance  from  the  wing-body  configuration  are  nearly 
the  same  as  the  axially  symmetric  effects  produced  by  the 
comparable  body  of  revolution.  Such  likenesses  for  the 
various  normal  planes  are  substantiated  by  the  observed 
similarities  of  the  strong  shock  formations  for  the  wing-body 
combination  and  the  comparable  body  of  revolution  at  a 
distance  from  the  configurations. 
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The  strong  reactions  of  the  flow  in  the  outer  regions  of  the 
field  of  the  wing-fuselage  combination  to  deviations  from 
axial  symmetry,  as  previously  described,  converge  toward 
the  axis  of  symmetry  and  reduce  the  asymmetrical  deviations, 
even  in  the  immediate  region  of  the  wing.  These  reactions 
force  the  inner  field  into  at  least  an  approximate  similarity 
to  the  axially  symmetric  field  of  the  body  of  revolution  with 
the  same  axial  distribution  of  disturbances,  as  shown  in 
figure  2. 

As  the  Mach  number  is  increased  to  supersonic  values,  the 
fields  of  the  various  disturbances  become  conical.  Also,  at 
these  speeds,  changes  in  velocities  result  in  variations  of  the 
stream-tube  areas.  Consequently,  the  similarities  of  the 
shock  formations  for  the  wing-body  combination  and  the 
comparable  body  of  revolution  should  be  progressively 
lessened  as  the  Mach  number  is  increased  beyond  the  speed 
of  sound. 

Drag  characteristics. — The  close  similarity  of  the  shock 
formations  in  most  regions  of  the  fields  for  the  wing-bod}7 
combination  and  the  body  of  revolution  with  the  same 
axial  development  of  cross-sectional  areas  suggests  that 
in  these  regions  the  energy  losses  associated  with  the  shocks 
for  the  two  configurations  should  be  nearly  the  same.  In 
the  locality  directly  downstream  of  the  wing,  the  shock 
losses  for  the  two  configurations  may  differ  somewhat; 
however,  the  relative  effect  of  such  differences  should  be 
unimportant.  Because  of  the  invariance  of  the  stream-tube 
areas  near  a Mach  number  of  1.0,  -the  fields  of  flow  for  these, 
or  any,  configurations  are  relatively  extensive.  As  a result, 
the  greater  part  of  the  shock  losses  for  the  configurations  is 
due  to  the  large  areas  of  significantly  strong  shock  outside 
the  local  region  downstream  of  the  wing.  Thus,  in  the  local 
region  near  the  wing,  the  differences  between  the  shock 
losses  for  the  wing-body  combination  and  the  comparable 
body  should  result  in  relatively  small  differences  of  the  total 
losses  for  the  two  configurations.  Also,  because  of  the  low 
thickness  ratio  and  aspect  ratio  of  the  wing  and  the  gradual 
curvature  for  the  comparable  body,  the  shock-induced 
separation  losses  for  these  configurations  should  be  relatively 
small,  although  probably  not  negligible,  and  any  differences 
of  these  losses  should  be  small.  Therefore,  the  drag  rise 
for  the  combination  should  be  approximately  the  same  as 
that  for  the  comparable  body  of  revolution. 

The  measured  increments  of  drag  coefficient  for  the 
unswept- wing — body  combination  are  the  same  as  those  for 
the  comparable  body  of  revolution  within  the  probable  accu- 
racy of  the  data  (fig.  3).  (The  absolute  drag  coefficients  for 
the  comparable  configurations  differ  somewhat,  primarily  be- 
cause of  differences  in  skin  friction.) 

The  exact  agreement  of  the  drag-rise  increments  for  the 
unswept-wing — body  combination  with  those  for  the  com- 
parable body  of  revolution  suggests  that  the  secondary 
separation  losses,  as  well  as  the  primary  shock  losses,  are 
essentially  the  same  for  the  two  configurations.  This  ap- 
parent agreement  can  logically  be  attributed  to  the  fact 
that  the  relationships  between  the  shocks  and  boundary 
layers  for  the  wing-body  combination  and  the  comparable 
bodies  are  approximately  the  same. 


The  similarity  of  the  drag-rise  values  for  the  unswept- 
wing — body  combination  and  the  comparable  body  of 
revolution  at  a Mach  number  of  1.10  indicates  that  the 
perceptible  deviations  of  the  shock  formations  for  the  two 
configurations  noted  at  this  Mach  number  (fig.  2 '(e))  result 
in  insignificant  differences  of  the  shock  losses. 

DELTA  WING  AND  CYLINDRICAL  BODY 

Shock  phenomena. — Wall  Mach  number  distributions 
indicate  that,  as  for  the  unswept-wing — body  combination, 
the  flow  fields  for  the  delta-wing — body  combination  at  a dis- 
tance from  the  configuration  are  generally  almost  exactly 
the  same  as  those  for  the  body  of  revolution  with  the  same 
axial  distribution  of  cross-sectional  area  for  all  test  Mach 
numbers.  The  schlieren  photographs  presented  in  figure  4 
indicate  that,  in  the  field  above  the  aft  part  of  the  wing, 
the  shocks  for  the  wing-body  combination  are  approximately 
the  same  as  those  for  the  comparable  body.  As  is  the  case 
for  the  unswept-wing — body  combination,  the  most  pro- 
nounced deviations  of  the  shock  patterns  for  the  com- 
parable configurations  probably  occur  behind  the  wing. 

Drag  Characteristics. — The  measured  variation  of  the  drag 
coefficient  with  Mach  number  for  the  delta-wing — body  com- 
bination is  the  same  as  that  for  the  comparable  body  of 
revolution  within  the  probable  accuracy  of  the  measure- 
ments (fig.  5).  This  result  was  also  found  for  the  unswept- 
wing — body  combination. 

SWEPT  WING  AND  CYLINDRICAL  BODY 

Shock  phenomena. — Wall  Mach  number  distributions 
indicate  that,  as  was  true  for  the  unswept-wing — body  com- 
bination, the  flow  fields  for  the  swept-wing — body  combina- 
tion at  a distance  from  the  configuration  are  almost  exactly 
the  same  as  those  for  the  comparable  body  of  revolution. 

The  schlieren  photographs  of  figure  6 and  reference  1 
indicate  that  near  the  speed  of  sound  the  swept  wing  produces 
a weak  shock  at  the  trailing  edge  of  the  wing-body  juncture 
and  a strong  shock  behind  the  trailing  edge  of  the  juncture. 
At  a Mach  number  of  1.03,  an  additional  weak  shock  is  also 
present  between  these  two  shocks.  The  losses  in  the  two 
weak  shocks  are  insignificant  and  may  be  neglected  in  a com- 
parison of  the  total  shock  losses.  The  side-view  schlieren 
photographs  presented  in  figure  6 indicate  that  the  main 
shock  produced  by  the  wing  appears  to  be  approximately  the 
same  as  the  shock  caused  by  the  comparable  body  in  the 
region  above  the  combination.  However,  the  shock  pro- 
duced by  the  wing  is  generally  somewhat  rearward  of  that 
produced  by  the  body.  At  a Mach  number  of  1.00,  this 
shock  for  the  wing  is  just  visible  in  the  schlieren  photograph. 
Plan-view  schlieren  surveys  not  presented  herein  indicate 
that  near  the  wing  tip  the  main  shock  produced  by  the  wing 
is  somewhat  different  from  that  caused  by  the  comparable 
body,  particularly  at  a Mach  number  of  1.10.  (The  shock 
in  this  region  is  similar  to  that  for  the  same  wing  on  the 
curved  body  (ref.  1).) 

Drag  characteristics. — The  drag-coefficient  increments  for 
the  swept-wing — cylindrical-body  combination  are  approxi- 
mately 0.001  greater  than  th  ose  for  the  comparable  body  of 
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Figure  5. — Comparisons  of  the  drag  rise  for  the  delta-wing  and 
cylindrical-body  combination  with  that  for  the  comparable  body  of 
revolution  and  the  cylindrical  body  alone. 


revolution  at  Mach  numbers  up  to  approximately  1.02  (fig. 
7).  This  difference  is  approximately  the  same  as  the  total  of 
the  possible  maximum  errors  of  the  drag  measurements. 
However,  if  this  discrepancy  shown  is  assumed  to  be  real,  it 
can  logical^  be  attributed  to  differences  in  the  shock  forma- 
tions and  associated  boundary-layer  separation.  At  higher 
Mach  numbers,  the  differences  between  the  drag  increments 
for  the  comparable  configurations  increase  primarily  because 
of  the  more  pronounced  deviations  of  the  shock  formations. 
The  greater  differences  between  the  drag-rise  increments  for 
this  swept-wing — body  combination  and  the  comparable 
body  of  revolution  in  comparison  with  those  for  the  unswept 
wing  may  be  attributed  primarily  to  the  greater  thickness 
ratio  and  smaller  taper  of  the  swept  wing. 

SWEPT  WING  AND  CURVED  BODY 

Shock  phenomena. — The  shock  formations  as  indicated  in 
the  side-view  schlieren  photograph  for  the  swept-wing — 

435875 — 57 35 


Figure  6. — Comparisons  of  the  shock  phenomena  for  the  swept-wing 
and  cylindrical-body  combination  with  those  for  the  comparable 
body  of  revolution.  Side  views. 


curved-body  combination  (fig.  8)  are  similar  to,  but  apparently 
stronger  than,  those  for  the  swept-wing — cylindrieal-bod3T 
configuration  (fig.  6).  The  differences  between  the  shock 
formations  produced  by  the  swept-wing — curved-body  con- 
figuration (fig.  8 and  ref.  1)  and  those  for  the  comparable 
body  of  revolution  are  also  similar  to  the  differences  for  the 
swept-wing — cylindrical-body  combination. 

Drag  characteristics. — Combination  of  the  swept  wing  and 
curved  body  results  in  a severe  adverse  drag  interference 
between  the  wing  and  body  near  the  speed  of  sound  (fig.  9). 
The  drag-coefficient  rise  for  the  swept  wing  in  combination 
with  this  body  near  the  speed  of  sound  is  approximately 
0.012  as  compared  with  a value  of  0.004  for  the  wing  in  con- 
junction with  the  essentially  interference-free  cylindrical 
body.  (See  figs.  7 and  9.)  (These  differences  in  the  drag- 
rise  values  may  be  due  in  part  to  the  difference  in  the 
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Figure  8. — Comparisons  of  the  shock  phenomena  for  the  swept-wing 
and  curved-body  combination  with  those  for  the  comparable  body 
of  revolution.  Side  views. 


GENERALIZATION 


Figure  7. — Comparisons  of  the  drag  rise  for  the  swept-wing  and  cylin- 
drical-body combination  with  that  for  the  comparable  body  of 
revolution  and  the  cylindrical  body  alone. 

maximum  body  diameter  as  well  as  the  large  variation  of 
the  curvature  of  the  afterbody.) 

The  pronounced  drag-rise  increments  for  the  swept-wing 
and  curved-body  configuration  are  approximately  0.003 
greater  than  those  for  the  comparable  body  near  the  speed  of 
sound  (fig.  9).  The  maximum  drag  rise  for  the  combination, 
as  measured  at  a Mach  number  of  1.03,  is  approximately  15 
percent  greater  than  that  for  the  comparable  body  of  revolu- 
tion. These  differences  can  be  attributed  to  the  same  factors 
which  caused  the  similar  but  smaller  differences  for  the 
swept-wing — cylindrical-body  combination. 

Of  particular  importance  is  the  fact  that  the  relative  in- 
crease in  the  drag  rise  for  the  swept-wing — curved-body 
combination  as  compared  with  that  for  the  swept-wing 
cylindrical-body  configuration  is  approximately  the  same  as 
the  relative  increase  for  the  comparable  bodies  of  revolution. 


The  results  presented  indicate  that,  near  the  speed  of  sound, 
the  shock  formations  and  the  associated  drag-rise  character- 
istics for  the  various  wing  and  central-body  combinations 
investigated  are,  to  the  first  order,  the  same  as  those  for  the 
bodies  of  revolution  with  the  same  axial  developments  of 
cross-sectional  areas  normal  to  the  airstream.  These  bodies 
of  revolution  are  simple  axial  developments  of  cross-sectional 
areas.  Therefore,  on  the  basis  of  the  results  presented,  it 
may  logically  be  concluded  that,  near  the  speed  of  sound,  the 
zero-lift  drag  rise  of  a low-aspect-ratio  thin-wing — body 
combination  is  primarily  dependent  on  the  axial  development 
of  cross-sectional  areas  normal  to  the  airstream.  It  follows 
that  the  drag  rise  for  any  such  configuration  is  approximately 
the  same  as  that  for  any  other  with  the  same  development 
of  cross-sectional  areas. 

It  may  be  assumed  that  this  concept  is  also  valid  for  wings 
alone,  wings  or  wing-body  combinations  with  moderate  twist 
or  camber,  or  yawed  configurations;  however,  no  directly 
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Figure  9. — Comparisons  of  the  drag  rise  for  the  swept-wing  and 
curved-body  combination  with  that  for  the  comparable  body  of 
revolution  and  the  curved  body  alone. 

comparable  experimental  results  are  available  to  substantiate 
these  conjectures.  Linear  theory  (ref.  4)  and  experiments 
(ref.  5)  have  indicated  that  a similar  relation  is  valid  for 
slender  noncircular  bodies  at  supersonic  as  well  as  at 
transonic  speeds.  A similar  relationship  for  the  wave  drag 
of  wing-body  combinations  is  implicit  in  the  linear  supersonic 
theory  of  reference  6. 

APPLICATIONS  OF  TRANSONIC  DRAG-RISE  CONCEPT 

Correlation  of  drag-rise  characteristics. — The  accuracy  of 
a quantitative  correlation  of  the  drag  rise  of  a conventional 
wing-body  combination  by  using  the  proposed  concept 
should  be  lessened  by  increasing  the  thickness  ratio,  aspect 
ratio,  or  taper  ratio  of  the  wing.  The  effects  of  enlarging 
these  variables  should  become  greater  as  the  Mach  number  is 
increased  beyond  the  speed  of  sound.  The  results  presented 


o □ o 


herein  indicate  that  usual  variations  of  the  shape  of  the  body 
should  have  little  effect  on  the  accuracy  of  a quantitative 
correlation.  The  magnitudes  of  the  section  thickness  ratios, 
aspect  ratios,  and  taper  ratios  for  the  wings  of  contemporary 
transonic  and  supersonic  aircraft  general^  lie  between  the 
values  for  the  unswept  and  swept  wings  used  in  the  present 
investigation.  It  may  be  assumed,  therefore,  that  the 
accuracies  of  quantitative  correlations  of  the  drag-rise  incre- 
ments for  these  real  configurations  would  be  between  those 
for  the  models  investigated. 

Because  of  the  lack  of  knowledge  as  to  the  effects  of  detailed 
changes  in  the  axial  developments  of  cross-sectional  areas 
on  the  drag-rise  characteristics,  quantitative  correlations  as 
presented  herein  are  not  generally  feasible.  However,  it  has 
been  possible  to  correlate  qualitatively  all  the  available 
reliable  drag-rise  results  for  wings  and  wing-body  combina- 
tions (refs.  7 and  8,  for  example)  by  use  of  the  available 
information  for  the  effects  of  general  changes  in  body  shape 
on  the  transonic  drag  rise  (refs.  2 and  9,  for  example).  It 
appears  that  the  concept  should  be  generally  useful  in  com- 
paring the  approximate  relative  effects  of  various  design 
alterations. 

A preliminary  analysis  of  the  available  information  defining 
the  effects  of  nacelle  position  on  the  interference  between  the 
nacelle  and  the  wing  at  transonic  speeds  (ref.  10)  indicated 
that  this  interference  can  be  correlated  qualitatively,  at 
least,  on  the  basis  of  the  concept  proposed.  However, 
further  specific  experimental  comparisons  are  required  to 
define  the  exact  applicability  of  this  concept  to  the  correla- 
tion of  such  interference. 

An  idea,  similar  to  that  proposed  herein,  was  presented  in 
reference  11  for  predicting  the  critical  speeds  of  wing-body 
combinations. 

Interpretation  of  variations  of  drag-rise  characteristics, — 

Analyses  of  the  available  drag-rise  characteristics  indicate 
that  variations  in  wing  configurations  which  result  in  less 
rapid  rates  of  development  of  cross-sectional  areas,  as  well 
as  reductions  of  the  relative  magnitude  of  the  maximum 
areas,  decrease  the  drag-rise  increments  near  the  speed  of 
sound.  For  example,  the  rates  of  development  and  maximum 
value  of  the  cross-sectional  areas  for  the  swept  wing  of  the 
present  investigation  are  less  than  those  for  the  unswept 
wing  (table  II).  As  a result,  the  drag  rise  for  the  swept 
wing  is  less  pronounced  (figs.  3 and  7). 

Reversing  the  unswept  wing  to  form  the  delta  wing  (fig.  1) 
reduced  the  rate  of  expansion  of  cross-sectional  areas  for  the 
forward  part  of  the  wing  but  increased  the  rate  of  contraction 
of  areas  for  the  rearward  part  (table  II).  These  variations 
resulted  in  increases  of  the  drag-rise  increments  for  the  delta 
wing  (figs.  3 and  5).  On  the  basis  of  this  comparison,  as  well 
as  the  results  presented  in  reference  2,  it  may  be  assumed 
that,  near  the  speed  of  sound,  a given  rate  of  decrease  in 
cross-sectional  area  generally  results  in  a greater  drag  rise 
than  does  a similar  increase. 

On  the  basis  of  the  proposed  concept,  adverse  zero-lift 
drag  interference  between  wings  and  bodies,  as  for  the  swept- 
wing — body  combination  investigated  (fig.  9),  can  generally 
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be  attributed  basically  to  greater  rates  of  development  of 
the  cross-sectional  areas  for  the  combinations  compared  with 
those  for  the  components  (table  II).  These  more  rapid 
variations  of  area  generally  result  in  higher  induced  veloci- 
ties and  considerably  stronger  shocks  in  the  fields  of  the 
combinations.  (For  example,  compare  figs.  6 and  8.) 
Obviously  the  interference  drags,  associated  with  the  in- 
creased shock  losses,  are  directly  produced  by  changes  in  the 
pressures  on  the  body  and  wing.  (For  example,  see  ref.  1.) 
The  favorable  effects  of  various  changes  in  bod}7  shape  on  the 
interference  between  the  wing  and  bod}7,  as  shown  in  reference 
8,  can  be  attributed  to  reductions  in  the  rates  of  development 
of  the  cross-sectional  areas. 

Reductions  of  the  drag-rise  increments  of  wing-body 
combinations. — On  the  basis  of  the  concept  proposed,  it 
would  be  expected  that  indenting  the  body  of  a wing-body 
combination,  so  that  the  combination  lias  the  same  axial  dis- 
tribution of  cross-sectional  area  as  the  original  body  alone, 
would  result  in  a large  reduction  or  elimination  of  the  drag 
rise  associated  with  the  wing.  This  type  of  indentation  was 
used  on  the  cylindrical  body  investigated  in  combination 
with  the  unswept,  delta,  and  swept  wings.  (See  fig.  1.) 

As  shown  in  figure  10,  indenting  the  body  reduced  the 
drag-rise  increments  associated  with  the  unswept  and  delta 
wings  by  approximately  60  percent  near  the  speed  of  sound. 
This  alteration  eliminated  the  drag  rise  associated  with  the 
swept  wing  at  Mach  numbers  up  to  1.04.  At  higher  Mach 
numbers,  the  effects  of  the  indentations  gradually  decreased. 
Even  for  these  relatively  unconventional  configurations,  the 
proposed  concept  predicts  correctly  the  qualitative  effects 
of  design  modifications  on  the  drag-rise  characteristics  near 
the  speed  of  sound. 

The  incomplete  effects  of  indenting  the  bodies  with  the 
unswept  and  delta  wings  may  be  attributed  in  part  to  local 
induced  flows  and  to  the  displacement  of  the  stream  tubes 
by  the  boundary  layer,  which  were  neglected  in  the  design 
of  the  indentations.  For  the  swept  wing,  these  effects  are 
less  important  because  of  the  more  gradual  axial  develop- 
ment of  the  indentation.  Minor  modifications  of  the  inden- 
tations of  the  body  to  account  for  these  factors  should  further 
reduce  the  drag-rise  increments  associated  with  the  unswept 
and  delta  wings.  The  reductions  of  the  effects  of  these 
indentations  at  supersonic  Mach  numbers  are  associated 
with  the  change  in  the  nature  of  the  flow  field  at  the  higher 
speeds,  as  described  in  the  discussion  of  the  shock  phenomena 
for  the  unswept  wing. 

At  lift  coefficients  up  to  approximately  0.3,  the  indenta- 
tions of  the  bodies  result  in  drag  reductions  similar  to  those 
shown.  Although  these  indentations  have  not  completely 
eliminated  the  near-sonic  drag-rise  increments  associated 
with  all  the  wings  investigated,  they  have  at  least  greatly 
reduced  the  increments  in  every  case. 


Figure  ]0. — The  effects  on  transonic  drag  obtained  by  indenting  the 
bodies  of  three  wing-body  combinations. 

On  the  basis  of  this  concept  it  would  be  expected  that  the 
minimum  transonic  drag  rise  for  an  airplane  could  be  ob- 
tained by  shaping  the  fuselage  so  that  the  development  of 
cross-sectional  area  for  the  airplane  approaches  that  for  a 
low-drag  body  of  revolution  with  the  highest  feasible  fineness 
ratio. 

CONCLUSIONS 

Comparisons  of  the  shock  phenomena  and  drag-rise  incre- 
ments for  representative  wing  and  central-body  combina- 
tions with  those  for  bodies  of  revolution  having  the  same 
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Figure  10. — Continued. 


axial  developments  of  cross-sectional  areas  normal  to  the 
airstream  have  indicated  the  following  conclusions: 

1.  The  shock  phenomena  and  drag-rise  increments  meas- 
ured for  these  representative  wing  and  central-bod}7  combi- 
nations at  zero  lift  near  the  speed  of  sound  are  essentially 
the  same  as  those  for  the  comparable  bodies  of  revolution. 

2.  Near  the  speed  of  sound,  the  zero-lift  drag  rise  of  a low- 
aspect-ratio  th in- wing — body  combination  is  primarily  de- 
pendent on  the  axial  development  of  the  cross-sectional 
areas  normal  to  the  airstream.  Therefore,  it  follows  that 


the  drag  rise  for  any  such  configuration  is  approximately  the 
same  as  that  for  any  other  with  the  same  development *of 
cross-sectional  areas. 

Further  results  have  indicated  that  indenting  the  bodies 
of  three  representative  wing-body  combinations,  so  that  the 
axial  developments  of  cross-sectional  areas  for  the  combina- 
tions were  the  same  as  for  the  original  body  alone,  greatly 
reduced  or  eliminated  the  zero-lift  drag-rise  increments 
associated  with  wings  near  the  speed  of  sound. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  August  1 , 1952 . 
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SECOND-ORDER  SUBSONIC  AIRFOIL  THEORY  INCLUDING  EDGE  EFFECTS  1 

By  Milton  D.  Van  Dyke 


SUMMARY 

Several  recent  advances  in  'plane  subsonic  flow  theory  are 
combined  into  a unified  second-order  theory  for  airfoil  sections 
of  arbitrary  shape.  The  solution  is  reached  in  three  steps: 
The  incompressible  result  is  found  by  integration , it  is  con- 
verted into  the  corresponding  subsonic  compressible  result  by 
means  of  the  second-order  compressibility  rule , and  it  is  ren- 
dered uniformly  valid  near  stagnation  points  by  further  rules. 
Solutions  for  a number  of  airfoils  are  given  and  are  compared 
with  the  results  of  other  theories  and  of  experiment.  A straight- 
forward computing  scheme  is  outlined  for  calculating  the  sur- 
face velocities  and  pressures  on  any  airfoil  at  any  angle  of 
attack. 

INTRODUCTION 

Thin-airfoil  theoiy  provides  a useful  first  approximation 
to  the  incompressible  flow  past  two-dimensional  airfoils, 
and  the  results  can  be  immediately  extended  to  subsonic 
compressible  flow  by  the  Prandtl-Glauert  rule.  It  is  natural 
to  attempt  to  improve  this  simple  theory  b}r  successive 
approximations  so  as  to  increase  its  accuracy  for  thicker 
airfoils  and  higher  subsonic  Mach  numbers.  There  results 
a series  expansion  of  the  flow  quantities  in  powers  (supple- 
mented by  logarithms  in  the  fourth  and  higher  approxima- 
tions) of  the  airfoil  thickness  ratio,  camber  ratio,  and  angle 
of  attack. 

For  incompressible  flow,  the  higher-order  theory  has  been 
studied  by  various  writers,  in  particular  Riegels  and  Wittich 
(refs.  1 and  2)  and  Iveune  (ref.  3).  A less  straightforward 
series  of  approximations  was  developed  by  Goldstein  (ref. 
4).  Perhaps  the  most  concise  exposition  of  higher-order 
incompressible  thin-airfoil  theory  is  given  by  Lighthill 
(ref.  5). 

For  subsonic  compressible  flow,  the  corresponding  analysis 
was  first  undertaken  by  Gortler  (ref.  6) , followed  by  Hantzsche 
and  Wendt  (refs.  7 and  8),  Schmieden  and  Kawalki  (ref.  9), 
Kaplan  (refs.  10  and  11),  Imai  and  Oyama  (refs.  12  and  13) 
and  others.  These  investigators  treated  only  specific  simple 
shapes  by  rather  laborious  analysis.  Later,  it  was  discovered 
that  particular  integrals  of  the  second-order  iteration  equa- 
tion can  be  expressed  in  terms  of  the  first  approximation 
(refs.  14  and  15).  This  permits  the  second-order  subsonic 
solution  for  any  profile  to  be  given  in  terms  of  integrals 
(refs.  15  and  16).  However,  the  resulting  solutions  are 
sometimes  incorrect  everywhere  for  airfoils  with  stagnation 
points,  for  reasons  to  be  discussed  later. 


Recently  Ha}^es  (ref.  17),  improving  on  a result  of  Imai 
(ref.  18),  has  given  a second-order  similarity  rule  for  surface 
pressure  that  implies  a second-order  extension  of  the  Prandtl- 
Glauert  rule  (ref.  19).  This  remarkable  result  was  overlooked 
by  earlier  investigators  because  they  did  not  calculate  sur- 
face pressures,  but  were  content  with  finding  surface  speeds, 
for  which  the  second-order  compressibility  rule  is  more 
complicated.  These  rules  reduce  the  second-order  problem 
of  subsonic  compressible  flow  past  airfoils  to  the  correspond- 
ing incompressible  problem. 

However,  the  solution  by  successive  approximations 
breaks  down  near  leading  and  trailing  edges  if  there  are 
stagnation  points.  The  result  is  therefore  merely  a formal 
series  expansion,  which  fails  to  converge  near  the  edges. 
In  first-order  theory  spurious  singularities  arise  at  stagnation 
edges,  but  it  is  known  how  they  can  be  taken  into  account, 
since  they  are  integrable.  In  the  second  approximation, 
however,  these  singularities  are  intensified,  so  that  at  round 
edges  they  are  no  longer  integrable.  In  any  case,  the  calcu- 
lated speeds  and  pressures  are  incorrect  near  such  edges, 
and  more  so  in  the  second  approximation  than  the  first. 
Moreover,  in  subsonic  compressible  flow  the  second  ap- 
proximation may  be  incorrect  everywhere  as  a consequence 
of  the  defects  in  the  first  approximation. 

For  round  edges  in  incompressible  flow,  previous  in- 
vestigators have  shown  how  these  defects  can  be  corrected. 
Riegels  (ref.  2)  gave  a simple  rule  that  renders  the  first- 
order  thin-airfoil  solution  valid  near  the  edge.  Lighthill 
(ref.  5)  gave  an  equivalent  rule  for  the  second  approxima- 
tion. Recently,  corresponding  rules  have  been  developed 
for  higher  approximations,  for  sharp  as  well  as  round  edges, 
and  for  subsonic  compressible  flow  (ref.  20). 

It  is  the  aim  of  this  paper  to  combine  these  recent  advances 
into  a unified  theory.  There  results  a uniform  second  ap- 
proximation to  subsonic  flow  past  any  profile  at  angle  of 
attack,  expressed  in  terms  of  integrals  that  can,  if  necessary, 
be  evaluated  numerically.  It  may  be  noted  that,  except 
possibly  for  certain  particular  shapes  at  isolated  Mach 
numbers,  the  resulting  solution  is  now  generally  believed 
to  be  valid  only  below  the  critical  Mach  number — -that  is, 
for  purely  subsonic  flows.  Although  only  flow  quantities 
at  the  airfoil  surface  are  considered  here  in  detail,  the  entire 
flow  field  could  be  treated  in  the  same  way. 

For  numerical  computation,  the  most  useful  method 
appears  to  be  that  initiated  by  Riegels  and  Wittich  (refs. 
1 and  2)  and  independently  by  Germain  (ref.  21),  with 


• Supersedes  NACA  TN  3390,  “Second-Order  Subsonic  Airfoil-Section  Theory  and  its  Practical  Application,"  1955,  and  portions  of  NACA  TN  3343,  “Subsonic  Edges  in  Thin-Wing  and 
Slender-Body  Theory,”  1954. 
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extensions  by  Watson  (ref.  22),  Thwaites  (ref.  23),  and 
Weber  (ref.  24  and  25).  It  requires  a knowledge  only  of 
the  airfoil  ordinates  at  a specified  set  of  points.  In  this 
report  a straightforward  scheme,  based  on  an  extension  of 
this  method,  is  given  for  computing  the  second-order  sub- 
sonic solution  for  any  airfoil.  The  reader  interested  only 
in  calculating  a specific  case,  without  necessarih'  under- 
standing the  details  of  the  theory,  can  turn  directly  to  the 
section  “PRACTICAL  NUMERICAL  COMPUTATION.” 

The  author  is  indebted  to  R.  T.  Jones  for  many  helpful 
discussions  throughout  the  course  of  this  work. 

THEORY 

From  the  preceding  remarks  it  is  clear  that  the  solution 
is  reached  in  three  steps.  First,  the  formal  second-order 
incompressible  solution  is  found  by  integration.  Second, 
this  is  converted  into  the  corresponding  subsonic  com- 
pressible solution  by  means  of  the  second-order  compressi- 
bilit}r  rule.  Third,  this  is  modified  near  stagnation  points 
by  the  appropriate  rules  for  round  or  sharp  edges.  These 
three  steps  will  be  considered  successively. 

FORMAL  INCOMPRESSIBLE  SOLUTION 

The  expansion  of  the  velocity  components  in  a formal 
series  of  powers  of  the  airfoil  thickness  ratio,  camber  ratio, 
and  angle  of  attack  has  been  discussed  in  detail  by  Ligh thill 
(ref.  5).  It  will  suffice  here  to  summarize  his  results  for  the 
second  approximation.  We  mainly  follow  his  notation 
except  to  make  it  more  mnemonic,  and  to  suppress  his 
parameter  e characteristic  of  the  airfoil  thickness,  which  is 
only  convenient  in  the  detailed  analysis. 

Accordingly,  consider  an  airfoil  of  moderate  thickness  and 
camber  at  a moderate  angle  of  attack  to  a uniform  sub- 
sonic stream  (fig.  1).  It  is  essential  that  the  x axis  be 
chosen  to  pass  through  both  the  leading  and  trailing  edges. 
Let  the  upper  and  lower  surfaces  of  the  airfoil  be  described  by 

y=Y(x)  = C(z)±T(x)  (1) 


y 


where  C(x)  describes  the  mean  camber  line  and  T(x)  the 
thickness.  The  airfoil  extends  over  the  interval  xa<x<xb} 
which  is  usually  conveniently  taken  to  be  either  — l<x<l 
or  0<x<l.  All  symbols  are  defined  in  Appendix  A. 

First-order  solution. — In  the  first  approximation  of  thin- 
airfoil  theoiy,  the  condition  of  tangent  flow  at  the  airfoil 
surface  is  imposed  on  the  two  sides  of  the  chord  line  y— 0 
rather  than  at  the  surface,  and  requires  that 


The  corresponding  horizontal  velocity  disturbance  on  the 
chord  line,  which  is  required  for  calculating  the  surface 
pressure,  consists  of  a term  associated  with  the  airfoil 
thickness,  and  another  associated  with  its  camber  and 
angle  of  attack.  For  the  thickness 

uu_l  Xh 
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and  for  the  camber  and  angle  of  attack 
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The  latter  result  is  due  to  Munk  (ref.  26)  and  the  former 
was  first  given  by  Pistolesi  (ref.  27).  Cauchy  principal 
values  are  indicated  in  each  integral. 

The  surface  speed  is  then  given  to  a first  approximation  by 


Si.  , , Ule 
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(5) 


Second-order  solution. — In  the  second  approximation,  the 
tan  gen  cy  condition  is  transferred  from  the  airfoil  surface 
to  the  chord  line  by  Taylor  series  expansion.  The  condition 
on  the  second-order  increment  in  vertical  velocity  is  thus 
found  to  be 


where 


C'2(x)±T'2(x) 


(6a) 


0+^  T 
rJ\(x)=p  T+^  C 


(6b) 


(We  depart  here  from  Ligh  thill's  notation  in  order  to  em- 
phasize that  the  functions  C2  and  T2  are  effectively  the 
camber  and  thickness  for  some  fictitious  airfoil.)  The 
problem  is  identical  with  that  in  first-order  theory  except 
for  the  condition  at  infinity,  which  is  readily  disposed  of. 
Thus,  corresponding  to  To  is  the  increment  in  horizontal 
velocity 
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and  corresponding  to  C2 
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(8) 


The  velocity  components  on  the  surface  of  the  airfoil 
include  also  terms  arising  from  the  transfer  from  the  chord 
line  to  the  surface,  which  is  again  effected  by  Taylor  series 
expansion.  Hence  the  surface  speed  is  given  to  a second' 
approximation  by 


^=l+^±^+^±^+(C±T)(C"±T")+^  {C±vy  (9) 


and  the  surface  pressure  coefficient  by 
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Higher-order  solutions  can  be  found  by  continuing  this 
process.  LighthiU  gives  explicit  formulas  for  the  third-order 
solution. 

Airfoil  integrals. — The  incompressible  solution  to  second 
order  (or,  indeed,  to  any  order)  is  thus  reduced  to  a succession 
of  “airfoil  integrals”  typified  by  equations  (3),  (4),  (7),  and 
(8) . Goldstein  (ref.  28)  emphasizes  that  in  first-order  theory 
these  integrals  can  be  evaluated  analytically  for  practically 
every  profile  for  which  formulas  have  ever  been  proposed. 
In  second-order  theory  this  appears  to  true  to  a somewhat 
lesser  extent,  although  the  labor  of  calculation  becomes  great 
except  for  simple  shapes.  Often  the  integrals  are  most 
readily  evaluated  by  guessing  (u—iv)  as  a function  of  the 
complex  variable  (x-\-iy)  that  has  the  required  behavior  on 
the  chord  line.  A short  table  of  airfoil  integrals  useful  for 
finding  second-order  solutions  is  given  in  Appendix  B. 
Other  can  be  foimd  in  references  28,  29,  and  30. 

For  complicated  profiles,  exact  analytic  evaluation  of  the 
integrals  may  be  impossible  or  excessively  laborious.  Then 
numerical  integration  may  be  resorted  to,  or  the  profile  can 
be  approximated  by  a simpler  shape  that  can  be  treated 
analytically.  The  most  useful  numerical  procedure  is  ap- 
parently that  originated  independently  by  Riegels  and 
Germain  and  simplified  and  extended  by  Watson,  Thwaites, 
and  Weber.  In  this  method  the  airfoil  ordinates  are  approxi- 
mated by  the  trigonometric  polynomial 

Ar— 1 

Y ~&o+S  {hr  cos  rd+tT  sin  rd)-\-kN  cos  NO 
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where  0 is  the  angle  indicated  in  figure  2.  The  coefficients 
kr  (for  camber)  and  U (for  thickness)  are  chosen  to  give  the 
actual  ordinates  at  the  2N  points  for  which  d=mirjN.  In 
this  way  it  is  found  that  the  airfoil  integrals  can  be  expressed 
approximately  as  sums  of  the  airfoil  ordinates  at  certain 
pivotal  points  multiplied  by  standard  influence  coefficients. 
The  details  of  this  method,  as  adapted  to  second-order  tliin-air- 
foil  theory,  are  given  in  Appendix  C.  The  numerical  com- 
puting procedure  is  outlined  in  the  last  section  of  this  paper. 


SECOND-ORDER  COMPRESSIBILITY  RULE 

The  second-order  counterpart  of  the  Prandtl-Glauert 
compressibility  rule  is  implicit  in  an  extension  of  transonic 
similitude  that  was  initiated  by  Imai  (ref.  18)  and  carried 
to  completion  by  Hayes  (ref.  17).  Imai  sought  to  improve 
the  transonic  similarity  rule  by  retaining  in  its  derivation 
all  terms  proportional  to  the  square  of  the  airfoil  thickness 
except  one  appearing  in  the  condition  of  tangent  flow  at  the 
surface.  The  correlation  of  experimental  data  was  not 
appreciably  improved,  which  led  him  to  suggest  that  the 
neglected  second-power  term  should  also  be  included.  This 
probably  cannot  be  done  for  the  whole  flow  field.  However, 
in  attempting  merely  to  reproduce  Imai's  result  as  announced 
before  publication,  Hayes  actually  included  that  term  in  a 
second-order  rule  for  surface  pressure. 

Hayes5  result  is  that  for  two-dimensional  subsonic  or  super- 
sonic flow  the  ratio  of  the  second-order  to  first-order  pressure 
term  on  the  surface  is  proportional  to  the  parameter 

(|i-m*|)«  [~ir  M4+2(1  -M2)]  (1 

where  r is  some  measure  of  the  thickness,  camber,  or  angle 
of  attack.  Now  at  subsonic  speeds  the  first-order  pressure 
term  is  related  to  its  value  in  incompressible  flow  by  the 
Prandtl-Glauert  rule.  Combining  these  two  results  yields 
the  second-order  compressibility  rule  (ref.  19). 

In  incompressible  flow  the  second-order  surface-pressure 
coefficient  has  the  form 


CVo(x)  = CPl(x)+ACP2(x)  (12a) 

where  the  first-order  term  CH  contains  linear  terms  in  thick- 
ness, camber,  and  angle  of  attack,  and  the  second-order 
increment  A 0P2  contains  then  squares  and  products.  Then 
for  the  same  -airfoil  in  subsonic  compressible  flow,  according 
to  the  compressibility  rule,  the  pressure  coefficient  is 

CVm=K,Ch+K2{  acP2) 

where 

K'=jT=W2=P  ) 

^ (y+1)M4+4/32  | 

Ki= — w — J 

The  corresponding  compressibility  rule  for  surface  speed 
is  readily  found  from  the  above  ride  for  pressure  by  con- 
sidering the  small-disturbance  series  form  of  Bernoulli’s 
equation  for  compressible  flow.  Thus  it  is  foimd  that  if 
the  surface  speed  ratio  in  incompressible  flow  is 


(12b) 

(12c) 
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where  Ag,  contains  linear  terms  in  thickness,  camber,  and 
angle  of  attack,  and  Ag,  their  squares  and  products,  then 
at  subsonic  speeds 
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with 

K2- 1 ,.,Cv+1)M2+4/32 

2 8j34 


(13c) 


Tliis  rule  is  seen  to  lack  the  fundamental  simplicity  of  the 
rule  for  pressure. 


EDGE  CORRECTIONS 

Thin-airfoil  theory  is  known  to  fail  near  leading  and 
trailing  edges  if  there  is  a stagnation  point.  The  flow  is 
actually  brought  to  rest,  but  thin-airfoil  theory  predicts 
infinite  speeds  instead.  If  r is  the  distance  from  the  edge., 
the  velocity  contains  powers  of  r-1/2  for  a round  edge  and 
for  any  leading  edge  with  flow  around  it  (associated  with 
angle  of  attack),  and  powers  of  In  r for  a sharp  edge.  First- 
order  theory  contains  first  powers  of  these  singularities, 
second-order  theory  their  squares  and  products,  and  so  on, 
so  that  the  formal  thin-airfoil  series  diverges  in  some  neigh- 
borhood of  the  edge.  Not  only  are  the  velocities  and  pressure 
incorrect  near  stagnation  edges,  but  nonintegrable  singu- 
larities appear  in  the  higher-order  expressions  for  aero- 
dyanamic  forces  on  round  edges. 

False  subsonic  solutions. — Even  more  serious  difficulties 
may  arise  in  subsonic  compressible  flow,  where  the  infection 
spreads  in  some  cases  so  that  the  formal  second-order  solution 
is  incorrect  not  only  near  the  edges  but  over  the  entire  airfoil 
surface.  Thus,  using  the  particular  integral  of  reference  14, 
Harder  and  Klunker  gave  an  expression  for  the  second-order 
solution  for  any  symmetric  airfoil  at  zero  angle  of  attack 
(ref.  16).  However,  they  noted  that  their  expression  does 
not  apply  to  round-edged  airfoils,  for  which  it  contains 
divergent  integrals.  A more  deceptive  defect  appears  if 
their  expression  is  applied  to  a sharp-edged  airfoil  such  as  a 
biconvex  section;  then  the  predicted  surface  speeds  are 
finite  (except  near  the  edges)  but  incorrect  everywhere  by  a 
term  proportional  to  M2.  This  defect  arises  from  the  fact 
that  near  sharp  edges  the  first-order  source  distribution  is 
not  approximately  the  airfoil  slope,  as  is  assumed  in  thin- 
airfoil  theory.  The  second-order  solution  involves  the 
derivative  of  the  source  strength  which,  as  indicated  in 
figure  3,  has  infinite  peaks  that  are  missed  by  thin-airfoil 


Actual  values  Thin-airfoil 

approximation 


theory.  It  is  enough  to  take  account  of  this  shortcoming  in 
even  the  crudest  fashion.  Thus,  if  the  region  of  integration 
is  extended  an  infinitesimal  distance  beyond  the  edges  to 
include  the  pulses  (Dirac  delta*  functions)  of  the  thin-airfoil 
approximation,  Harder  and  Klunker’s  expression  yields  a 
solution  that  is  correct  to  second  order  except  in  the  vicinity 
of  the  edges. 

Keune  has  discovered  an  alternative  particular  integral 
containing  the  stream  function  rather  than  the  velocity 
potential,  and  so  has  obtained  another  expression  for  the 
second-order  solution  (ref.  15).  Because  the  tangency 
condition  is  one  degree  smoother  for  the  stream  function  than 
the  velocity  potential,  his  expression  yields  the  correct 
result  (except  near  stagnation  edges)  for  sharp-edged  shapes. 
It  fails,  however,  for  round-edged  shapes,  so  that  his  solution 
for  subsonic  flow  past  an  ellipse  is  incorrect  everywhere. 

Both  these  expressions  can  be  manipulated  by  partial 
integration  so  as  to  be  correct  except  near  stagnation  edges. 
However,  the  result  is  simply  that  obtained  by  applying 
the  second-order  compressibility  rule  to  the  expressions  for 
second-order  incompressible  flow.  Hence  these  more  serious 
difficulties  are  of  no  further  concern  here.  They  do  serve, 
however,  to  warn  of  the  danger  of  false  second-order  solutions 
in  more  complicated  problems. 

The  role  of  edge  corrections. — Thin-airfoil  theory  fails 
near  stagnation  edges  because  there  the  basic  assumption  of 
small  disturbances  is  violated.  It  might  be  feared  that  uni- 
formly valid  solutions  could  be  found  only  by  abandoning 
that  assumption,  which  leads  to  such  great  mathematical 
simplification.  Fortunately,  however,  Riegels  and  Light- 
hill  have  shown  that  for  round  edges  in  incompressible  flow 
all  the  results  of  small-disturbance  theory  can  be  salvaged. 
The}7  have  given  simple  rules  to  be  applied  to  the  formal 
thin-airfoil  solution  that  render  it  uniformly  valid  near  the 
edge. 

For  present  purposes,  corresponding  rules  are  required  for 
subsonic  as  well  as  incompressible  flows,  for  sharp  as  well 
as  round  edges,  and  for  cambered  round  edges,  for  which 
Lighthill’s  rule  is  correct  only  to  first  order.  It  is  believed 
that  neither  Riegels’  nor  Lighthill’s  technique  can  be  ex- 
tended to  these  cases.  Instead,  a different  technique  is  used 
here,  which  is  particularly  suited  to  the  study  of  edges.  It 
consists  in  comparing  the  exact  and  thin-airfoil  solutions  for 
simple  shapes  that  approximate  the  airfoil  in  the  vicinity  of 
the  edge.  This  technique  was  first  applied  in  reference  20 
to  the  surface  velocity  on  airfoil  sections,  three-dimensional 
wings,  and  bodies  of  revolution.  It  is  reproduced  here 
insofar  as  it  applies  to  second-order  theory  for  airfoil  sec- 
tions, and  is  extended  to  treat  surface  pressures  as  well  as 
velocities. 

Round  edges  in  incompressible  flow. — Most  subsonic  air- 
foil sections  have  finite  leading-edge  radius,  and  many  are 
actually  analytic  (except  at  the  training  edge).  This  means 
that  all  derivatives  are  continuous,  so  that,  with  s the 
abscissa  measured  from  the  edge  into  the  airfoil,  the  upper 
and  lower  surfaces  are  described  by 


Figure  3. — Source  strength  for  biconvex  airfoil. 
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Here  the  Tn  and  Cn  are  coefficients  for  the  thickness  and 
camber,  respectively  (fig.  1).  Thus  T0  determines  the  nose 
radius,  C\  the  initial  camber,  and  so  on. 

Thin-airfoil  theory  breaks  down  close  to  the  edge  where  s 
is  of  the  order  of  the  leading-edge  radius  p.  Now  p is  pro- 
portional to  the  square  of  the  thickness  ratio  r,  so  that  thin- 
airfoil  theory  fails  where  s=0(r2).  In  this  small  region  the 
airfoil  is  described  to  second  order  by  the  first  two  terms  of 
equation  (14).  In  terms  of  the  leading-edge  radius  p and 
initial  slope  X of  the  camber  line,  the  airfoil  is  given  by 

y=  i -\l2ps~\-\s  (15a) 

This  is  the  equation  of  an  inclined  parabola,  described  in 
rotated  coordinates  by 

y=  ±V2pl  (15b) 

where  the  two  origins  of  coordinates  are  separated  by  a 
negligible  distance,  and  the  difference  between  p and  p can 
also  be  ignored. 


The  exact  velocity  on  this  parabola  in  a uniform  stream 
is  found,  from  conformal  mapping  or  otherwise,  to  be  given 
by 


1_ 


(16) 


and,  as  it  must  be,  this  is  the  second-order  thin-airfoil 
solution  for  a parabola.  It  is  clear  from  this  formal  expan- 
sion how  the  singularity  arises  at  the  leading  edge. 

The  ratio  of  the  exact  speed  on  the  parabola  to  its  formal 
series  expansion  serves  as  a multiplicative  correction  factor 
for  other  shapes  having  the  same  nose  radius.  Thus  the 
second-order  thin-airfoil  solution  q2  for  any  airfoil  of  leading- 
edge  radius  p is  converted  into  an  approximation  q that  is 
uniformity  valid  near  the  edge  by 

2 (r) 
U~  u (18) 

fs  4s 

Simplifying  this  insofar  as  possible  without  destroying  its 
validity  near  the  edge,  and  retaining  only  second-order  terms, 
gives  the  rule 

2)  (8+6)  (19) 

It  might  be  supposed  that  since  the  airfoil  nose  was  fitted 
to  second  order,  this  rule  yields  a solution  that  is  uniformly 
valid  to  second  order.  Comparison  with  various  exact 
solutions  indicates  that  this  is  true,  in  the  sense  that  the 
velocity  disturbance  and  hence  the  pressure  coefficient  are 
correct  to  second  order  everywhere  (except  near  the  trailing 
edge,  where  additional  modification  is  required).  This  will 
be  indicated  by  replacing  q by  q2. 

The  oblique  abscissa  s can  be  expressed  in  terms  of  the 
original  abscissa  s,  since  on  the  surface  of  the  parabola 

S=*±\V2pi+  . . . (20) 

Hence  the  rule  becomes  finally 


~h_(  8±\j2p8  Y2  (Si+£\ 
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(21) 


In  the  special  case  X=0  this  reduces  to  LighthiU’s  rule 
(ref.  5). 

The  corresponding  rule  for  surface  pressure  coefficient  is 
found  by  proceeding  in  the  same  way  with  the  exact  pressure 
on  the  parabola,  which  is  found  from  equation  (16)  using 
Bernoulli's  equation.  Again  expanding  formally  for  small 
p/s  and  taking  the  ratio  as  a multiplicative  correction  factor 
yields  the  rule 


where  the  signs  refer  to  the  upper  and  lower  surfaces.  Here 
a has  the  physical  interpretation  that  the  stagnation  point 
lies  at  s=a2  and  y = —a^2p  (fig*  4).  When  the  flow  past 
the  parabola  is  related  to  that  near  an  airfoil  nose,  a is  some 
moderate  multiple  of  the  angle  of  attack  measured  from  the 
“ideal”  angle — the  angle  at  which  the  stagnation  point  coin- 
cides with  the  vertex.  The  factor  of  proportionality  depends 
on  the  entire  airfoil  shape  (and  the  trailing-edge  condition), 
but  its  value  is  not  required  here.  Expanding  this  expression 
for  small  p/s  yields,  to  second  order,  the  formal  series 


=i±4-^+ 


u 4s 
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(22) 


Airfoils  of  the  NACA  four-  and  five-digit  series  are  not 
analytic  at  the  nose.  Their  thickness  distribution  T(x) 
consists  initially  of  the  ordinates  of  a parabola  minus  those 
of  a wedge,  so  that  the  airfoil  is  described  by 


y=  ± Ttf*+Cl8?Tl\8\  + - • • (23) 

These  airfoils  are  fitted  only  to  first  order  b}r  an  inclined  para- 
bola, and  it  follows  that  the  preceding  rules  render  the  thin- 
airfoil  solution  uniformly  valid  onty  to  first  order  near  the 
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edge,  though  it  remains  correct  to  second  order  elsewhere. 
An  appropriate  second -order  rule  would  require  finding  the 
conformal  mapping  for  a parabola  minus  a wedge. 

First-order  theory;  Riegels'  rules. — In  the  first-order 
theory,  the  terms  in  X can  be  neglected,  so  that  the  rule  for 
pressure,  equation  (22),  simplifies  to 


n ° n 

°pi”s+p/2 


(24) 


The  last  term  in  equation  (21)  is  also  of  second  order,  so  that 
the  rule  for  speed  becomes 


gi  ( t y g, 
V \s+pl 2)  U 


(25) 


This  is  not  precisely  Riegels'  rule.  However,  for  a parabola 


Gr^)1-008  ” (26) 

where  77  is  the  angle  of  the  surface.  Hence  an  alternative 
form  of  equation  (25)  is 


£l_r.nQ  „ £i 

u~  v u 


(27) 


and  this  is  Riegels'  rule  (ref.  2).  The  corresponding  rule  for 
pressure  is 

Op={ cos  nYCPl  (28) 


These  alternative  forms  suffer  the  defect  of  falsely  implying 
that  the  nose  exerts  an  influence  even  at  remote  points  if 
the  local  airfoil  slope  is  appreciable  (for  example,  at  the 
trailing  edge).  To  this  extent  they  fail  to  render  the  solution 
uniformly  valid.  However,  it  happens  that  they  are  exact 
for  ellipses  as  well  as  parabolas,  and  are  according^  much 
more  accurate  for  most  airfoils,  as  indicated  by  the  example 
of  figure  5. 


Figure  5. — Comparison  of  . LighthilPs  and  Riegels’  rules  for  incom- 
pressible flow  past  NACA  0012  airfoil. 


The  second-order  rules  can  be  manipulated  into  the  form 
of  Riegels'  rule  (ref.20),  but  the  slight  advantages  of  accuracy 
and  simplicity  then  scarcely  offset  their  defects.  The  same 
is  true  of  the  rules  for  compressible  flow  given  later.  Hence 
Riegels'  rules  are  recommended  only  for  first-order  incom- 
pressible-flow theory. 

Round  edges  in  subsonic  flow. — The  previous  rules  can 
be  extended  to  subsonic  speeds  simply  by  considering  sub- 
sonic rather  than  incompressible  flow  past  an  inclined 
parabola.  Although  no  exact  solution  of  this  problem  is 
known,  existing  approximate  solutions  by  the  Janzen- 
Rayleigh  method  are  probabl}7  sufficiently  accurate,  at  least 
at  the  ideal  angle  of  attack,  and  could,  in  principle  be  refined 
indefinitely.  Alternatively,  one  could  use  experimental, 
measurements  on  a parabola. 

The  problem  is  defined  by  p and  a and  the  free-stream 
Mach  number  M.  (The  adiabatic  exponent  7 also  enters, 
but  is  assumed  fixed  at  7/5.)  Therefore,  dimensional  reason- 
ing shows  that  the  surface  speed  is  given  by 

(29) 

where,  as  usual,  the  upper  and  lower  signs  apply  to  the  upper 
and  lower  surfaces.  (Choosing  p/2  rather  than  p as  the  ref- 
erence length  leads  to  later  simplification.)  Expanding  this 
function  formally  for  x large  compared  with  p and  a2  would 
yield  the  thin-airfoil  series,  which  is,  to  second  order 


$-1  ±*.4' 


u 


Vs 


-Kt 


p K2— 1 a2 
4s  2 s 


(30) 


where  Kx  and  K2  are  the  compressibility  factors  of  equation 
(12c).  Again  the  ratio  of  Q to  its  series  expansion  serves  as 
a multiplicative  correction  factor  to  be  applied  to  any  round- 
nosed airfoil.  Simplif3ung  as  before,  and  replacing  s by  s 
according  to  equation  (20),  gives  the  rule2 


$±xV2ps  a, 

~p/2  ’ ±^2 


> 


r MX 


Q.1  1 ^2  P I / TS-  2 ^-2 1\  fl2~| 

U+  4 s+\Kl  2 ) s] 


(31) 


where  qx /U  is  the  first-order  thin-airfoil  solution.  Here  a 
must  be  identified  as  the  coefficient  of  ±Ki/^s  in  the  second- 
order  solution,  as  is  clear  from  equation  (30).  (The  ph}7sical 
interpretation  of  a shown  in  fig.  4 is  valid  onty  at  zero  Mach 
number.) 

The  corresponding  rule  for  pressure  is  found  by  consider- 
ing the  exact  pressure  coefficient . for  the  parabola,  which 
must  have  the  form 


°P  II(p/2,±a/^2'M) 


(32) 


2 As  M—>0  this  reduces  not  to  the  rule  given  previously  for  incompressible  flow,  but  to  an 
alternative  that  is  equivalent  up  to  terms  of  second  order.  The  difference  arises  from  the 
fact  that  in  the_in compressible  case  the  dependence  of  q}U  upon  a is  given  explicitly  by  the 
factor  (l  ±a/V«)  in  equation  (16),  which  is  used  to  cancel  a corresponding  term  in  the 
denominator  of  equation  (18). 
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Its  series  expansion  would  give  the  thin-airfoil  result 

C„=*2K,±+K,Q.-f)  (33) 

Hence  the  rule  for  any  airfoil  is 


In  this  case  a is  the  coefficient  of  rF2K1/V§  in  the  second- 
order  pressure  coefficient. 

Imai  has  recently  calculated  the  Janzen-Rayleigh  solution 
for  a parabola  at  the  ideal  angle  of  attack  including  terms  in 
M 4 (ref.  31).  Thus,  his  results  give 


Q 0,  m)=2o+M22i+M^2+0(M6)  . (35) 

where  the  gn  are  increasingly  complicated  functions  of 
s/(p/2).  In  reference  20  an  attempt  was  made  to  increase 
the  accuracy  of  this  approximation  by  modifying  it  so  that 
for  large  3/ (p/2)  it  tends  exactly  to  the  second-order  thin- 
airfoil  solution  of  equation  (30).  However,  the  third-order 
thin-airfoil  solution  has  since  been  calculated  by  Kaplan 
(ref.  32): 

S3-1-1 K,  (£)+!  K,  [(£)''  + 

where 


Figure  6. — Various  approximations  for  velocity  on  parabola  at  Jl/=0.C. 


The  corresponding  table  of  the  function  P[s/(p/2),  0,  M] 
appearing  in  equation  (34)  is: 


K 3= 


ttM} 

2 j83 


[> 


7+1  M2 
8 p2 


(It  is  a matter  of  taste  whether  the  logarithmic  term  in- 
cluded here  is  regarded  as  being  of  third  or  fourth  order.) 
The  comparison  with  this  result  shown  in  figure  6 suggests 
that  the  modification  was  detrimental,  and  that  Imai’s 
solution  is  adequate  for  practical  purposes.3  A short  table 
of  the  function  Q[s/(p/ 2),  0,  M]  calculated  from  equation  (35) 
is  given  below: 


^\S/(p/2) 

M 

0 

0.5 

1 

2 

4 

10 

20 

50 

0 

0 

0. 5774 

0.  7071 

0.S165 

0. 8944 

0. 9535 

0. 9759 

0.9901 

.4 

0 

.5570 

. 6874 

.8002 

.8829 

.9473 

.9724 

. 9SS5 

.5 

0 

.5449 

.6752 

.7898 

. 8753 

.9431 

.9699 

.9874 

.6 

0 

.5295 

.6592 

.7758 

.8648 

.9371 

.9664 

.9858 

.7 

0 

.5104 

. 63SS 

. 7574 

.8508 

.9290 

.9616 

.9835 

.8 

0 

.4870 

.6133 

.7338 

.8324 

.9182 

. 9551 

.9805 

.85 

0 

.4737 

.5982 

.7197 

.8213 

.9116 

.9512 

.9788 

.9 

0 

.4590 

.5816 

.7039 

.SOSS 

.9042 

.9466 

.9765 

\ s/(p/2) 

M 

0.5 

1 

2 

4 

10 

20 

50 

0 

0.  3333 

0.  5000 

0.  6667 

0.  sooo 

0.  9091 

0. 9524 

0.  9804 

.4 

.2924 

.4444 

. 601S 

.7339 

.8502 

.9015 

.9402 

.5 

.2623 

.4019 

.5500 

.6779 

.7958 

. 8507 

.8950 

.G 

.2189 

.3391 

.4703 

.5881 

.7025 

.7587 

.8073 

. 7 

. 1607 

.2523 

.3560 

.4531 

. 5528 

.6044 

.6517 

.8 

.0918 

. 1466 

.2111 

. 2742 

.3427 

.3797 

. 4155 

.85 

.0578 

.0932 

. 1357 

. 1783 

.2256 

.2518 

.2774 

.9 

.0284 

.0463 

.0682 

.0906 

. 1162 

.1305 

. 1437 

For  other  angles  of  attack,  the  function  Q to  order  M2 
can  be  extracted  by  a limiting  process  from  Kaplan’s  Janzen- 
Ra}deigh  solution  (ref.  33)  for  an  inclined  ellipse.  This 
gives,  with  s/(p/2)=X,  a/*fp/2==A 

Q(X,  AM)=^=-i{l+2xyi  { (1  -A*)yfX-A(X+A2n 


1 +A2 

l+X 


(l-X+2 A-JX)  tan-‘A/zJ  j- 


1 The  table  on  p.  11  of  ref.  20  also  involves  an  error  in  computing  the  qt  of  eq.  (35). 


(36) 
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The  corresponding  approximation  for  the  pressure  coefficient  is 


Ti{X,A,M)= 


1-2A-JX-A2  , 
l+X  ■+ 


M- 

(i+xy-~ 


7 (i-2Aa/Z-A2)2+(1  - A 2)  (X+A  A/Z)  -A(X+A2)  (sfX+A)  + 


(1+A*)(JX+A)  |Y  rv-  , 1 
l+X 


In  ^~+(l~X+2 AjX)  tan-\/zJ 


(37  a) 


and  for  the  function  P,  according  to  equation  (34b) 


P(X,A,M) 


n (X,a,M) 


(37b) 


The  error  involved  in  retaining  only  terms  of  order  M1 
can  be  estimated  from  figure  6 in  the  special  case  a=0.  At 
other  angles  of  attack  the  error  may  be  greater;  in  particular, 
neither  the  Janzen-Rayleigh  expansion  nor  the  th in-airfoil 
expansion  is  believed  to  converge  if  the  local  Mach  number 
exceeds  unity. 

Sharp  edges. — The  corrections  for  sharp  edges  can  be 
found  by  considering  flow  in  an  angle.  At  a trailing  edge 
with  Kutta  condition  enforced,  or  a leading  edge  at  ideal 
angle  of  attack,  the  surface  and  the  dividing  streamline  meet 
at  slightly  less  than  a straight  angle,  as  indicated  on  the 


Figure  7. — Flow  near  sharp  edges. 


right  of  figure  7.  For  incompressible  flow,  the  surface  speed 
is  found  from  conformal  mapping  to  be  given  by 

jj=cs*~b  (38) 

where  b is  the  semivertex  angle,  and  s is  again  measured  into 
the  edge.  In  fixing  the  constant  c,  the  difficulty  that  in  the 
angle  flow  the  velocity  increases  indefinitely  upstream  can  be 
circumvented  by  requiring  that  at  any  point  the  velocity 
must  approach  that  of  the  free  stream  as  the  angle  5 tends  to 

zero.  Thus  it  is  seen  that  c is  unity  except  for  terms  of 

order  b. 

The  connection  with  thin-airfoil  theory  follows  from  the 
fact  that  for  small  e 

$e=l  + elns+!  e2  log2s+.  . . (39) 


though  this  relation  is  not  uniformly  valid  near  5=0. 
Hence,  the  thin-airfoil  series  for  flow  in  an  angle  is,  to  second 
order. 

S=c[1+tlns+^(Ins+Iln2s)]  (40) 

and  it  is  clear  how  the  spurious  logarithmic  singularities  arise. 

Comparing  these  expressions  gives  a rule  that  renders  the 
second-order  thin-airfoil  solution  for  any  sharp-nosed  profile 
uniformly  valid: 

§-^[p-i§lns-5(1,’*-51”!!)]  (41> 

For  a leading  edge  not  at  the  ideal  angle  of  attack,  the 
flow  includes  a circulatory  component,  as  indicated  at  the 
left  of  figure  7.  For  incompressible  flow,  conformal  mapping 
gives  the  surface  speed  associated  with  this  component  as 

7T-23 

^j=±as  (42) 

and  its  thin-airfoil  expansion  is 

eHYY+s1”*)  («) 

Comparing  these  yields  a rule  for  correcting  the  circulatory 
component: 

*“•) 

The  second-order  thin-airfoil  solution  can  be  treated  by 
splitting  off  the  terms  that  are  singular  at  least  as  s~ 1/2  near 
the  leading  edge,  applying  equation  (44)  to  this  circulatory 
component,  applying  equation  (41)  to  the  remainder,  and 
recombining. 

These  rules  could  be  extended  to  subsonic  speeds,  in  the 
case  of  ideal  angle  of  attack,  by  calculating  the  Janzen- 
Rayleigh  solution  for  flow  in  an  angle.  However,  at  other 
angles  the  Janzen-Rayleigh  approximation  certainly  fails, 
because  it  would  predict  infinite  speeds  that  are  tolerable 
only  in  an  incompressible  fluid.  In  any  case,  the  correction 
is  negligible  for  most  practical  purposes,  because  it  is  signifi- 
cant in  only  a minute  neighborhood  of  the  edge,  and,  fur- 
thermore, sharp  edges  are  usually  trailing  edges,  in  which 
case  the  details  of  the  flow  are  masked  by  viscous  effects. 
For  these  reasons,  no  correction  for  sharp  edges  is  included 
in  the  computing  scheme  given  later. 

Combined  edges. — Airfoils  with  two  stagnation  edges  are 
treated  by  applying  the  appropriate  corrections  in  turn  at 
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each  edge  by  shifting  the  origin.  Thus,  consider  an  airfoil 
with  round  leading  and  trailing  edges  of  radii  pa  and  pb 
located  at  x=xa  and  x=xb}  respectively,  and  initial  and  final 
camber  angles  Xa  and  \b.  Assume  that  the  Kutta  condition 


is  imposed  at  the  trailing  edge.  Applying  equation  (31) 
twice,  identifying  s successively  with  x—xa  and  xb— x,  and 
then  simplifying  to  keep  no  more  than  second-order  terms 
gives 


Q 


x_ 


-xa±\a^2pa(x~xa)  a 


Pa/2 

a ffi  Ko 
-\/x—xa  U 4 


\ Pa/ 2 

( Pa  | Pb 

\x— 


Xb 


X„—XT\  A^ptCx,,— x) 

Ps/2 


'>0,M  X 


(45) 


(The  simpler  form  of  this  equation  for  incompressible  flow 
is  given  as  equation  (24)  of  reference  20.)  The  corresponding 
rule  for  pressure  coefficient  is 


valid  second  approximation  by  applying  equation  (21) 
twice  in  succession,  or  using  the  combined  rule  of  equation 
(24)  of  reference  20,  which  gives 


C=p\x  x«±^2pa(x  X);  ± a=)  M~ 1 

2 L Pal  2 aW2  -I 

P 0,  m]  0P2 


(46) 


Similar  rules  can  be  found  for  combinations  of  a round 
and  a sharp  edge,  or  two  sharp  edges.  For  example,  for 
incompressible  flow  past  two  sharp  edges  of  equal  angle, 
both  with  Kutta  condition  imposed  (as  for  a symmetrical 
biconvex  airfoil  at  zero  angle  of  attack)  and  located  at  x = ± 1 , 
the  combined  rule  has  the  form  of  equation  (41)  with  $ 
replaced  by  (1—  x2). 


EXAMPLES:  COMPARISON  WITH  EXPERIMENT  AND  OTHER 

THEORIES 


INCOMPRESSIBLE  FLOW 

It  has  been  seen  that  the  solution  for  subsonic  flow  depends 
on  that  for  incompressible  flow.  It  is  therefore  pertinent  to 
test  the  second-order  theory  in  the  case  of  incompressible 
flow,  where  it  can  be  checked  against  the.  exact  results  of 
conformal  mapping. 

Ellipse. — Consider  an  ellipse  of  thickness  ratio  r with  the 
interval  — 1<x<1  as  chord  line.  It  is  described  by 

y—  ± r*\/l — x2,  ~1<x<1  (47) 

Suppose  that  the  Kutta  condition  is  satisfied — the  rear 
stagnation  point  coincides  with  the  end  of  the  major  axis. 
Then  the  first-order  solution  for  surface  speed  is  found, 
from  equations  (3),  (4),  and  (5),  together  with  Appendix 
B,  to  be  

U=1+T±a^TVx  (48a) 


Proceeding  with  equations  (6)  to  (9)  gives  the  formal  second- 
order  result 


S=i+T±aViq^-|  T2r=^±arVr 


i+H“2  (48b) 


This  can  be  checked  by  expanding  the  exact  result,  which  is 


q „ , nA/1— x2  cosq:±(1-x)  sin  a 

C7=(1+T)  Vl-sH^*2  (49) 

The  formal  second-order  solution  clearly  breaks  down  near 
the  ends  of  the  ellipse.  It  is  converted  into  a uniformly 


b Vi^?[(i+T)(‘  Wi+i)+§('w)] <48c) 


Figure  8. — Speed  on  18-percent-thick  ellipse  at  zero  angle  of  attack  in 
incompressible  flow. 


These  approximations  are  compared  in  figure  8 with  the 
exact  solution  for  an  18 -percent- thick  ellipse  (which  has 
nearly  the  same  nose  radius  as  an  NACA  0012  airfoil)  at 
zero  angle  of  attack.  The  precipitate  descent  of  the  formal 
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TABLE  III.— INFLUENCE  COEFFICIENTS  FOR  SLOPE 
(a)  iV=8 


e™  (slope  due  to  thickness) 

\. 

s\ 

1 

2 

3 

4 

5 

6 

7 

1 

—6.  3086 

-4.9932 

1.5307 

-0. 8284 

0.  6340 

-0. 6636 

1.0824 

2 

17. 0479 

-1.4142 

-4.  7183 

2. 0000 

-1.4046 

1.4142 

-2.2658 

3 

-8.  9218 

8. 0547 

-.4483 

-4. 8284 

2.  6131 

-2. 3978 

3.  6955 

4 

5.  6568 

-4. 0000 

5.  6568 

0 

-5.  6568 

4. 0000 

-5.6568 

5 

-3.  6955 

2.3978 

-2.  6131 

4.  8284 

.4483 

-8. 0547 

8.9218 

6 

2.  2658 

-1.4142 

1.4046 

-2.0000 

4.7183 

1.4142 

-17. 0479 

7 

-1.0824 

.6636 

-.6340 

.8284 

-1.5307 

4. 9932 

6.  3086 

fn * (slope  due  to  camber) 

N\.  n 
S \ 

1 

2 

3 

4 

5 

6 

7 

1 

6. 3086 

-9. 2262 

3.  6955 

-2. 1648 

1.5307 

-1.2262 

1.0824 

2 

9.  2262 

1.4142 

-6. 1648 

2. 8284 

-1.S352 

1.4142 

-1.2262 

3 

-3.  6955 

6.1648 

.4483 

-5.  2262 

2.6131 

-1.8352 

1.5307 

4 

2. 1648 

-2.  S2S4 

5. 2262 

0 

-5.  2262 

2.  8284 

-2. 1648 

5 

-1.5307 

1.8352 

-2.6131 

5.  2262 

-.4483 

-6. 1648 

3. 6955 

6 

1.2262 

— 1.4142 

1.8352 

-2. 8284 

6. 1648 

-1.4142 

-9. 2262 

7 

-1.0824 

1.2262 

-1.5307 

2.1648 

-3.  6955 

9. 2262 

-6.  3086 

(b)  JV=16 


fin.  (slope  due  to  thickness) 

\n 
s \ 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1 

-25.  7693 

-17. 9172 

4.  7035 

-2. 0162 

1. 1036 

-0.  7061 

0.5063 

-0. 3978 

0.  3383 

-0. 3098 

0. 3054 

-0. 3269 

0. 3875 

-0.  5353 

1.0196 

2 

68.  9411 

-6.  3086 

-14.9078 

4.  9932 

-2.  4992 

1.  5307 

-1.  0708 

.8284 

-. 6974 

.6340 

-.  6222 

.6636 

-.  7848 

1. 0824 

—2  0598 

3 

-38. 1441 

31.  4204 

-2.  6938 

-12.6356 

4. 8436 

-2.  6799 

1.  7802 

-1.  3364 

1. 1036 

-.9906 

.9635 

-1.0213 

1.2027 

— 1.  6541 

3. 1428 

4 

26.  4874 

-17. 0479 

20. 4685 

-1.4142 

-11.  2241 

4.  7183 

-2.  8162 

2. 0000 

-1.  5982 

1.  4046 

-1.3470 

1.4142 

-1.  6545 

2.  2658 

-4.  2947 

5 

-20. 0462 

11.  7984 

-10.  8489 

15.  5194 

-. 8036 

-10.4112 

4.  7035 

-2.  9932 

2.  2587 

-1.9184 

1.8000 

-1.8625 

2. 1580 

-2.  9372 

5.  5482 

6 

15.  836t> 

-8.  9218 

7. 4108 

-8.0547 

12. 8540 

-. 4483 

-10.  0428 

4. 8284 

-3.  2607 

2.  6131 

-2.  3685 

2.  3978 

-2.  7393 

3.  6955 

—6.  9465 

7 

—12.  7972 

7. 0334 

-5.  5482 

5. 4180 

-6.  5445 

11.3181 

-.2028 

-10. 0547 

5.1258 

-3.  6748 

3. 1428 

-3.  0748 

3.  4394 

-4.  5808 

8.  5508 

8 

10. 4525 

—5.  b5b8 

4.  3296 

-4.0000 

4.  3296 

-5. 6568 

10. 4525 

0 

-10.  4525 

5.  6568 

-4.  3296 

4.0000 

-4. 3296 

5.  6568 

— 10.4525 

9 

—8.  55us 

4.5808 

-3.  4394 

3. 0748 

-3. 1428 

3.6748 

-5. 1258 

10. 0547 

.2028 

-11.3181 

6.5445 

-5.  4180 

5.  5482 

-7.  0334 

12.  7972 

10 

6. 9465 

-3.  6955 , 

2.  7393 

-2. 3978 

2. 3685 

-2. 6131 

3. 2607 

-4. 8284 

10.  0428 

.4483 

-12. 8540 

8. 0547 

-7.4108 

8.  9218 

-15. 8356 

11 

—5.  5482 

2.  9372 

-2. 1580 

1.8625 

-1.8000 

1.9184 

-2. 2587 

2.9932 

-4.  7035 

10.4112 

.8036 

-15.  5194 

10. 8489 

-11.  7984 

20.  0462 

12 

4. 2947 

-2.  2658 

1.6545 

-1. 4142 

1.3470 

-1.  4046 

1.  5982 

-2. 0000 

2.8162 

-4.  7183 

11.  2241 

1.4142 

-20.  4685 

17. 0479 

—26. 4874 

13 

-3. 1428 

1.  6541 

—1. 2027 

1. 0213 

-.9635 

.9906 

-1. 1036 

1.3364 

-1.  7802 

2.  6799 

-4.  8436 

12.  6356 

2.  6938 

—31.4204 

38. 1441 

14 

2.  0598 

-1.0824 

.7848 

-.6636 

.6222 

-.6340 

.6974 

-.8284 

1. 0708 

-1.  5307 

2. 4992 

-4.  9932 

14. 9078 

6.  3086 

-68.  9411 

15 

—1.  0196 

.5353 

-.3875 

.3269 

-.3054 

.3098 

-.3383 

.3978 

-.5063 

.7061 

-1. 1036 

2.  0162 

-4.  7035 

17.  9172 

25.  7693 

fn*  (slope  due  to  camber) 

1 

25.  7693 

-35. 1459 

13. 3944 

-7. 3078 

4.  7035 

' -3. 3439 

2.  5455 

-2.  0392 

1.  7009 

-1.4668 

1.3018 

-1. 1849 

1. 1036 

—1.  0500 

1.0196 

2 

35. 1459 

6.  3086 

-21.6427 

9.  2262 

-5.  4302 

3. 6955 

-2.  7443 

2. 1648 

-1.  7874 

1.5307 

-1.3518 

1.  2262 

-1. 1394 

1.0824 

— 1.0500 

3 

-13. 3944 

21.  6427 

2.  6938 

-16. 0820 

7.2490 

-4.4565 

3. 1428 

-2.  4054 

1.9482 

-1.6472 

1.  4419 

-1.2999 

1.  2027 

-1. 1394 

1. 1036 

4 

7. 3078 

-9. 2262 

16.  0820 

1.4142 

-13. 1982 

6. 1648 

-3.  9061 

2. 8284 

-2.  2168 

1.8352 

-1.  5839 

1.4142 

-1.2999 

1.  2262 

— 1.  1849 

5 

— 4.  7035 

5. 4302 

-7.  2490 

13. 1982 

.8036 

-11.5683 

5.  5482 

-3.  5999 

2.  6643 

-2. 1316 

1.8000 

-1.  5839 

1.4419 

-1.3518 

1.3018 

6 

3.  3439 

—3.  6955 

4.  4565 

-6. 1648 

11.  5683 

.4483 

-10.  6614 

5.  2262 

-3. 4616 

2.  6131 

-2. 1316 

1.8352 

-1.6472 

1.5307 

— 1.4669 

7 

—2.  5455 

2.  7443 

-3. 1428 

3. 9061 

-5.  5482 

10.  6614 

.2028 

-10.  2517 

5.  1258 

-3. 4616 

2. 6643 

-2.2168 

1.  9482 

-1.  7874 

1 7009 

8 

2.  0392 

-2. 1648 

2.  4054 

-2.  8284 

3.  5999 

-5.  2262 

10.  2517 

0 

-10.2517 

5. 2262 

-3.  5999 

2.  8284 

-2. 4054 

2. 1648 

-2  0392 

9 

-1.7009 

1.  7874 

-1.9482 

2. 2168 

-2.  6643 

3. 4616 

-5. 1258 

10.  2517 

-.2028 

-10.6614 

5.  5482 

-3.  9061 

3. 1428 

-2.  7443 

2.  5455 

10 

1. 4669 

-1.  5307 

1.6472 

-1.8352 

2. 1316 

-2. 6131 

3. 4616 

-5.  2262 

10.  6614 

-.4483 

-11.5683 

6. 1648 

-4. 4565 

3.  6955 

—3. 3439 

11 

-1.  3018 

1. 35l8 

-1.4419 

1.5839 

-1.8000 

2. 1316 

-2.  6643 

3.  5999 

-5.  5482 

11.  5683 

-.8036 

-13. 1982 

7.  2490 

—5. 4302 

4.  7035 

12 

1. 1849 

-1.2262 

1.2999 

-1.4142 

1.  5839 

-1.8352 

2.2168 

-2. 8284 

3.  9061 

-6. 1648 

13. 1982 

-1.4142 

-16.  0820 

9.  2262 

—7. 3078 

13 

-1. 1036 

1. 1394 

-1.2027 

1.2999 

-1.4419 

1.6472 

-1.9482 

2. 4054 

-3. 1428 

4. 4565 

-7.  2490 

16. 0820 

-2.  6938 

—21.  6427 

13. 3944 

14 

1.0500 

-1.0824 

1. 1394 

-1.2262 

1.3518 

-1.5307 

1.  7874 

-2. 1648 

2.  7443 

-3. 6955 

5. 4302 

-9.  2262 

21. 6427 

-6.  3086 

—35. 1459 

15 

— 1. 0196 

1. 0500 

-1. 1036 

1. 1849 

-1.3018 

1.4668 

-1.  7009 

2. 0392 

-2.  5455 

3.  3439 

-4.  7035 

7. 3078 

-13. 3944 

35. 1459 

-25.7693 

1 
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TABLE  IV.— INFLUENCE  COEFFICIENTS  FOR  SECOND  DERIVATIVE 

(a)  Ar  = 8 


gn»  (second  derivative  due  to  thickness) 

tin*  (second  derivative  due  to  camber) 

\ 

1 

2 

3 

4 

5 

6 

7 

\. 

*\ 

1 

2 

3 

4 

5 

6 

7 

1 

-414. 392 

106. 260 

-12. 686 

3.587 

-1.373 

-0. 250 

11.314 

i 

-760.  098 

144. 152 

-24.000 

9. 373 

-6.  059 

6.  476 

-16.000 

2 

99. 478 

-160. 000 

62. 406 

-11.314 

3. 896 

0 

-23.032 

2 

286.658 

-184.000 

70.  481 

-16. 000 

8.  382 

-8. 000 

18.479 

3 

46.  627 

76.  529 

-97.  608 

50. 469 

-11.314 

2.019 

35.314 

3 

-73.941 

93.  446 

-103.  902 

54.627 

-16. 000 

11.927 

-24. 000 

4 

-46. 882 

-11.314 

54. 056 

-84.000 

54. 056 

-11.314 

-46.882 

4 

36.  686 

-104.000 

59.314 

—88. 000 

59.314 

-104.000 

36.  686 

5 

35.314 

2.019 

-11.314 

50. 469 

-97. 608 

76.  529 

46. 627 

5 

-24. 000 

11.927 

-16. 000 

54.627 

-103.902 

93.  446 

-73.941 

6 

-23.  032 

0 

3. 896 

-11.314 

62.  406 

-160. 000 

99.478 

6 

18. 479 

-8. 000 

8. 382 

-16. 000 

70. 481 

-184. 000 

286.658 

7 

11.314 

-.250 

-1.373 

3.587 

-12.  686 

106.  260 

-414. 392 

7 

-16. 000 

6.476 

-6. 059 

9.  373 

-24.000 

144. 152 

-760. 098 

(b)  Ar=  16 


gM  (second  derivative  due  to  thickness) 

\. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

*\ 

1 

-6276. 99 

1485.  50 

-151.34 

35.17 

-12. 16 

5. 36 

-2.  78 

1.62 

-1.01 

0.63 

-0. 36 

-0. 15 

1.23 

-5.63 

50.  47 

2 

1292. 86 

-2162.  47 

725.  61 

-306.  26 

31. 16 

-12.  69 

6.31 

-3.  59 

2.21 

-1.37 

.68 

.25 

-2.  44 

11.31 

-101.83 

3 

944. 06 

963.60 

-1072.  52 

442. 15 

-78. 01 

26.  29 

-11.91 

6.  43 

-3. 85 

2.  38 

-1.23 

-.23 

3.59 

-17. 10 

155. 04 

4 

-977. 99 

-99.  48 

548. 07 

-672.  00 

314.31 

-62.41 

23. 14 

—11.31 

6.  44 

-3.  90 

2. 10 

0 

-4.61 

23. 03 

-211.  17 

5 

844.58 

-20.  73 

-98. 84 

365.  76 

-489.  21 

250.21 

-54. 10 

21.55 

-11. 12 

6.  46 

-3.  59 

.63 

5.  40 

-29.  12 

271.50 

6 

-710.  24 

46.63 

26. 13 

-76.  53 

276.  74 

-397.  53 

218.  21 

-50.  47 

21.  25 

-11.31 

6.  29 

-2. 02 

-5.  73 

35.31 

-337. 63 

7 

594. 40 

-50. 14 

-4. 98 

27.00 

-62. 10 

231. 18 

-353.  29 

206.  15 

-50.  47 

22. 15 

-11.70 

4.94 

5.  13 

-41.42 

411.61 

8 

-496.  08 

46.88 

-2.50 

—11.31 

24.21 

-54. 06 

210. 07 

-340. 00 

210.  07 

-54.06 

24.21 

-11.31 

-2.50 

46.88 

-496. 08 

9 

411.61 

-41.42 

5. 13 

4. 94 

-11.70 

22. 15 

-50.  47 

206.  15 

-353.  29 

231. 18 

-62. 10 

27.00 

-4.  98 

-50.  14 

594.  40 

10 

-337.63 

35.31 

-5.  73 

-2.  02 

6.29 

-11.31 

21.25 

-50.  47 

218.21 

-397.  53 

276.  74 

-76.53 

26. 13 

46.63 

-710.  24 

11 

271.  50 

-29. 12 

5.  40 

.63 

-3.59 

6.  46 

-11.  12 

21.55 

-54.  '10 

250.21 

-489.  21 

365.  76 

-98. 84 

-20.  73 

844.58 

12 

-211. 17 

23.03 

-4.61 

0 

2. 10 

-3.90 

6.  44 

-11.31 

23. 14 

-62.41 

314.31 

-672. 00 

548. 07 

-99. 48 

-977.99 

13 

155.  04 

-17. 10 

3.  59 

-.23 

-1.23 

2. 38 

-3.85 

6.  43 

-11.91 

26.29 

-78.01 

442. 15 

-1072.52 

963.60 

944. 06 

14 

-101.83 

11.31 

-2. 44 

.25 

.68 

-1.37 

2.21 

-3.  59 

6.31 

-12.  69 

31. 16 

-106. 26 

725.  61 

-2162.  47 

1292. 86 

15 

50.  47 

-5.63 

1.23 

-.  15 

-.36 

.63 

-1.01 

1.62 

-2.78 

5. 36 

-12. 16 

35. 17 

-151.34 

1485.  50 

-6276.  99 

hnt  (second  derivative  duo  to  camber) 

• 

! 

-11694.53 

2027.02 

-286.66 

86. 14 

-36.  69 

19. 36 

-11.93 

8. 32 

-6.  48 

5.62 

-5. 48 

6. 16 

-8.  38 

15.45 

-54.63 

2 

4281.83 

-2508.18 

820.21 

-144. 15 

50.  25 

-24.00 

13. 95 

-9.  37 

7.11 

-6. 06 

5.83 

-6. 48 

8.  73 

-16.00 

56. 32 

3 

-1049.  15 

1209. 89 

-1143.53 

471.  77 

-93.  45 

35.  72 

-18.  48 

11.  57 

-8. 38 

6. 90 

-6.  48 

7. 06 

-9.  37 

16. 97 

-59.  31 

4 

483.  45 

-286.66 

603.90 

-696.  00 

327. 17 

-70. 48 

28.  93 

-16.  00 

10.  73 

-8.  38 

7.  56 

-8.00 

10.38 

-18.  48 

63.88 

5 

-286.  66 

127. 49 

-144.15 

385.  71 

-500. 17 

257.  28 

-59.31 

25.  92 

-15.  28 

11.00 

-9.37 

9.50 

-11.93  i 

20.  71 

-70. 48 

6 

194. 70 

-73.94 

63.73 

-93.  45 

286.  24 

-403.  83 

223.  01 

-54.63 

25.37 

-16.00 

12.51 

-11.93 

14.30  : 

-24.00 

79. 90 

7 

-144.  15 

49.  69 

-36.69 

41.56 

-70.  48 

236. 89 

-357.  78 

210.  19 

-54.63 

27.  07 

-18. 48 

16. 10 

-18.  09 

28.  94 

' -93.  45 

8 

113.41 

-36.  69 

24.53 

-24.00 

31.70 

-59.31 

214. 35 

-344.  00 

214.  35 

-59.  31 

31.70 

-24.00 

24.  53 

-36.  69 

113.41 

9 

-93.45 

28.  94 

-18.09 

16. 10 

-18. 48 

27.  07 

-54.63 

210.  19 

-357.  78 

236. 89 

-70. 48 

41.  56 

-36.  69 

49.  69 

-144.  15 

10 

79.90 

-24.00 

14.30 

-11.  93 

12.  51 

-16.00 

25. 37 

-54.63 

223.01 

-403. 83 

286. 24 

-93.45 

63.  73 

-73.  94 

194.  70 

11 

-70.  48 

20.  71 

-11.93 

9.50 

-9. 37 

11.00 

-15.28 

25.  92 

-59.  31 

257.28 

-500. 17 

385.  71 

-144.  15 

127.  49 

-286.  66 

12 

63.88 

-18.  48 

10.38 

-8.00 

7.  56 

-8.  38 

10.  73 

-16.00 

28.  93 

-70.  48 

327. 17 

-696.00 

603.  90 

-286.  66 

483.  45 

13 

-59.31 

16.  97 

-9.37 

7.  06 

-6. 48 

6.  90 

-8. 38 

11.57 

-18.  48 

35.  72 

-93. 45 

471.77 

-1143.53 

1209. 89 

-1049. 15 

14 

56.  32 

-16. 00 

. 8.73 

-6.  48 

5.83 

-6.  06 

7.11 

-9.  37 

13.  95 

-24.00 

50.  25 

-144. 15 

820.21 

-2508. 18 

4281.83 

15 

-54.63 

15.  45 

-8.38 

6.16 

-5.  48 

5.  62 

-6.  48 

8. 32 

-11.93 

19.  36 

-36.  69 

86. 14 

-286.  66 

2027.  02 

-11694.53 

TABLE  V.— COMPRESSIBILITY  FACTORS  (7=7/5) 


M 

K\ 

k2 

AW 

Kt — 1 
2 

M 

Kx 

Kt 

Kt- 1 

Kt- 1 
2 

M 

K\ 

Kt 

AW 

AW 

2 

0 

1.0000 

1.0000 

0 

0 

0.56 

1.2070 

1.5821 

0.  58212 

0.29106 

0.  76 

1.  5386 

3.  4893 

2.  4S93 

1.2447 

.05 

1.0013 

1.  0025 

.00251 

.00126 

.57 

1.2171 

1.  6202 

.62023 

.31012 

.77 

1.  5673 

3. 7291 

2.  7291 

1.3645 

.10 

1.0050 

1.0102 

.01016 

.00508 

.58 

1.2276 

1.6611 

.66112 

.33056 

.78 

1.5980 

4.0019 

3.0019 

1.5009 

.15 

1.0114 

1.0233 

.02334 

.01167 

.59 

1.23S5 

1. 7051 

.70506 

.35253 

.79 

1.6310 

4.3142 

3.3142 

1.6571 

.20 

1.0206 

1.0427 

.04271 

. 02135 

.60 

1.2500 

1.  7523 

.75234 

.37617 

.80 

1.6667 

4.6741 

3.  6741 

1.8370 

.25 

1. 0328 

1.0693 

.06933 

.03467 

.61 

1.2620 

1.8033 

.80332 

.40166 

.81 

1.7052 

5.  0917 

4. 0917 

2. 0458 

.30 

1.0483 

1. 1048 

. 10477 

. 0523S 

.62 

1.2745 

1.8584 

.85838 

.42919 

.82 

1.  7471 

5.  5802 

4.  5802 

2.  2901 

.35 

1.0675 

1.1513 

.15129 

.07565 

.63 

1.2877 

1.9180 

. 91796 

.45898 

.83 

1.7929 

6.  1565 

5.  1565 

2.  5783 

.40 

1.0911 

1.  2122 

.21224 

. 10612 

.64 

1.3014 

1.9826 

. 98255 

.49128 

.84 

1.8430 

6. 8434 

5. 8434 

2.  9217 

.45 

1. 1198 

1.2926 

.29260 

.14630 

.65 

1.3159 

2.0527 

1.  0527 

.52637 

.85 

1.8983 

7. 6708 

6.  670S 

3.  3354 

.46 

1. 1262 

1.3116 

.31161 

.15581 

.66 

1.3311 

2.1292 

1. 1292 

.56469 

.86 

1.  9597 

8. 6804 

7.  6804 

3.8402 

.47 

1.1329 

1.3318 

.33177 

.16588 

. 67 

1.3471 

2.2126 

1.2126 

.60632 

.87 

2. 0702 

9.9300 

8. 9300 

4.4650 

.48 

1.  1399 

1.3532 

.35315 

. 17658 

.68 

1.3639 

2.3040 

1.  3040 

.65200 

.SS 

2. 1054 

11.502 

10.  502 

5. 2512 

.49 

1. 1472 

1.  3759 

.37586 

. 18793 

.69 

1.3816 

2.4043 

1.4043 

. 70213 

.59 

2. 1932 

13.  520 

12.  520 

6.  2598 

.50 

1.1547 

1.4000 

.40000 

.20000 

.70 

1.  4003 

2.  5146 

1.  5146 

. 75732 

.90 

2.2942 

16. 16S 

15.  168 

7.  5839 

.51 

1. 1626 

1.  4257 

.42568 

.21284 

.71 

1.  4200 

2.6365 

1.6365 

.81827 

.91 

2.4119 

19.  741 

IS.  741 

9.  3707 

.52 

1. 1707 

1.4530 

.45303 

.22651 

.72 

1.4410 

2.  7716 

1.  7716 

.88580 

.92 

2.6184 

24.  729 

23.  729 

11.865 

.53 

1.1792 

1.4822 

. 48218 

. 24109 

.73 

1.4632 

2.  9218 

1.9218 

.96091 

.93 

2.  7206 

31.993 

30.  993 

15.  496 

.54 

1.1881 

1.5133 

.51330 

.25665 

. 74 

1.4868 

3. 0895 

2.  0895 

1.0448 

.94 

3.0196 

43. 166 

42. 166 

21.083 

.55 

1. 1974 

1.5465 

.54654 

.27327 

. 75 

1.5119 

3.  2776 

2.  2776 

1. 1388 

.95 

3.  2026 

61.665 

60. 665 

30.  332 
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THE  PROPER  COMBINATION  OF  LIFT  LOADINGS  FOR  LEAST  DRAG 

ON  A SUPERSONIC  WING 1 

By  Frederick  C.  Grant 


SUMMARY 

Lagrange’s  method  of  undetermined  multipliers  is  applied  to 
the  problem  of  properly  combining  lift  loadings  for  the  least 
drag  at  a given  lift  on  supersonic  wings.  The  method  shows 
the  interference  drag  between  the  optimum  loading  and  any 
loading  at  the  same  lift  coefficient  to  be  constant . This  is  an 
integral  form  of  the  criterion  established  by  Robert  T.  Jones  for 
optimum  loadings. 

The  best  combination  of  four  loadings  on  a delta  wing  with 
subsonic  leading  edges  is  calculated  as  a numerical  example. 
The  loadings  considered  have  finite  pressures  everywhere  on  the 
plan  form.  Through  the  sweepback  range  the  optimum  com- 
bination of  the  four  nonsingular  loadings  has  about  the  same 
drag  coefficient  as  a fiat  plate  with  leading-edge  thrust. 

INTRODUCTION 

The  problem  of  minimizing  the  supersonic  drag  for  a given 
lift  on  a fixed  plan  form  has  been  approached  in  different 
ways.  Jones,  in  references  1 and  2,  makes  use  of  reverse- 
flow  theorems  to  derive  several  simple  properties  of  the 
optimum  load  distribution  and  to  present  as  well  the  optimum 
distribution  for  elliptic  plan  forms.  Graham,  in  reference  3, 
shows  how  the  proper  use  of  orthogonal  loadings  can  reduce 
the  drag  at  fixed  lift.  Orthogonal  loadings  are  loadings  of 
zero  interference  drag.  The  interference  drag  between  two 
loadings  is  the  total  drag  of  each  in  the  downwash  field  of  the 
other.  In  reference  4,  theorems  concerning  orthogonality 
and  reverse  flow  are  developed,  whereas  in  references  5 and  6 
numerical  examples  of  drag  reduction  by  use  of  orthogonal 
loadings  are  given.  For  delta  wings  with  conical  camber  the 
optimum  shapes  are  derived  by  Ritz’s  method  in  reference  7. 

In  this  report  Lagrange’s  method  of  undetermined  multi- 
pliers is  applied  to  the  problem  of  properly  combining  load- 
ings for  the  least  drag  at  a given  lift.  By  use  of  this  method 
a simply  expressed  property  of  the  optimum  loading  is  found 
which  is  an  integral  form  of  a property  established  by  Jones 
in  reference  1 for  reversible  flows.  Jones’  property  of  the 
optimum  loading  is  that  the  downwash  on  the  plan  form  is 
constant  in  the  combined  forward-  and  reverse-flow  fields. 
The  best  combination  of  four  types  of  nonsingular  loading  on 
a delta  wing  is  calculated  as  a numerical  example  of  the  use 
of  the  method. 


SYMBOLS 

A loading  strength  parameter 

b span 

c local  chord 

CD  drag  coefficient 

drag  coefficient  of  ith  loading 

CD,ij  drag  coefficient  of  interference  between  ith  and  jth 
component  loadings 
CL  lift  coefficient 

CL)i  lift  coefficient  of  ith  loading 

Cp  lifting  pressure  coefficient 

M Mach  number 

m tangent  of  semiapex  angle 

N number  of  loadings 

n=fi?n  sweepback-speed  parameter 

R functions  of  6 and  n (see  appendix) 

S wing  area 

X ',  Y'  arbitrary  Cartesian  coordinates 
Z loading  on  an  arbitrary  line,  fc,  dX' 

s,  t integers 

x)  y,  z Cartesian  coordinates  of  lifting  surface  (see  fig.  2) 
a local  angle  of  attack  of  lifting  surface 

e small  positive  number 

e=y- 

mx 

X Lagrange’s  multiplier 

r plan  form 

1 — fx  root  chord  of  arrow  wing 

Subscripts: 

i,  j ith, th  loading  component 

M minimum  among  all  loadings 

0 minimum  among  N loadings 

X arbitral7  loading 

ANALYSIS 

THEORY 

Consider  a superposition  of  N loadings  of  the  form 

Cp  =AiCp,\Jr AzCptf-b AzCptfY  . . .-bANCViN  a) 


•i  Supersedes  NACA  Technical  Note  3533  by  Frederick  C.  Grant,  L955. 
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THE  PROPER  COMBINATION  OF  LIFT  LOADINGS  FOR  LEAST  DRAG 

ON  A SUPERSONIC  WING  1 

By  Frederick  C.  Grant 


SUMMARY 

Lagrange’s  method  of  undetermined  multipliers  is  applied  to 
the  problem  of  properly  combining  lift  loadings  for  the  least 
drag  at  a given  lift  on  supersonic  wings.  The  method  shows 
the  interference  drag  between  the  optimum  loading  and  any 
loading  at  the  same  lift  coefficient  to  be  constant.  This  is  an 
integral  form  of  the  criterion  established  by  Robert  T.  Jones  for 
optimum  loadings. 

The  best  combination  of  four  loadings  on  a delta  wing  with 
subsonic  leading  edges  is  calculated  as  a numerical  example. 
The  loadings  considered  have  finite  pressures  everywhere  on  the 
plan  form.  Through  the  sweepback  range  the  optimum  com- 
bination of  the  four  nonsingular  loadings  has  about  the  same 
drag  coefficient  as  aflat  plate  with  leading-edge  thrust. 

INTRODUCTION 

The  problem  of  minimizing  the  supersonic  drag  for  a given 
lift  on  a fixed  plan  form  has  been  approached  in  different 
ways.  Jones,  in  references  1 and  2,  makes  use  of  reverse- 
flow  theorems  to  derive  several  simple  properties  of  the 
optimum  load  distribution  and  to  present  as  well  the  optimum 
distribution  for  elliptic  plan  forms.  Graham,  in  reference  3, 
shows  how  the  proper  use  of  orthogonal  loadings  can  reduce 
the  drag  at  fixed  lift.  Orthogonal  loadings  are  loadings  of 
zero  interference  drag.  The  interference  drag  between  two 
loadings  is  the  total  drag  of  each  in  the  down  wash  field  of  the 
other.  In  reference  4,  theorems  concerning  orthogonality 
and  reverse  flow  are  developed,  whereas  in  references  5 and  6 
numerical  examples  of  drag  reduction  by  use  of  orthogonal 
loadings  are  given.  For  delta  wrings  with  conical  camber  the 
optimum  shapes  are  derived  by  Ritz's  method  in  reference  7. 

In  this  report  Lagrange's  method  of  undetermined  multi- 
pliers is  applied  to  the  problem  of  properly  combining  load- 
ings for  the  least  drag  at  a given  lift.  By  use  of  this  method 
a simply  expressed  property  of  the  optimum  loading  is  found 
wffiich  is  an  integral  form  of  a property  established  by  Jones 
in  reference  1 for  reversible  flows.  Jones'  property  of  the 
optimum  loading  is  that  the  dovmwash  on  the  plan  form  is 
constant  in  the  combined  forward-  and  reverse-flow7  fields. 
The  best  combination  of  four  types  of  nonsingular  loading  on 
a delta  wring  is  calculated  as  a numerical  example  of  the  use 
of  the  method. 


SYMBOLS 

A loading  strength  parameter 

b span 

c local  chord 

CD  drag  coefficient 

drag  coefficient  of  ith  loading 

CD}ij  drag  coefficient  of  interference  between  zth  and  jth 
component  loadings 
CL  lift  coefficient 

CL)i  lift  coefficient  of  ith  loading 

Cp  lifting  pressure  coefficient 

M Mach  number 

m tangent  of  semiapex  angle 

N number  of  loadings 

n=f3m  sweepback-speed  parameter 

R functions  of  6 and  n (see  appendix) 

5 wing  area 

X',  Y'  arbitrary  Cartesian  coordinates 
l loading  on  an  arbitrary  line,  fc„  dX' 

s,  t integers 

x , y}  z Cartesian  coordinates  of  lifting  surface  (see  fig.  2) 

a local  angle  of  attack  of  lifting  surface 

I 

e small  positive  number 

6 

mx 

A Lagrange's  multiplier 

r plan  form 

1 — fi  root  chord  of  arrow7  wring 

Subscripts : 

i,  j ith,  jth  loading  component 

M minimum  among  all  loadings 

0 minimum  among  AT  loadings 

X arbitrary  loading 

ANALYSIS 

THEORY 

Consider  a superposition  of  N loadings  of  the  form 

Gp  =AiCp,i-\~A2Cp}2-\-A5Cp,zY  * • .+ AnCpuV  a) 


■i  Supersedes  NAG  A Technical  Note  3533  by  Frederick  C.  Grant,  1955. 
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where  A is  the  strength  parameter  and  Cv  is  the  resultant 
lifting  pressure  coefficient  at  a point  on  the  plan  form.  The 
corresponding  local  angle  of  attack  may  be  written  as 

a ~Axa\  A^ot*-^  Az<Xz~{- . • ■ + AAt<xv  (2) 

The  local  drag  coefficient  Cpa  is  a quadratic  in  A which 
may  be  integrated  over  the  plan  form  r to  give  the  drag 
coefficient  of  the  whig.  Thrust-loaded  singularities  at  the 
leading  edge  are  therefore  excluded  from  the  drag.  This 
exclusion  is  merely  for  convenience  and  is  not  necessary.  A 
formula  for  the  drag  coefficient  is 

f Cpa  dsA  £ £ CD,tiA(Aj  ' (3) 

o Jt  * i=  1 j=  1 

where 

Cd,  ij=  Cd,  jt = g J (0Pt  i&j- h Cv,  p-i)dS 

The  average  lifting  pressure  coefficient  on  the  plan  form 
is  the  lift  coefficient,  which  is 

Cl~~ o f Op  dS=  23  Ol,  iA  i (4) 

O Jt  t— 1 

The  problem  is  to  find  the  set  of  A1  s which  yields  the 
minimum  value  of  CD  subject  to  the  condition  that  CL  is 
constant.  Because  of  the  quadratic  nature  of  CD  and  the 
linear  form  of  CL , Lagrange’s  method  of  undetermined  mul- 
tipliers is  particularly  suitable  for  the  solution  as  it  leads  to 
a set  of  linear  algebraic  equations. 

As  shown  in  reference  8,  a function  of  the  A coefficients 
F — CD-{-\CL  is  formed,  where  X is  Lagrange’s  multiplier. 
The  minimum  value  of  F as  determined  by  the  N linear 
bF 

algebraic  equations =0  plus  condition  (4)  is  Lagrange’s 

bAt 

solution.  In  matrix  form  these  equations  are: 


The  equations  may  be  written  more  simply  if  first  the 
interference  drag  between  the  optimum  loading  and  the  2*th 
component  of  the  loading  is  computed.  From  equations  (1) 
and  (2),  the  following  expressions  may  be  written: 


Cp'tfXi — AXCV, \<xiJrA2Cv,2OLi~\-A$Cp,z<XiA'  . . . -f- 


AiCp,iOti-\-  . . . -\-AxCv,^cti 

<x^0v>i=Ax(xlCp,iJrA2<^20v,iJrA^0p,i-]r  + 

AiaiCPti-{ - . . • -\-AiWaiXCPti ^ 


(6) 


Adding  equations  (6)  and  integrating  over  the  plan  form 
gives 


0Dfai=-g  J (Cp,oa.i-{-oi0Cpti)dS=AlCDtu-)rA2CD,2i-{- 

A3Cz>t3f+  * • • +2A*f7A<+  . . . 

=23  AjCD,ji  (7) 

j— i 

This  expression  for  CD,oi  is  a part  of  the  left-hand  side  of 
the  zth  equation  of  the  linear  set  which  is  now  written  as 

C//),o<+XCx,i=0  (8) 

A simple  property  of  the  optimum  load  distribution  may 
now  be  derived.  First  CD, 0 is  rewritten  by  use  of  equation  (7) : 

* Cd,  o=7}  23  AiCo, oi  (9) 

4 i— l 

or  using  equations  (8)  and  (4) 

C'A0=-|  \CL  (10) 


2Cd,i  Cd,  12  Cd,  13  * • • Cd,  in  Cl,\ 

"A" 

"0" 

Cd,  12  2C/),  2 Cd,  23  • * * Cd,2N  Cl,  2 

A2 

0 

Cd,  13  Cd,  23  2Cd,  3 • • • Cd,zn  Cl,  3 

Az 



0 

Cd,\N  Cd,2N  Cd,2N  • • • 2 Cd,N  Cl  n 

An 

0 

JCl.  i Cl,2  Cl, z • ■ ♦ Cl,n  0 _ 

_ X _ 

_Cx_ 

Substituting  equation  (10)  into  equation  (8)  gives 

CD,  o<  = 2 Cl,  i (11) 

Since  equation  (11)  holds  for  any  number  of  loadings,  let 
the  number  of  components  increase  without  limit  to  include 
all  possible  loadings.  For  an  arbitrary  loading  X and  the 
absolute  minimum  M,  equation  (11)  may  be  written  as 

n o Cd,m  p 

u D,MX — & ~~q  Cl, A' 


(12) 
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The  meaning  of  equation  (12)  may  be  simply  expressed  as 
follows:  The  interference  drag  between  the  optimum  loading 
and  an}r  loading  at  the  same  lift  coefficient  is  constant.  If 
the  reversibility  theorem  is  applicable,  equation  (12)  is  an 
integral  equivalent  of  a condition  established  by  Jones  in 
reference  1.  Jones’  condition  states  that  for  the  optimum 
loading  the  down  wash  on  the  plan  form  is  constant  in  the 
combined  forward-  and  reverse-flow  fields.  Barred  variables 
will  represent  the  reverse  flow  which  has  the  same  lift  load- 
ing on  the  plan  form  but,  in  general,  a different  surface 
shape.  Then,  by  reversibility, 


Ij  Cp'M^x  dS — 0Pi  m&x  dS — ji  oL\fCPt  x dS  (13) 
By  definition,  CDtMX  is 

Cpt  MX  = g j (6pf  Max T aM O P, x)d S 
Therefore,  equation  (12)  may  be  written  as 

j Cp,x{<*m+«m)cIS=2  ^ j Cv.x  dS  (14) 

Since  CPtX  is  arbitrary,  %+%  must  be  constant.  Hence, 


aM+OtM=2 


Op,  M 
Cl 


(15) 


This  is  the  condition  derived  by  Jones  in  reference  1.  Equa- 
tion (12)  is  then  an  equivalent  integral  form  of  this  condition. 

Equation  (12)  shows  the  orthogonality  of  the  optimum 
loading  to,  and  only  to,  zero  lift  loadings.  This  result, 
which  was  stated  by  Graham  in  reference  3,  is  seen  to  be  a 
special  case  of  a more  general  interference  drag  property 
given  by  equation  (12). 

COMPARISON  WITH  THE  METHOD  OF  ORTHOGONAL  LOADINGS 

If  two  loadings  are  to  be  combined,  it  may  be  shown  that 
Graham’s  method  of  orthogonal  loadings  (ref.  3)  and  the 
present  method  are  equivalent.  If  the  resultant  combina- 
tion of  two  loadings  is  combined  by  the  method  of  reference  3 
with  a third  loading,  the  lift  ratio  of  the  first  two  loadings  is 
unchanged  in  the  best  combination  of  the  three.  If  n^> 2 
loadings  are  successively  combined  in  the  manner  of  refer- 
ence 3,  the  first  n—  1 loadings  are  not  allowed  to  adjust  their 
relative  strengths  upon  addition  of  the  nth.  In  the  present 
Lagrangian  method  every  loading  has  equal  freedom  to 
adjust.  For  this  reason,  the  Lagrangian  method  should 
be  more  rapidly  convergent. 


NUMERICAL  EXAMPLE 

Tucker  in  reference  9 presents  formulas  for  the  surface 
coordinates  of  delta  and  arrow  wings  Mrhich  support  four 
types  of  pressure  distribution.  The  formulas  are  given  for 
subsonic  leading  edges  and  supersonic  trailing  edges.  In 
the  notation  of  this  report  (fig.  1)  a combination  of  the  four 
loadings  may  be  written : 

Cv=Ax-\- A2X+A3  j|^+ Ai  A (16) 

Formulas  for  the  Cpyij  quantities  may  be  derived  from  equa- 
tion (16)  and  the  surface  formidas  given  in  reference  9,  by 
integrations  over  the  plan  form.  Details  are  given  in  the 
appendix. 

The  optimum-drag  results  are  presented  in  figure  2 along 
with  the  corresponding  drag  values  for  a flat  delta  wing 
with  and  without  leading-edge  thrust  (ref.  10).  The  drag 
values  for  the  four  component  loadings  taken  alone  are  also 
shown.  In  addition,  the  drag  of  the  conically  cambered 
optimum  delta  wing  (ref.  7)  and  Jones’  absolute  minimum 
for  narrow  wings  (ref.  1)  are  plotted.  The  optimum  A 
values  are  tabulated  in  the  appendix. 

Noteworthy  in  figure  2 is  the  closeness  with  which  all  the 
optimum  drags  agree  with  each  other  and  with  the  drag  of  a 
flat  delta  wing  which  has  a thrust-loaded  leading  edge.  The 
close  approach  of  the  present  optimum  of  four  loadings  to 
Jones’  absolute  minimum  for  narrow  wings  is  also  evident. 
The  data  indicate  that  the  relatively  low  drag  of  the  flat 
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delta  wing  with  leading-edge  thrust  can  be  equalled  by  prop- 
erty combining  a few  loadings  having  finite  pressures  every- 
where on  the  plan  form.  A plausible  speculation  suggested 
by  the  data  is  that  it  is  possible  to  come  very  close  to  the 
minimum  drag  on  a delta  wing  with  but  a few  steps  in  a series 
approximation.  Perhaps,  too,  a restricted  minimum,  such  as 
the  one  for  conical  camber,  gives  a close  approximation  to 
the  absolute  minimum  drag  if  the  restriction  is  not  too 
unnatural. 

Since  the  vortex  drag  of  a wing  at  any  Mach  number 
depends  only  on  the  span  wise  loading,  a departure  from  the 
elliptic  spanwise  loading  is  a measure  of  the  vortex  drag  in 
excess  of  the  least  possible  drag.  In  figure  3 the  spanwise 
loading  of  the  optimum  combination  is  shown  at  the  ex- 
tremes of  the  sweepback  range.  There  is  good  agreement 
with  the  elliptic  loading  especially  for  the  case  of  extreme 
sweepback  (n=0).  Because  for  extreme  sweepback  the 
wave  drag  vanishes,  a direct  comparison  of  the  vortex  drag 
of  the  optimum  combination  and  the  elliptic  spanwise  load- 
ing is  given  by  figure  2 at  n= 0.  The  elliptic  spanwise  load- 
ing has  the  drag  parameter  value 

It  is  shown  in  reference  2 that  the  wave  drag  due  to  lift 
depends  on  all  the  lift  loadings  l(Y')  where  1= Jcp  dXf  and 

Xf  is  an  arbitrary  direction  inclined  to  the  free  stream  at 
more  than  the  Mach  angle.  The  coordinate  Y'  is  perpen- 
dicular to  X'.  A sufficient  condition  for  minimum  wave 
drag  is  shown  to  be  that  l(Y')  is  an  ellipse.  In  figure  4 the 
loading  of  lines  perpendicular  to  the  free  stream,  or  chord- 
wise  loading,  is  shown  for  the  optimum  combination  with  a 
sonic  leading  edge  (n=l).  Agreement  with  the  elliptical 
loading  is  poor.  For  the  case  of  extreme  sweepback  (a=0) 
no  chordwise  loading  for  the  optimum  combination  is  shown 
in  figure  4 because  it  is  partially  arbitrary.  (See  appendix.) 
The  allowable  variations  of  the  optimum  loading  at  7i=0 
correspond  to  changes  in  the  oblique  loadings  that  do  not 
change  the  spanwise  loading.  This  result  emphasizes  the 
vanishing  of  the  wave  drag  with  extreme  sweepback. 


Figure  3. — The  loading  of  lines  parallel  to  the  free  stream  for  the 
optimum  combination.  vi^Cl^  1. 
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Figure  4. — The  loading  of  lines  perpendicular  to  the  free  stream  for 
the  optimum  combination,  m = Cl = 1 . 

CONCLUDING  REMARKS 


Lagrange's  method  of  undetermined  multipliers  is  applied 
to  the  problem  of  properly  combining  lift  loadings  for  the 
least  drag  at  a given  lift  on  supersonic  wings. 


The  method  shows  the  interference  drag  between  the 
optimum  loading  and  any  loading  at  the  same  lift  coefficient 
to  be  constant.  This  is  an  integral  form  of  the  criterion 
established  by  Robert  T.  Jones  for  optimum  loadings. 

The  best  combination  of  four  loadings  on  a delta  wing 
with  subsonic  leading  edges  is  calculated  as  a numerical 
example.  The  loadings  considered  have  finite  pressures 
everywhere  on  the  plan  form.  At  each  Mach  number  the 
optimum  combination  of  these  four  nonsingular  loadings  has 
nearly  the  same  drag  coefficient  as  a flat  plate  with  leading- 
edge  thrust. 


Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  July  27 , 1955. 


APPENDIX 

DETAILS  OF  NUMERICAL  EXAMPLE 


INTERFERENCE  DRAG  FORMULAS 

Inasmuch  as  the  pressure  coefficient  CP  and  corresponding 
angle  of  attack  a are  given  by 


CP=A,+Aa*+A3  ^ 


m m 

a=Alal-\-A2oc2JrAzOL^-\-AAOLA  J 


(Al) 


then  the  local  drag  coefficient  may  be  written  as 

0Poi=Al2(al)+A{A2(xocl-\-a2)+A1Az 

^4. 1^4. 4 ^“2  22(XOt2)~\~^2^3  Q'2_f'^Q!3^_f' 

A*A<  (J2  <**+x«<)+A3*  (M  «3)+ 

AtA*  (nP  "3+m  “4)+A42  (i  “4)  (A2) 


The  required  CDtij  functions  are  the  averages  over  the  plan 
form  (fig.  1)  of  the  quantities  in  parentheses  in  equation  (A2). 
Rather  than  <x{  itself,  reference  9 gives  the  surface  ordinate 
zt  which  is  the  chordwise  integrated  value  of  at: 


2i=  — Cii  (lx 

The  values  given  for  zx  are 


(A3) 


zx=-  B\ 

m 


ar  p 

£„  = — lU 

~ w 


x~  p 
m 


o»3 


?4=-  II 
m 


(A4) 


rhe  values  of  Bt  are  functions  of  tabulated  in  reference 

mx 


for  different  values  of  n.  The  equations  for  Bt  are 

1 + 


Ri=-t-  2a/1  — n202— 2 cosh  1 
47 r L 


Vl— 7V*(l+0)  cosh  1 


l+7i re 


+ 


Ml +0)1 

Vl-w2(l-0)  cosh"'  (A5a) 


R 


n2d2— 2d2  cosh  1 \ 
nd 


+ 


7I=.  [,J^2J2+»+9!]  CO*- 


1 P/i,2(l-+) 


IP 
Vl  —n2  L 


| cosh  1 

l+7l20 

71(1+0) 

_ 

l-?l20 

cosli 

w(l— 0) 

+ 


(A5b) 


7?3=  |j  V 1 — n2d2 — ( 1 + 302 — 7;  ?i202)  cosh-1 


\ cosh  1 

1 

/ 

nd 

+ 


(i+e)2+2(i-^)«?+e2)  cosh_, 


2V1— 


n 


1 +?i20 


7i(l  + 0) 


+ 


„_v_,  1T^  -|  (A5C) 

2VT=rf  n(l-#)J 


cosh-' 

4 4tt\  3(1—+)  ~3w  (1  —n2) 


+ 


(1- 


i_P 

-»*)»  L 


6 9++2+  (g2+g3)+23+  (g__6iy 

2 2 


(l+03)Jcosh  1 


1 +7i?0 1 


J_P 

-»*)»*  L 


6— 9++2/14 


2-^V 


71(1  + 0)1  ' (1- 
03)-|(l-03)]cosh-'|i^|} 


(1 92~d 3)- 
(A5d) 


For  terms  in  equation  (A2)  of  the  type  (y//fn)sai)  a span  wise 
integration  of  Z\  gives  the  following  average  on  the  plan 
form : 


S Jr  (7ft)  a‘  1—  M»iLs+£  + 1 


1 


-M0) 


,«+<  + 2 


dd 


']  (A6) 


For  terms  of  the  type  xat  an  additional  integration  by 
parts  in  the  x direction  is  required  to  maintain  the  Bi  func- 
tions intact  under  the  integral  signs.  The  result  for  this 
case  is 


■ I J>  dS-ib  S [j+2_<1  iT^f*  d,+ 


d-s)'«f  B,m  (A7) 

*+2  Jo(l-M0),+2  J ( ’ 
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In  formulas  (A6)  and  (A7)  the  value  of  t for  each  i is  as 
follows: 


i 

t 

1 

1 

2 

2 

3 

2 

4 

3 

By  applying  formulas  (A6)  and  (A7)  to  the  integration  of 
(A2),  the  following  equations  for  CD)ij  are  derived: 

(AS.) 


rnOo,  i2_ 


“3(1=7)  [ff>(D+^(i)H  3 


2(1— m)*  r h\(6) 


r g,  i 
Jo  <1  — 


ndj 


de- 


(Asb) 

1 On. is=  3^-}  [«. (1) + J8S(1)]  -2(1  - M)2 J0‘ 

2(1 


i (i  t^oy 


(16- 


-M0)4 


(A8c) 


yU0)! 


c# 


(A8d) 


(A8e) 

”C"-,*“2(l=S  + de~ 

<Asf) 

2<*  -ryj‘  0$  de- 
w-»>X<fV+ |(l-s)f^» 


(A8g) 


(A8h) 


^)6  W 


mCc-34==5(T^)  [«*(!)+ »4(1)]-2(1-,.)«J#1  ^ 

2<1-('),I(wl*''"  <A8i> 

. 2'“C--3(r^  «.<')-4('-s>*X'  0§  ■«  <*«> 

The  required  6^,^  fimctions  are  simple  integrals  over  the 
plan  form  which  yield 
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NUMERICAL  CALCULATIONS 

The  integrals  in  equations  (A8)  were,  in  general,  evaluated 
numerically.  However,  several  of  the  integrands  in  equa- 
tions (AS)  have  the  form  and  These 

(1 —jidy  (1-/10)* 

functions  have  an  infinite  discontinuity  at  0=0.  For  such 
a discontinuity,  numerical  methods  break  down.  Near 
zero  the  following  approximation  is  integrated  analytically: 


«,(»)«■*, («)+X  ■;osl‘"  i~hms'r' s 

K.W-BM-icoslr'i+icosh-'i 


O<0^€<1  (AlO) 


The  integrals  for  the  region  OSdSe  can  then  be  ap- 
proximated : 


X'  |>M+S 
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(All) 


whore 
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and 
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The  integral  in  equation  (Al3)  ma}r  be  evaluated  by 
expanding  the  denominator  by  the  binomial  theorem  and 
writing  1(e)  as  an  infinite  series 


mCD'  13 


4 4 

3-3  loge  2 
4 IT 


(A  18c) 


1(e)  = a0i0 + ai%i + a2t2 + d-dz  + • • • 

where 

Oo=l 

(A14) 

(Al5a) 

t. 

a,=T 

M 

(A  15b) 
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The  ig  integrals  of  equations  (A  15)  are  evaluated 
of  the  relation 

by  use 

r 1 fls+i 

r cosh'l *nede=I+ 1 

1 ( °S 

(A16) 
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Equations  (18)  provide  the  interference  drag  coefficients  re- 
quired to  calculate  the  vortex  drag  due  to  any  com  bination 
of  A values. 

In  the  solution  for  the  optimum  A values,  the  parameters 
Au  Ao,  and  A3  are  found  to  be  linearly  related  and  one  of 
them  may  therefore  be  chosen  arbitrarily.  Choosing  Ax 
yields: 


At  the  extremes  of  the  sweepback  range,  equations  (A8) 
may  be  evaluated  exactly.  For  the  case  of  extreme  sweep- 


back  (??,  =0),  there  results: 
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The  span  wise  loading  may  be  written  as 
%)=[(a,+^)+7/  (^+A3)+2/2(A4)]  (I -y)  y> 0 (A20) 
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when  m=CL  = 1.  Substitution  of  the  A values  given  in 
equations  (A19)  shows  that  l(y)  is  independent  of  the  vari- 
ations in  Ah  A2,  and  Az. 

For  the  case  of  a sonic  leading  edge  (n  = 1), 


Ri=h  (1 2 3 4 5Vi-^-2  cosh_1 
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CALCULATED  VALUES  OF  A 

The  table  that  follows  contains  the  calculated  values  of  A 
for  the  optimum  combination  through  the  sweepback  range. 
Four  significant  figures  are  given,  since  the  tabulated  values 
of  R have  four  decimals.  Values  of  CD,Q  for  m = CL  = 1 are 
also  shown : 


n 

^4 

0 

1.654 

0. 0830 

.2 

1.993 

-2. 586 

1.435 

1.517 

.0899 

.4 

1.977 

-2. 571 

1.590 

1.244 

.1105 

.6 

1.781 

-2. 147 

1.472 

.9568 

.1398 

.8 

1.641 

-1.818 

1.364 

.6957 

.1766 

1.0 

1.357 

-1.201 

1.259 

.1406 

.2295 
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WIND-TUNNEL  AND  FLIGHT  INVESTIGATIONS  OF  THE  USE  OF  LEADING-EDGE  AREA  SUCTION 
FOR  THE  PURPOSE  OF  INCREASING  THE  MAXIMUM  LIFT  COEFFICIENT  OF  A 35°  SWEPT  - 

WING  AIRPLANE  1 

By  Curt  A.  Holzhauser  and  Richard  S.  Bray 


SUMMARY 

An  investigation  was  undertaken  to  determine  the  increase  in 
maximum  lijt  coefficient  that  could  be  obtained  by  applying 
area  suction  near  the  leading  edge  of  a wing . This  investi- 
gation was  performed  first  with  a 85°  swept-wing  model  in 
the  wind  tunnel , and  then  with  an  operational  85°  swept-wing 
airplane  which  was  modified  in  accord  with  the  wind-tunnel 
results . 

The  wind-tunnel  and  flight  tests  indicated  that  the  maximum 
lift  coefficient  was  increased  more  than  50  percent  by  the  use  of 
area  suction.  Good  agreement  was  obtained  in  the  comparison 
of  the  wind-tunnel  results  with  those  measured  inflight. 

INTRODUCTION 

It  has  been  observed  in  numerous  investigations  that  the 
maximum  lift  coefficient  of  thin  wings  and  wings  with 
sweepback  are  frequently  limited  by  air-flow  separation 
from  the  leading  edge  of  the  wing.  This  type  of  air-flow 
separation  is  the  result  of  large  adverse  pressure  gradients 
developed  over  the  forward  portion  of  the  airfoil  at  an  angle 
of  attack.  The  magnitude  of  these  adverse  pressure  gradi- 
ents can  be  reduced  by  the  use  of  leading-edge  camber  or 
increased  leading-edge  radius,  either  of  which  tends  to  delay 
leading-edge  air-flow  separation  to  higher  angles  of  attack, 
and  consequently  to  higher  values  of  lift  coefficient.  Another 
manner  in  which  leading-edge  separation  can  be  delayed  is 
to  stabilize  the  boundary  layer  in  the  region  of  the  leading 
edge  so  that  these  large  adverse  gradients  can  be  tolerated. 
Two  methods  of  stabilizing  the  boundary  layer  are  to 
re-energize  the  boundary  layer  by  blowing  high-energy  air 
into  it,  or  to  remove  the  low-energy  portion  of  the  boundary 
layer  by  means  of  suction. 

A theoretical  analysis  made  by  Thwaites  in  1946  (ref.  1) 
suggested  that  air-flow  separation  from  the  leading  edge  of 
an  airfoil  could  be  dehiyed  by  the  use  of  only  small  quantities 
of  suction  air  when  distributed  over  a porous  area.  To 
distinguish  this  method  of  applying  suction  from  that  of 
suction  through  a slot,  it  is  hereafter  referred  to  as  area 
suction.  The  two-dimensional  experimental  investigations 
reported  in  references  2 to  5 indicated  that  area  suction 
could  be  applied  at  the  leading  edge  of  the  airfoil  to  delay 

» Supersedes  NACA  RM  A52G17  by  Curt  A.  Holzhauser  and  Robert  K.  Maitin,  1952,  e 


air-flow  separation  from  the  leading  edge  and  that  the  suction 
flow  quantities  required  were  small.  Because  of  the  increases 
in  maximum  lift  coefficient  indicated  to  be  possible  with 
low  suction  flow  quantities,  a three-dimensional  investigation 
was  planned  to  obtain  the  information  necessary  for  design- 
ing a porous  leading  edge  for  an  airplane. 

The  three-dimensional  investigation  was  to  be  performed 
in  two  phases;  the  first  in  the  wind  tunnel,  and  the  second  in 
flight.  The  purpose  of  the  wind-tunnel  test  was  to  determine 
the  effect  of  chordwise  extent  of  porous  area  on  the  maximum 
lift  coefficient  as  well  as  on  suction  requirements.  These 
results  were  to  be  used  to  demonstrate  the  increases  in 
maximum  lift  coefficient  obtainable  with  area  suction,  and 
to  make  a comparison  with  the  chordwise  extents  and  suction 
flow  quantities  computed  by  the  method  set  forth  by  Thwaites. 
The  results  were  also  to  be  used  as  a basis  for  the  design  of 
a porous  leading  edge  and  pumping  system  for  the  flight  test 
vehicle.  In  addition  to  checking  the  wind-tunnel  results, 
the  purposes  of  the  flight  test  were  to  evaluate  and  compare 
the  flight  characteristics  of  an  airplane  having  leading-edge 
area  suction  with  those  "of  other  high  lift  devices,  namely  a 
slatted  leading  edge  and  a leading  edge  modified  to  have 
increased  camber  and  radius  at  the  leading  edge.  The  flight 
tests  would  also  be  used  to  ascertain  the  existence  of  possible 
limitations  to  the  use  of  a porous  leading-edge  installation 
which  could  not  be  revealed  b}r  wind-tunnel  tests. 

In  order  to  accomplish  satisfactorily  these  objectives,  an 
operational  airplane  was  chosen  as  the  basic  vehicle  for  both 
the  wind-tunnel  and  the  flight  investigations.  This  airplane 
was  the  F-86  which  has  a 35°  swept-back  wing  and  hori- 
zontal tail.  The  wing  panels  and  horizontal  tail  of  an 
F-86  airplane  were  modified  and  mounted  on  a research 
fuselage  and  tested  in  the  Ames  40-  by  80-foot  wind  tunnel 
in  1951.  At  the  completion  of  the  test.  North  American 
Aviation,  Inc.,  received  a contract  from  the  United  States 
Air  Force  to  modify  an  F-86F  airplane  for  the  application 
of  area  suction  at  the  leading  edge  of  the  wing.  The  design 
of  the  porous  leading-edge  installation  was  based  on  the 
wind-tunnel  results.  The  airplane  was  then  tinned  over  to 
the  NACA  in  1954  for  further  instrumentation  and  flight 
testing.  A standard  F-86A  airplane  was  used  to  obtain 
comparative  flight  characteristics  of  the  airplane  having  a 
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normal  leading  edge,  a slatted  leading  edge,  and  a leading 
edge  having  increased  camber  and  radius.  The  results  of 
the  wind-tunnel  and  the  flight  tests  are  included  in  this 
report. 

NOTATION 
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Pa 
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R 
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t 
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U 
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w 
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wing  span,  ft 

chord,  measured  parallel  to  the  plane  of  symmetry,  ft 


mean  aerodynamic  chord,  “tt 


drag  coefficient,  “~”gr 


('b/2 

c2dy 

do f*- 

rb/2  1 

Jo  C dy 


section  lift  coefficient,  (1/c)  (j)  P dx  cos  a—  (1/c) 


P dz  sin  a 


lift  coefficient, 


lift 

Is 


maximum  lift  coefficient 

pitching-moment  coefficient,  referred  to  quarter- 
chord  line,  pitching  moment 
qSc 

flow  coefficient,  jjg 


total  pressure  at  pump  inlet,  lb/sq  ft 
surface  length  of  porous  material,  measured  parallel 
to  the  plane  of  symmetry,  ft 
ratio  of  displacement  thickness  to  momentum  tliick- 

5* 

ness  of  boundary  layer,  -- 

free-stream  static  pressure,  lb/sq  ft 
static  pressure  in  duct,  lb/sq  ft 
local  surface  static  pressure,  lb/sq  ft 
static  pressure  in  plenum  chamber,  lb/sq  ft 


airfoil  pressure  coefficient,  — — - 

q 

duct  pressure  coefficient,  — — - 

2 

pressure  coefficient  measured  in  plenum  chamber  of 
model  or  at  pump  inlet  of  airplane,  — — — or  — — 


respectively 

free-stream  dynamic  pressure,  lb/sq  ft 
volume  of  air  removed  through  porous  surface, 
based  on  free-stream  density  at  test  altitude,  cu 
ft/sec 

Uc 

Reynolds  number,  — 
wing  area,  sq  ft 

thickness  of  porous  materia],  in. 
velocity  in  the  boundary  layer,  ft/sec 
free-stream  velocity,  ft/sec 

local  velocity  outside  of  the  boundary  layer,  ft/sec 
maximum  local  velocity  outside  of  the  boundary 
layer,  ft/sec 

suction-air  velocity,  normal  to  surface,  ft/sec 


wing  loading  of  airplane,  lb/sq  ft 


x 

V 

z 

a 
6* 
hr 
A j) 

V 
6 


chordwise  distance  parallel  to  plane  of  symmetry,  ft 
span  wise  distance  perpendicular  to  plane  of  sym- 
metry, ft 

vertical  distance,  ft 

angle  of  attack  referred  to  fuselage  center  line,  deg 
displacement  thickness  of  boundary  layer,  ft 
flap  deflection,  deg 

pressure  drop  across  porous  material,  lb/sq  ft 


fraction  of  semispan, 


? y 
b 


momentum  thickness  of  boundary  layer,  ft 
kinematic  viscosit}7  of  air,  sq  ft/sec 


DESIGN  OF  THE  POROUS  LEADING  EDGE 

PRINCIPLE  OF  AREA  SUCTION— TH WAITES  ANALYSIS 

The  use  of  area  suction  to  delay  leading-edge  type  of 
air-flow  separation  was  suggested  by  Thwaites  in  reference 
1.  This  report  presented  a method  by  which  the  chordwise 
extent  of  porous  area  required  to  prevent  leading-edge  air- 
flow separation  was  estimated,  and  it  presented  equations 
whereby  the  suction  quantities  required  for  area  suction 
and  slot  suction  were  calculated  and  compared.  It  was 
concluded  in  Thwaites’  analysis  that  the  application  of  area 
suction  near  the  leading  edge  of  an  airfoil  would  delay 
leading-edge  air-flow  separation  by  the  use  of  suction 
flow  quantities  only  a small  fraction  of  those  required  for 
suction  through  a slot. 

It  was  reasoned  b}r  Thwaites  that  it  is  necessary  to  have 
porous  suction  extend  chordwise  on  an  airfoil  onl}7  to  the 
point  where  at  the  desired  lift  coefficient,  the  adverse  velocity 
gradient  is  no  more  severe  than  the  maximum  velocit}7  gradi- 
ent reached  prior  to  leading-edge  air-flow  separation  without 
area  suction.  Since  it  is  difficult  to  estimate  the  required 
chordwise  extent  of  area  suction  by  a comparison  of  velocity 
gradients,  the  simplif}dng  assumption  has  been  made  that 
area  suction  is  required  in  the  region  of  the  adverse  velocity 
gradient  where  the  ratio  of  local  to  free-stream  velocity  is 
greater  than  the  maximum  value  reached  without  area 
suction.  An  example  of  this  latter  approximation  is  given 
in  the  following  sketch.  It  has  been  found  that  the  chord- 
wise  extents  estimated  by  this  simplified  method  are  slightly 
greater  than  those  estimated  by  a comparison  of  the  pressure 
gradients. 

In  order  to  calculate  the  suction  quantities  required  to 
delay  leading-edge  air-flow  separation,  use  was  made  of  the 
basic  momentum  equation  for  boundary-layer  flow: 

U^S-+2S)+uf-w(.x)U+^\_> 

To  simplify  solution  of  this  equation,  Thwaites  specified 
that  the  suction  velocity,  w(x),  be  constant  in  the  chordwise 
direction.  He  also  specified  that  the  velocity  distribution 
through  the  boundary  layer  with  suction  applied  would  be 
maintained  similar  to  that  of  a Blasius  profile.  With  these 
simplifying  specifications  it  was  possible  to  find  a chordwise 
distribution  of  velocity  for  which  a Blasius  boundary-layer 
profile  could  be  supported  with  a given  suction-air  velocity. 


WIND-TUNNEL  AND  FLIGHT  INVESTIGATION  OF  LEADING  EDGE  AREA  SUCTION  ON  SWEPT-WING  AIRPLANE  577 


Chordwise, 
extent  required 


The  suction-air  velocity  required  at  any  desired  lift  coeffi- 
cient could  then  be  calculated  from  the  equation: 


In  this  equation,  K is  determined  from  a comparison  of  the 
chordwise  velocity  distribution  of  the  airfoil  at  the  desired 
lift  coefficient  with  the  chordwise  velocity  distribution  which 
would  support  a Blasius  profile  with  a particular  suction-air 
velocity  (ref.  1). 

Since  it  was  specified  that  the  suction  velocity  be  constant 
in  the  chordwise  direction,  and  since  the  chordwise  extent 
required  was  obtained  previously,  the  suction  quantity 
required  for  the  desired  lift  coefficient  of  the  airfoil  section 
can  be  computed. 

TWO-DIMENSIONAL  APPLICATIONS  OF  AREA  SUCTION 

Several  experimental  investigations  have  been  made  with 
area  suction  near  the  leading  edge  of  two-dimensional  air- 
foils. The  results  of  these  tests  are  reported  in  references 
2 to  5.  These  results  indicated  that  apptying  area  suction 
near  the  leading  edge  of  the  airfoil  delayed  air-flow  separation 
and  increased  the  maximum  lift  coefficient  of  the  sections. 
In  these  tests,  it  was  noted  that  the  increases  in  the  maximum 
lift  coefficients  obtained  with  area  suction  appeared  to  be 
limited  by  air-flow  separation  occurring  either  at  the  trailing 
edge  of  the  airfoil  or  from  the  tunnel  walls. 

An  application  of  Thwaites’  anatysis  to  the  results  of  the 
tests  reported  in  references  2 to  5 indicated  that  the  method 
used  to  estimate  the  chordwise  extent  of  porous  area  was 
valid.  However,  the  suction  quantities  required  for  the 
two-dimensional  tests  were  10  to  15  times  greater  than  the 
values  computed  by  the  equations  derived  by  Thwaites. 
Further,  for  some  lift  coefficients,  near  the  maximum  values 
obtained  with  suction,  the  ratio  of  suction  flow  quantity  to 
free-stream  velocity  had  to  be  increased  as  the  free-stream 


velocity  was  increased  (refs.  4 and  5);  whereas  Thwaites’ 
analysis  indicated  that  this  ratio  should  decrease. 

At  the  present  time,  it  cannot  be  determined  to  what  extent 
the  results  of  the  two-dimensional  tests  were  affected  by  the 
flow  separation  that  occurred  either  at  the  trailing  edge  of 
the  airfoil  or  from  the  tunnel  walls. 

THREE-DIMENSIONAL  APPLICATION  OF  AREA  SUCTION 

An  exploratory  test  performed  on  a 63°  sweptback  wing 
in  the  Ames  40-  by  80-foot  wind  tunnel  in  1949  showed 
that  area  suction  was  effective  in  delaying  the  leading-edge 
air-flow  separation.  When  Thwaites’  analysis  was  applied 
to  the  airfoil  sections  near  the  tip  of  this  sweptback  wing, 
the  location  of  initial  air-flow  separation,  the  results  were 
similar  to  those  for  two-dimensional  sections  in  that  the 
chordwise  extents  of  porous  area  could  be  estimated  but 
the  suction-air  velocities  were  about  10  times  the  values 
computed  to  be  necessary.  However,  when  Thwaites’ 
analysis  was  applied  to  the  sections  inboard  of  the  tip,  it 
was  found  that  the  minimum  chordwise  extents  found 
necessary  for  the  tests  were  less  than  those  estimated  to  be 
necessary;  as  on  the  wing  tip,  the  minimum  suction-air 
velocities  used  on  the  inboard  sections  were  about  10  times 
the  values  computed  to  be  necessary.  The  result  that  the 
chordwise  extents  of  porous  area  inboard  were  less  than  the 
values  indicated  to  be  necessaiy  is  believed  to  be  caused  by 
a spanwise  boundary-layer  flow  similar  to  that  noted  to 
exert  a strong  effect  on  the  section  maximum  lift  coefficients 
of  the  45°  swept  wing  of  reference  6. 

Although  a lack  of  agreement  existed  between  the  theo- 
retical and* experimental  results,  it  appeared  that  Thwait.es’ 
analysis  could  be  modified  to  provide  a first  approximation 
in  the  design  of  the  porous  leading-edge  installation.  The 
manner  in  which  this  was  done  for  the  tests  reported  herein 
is  described  in  the  following  paragraphs. 

Tests  were  first  performed  on  the  35°  swept-wiug  model 
without  boundary-layer  control  in  order  to  obtain  the  force 
and  pressure-distribution  data  for  the  basic  model.  A lift 
coefficient  of  1.93  with  flaps  deflected  was  then  chosen  as 
the  lift  coefficient  desired  without  air-flow  separation,  and  a 
free-stream  velocity  of  112  feet  per  second  was  chosen  for 
the  test  velocity.  The  section  lift  coefficients  and  the  cor- 
responding chordwise  velocity  distributions  for  four  spanwise 
stations  were  then  obtained  for  a wing  lift  coefficient  of  1.93 
by  linear  extrapolation  of  the  measured  data  without  area 
suction  to  an  angle  of  attack  corresponding  to  the  wing  lift 
coefficient  of  1.93.  This  procedure  was  followed  rather  than 
the  use  of  theoretical  values  or  values  obtained  from  two- 
dimensional  tests  because  it  was  felt  that  linear  extrapolation 
of  the  measured  data  provided  more  accurate  values  of  the 
spanwise  section  lift  variation  and  the  chordwise  and  span- 
wise  velocity  distributions,  particularly  when  the  partial -span 
trailing-cdge  flap  was  deflected.  The  chordwise  extents  of 
porous  area  required  at  four  spanwise  stations  were  then 
obtained  by  a comparison  of  the  individual  velocity  diagrams 
at  section  lifts  corresponding  to  a wing  lift  coefficient  of 
1.93  with  the  comparable  diagrams  at  the  maximum  section 
lift  coefficients  without  area  suction.  The  suction-air  veloci- 
ties at  the  same  four  spanwise  stations  were  then  computed 
for  the  desired  wing  lift  coefficient  of  1.93  and  free-stream 
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velocity  of  112  feet  per  second  by  using  the  equations  set 
forth  by  Thwaites  and  the  velocity  diagrams  at  the  desired 
section  lift  coefficient  for  each  of  the  stations.  The  values 
of  these  requirements  and  the  expected  section  lift  coefficients 


are  tabulated  below: 

Spanwise  sta- 

Section lift  co- 

Chordwise ex- 

Ratio of  suction-air  to 
free-stream  velocity, 

tion,  2 y}b 

efficient,  Cl 

tent,  x}c 

w}  U 

0.  25 

1.  95 

0.  027 

0.  0030 

. 45 

2.  11 

. 023 

.0033 

. 65 

1.  90 

. 020 

. 0040 

. 85 

1.  76 

. 020 

. 0048 

These  values  were  then  used  in  the  design  of  the  porous 
leading  edge  for  the  wind-tunnel  model  as  follows.  The 
chord  wise  extent  of  porous  area  was  approximately  doubled 
to  allow  ample  freedom  in  adjusting  the  porous-area  opening 
by  trial  and  error.  The  suction-air  velocities  required  were 
assumed  to  be  12  times  the  values  computed  (as  an  average 
between  the  factors  of  10  to  15  noted  in  the  previous  tests). 
It  was  assumed  that  the  suction-air  velocities  required  to 
control  separation  should  be  constant  in  the  chordwise 
direction.  Since  the  external  surface  pressures  vary  in  the 
chordwise  direction  whereas  the  internal  duct  pressure  is 
constant,  as  shown  in  the  following  sketch,  a porous  material 
whose  porosity  varied  along  the  chord  was  used  to  maintain 


Pd 


approximately  constant  suction-air  velocities  over  the  chord- 
wise  extent  of  porous  area.  It  should  be  pointed  out  that 
Thwaites  specified  that  the  suction-air  velocities  be  constant 
in  the  chordwise  direction  to  simplify  solution  of  the  equa- 
tions, and  it  is  not  known  whether  a constant  suction-air 
velocity  is  necessaiy  or  even  desirable  for  the  lowest  flow 
quantities. 

The  design  of  the  porous  leading  edge  of  the  flight  vehicle, 
the  F-86F  airplane,  was  based  on  the  results  of  the  wind- 
tunnel  tests  of  the  35°  swept-wing  model.  The  desired  lift 
coefficient  was  1.81  with  flaps  deflected  and  the  free-stream 
velocity  was  148  feet  per  second.  It  should  be  pointed  out 
that  the  flight  lift  coefficient  of  1.81  corresponds  to  an  un- 


trimmed lift  coefficient  of  1.93  measured  in  the  wind-tunnel 
test.  These  values  were  chosen  on  the  basis  of  the  character- 
istics of  the  suction  pump  used  and  the  wing  loading  of  the 
airplane;  further  details  may  be  found  in  reference  7.  The 
suction-air  velocities  at  the  design  condition  were  chosen  as 
16  times  the  values  computed,  in  contrast  to  the  factor  of 
12  used  for  the  wind-tunnel  investigation.  The  higher  factor 
for  the  flight  airplane  was  used  to  allow  for  the  possibility  of 
unknown  adverse  effects  that  might  occur  in  flight.  It  was 
again  specified  that  the  suction-air  velocities  should  be  con- 
stant in  the  chordwise  direction,  and  therefore  the  porous 
material  used  had  a porosity  that  varied  in  the  chordwise 
direction. 

DESCRIPTION  OF  RESEARCH  VEHICLES,  INSTRUMENTA- 
TION, AND  TESTS 

0 WIND-TUNNEL  MODEL 

Since  the  wind-tunnel  investigation  was  to  be  the  basis  of 
the  design  of  an  area-suction  installation  on  an  F-86  airplane, 
the  wing  panels  and  horizontal-tail  surface  of  an  F-86  were 
utilized  on  the  model.  These  surfaces  were  mounted  on  a 
circular  fuselage  in  the  same  relative  location  to  each  other 
as  on  an  F-86  airplane.  The  general  arrangement  of  this 
model  is  shown  in  the  photograph  of  the  model  mounted  in 
the  tunnel,  figure  1 (a),  and  in  the  two-view  drawing,  figure 
2 (a).  Additional  dimensions  of  the  model  are  provided  in 
table  I. 

The  wing  had  35°  of  sweepback  measured  at  the  quarter- 
chord  line  and  had  an  airfoil  section  of  approximately  11 
percent  thickness  normal  to  the  quarter-chord  line  (coordi- 
nates of  the  airfoil  are  given  in  table  II).  The  structure 
ahead  of  the  front  spar  was  replaced  by  the  porous  surface 
and  ducting  to  enable  application  of  area  suction  (figs.  3 (a) 
and  4 (a)).  The  porous  surface  near  the  leading  edge  of 
the  wing  consisted  of  an  outer  surface  of  metal  mesh  which 
was  backed  with  a porous,  hard  wool  felt  material.  The 
metal  mesh  had  a thickness  of  0.008  inch  and  had  11-percent 
open  area  (4225  square  holes  per  square  inch  with  each 
side  of  the  hole  about  0.005  inch  long).  This  mesh-extended 
from  the  5-percent  chord  station  on  the  upper  surface  to 
the  3-percent  chord  station  on  the  lower  surface  of  the  wing, 
and  from  the  intersection  of  the  wing  and  fuselage  (2 yjb— 
0.10)  to  the  beginning  of  the  wing  tip  fairing  (2y/6  = 0.96). 
The  wool  felt  backing  the  mesh  outer  surface  was  tapered 
in  the  chordwise  direction  to  provide  the  varying  porosity 
required  to  compensate  for  the  surface  pressure  distribution 
in  order  to  obtain  a constant  suction-air  velocity  in  the 
chordwise  direction.  The  spanwise  distribution  of  suction- 
air  velocity  specified  for  the  design  condition  is  shown  in 
figure  5.  The  tapered  wool  felt  was  cut  from  K-inch-thick 
material  weighing  about  9 pounds  per  square  yard.  This 
%-inch- thick  material  had  the  pressure-drop  variation  with 
suction-air  velocity  shown  in  figure  6 ; for  the  range  of  suction- 
air  velocities  of  interest,  the  pressure  drop  at  a given  suction- 
air  velocity  was  proportional  to  the  thickness  of  the  felt. 
The  thickness  variations  of  the  felt  backing  used  in  the 
wing  are  given  in  figure  7.  It  will  be  noted  from  this  figure 
that  while  a continuously  varying  chordwise  porosity  was 
realized,  the  spanwise  variation  was  made  in  four  steps 
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(a)  The  35°  swept-wing  model  mounted  in  40-  by  80-foot  wind  tunnel. 

(b)  The  F-86F  airplane. 

Figure  1. — Photos  of  the  model  and  the  airplane  equipped  with  a 
porous  leading-edge  installation. 

rather  than  continuously  as  specified  in  figure  5;  this  approxi- 
mation was  adopted  since  the  specified  variation  was  rela- 
tively small.  Chordwise  and  spanw'ise  extents  of  porous 
area  were  controlled  by  sealing  with  a nonporous  cellulose 
tape  0.003  inch  thick.  In  order  to  simulate  the  leading  edge 
of  an  F-86  with  slats  retracted,  the  porous  leading  edge  was 
completely  taped.  Partial  taping  of  the  porous  leading  edge 
provided  the  four  spanw  ise  distributions  of  chordwise  extents 
studied  in  the  wind-tunnel  tests,  configurations  A,  B,  C, 
and  D,  shown  in  figure  8. 

The  normal  F-86  ailerons  and  single-slotted  flaps  were 
retained  on  the  model.  The  ailerons  were  locked  in  a 
neutral  position,  and  the  flaps  w?re  either  undeflected  or 
fully  deflected,  a deflection  of  38°  measured  normal  to  the 
flap  hinge  line. 


(a)  The  35°  swept-wing  wind-tunnel  model. 

(b)  The  F-86F  airplane. 

Figure  2. — General  arrangements  of  test  vehicles  equipped  with 
porous  leading-edge  installations. 


The  fuselage  used  was  circular  in  cross  section  and  the 


radius,  in  feet,  is  defined  by  the  equation  1.84 


HMI 


This  fuselage  has  a larger  fineness  ratio  (11.5  as  compared 
to  6.9)  and  a smaller  width  (0.10  6/2  as  compared  to  0.13 
6/2)  than  the  fuselage  of  the  F-86  airplane.  Use  of  this 
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(a)  The  35°  swept-wing  wind-tunnel  model. 

(b)  The  F— 86F  airplane. 

Figure  3. — Plan  view  of  wings  with  porous  leading-edge  installations. 


fuselage  necessitated  mounting  the  wings  in  a midwing 
location  in  contrast  to  the  low  wing  position  of  the  F-86 
airplane. 

The  horizontal  tail,  which  had  35°  of  sweep  measured  at 
the  quarter  chord  line,  was  set  at  0°  incidence  with  the 
elevators  set  at  0°  deflection. 

The  pumping  equipment  for  the  porous  leading  edge  was 
housed  in  the  fuselage.  The  pump  consisted  of  the  com- 
pressor portion  of  a turbosupercharger,  and  was  driven  by 
a 300-horsepower  variable-speed  electric  motor.  This  pump 
induced  the  required  suction  flow  quantities  through  the 
porous  surface  and  then  into  ducts  in  the  wing  which  had 
individual  valves  near  the  root  of  the  wing  to  control  the 
flow  (see  fig.  3 (a)).  The  air  then  dumped  into  a plenum 
chamber  in  the  fuselage  prior  to  entering  the  pump  and 
was  discharged  from  the  pump  through  a duct  in  the  bottom 
of  the  fuselage  (see  fig.  2 (a)).  In  order  to  measure  the 
suction  flow  quantities,  a surve}r  rake  was  located  at  the 
exit  on  the  bottom  of  the  fuselage.  This  rake  consisted  of 
54  total-pressure  tubes,  9 static-pressure  tubes,  and  1 thermo- 
couple and  was  calibrated  against  a standard  ASME  orifice 


(a)  Porous  leading  edge  for  wind-tunnel  model. 

(b)  Porous  leading  edge  for  F-86F  airplane. 

(c)  Slatted  leading  edge  for  F-86  A airplane. 

(d)  Cambered  leading  edge  for  F-86  A airplane. 

JTgure  4. — Cross  sections  of  the  various  leading  edges.  Sections  are 
normal  to  the  quarter-chord  line  at  the  0.476/2  station. 

meter.  The  power  input  to  the  suction  pump  was  measured 
with  a wattmeter. 

To  measure  the  external  surface  pressure  distributions, 
static  pressure  orifices  were  installed  on  the  upper  and  lower 
surfaces  of  the  left  wing  in  streamwise  rows  at  2?//£>  — 0.25, 
0.45,  0.65,  and  0.85;  the  chordwise  locations  of  these  orifices 
are  given  in  table  III.  Orifices  were  also  located  in  the 
ducts  of  the  wing,  as  well  as  in  the  plenum  chamber,  in 
order  to  permit  evaluation  of  the  pumping  requirements 
and  duct  losses. 

WIND-TUNNEL  TESTS  AND  CORRECTIONS 

Force  measurements  were  made  for  all  configurations 
throughout  an  angle-of-attack  range  of  —4°  to  30°,  at  an 
angle  of  sideslip  of  0°.  The  free-stream  velocity  was  112 
feet  per  second  which  corresponded  to  a Reynolds  number 
of  5.8X10°  based  on  the  mean  aerodynamic  chord.  The 
spanwise  distributions  of  chordwise  extent  of  porous  area, 
configurations  A,  B,  C,  and  D,  were  obtained  by  trial  and 
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Figure  7. — Thickness  variation  of  wool-felt  backing  used  for  porous 
leading  edge  of  wind-tunnel  model. 
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error  in  the  following  manner:  the  lower  surface  of  the  porous 
leading  edge  was  taped  from  the  leading  edge  (x/c= 0)  to  the 
rear  edge  of  the  porous  surface  (a:/c=0.03);  this  area  was 
taped  for  the  entire  test.  Next,  the  upper  surface  was  taped 
so  that  a constant  width  opening  was  obtained  with  the 
chord  wise  extent  of  porous  area  on  the  outboard  portion  of 
the  wing  approximating  the  value  calculated  to  be  necessary 
for  the  design  lift  coefficient  of  1.93.  For  this  configuration, 
a polar  was  run  and  the  maximum  lift  coefficient  and  the 
flow  coefficient  required  were  measured.  Then  the  rear 
edges  of  the  inboard  openings  were  progressively  taped 
until  a further  reduction  in  cliordwise  extents  would  reduce 
the  maximum  lift  coefficient.  This  procedure  was  repeated 
for  the  forward  edge  of  the  porous  area  and  then  for  the  tip 
of  the  wing.  The  resulting  distribution  of  porous  area  was 
such  that  any  further  reduction  in  porous  area  extent  any- 
where along  the  span  of  the  wing  would  result  in  a reduc- 
tion in  the  maximum  lift  coefficient  from  the  original  value 
measured;  this  distribution  of  porous  area  was  that  of  con- 
figuration B.  A similar,  although  less  extensive,  procedure 
was  followed  in  arriving  at  the  distributions  of  porous  area 
providing  a higher  maximum  lift  coefficient  and  two  lower 
maximum  lift  coefficients.  In  order  to  determine  the  effects 
of  free-stream  velocity  as  well  as  to  simulate  the  flow  con- 
ditions of  the  F-86  airplane  in  a landing  and  a take-off  con- 
figuration, additional  measurements  were  made  at  free- 
stream  velocities  corresponding  to  wing  loadings  of  30,  40, 
and  50  pounds  per  square  foot.  These  latter  tests  were 
made  by  changing  the  dynamic  pressure  of  the  wind  tunnel 
for  each  angle  of  attack  so  that  CLXq  was  constant  and 
equal  to  the  wing  loading,  W/S.  The  maximum  velocity  at 
which  these  tests  were  performed  was  180  feet  per  second 
which  corresponded  to  a Keynolds  number  of  9.3X106. 
The  various  configurations  and  test  conditions  are  sum- 
marized in  table  IV. 

Standard  tunnel-wall  corrections  for  a straight  wing  of  the 
same  area  and  span  as  the  sweptback  wing  were  applied  to 
the  force  data  measured.  No  corrections  were  made  for  the 
strut  interference,  and  no  tares  were  applied  to  the  pitch- 
ing moment  since  they  were  believed  to  be  negligible  for  the 
data  of  interest.  Calculations  indicated  that  the  effect  of 
the  thrust  of  the  exhausting  air  on  the  force  characteristics 
was  negligible. 

The  suction  requirements  (flow  coefficients,  duct  and 
plenum  chamber  pressure  coefficients,  and  power  supplied 
to  the  blower)  were  measured  for  all  configurations  of  the 
model  with  suction  applied.  However,  only  near  the  maxi- 
mum lift  coefficient  were  sufficient  data  taken  with  different 
values  of  suction  flow  coefficient  to  be  able  to  define  the  mini- 
mum values  of  suction  flow  coefficient  required  to  obtain  the 
measured  lift  coefficient  with  the  porous  area  installation 
tested.  All  values  of  flow  coefficient  presented  were  corrected 
to  standard  sea-level  conditions.  Limited  measurements  in- 
dicated that  leakage  resulting  from  the  method  of  construc- 
tion of  the  model  was  less  than  10  percent  of  the  total  flow 
coefficient,  and  the  values  of  flow  coefficients  were  not  cor- 
rected for  this  leakage.  All  values  of  the  measured  power 
input  to  the  pump  included  pump  losses  and  leakage.  The 
duct  losses  were  determined  from  pressure  measurements  in 


the  duct  behind  the  porous  leading  edge  and  in  the  plenum 
chamber  just  ahead  of  the  compressor,  and  the  pump  losses 
were  obtained  from  the  characteristics  of  the  pump.  Con- 
sequently, the  suction  power  required  to  compress  the  air 
from  inside  the  wing  ducts  to  a free-stream  condition  was 
then  computed  by  subtracting  from  the  measured  power 
input  the  sum  of  the  duct  and  pump  losses. 

Wool  yarn  tufts  were  taped  to  the  upper  surface  of  the 
wing  during  some  of  the  tests  to  observe  the  boundary-layer 
flow  characteristics  as  the  stall  was  encountered. 

FLIGHT  TEST  AIRPLANES 

F-86F  airplane  with  porous  leading  edge. — The  general 
arrangement  of  the  F-86F  airplane  is  shown  in  the  photo- 
graph, figure  1 (b),  and  in  the  two-view-drawing,  figure  2 (b). 
The  airplane  was  a standard  F-86F  modified  to  incorporate 
a porous  leading-edge  installation.  Dimensions  of  the  air- 
plane are  given  in  table  I. 

The  wing  had  35°  of  sweepback  at  the  quarter-chord  line, 
and  the  structure  forward  of  the  front  spar  was  modified  to 
incorporate  the  porous  leading  edge  and  ducting  in  a manner 
similar  to  that  of  the  wind-tunnel  model  (figs.  3 (b)  and  4 (b)). 
However,  the  method  of  construction  differed  since  it  was 
desired  to  place  no  restriction  on  the  operation  of  the  airplane. 
The  porous  leading  edge  was  constructed  of  panels  of  sin- 
tered, porous  stainless  steel  having  a constant  thickness  of 
about  0.050  inch,  and  having  a varying  porosity  to  provide  a 
chordwise  varjdng  pressure  drop  in  order  to  maintain  the 
desired  constant  suction-air  velocities  over  the  chordwise 
extent  at  each  spanwise  station.  The  spanwise  distribution 
of  the  suction-air  velocity  used  for  the  design  is  shown  in 
figure  5.  Ground  tests  indicated  that  the  pressure-drop 
characteristics  of  the  leading-edge  panels  deviated  locally 
from  the  design  values  a maximum  of  30  percent.  The 
spanwise  distribution  of  the  chordwise  extent  of  the  porous 
area  used  was  that  of  configuration  B (fig.  8),  which  was 
obtained  by  sealing  portions  of  the  porous  leading  edge  with 
lacquer.  The  porous  leading  edge  was  stiffened  by  nose  ribs 
only  at  the  junctures  of  the  porous  panels.  For  each  wing 
panel,  these  junctures,  which  are  shown  in  figure  3 (b), 
formed  four  plenum  chambers  which  were  individually 
ducted  to  the  vicinit}7  of  the  wing  root  where  they  were 
joined  in  a single  duct  leading  to  the  pump.  Valves  were 
located  in  each  of  the  eight  ducts  to  adjust  the  spanwise 
suction-flow  distribution;  these  valves  were  closed  to  prevent 
flow  through  the  pump  and  ducts  when  the  pump  was  not 
being  operated. 

The  pump  used  in  this  installation  was  a modified  Thomp- 
son Products,  Inc.,  B-31  turbosupercharger  operated  by 
high-pressure  air  bled  from  the  compressor  of  the  airplane's 
J-47  engine.  The  pump  was  mounted  beneath  the  fuselage 
and  was  covered  with  a streamlined  fairing  (figs.  1 (b)  and 
2 (b)).  A valve  located  in  the  bleed-air  duct  was  adjusted 
by  the  pilot  to  control  the  pump  speed.  Due  to  limitations 
on  the  amount  of  air  that  could  be  taken  from  the  engine, 
the  maximum  pump  speed  and  resultant  suction-flow  quan- 
tity were  dependent  upon  the  engine  speed.  The  suction- 
flow  quantities  were  measured  with  a rake  located  at  the 
pump  inlet.  This  rake  consisted  of  two  total -pressure  tubes 
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Figure  9. — Characteristics  of  the  area-suction  pumping  system  at 
the  stalling  speeds  of  the  airplane;  7000  foot  altitude. 

ancl  two  static-pressure  tubes  and  was  calibrated  against  a 
standard  ASME  orifice  meter.  In  figure  9 is  shown  the  effect 
of  engine  speed  on  the  maximum  suction  pump  speed  and  on 
the  maximum  flow  coefficient  corresponding  to  conditions  at 
the  stalling  speeds  of  the  airplane  at  an  altitude  of  7,000  feet. 

F-86A  airplane. — The  general  arrangement  and  dimensions 
of  the  F-86A  airplane  were  the  same  as  the  F-86F,  except  no 
pump  and  pod  existed  on  the  bottom  of  the  fuselage.  The 
F-86A  was  equipped  with  leading-edge  slats  which  are  shown 
in  figure  4 (c).  These  slats  could  be  locked  in  the  retracted 
position  or  they  could  be  allowed  to  extend  automatically. 

By  removing  the  forward  portion  of  the  wing,  the  slatted 
leading  edge  was  replaced  with  the  cambered  leading  edge 
shown  in  figure  4 (d).  This  cambered  leading  edge  also 
incorporated  an  increased  leading-edge  radius.  The  coordi- 
nates of  this  cambered  leading  edge  are  given  in  table  II. 

FLIGHT  TESTS  AND  CORRECTIONS 

F-86F  airplane  with  porous  leading  edge. — Measurements 
of  the  low-speed  characteristics  of  the  test  airplane  were 
taken  at  an  altitude  of  7,000  feet  to  permit  complete  stalling 
of  the  airplane  without  undue  hazard.  The  data  included 
in  this  report  were  taken  from  time-history  records  obtained 
in  the  following  manner:  with  engine  power  and  pump  speed 
set  at  appropriate  constant  values,  and  starting  at  an  air- 
speed above  the  suction-off  stall  speed,  the  nose  of  the  air- 
plane was  slowly  elevated  in  such  a manner  as  to  decelerate 
at  a rate  not  exceeding  1 knot  per  second.  The  records  were 
terminated  when  the  pilot  felt  that  the  airplane  was  no  longer 
controllable.  The  majority  of  these  stalls  were  performed  at 
85-percent  engine  rpm  in  the  interest  of  consistency  in  evalu- 
ating the  stalling  characteristics  of  the  airplane.  However, 
since  the  maximum  flow  coefficient  obtainable  at  85-percent 
engine  rpm  was  about  0.0011,  it  was  necessary  to  perform 
several  stalls  at  100-percent  engine  rpm  to  determine  the  lift 
characteristics  of  the  porous  leading  edge  with  the  maximum 
available  flow  coefficient  of  0.0012.  These  flight  tests  were 
performed  with  the  trailing-edge  flaps  undeflected  as  well  as 
deflected  38°.  The  chordwise  extent  of  the  porous  area  on 
the  leading  edge  of  the  airplane  for  all  of  the  flights  was  that 
of  configuration  B (fig.  S).  In  addition  to  the  tests  with 
suction  applied,  tests  were  also  made  with  suction  off  and 
the  duct  valves  closed.  During  some  of  the  tests,  wool 
yarn  tufts  were  taped  to  the  upper  surface  of  the  wing;  the 
behavior  of  the  tufts  at  the  stall  was  recorded  photographi- 
cally. 


Lift  coefficient,  CL 


Figure  10. — Variation  of  free-stream  velocity  and  indicated  airspeed 

with  lift  coefficient  for  the  conditions  of  the  flight  tests;  7000  foot 

altitude. 

The  variations  of  the  indicated  airspeed  and  free-stream 
velocities  with  lift  coefficients  for  the  average  conditions  of 
the  tests  are  shown  in  figure  10.  These  relationships  cor- 
respond to  an  average  wing  loading  of  about  45  pounds  per 
square  foot.  The  values  of  lift  coefficients  presented  in  this 
report  are  values  corrected  for  the  effect  of  the  engine  thrust; 
the  values  of  engine  thrust  used  were  obtained  from  data 
provided  by  the  manufacturer  of  the  J-47  engine. 

The  flow  coefficients  measured  were  corrected  to  the  static 
conditions  at  the  test  altitude.  Limited  measurements  indi- 
cated that  a negligible  amount  of  leakage  resulted  from  the 
method  of  construction  of  the  porous  leading- edge  installa- 
tion. 

In  addition  to  the  quantititive  tests  previously  mentioned, 
several  qualititive  tests  were  made  with  the  airplane.  These 
tests  included  evaluation  of  the  landing  and  take-off  per- 
formance as  affected  by  the  suction  equipment.  Several 
flights  were  also  made  in  which  the  airplane  was  flow  up  to 
a Mach  number  of  0.9  and  up  to  an  altitude  of  35,000  feet. 
These  flights  were  conducted  with  the  F-86F  airplane  with 
the  porous  leading  edge  and  with  a standard  leading  edge, 
in  order  to  obtain  comparative  values  with  the  pump 
installed  and  operating.  Maximum  speed  and  buffet 
characteristics  were  of  primary  interest  in  this  phase  of  the 
investigation. 

F-86A  airplane. — Measurements  of  the  low-speed  charac- 
teristics of  this  test  airplane  were  also  taken  at  7,000  feet, 
and  the  data  presented  in  the  report  were  obtained  and 
corrected  in  the  same  manner  as  those  for  the  F-S6F  airplane. 
These  data  were  obtained  with  the  slatted  leading  edge 
automatically  extended,  as  well  as  locked  in  the  retracted 
position.  Similar  data  were  also  obtained  for  the  airplane 
with  the  cambered  leading  edge. 

The  wing  loadings  of  the  F-86A  were  approximately  the 
same  as  for  the  F-S6F,  and  therefore  the  flight  speed  vari- 
ation with  lift  coefficient  presented  in  figure  10  is  also  appli- 
cable for  the  F-86A. 

RESULTS  AND  DISCUSSION 

WIND-TUNNEL  TESTS 

Static  longitudinal  characteristics  of  model  without  suction 
applied. — The  three-component  force  data  of  the  35°  swept- 
back  wing  model  without  suction  are  shown  in  figure  11  with 
the  trailing-edge  flaps  full}7  deflected  (38°)  and  undeflected 
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Figure  11. — Aerodynamic  characteristics  of  35°  swept-wing  model  with  several  chordwise  extents  of  porous  area;  U = 112  feet  per  second 
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(0°).  The  force  characteristics  with  the  porous  leading  edge 
sealed  simulate  the  operational  airplane  with  the  slats  closed. 
Also  shown  in  figure  11(a)  are  the  force  characteristics  for  the 
model  with  the  porous  area  open  but  with  no  suction,  sim- 
ulating the  condition  that  would  exist  for  the  porous  leading- 
edge  installation  when  the  suction  pump  is  inoperative. 
The  data  of  this  figure  show  that  the  air  circulating  through 
the  porous  surface  had  a detrimental  effect  on  the  maximum 
lift  coefficient  of  the  model. 

Static  longitudinal  characteristics  of  model  with  area 
suction. — Three-component  force  data  of  the  35°  swept-wing 
model  with  several  chord  wise  extents  of  area  suction  along 
the  full  span  of  the  leading  edge  are  shown  in  figure  11. 
Included  in  the  figure  are  the  values  of  flow  coefficients 
required  at  the  maximum  lift  coefficients  for  the  different 
chordwise  extents  of  area  suction.  The  extensions  of  the 
linear  portion  of  the  lift  and  pitching-moment  curves  and  of 
the  drag  parabola  indicate  that  the  use  of  area  suction  at 
the  leading  edge  delayed  air-flow  separation.  External 
surface  pressure  distributions  with  and  without  suction 
applied  at  13°  and  17°  angle  of  attack  are  shown  in  figure  12. 
These  distributions  show  that  the  pressure  distributions  were 
not  changed  when  suction  was  applied  at  an  angle  of  attack 
below  that  at  which  separation  occurred  without  suction; 
whereas  at  larger  angles  of  attack,  the  pressure  distributions 
were  changed  from  distributions  indicating  separation  to 
ones  indicating  that  the  separation  was  eliminated  by  area 
suction.  The  effectiveness  of  area  suction  in  delaying  air- 
flow separation  and,  hence,  increasing  the  lift  coefficient  of 
the  wing  is  more  clearly  shown  in  figure  13  in  which  the 
section  lift  coefficients,  obtained  from  integration  of  pressure 
distributions,  are  plotted  as  a function  of  angle  of  attack/ 
The  complete  pressure  distributions  presented  in  graphical 
form  at  the  end  of  this  report  (figs.  24  and  25)  show  the 
span  wise  progression  of  the  air-flow  separation.  The  pressure 
distributions  presented  with  suction  applied  are  for  the 
porous-area  configuration  B with  flaps  deflected;  however, 
the  effects  of  area  sucticn  on  the  pressure  distributions  were 
similar  for  the  other  configurations  tested.  The  force  and 
pressure  data  presented  in  figures  11,  12,  24,  and  25  were  for 
a free-stream  velocity  of  112  feet  per  second;  however,  it  was 
found  that  increasing  the  free-stream  velocity  to  180  feet 
per  second  (the  maximum  velocit}'  of  the  test)  did  not  signifi- 
cantly alter  these  characteristics. 

Suction  requirements  of  porous  leading  edge. — In  figure  11 
values  of  flow  coefficient  required  at  the  maximum  lift  coef- 
ficients measured  with  the  different  porous-area  configura- 
tions are  listed.  These  values  of  flow  coefficient  are  indica- 
tive of  the  lowest  values  of  flow  coefficient  which  could  be 
used  for  each  of  the  openings  tested  and  yet  maintain  the 
values  of  maximum  lift  coefficients  shown  in  figure  11.  For 
each  of  the  configurations,  a reduction  in  the  maximum  lift 
coefficient  was  measured  when  the  flow  coefficient  was  some- 
what reduced;  whereas,  in  contrast,  doubling  the  flow  coef- 
ficient from  the  values  presented  had  a negligible  effect  on 
the  maximum  lift  coefficient  or  on  the  angle  of  attack  for 
the  maximum  lift  coefficient.  Thus,  it  is  seen  that  the 
angle  of  attack  aud  the  maximum  lift  coefficient  to  which 
the  air-flow  separation  could  be  delayed  were  determined 


(a)  «=13° 

(b)  a — 1 7° 

Figure  12. — Effect  of  area  suction  on  the  pressure  distributions  of  the 
35°  swept-wing  model;  5^=38°,  U— 112  feet  per  second. 
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Figure  13. — Variation  of  section  lift  coefficients  with  angle  of  attack, 
with  and  without  area  suction;  5^=38°,  {7=112  feet  per  second. 


primarily  by  the  ckordwise  extent  of  porous  area.  Further, 
it  should  be  pointed  out  that  only  a small  increase  in  the 
maximum  lift  coefficient  was  obtained  when  configuration  A 
was  used  in  place  of  configuration  B,  even  though  the  chord- 
wise  extent  of  porous  area  and  the  suction  flow  coefficients 
were  approximately  doubled.  Based  on  these  results,  as  well 
as  on  the  pressure  distributions,  it  is  believed  that  air-flow 
separation  from  the  trailing  edge  of  the  wing  limited  the 
maximum  lift  coefficient  obtained  with  configuration  A,  and 
that  further  large  increases  in  the  maximum  lift  coefficient 
would  not  be  expected  by  the  use  of  area  suction  only  at 
the  leading  edge. 

The  data  presented  in  figure  14  show  the  variation  of 
flow  coefficient  and  duct  pressure  coefficient  with  lift  coeffi- 
cient for  the  different  porous-area  configurations  tested  at  a 
free-stream  velocity  of  112  feet  per  second.  Since  the  effects 
of  free-stream  velocity  on  the  suction  requirements  were  not 
known,  additional  data  were  obtained  at  higher  free-stream 
velocities  with  porous-area  configuration  B and  with  the 
flaps  deflected  38°.  These  data  were  obtained  at  free-stream 


velocities  corresponding  to  those  obtained  at  constant  wing 
loadings  in  order  to  simulate  the  suction  requirements  of  an 
airplane  during  a landing  or  take-off  maneuver.  These  data 
are  presented  in  figure  15  and  in  table  V.  Figure  15  shows 
the  variation  of  suction  flow  coefficient  and  duct  pressure 
coefficient  with  lift  coefficient,  and  table  V summarizes  the 
measured  power  inputs  and  division  of  losses  for  several  lift 
coefficients.  It  should  be  noted  that  the  suction  require- 
ments presented  in  figures  14  and  15  are  probably  not  the 
minimum  values  required  at  all  of  the  lift  coefficients.  There 
are  several  reasons  for  this  statement.  First,  a range  of 
flow  coefficients  was  run  only  at  angles  of  attack  near  the 
maximum  lift  coefficient,  thus  the  flow  coefficients  presented 
at  lower  lift  coefficients  are  probably  greater  than  those  re- 
quired to  prevent  air-flow  separation.  Second,  the  span- 
wise  control  of  the  duct  pressures  was  very  limited,  and  the 
duct  pressure  for  the  inboard  sections  of  the  wing  could  not 
be  adequately  reduced  to  compensate  for  the  variation  in 
peak  surface  pressures  resulting  from  the  span  load  distri- 
bution. Third,  theoretically,  a particular  distribution  of  por- 
osity exists  for  each  lift  coefficient  and  free-stream  velocity 
to  obtain  a minimum  flow  coefficient;  whereas  in  these  tests 
only  one  design  was  used  for  all  lift  coefficients  and  free- 
stream  velocities. 

The  data  presented  in  figure  14  show  that  the  flow  require- 
ments increased  with  increasing  lift  coefficients,  and  that 
for  each  porous  area  configuration,  a particular  value  of  lift 
coefficient  was  reached  which  could  not  be  increased  by 
increased  suction;  this  lift  coefficient  was  the  maximum  lift 
coefficient  shown  in  figure  11.  These  data  also  show  that 
for  a given  lift  coefficient,  the  suction  flow  coefficient  increased 
with  increasing  porous  area  extent,  and  the  dashed  curve  in 
figure  14  (a)  represents  the  probable  variation  of  the  mini- 
mum flow  coefficient  required  to  reach  any  given  lift  coeffi- 
cient with  the  design  of  porous  material  tested.  Further,  it 
can  be  seen  that  for  a given  lift  coefficient,  the  duct  pressure 
coefficient  remained  essentially  unchanged  when  the  extent 
of  porous  area  was  increased,  even  though  the  required  flow 
coefficient  was  increased.  This  resulted  because  the  pressure 
drop  through  the  porous  material  for  all  of  the  required 
suction-air  velocities  was  relatively  small  at  the  chordwise 
location  of  the  maximum  surface  pressure  coefficient.  Thus 
the  duct  pressure  coefficient  was  essentially  equal  to  the 
maximum  surface  pressure  coefficient  which  was  primarily  a 
function  of  the  angle  of  attack. 

The  data  of  figure  15  indicate  that  increasing  the  free- 
stream  velocity  did  not  affect  the  flow  coefficient  or  duct 
pressure  coefficient  at  a particular  lift  coefficient.  Therefore, 
the  suction  power  required  should  vary  as  the  cube  of  the 
free-stream  velocity;  this  is  verified  by  the  data  given  in 
table  V. 

Comparison  of  experimental  results  with  those  computed 
by  Th waites’  method. — In  figure  16  the  experimentally 
minimized  chordwise  extents  are  compared  with  those 
predicted  to  be  necessary  for  the  same  maximum  lift  coeffi- 
cients. A comparison  of  the  experimental  and  predicted 
chordwise  extents  of  porous  areas  show  that  the  chordwise 
extents  for  the  maximum  lift  coefficients  of  1.71,  1.87,  and 
2.03  were  reasonably  well  predicted  for  the  outboard  portions 
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Figure  14. — Variation  of  suction  requirements  with  lift  coefficient  for  several  porous  area  configurations  on  35°  swept- wing  model;  U— 112  feet 

per  second;  8F=  38°. 


of  the  wing  where  the  initial  separation  occurred.  The 
chordwise  extents  of  porous  area  required  for  the  inboard 
portions  of  the  wing  were  considerably  less  than  those 
predicted  to  be  necessary.  This  difference  is  believed  to  be 
attributable  to  the  spanwise  flow  of  the  boundar}7  la37er  and 
its  effect  on  the  maximum  lift  characteristics  of  the  airfoil 
sections  on  a sweptback  wing;  this  effect  is  discussed  in 
reference  6 for  a 45°.  sweptback  wing. 

The  chordwise  extent  required  on  the  outboard  portion  of 
the  wing  for  a maximum  lift  coefficient  of  2.13  was  about 
twice  that  predicted  to  be  necessary.  It  was  noted  in  a 
previous  section  that  it  was  believed  this  maximum  lift 
coefficient  was  limited  b}7  air-flow  separation  ftom  the 
trailing  edge  of  the  wing  rather  than  from  the  leading  edge; 
hence,  the  chordwise  extent  required  was  greater  than  that 
predicted  to  be  necessary  based  on  considerations  of  leading- 
edge  separation  alone. 

The  variation  cf  the  experimental  flow  coefficient  with  lift 
coefficient  is  compared  in  figure  17  with  the  values  computed 
to  be  necessary.  The  experimental  curve  used  in  this  figure 
is  the  envelope  of  the  curves  of  figure  14  (a)  for  a free-stream 
velocity  of  112  feet  per  second.  Two  curves  are  shewn  for 
the  computed  values;  one  curve  is  for  the  values  computed 


from  the  predicted  chordwise  extents  of  porous  area  and  the 
suction-air  velocities  calculated  to  be  necessary  by  the 
equations  set  forth  by  Thwaites.  The  other  curve  is  12 
times  the  flow  coefficient  computed  to  be  necessary,  and  this 
curve  represents  the  magnitude  of  the  difference  between 
the  computed  and  experimental  results.  Figure  18  is 
presented  to  show  the  spanwise  distribution  of  the  average 
suction-air  velocities  at  a lift  coefficient  of  1.93  and  a free- 
stream  velocity  of  112  feet  per  second.  These  suction-air 
velocities  were  calculated  from  the  measured  external  and 
duct  pressures  at  each  of  the  four  spanwise  measuring  stations. 
Included  in  figure  18  for  comparative  purposes  is  the  spanwise 
distribution,  of  suction-air  velocity  used  for  the  design  of  the 
porous  material.  It  can  be  seen  in  this  figure  that  on  the 
outboard  portion  of  the  wing  the  average  suction-air 
velocities  were  of  the  order  of  those  expected  to  be  necessary 
(based  on  previous  tests  with  area  suction),  values  about  12 
times  those  computed  from  Thwaites'  equations.  However, 
on  the  inboard  portion  of  the  wing,  the  suction-air  velocities 
were  considerabl}7  higher  than  had  been  anticipated.  It  is 
believed  that  these  higher  values  were  caused  by  the  inade- 
quate control  of  the  spanwise  duct  pressure  that  was  available 
on  the  model.  Thus,  it  can  be  surmised  that  it  was  fortuitous 
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Figure  15. — Effect  of  free-stream  velocity  on  the  variation  of  suction  flc 

swept-wing  model;  porous  area 


vv  coefficient  and  duct  pressure  coefficient  with  lift  coefficient  for  35° 
configuration  B,  5^=38°. 


2 y/b 

Figure  16. — Comparison  of  experimentally  minimized  chordwise 
extents  of  porous  areas  with  those  predicted  to  be  necessary;  5P=38°. 

that  the  total  flow  coefficient  was  12  times  the  computed 
value  (fig.  17). 

It  is  also  of  interest  to  compare  the  chordwise  distribution 
of  suction-air  velocity  with  that  used  in  the  design  of  the 
porous  leading  edge.  For  this  purpose,  the  0.85  semispan 
station  was  chosen,  and  the  chordwise  distribution  of  suc- 
tion-air velocity  at  three  flow  coefficients  is  shown  in  figure  19 
for  the  design  lift  coefficient  of  1.93  and  free-stream  velocity 
of  112  feet  per  second.  These  flow  coefficients  represent 
values  above  the  minimum  required,  the  minimum  required, 


Figure  17. — Comparison  of  experimental  and  predicted  flow  coeffi- 
cients for  the  model;  hF  = 38°.  U — 112  feet  per  second. 


and  a value  below  the  minimum  required.  Also  included  in 
this  figure  are  the  lift  coefficients  measured  at  these  three 
flow  coefficients.  It  can  be  seen  from  this  figure  that  a loss 
in  lift  was  encountered  when  the  flow  coefficient  was  reduced 
to  the  point  where  the  suction-air  velocity  near  the  leading 
edge  was  less  than  the  value  used  in  the  design.  It  cannot 
be  determined,  however,  whether  the  suction-air  velocities 
aft  of  the  leading  edge  could  have  been  reduced  by  redesign- 
ing the  porous  material. 
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Figure  18. — Comparison  of  experimental  and  theoretical  ratios  of 
average  suction-air  velocity  to  free-stream  velocity;  Cl  =1.93; 
U = 112  feet  per  second. 


0 .004  .008  .012  .016  .020  .024 


Chordwise  station,  x/c 

Figure  19. — Ratio  of  suction-air  to  free-stream  velocity  at  0.85  semi- 
span station,  computed  from  surface  pressure  distributions;  a=  22. 2°, 
U = 112  feet  per  second,  porous  area  configuration  B,  flap  deflected 
38°. 

FLIGHT  TESTS 

lift  characteristics  of  the  airplane  with  a porous  leading 
edge. — The  lift  characteristics  of  the  test  airplane  with  the 
full-span  porous  leading  edge  are  shown  in  figure  20  for 
conditions  of  maximum  available  suction  flow,  and  for 
suction  off  with  the  porous  surface  open  and  the  ducts 
closed.  Also  included  in  this  figure  for  comparative  purposes 
are  the  results  of  the  wind-tunnel  investigation  for  a similar 


a 


Figure  20. — Comparison  of  flight  results  with  those  obtained  in  the 
wind  tunnel;  porous  area  configuration  B. 

configuration  (porous-area  configuration  B).  It  should  be 
pointed  out  that  the  wind-tunnel  data  have  been  corrected 
to  trimmed  conditions  for  a cenfcer-of-gravity  position  similar 
to  that  of  the  flight  tests.  For  the  flaps-retracted  condition, 
good  agreement  is  obtained  between  the  flight  and  wind- 
tunnel  results,  with  the  flight  installation  providing  a slightly 
higher  value  of  maximum  lift  coefficient.  For  the  flaps- 
down  condition,  the  agreement  is  less  satisfactory,  with  the 
flight  data  showing  lower  lift  throughout  the  angle-of-attack 
range.  This  difference  might  be  explained  partially  by 
differences  in  the  configurations  of  the  wind-tunnel  model 
and  the  F-86  airplane.  The  wind-tunnel  model  had  no 
landing  gear,  but  in  its  place  were  the  model  support  struts; 
in  addition,  the  landing-gear  wells  were  closed.  The 
fuselage  of  the  wind-tunnel  model  bore  no  resemblance  to 
that  of  the  F-SG  airplane;  it  had  a circular  cross  section 
with  a smaller  width  and  a higher  fineness  ratio,  and  the 
wing  of  the  model  was  mounted  on  the  fuselage  center  line 
instead  of  the  low  position.  Flight  tests  with  the  landing 
gear  of  the  airplane  extended  and  retracted  indicated  that 
the  major  portion  of  the  difference  in  lift  at  the  lower  angles- 
of  attack  is  the  result  of  a loss  of  flap  effectiveness  due  to  the 
extended  gear  and  open  gear  wells. 

The  stall  with  suction,  despite  the  extremely  nose-high 
attitude  due  to  angle  of  attack  and  the  relatively  high  engine 
power  required,  was  not  considered  objectionable  by  the 
pilot,  but  a lack  of  stall  warning  was  noted.  Although  the 
stall  was  abrupt,  the  accompanying  roll-off  and  pitch-up 
were  of  a controllable  magnitude.  With  flaps  and  gear 
retracted,  the  stall  was  considered  extremely  mild  and  was 
characterized  by  a slight  pitch-up  and  no  roll-off.  Just  prior 
to  the  stall  with  maximum  suction  power,  tufts  on  the  wing 
surface  indicated  a strong  span  wise  flow  in  the  boundary 
layer  over  the  ailerons.  With  an  increase  in  angle  of  attack, 
the  flow  at  the  outboard  portions  of  the  trailing  edge  ap- 
peared to  separate,  the  area  of  separation  rapidly  spreading 
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Cq  at  CLmax  of  F-86F  airplane  ^ 
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Figure  21. — Variation  of  lift  coefficient  with  angle  of  attack  for 
several  values  of  suction  flow  coefficient;  5F=38°,  porous  area 
configuration  B. 


Figure  22. — Comparison  of  suction  pumping  requirements  in  the 
flight  tests  and  wind-tunnel  tests;  5j?=38°,  porous  area  configura- 
tion B. 


forward  and  inboard  as  the  stall  was  approached.  However, 
it  appeared  that  while  a trailing-edge  type  of  stall  was  im- 
minent, the  final  complete  flow  separation  was  triggered  by 
a disturbance  occurring  at  the  leading  edge  at  about  the 
70-percent  semispan  station.  Based  on  these  observations, 
as  well  as  on  the  wind-tunnel  results  with  a larger  open 
chordwise  extent  of  porous  area,  it  seems  doubtful  that 
further  increases  in  suction  flow  or  refinements  of  the  porous- 
area  configuration  would  produce  large  increases  in  maximum 
lift  coefficient.  In  contrast  to  the  stall  with  area  suction, 
the  pilot  was  not  able  to  define  the  stall  point  of  the  airplane 


leading-edge  high-lift  devices;  5F=38°. 

with  suction  off.  Buffeting  and  lateral  unsteadiness  ap- 
peared at  a speed  corresponding  to  an  angle  of  attack  of 
11°  and  increased  gradualty  with  increasing  angle  of  attack. 
Due  to  the  lack  of  reference  with  which  to  gage  rate  of 
sink,  it  was  not  obvious  to  the  pilot  that  the  airplane  was 
beyond  the  maximum  lift  coefficient  at  angles  of  attack 
above  13°.  With  suction  off,  tufts  indicated  that  flow 
separation  appeared  first  from  the  leading  edge  at  mid- 
semispan and  spread  slowly  outboard  and  inboard. 

The  effects  of  varying  flow  coefficient  upon  the  lift  char- 
acteristics of  the  airplane  with  flaps  deflected  are  shown 
in  figure  21.  With  a reduction  in  flow  coefficient,  the  stalling 
behavior  of  the  airplane  gradually  changed  from  the  abrupt 
stall  exhibited  at  maximum  flow  to  the  mild  type  of  stall 
that  occurred  with  suction  off. 

Suction  requirements  of  porous  leading  edge. — The  vari- 
ations of  flow  coefficient  and  pump  inlet  pressure  co- 
efficient with  angle  of  attack  are  shewn  in  figure  22  for 
porous-area  configuration  B with  the  trailing-edge  flaps  de- 
flected. To  obtain  a further  comparison  of  the  flight-test 
and  wind- tunnel- test  results,  figure  22  also  includes  the  suc- 
tion requirements,  measured  in  the  wind  tunnel  for  porous- 
area  configuration  B with  flaps  deflected,  at  a wing  loading 
of  40  pounds  per  square  foot.  These  suction  requirements 
are  compared  on  the  basis  of  angle  of  attack  rather  than 
lift  coefficient  because  of  the  previously  noted  differences  in 
lift  coefficient.  Comparison  of  the  flight  and  wind-tunnel 
suction  requirements  indicates  a close  agreement  near  the 
maximum  effectiveness  of  the  leading-edge  suction  installa- 
tion; however,  for  angles  of  attack  below  24°,  the  flight 
installation  appeared  to  require  considerably  less  flow  than 
was  required  in  the  wind  tunnel.  The  exact  reason  for  this 
discrepancy  is  not  known;  however,  in  the  flight  tests  there 
was  a better  spanwise  control  of  the  duct  pressure  distribu- 
tion. In  addition,  as  was  noted  previously,  the  minimum 
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suction  requirements  were  not  completeh7  evaluated  in  the 
wind  tunnel  at  angles  of  attack  below  those  for  maximum 
lift  coefficient. 

Comparison  of  lift  characteristics  of  various  leading-edge- 
type  high-lift  devices. — The  lift  characteristics  of  the  F-86A 
airplane  having  the  trailing-edge  flap  deflected  with  a slatted 
leading  edge  extended  and  retracted  and  with  a leading 
edge  modified  to  include  increased  camber  and  leading-edge 
radius  are  compared  in  figure  23  with  those  of  the  F-86F 
airplane  having  the  porous  leading  edge.  Although  slight 
differences  were  obtained  in  the  lifts  measured  at  angles  of 
attack  below  the  respective  maximum  lift  coefficients,  it  is 
felt  that  a comparison  of  the  maximum  lift  coefficients  is 
indicative  of  the  relative  lift  capabilities  of  the  various 
leading-edge  devices.  These  maximum  lift  coefficients,  CLmaxj 
are  compared  in  the  following  table  along  with  the  pilot's 
opinions  of  the  stalling  characteristics  of  each  device: 


Configuration 

Porous  leading  edge,  suction 
on. 

Cambered  leading  edge 

Normal  leading  edge,  slats 
extended. 

Normal  leading  edge,  slats 
closed. 

Porous  leading  edge,  suction 
off. 


C Lmax  Stalling  characteristics 

1.  82  Controllable,  but  no  stall 
warning. 

1.  58  Not  controllable  and  no  stall 
warning. 

1.  36  Controllable  and  adequate 
stall  warning. 

1.  27  Controllable  and  adequate 
stall  warning. 

1.  08  Controllable  and  adequate 
stall  warning. 


It  is  evident  that  the  area-suction  leading  edge  is  a con- 
siderably more  effective  means  of  increasing  the  maximum 
lift  of  a wing  than  the  other  high-lift  devices.  It  can  also 
be  seen  that  there  was  a reduction  in  the  maximum  lift 
coefficient  when  the  normal  leading  edge  (slats  closed)  was 
replaced  b}7  the  porous  leading  edge  and  no  suction  was 
applied.  A similar  loss  was  measured  in  the  wind-tunnel  tests 
and  was  attributed  to  circulation  of  air  through  the  porous 
material. 

Landing  and  take-off  performance. — The  effects  of  the 
porous  leading-edge  installation  upon  the  landing  and  take- 
off characteristics  of  the  F-86F  airplane  are  reported  here 
only7  in  terms  of  a pilot's  preliminary  evaluation;  no  precise 
measurements  of  speeds  or  distances  were  taken.  'The 
performances  quoted  refer  to  the  F-86  A and  F-86F  airplanes 
without  external  stores  at  normal  take-off  and  landing 
weights.  This  evaluation  is  subject  to  the  following  factors 
which  apply  to  the  F-86  airplane  as  a type:  (1)  The  airplane 
is  limited  to  a maximum  ground  angle  of  attack  of  about  15° 
and  has  no  protective  tail  bumper,  and  (2)  at  the  highest 
angles  of  attack  which  were  attainable  in  the  landing  ap- 
proach with  the  suction  equipment,  visibility  was  ob- 
jectionabty  limited. 

The  take-off  characteristics  of  the  F-86F  airplane  with 
the  porous  leading-edge  installation  were  considered  veiy 
similar  to  those  of  the  normal  F-86A  or  F-86F  with  slatted 
leading  edge.  At  normal  gross  weight  for  take-off,  the  nose 
wheel  lifted  off  at  about  90  knots,  indicated  airspeed,  and 
the  airplane  became  airborne  at  about  105  knots.  After 
take-off,  however,  an  extremety  nose-high  attitude  could  be 
attained  which  resulted  in  a steep  angle  of  climb.  At  a climb 
speed  of  110  knots,  flaps  and  gear  up,  under  no- wind  condi- 
tions, an  altitude  of  1,000  feet  could  be  easily  attained  before 
reaching  the  end  of  an  8,000-foot  runwa}7. 


The  main  advantage  of  the  high  maximum  lift  due  to 
suction  in  the  landing  approach  was  the  increased  ability7  to 
maneuver;  however,  the  high  engine  speed  required  to  main- 
tain adequate  suction  (about  70  percent  of  the  maximum) 
made  it  difficult  to  lose  altitude  and  still  approach  at  a low 
airspeed.  The  best  approach  speed  for  a normal  descending 
type  of  approach  seemed  to  be  112  knots.  For  a power-on, 
carrier-type  approach,  a favorable  speed  was  105  knots. 
Comparable  speeds  for  the  F-86A  or  F-86F  airplane  with 
slats  are  about  120  and  115  knots,  respectivel}7.  The  touch- 
down speed  with  suction  applied  was  about  104  knots  and 
was  limited  by  poor  visibility  and  a fear  of  dragging  the  tail 
pipe.  It  is  obvious  that  the  reduction  in  staffing  speed 
afforded  by  this  leading-edge-suction  installation  cannot  be 
fully  utilized  on  this  airplane  to  decrease  the  landing  speed. 

High-speed  performance. — Several  flights  were  made  at 
altitudes  up  to  35,000  feet  and  speeds  up  to  those  corre- 
sponding to  a Mach  number  of  0.9  in  order  to  check  the 
effects  of  the  suction  equipment  and  porous  leading  edge 
under  these  conditions.  Determination  of  the  effects  of  the 
porous  leading  edge  on  the  high-speed  drag  of  the  airplane 
was  made  difficult  by  the  fact  that  the  contribution  of  drag 
from  the  pump  pod  was  unknown  and  apparently  varied 
with  operation  of  the  suction  equipment.  Therefore,  drag 
measurements  were  obtained  with  the  porous  leading  edge, 
suction  on  and  suction  off,  and  with  a production  leading 
edge  installed,  and  the  pump  operative  and  inoperative. 
The  results  of  these  tests  indicated  that  flow  through  the 
porous  leading  edge  had  little  effect  on  the  high-speed  flight 
drag  of  the  test  airplane. 

A check  of  the  buffeting  characteristics  of  the  airplane  in 
turns  at  35,000  feet  revealed  no  measurable  change  in  the 
buffet  boundary  due  to  the  porous  leading  edge,  suction  on 
or  off,  from  that  of  an  F-86  airplane  with  a slatted  leading 
edge.  At  Mach  numbers  from  0.60  to  0.80  and  at  lift 
coefficients  above  the  buffet  boundary,  there  was  some 
evidence  of  an  increase  in  buffet  amplitude  with  the  suction 
equipment  operating  at  maximum  power.  A low-frequency 
buffeting  (7  to  8 cycles  per  second)  accompanied  an  apparent 
stalling  of  the  pump  and  surging  of  the  static  pressure  in  the 
duct  which  resulted  in  intermittent  flow  separation  on  the 
wing.  A similar  condition  could  be  found  in  turns  at  low 
altitudes  at  indicated  airspeeds  of  200  to  300  knots.  This 
phenomenon  has  not  been  fully  explained;  however,  it  is  not 
considered  particularly  significant  since  the  conditions  are 
well  beyond  the  design  operating  range  of  the  pumping 
equipment. 

Serviceability  of  the  porous  leading  edge. — During  the 
early  tests  with  the  porous  leading  edge,  disappointingh7  low 
values  of  maximum  lift  coefficient  were  obtained.  An 
examination  of  the  behavior  of  tufts  on  the  wing  showed 
that  the  stall  was  being  precipitated  by  a premature  localized 
flow  separation  which  appeared  immediately  behind  the 
juncture  of  the  two  outer  porous  panels  on  the  right  wing. 
Yawing  the  airplane  to  the  right  duplicated  this  condition  on 
the  left  wing.  Removal  of  portions  of  the  nose  ribs  at  the 
junctures  of  the  leading-edge  panels,  effectively  eliminating 
discontinuities  in  the  porous  area  which  were  about  % of  an 
inch  in  width,  resulted  in  an  increase  in  maximum  lift 
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coefficient  from  1.45  to  1.S2.  In  contrast  to  the  sensitivity 
of  the  installation  to  small  areas  of  reduced  porosit}7  was  its 
apparent  insensitivity  to  wing  surface  condition  near  the 
leading  edge.  In  the  original  condition,  numerous  large 
defects  in  contour  existed  in  the  modified  portion  of  the 
leading  edge..  During  the  course  of  the  tests,  a major 
portion  of  the  defects  was  removed  by  refairing  the  surface 
immediately  afLof  the  porous  area;  however,  no  changes  in 
the  aerodynamic  characteristics  of  the  wing  were  noted. 

One  flight  was:  devoted  to  a determination  of  the  effects 
of  rain  on  the  operation  of  the  suction  equipment  and  upon 
the  lift  of  the  wing.  A series  of  stalls  made  in  moderate  to 
heavy  rain  revealed  no  significant  effects  on  either  the  lift 
coefficient  for  the  stall  or  the  power  required.  Unfortunately, 
these  flights  were  made  early  in  the  program,  before  the 
highest  lifts  were  being  obtained,  so  any  small  effects  of  rain 
might  have  been  masked. 

After  approximate^7  six  months  of  operation  of  the  aircraft 
(60  hours  of  flight),  flow-quantity  and  pressure  measurements 
revealed  no  evidence  of  decreasing  porosity  of  the  leading- 
edge  material.  Other  than  covering  the  leading  edges 
when  the  airplane  was  inactive,  little  special  attention  was 
given  to  their  maintenance. 

CONCLUDING  REMARKS 

The  results  of  the  wind-tunnel  and  flight  tests  of  a 35° 
sweptback  wing  airplane  having  area  suction  applied  to 
the  leading  edge  of  the  wing  showed  that  the  use  of  area 
suction  increased  the  maximum  lift  coefficient  more  than 
50  percent.  .Although  the  maximum  lift  coefficients  were 
obtained  with  relatively  low  flow  coefficients,  relatively 
high  pumping  pressure  ratios  were  required.  Good  agreement 
was  obtained  in  the  comparison  of  the  wind-tunnel  results 
with  those  measured  in  flight  . The  increase  in  the  maximum 
lift  coefficient  obtained  with  area  suction  applied  to  the  lead- 
ing edge  of  the  wing  of  the  airplane  was  greater  than  that 
obtained  by  the  use  of  a slatted  leading  edge  or  a leading  edge 
having  camber  and  increased  leading-edge  radius.  Further, 
there  appeared  to  be  no  detrimental  effects  of  the  area-suction 
installation  on  the  operation  or  performance  of  the  airplane. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  March  2 , 1956 
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TABLE  I.— DIMENSIONS  OF  THE  TEST  VEHICLES 


Wing 

Total  area,  sq  ft 287.9 

Span,  ft 37.1 

Aspect  ratio.. - 4.79 

Taper  ratio,. -_- 0.51 

Mean  aerodynamic  chord  (wing  station  98.7  in.),  c ft 8. 1 

Dihedral  angle,  deg 3.0 

Sweepback  of  leading  edge,  deg 37. 7 

S weepback  of  0.25-chord  line,  deg 35. 0 

Aerodynamic  and  geometric  twist,  deg 2. 0 

Root  airfoil  section  (normal  to  0.25-chord  line) NACA  0012-64 

(modified) 

Tip  airfoil  section  (normal  to  0.25-chord  line) NACA  0011-64 

(modified) 

Horizontal  tail 

Total  area,  sq  ft 35.0 

Span,  ft 12.7 

Aspect  ratio 4.65 

Taper  ratio 0.45 

Dihedral  angle,  deg 10.0 

Mean  aerodynamic  chord  (horizontal-tail  station  33.54  in.)  ft 2.9 

Sweepback  of  0.25-chord  line,  deg 34. 6 

Airfoil  section  (parallel  to  center  line) NACA  0010-64 

Vertical  tail  of  the  F-8G  airplanes 

Total  area,  sq  ft - 34.4 

Span, ft 7.5 

Aspect  ratio 1.74 

Taper  ratio... - 0.36 

Sweepback  of  0.25-chord  line,  deg 35. 0 

Distance  between  wing  and  horizontal  tail  ft 18. 1 

4 4 


TABLE  II.— COORDINATES  OF  THE  WING  AIRFOIL  SEC- 
TIONS NORMAL  TO  THE  WING  QUARTER-CHORD  LINE 
AT  TWO  SPAN  STATIONS 


(a)  Coordinates  for  normal  F-86  wing 


Section  at  0.467  semispan 

Section  at  0.857  semispan 

Chord- 

z, 

in. 

Chord- 

2, 

in. 

wise 

wise 

station 

station 

in. 

Upper 

Lower 

in. 

Upper 

Lower 

surface 

surface 

surface 

surface 

0 

0.  231 

0 

-.098 

.119 

.738 

-6. 307 

.089 

.278 

-0. 464 

.239 

.943 

-.516 

.177 

.420 

-.605 

.398 

1. 127 

-.698 

.295 

.562 

-.739 

.597 

1.320 

-.895 

.443 

.701 

-.879 

.996 

1.607 

-1. 196 

.738 

.908 

-1.089 

1.992 

2. 104 

-1.703 

1.476 

1.273 

-1.437 

3. 984 

2.  715 

-2.  358 

2.  952 

1.730 

-1.878 

5.  976 

3.121 

-2.811 

4.428 

2.  046 

-2. 176 

7.  968 

3.428 

-3. 161 

5.  903 

2.  290 

-2. 401 

11.952 

3.863 

-3.  687 

8.855 

2. 648 

-2.  722 

15.  936 

4. 157 

-4. 064 

11.806 

2.911 

-2. 944 

19. 920 

4.357 

-4.361 

14.758 

3. 104 

-3. 102 

23. 904 

4.480 

-4.  573 

17.710 

3.  244 

-3.200 

27.888 

4.  533 

-4.  719 

20.  661 

3.  333 

-3.250 

31.872 

4.  525 

-4. 800 

23.  613 

3.  380 

-3.256 

35. 856 

4.444 

-4.812 

26.  564 

3.  373 

-3.  213 

39.  840 

4.  299 

-4.  758 

29.516 

3.  322 

-3. 126 

43.  825 

4.081 

-4.638 

32. 467 

3.  219 

-2. 989 

47.  809 

3.808 

-4.  452 

35.419 

3.  074 

-2.803 

51.  793 

3.470 

-4.  202 

38.  370 

2.885 

-2.  574 

55.  777 

3.  066 

-3. 891 

41.322 

2. 650 

-2. 302 

59.  761 

2.603 

-3.  521 

44.  273 

2. 374 

-1.986 

a 63.  745 

2. 079 

-3.  089 

a 47.  225 

2. 054 

-1.625 

83.681 

-.740 

63.  031 

.321 

Leading  edge  radius: 

Leading  edge  radius: 

1.202;  center  at 

0.822;  center  at 

1.201,  0.216 

0.822, 

-0.093 

» Straight  lines  to  trailing  edge. 
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TABLE  II.— COORDINATES  OF  THE  WING  AIRFOIL  SEC- 
TIONS NORMAL  TO  THE  WING  QUARTER-CHORD  LINE 
AT  TWO  SPAN  STATIONS 


(b)  Coordinates  for  the  cambered  leading  edge  of  the  F-S6A  airplane 


Section  at  0.467  semispan 

Section  at  0.857  semispan 

Chord- 

z, 

in. 

Chord- 

z, 

in. 

wise 

wise 

station 

station 

in. 

Upper 

Lower 

in. 

Upper 

Lower 

surface 

surface 

surface 

surface 

-1.692 

-1.445 

-1.250 

-1.359 

-1.273 

-.348 

-2. 552 

-.934 

-.495 

-2.  192 

-.855 

.222 

-2. 898 

-.619 

-.099 

-2.  454 

-.436 

.629 

-3.  114 

-.304 

.197 

-2.609 

-.018 

.969 

-3.  272 

.011 

.456 

-2.  701 

.400 

1.266 

-3. 391 

.326 

.675 

-2.  769 

.819 

1.527 

-3. 473 

.641 

.867 

-2.  796 

1.237 

1.760 

-3.  523 

.956 

1.040 

-2.813 

1.655 

1.952 

-3.  549 

1.  272 

1.189 

-2.821 

1.992 

2.  104 

1.476 

1.273 

2.  074 

—3.  552 

1.587 

-2.813 

2.911 

—3.  531 

2.217 

-2.  787 

4. 166 

—3. 481 

3. 163 

-2.  742 

6.258 

-3.472 

4.  739 

—2.  709 

8. 350 

-3.542 

6.314 

-2.  712 

10. 442 

—3.  657 

7.  890 

-2.  751 

14.  626 

—3.  956 

9.  466 

—2. 808 

15. 936 

—4.  064 

11.  042 

-2. 885 

11.806 

-2.  944 

Leading  edge  radius: 

Leading  edge  radius: 

1.674;  center  at 

1.261;  center  at 

-0.018,  -1.445 

0.011,  ■ 

-1.359 

TABLE  III.— LOCATION  OF  SURFACE  PRESSURE  ORIFICES 
ON  WIND-TUNNEL  MODEL 

[Position  of  orifices,  fraction  of  streamwise  chord] 


025  \ 

station 

0.45  ^ station 
~ 

6 b 

0.65  - and  0.85  - station 

Upper 

Lower 

Upper 

Lower 

Upper 

Lower 

surface 

surface 

surface 

surface 

surface 

surface 

0 

0 

0 

.0025 

0. 0025 

.0025 

0.0025 

.0025 

0. 0025 

.005 

.005 

.005 

.005 

.005 

.005 

.01 

.01 

.01 

.01 

.01 

.01 

.015 

.015 

.015 

.015 

.015 

.015 

.02 

.02 

.02 

.02 

.02 

.02 

.025 

.025 

.025 

.025 

.025 

.025 

.035 

.035 

.035 

.035 

.035 

.035 

.05 

.05 

.05 

.05 

.05 

.05 

.075 

.075 

.075 

.075 

.075 

.075  ; 

.1 

. 1 

.1 

.1 

.1 

.1 

.15 

.15 

.15 

.15 

.15 

.15 

.2 

.2 

.2 

.2 

.2 

.2 

.3 

.3 

.3 

.3 

.3 

.3 

.4 

.4 

.4 

.4 

.4 

.4 

.5 

.5 

.5 

.5 

.5 

.5 

.6 

.6 

.6 

.6 

.6 

.6 

.7 

.7 

.7 

. 7 

.7 

.7 

.765 

.8 

.74 

.82 

.8 

.8 

.78 

.915 

.755 

.98 

.9 

.9 

.81 

.98 

.788 

.975 

.975 

.92 

.85 

.98 

.98 

TABLE  IV— CONFIGURATIONS  OF  THE  WIND-TUNNEL 
MODEL  TESTED  AND  THE  TEST  CONDITIONS 


Porous-leading-edge  configuration 

deg 

Suction  or 
no  suction 

Ut  ft/sec 

TV/S 
lb/sq  ft 

Sealed. 

0 

112 

varied 

varied 

Sealed. __  

38 

112 

B,  root  valves  closed . . 

38 

112 

A'. 

38 

112 

B 

38 

suction 

112 

varied 

B 

38 

suction 

112  to  162 

30 

B 

38 

suction.. 

suction 

suction 

.029  to  180 
145  to  ISO 
112 

40 

50 

varied 

B 

38 

C 

38 

D 

38 

suction 

112 

varied 

A 

0 

suction 

112 

varied 

B 

o 

suction 

112 

varied 

TABLE  V.— POWER  REQUIREMENTS  FOR  35°  SWEPT-WING 
MODEL  WITH  POROUS-AREA  CONFIGURATION  B AND 
FLAPS  DEFLECTED  38° 


Cl 

Ut  ft/sec 

Measured 
power 
input,  hp 

Suction 

power, 

hp 

Pump 

loss, 

hp 

Duct 

loss, 

hp 

TV  ing  loading,  30  lb/sq  ft 

1.99 

112 

0. 00109 

56 

36 

17 

3 

1.85 

116 

.00096 

44 

30 

12 

2 

1.72 

121 

.00090 

35 

23 

10 

2 

1.59 

126 

.00080 

30 

20 

8 

2 

Wing  loading,  40  lb/sq  ft 

1.99 

129 

.00108 

81 

47 

27 

7 

1.85 

134 

.00095 

70 

41 

23 

6 

1.72 

140 

.00087 

57 

35 

17 

5 

1.60 

145 

.00079 

49 

30 

14 

5 

Wing  loading,  50  lb/sq  ft 

1.99 

145 

.00111 

160 

80 

63 

17 
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INTERACTION  OF  A FREE  FLAME  FRONT  WITH  A TURBULENCE  FIELD 1 

By  Maurice  Tucker 


SUMMARY 

Small-perturbation  spectral-analysis  techniques  are  used  to 
obtain  the  root-mean-square  flame-generated  turbulence  veloci- 
ties and  the  attenuating  pressure  fluctuations  stemming  from 
interaction  of  a constant-pressure  flame  front  with  a field  of 
isotropic  turbulence  in  the  absence  of  turbulence  decay  processes. 

The  anisotropic  flame-generated  turbulence  velocities  are 
found  to  be  of  about  the  same  intensity  as  those  of  the  incident 
isotropic  turbulence , the  lateral  turbulence  velocities  being  always 
lower , but  the  longitudinal  velocity  is  somewhat  increased  for 
flame-temperature  ratios  over  7 . The  small-perturbation  anal- 
ysis indicates  that  the  incremental  turbulent  flame  speed  is  a 
second-order  quantity  composed  of  two  parts . One  part,  repre- 
sents the  root-mean-square  area  of  the  turbulent  flame  front; 
the  other  represents  the  contribution  of  the  transverse  velocity 
fluctuations  resulting  from  the  flame-front  distortion.  Directly 
at  the  flame  front , the  noise-pressure  levels  of  the  pressure 
fluctuations  are  fairly  intense  (59  to  81  db  referred  to  0.0002 
dyne/sq  cm)  even  at  moderate  approach-flow  turbulence  inten- 
sities. 

INTRODUCTION 

Development  of  high-output  jet  engines  has  stimulated 
interest  in  the  role  played  by  turbulence  in  combustion 
phenomena.  In  the  earliest  studies  of  flame-turbulence 
interaction,  Damkohler  (ref.  1)  and  Shelkin  (ref.  2)  utilized 
mixing-length  theories  of  turbulence  to  obtain  semiquanti- 
tat-ive  relations  for  predicting  flame  speeds.  Damkohler 
introduced  the  concept  that  turbulence  of  a scale  large 
relative  to  the  flame-front  thickness  increases  the  average 
flame  speed  by  increasing  the  instantaneous  flame  surface 
area.  The  relations  of  references  1 and  2 were  not  confirmed 
by  the  experimental  values  of  turbulent  flame  speed  in 
Bunsen  burners  obtained  in  reference  3.  Experiments  on 
flames  stabilized  in  channels  (ref.  4)  suggested  that  approach- 
flow  turbulence  had  little  effect  on  burning  velocit}7  and  that 
the  disturbances  affecting  turbulent  flame  speed  were 
primaril}7  flame-generated.  A similar  conclusion  was  drawn 
in  reference  5. 

In  an  attempt  to  obtain  agreement  between  theoiy  and 
experiment,  Ivarlovitz,  Denniston,  and  Wells  (ref.  6)  and 
Scurlock  and  Grover  (ref.  7)  have  incorporated  the  concept 
of  flame-generated  disturbances  in  their  recent  theories  of 

1 Supersedes  NACA  TN  3407,  “Interaction  of  a Free  Flame  Front  with  a Turbulence  Field," 


turbulent  flame  speed  which  utilize  G.  I.  Taylor’s  one- 
dimensional  theoiy  of  diffusion  by  continuous  movements. 
The  somewhat  arbitrary  assumption  is  made  in  the  analyses 
of  both  references  6 and  7 that  these  flame-generated  dis- 
turbances constitute  additional  turbulence  only.  In  refer- 
ence 6 the  energ}r  of  the  flame-generated  turbulence  is  taken 
as  the  difference  between  the  kinetic  energy  of  the  burned 
gas  in  the  absence  of  turbulence  and  the  kinetic  energy 
obtained  by  using  the  average  velocity  of  the  burned  gas 
normal  to  the  turbulent  flame  front.  In  reference  7 the 
flame-generated  turbulence  energy  is  obtained  from  a 
momentum  balance  of  unburned  and  burned  gases  before  and 
after  an  assumed  mixing  of  the  burned  gas. 

The  data  obtained  in  reference  8 on  pentane-air  flames 
baffle-stabilized  in  a rectangular  duct  suggest  that  the 
methods  of  references  6 and  7 considerably  overestimate  the 
turbulence  generated  by  flame-turbulence  interaction.  Apart 
from  the  question  of  validit}7  of  such  methods  of  calculating 
flame-generated  turbulence,  objections  have  been  raised 
(ref.  9)  to  calculations  of  flame  speed  made  on  the  basis  of  a 
hypothetical  upstream  turbulence  compounded  from 
approach-stream  turbulence  and  turbulence  generated  down- 
stream of  the  flame  as  was  done  in  reference  7 and  implied 
in  reference  6. 

The  present  analysis  is  primarily  concerned  with  the 
turbulence  velocities  and  other  fluctuation  quantities  associ- 
ated with  the  linearized  interaction  of  a free  flame  (not  influ- 
enced by  bounding  walls)  with  turbulence  present  in  the 
combustible  mixture.  Such  turbulence  will  be  referred  to  as 
approach-flow  turbulence.  The  flame  is  treated  as  a dis- 
continuity specified  by  the  appropriate  fundamental  (lam- 
inar) flame  speed  and  flame  temperature.  The  interaction 
of  such  a flame  front  with  a transverse  plane  wave,  that  is, 
a vorticity  wave  or  shear  wave,  of  arbitrary  inclination  rela- 
tive to  the  front  is  first  analyzed.  The  effects  of  an  entire 
spectrum  of  transverse  plane  waves  constituting  a weak  field 
of  turbulence  are  then  developed  from  the  single-wave 
results.  The  statistical  or  root-mean-square  fluctuation 
quantities  describing  the  pressure  fields  and  the  anisotropic 
flame-generated  turbulence  resulting  from  interaction  of  the 
flame  front  with  isotropic  approach-flow  turbulence  are 
obtained  for  the  limiting  case  of  constant-pressure  combus- 
tion. Some  discussions  of  turbulent  flame  speed  and  of 
combustion  noise  are  also  presented. 

by  Maurice  Tucker,  1955. 
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FLAME— TURBULENCE  INTERACTION  PROCESS 

Turbulent  motion  may  be  regarded  as  a Fourier  super- 
position of  a very  large  number  of  different-sized  and 
randomly  oriented  component  plane-wave  motions.  The 
customary  assumptions  concerning  the  turbulence  (see  ref- 
10)  are  also  made  in  the  present  analysis,  namely,  that 
turbulent  decay  effects  are  negligible  and  that  the  density 
fluctuations  associated  with  the  turbulence  are  also  small 
enough  to  be  neglected.  The  first  assumption,  which 
implies  inviscid  flow  and  very  small  turbulent  velocity 
fluctuations,  permits  linear  superposition  of  the  component 
waves.  With  the  second  assumption,  the  continuity  equa- 
tion requires  that  these  Fourier  waves  be  transverse  plane, 
waves,  that  is,  vorticity  or  shear  waves.  For  each  of  these 
waves  the  local  velocity  vector  A is  perpendicular  to  the 
vector  k , normal  to  the  wave  front.  The  vector  k is  termed 
the  wave-number  vector;  its  magnitude  k is  termed  the  wave 
number,  which  is  defined  as  2w  divided  by  the  wavelength. 
All  symbols  are  defined  in  appendix  A.  Any  one  of  the 
parallel  planes  containing  both  the  local  velocity  vector  A 
and  the  wave-number  vector  k is  called  the  “polarization 
plane.” 

Because  of  the  assumed  linear  superposition  of  the  com- 
ponent waves,  the  complete  interaction  results  can  be  ob- 
tained from  the  study  of  the  interaction  of  a plane  flame 
front  with  a single-component  transverse  wave  of  the  turbu- 
lence field.  For  simplicity,  this  typical  vorticity  wave  will 
first  be  taken  as  a two-dimensional  wave.  Generalization 
to  the  three-dimensional  case  will  be  made  later.  The  con- 
figuration considered  is  shown  in  sketch  (a) : 


A flame  front  moves  with  mean  velocity  UT  into  an  inviscid 
combustible  mixture.  This  mixture  is  at  rest,  but  contains 
a vorticity  wave  with  velocity  vector  A (components  uS)C 
and  v's,c)  and  with  wave-number  vector  k inclined  at  an  angle 
ip  to  the  positive  direction  of  the  xc-axis.  In  the  absence  of 
any  perturbation  interaction,  the  plane  front  propagates  into 
the  combustible  mixture  with  velocity  U (the  laminar  flame 
speed).  As  indicated  in  appendix  B,  the  motion  of  the 
burned  gas,  whose  velocity  V is  constant,  is  away  from  the 


flame  front.  The  flame  front  is  assumed  to  be  of  infinite 
extent  in  directions  transverse  to  the  direction  of  the  xc-axis. 

A weak  inviscid  disturbance  field  may  be  resolved  into  a 
stationaiy  component  and  a moving  component,  both  rela- 
tive to  the  mean  local  flow  (refs.  11  and  12).  The  moving 
component  is  an  irrotational  isentropic  pressure-velocity  dis- 
turbance. The  stationary  component,  which  is  convected 
by  the  mean  local  flow,  is  a constant-pressure  disturbance 
containing  any  vorticity  fluctuations  and  entropy  fluctua- 
tions present  in  the  disturbance  field.  Thus,  the  interaction 
of  the  flame  front  with  the  vorticity  wave  would  be  expected 
to  generate  both  an  irrotational  disturbance  with  velocity 
components  uPibj  vP)b  and  a rotational  disturbance  with 
velocity  components  u'Sjb,  v's,b  in  the  burned  gas,  and  an 
irrotational  disturbance  with  velocity  components  uV)C)  v'Ptc 
in  the  combustible  mixture.  The  resulting  velocity  fluctua- 
tions, which  include  both  the  irrotational  and  rotational  dis- 
turbances, are  designated  as  uc,  v'c  and  ub,  vb  for  the  combus- 
tible mixture  and  the  burned  gas,  respectively.  The  flame 
front  is  displaced  by  an  amount  £'  (; y,t ) from  its  mean  or 
unperturbed  position  as  a result  of  the  interaction. 

The  diagrams  of  figure  1,  which  are  similar  to  those  used  in 
reference  12,  may  prove  helpful  in  visualizing  the  interaction 
process.  Suppose  that  at  some  instant  tx  the  flame  intersects 
a front  of  the  vorticity  wave  at  point  Px  of  figure  1(a).  At 
a later  tune  the  flame  has  moved  a distance  Ubt  and 

now  intersects  the  stationary  vorticity  wave  front  at  point 
P2.  A vorticity  wave  with  front  parallel  to  line  QP2  is  then 
produced  in  the  burned  gas.  A cylindrical  sound  wave  is 
generated  at  point  Px  at  time  tx  and  propagates  at  speed  ab 
into  the  burned  gas  while  being  convected  with  velocity  — V. 
Another  cylindrical  wave  is  generated  at  point  Px  at  time 
tx  and  propagates  into  the  combustible  mixture  with  speed 
ac.  The  cylindrical  wave  fronts  thus  generated  form  enve- 
lopes (Mach  lines)  in  both  the  combustible  mixture  and  the 
burned  gas,  which  constitute  plane  sound  waves. 

For  the  wave-inclination  angle  <p  shown  in  figure  1(b), 
an  envelope  cannot  be  formed  on  the  burned-gas  side  of 
the  flame  front.  The  cylindrical  sound  waves  thus 
expand  independently  and  are  thereby  attenuated.  On  the 
combustible-mixture  side  of  the  front,  the  cylindrical  sound 
waves  meet  at  the  common  tangent  poin  t P2.  For  inclination 
angles  less  than  the  critical  angle  shown,  attenuating  pressure 
waves  are  also  produced  in  the  combustible  mixture  until 
another  critical  angle  180°—^  is  reached.  Below  this 
second  critical  angle,  plane  sound  waves  are  again  obtained. 
These  critical  angles  may  be  obtained  from  the  geometry  of 

figure  1(b).  For  small  flame  Mach  numbers  where  M==—  > 

ac 

sin-1  M 

<Per,t= sin  1 — 
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As  the  flame  Mach  number  M decreases,  attenuating  waves 
are  produced  for  a wider  range  of  inclination  angle.  In  the 
limiting  case  of  very  slow  flow  (constant-pressure  combus- 
tion),2 only  attenuating  pressure  waves  appear  in  combina- 
tion with  the  vorticity  waves  if  0°<^<1S0°.  Quantities 
associated  with  the  pressure  wave  vanish  when  <p=0°  or  180° 
because  the  incident  vorticity  wave  then  passes  through  the 
combustion  front  without  distorting  the  front. 

, --Refracted  plane 


(b) 


(a)  Interaction  for  wave-number  vector  inclinations  generating  plane 

sound  waves. 

(b)  Interaction  for  wave-number  vector  inclinations  generating  non- 

coalescing  cylindrical  sound  waves. 

Figure  1. — Wave  formation  arising  from  interaction  of  flame  front 
with  vorticity  wave. 

SINGLE- WAVE  ANALYSIS 

TWO-DIMENSIONAL  FORMULATION 

The  interaction  process  described  in  the  prfcceding  section 
is  now  formulated  analytically  for  the  passage  of  a combus- 
tion front  through  a single  weak  two-dimensional  vorticity 


wave  of  constant  density  inclined  to  the  flame  front.  The 
case  of  a vorticity  wave  in  three  dimensions  is  considered 
later. 

The  combustion  front  is  assumed  to  be  completely  speci- 
fied by  its  laminar  flame  velocity  U and  the  ratio  of  stagna- 
tion temperatures  r in  the  burned  gas  and  in  the  combustible 
mixture,  respectively.  In  the  absence  of  any  perturbations, 
the  equations  for  conservation  of  momentum,  energy,  and 
mass-flow  rate,  respectively,  as  written  for  a reference  frame 
moving  with  the  flame  front,  are 


Pc+PcU*=2>>+p»(v-vy2 
r Tc+\  C2)=^  Tb+\  (u-vy  ► 

PcU=pb(U—  V)  j 


(1) 


where  subscripts  c and  b designate  stations  in  the  combustible 
mixture  and  in  the  burned  gas,  respectively.  For  simplicity 
it  has  been  assumed  that  the  combustion  process  does  not 
entail  a change  in  the  number  of  moles  per  unit  mass  of  gas; 
also,  differences  in  the  ratio  of  specific  heats  for  the  burned 
and  unburned  gas  are  ignored.  The  quantity  (r— 1)  is  then 
indicative  of  the  increase  in  stagnation  enthalpy  or  heat 
release. 

For  the  interaction  problem  the  resulting  flame-front 
distortion  must  be  considered  in  addition  to  the 

generated  disturbances  previously  mentioned.  Thus,  both 

the  flame-front  perturbation  velocity  = and  the  instan- 


taneous  flame-front  slope  5^=^  will  appear  in  the  equations 


of  motion.  The  conservation  equations  may  still  be  applied 
in  a coordinate  system  moving  instantaneously  with  the 
distorted  flame  front  since  extreme  gradients  occur  across 
the  front  and  small  disturbances  are  postulated.  The 
various  perturbation  quantities  (designated  by  primes)  are 
assumed  to  have  zero  space  or  time  averages.  The  flame 
speed  UT  (see  sketch  (b))  will  thus  include  any  time- 


independent  contributions  arising  from  the  perturbations. 
Conservation  of  normal  and  tangential  momentum,  energy, 
and  mass-flow  rate  provides  the  following  relations: 


* It  can  be  shown  that  the  static- pressure  ratio  across  a flame  front  is  given  by 
pbfpe=l-y(T-\)Mt+  .... 


602 


REPORT  1277 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


(^+^)[i+(?;)2]+(Pc+p;)[(c/r+?;-<)2+(^)2(?;)2+2(£/r+?;-<)^;] 

=(^+^)[i+«;)2H-(p6+p;)[(^r-Fr+^-ii;)2+wm)2+2(c/r-Fr+e;-w;)»u;] 

<Pt+&-o&-vc=(Pt-vt+ 

(t+tO  [^ZI  (Tc+T'c)+\  (Ur+s'-u'y+l  (<02]=^  (Tb+T'b)+\  (UT-VT+S'-u'by+\  «)2 

(Pc-\-pc)(UT-\-^t— ■U,c-\-v'c£,y)  = (pt,+  p'b)(U  T—  VT-\-%t  — ^6+^Ui) 


(2a) 

(2b) 

(2C) 

(2d) 


Small-perturbation  techniques  are  used  to  make  the  interaction  problem  amenable  to  analysis.  Then,  if  the  velocity 
perturbations  are  assumed  to  be  small  relative  to  the  flame  speed  UT  and  the  flame-front  slope  ^ is  also  assumed  to  be 
very  small  so  that  terms  of  the  second  order  in  the  fluctuation  quantities  may  be  neglected,  application  of  the  linear- 
V’_P  .2” 


ized  state  equation  — = — | — ™ and  utilization  of  equations  (1)  permit  the  following  boundary  conditions  at  the  flame 
V P 1 


P P 

front  to  be  obtained  from  equations  (2): 


Bl+Bi  tl+B2 

lh  Pb 


Pb 


V 

Vc  , 771  yf 

u=u 


. D Pc  I D 


——~+Ki  ^j^=K2  &+K3t'+K< 

Pb  Pb  U pc 


U 


Pb  t n £t  M b %t  Uc  | 1 Pc 
Pt  U ” U +7  Pc 


where 


K‘-C-»1S  (V>  k ■ -71 ' | *■  -(c¥)  <*-»  S’ * 

a2  =yRgTc,  a\=yRgTb 


u „-n 

f'  £l_  U 


ZP 

a\ 


(3a) 

(3b) 

(3c) 

(3d) 

(4) 


It  has  also  been  assumed  that  the  flow  upstream  of  the 
flame  is  isentropic.  It  will  be  shown  in  the  section  TUR- 
BULENT FLAME  SPEED  that  UT  = U is  correct  through 
first-order  terms. 

Another  relation  is  required  at  the  flame  front.  For  the 
two-dimensional  case  under  consideration,  the  local  instan- 
taneous normal  propagation  velocity  U-\-SU  of  the  dis- 
torted flame  front  into  the  combustible  mixture  at  rest  (see 
sketch  (b))  is 

Ut~ 


u+su= 


VT+&P 


The  incremental  propagation  velocity  bU  will  be  determined 
from  existing  information  on  laminar  flames.  Some  sup- 
port for  this  procedure  is  given  in  reference  13.  As  reported 
therein,  radiant  flux-in  tensity  measurements  on  laminar  and 
turbulent  propane-air  flames  suggest  that  a small  surface 
element  of  a turbulent  flame  is  chemically  and  physically 
the  same  as  that  of  a corresponding  laminar  flame. 

The  propagation  speed  of  a laminar  flame  is  affected  by 
both  the  ambient  pressure  and  temperature.  Although 
the  functional  relations  have  not  been  rigorously  determined, 
preliminary  indications  are  that  the  pressure  effect  is  much 
smaller  than  the  temperature  effect.  In  the  present  analysis 


the  local  flame-propagation  speed  is  assumed  to  depend  only 
upon  the  temperature  of  the  combustible  mixture,  that  is, 


bU- 


_d V ,r  _(dU\  T 

— i m U-£  c 1 i m I c 


"d  Tt 


\d  TCJ 


With  the  empirical  relation  obtained  in  reference  14  as  a 
guide,  it  is  assumed  that  U—r1Jrr2Tc  where  rlf  r2,  and  n are 
constants  which  depend  upon  the  fuel  and  oxidant  under 
consideration.  Thus, 


and 


U (l+A  ^yfl+^=UT+^-K+v’c^ 


Correct  through  first-order  terms  wherein  UT=U,  the  fol- 
lowing boundary  condition  is  obtained  at  the  flame  front: 


U Vc 


(3e) 


In  a coordinate  system  fixed  in  space,  tbe  equations  of 
motion  for  the  two-dimensional  fluctuation  quantities  in 
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the  burned  gas  with  terms  of  the  second  order  neglected  are 

L ^ 

dt  ^ dxc  Pb  bxc 


For  a coordinate  system  moving  with  constant  velocity  V} 
the  preceding  equations  reduce  to  the  same  form  as  the 
corresponding  equations  for  the  fluctuation  quantities  in 
the  combustible  mixture  relative  to  a coordinate  system 
fixed  in  space.  Thus,  the  flow  equations  for  both  the 
combustible-mixture  fluctuations  and  the  burned-gas  fluc- 
tuations may  be  written,  with  appropriate  subscripts  c or 
b , as 


(5) 


where  v = k[xc-\-k'2y,  and  k[  and  k'2  are  components  of  the 
wave-number  vector  k in  the  xc - and  ^/-directions,  respec- 
tively, with  kf2/k[  = tan  p.  As  a result  of  the  linear  boundary 
conditions  of  equations  (3),  obtaining  a unique  solution  of 
the  interaction  problem  requires  that  the  arguments  of  all 
disturbance  waves  match  at  the  flame  front.  This  matching 
requirement  together  with  provision  for  differences  in  phase 
angle  yields  the  following  form  for  the  vorticity  wave 
present  in  the  burned  gas: 

where 

= (jj~v)  k>»+k2y 

Pressure  fluctuations  generated  by  the  interaction  must 
satisfy  the  following  wave  equation,  with  appropriate 
subscripts  c or  6,  which  is  obtainable  from  equations  (5): 


The  present  analysis  mil  be  concerned  with  the  limiting  case 
of  very  slow  flow  (constant-pressure  combustion).  It  is 
clear  from  the  relations  given  for  the  critical  wave-inclination 
angles  <pcr,c  and  <pcr,b  that,  for  very  slow  flows,  only  the  irrota- 
tional  isentropic  pressure  waves  described  in  the  section 
FLAME-TURBULENCE  INTERACTION  PROCESS  will 
be  generated  by  the  interaction.  The  form  of  these  pressure 
waves  that  satisfies  equation  (6)  has  already  been  established 
in  reference  12  in  terms  of  the  variables  r?  and  f,  where 


The  coordinate  systems  xc,y  and  xb)y  for  the  first-order 
analysis  are  indicated  in  sketch  (c). 

/= o t--t 


A two-dimensional  vorticity  wave  in  the  combustible 
mixture  with  velocity  vector  of  magnitude  A that  has  its 
wave-number  vector  k inclined  at  an  angle  <p  to  the  positive 
direction  of  the  zc-axis  may  be  written  in  the  form 


Vc  = (fc)(Xc~Ut) 

tc~  bcxc  T-  ccy  T*  L dc  t 
tb  = bi,Xb~{~cby-\-Udbt  ^ 


The  variable  r\  is  proportional  to  the  distance  from  the  flame 
front.  At  the  front,  rjc=  rjb=0;  upstream  of  the  flame, 
ric  is  positive;  and  downstream  of  the  flame,  r)b  is  positive. 
The  equation  f= constant  defines  planes  moving  with  con- 
stant velocity  ( Ud)Ctb  at  an  angle  tan-1  ( c/b)Ctb  to  the  flame 
velocity  ZJ.  Equation  (6)  takes  the  form  of  the  Laplace 
equation 


when 


XbtJ  \btj  IAW  \t)zj  \dy)  _ 


bf  o dy  bf 
dt  dt  a dx  dx 


(S) 


U*j-=(A  sin  v)eu,  cos  tp)eu 


Matching  arguments  of  the  pressure  and  vorticity  waves  at 
the  combustion  front  where  t?=0  and  satisfying  the  require- 
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ments  of  equations  (8)  provide  the  following  values  for  the 
constants  of  equations  (7): 


, /Z7-TA 

\U2 

y u 

k\M 2 

rC 

h — 

u , 

>al  k[ 

1 — M2’ 

ob — 

/U—VX2 

U2  e l —W 

1 — 

V u ) 

al 

k[ 

, P- 

_bl+d- 

- d*M 2 , 

bl+c'i—di 

>> 

fU-V' 

2 JJ2J  J c~ 

1- 

■M2 

• , (U-VX 

V u , 

' a\ 

1 Is) 

TP 


(9) 


To  satisfy  the  requirements  that  the  arguments  of  all  dis- 
turbance quantities  match  at  the  flame  front  and  that 
d2£  d2£ 

— -^-=— the  flame-front  slope  must  take  the  form 
btdy  dydt 

^'y=(Hl+iH2)(  tan  <p)eio  (10k) 

Integration  of  equation  (lOj)  with  respect  to  time  t gives  the 
flame  displacement  as 

f'=p  {Ht-iHiy  (100 

EXTENSION  TO  THREE-DIMENSIONAL  DISTURBANCES 


In  addition  to  the  boundary  condition  from  equations  (3), 
the  pressure  fluctuations  will  be  required  to  satisfy  the 

boundary  condition  ^=0  at  77=  °° . Utilizing  equations 

(36)  and  (37)  of  reference  12  yields 


(10a) 

Pt> 

(10b) 

In  the  combustible  mixture,  density  fluctuations  are  associ- 
ated only  with  the  pressure  fluctuations  according  to  the 

/ 1 / 

isentropic  relation  — — In  the  burned  gas,  density 
pc  y Pc 

fluctuations  may  also  be  caused  by  entropy  fluctuations 
generated  by  flame  distortion  and  heat-release  fluctuations, 
if  present,  as  well  as  by  pressure  fluctuations.  Velocity 
fluctuations  are  associated  with  both  pressure  fluctuations 
and  vorticity  fluctuations.  It  is  convenient  to  deal  with 
the  pressure  coefficient  p'lpcU2 . Thus,  the  disturbances 
arising  from  the  interaction  of  the  flame  front  and  incident 
vorticity  wave  take  the  following  forms: 


Pc  _ 

PcU2- 

= (Rl+iR,yt°-'°=(R™+iRm)eit-'’' 

(10c) 

p'» 

Pi P' 

- Prbr  ( J \ + i = (J(1)+ i J™)e*k 

(10d) 

(J\ + W'-"+{Ll+%LD** 

pb  y 

(10c) 

$={Nl+iN&P>-*+(Gl+iQJe‘* 

(lOf) 

^(Pj+tPjy^+Ui+t. uw* 

(10g) 

sin  <p)eu 

(101.) 

^j=(Xl-\-iX2)e'tc~Vc—(A  cos  <p)eu 

(lOi) 

The  flame  displacement  velocity  may  be  written 

lj= (H, + iH,)J  Wl+k&  =(Hi+iH.2  yu  (ioj) 


Equations  (10)  describe  the  interaction  of  a flame  front 
with  a constant-density  vorticity  wave  having  velocity  com- 
ponents 


/ I 

~^==C4  sin  <p)eiv  and  v-jj=(—A  cos  <p)eiv 

in  the  xc-  and  ^/-directions,  respectively.  The  vorticity  wave 
may  be  considered  to  have  a third  velocity  component 

t 

~~j=Ceu  in  the  ^-direction.  In  the  preceding  linearized 

analysis,  the  amplitude  C was  not  prescribed.  This  com- 
ponent, which  is  normal  to  both  the  u'  and  vf  components 
and  parallel  to  the  plane  of  the  flame  front,  then  is  associated 

with  a corresponding  component  of  the  vorticity  wave  in  the 
/ 

burned  gas  ^=<7e4*. 

Inasmuch  as  turbulence  fields  are  three-dimensional,  the 
interaction  equations  must  be  revised  accordingly  for  applica- 
tion to  the  spectral  analysis  which  follows.  Assume,  as 
shown  in  sketch  (d),  that  the  polarization  plane  which  will 
contain  the  wave-number  vector  k is  inclined  at  some  angle  0 
to  the  Xijc^jc-plane  of  a new  coordinate  system  xl)C}  x2,c, 
fixed  in  space  for  the  combustible  mixture. 


x2.,c 


The  corresponding  coordinate  system  x1)b,  x2,b,  xz,b  for  the 
burned  gas  is  assumed  to  be  moving  with  mean  flow  velocity 
V.  Components  klf  k2}  and  kz  of  the  wave-number  vector  k 
in  the  directions  of  X\,C)  x2,c,  and  xZ}C)  respectively,  are 


kx=k  cos  <p 
k2=k  sin  ip  cos  0 >- 
kz—k  sin  <p  sin  0 ^ 


(ID 


With  primed  perturbation  vector  quantities  referring  to  the 
original  coordinates  xc,  xb,  y}  2 and  unprimed  perturbation 
vector  quantities  referring  to  the  xUo  x2,c,  xZ}C-  and  x1)b,  x2}b) 
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£3j6-coordinate  systems,  the  following  transformation  rela- 
tions apply: 


U\.c=uc 


U2 ,c—Vc  cos  6—w'c  sin  9 


U2>b—v'b  cos  9— wb  sin  6 


U‘3.c=v'c  sin  d+w’c  cos  9 >b=v'b  sin  9+w'b  cos  9 


y (12) 


^2.=^  COS  9 
t*xc=iv  sin  6 


This  notation  refers  only  to  equations  (12). 

With  the  use  of  equations  (10)  and  (12),  the  interaction 
fluctuation  quantities  (again  designated  by  primes)  referred 
to  the  coordinate  axes  xUc,  x2,c,  x^c  and  xi}b)  x2,b,  xZ)b  may  be 
written  as 


PcC/ 

— =—  (Rl+iR2)et{‘-’‘' 

Pc  7 

^=-  (J1+iJ2)e«>-'>+(Ll+iL2)et* 
pb  y 

^=(Wl+iW2)ei{~'''+{A  sin  <p)eu 
^jjf-=(Xl-\-iXi)(cosd)e'l‘c~’'c—(A  cos  <p  cos  6+C  sin  6)eu 


{X 1 + iX 0) (sin  6)e'ic  ’’c— ( ^4  cos  sin  0 — C cos  6) e{’ 


1 (13) 


.^=(A Tl+iN,)Jt>-'*+(Gl+iGt)e?* 


solution  for  the  attenuating  pressure-wave  regime  is  indicated 

in  appendix  B.  Inasmuch  as  the  flame  Mach  number  M=~ 

cic 

is  generally  much  less  than  0.01,  the  limiting  case  of  very 
slow  flow  (constant-pressure  combustion)  provides  a reason- 
able simplification  of  the  problem  and  only  the  attenuating- 
wave  solution  need  be  considered.  The  amplitude  coeffi- 
cients for  this  limiting  case  are  given  in  appendix  C (eqs.  (C8)). 

Equations  (13)  and  (CS)  describe  the  linearized  interaction 
of  a constant-pressure  flame  front  with  a single  vorticity 
wave  or  shear  wave  having  its  wave-number  vector  k inclined 
at  an  angle  <p  to  the  direction  of  travel  of  the  undisturbed 
flame  front  and  having  its  plane  of  polarization  inclined  at 
an  angle  6 to  the  xUCi  x2,c-plane  of  the  coordinate  axes  xUc , 
x2 jcj  ^3 ,c.  The  wave-number  vector  of  the  shear  wave 
generated  in  the  burned  gas  makes  an  angle  <^6=tan“1 
(r  tan  <p)  with  the  direction  of  propagation  of  the  undisturbed 
flame  front.  Attenuating  potential  fields  are  generated  in 
both  the  combustible  mixture  and  the  burned  gas.  Physical 
quantities  associated  with  these  fields  attenuate  exponentially 
with  increasing  distance  from  the  flame  front.  The  ampli- 
tude coefficients  for  a given  heat  release  (a  prescribed  r) 
and  a given  inclination  angle  and  a polarization  angle  9 
depend  upon  both  the  intensity  of  the  incident  vorticity 
wave  and  the  heat-release  perturbation  parameter  t'/t.  In 
the  absence  of  such  heat-release  perturbations,  there  are  no 
density  fluctuations  in  the  burned  gas  (correct  to  order  M2). 

These  single-wave  results  may  be  used  to  determine  the 
interaction  of  a constant-pressure  combustion  front  with  a 
turbulence  field  of  constant  density  for  the  case  of  negligible 
turbulence  decay.  The  turbulence  field  will  contain  an  in- 
finite number  of  transverse  plane  waves  with  all  wavelengths 
and  planes  of  polarization.  The  spectral  analysis  technique 
used  in  obtaining  such  a superposition  of  waves  will  be  dis- 
cussed briefly  before  proceeding  with  the  interaction  problem. 

SPECTRAL  ANALYSIS 
GENERAL  CONSIDERATIONS 

A turbulence  field  satisfying  the  incompressible-flow  con- 
tinuity equation  may  be  represented  by  the  following  super- 
position of  plane  transverse  waves: 


=(p,+;p2)(  cos  d)ei!  [(/, +</t)  cos  e-C  sin  ey  * 

^=(Pi+iP2)  (sin  d)e,{b~’lb+[(Ii+U2)  sin  6+0  cos  0] e1* 

^=(z?, 

c— (H,+iI?2)(tan  <p  cos  9)ei<J 
c=(Z?i  + iU2)(tan  <p  sin  9)eia 

y,  {H2-iHx)eu 

€ “ i'i  J 

The  fluctuation  amplitude  coefficients  of  equation  (10)  or 
(13)  may  be  determined  from  equations  (3)  and  (5).  Details 
of  the  solution  are  given  in  appendixes  B and  C.  The  general 


U(xyt)  e--d Z(k}t) 

— 00 

where  x is  a position  vector,  k is  a wave-number  vector,  t is 
the  time,  and  d Z(k,t)  is  the  random  amplitude  vector  of  a 
component  wave.  The  quantity  dZQcfye'-l  represents  the 
contribution  to  the  velocity  field  from  a volume  element  dk 
in  wave-number  space.  When,  as  in  the  present  case,  the 
equations  of  motion  are  linear  there  is  no  modulation  or 
interference  between  component  waves,  and  the  various  sta- 
tistical quantities  describing  a random  field  may  be  obtained 
from  the  results  of  a single-wave  analysis.  To  avoid  the 
interpretative  difficulties  associated  with  the  random  variable 
Z(k,t) , which  is  nondifferentiable  with  respect  to  k , use  is 
made  of  the  techniques  of  references  10  and  15,  which  utilize 
correlation  spectra  rather  than  amplitude  spectra  in  the 
analysis  of  homogeneous  turbulence. 
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A velocity  correlation  is  defined  as  the  ensemble  average 
Ui(x,t)Uj(x' ,t)  of  the  product  of  a fluctuation-velocity  com- 
ponent Ui  at  x and  a component  u}  at  z'=z+r  where  r is  a 
separation  vector.  The  subscripts  i and  j take  on  the  values 
1,  2,  and  3.  The  ensemble  average,  designated  by  a bar, 
nmy  be  regarded  as  the  result  of  averaging  the  product 
Ui(x,t)Uj(x,t)  at  a given  instant  over  a very  large  number  of 
statistically  similar  fields.  The  nine  velocity  correlations 
UiUj  constitute  the  velocity  correlation  tensor  Tij(x,x', t). 
For  a homogeneous  field,  TfJ  depends  only  on  r so  that  the 
tensor  may  be  written  Tij(r}t). 

As  shown  in  references  10  and  15,  the  velocity  correlation 
tensor  has  the  following  Fourier  integral  expansion: 

CO  CO 

Tu(r,  0=JJJe"''>  dFii(k’t)=  XTJ  (14) 

— co  — oo 

where  Fi3(k,t)  is  the  spectral  tensor  function,  <£^(fc,£)  is  the 
spectral  tensor  density  of  a homogeneous  turbulence  field,  and 


6A  sin  (p  = Gi-\-iG2,  NA  sin  ip  = Arl-\-ii\r2)  HA  sin  cp^H^iTrL, 
and  ClA  sin  p = With  the  notation 


ulsc~fSSdz:- 


dZi, 


and,  for  example, 


as  in  equation  (16),  the  following  equations  are  obtained  by 
analogy  with  equations  (13)  and  (C8)  for  the  case  where 
heat-release  perturbations  are  absent,  that  is,  t'  = 0: 


d (P%)~d  L%) RdZi  c 

d (^f^WdZKc+dZhe 


t)  dk=  dZi  (k,t)dZj(k,  t)  (15) 

where  dZi(k,t)  denotes  the  complex  conjugate  of  dZi(k,t). 
For  r=0  and  i=j,  equation  (14)  may  be  written 


d — iW cos0dZiiC— (cot  <p  cos  0+C1  sin  0)dZltC 

d iW sin0  dZ1>c— (cot  <p  sin  0—C1  cos  0)dZltC 


CO 

Tit(  0,t)=wi=jjj  dZ’(k,t)dZt(k,t) 


(16) 


For  homogeneous  turbulence  fields,  wherein  ensemble  aver- 
ages and  space  averages  are  identical,  equations  (15)  and  (16) 
provide  the  basis  for  obtaining  the  spatial  mean-square 
velocity  components  from  the  single-wave  results  given  by 
equations  (13)  and  (C 8).  Equations  (15)  and  (16)  are  also 
applicable  to  scalar  fields.  In  the  absence  of  viscosity,  as 
postulated,  the  shear- velocity  fields  present  in  the  com- 
bustible mixture  and  in  the  burned  gas  are  homogeneous, 
and  application  of  equation  (16)  presents  no  complications. 
The  corresponding  potential-flow  fields,  although  spatially 
inhomogeneous,  are  homogeneous  in  the  given  x2, ^-planes. 
It  has  been  shown  in  reference  16  that  equation  (16),  in 
effect,  may  be  applied  for  such  fields  to  obtain  the  mean- 
square  fluctuations  pertaining  to  a given  plane  of  homo- 
geneity. 

As  a result  of  the  preceding  discussion,  the  single-wave 
interaction  results  for  constant-pressure  combustion  will  be 
used  to  obtain  the  spectral  densities  of  the  fluctuation 
quantities  at  the  flame  front  where  the  attenuation  factors 
e-7>c  and  e-^  are  unity  and  fc  = fb=0'=’/'=r.  For  concise- 
ness, define  BA  sin  = WA  sin  <p  = WA  -AiWo, 


d (jf)=N  dZUc+G  dZUc 
d (jf)=  *W  cos  8 dZ,  _(cotyos<?  G+  Cl  sin  (?)  dZ,, « 
d(l^)=iAr  Sin  6 dZ'.c-(COt<PTSm8  G~Ql  COS0)dZl.‘ 


y (17) 


iH 


d(£')=-fd  2,.=-^ 


d Zu 


d Qj)=HdZhc 

d(£i2  tan  <p  cos  6 dZXtC 

d(^3  c)=H  tan  y sin  d d ZUc 

In  the  velocity  ratios  of  equations  (17),  the  first  term  on  the 
right  side  represents  the  potential-flow  contributions  Uijj,c 

or  the  second  term  represents  the  shear-flow  contri- 
butions or  The  subscript  i takes  on  the  values 

1,  2,  and  3. 
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At  a given  instant  the  spatial  mean-square  potential-  and  shear-flow  contributions  of  the  disturbance  fields  are  obtained 
from  equations  (17): 


(pc^2)  “(pft/2)  dZlc  dZ'- 


(^)Lfffdz*‘dz>‘ 


(^f  )2+(!rr)2=/iJ dZlc  dZ’-‘+dZt‘  dZ*‘ 


{w*w)  dzi dzi‘ 


(~tr)2=J fj'(G*G)  dZ*<d  z'-‘ 


(^2+(^2=(!rr)2+(^f )+  in(^r)2(G*G-T)2  dZ*<  dZi- 


( V)2=(!rf)2+(!Tr)2= Iff  (N*N)  dZ*«dZ‘-« 

— oo 

The  mean-square  flame-front  quantities  are 


Hff 


(H*H) 
k 2 COsV 


dZ*  c dZlc 


S2 


From  equations  (C8)  of  appendix  C with  r'  = 0: 


j?*j?  l^^n2^  l)2 

A sinV 

w*w^T~l^T  tan2^)~^1)2 

A 

n*n^  t2  secV  [A — 4r(r2 — l)tan2<p] 

A(l  + r2  tanV) 

V*Ar-r2(r“1)2(r  tanV—  l)2  secV 
A(l+r2tanV) 


CO 

^c+tkc=jjj(H*H)  tanV  dZf,cdZ,.c 


(18) 


#*//= 


4t2  secV 


(19) 


MEAN-SQUARE  FLUCTUATIONS  FOR  INITIAL  ISOTROPIC  TURBULENCE 

For  a given  combustion  process  (r  and  U prescribed),  the 
spatial  mean-square  fluctuations  of  equations  (18)  depend 


upon  the  quantity  dZ*,c  dZi,c,  which  is  specified  by  the  type 
of  turbulence  present  in  the  combustible  mixture.  The 
results  obtained  in  reference  16  for  the  interaction  of  axi- 
symmetric  turbulence  with  a shock  wave  suggest  that  for 
the  present  problem,  the  degree  of  anisotropy  of  the  incident 
turbulence  field  may  not  be  critical.  For  simplicity,  the 
turbulence  in  the  combustible  mixture  is  assumed  isotropic. 

As  indicated  in  reference  10,  the  spectral  density  ten- 
sors for  any  isotropic  turbulence  field  satisfying  the 
incompressible-flow  continuity  equation  are 


®ij(k)=V(k)(k28lj—kikj) 


(20) 


where  &2=fc2+&2+&!;  5^=1  for  i=j;  dtj—0  for  and 

Q(k)  is  the  scalar  amplitude  function  defining  the  spectral 
density  tensor.  From  equations  (15),  (20),  and  (11), 


dZf  t e dZu  e=9(k)  k 2 sin2  <pd  k 


435875 — 57- 


-40 
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or,  transforming  to  spherical  polar  coordinates  k.  6,  <p,  wherein 
dk=dkt  dk2  dk3=k2  sin  <p  dfc  d&  dip,  yields 


dZf,cdZliC=  Q(k)¥  dk  d0  sin3  <p  dip 


dZtcdZ2.c=9(k)¥  dk  d0  sin  <p[cos2  <p+sin2  ip  sin2  Q\dp 


dZt,cdZitC=9(k)¥  dk  d0  sin  <^[cos2  ^+sin2  <p  cos2  0\dtp 


^ (21) 


dZ?  „ dZ2, c+dZf, „ dZ3,  c=  9.(k)¥  dfc  d0  sin  ip[\ +cos2  <p]d<p  ) 

The  mean-square  velocity  components  of  the  incident  iso- 
tropic turbulence  field  are  then  given  by 


(^)  = j"  9 (k)  ¥ dk  JCl0  sin3  <p  <W=f^*o”  V(k)¥  dk 

(^y+(^y= Q(jfc)jfc  4 dk  jy  dej*  sin  ^ + C0S2  ^d(p 

r*°n(fc)fc4cU: 

d JO 

(22) 

The  remaining  spatial  mean-square  fluctuation  quantities, 
referred  to  the  intensities  of  equations  (22)  in  order  that  the 
scale  need  not  be  specified,  are  given  by 


f^h,s,b\2  | /'Mfl.  s,b\2 

{'Vv.s.cV  . /«3.s.A2  8 A(1  + THan2^ 

\ru~)  +vrr)  (23d) 

M (¥)2+M 

m (nr)' 

<r  tai  ao+t’  ttxrQ’  ” d*  <*•> 


3 ■>  / 

=4 


(if)’ 


=3t2 


f"  9(k)¥dk 
j 9(k)¥dk 


(230 


(23g) 


p sin^d  (23h) 
Jo  A cos4  <p 


The  subscript  1 designates  a longitudinal  component;  sub- 
scripts 2 and  3 designate  the  lateral  components.  Of  the  re- 
maining subscripts,  s denotes  a shear-flow  component;  p 
denotes  a potential -flow  component;  c refers  to  the  combusti- 
ble mixture;  and  b refers  to  the  burned  gas.  Equations  (23a) 
to  (23g)  have  been  integrated  numerically  using  Simpson’s 
rule  with  the  following  increments  for  7r:  2°  intervals  from 
0°  to  20°,  5°  intervals  from  20°  to  70°,  2°  intervals  from  70° 
to  90°,  and  so  forth.  Numerical  results  are  listed  in  table  I. 


TABLE  I.— FLAME-TURBULENCE  INTERACTION  FLUCTUATION  RATIOS 


T 

/cry 

very 

(eq.  (23c)) 

/cry+ery 

/ery 

/Cry 

Km 

./(!)■ 

£2  +i2 

Cjr*.e 

W2»e  t U3.c  p 

U JJ  tx3,e 

v ery+ery 

(eq.  (23d)) 

V Cr)’ 

(eq.  (23e)) 

V cry 

(eq.  (23b)) 

V cry 

(eq.  (23a)) 

Very 

(eq.  (23f)) 

cry 

(eq.  (23g)) 

Cry 

(eq.  (26)) 

j 

1.0000 

1.0000 

0 

0 

0 

1.0000 

CD 

1.0000 

1. 5 

. 8868 

9380 

6. 0062 

1.9553 

2 

*.8814 

.9120 

.7024 

.6833 

.7146 

.6109 

2.  2942 

1.  4270 

2. 25 

1.6501 

1.  2626 

3 

.9103 

.8904 

.8235 

.7823 

.8358 

.4686 

.7974 

.9439 

3.  5 

.5559 

.8098 

5 

. 9676 

.8772 

.9325 

.8604 

.9416 

.3307 

.2521 

.5697 

7 

1.  0067 

.8727 

.9876 

.8956 

.9943 

.2599 

.1236 

.4094 

10 

1. 0452 

.8700 

1. 0352 

.9234 

1.  0397 

.1995 

.0592 

.2884 

1 15 

1.0833 

.8682 

1.  0786 

.9463 

1.  0813 

. 1462 

.0260 

.1936 

j 00 

1.  2247 

.8660 

1.2247 

1.0000 

1.  2247 

0 

0 

0 
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DISCUSSION  OF  RESULTS 

Mean-square  fluctuation  quantities  generated  by  the 
linearized  interaction  of  a constant-pressure  combustion 
front  with  a weak  isotropic  turbulence  field  satisfying  the 
continuity  equation  for  incompressible  flow  are  given  by 
equations  (23)  in  terms  of  the  incident-turbulence-velocity 
components.  Equations  (23a),  (23b),  and  (23e)  apply  only 
at  the  flame  front  where  the  attenuation  factors  are  unity. 
This  restriction  does  not  apply  to  equations  (23c)  and  (23d) 
in  the  assumed  absence  of  turbulent  decay  processes. 

VELOCITY  FLUCTUATIONS 

Potential-flow  fluctuations, — The  root-mean-square  ve- 
locities associated  with  the  attenuating  pressure  fields  gen- 
erated in  the  combustible  mixture  (eq.  (23b))  and  in  the 
burned  gas  (eq.  (23e))  are  plotted  in  figure  2.  Since  these 


Figure  2. — Effect  of  flame-temperature  ratio  on  shear-flow  and 
potential-flow  velocity  fluctuations. 


ratios  apply  only  at  the  flame  front  where  the  exponential 
attenuation  factors  are  unity,  they  represent  maximum  values. 
As  is  to  be  expected  from  the  boundary-condition  require- 
ment of  equal  pressure  fluctuations  with  differing  densities 
on  each  side  of  the  flame  front,  potential-flow  velocity  com- 
ponents in  the  burned  gas  exceed  those  in  the  combustible 
mixture.  Both  ratios  increase  with  increasing  flame- 
temperature  ratio,  reaching  as3nnptotic  values  of  V3/2  in  the 
burned  gas  and  1 in  the  combustible  mixture.  Hot-wire  in- 
strumentation will  respond  to  these  fluctuation  velocities  as 
well  as  to  the  shear-flow  fluctuation  velocities.  In  view  of  their 
exponential  attenuation  characteristics,  however,  such  con- 
tributions would  not  be  of  importance  unless  measurements 
were  made  at  stations  very  close  to  the  flame,  that  is,  within 


a distance  of  the  order  of  incident-turbulence  scale.  For 
the  low  flame  Mach  numbers  encountered  in  combustion,  the 
contribution  to  the  hot-wire  signal  voltage  of  the  unatten- 
uated sound  waves  described  in  the  section  FLAME — 
TURBULENCE  INTERACTION  PROCESS  should  be 
quite  small. 

Flame-generated  turbulence. — The  shear  flow  in  the 
burned  gas  (eqs.  (23c)  and  (23d))  constitutes  the  flame- 
generated  turbulence  occasioned  by  the  presence  of  approach- 
flow  turbulence.  These  velocities,  referred  to  the  incident 
turbulence  velocities,  are  *also  plotted  in  figure  2.  A slight 
amplification  of  the  longitudinal  component  occurs  for 
values  of  r over  7.  In  the  limit,  as  r becomes  very  large  the 
longitudinal  and  lateral  velocity  ratios  approach  asymptotic 

values  of  \/3/2  and-V3,  respectively. 

The  diagrams  of  figure  1 indicate  that  a pressure  wave 
interacting  with  the  flame  front  can  also  bring  about  a shear 
flow  in  the  burned  gas.  Although  the  reflection  and  the 
consequent  impingement  of  the  pressure  fields  described  by 
equation  (23a)  upon  the  flame  front  are  possible,  any  addi- 
tions to  the  flame-generated  turbulence  level  through  the 
reflection  process  would  probably  be  negligible  because  of  the 
attenuating  nature  of  the  pressure  field.  Thus,  contrary  to 
the  predictions  of  references  6 and  7 that  the  flame-generated 
turbulence  intensity  should  be  many  times  greater  than  the 
intensity  of  the  incident  field,  the  present  analysis  indicates 
that  the  two  intensities  are  about  equal. 

It  is  interesting  to  note  that  a stream  contraction  (ref.  17) 
increases  the  downstream  velocity  of  the  mean  flow  (as  does 
the  flame  front  also)  while  exercising  a different  selective 
effect  upon  an  incident  isotropic  turbulence  field.  For  ex- 
ample, with  a sevenfold  increase  in  the  downstream  velocity 
of  the  mean  flow,  the  longitudinal  velocity  ratio  (in  the  ab- 
sence of  decay  effects)  is  1.01  for  the  flame  front  and  0.31 
for  the  contraction.  The  corresponding  lateral  velocity 
ratios  are  0.87  and  2.29,  respectively. 


TURBULENT  FLAME  SPEED 

The  higher  mass-flow  burning  rate  of  a turbulent  flame  as 
compared  with  that  of  the  corresponding  laminar  flame  is 
generally  described  in  terms  of  a turbulent  flame  speed  UT- 
The  flame-speed  ratio  UTIU  is  generally  assumed  to  be 
equivalent  to  the  ratio  of  turbulent- to-laminar  flame  surface 
area. 

Calculation  of  the  turbulent  flame  speed  requires  con- 
sideration of  second-order  terms.  The  local  instantaneous 
normal  propagation  velocity  £7+5(7  of  the  distorted  flame 
front  into  the  combustible  mixture  at  rest  is 


£7+5(7= 


UT  + Z't—U'hc+Z'£  c'lh.c+tz 3 <+3, 


Vi+iiy+iis  c 


(24) 


Let  UT=  U+  Uj+  Uii+  . . . where  £7y  represents  a steady- 
state  contribution  to  the  flame  speed  of  order  A T.  The 
perturbation  quantities,  for  example,  are  written  as 

*;=e+*iI+  . . . 

u[  c=^{.c+^i!c+  • * • 
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The  superscript  on  a fluctuation  quantity  indicates  the 
order  of  the  perturbation.  As  before,  8U/U  is  taken  as 

8U  nr2Tnc  T'c  (y-l)nr2  * p'e  _ p' 

U~  U Tc~  ^Eg  1 J PcU*~  pcU2 

Substitution  of  this  expression  into  equation  (24)  and  per- 
forming the  indicated  expansions  yield  the  following  rela- 
tion, which  is  correct  through  second-order  terms: 


Averaging  this  equation  yields 


^=0 

u u 


^=r 

u P, 


u 


[(^2,c)2^“(^3.c)2]  JJ  ,c  Jj  ,c 


U 


For  the  limiting  case  of  constant-pressure  combustion,  T = 0. 
Thus,  the  ratio  of  turbulent-to-laminar  flame  speeds  can  be 
written  for  this  case  as 


first-order  second-order  terms 

terms 


(U\  i & U\,c\ j_  ( (Al  | ff 

\u^u  u r\u^u~ 


u]1  C , u\,e  M 

U ^ U ***.« 


' rJ  ) 


first-order 

terms 


second-order  terms 


Ur 

u = 


=1+ 


2 [(^2,c)2~I"(^3>c)2]  ( JJ  ,c^~  JJ 


The  first  two  terms  on  the  right  side  of  equation  (25) 
represent  the  ratio  of  averaged  turbulent-to-laminar  flame 
surface  area.  The  third  term  is  a correlation  coefficient 
representing  the  transverse-velocity -fluctuation  contribu- 
tion to  the  turbulent  flame  speed  caused  by  flame-front 
distortion.  It  is  interesting  to  note  that  only  the  trans- 
verse velocity  fluctuations  appear  explicitly.  The  second 
term  has  already  been  determined  (eq.  (23g)).  The  third 
term  may  be  obtained  from  equations  (C8)  as 


&2,c  ^3,c~  2 X X tan4  ^+(r2+1)  ta°2  ^+(r+l)]  ^ 


(26) 


The  imaginary  term  has  not  been  written  out  inasmuch  as 
it  does  not  contribute  to  the  integral.  The  results  of  the 
indicated  integrations  are  listed  in  table  I. 

Equation  (25)  for  the  flame-speed  ratio  UrjU  ihay  also 
be  written  in  the  form 


U T i I Q ^1.  s,  c 

U~l  + S JJ  2 


(27) 


where  the  flame-speed  parameter  S is  obtained  from  the 
values  listed  in  table  I from  equations  (23g)  and  (26).  The 
variation  of  this  parameter  with  the  flame-temperature 
ratio  r shown  in  figure  3 suggests,  on  the  assumption  that 
the  flame-front  slopes  £c2  and  £e3  govern  contributions  to 
the  right  side  of  equation  (25),  that  the  flame  front  with  the 
higher  heat  release  is  distorted  less  by  a given  intensity  of 
turbulence.  For  the  degenerate  case  7=1  (no  heat  release), 
the  parameter  S becomes  infinite — a condition  compatible 
with  this  viewpoint. 

The  present  analysis  requires  that  the  flame-front  slopes, 
as  well  as  the  other  perturbation  quantities,  be  small.  The 
preceding  discussion  suggests  that  the  incremental  flame- 
speed  ratio  ( UT — U)jU  may  be  of  the  second  order  as  a 
result  of  this  restriction  to  small  flame-front  slopes. 


Rame-temperature  ratio,  r 


Figure  3. — Effect  of  flame-temperature  ratio  on  flame  speed  for 
incident  isotropic  turbulence. 


COMBUSTION  NOISE 

The  root-mean-square  pressure-fluctuation  coefficient 
■yf^IpcU2,  which  applies  directly  at  the  flame  front,  is 
plotted  in  figure  4 for  the  limiting  case  of  constant-pressure 
combustion.  The  pressure  fluctuations  are  a measure  of  the 
random  noise  generated  by  the  interaction  of  the  flame  front 
with  the  incident  turbulence.  In  acoustical  measurements, 
the  noise  level  in  decibels  is  usualfy  given  with  respect  to  a 
reference  pressure  of  0.0002  dyne  per  square  centimeter 


(ref.  18),  which  corresponds  approximate^  to  the  pressure 
amplitude  of  a plane  sound  wave  of  minimum  audible 
intensity  at  a frequency  of  1000  cycles  per  second.  The 
noise-pressure  level  in  decibels  is  defined  by  the  relation 

=74+  20  logio  (28) 

where  the  pressure  fluctuations  in  the  combustible  mixture 
are  given  in  dynes  per  square  centimeter. 


N oise-pr  essure  level  = 20  logi0 


V0.0002J 


INTERACTION  OF  A FREE  FLAME  FRONT  WITH  A TURBULENCE  FIELD 


611 


TABLE  II. — HYDROCARBON-AIR  FLAME  DATA  AT  SPECIFIED  CONDITIONS 


[Static  pressure  and  temperature  of  combustible  mixture,  760  mm  Hg  and  25°  C,  respectively.] 


Propane.  CjHs 

Ethylene,  CiH< 

Acetylene,  CsHi 

At  stoichiometric 

At  maximum  17 

At  stoichiometric 

At  maximum  U 

At  stoichiometric 

At  maximum  U 

Fuel-air  ratio _ ______ 

0. 0638 

0. 0721 

0. 0676 

0.  0757 

0.0753 

0. 1040 

Fuel  in  air,  percent  by  volume _._  _ ___ 

4.04 

4.54 

6.54 

7.  65 

7. 75 

10.  70 

Laminar  flame  speed,  U,  cm/sec__ _ _ 

37.5 

39 

64 

68 

123.5 

141 

Adiabatic  flame- temperature  ratio,  r ...  __  

7. 70 

7.  45 

7.  95 

8.00 

S.W 

8.71 

Flame -temperature  ratio,  r 


Figure  4. — Effect  of  flame-temperature  ratio  on  random  pressure 
fluctuations  generated  at  flame  front. 

Equations  (23a)  and  (28)  indicate  that  the  noise  level 
should  be  particularly  dependent  upon  flame  speed  Propane- 
air  and  acetylene-air  combustions,  which  are  character- 
ized by  a low  flame  speed  and  a fairly  high  flame  speed, 
respectively,  will  be  considered  for  illustrative  purposes. 
Pertinent  data  for  these  flames  at  maximum-flame-speed  and 
stoichiometric  conditions  for  an  ambient  temperature  of 
25°  C and  a pressure  of  760  millimeters  of  mercury  are  given 
in  table  II.  The  adiabatic  equilibrium  flame  temperatures, 
at  which  the  total  enthalpy  of  the  fuel  and  oxidant  equals 
the  total  enthalpy  of  the  products  of  reaction,  were  calcu- 
lated using  the  procedure  of  reference  19.  (Total  enthalpy 
includes  the  chemical  contributions  to  the  internal  energy.) 
Flame-speed  data  were  obtained  from  references  20  and  21. 

If  the  flame-front  turbulence  intensity  '\u2lfStC/U  is  assumed 
equal  to  10  percent,  noise-pressure  levels  of  59  and  81  decibels 
are  obtained  for  propane-air  flames  and  acet}rlene-air  flames, 
respectively,  under  conditions  for  maximum  laminar  flame 
speed.  At  an  approach-flow  velocity  of  1225  centimeters  per 
second,  which  is  in  the  range  of  velocities  usually  encountered 
in  combustion  experiments,  the  corresponding  intensity  of 
the  approach-flow  turbulence  would  be  about  0.3  percent 
for  the  propane-air  mixture  and  about  1 percent  for  the 
acetylene-air  mixture. 


Thus,  the  pressure  fluctuations  generated  at  the  flame 
front  when  the  incident  turbulence  is  of  low  intensity, 
although  small  compared  with  ambient  pressure,  are  appar- 
ently of  fairly  high  acoustical  intensity  for  constant-pressure 
combustion.  Because  of  the  exponential  attenuation  of 
these  pressure  fields,  the  “far-field”  acoustic  intensity  (the 
intensity  at  distances  very  far  from  the  flame  front)  ap- 
proaches zero.  For  cases  other  than  constant-pressure 
combustion,  a finite  ufar-field”  intensity  is  obtained. 

CONCLUDING  REMARKS 

The  present  linearized  analysis  has  treated  the  interaction 
of  a field  of  isotropic  turbulence  with  a free  flame  front  under 
constant-pressure  combustion  conditions  with  no  turbulence 
decay  processes  or  heat-release  fluctuations.  The  interac- 
tion produces  an  anisotropic  turbulence  field  in  the  burned 
gas  which  has  axi symmetry  about  the  mainstream  direction. 
Contrary  to  the  results  predicted  by  several  current  theories 
of  turbulent  flame  speed,  the  flame-generated  turbulence 
velocities  caused  by  approach-flow  turbulence  do  not  differ 
greatly  from  the  turbulence  velocities  of  the  incident  field. 

The  incremental  flame-speed  ratio  ( UT — U)/U  as  obtained 
from  the  present  analysis  is  a second-order  quantity  con- 
sisting of  two  parts.  One  part  represents  the  root-mean- 
square  area  of  the  turbulent  flame  front;  the  other  represents 
the  contribution  of  the  transverse  velocity  fluctuations  which 
result  from  the  flame-front  distortion.  The  flame-speed 
ratio  UT/U  for  a given  level  of  incident  turbulence  intensity 

'\lui,s,c/u  is  found  to  decrease  with  increasing  heat-release 
rates  (increasing  values  of  r). 

Random  pressure  fluctuations  generated  in  both  the  com- 
bustible mixture  and  the  burned  gas,  although  small  com- 
pared with  ambient  pressure,  give  rise  to  appreciable  noise 
levels  (59  to  81  db)  directly  at  the  flame  front  even  for  very 
moderate  intensities  of  approach-flow  turbulence  (flame- 
front  turbulence  intensities  of  10  percent).  For  the  limiting 
case  of  constant-pressure  combustion,  the  pressure  waves 
attenuate  exponentially  with  distance  from  the  flame  front, 
so  that  the  “far-field”  intensity  approaches  zero. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  January  25)  1955 
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APPENDIX  A 


SYMBOLS 


A 


A 


a 

b 

C 


cp 

Cv 

A 

d 

Ex 

F '«  (kjt) 
f 

G 

G\  , G 2 


H 

HuH2 

hi,h2  . . * hxo 

h,1 2 


J\jJ2 


KuK2,KS)K4 

k 

k 


Li,L2 


M 

m2 

N 

NuN2 


n 


PuP 


2 


V 

v' 

Q 


magnitude  of  two-dimensional  vorticity- 
wave  velocity  vector  in  combustible  mix- 
ture 

two-dimensional  vorticity-wave  velocity  vec- 
tor in  combustible  mixture 
speed  of  sound 

coefficients  defined  in  eqs.  (4) 
constant  defined  in  eqs.  (7)  and  (9) 
amplitude  of  combustible  mixture  shear- 
wave  component  parallel  to  xx  c-axis 
constant  defined  in  eqs.  (7)  and  (9) 
specific  heat  at  constant  pressure 
specific  heat  at  constant  volume 
UKU-V),  eqs.  (4) 
constant  defined  in  eqs.  (7)  and  (9) 

— V/U,  eqs.  (4) 
spectral  tensor  function 
constant  defined  in  eqs.  (7)  and  (9) 
(Gx+iG2)/A  sin  <p 

amplitude  coefficients  of  shear-wave  longi- 
tudinal component  in  burned  gas 
XHx+iH2)/A  sin  <p 

amplitude  coefficients  of  flame-front  dis- 
placement 

groupings  defined  in  eqs.  (Bl6) 
amplitude  coefficients  of  shear-wave  trans- 
verse component  in  burned  gas 
amplitude  coefficients  of  pressure  wave  in 
. burned  gas 

Ja)  - Ju  Jm  Jh  eq'  {10d) 

coefficients  defined  in  eqs.  (4) 
magnitude  of  wave-number  vector  fc 
wave-number  vector  of  shear  wave  in  com- 
bustible mixture  with  components  k[,k2 
in  z ^-coordinate  system,  with  com- 
ponents kx,  k2,  h in  %\,c  x2:C,  x3tC-coordinate 
system 

amplitude  coefficients  of  density  associated 
with  shear  entropy  wave  in  burned  gas 
flame-front  Mach  number,  M=  U/ac 
a2lyU2,  eq.  (B16) 

(Nx+iN2)/A  sin  <p 

amplitude  coefficients  of  longitudinal  ve- 
locity component  associated  with  pressure 
wave  in  burned  gas 

exponent  used  in  representation  of  laminar 
flame  speed  as  function  of  combustible- 
mixture  static  temperature 
amplitude  coefficients  of  lateral  velocity  com- 
ponent associated  with  pressure  wave  in 
burned  gas 
static  pressure 
static-pressure  perturbation 
term  not  contributing  to  the  integral  in 
eq.  (26) 


R 

Pg 

Rx,R2 

RA\R™ 

r 

7*1/2 


S 

T 

Ti,(r,t) 

Ts 

t 

U 

UT 

u' 


U X , o 77-2 ,ci  7^3,  c 


b,  U2,  ft;  7/3i  b 


V 

Vr 

v' 

W 

Wi,  w2 


w' 


Xx,X2 


x 

Xb 


Xc 


X\.b 


x2,b 


Xz,b 


(RS"+R™)/A  sin  tp 
gas  constant 

amplitude  coefficients  of  pressure  wave  in 
combustible  mixture 
R{1)  ==Rx/yM2,R(2)=R2/yM2}  eq.  (10c) 
separation  vector 

constants  used  in  representation  of  laminar 
flame  speed  as  function  of  combustible- 
mixture  static  temperature 
flame-speed  parameter,  eq.  (27) 
static  temperature 

velocity  correlation  tensor  for  homogeneous 
turbulence 

stagnation  temperature 
time 

laminar  or  fundamental  flame  speed 
mean  turbulent  flame  speed 
longitudinal  component  of  velocity  perturba- 
tion 

velocity  perturbation  components  in  com- 
bustible mixture  parallel  to  xlt  C)x2,  c/3,  c- 
coordinate  axes,  respectively 
velocity  perturbation  components  in  burned 
gas  parallel  to  xlt  b,x2,  3.  ^-coordinate  axes, 

respectively 

mean  velocity  of  burned  gas 
mean  velocity  of  burned  gas  in  turbulent 
combustion 

lateral  component  of  velocity  perturbation 
(Wx+iW2)/A  sin  <p 

amplitude  coefficients  of  longitudinal  veloc- 
ity component  associated  with  pressure 
wave  in  combustible  mixture 
lateral  component  of  velocity  perturbation 
(component  parallel  to  plane  of  unper- 
turbed flame  front  and  normal  to  uf  and 
v'  components) 

amplitude  coefficients  of  lateral  velocity 
component  associated  with  pressure  wave 
in  combustible  mixture 
position  vector 

coordinate  in  xb,y- system  measured  in  direc- 
tion of  unperturbed  flame-front  travel 
relative  to  which  burned  gas  is  at  rest 
coordinate  in  zc,y-system  measured  in  direc- 
tion of  unperturbed  flame-front  travel 
relative  to  which  combustible  mixture  is 
at  rest 

coordinate  in  xh  bjx2,  &/3i  ^-system  measured 
in  direction  of  unperturbed  flame-front 
travel  relative  to  which  burned  gas  is  at 
rest 

coordinate  orthogonal  to  xlfb  and  x3t6  and 
making  angle  9 with  ^/-coordinate 
coordinate  orthogonal  to  xx,  6 and  x2t  6 


INTERACTION  OF  A FREE  FLAME  FRONT  WITH  A TURBULENCE  FIELD 


613 


2],c 


^2,  c 

C 

V 

dZtQc,t) 


aua2  . . . <25 

r 


7 

A 


5i,8o  . • • 

€l, • • * *10 

f 


V 

e 

A 

V 

Z(y,t) 


coord  ina t e in  xh  c,x2t  C)x3t  c-sys  tem  measured 
in  direction  of  unperturbed  flame-front 
travel  relative  to  which  combustible  mix- 
ture is  at  rest 

coordinate  orthogonal  to  xltC  and  x3tC  and 
making  angle  6 with  ^-coordinate 
coordinate  orthogonal  to  xu  c and  x2i  c 
coordinate  orthogonal  to  xc  and  xb 
random  amplitude  vector  of  shear-field 
Fourier  component 
coordinate  orthogonal  to  xc  and  y 
grouping  defined  in  eqs.  (Bl8) 


(y—l)nr2(Tc)n  2 M 


ratio  of  specific  heats 

r2(r — l)2tanV-f-2r  ( t2-\-2t — l)tan2«/?-[-  (r+ 1)2 
grouping  defined  in  eqs.  (B24) 
grouping  defined  in  eqs.  (B21) 
variable  upon  which  pressure  wave  depends, 
eqs.  (7) 

variable  upon  which  pressure  wave  depends, 
eqs.  (7) 

angle  between  polarization  plane  of  incident 
shear  wave  and  zltC,x2f<;-plane 
coefficient  defined  in  eq.  (3e) 
k\xc+k'2y 

flame-front  displacement 
flame-front  displacement  velocity 


£*2  ,c 

p 

p' 

cr 

T 

<P 


n 


Subscripts: 

b 

c 


cr 


V 

s 

1,2,3 

I, II 

Superscripts: 

I, II 


flame-front  slope  with  respect  to  x2t  ^coordi- 
nate 

flame-front  slope  with  respect  to  xZt  ^coordi- 
nate 

flame-front  slope  with  respect  to  ^-coordinate 
static  density 
static-density  perturbation 
k[Ut+k'2y,  eq.  (lOj) 
flame-temperature  ratio,  Ts,b!TStC 
spectral  density  tensor 

angle  between  wave-number  vector  of  inci- 
dent shear  wave  and  direction  of  unper- 
turbed flame-front  travel,  tan  (p  = k2lk[ 

k'Vb+Ky 

scalar  amplitude  function  defining  spectral 
density  tensor 

burned  gas 
combustible  mixture 
critical 

potential-flow  velocity  component 
shear-flow  velocity  component 
orthogonal  coordinate  designation 
designates  order  of  steady-flow  quantity 

designates  order  of  fluctuation  quantity 
denotes  complex  conjugate 
denotes  fluctuation  quantity  except  where 
otherwise  specified 


APPENDIX  B 


ATTENUATING- WAVE  SOLUTION  FOR  SINGLE-WAVE  INTERACTION 


The  arguments  of  the  various  fluctuation  quantities  are 
equal  at  the  flame  front  where  xc=Ut  and  xb=(U—  V)t. 
Therefore,  substituting  equations  (10)  into  equations  (3) 
and  (5)  and  separately  equating  the  real  terms  and  the 
imaginary  terms  provide  the  following  set  of  equations: 


k[ 


ko 


pl+Il=X}-^A  sin 


k[ 


ko 


P2+h=X2+^ExIl2 


(B4) 


J,  (l  +^)+B1Z1-£2A71-£2£1= 

—B2A  sin  ip—BiWiABzRi 


(Bl) 


J2  (l  +1y)+B1L2-B2N2-B2G2=  -b2w2+b3b2  J 

Ji  (l - tf.M  —Ki G, = -K4W, - 

V ' K,A  sin  <p+K2R1+Ksti-(K-Ki)IJ1 

J,  (l— i)— L2 — KiATo — K\G2— 

K ’ -K4Wo+  KJG-(K-K,)H2> 


(B2) 


— t] Jj i~\- (Jj  i — 1 )// 1 D i -V i I)  \ G\  - 


~Wi—A  sin  <p+-R i 


Y (B3) 


— i/2+-E2+C^i — \)Ii2~D \N  2 — I)  \G2 — — R2 


-f,  A7i-^V2=m2(-/6J,+  b,J2) 

dt>N  1 — ft,  ( -jj — )a72=?ti2(  bbJ  1 fbJo 


% 

-h 

f U \ 

N 

Go — ko  To 

KU-v) 

—h  | 

( u } 

\ Gi=k2Ii 

j 

Ku-v) 

(B5) 


(B6) 


(B7) 
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f.Wr-d.W^jjp  (fcRi+bcR2) 
dcWi-\-fcW2—-^^-2  ( bcRi~\~ fell  y) 


fCXX  dc A 2 y]^[2  CC^2 

dcXl+feX2=— ccRi 

Hi— Wt— A sin  <p=ARi 
&2  — ^2  — A R2 


From  equations  (B5),  (B6),  (B8),  (B9),  and  (BlO), 


where 


fh  = 


mL 


1 


nm+di 

h 2 bJJ  b 

h^-ip+dj. 


ha~y M*(tt+d*) 
h7  = fc—bcdc 


Di 

hi  = Ct4,j 

i =Cbfb 
h,i~  D i 


hs  = bcfc-\-dcfc 

h'l = Ccdc 
h\Q  —Ccfe 

m2=al/ yU2 

From  equations  (B4),  (B7),  (B12),  (B14),  and  (B 1 5 ) , 

6i=oiiRl—a2R2—cxiJi—aiJ2-\-aiA  sin  <pt 

G2=ot2R1-\-aiR2-\-aiJl~aiJ2 


(B8) 


(B9) 


(BIO) 


Ni=h1(hiJi-h3J2)'\ 
N 2~  hi(h^J\-\-  h2J2)  J 

(B11) 

Pi=h(-h4J}-h5J2) "1 
P2—hi{hbJx  h4J2 ) I 

(B12) 

x “}“  ^8-^2)  *1 

B^2— Aq(  hsR\Ah7R2  J 

(B13) 

Xx =Jiq( — Ag/^iH-Aio^l 

X2=h§(  hioRi~hgR2  \ 

(Bl4)~ 

H1—AR1AA  sin  ip~\~ hj§(Ji/7Rx-\~hj$R2)  "'l 

(B15) 

H2=AR2-\-h§{ — h^RiAh^R^}  J 

(B16) 


(B17) 


where 


(BIS) 


(B19) 


«. \_-J^  (A+MtJ+W.] 

a2^Wi  [if’  Us+/i6/l10] 

ai=Wihihi 

5_z>i  L ®)2  'J 

Then,  from  equation  (B2), 

Li=Ji  [l-~Ki(A,AI-a,)]+ Jst.fr, (^3+01+  ] 

R i [Ki  (hQh7  «i ) — K2 + ( Ki  K4)  A ] + 

R2[Kl{hJi^-\-oi2)]-\-A  sin  ip[Kx(l  — a5)]— K^t' 

h2—  t/i[ifi(AiA3-l-«4)]-}-  t/2  ^1 — — — Kiihihv — <*3)J — 

-5 1 \X\  (fi*  6^8  “1“  **2)]  + -®2  [^1  (^6^7  al)  X2  -f- 

(Kx-Ka)A) 

The  various  disturbance  amplitude  coefficients  of  equa- 
tions (10)  have  now  been  obtained  in  terms  of  the  coefficients 
Rij  R'2)  J\,  Jz  and  the  parameters  A sin  <p  and  r'.  From 
equations  (Bl)  and  (B3), 

Ji€i~\~J2€2ARie^'hR2e4=e5  ^ 

Jl€2+ J2^\  R R2^3~  0 

e/2  €7+ R 1^8 4“  R2€q~  €i0 

^2^6  i?ie9-f‘i?2€8==0  J 

where 

€1  = l-\-Bi—(BiKiAB2)(hih2  <*s) 
e2  = (BiKi-hB2)(hihz-hot4) 

e^{BiKxyB2){hQh1-al)ABx{Kl-K4)A-Bz--BxK2 
e4^(BiKi~\-B2)  (A6A8+ar2) 

€b  = BxKZTf— A sin  ^[(51iiLl+52)(l— a5)] 

*6  = 1 (Z/i +i£i)  (/h/^  «3) 

e7^(Di+Ki)(h1hz-\-a4) 

e$=(Di-hKi)(hJi7—otl)-\-(Di—i)A‘—K2-{---\-(Ki--K4)A 

69 = (D 1 +i?1)(A6A8+a2) 

€10  = K^t' — A sin  <p{Dx+Kx){l — a5) 


(B20) 


r (B2i) 
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j _i?l(6iC9  6465)  ^2(6163  6365) 


*2*6  *1*7 


T ^l(e2*9  €4^7)  €3€?) 

J2  — 

*2*6  *1*7 


T>  _<3266  5365 


(B22) 


R2 


5i5s  6364 

§2^4  6165 


(B23) 


where 

5i  = €4e6)+  e3(e2€6—  ei€7)  e2(e4€7—  €2*9) 

82  ^ €i(€i6s  €365)  €4(e2€0  *1*7)  ^(*367  €2€8) 

^3=  es(€2t6  €167) 

^4  = €e(  €169  €4€q)  + eg(€2€6  €i€7)  €7(e4€7  — €2€g) 

^5  = €6(  6i6S  €3e6)  *2*$)  ““  €167) 

^6  = €i0(  €2^6  «1  €7) 

Equations  (Bll)  to  (B15),  (Bl7),  (Bl9),  (B22)-  and  (B23) 
provide  the  formal  solution  of  equations  (Bl)  to  (BlO). 


(B24) 


APPENDIX  C 

ATTENUATING-WAVE  SOLUTION  FOR  CONSTANT-PRESSURE  COMBUSTION 

and 


If  terms  of  order  M2  are  retained,  equations  (1)  provide 
the  following  relations  for  the  unperturbed-flow  quantities: 


Vl 

Pc 

Pc  U-V 


Pb 


u 


= 1-Y(t-1)M2+  . . . 

[l+Lt±(T-l )M2+  . . .] 


cpTS'  c 1 


1 


U2 


U 2 2 1 (7-1  )M2 

2M2 


a2b  r[2-(7-l)(T-l)M2-(72-l)r(r-l)M4+  . . . ] 
With  these  relations,  equations  (4)  take  the  form 
Bi=7tM2,  B2=2yM2,  £3=1  + [1+7(t-1)]M2 

Di=;[1_^(t~1)M2}£,=(t-1)[1+^tM2] 

Kx=K<=(y-  DM2,  K2 

[l+1=i  (r-l)M2],  ■^3=;+Z=i  M2  J 

and  equations  (9)  may  be  written 

6c=66=-A:;M2,c,=c6=^,de=fc;(l+M2),(4=^;(l+rM2)' 

n=(Ky-m2-mM2,  n=(&-  M* 


^ (Cl) 


(C2) 


If  only  the  leading  terms  in  powers  of  M2  are  retained, 
equations  (B16)  and  (BIS)  provide  the  following  relations: 


h\Jl2  — h\flg- 


tan2 


<P 


>M2(l  + r2  tan2  ip) 


t hjig — fi\hj4  - 


t tan  <p 


h(yhj hjllQ 


sin 2 <p 

yM2’ 


h/ghg — hghg- 


7i¥2(l  + r2  tan2  (p ) 
sin  <p  cos  <p 


yM 2 


(C3) 


tan2^l 

t2  sin2  <p  tan  <p 


yM 2 

r2  tan2  ip 


"yM2(1  + r2  tan2  ip) 


tan3  - 


4 tM2(1  + t2  tan2  p) 

<*5=r(l — (j — 1)  tan2  <p]  J 


(C4) 


From  these  relations: 
r tan  <p 


y hgh7  ofj= 


yM 2 

Ai^2 — a3=0,  Ae^s-!-0^ 


(r— 1)  sin2  <p(r  tan2  1) 

= yM2 

sin  v?  cos  ^(1  + r2  tan2  ip) 

= yM2 


(C5) 


From  equations  (B21)  and  (C5), 


sin  ^ cos  ^(1  + r2  tan2  <p) 

eie9  €4€6— 

(r— 1)  sin2^(r  tan2  <?— 1) 

tl  €3€6— 


€367  €2£8 — *2*6  ele7~ 


tan  <p 

yM2’  ut7~ eie*>~ 0 


(C6) 
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and  from  equations  (B21)j  (B24),  and  (C6): 


6_sm^cosjp  [(t+1)(1+t  tan2*,)- 


yM2r 


52==SK  [(r— l)(r  tan2  «,-l)+2(r+l)r(r  tail2  *+1)] 
53=— tan  <p\r'  — 2(r — l)(r  tan2  ip—  \)A  sin<p] 


2 tan2  (p{r — 1)t(t  tan2  ip—  1)] 


54= 


— (t— 1)  tan  ip  sin2  <p(r  tan2  1) 


56- 


7 2M4r 

(t+1)(t  tan2  ^+1)  sin2<p 

65  ~ 

tan  ip  r/ 

T 


lM2-  tT/‘"(T”1)(T  tan2  <P—1)A  sin  ip] 


y (C7) 


Since  for  constant-pressure  combustion  Ril)  R2fyM2 , R{2) 
= R2/yAP}  and  so  forth,  the  coefficients  R{1),  Ri2),  J(1>,  and  J(2) 
are  obtained  from  equations  (B22),  (B23),  (C6),  and  (C7). 
With  these  coefficients  determined,  the  remainder  are 
obtained  from  equations  (B7),  (Bll)  to  (Bl4);  (B17),  and 
(B19).  The  amplitude  coefficients  are 


7J(2)  = J(2) 


AV 


«(1,~  (t  1)2(t  tan2  ip—  \)2A  sin  ip—  [r2(r2-f  2-r— 1)  tan2  <p+r(r2+l)] 

A" tan  ^ ^ (t2 — 1)(t2  tan4  <p—l)A  sin  <?+[t3(t— 1)  tan4  <p— 2r3  tan2  tp—  r(r+l)] 

J(l)=  — ~ (r  — l)2(r  tan2  1)2A  sin  ^+r2[r(r— l)2  tan4  ^+(r2+2r  — 1)  tan2  ip+2]  — ^ 

Tj\— > L2—0 

T 

({?— l)(r  tan2  ip—  l)[(r+l)(r  tan2  <p+l)— r(r— 1)  tan2  ip(j  tan2  tp—l)]A  sin  ip— 


A(1  + t2  tan2  ip) 


t ^ t2  tan2  ip[r(r — l)2  tan4  ip~\~T(r-\- 1)  tan2  4] 1)  ^ ^ 
Ws=A(H7t^  ^(r  tan2  l)[r(r+l)(r  tan2  ip+l)+(r— 1)  (r  tan2  ip—  l)]A  sin  ip+ 
r2[r(2r  — 1)  tan4  <p—  (t— 1)  tan2  tp—  1] 


G i = a (1+ V ^tan2  ip)  { tan2  *H-1)2+t(>—  l)2  tan2  ip(r  tan2  <p—  1)2]A  sin  <p— 

r(r — 1)  tan2  ^[r(r2-|-2r — 1)  tan2  ip~\r{r2- hi)]  — 


Go 


(r — 1)  tan  ip 
A(l  + r2  tan2<p) 


-^(r2—  l)(r  tan2  ip—  1)(t  tan2  ^+1)A  sin  <p+[t3(t  — 1)  tan4  ip—  2r3  tan2  <p—  t(t+1)] 

P\=—No,  P2=Nx 


h- 


G i T —G2 

->  l2=~ 


W, 


t tan  ip  “ r tan  ip 

= — ~ -^(r—  l)(r  tan2  ip—  l)[r(r—  l)  tan2  ^+(r+l)]  A sin  ip—  [r2(3r—  1)  tan2  ^+t(t+1)]  — ^ 
— — J^2(t  tan2  <p—l )A  sin  <p+r[r  tan2  <p+l]  — 

x,=h2=w2,  x,=-wt 


Wr 


H\=—  -^2(t- )-1)(t  tan2  <p-\-\)A  sin  ^>-|-[t(3t — 1)  tan2  ^-(-(r+l)]  — 


(C8) 
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For  constant-pressure  combustion,  te=Ztl=k'lUt-\-k'2y! 

Vc=kl(z-Ut)t  -xb+(U-V)t],  v=klxc+k'2y:t=k-^+ 

k'2y.  and  (x—kiUt+koy.  At  the  flame  front  where  xc—Ut 
and  xb={U—V)tj  vc=Vb=0,  the  attenuation  factors  er** 
and  e~vt>  are  1,  and  the  arguments  of  the  disturbance  waves 
have  the  form  (KUt+k^y). 

The  procedure  of  reference  23  is  utilized  in  reference  22  to 
treat  a similar  interaction  problem  for  consideration  of 
flame-front  stability.  It  is  assumed  that  there  are  first- 
order  perturbations  in  the  laminar  flame  speed  U (in  the 
present  notation).  Reference  22  presents  results  only  for 
the  special  case  where  the  plane  of  polarization  of  the  inci- 
dent shear  wave  is  in  the  plane  X\.c— x2,tf(^=0°)  and  the 
wave-number  vector  is  parallel  to  the  unperturbed  flame 
front  (<p= 90°).  The  results  of  the  present  analysis  were 
compared  with  those  of  reference  22  for  the  case  of  an 
absence  of  first-order  perturbations  in  the  laminar  flame 
speed  and  for  the  special  case  of  0=0°  and  <^=90°  without 
heat-release  perturbations.  Although  agreement  as  to  sign 
and  magnitude  is  obtained  for  the  shear-field  velocity  com- 
ponents, apparently  differences  in  sign  occur  for  the  potential- 
field  velocity-component  amplitudes  as  indicated  in  the 
following  table: 


Present 

analysis 

Analysis  of 
ref.  22 

Upx 

U 

-A 

-A 

lv.* 

U 

iA 

— iA 

Kb 

u 

A 

- A 

Vp,b 

U 

iA 

iA 

Consideration  of  conservation  of  momentum  across  the 
flame  front  indicates  that  VptJU  and  v'VtbIU  should  be  of  the 
same  sign.  The  present  analysis  is  in  agreement  with  this 
consideration. 
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EFFECT  OF  INTERACTION  ON  LANDING-GEAR  BEHAVIOR  AND  DYNAMIC  LOADS  IN  A 

FLEXIBLE  AIRPLANE  STRUCTURE1 

By  Francis  E.  Cook  and  Benjamin  Milwitzky 


SUMMARY 

The  effects  of  interaction  between  a landing  gear  and  a flexible 
airplane  structure  on  the  behavior  of  the  landing  gear  and  the 
loads  in  the  structure  have  been  studied  by  treating  the  equations 
of  motion  of  the  airplane  and  the  landing  gear  as  a coupled 
system.  The  landing  gear  is  considered  to  have  nonlinear 
characteristics  typical  of  conventional  gears,  namely,  velocity- 
squared  damping,  polytropic  air-compression  springing,  and 
exponential  tire  force-deflection  characteristics.  For  the  case 
where  only  two  modes  of  the  structure  are  considered,  an  equiva- 
lent three-mass  system  is  derived  for  representing  the  airplane 
and  landing-gear  combination,  which  may  be  used  to  simulate 
the  effects  of  structural  flexibility  in  jig  drop  tests  of  landing 
gears. 

As  examples  to  illustrate  the  effects  of  interaction,  numerical 
calculations,  based  on  the  structural  properties  of  two  large  air- 
planes having  considerably  different  mass  and  flexibility  charac- 
teristics, are  presented.  For  the  particular  cases  considered, 
it  was  found  that  the  effects  of  interaction  can  result  in  appreci- 
able reductions  in  the  magnitude  of  the  landing-gear  force , 
particularly  when  the  flexibility  of  the  airplane  structure  is  large 
and  the  natural  f requency  is  small.  Thus,  neglect  of  interaction 
effects,  that  is,  the  use  of  the  landing-gear  forcing  function  for  a 
rigid  airplane,  in  a dynamic  analysis  of  a flexible  airplane  can 
lead  to  the  calculation  of  excessive  loads  in  the  airplane  struc- 
ture. 

In  the  case  of  one  of  the  airplanes  considered,  the  structural 
loads  calculated  from  the  interaction  solutions  are  greater 
than  those  for  a completely  rigid  airplane  treatment  {rigid  struc- 
ture subjected  to  rigid-body  forcing  function)  because  the  effects 
of  dynamic  magnification  more  than  overcome  the  reduction  in 
landing-gear  force  due  to  interaction.  In  the  case  of  the  second 
airplane,  because  of  the  relatively  large  natural  period  of  the 
structure  in  comparison  with  the  duration  of  the  impact  pulse, 
the  dynamic  magnification  factor  is  appreciably  less  than  unity. 
This  effect,  coupled  with  the  reductions  in  landing -gear  force 
due  to  interaction,  results  in  structural  loads  that  are  less  than 
those  for  a rigid  airplane. 

INTRODUCTION 

In  the  design  of  landing  gears  it  is  usually  assumed  that 
the  airplane  is  a rigid  body  and  development  tests  are 

» Supersedes  NACA  Technical  Note  3467  by  Francis  E.  Cook  and  Benjamin  Milwitzky,  1955. 


frequently  carried  out  in  a drop-test  jig  with  a landing  gear 
attached  to  a concentrated  mass.  In  so  doing,  it  is  tacitly 
assumed  that  the  interaction  "between  the  motions,,  of  the 
landing  gear  and  the  deformations  of  the  airplane  structure 
has  little  or  no  effect  on  the  behavior  of  the  landing  gear. 
Also,  load  time  histories  obtained  on  a rigid-body  basis  are 
often  used  as  the  forcing  function  in  a dynamic  analysis  to 
determine  the  inertia  loads  and  stresses  in  flexible  airplane 
structures,  again  under  the  assumption  that  the  behavior 
of  the  landing  gear  is  independent  of  the  effects  of  airplane 
flexibility.  Although  it  has  been  recognized  that  this  assump- 
tion is  not  altogether  valid,  the  errors  involved  have  not  been 
considered  particularly  significant  in  the  past  because: 
(a)  The  errors  were  thought  to  be  on  the  conservative  side 
and  (b)  until  comparatively  recently  main  landing  gears 
have  generally  been  located  very  close  to  the  nodes  of  the 
fundamental  bending  mode  of  the  wing,  and  the  airplane 
therefore  closely  approximated  a rigid  body  insofar  as  the 
behavior  of  the  landing  gear  is  concerned.  However,  the 
trend  toward  increased  size  of  airplanes,  the  disposition  of 
large  concentrated  masses  in  outboard  locations  in  the 
wings,  the  use  of  thinner  wings,  and  the  development  of 
unconventional  configurations  tend  to  increase  the  flexibility 
of  the  airplane  structure  and  reduce  the  natural  frequencies 
of  vibration.  These  characteristics  tend  to  cause  an  increase 
in  the  amplitudes  of  the  oscillatory  motions  of  the  landing- 
gear  attachment  points  relative  to  the  center  of  gravity  of 
the  flexible  system  during  impact  so  that  the  effects  of  inter- 
action are  increased,  both  with  regard  to  the  behavior  of  the 
landing  gear  and  the  dynamic  loads  in  the  structure,  par- 
ticularly-when  the  natural  period  of  the  fundamental  mode 
of  the  structure  approaches  the  time  duration  of  the  impact 
pulse. 

A number  of  analytical  studies  and  some  simplified  model 
tests  (refs.  1 to  5)  which  have  been  made  to  evaluate  the 
effects  of  structural  flexibility  on  landing-gear  loads  have 
indicated  some  reduction  in  landing-gear  force  due  to  the 
effects  of  structural  deformation.  However,  in  view  of  the 
fact  that  these  previous  investigations  considered  only 
rather  highly  idealized  linear-spring  landing  gears  with 
either  no  damping  at  all  or  viscous  damping,  a further  stud}7 
of  the  effects  of  interaction  between  the  landing  gear  and 
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the  airplane  structure  has  been  made  with  a more  realistic 
representation  of  the  landing  gear.  In  the  present  analysis, 
as  in  reference  6,  the  landing  gear  is  considered  to  have 
velocity-squared  damping,  poly  tropic  air-compression  spring- 
ing, and  exponential  tire  force-deflection  characteristics,  as 
is  the  case  with  conventional  oleo -pneumatic  landing  gears 
in  current  use.  The  particular  purposes  of  this  investigation 
are  to  evaluate  the  effects  of  interaction  on  the  behavior  of 
the  landing  gear  and  to  study  the  errors  introduced  into  the 
calculated  loads  in  the  structure  (applied  loads,  accelerations, 
bending  moments,  and  shears)  when  a dynamic  analysis  is 
made  on  the  basis  of  applying  the  landing-gear  forcing  func- 
tion for  a rigid  body  to  a flexible  airplane.  For  these  pur- 
poses, case-history  studies,  based  on  the  structural  properties 
of  two  large  airplanes  having  considerably  different  mass  and 
flexibility  characteristics,  are*  presented.  In  order  to  cover 
a range  of  parameters,  the  landing  gear  of  each  airplane  was 
assumed  to  be  located  at  three  arbitrary  spanwise  positions 
in  addition  to  its  original  location.  Only  symmetrical 
impact  conditions  are  considered. 

The  basic  analysis  of  the  landing  gear  and  the  airplane 
structure  as  a coupled  system  is  presented  in  a general  form. 
In  the  numerical  examples  presented,  however,  the  system 
is  simplified  by  considering  the  motions  of  the  airplane  in  its 
first  two  structural  modes  only.  With  these  restrictions, 
the  combination  of  airplane  and  landing  gear  can  also  be 
represented  by  an  equivalent  three-mass  system  which  may 
be  used  in  jig  drop  tests  of  landing  gears  to  simulate  the 
primary  effects  of  structural  flexibility.  A similar  type  of 
concentrated-mass  system  was  used  in  the  study  of  the 
hydrodynamic  impact  of  a flexible  seaplane  in  reference  7. 

SYMBOLS 

GENERAL 

g gravitational  constant 

iq  lift  factor,  F totjl^ to t 

Ltot  total  lift  force  (half  the  airplane) 

t time  after  initial  contact 

r time  variable  of  integration 

T time  to  maximum  landing-gear  force 

tf  time  after  maximum  landing-gear  force 

VVq  vertical  velocity  at  initial  contact 
W tol  total  weight  (half  the  airplane) 

Q,  circular  frequency  of  sine  pulse 

Qi  circular  frequency  of  cosine  pulse 

X any  variable 

\p  value  of  any  variable  X at  end  of  %) tli  interval  sub- 

sequent to  beginning  of  numerical  integration 
procedure 

LANDING  GEAR 

Aa  pneumatic  area  of  shock  strut 

Ah  hydraulic  area  of  shock  strut,  Al~Av 
Ai  internal  cross-sectional  area  of  shock-strut  inner 

cylinder 

An  net  orifice  area  of  shock  strut,  A0-Ap 

A0  area  of  fixed  opening  in  orifice  plate 

Ap  cross-sectional  area  of  metering  pin  or  rod  in 
plane  of  orifice 


Cd  orifice  discharge  coefficient 

Fv  vertical  component  of  force  in  shock  strut  subse- 

quent to  beginning  of  shock-strut  deflection 
FVg(zu)  vertical  force  applied  to  tire  at  ground 
mu  unsprung  mass  below  shock  strut 

?n,r,?a'  constants  in  tire  force-deflection  relationship 
n polytropic  exponent  for  air-compression  process  in 

shock  strut 

j}ao  air  pressure  in  shock  strut  when  fully  extended 
p mass  density  of  hydraulic  fluid 

v0  air  volume  of  shock  strut  when  fully  extended 

$ shock-strut  stroke 

ti  duration  of  impact  pulse 

0 angle  between  shock-strut  axis  and  vertical 

Wu  weight  of  unsprung  mass  below  shock  strut 
zf  vertical  displacement  of  landing-gear  attachment 

point  from  position  at  initial  contact 
vertical  displacement  of  axle  from  position  at  initial 
contact 

DISTRIBUTED  STRUCTURE 

an  generalized  coordinate  for  nth  mode 

<p  angle  of  twist  of  transverse  station 

<pn  modal  function  for  torsion  in  nth  mode 

w vertical  displacement  of  elastic  axis  from  position  at 

initial  contact 

wn  modal  function  of  elastic  axis  for  bending  in  nth 

mode 

f vertical  displacement  of  station  mass  centers  from 

position  at  initial  contact 

f n modal  function  of  station  mass  centers  for  coupled 

bending  torsion  in  nth  mode 

£n  modal  amplitude  of  landing-gear  attachment  point 

for  coupled  bending- torsion  in  nth  mode 
e chordwi.se  distance  between  elastic  axis  and  station 

mass  center 
b wing  span 

M.b  bending  moment 

F vertical  component  of  applied  landing-gear  force 

jx  natural  frequency  of  first  deflection  mode 

I0  polar  moment  of  inertia  of  wing  cross  section  about 

station  mass  center 

Iea  polar  moment  of  inertia  of  wing  cross  section  about 

elastic  axis 

K radius  of  gyration  of  wing  station  about  elastic  axis 

L lift  force  per  unit  length  of  span 

m mass  per  unit  length  of  span 

Mn  generalized  mass  for  nth  mode  (half  the  airplane) 
c on  circular  frequency  of  nth  mode 

Qn  generalized  force  in  ??,th  mode 

S shear 

tn  natural  period  of  nth  mode 

x chordwise  distance  between  elastic  axis  and  any 

arbitrary  point 

xf  chordwise  distance  between  elastic  axis  and  landing- 

gear  attachment  point 

y spanwise  distance  from  airplane  center  plane  to  any 

transverse  station 
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yg  spanwise  distance  from  airplane  center  plane  to 

landing-gear  station 

z vertical  displacement  of  any  point  from  position  at 

initial  contact 

zf  vertical  displacement  of  landing-gear  attachment 

point  from  position  at  initial  contact 
zu  vertical  displacement  of  axle  from  position  at  initial 

contact 

han  virtual  displacement  of  generalized  coordinate  of 
7ith  mode 

<5  Wn  virtual  work  in  7ith  mode 

EQUIVALENT  THREE- MASS  SYSTEM 

a0  vertical  displacement  of  center  of  gravity  of  spring- 

connected  masses  from  position  of  initial  contact 
k spring  constant 

Lf  lift  force  acting  on  mass  m, 

Ls  lift  force  acting  on  mass  ms 

mf  mass  acting  directly  on  landing  gear 
ms  elastically  supported  mass 

a?!  natural  frequency  of  vibration  of  spring-connected 

masses 

u deflection  of  spring 

Wf  weight  of  mass  acting  directly  on  landing  gear 

Ws  weight  of  elastically  supported  mass 

zf  vertical  deflection  of  landing-gear  attachment  point 

zs  vertical  deflection  of  elastically  supported  mass 

zu  vertical  displacement  of  axle  from  position  at  initial 

contact 

AERODYNAMIC 

A total  wing  area  (half  the  airplane) 

At  wing  area  assumed  concentrated  at  station  i 
CL  lift  coefficient 

CLq  lift  coefficient  at  instant  of  initial  contact 

CLa  lift-curve  slope 

7 flight-path  angle 

70  flight-path  angle  at  instant  of  initial  contact 

,p  mass  density  of  air 

VL  landing  speed  of  airplane 

Subscripts: 

a aerodynamic 

/ landing-gear  attachment  point 

g landing-gear  station 

i any  spanwise  station 

n pertaining  to  the  nth  mode 

0 zero  or  rigid-body  mode 

r at  instant  of  initial  shock-strut  motion 

T at  instant  of  maximum  landing-gear  force 

max  maximum 

The  use  of  dots  over  symbols  indicates  differentiation  with 
respect  to  time  t or  r.  All  translations  are  positive  downward 
(see  figs.  1 to  3).  The  absolute  value  of  an}7  term  ( ) is 
indicated  by  |(  )|. 

ANALYSIS 

In  order  to  study  the  behavior  of  a landing  gear  and  a 
flexible  airplane  structure  as  mutually  interacting  elements  of 
a coupled  system,  the  equations  for  the  landing-gear 


force  are  combined  with  the  equations  of  motion  of  the 
structure.  The  motions  of  the  structure  are  treated  by  the 
mode-superposition  approach,  wherein  the  deflections  of  the 
structure  are  expanded  in  terms  of  its  natural  modes  of 
vibration.  The  effects  of  interaction  between  the  landing 
gear  and  the  structure  are  introduced  by  expressing  the 
landing-gear  force  in  terms  of  the  motions  of  the  landing-gear 
attachment  point  and  the  wheel  axle  (or  unsprung  mass) 
rather  than  as  an  arbitrary  function  of  time. 

Because  conventional  oleo-pneumatic  shock  struts  do  not 
begin  to  deflect  until  some  finite  time  after  initial  contact  of 
the  tire  with  the  ground,  the  impact  is  treated  in  two  parts, 
namely,  the  phases  prior  to  and  subsequent  to  the  beginning 
of  shock-strut  deflection,  where  the  initial  conditions  for  the 
second  phase  are  determined  from  the  terminal  conditions 
for  the  first  phase. 

In  the  first  part  of  the  analysis,  the  equations  for  the 
landing-gear  force  are  presented.  Then,  the  deflections  of 
the  structure  are  expanded  in  terms  of  coupled  modes  and  the 
resulting  equations  of  motion  for  the  system  are  presented  in 
a general  form.  For  the  purpose  of  indicating  the  quanti- 
tative effects  of  interaction,  however,  the  system  used  in  the 
numerical  trend  studies  has  been  simplified  by  restricting 
consideration  of  the  structural  deflections  to  the  first  two 
modes  of  the  expansion.  Within  the  framework  of  this 
two-mode  treatment,  it  is  also  shown  that  the  airplane  struc- 
ture can  be  represented  by  an  equivalent  system  of  spring- 
connected  concentrated  masses,  which  may  be  used  to 
simulate  the  effects  of  structural  flexibility  in  jig  drop  tests 
of  landing  gears. 

LANDING-GEAR  FORCE 

An  analysis  of  the  behavior  of  the  conventional  type  of 
oleo-pneumatic  landing  gear  was  presented  in  reference  6. 
In  this  study  the  mass  above  the  landing  gear  was  considered 
as  a rigid  body;  the  system  treated  therefore  had  two  degrees 
of  freedom  and  is  schematically  represented  in  figure  1.  The 
analysis  of  the  landing  gear  considered  the  velocity-squared 
damping  of  the  metering  orifice,  the  air-compression  springing 
of  the  shock  strut,  the  nonlinear  force-deflection  charac- 
teristics of  the  tire,  and  the  internal  shock-strut  friction 
forces.  Calculated  time  histories  of  the  landing-gear  forces 
and  the  motions  of  the  system  were  in  good  agreement  with 
experimental  data  obtained  in  drop  tests. 

In  the  present  study  the  rigid  mass  is  replaced  by  a flexible 
airplane  structure,  but  the  treatment  of  the  landing  gear  is 
essentially  the  same  as  that  in  reference  6.  However,  since 
conventional  landing  gears  are  inclined  forward  so  as  to 
minimize  normal  forces  and  bending  moments  due  to  the 
combination  of  vertical  and  drag  forces,  it  will  be  assumed 
that  the  resultant  force  on  the  landing  gear  lies  along  the  axis 
of  the  shock  strut  so  that  strut  bending  moments  and 
resulting  internal  friction  forces  are  neglected  in  the  present 
analysis. 

In  view  of  the  fact  that  conventional  oleo-pneumatic  shock 
struts  are  preloaded  with  air  and  therefore  do  not  begin  to 
deflect  until  some  finite  time  tT  after  initial  contact  of  the 
tire  with  the  ground,  the  impact  must  be  treated  in  two 
phases.  In  the  first  phase,  since  the  strut  is  effectively  rigid, 
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Lift 


(a)  System  with  two  degrees  of  freedom.  (b)  Schematic  representation  of  shock  strut. 

Figure  1. — Dynamical  system  (rigid  airplane)  considered  in  reference  6. 


the  landing  gear  has  only  one  degree  of  freedom  and  the 
motion  of  the  complete  system  of  the  landing  gear  and 
airplane  is  governed  by  the  force  between  the  tire  and  the 
ground.  This  ground  force  arises  from  the  deflection  of  the 
tire  and,  in  general,  may  be  written  as 

Fvg=FVg(zu)  (1) 

the  exact  variation  depending  on  the  particular  tire 
force-deflection  characteristics.  Prior  to  the  beginning  of 
shock-strut  deflection 

Fvg~FVg(zf ) (t^tT)  (la) 

since  zu=zf.  (This  relationship  is  exact  when  the  landing 
gear  is  vertical  and  holds  very  closely  when  the  gear  is 
inclined.) 

The  shock  strut  starts  to  deflect  at  the  time  tT  when  the 
force  exerted  on  the  airplane  by  the  shock  strut  becomes  equal 


to  the  air-pressure  preloading  force  in.  the  strut.  At  this 
instant  the  free-body  equation  for  the  unsprung  mass  of  the 
landing  gear  is 

/yf\jUZfT~\- F vg(Zf^)=Pa0Aa  cos  6- f-  Wu  (t=tT)  (2) 

Equation  (2)  provides  the  relationship  between  the  ter- 
minal conditions  for  the  first  phase  of  the  impact  which,  in 
conjunction  with  the  solution  of  the  equations  of  motion  for 
the  complete  system  prior  to  shock-strut  deflection,  deter- 
mines the  time  tT  when  the  shock  strut  begins  to  deflect  and, 
thus,  the  terminal  values  of  the  variables  for  the  first  phase  of 
the  impact.  These  values  then  serve  as  the  initial  conditions 
for  the  second  phase  of  the  impact. 

After  the  shock  strut  begins  to  deflect,  the  landing  gear 
has  two  degrees  of  freedom,  since  the  motions  of  the  landing- 
gear  attachment  point  and  the  motions  of  the  unsprung 
mass  are  no  longer  the  same.  The  equation  for  the  vertical 
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component  of  the  force  transmitted  to  the  airplane  by  the  land- 
ing gear  after  the  shock  strut  starts  to  deflect  is  (see  ref.  6) 

Fv ,=f ill  HTTrn  s2+VaAa  cos  6 ( t £ /,)  (3) 


The  equation  of  motion  of  the  unsprung  mass  is 
m uz u~r  FVA2 u) = FVs + Wu  (t  ^ tT) 


In  equatioii  (3)  the  first  term  represents  the  hydraulic 

s 

force  in  the  shock  strut,  where  the  factor  r—r  indicates  the 

M 

change  in  sign  required  between  the  compression  and  exten- 
sion strokes.  (During  the  extension  stroke  of  the  shock 
strut,  because  of  the  action  of  the  rebound  check  valve  or 
“snubber”  incorporated  in  most  landing  gears,  the  net  orifice 
area  An  will  generally  be  smaller  and  the  orifice  discharge 
coefficient  Cd  will  be  different  from  the  values  which  apply 
during  the  compression  stroke.)  The  second  term  of  equa- 
tion (3)  expresses  the  air-compression  force  in  the  strut, 
based  on  a poly  tropic  pressure-volume  relationship.  In 
equation  (4),  the  force  arising  from  the  deflection  of  the 
tire  may  be  expressed  as  Fv  ( zu)=mzur  for  the  usual  types 
of  pneumatic  tires,  where  m and  r are  constants  for  each 
regime  of  the  tire-deflection  process  (see  ref.  6). 

EQUATIONS  OF  MOTION  OF  THE  AIRPLANE 

Differential  equations  of  airplane  structure. — In  the  mode- 
superposition  approach,  the  structure  is  considered  to  deflect 
in  its  natural  modes  of  vibration  and  the  total  displacement 
of  any  point  in  the  system  is  the  sum  of  the  displacements 
of  the  point  in  all  the  modes  considered.  With  this  approach 
the  motions  are  separated  into  functions  which  depend  only 
on  the  space  coordinates  and  functions  which  depend  on  the 
time  variable. 

In  the  case  of  a landing  impact  the  process  is  discontinuous 
at  the  instant  tT  when  the  shock  strut  begins  to  deflect.  In 
the  first  phase  of  the  impact  the  shock  strut  is  effectively 
rigid,  so  that  the  motion  of  the  unsprung  mass  of  the  land- 
ing gear  is  essentially  the  same  as  the  motion  of  the  landing- 
gear  attachment  point  and  the  force  transmitted  by  the 
landing  gear  to  the  airplane  is  the  vectorial  sum  of  the 
ground  force  due  to  tire  deflection,  the  inertia  reaction  of 
the  unsprung  mass,  and  the  weight  of  the  unsprung  mass. 
In  the  second  phase  of  the  impact,  the  motion  of  the  un- 
sprung mass  is  not  the  same  as  the  motion  of  the  landing- 
gear  attachment  point  and  the  force  applied  to  the  airplane 
is  governed  by  the  relative  motion  between  the  landing-gear 
attachment  point  and  the  unsprung  mass,  as  given  by 
equation  (3). 


1 ^-Reference  plane 


(a)  Coordinates  along  elastic  axis. 

(b)  Coordinates  at  any  transverse  station. 

(c)  Coordinates  at  landing-gear  station. 

Figure  2. — Coordinates  for  airplane  structure. 

The  notation  employed  in  the  analysis  is  indicated  in 
figure  2,  A typical  transverse  station  located  at  a span- 
wise  distance  y from  the  airplane  center  plane  is  considered. 
The  mass  per  unit  length  of  span  is  designated  by  m.  The 
translation  of  the  elastic  axis  at  the  station  is  denoted  by  w; 
f is  the  translation  of  the  station  mass  center;  e is  the  chord- 
wise  distance  between  the  station  mass  center  and  the  elastic 
axis;  and  <p  is  the  angle  of  twist  of  the  station.  The  trans- 
lation of  an  arbitrary  point  located  at  a chordwise  distance 
x from  the  elastic  axis  is  designated  by  2.  The  spanwise 
distance  from  the  center  plane  of  the  airplane  to  the  landing- 
gear  station  is  indicated  by  yg.  The  translation  of  the 
landing-gear  attachment  point,  or  force-application  point,  is 
designated  zf\  the  distance  between  the  landing-gear  attach- 
ment point  and  the  elastic  axis  is  denoted  by  xf. 

In  the  most  general  case,  the  expansion  of  the  deflection 
of  the  structure  in  terms  of  its  natural  coupled  modes  of 
vibration  may  be  written  as 

co 

w(y,t)='£j<in{t)wn{y)  (o) 

71  = 0 

and 

<P(y,t)='£^an(t)<Pn(y)  (6) 

n = 0 
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where  the  subscript  n denotes  the  order  of  any  mode,  an  is 
the  generalized  coordinate  in  the  nth  mode,  and  wn  and  <p* 
are  the  corresponding  modal  functions  for  bending  and 
torsion,  respectively. 

For  later  use  it  is  convenient  to  introduce  expressions  for 
the  displacements  at  other  points  in  the  structure.  Since 
the  translation  of  the  station  mass  centers  is  given  by 
f =w+e<p}  it  follows  that 


The  relationship  between  Qn  and  the  external  forces  can 
be  determined  by  application  of  virtual -work  principles. 
By  definition,  the  work  done  in  the  nth  mode  by  the  general- 
ized force  acting  through  a virtual  displacement  of  the  gen- 
eralized coordinate  of  the  mode  is  equal  to  the  work  done  by 
the  external  forces  acting  through  virtual  displacements  of 
their  points  of  application  in  the  mode.  Thus,  the  virtual 
work  done  b}^  the  generalized  force  in  the  nth  mode  is 


f(«,2/>*)=ZX(0  £n(y)  (7) 

71  = 0 

where  the  modal  function  The  translation  of 

any  arbitrary  point  along  the  chord  is  given  by  z=w+x<p ; 
therefore, 

z(x,y,t)=ibar,(.t)Zn(y)  (8) 

71  = 0 

where  the  modal  function  zn=wn~\-X(pn.  The  translation  of 
the  landing-gear  attachment  point  is  given  by  zf=w-\-xf<p ; 
therefore, 

co 

zA%fyy£>ty~^^Q'nit)£n.(yg)  (9) 

71  = 0 

where  the  modal  amplitude  +£/<£>«• 

By  application  of  Lagrange’s  equation  and  the  orthogo- 
nality relationships  between  coupled  modes,  it  can  be  shown 
(see,  for  example,  refs.  8 to  10)  that  the  equation  of  motion 
for  the  airplane  in  the  nth  mode  may  be  written  as 

Mndn+Mncon2an=Qn  (n= 0,1,2,  . . .)  (10) 


51'Vn  — QnbO'n 


(12) 


In  the  case  of  an  airplane  during  landing,  the  external 
foi'ces  are  the  distributed  lift  forces  L(y),  the  distributed 
weights  gm(y ),  and  the  force  F transmitted  by  the  landing 
gear.  The  virtual  work  done  by  these  external  forces  in 
the  nth  mode  is  therefore  given  by 


a *6/2  f*  6/2  \ 

Lddnzn  dy  g | 'iTibcin dy Fddn^n  j 

a 6/2  rb/2  \ 

Lzndy—gJ^  m^ndy+F^nJ  (13) 


Equating  equations  (12)  and  (13)  gives  the  following 
relationship  for  Qn : 


dy+F£^ 


Therefore,  the  equation  of  motion  of  the  structure  in  the 
nth  mode  is 


where  Mn  is  termed  the  generalized  mass  for  the  nth  mode 
and  Qn  is  the  generalized  force,  as  determined  from  virtual- 
work  considerations.  For  a continuous  system, 


rb/2  rb/2 

Mndn+Mnu>n2an=—Ftn—  Lzn  dy+g  mf,  dy 

Jo  Jo 

(n=  0,1,2,...)  (14) 


rb/2  r 6/2  rb/2 

Mn=  I mwn2dy-\- 2 I me(pnwn  dy-\-  I mK2<p2dy 

Jo  Jo  Jo 

rb/2  rb/2 

= IoVndy 

Jo  Jo 


(11) 


For  the  rigid-body  mode  (?i=0),  since  co0=0  and  2o=fo=£o=  1; 
equation  (14)  becomes 


r 6/2 

M0d0=  — F—  J (L— gm)dy 


In  practice  the  span  wise  mass  distribution  is  often  approxi- 
mated by  breaking  up  the  distribution  into  discrete  masses 
which  are  concentrated  at  a finite  number  of  stations  along 
the  span.  With  this  approach  equation  (11)  may  be  written 
as 


subject  to  the  initial  conditions 


a0(0)  = 0 

and 

do(0)  = VVq 


Mntt^(miWni2+2mi€i<pniwni+miKi2<pn2') 


(11a) 


If  the  airplane  is  assumed  to  be  free  of  oscillations  at  the 
time  of  initial  contact, 


dn(0)==an(0)  = 0 (n^0) 


where  the  subscript  i denotes  any  spanwise  station. 

For  ?i—0  (rigid-body  mode),  since  w0=fo=l  and  <Po=0, 

r 6/2 

M0= J m dy~ 


At  the  instant  of  initial  contact,  the  airplane  may  be 
accelerating,  that  is,  a0(0)^0,  if  the  total  lift  is  not  exactly 
equal  to  the  total  weight.  Consideration  of  the  balance  of 
forces  on  the  unsprung  mass  as  a free  body  leads  to  the 
following  equation  for  the  force  applied  to  the  airplane  by 
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the  landing  gear  at  the  instant  of  contact: 


F(0)=Wu  p“-l] 


Substitution  of  this  relationship  into  the  equation  of  motion 
for  the  rigid-body  mode  gives 


d0(0)= 


p/2 

w*~\  (L—  gm)dy 


M0+mu 


jjjtot  Ltot 
Wtoilg 


where 


so  that 


=(1  ~KL)g 


Kl= 


F(0)  = -KlWu 


With  this  definition  of  F(0)  and  the  initial  conditions  for 
the  modes  np^O.  equation  (14)  applied  to  the  instant  t— 0 
gives 


phases,  as  previously  discussed,  the  equations  of  motion  for 
each  phase  must  be  solved  separately,  where  the  initial 
conditions  for  the  second  phase  are  the  same  as  the  terminal 
conditions  for  the  first  phase. 

Motion  prior  to  beginning  of  shock-strut  deflection. — 
Since  the  shock  strut  is  effectively  rigid  in  the  first  phase  of 
the  impact,  the  force  transmitted  b}7  the  landing  gear  to  the 
airplane,  F in  equation  (15a),  is  equal  to  the  ground  force 
FVg(zr)  less  the  inertia  reaction  of  the  unsprung  mass  and 
the  weight  of  the  unsprung  mass,  as  may  be  seen  by  consider- 
ing the  unsprung  mass  as  a free  body;  thus, 

Ft£tT= F vg{zf)  "I ~7uu'Zf  I'k  w 

so  that  the  motions  of  the  system  during  the  first  phase  of 
the  impact  are  governed  by  the  following  set  of  differential 
equations : 


M0a0=  — [FVg(zf)+?nuzf+Wtol(KL— 1)] 


Mx  ii  i + My  o)i2ai  — [F Vg(  Zf) + m u z f + WU(KL  1 )] 


1 / p/2  p/ 2 \ 

an^=w^>~2 v J o LzndyJrKLW^n) 

This  relationship  indicates  that,  in  general,  a finite  static 
deflection  in  the  flexible  modes  will  be  present  at  the  time 
of  initial  contact.  At  any  subsequent  time  the  deflection 
will  be  equal  to  this  initial  static  deflection  plus  an  addi- 
tional deflection  ant  which  varies  with  time;  that  is, 
^n=«'n(0)+u„r  This  substitution  permits  equation  (14)  to 
be  written  as 

Mndnt+Mno)n2an=  — (F+KLWv)£n  (np±  0)  (15) 

subject  to  the  initial  conditions 

a«,(0)=drt,(0)=0 

In  the  remainder  of  the  report,  for  the  sake  of  simplicity 
of  notation,  the  subscript  t will  be  dropped,  with  the  under- 
standing that  an  represents  the  time-varying  part  of  the 
displacement  of  the  nth  mode,  so  that  equation  (15)  is 
written  as 


Mmam+Mma)m2am — — [FVg(zf)  + muzf-\-  WU(KL — 1 )]  J 

(16) 

where 

m 

Zf=‘  ^ 'iQ'nkn 

7i  = 0 

and  the  mth  mode  is  the  highest  mode  considered. 

The  initial  conditions  for  equations  (16)  are  the  conditions 
at  the  instant  of  initial  contact,  namely, 

a0(0)  = 0 
^o(O)  — Vv0 

and 

ttn(0)  = <xn(0)==0  (np±0) 

As  previously  indicated,  the  first  phase  of  the  impact 
terminates  at  the  time  tT  when  the  force  in  the  shock  strut 
becomes  equal  to  the  air-pressure  preload  force.  The  ter- 
minal conditions  at  this  instant,  as  determined  by  consider- 
ation of  the  unsprung  mass  as  a free  body,  are  given  by 
equation  (2),  namely, 


Mndn+Mnu>n2an=  - (F+KlWu)Z»  (n*  0)  (15a) 


mJfT+FVg(zfT)=z>aAa  cos  0+Wu 


If  the  external  forces  are  specified  solely  as  functions  of 
time,  the  equations  of  motion  for  each  mode  of  the  system 
are  uncoupled  and  can  be  solved  individually.  However, 
when  the  external  forces  depend  on  the  motions  of  the  s}7s- 
tem,  as  in  the  case  of  the  landing-gear  force  during  a landing 
impact,  the  relationships  between  the  external  forces  and  the 
motions  in  the  modes  serve  to  couple  the  equations  of  motion 
so  that  they  must  be  solved  simultaneously.  Furthermore, 
in  the  case  of  landing  impact,  since  the  process  has  two 


The  solution  of  equations  (16)  in  conjunction  with  equa- 
tion (2)  permits  the  determination  of  the  time  U when  the 
shock  strut  begins  to  deflect  and  the  values  of  the  motion 
variables  at  this  instant;  these  values  then  serve  as  the  initial 
conditions  for  the  second  phase  of  the  impact. 

Motion  subsequent  to  beginning  of  shock-strut  deflec- 
tion.— In  the  second  phase  of  the  impact  the  force  trans- 
mitted by  the  landing  gear,  F in  equation  (15a),  is  the  ver- 
tical component  of  the  shock-strut  force  Fv  , as  given  by 
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equation  (3).  Thus,  the  motions  of  the  system  during  the 
second  phase  of  the  impact  are  governed  by  the  following 
set  of  differential  equations: 

Mod  „=  — (Fv9 + Wu) — Wt  o t (Kl — 1 ) 

Mi  di  -\-Mi  a)i2di — — (FVs-\-KlWu)£  i 

Mm<im+Mmo)m2am=  — (FVs+ KLWu)Zm 

and 

muzu+ FVg(zu) =FVa+ Wu 

where 

Fv=Fvs(zf—zUi  Zf—Zu) 
as  given  by  equation  (3);  and 

m 

Zf 

n= 0 

The  first  m equations  of  equations  (17)  represent  the  mo- 
tions of  the  airplane  structure  in  its  first  m modes,  whereas 
the  last  equation  of  the  set  is  the  equation  of  motion  of  the 
unsprung  mass  of  the  landing  gear  as  previously  given  bv 
equation  (4).  The  initial  conditions  for  equations  (17)  are 
the  terminal  conditions  for  equations  (16)  as  previously 
discussed.  In  view  of  the  fact  that  the  landing-gear  forcing 
term  FVg  is  highly  nonlinear,  analytical  solution  of  the  sys- 
tem of  equations  (17)  does  not  appear  possible,  so  that  it  is 
necessary  to  resort  to  numerical-integration  or  analog 
methods. 

SIMPLIFIED  SYSTEM  CONSIDERED  IN  NUMERICAL  STUDIES 

The  preceding  section  lias  presented  the  equations  of 
motion  for  a flexible  airplane  coupled  to  a landing  gear, 
which  permit  calculation  of  the  motions  of  the  system 
during  a landing  impact  with  consideration  of  as  many  modes 
as  may  be  desired.  For  the  study  of  the  effects  of  inter- 
action between  the  landing  gear  and  the  structure,  however, 
it  appears  that  the  primary  effects  of  structural  flexibility 
on  the  behavior  of  the  landing  gear  can  be  represented  by 
considering  only  the  first  deflection  mode  in  addition  to  the 
rigid-body  mode.2  This  simplification,  which  greatly  reduces 
the  amount  of  computational  work,  is  felt  to  be  justified  for 
the  purposes  of  the  present  investigation  since  both  theoret- 
ical considerations  and  experimental  data  indicate  that  the 
higher  modes  should  have  relatively  little  effect  on  the 
landing-gear  performance.  With  this  assumption  the  equa- 

2 In  a dynamic  analysis,  stresses  in  the  structure  due  to  excitation  of  the  higher  modes  can 
be  approximated  by  calculating  the  response  of  such  modes,  individually,  to  the  forcing 
function  determined  for  the  landing  gear  coupled  with  the  rigid-body  and  first  deflection 
modes.  This  procedure  should  be  a considerable  improvement  over  the  use  of  the  rigid-body 
forcing  function  as  a basis  for  response  calculations  in  cases  where  the  landing-gear  attachment 
points  experience  appreciable  deflections  relative  to  the  mass  center  of  the  system. 


tions  of  motion  reduce  to 

Modo—  — [FVg(zf)+muzf+Wtot(KL-~  1)]  ^ (18a) 

Mid\-\-Mx^x2ai=  [FVg(zf)-)-?nU'f-\-fyu(KL  l)]£t  J (ISb) 

and 


where 

and 


M&=-(FVa+WJ--Wm{KL-l)  (19a) 

Mid\-\-M\<j)\2a\=  (FVs-\-Kl JI'«)$i  y (19b) 

muzu+FVg(zu)=FVs+Wu  j (19c) 

zf=a0-\-al£i 

muZfT+FVg(zfT)=pao  cos  6+Wu  (t=tT) 


The  solution  of  equations  (18)  and  the  determination  of 
the  conditions  at  the  time  tT  when  the  shock  strut  begins  to 
deflect,  which  serve  as  the  initial  conditions  for  equations 
(19),  are  treated  in  appendix  A.  With  these  initial  condi- 
tions, equations  (19)  may  be  solved  by  numerical  integration 
or  analog  methods. 

From  the  time-history  solutions  for  the  motions  of  the 
system  thus  obtained,  the  accelerations  and  inertia  loads  at 
an}r  point  in  the  structure  can  be  calculated  from  the  equa- 
tions presented  in  appendix  B. 


EQUIVALENT  THREE-MASS  SYSTEM 

It  is  of  interest  to  note  that  the  equations  of  motion 
previously  given  not  only  represent  the  distributed 
system  of  the  airplane  but  can  also  be  used  to  define  equiva- 
lent systems  of  spring-connected  masses,  where  the  number 
of  masses  above  the  landing  gear  is  equal  to  the  number  of 
modes  considered.  For  the  particular  case  where  two  modes 
are  considered,  the  equivalent  system  is  one  containing  three 
masses,  one  of  which  is  the  unsprung  mass  of  the  landing 
gear.  The  use  of  such  a three-mass  system  provides  a rela- 
tively simple  means  for  simulating  the  primary  effects  of 
structural  flexibility  in  actual  drop  tests  of  landing  gears  in 
a drop-test  jig. 

In  the  equivalent  tliree-mass  system  (see  fig.  3),  mf  repre- 
sents the  mass  to  which  the  landing  gear  is  directly  attached 
and  ms  is  the  elastically  connected  mass.  The  displacement 
of  iTif  relative  to  its  position  at  the  instant  of  initial  contact 
is  denoted  by  zf ; the  displacement  of  ms  is  designated  zs, 
whereas  the  displacement  of  the  axle  or  unsprung  mass  mu 
is  zu.  The  spring  constant  of  the  elastic  member  is  denoted 
by  k.  Separate  lift  forces  Ls  and  Lf  will  be  considered  to 
act  on  the  masses  ms  and  mf . 

In  order  that  the  three-mass  system  represents  the  airplane 
properly,  zf)  zUJ  mu,  and,  of  course,  the  landing-gear  charac- 
teristics must  be  the  same  for  the  two  systems,  so  that  the 
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Figure  3. — Equivalent  three-mass  system  for  representing  flexible 
airplane  and  landing  gear. 


landing-gear  force  is  the  same;  and  mf)  ?nS}  k,  and  the  applied 
lift  forces  must  be  determined  from  the  relationships  between 
the  equations  of  motion  for  the  three-mass  system  and  the 
equations  of  motion  for  the  airplane. 

Consideration  of  the  forces  acting  on  each  mass  as  a free 
body  (see  fig.  3)  leads  to  the  following  equations  of  motion 
for  the  three-mass  system : 

Prior  to  beginning  of  shock-strut  deflection, 


(mf+mu)zf—  k(zs—  zf) +Lf—  (Wf+  Wu) 

= -FVg(zf) 

mszs + (wi/+ wi  u)'Zf+  ( Ls + Lf ) — (IP, + Wf-\-  Wu) 
= -FVg(zf) 

where 

muzfT+FVg(zfT)=paAa  cos  0+Wu 


(20a) 

(20b) 
(t  = tr) 


Subsequent  to  beginning  of  shock-strut  deflection, 


mfZf—k(zs~zf)+Lf~-Wf=—Fv8  (21a) 

mszs+  (Ls + Lf)  — ( Ws  + \V f)  = — FVs  y (t^>tT)  (21b) 

muzuJcFVg(zu)=FVs-\rWu  (21c) 


The  problem  is  to  determine  the  relationships  between 
ms,  mh  k , Ls,  and  Lf  for  the  airplane  so  that  equations  (20) 
are  equivalent  to  equations  (18)  and  equations  (21)  are 
equivalent  to  equations  (19)  with  the  requirement  that  the 
motions  of  the  landing  gear  for  the  three -mass  system  be 
the  same  as  for  the  airplane,  that  is, 

and  that  zu  be  the  same  in  both  systems.  Since  equations 
(19c)  and  (21c)  are  identical,  they  need  not  be  considered 
further  in  evaluating  the  unknown  constants  for  the  three- 
mass  system. 

It  is  apparent  that  equations  (20a)  and  (20b)  as  well  as 
equations  (21a)  and  (21b)  can  be  written  as 

mfzf—k(zs—zf)+Lf—  W,=  — F (22  a) 

7nfzf-\-mszs-\-  (Ls+Lf)  — (Ws+  Wf)=—F  (22b) 

where 

F=  FVg  (zu) +muzu—  Wu 

and 

Zu=Zf  (£  = ^t) 

ZU7^  Zf 

Similarly,  equations  (18a)  and  (ISb)  and  equations  (19a) 
and  (19b)  can  be  written  as 

M0a'o  + TP  1 0 1 (Kl  — 1 ) + Wu  =—F  (23  a) 
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^ a,+^T  0>M+Kl\Vu=-F  (23b) 

Si  Si 

Thus,  the  problem  is  reduced  to  determining  the  constants 
for  the  three-mass  system  so  as  to  make  equations  (22) 
identically  equivalent  to  equations  (23).  This  may  be  done 
in  any  of  several  different  ways.  For  example,  since  the 
structure  is  taken  as  linear,  let 

zs=a0+a^ 

where  0 is  a constant  to  be  determined.  Substituting  for 
zf  and  in  equations  (22a)  and  (22b)  and  eliminating  a0 
between  these  equations  gives 


^(iw) 

(32) 

(33) 

and 

T rr  ( MiMq  . \ 

Lf-KLg  yMi+Mo^2+m*) 

(34) 

where 

M, 

(35) 

P M0|, 

and 

mfzf+mszs=Mod(, 

(36) 

m/(f1— 0)di+—  (ii—ffKmf+mg)ai+Lf— 

fits 

Wf+^(W-Ls)=-F 

(24) 

whereas  subtracting  equation  (22a)  from  equation 
with  the  same  substitutions,  gives 

(22b), 

&o+Pdi+— 

(tis  uis 

(25) 

Equation  (24)  is  directly  comparable  with  equation  (23b) . 
Combining  equations  (23  a)  and  (23b)  so  as  to  eliminate  F 
and  to  make  the  coefficient  of  d0  equal  to  unity  gives  the 
following  equation  with  which  equation  (25)  may  be 
directly  compared : 

Ml  „ Ml  CO! 2 , ,-rr  \ A 

00  M0|i  ai  Moli  a'+iKL  )9~° 

(26) 

In  order  to  evaluate  the  constants  for  the  three-mass  sys- 
tem, each  term  in  equations  (24)  and  (25)  is  set  equal  to 
the  corresponding  term  in  equations  (23b)  and  (26),  re- 
spectively. This  procedure  gives  six  simultaneous  equa- 
tions, the  solution  of  which  yields  the  following  expressions 
for  the  constants  in  the  three-mass  system: 

(27) 

Ls+L,=KlW10, 

(28) 

m- 

s M,+M0|i2 

(29) 

m,m0 

' Mi+Moli2 

(30) 

ms  _ Mo|i2 

TYlf  Mi 

(31) 

With  the  foregoing  substitutions,  equations  (22)  are  iden- 
tically equivalent  to  equations  (23);  thus,  the  three-mass 
system  with  the  specified  values  of  ms,  mf)  k,  Ls,  and  Lf  can 
be  considered  to  be  equivalent  to  the  airplane  in  its  first  two 
modes  during  both  the  first  and  second  stages  of  the  im- 
pact. Equations  (27)  and  (28)  are  required  to  satisfy  the 
equations  of  motion  for  the  airplane  as  a rigid  body,  whereas 
equations  (29)  to  (34)  are  required  for  proper  representa- 
tion of  the  airplane  in  its  first  flexible  mode.  With  this  ap- 
proach the  structural  properties  of  the  airplane  are  defined 
by  three  parameters:  the  total  mass  above  the  landing  gear 
M0,  the  mass  ratio  mjmf,  and  the  natural  frequency  wj. 

The  solution  of  the  equations  of  motion  during  the  first 
phase  of  the  impact  and  the  determination  of  the  conditions 
at  the  instant  of  initial  shock-strut  deflection  tT  are  treated 
in  appendix  A.  With  these  conditions  as  initial  conditions, 
the  equations  of  motion  for  the  second  phase  of  the  impact 
can  be  solved  by  numerical -integration  or  analog  methods. 
From  the  time-history  solutions  for  the  motion  of  the  three- 
mass  system,  the  inertia  loads  and  bending  moments  at  any 
point  in  the  airplane  structure  can  be  calculated  by  use  of 
the  equations  in  appendix  B. 

SOLUTION  OF  EQUATIONS  OF  MOTION 

In  view  of  the  fact  that  the  equations  of  motion  subsequent 
to  time  tT  are  highly  nonlinear  and  therefore  cannot  be 
solved  in  closed  form,  it  is  necessary  to  resort  to  numerical- 
integration  or  analog  methods.  Various  numerical- 
integration  procedures  are  given  in  references  11  to  13. 
Appendix  A of  reference  6 illustrates  the  application  of 
several  such  methods  to  the  problem  of  the  impact  of  a 
landing  gear  attached  to  a rigid  mass.  One  of  these  methods, 
which  may  be  termed  the  “quadratic  procedure,”  was  used 
to  obtain  those  numerical  results  presented  in  this  report 
which  could  not  be  obtained  analytically. 

In  this  procedure,  which  involves  a step-by-step  solution 
of  the  equations  of  motion,  the  following  difference  equations 
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(ref.  11,  p.  16)  based  on  a quadratic  variation  of  displace- 
ment over  successive  finite  time  intervals  are  used  to  replace 
the  derivatives  in  the  equations  of  motion: 


and 


rVfi 


2 At 


— 2Xp+Xp_i 

(AO2 


where  Xp  is  the  value  of  any  variable  at  the  end  of  the  pth 
interval  subsequent  to  the  beginning  of  the  process  and  At 
is  the  time  interval.  The  difference  equations  of  motion 
obtained  by  substituting  these  expressions  into  the  differ- 
ential equations  of  the  S3'stem  then  become  essentially  extra- 
polation formulas  which  permit  calculation  of  the  displace- 
ments to  come  from  the  values  of  displacement  already 
calculated,  the  whole  procedure  starting  out  with  the  initial 
conditions  of  the  process;  that  is,  the  conditions  at  the 
instant  t=tT  when  the  shock  strut  first  begins  to  deflect. 
With  the  displacement  time  histories  thus  calculated,  the 
velocities  and  accelerations  are  then  determined  from  the 
foregoing  difference  equations. 

CALCULATED  RESULTS  AND  DISCUSSION 

CASES  CONSIDERED 

In  order  to  investigate  the  effects  of  structural  flexibility 
on  the  behavior  of  the  landing  gear  and  the  loads  in  the  air- 
frame, several  case-history  studies  are  presented  which  cover 
a range  of  airplane  mass  ratios  ms/mf.  The  calculations  are 
based  on  the  structural  properties  of  two  large  airplanes 
having  considerably  different  mass  and  flexibility  character- 
istics. Airplane  A is  representative  of  a four-engine  propeller- 
driven  World  War  II  bomber  having  a gross  weight  of  47,200 
pounds  and  a natural  frequency  of  vibration  in  the  first 
coupled  bending-torsion  mode  of  3.37  cycles  per  second. 
The  structural  characteristics  used  for  airplane  B are  repre- 
sentative of  a present-day  swept-wing  six-jet-engine  bomber 
having  a gross  weight  of  125,000  pounds  and  a natural  fre- 
quency of  1.29  cycles  per  second  in  the  first  coupled  bending- 
torsion  mode.  The  landing-gear  characteristics  used  for 
airplane  A were  based  on  the  manufacturer’s  data,  whereas 
for  airplane  B,  because  information  was  not  available,  the 
shock-strut  characteristics  were  chosen  so  as  to  yield  a 
landing  gear  which  is  essentially  a scaled-up  model  of  the 
landing  gear  of  airplane  A.  The  pertinent  numerical  data 
for  airplanes  A and  B are  given  in  tables  I and  II,  respectively ; 
the  modal  functions  for  the  first  coupled  bending-torsion  mode 
are  plotted  in  figure  4. 

The  main  landing  gears  of  airplane  A were  located  in  the 
inboard  engine  nacelles  very  close  to  the  nodes  of  the  first 
coupled  bending- torsion  mode;  in  the  case  of  airplane  B the 


Station,  in. 


(a)  Airplane  A. 

(b)  Airplane  B. 

Figure  4. — Modal  functions  for  bending  and  torsion. 

landing  gear  is  of  the  bicycle  type  and  is  located  in  the  air- 
plane center  plane.  The  position  of  the  landing  gear  (since 
it  determines  the  value  of  the  modal  amplitude  &)  in  con- 
junction with  the  values  of  M0  and  Mx  governs  the  value  of 
the  mass  ratio  mjmf  for  each  case.  (See  eq.  (31).) 

In  order  to  represent  a broader  range  of  mass  and  flexibil- 
ity effects,  the  calculations  for  each  airplane  were  made  for 
four  mass  ratios  corresponding  to  three  arbitrary  landing- 
gear  positions  in  addition  to  the  original  landing-gear 
location.  In  practice,  of  course,  a change  in  landing-gear 
location  would  probably  necessitate  a modification  of  the 
wing  structure  and  result  in  some  change  in  the  modal 
characteristics  and,  thus,  the  mass  ratio.  The  main  pur- 
pose of  the  calculations,  however,  is  to  indicate  the  effect  of 
mass  ratio  on  the  behavior  of  the  system,  and  the  exact 
locations  of  the  landing  gear  which  correspond  to  the  mass 
ratios  used  are  of  secondary  interest. 

In  the  calculation  of  the  mass  ratio  m4/m/;  the  landing- 
gear  force  was  assumed  to  pass  through  the  mass  center  of 
the  landing-gear  station.  Since  the  modal  characteristics 
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used  were  for  the  complete  airplane  including  the  unsprung 
mass  of  the  landing  gear  mu , it  was  assumed  that  the  un- 
sprung mass  was  rigidly  connected  to  the  mass  mf  in  the 
equivalent  three-mass  system,  as  in  the  first  phase  of  the 
impact,  so  that 

ms  j¥q^i2 
mf-\-mu  Mi 

where  Mo,  Mu  and  £1  include  the  effects  of  the  unsprung 
mass  as  part  of  the  airplane  mass  distribution.  The  mass 
ratios  considered  and  the  corresponding  landing-gear  locations 
are  as  follows: 


Airplane  A 

Airplane  B 

Landing-gear  location  at— 

Mass  ratio, 
77,1/771/ 

Landing-gear  location  at— 

Mass  ratio, 
77,1/77,/ 

0.24 

Station  0_ - 

0. 22 

0 

Nodes 

0 

Station  ?45 

.52  ! 

Station  420 - - 

.85 

Station  307 

3.33 

Station  504 - 

2.84 

When  the  landing  gear  is  located  at  the  node  of  the  first 
flexible  mode,  this  mode,  of  course,  is  not  excited  and,  since 
higher  modes  are  not  considered  in  the  numerical  calculations, 
the  airplane  behaves  as  though  it  were  a rigid  body,  its 
motion  being  governed  by  equation  (23a).  As  might  be 
expected,  the  farther  away  the  landing  gear  is  from  the  nodes,  • 
the  larger  is  the  effective  flexibilit\r  of  the  S3rstem  and,  thus, 
the  mass  ratio. 

In  the  calculation  of  the  time  liistories  of  the  motions  of 
the  system,  the  lift  force  was  assumed  to  be  constant  during 
the  impact  and  equal  to  the  total  weight  of  the  airplane, 
that  is,  Kl=  1.  This  assumption  corresponds  to  the  con- 
dition that 

LS=WS 

and 

L,=  Wf+Wu 

in  the  equivalent  three-mass  s}rstem. 


TABLE  I.— CHARACTERISTICS  OF  AIRPLANE  A 


TABLE  II.— CHARACTERISTICS  OF  AIRPLANE  B 


(a)  Structure 
[Data  taken  from  ref.  8] 


Station, 

lb-sec2 

7 ea{, 

tj,  in. 

wu  • 

<f>U 

in. 

lb- in. -sec2 

in. 

0 

28.  5 

0 

-0.  078 

0 

133 

16.  3 ‘ 

85,  234 

-39.  26 

-.  031 

-.  00084 

217 

5.  27 

1,  288 

0 

047 

-.  0016 

307 

9.  15 

61,  717 

-62.  19 

. 164 

-.  00183 

428 

. 974 

536 

0 

. 374 

-.  00185 

548 

. 686 

287 

0 

. 670 

-.  00187 

638 

. 153 

34.  1 

0 

. 936 

-. 00188 

Mo, 

Mu 


lb-sec2 

in. 

lb-sec2 

in. 


l,  cps 


61.  033 

1.  607* 
3.  365 


(b)  Shock  strut 

[Manufacturers  data] 

Ah,  sq  ft 

Aa,  sq  ft 

An,  sq  ft , 

V0,  Cll  ft 

pao,  lb/sq  ft 

p,  slugs/cu  ft 


0.  163 

0.  214 
0.  00173 

0.  2597 
30,  528 

1.  626 


(c)  Unsprung  mass 


[Manufacturer’s  data] 


Wu,  lb 

Tires  (one  per  landing  gear) 

Tire  pressure,  lb/sq  in. 

m,  lb/ft 


700 

56-inch  smooth  contour 

70 

85,  309 

1.  22 


(a)  Structure 
[Unpublished  data] 


Station, 

miy 

lb-sec2 

I ea{  7 

e,-,  in. 

wu 

<P\i 

in. 

in. 

lb-in. -sec2 

0 

109.  534 

4,  475,  280 

200.  37 

-0.  0585 

-0.  000176 

84 

4.  695 

3,  046 

-4.  65 

-.  0579 

-.  000187 

168 

4.  920 

19,  490 

-24.  20 

-.  0350 

-.  000204 

252 

22.  177 

278,  942 

-101.  22 

. 0037 

-.  000231 

336 

2.  560 

2,  16  W 

2.  44 

. 090 

-.  000272 

420 

2.  557 

1,  988 

2.  60 

. 1842 

-.  000322 

504 

1.  773 

1,  136 

. 92 

. 3253 

-.  000379 

588 

3.  269 

2,  474 

-14.  79 

. 4772 

-.  000435 

672 

8.  628 

8,  439 

-26.  88 

. 6369 

-. 000482 

756 

1.  144 

500 

. 60 

. 8181 

-.  000514 

840 

. 520 

186 

5.  48 

1.  000 

000526 

M0 


Mh 
fh  CPS- 


lb-sec2 

in. 

lb-sec2 


161.  775 

6.  9096 
1.  29 


(b)  Shock  strut 

[Values  estimated  from  generalized  curves  of  ref.  6] 


muj*’ slugs/ft 


A a,  sq  ft 0.  585 

v0,  cu  ft 0-  HK15 

pa0,  lb/sq  ft 30,  528 


(c)  Unsprung  Mass 
[Manufacturer’s  data] 


Wu,  lb 2>  300 

Tires  (two  per  landing  gear) 56X16 

m per  landing  gear,  lb/ft 280,  180 
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On  the  basis  of  the  calculations  in  reference  6,  the  shock- 
strut  orifice  discharge  coefficient  Gd  was  assumed  as  0.9 
and  the  polytropic  exponent  n for  the  air-compression 
process  was  taken  as  1.12. 

EFFECT  OF  INTERACTION  ON  BEHAVIOR  OF  SYSTEM 

Time-history  solutions  for  the  motions  of  the  system 
during  impact  at  an  initial  vertical  velocity  of  10  feet  per 
second  have  been  made  for  the  eight  configurations  previously 
mentioned.  Figures  5 to  S show  the  variation  during  im- 
pact of  the  more  important  quantities,  such  as  the  landing- 
gear  force  Fj  the  responses  a0/r/,  dxjgi  zf/gJ  zjg,  the  landing- 
gear-motion  variables,  and  the  accelerations  at  the  mass 
centers  of  several  stations  along  the  span.  Comparison  of 
the  calculated  results  for  the  flexible  cases  with  those  for 
the  airplane  as  a rigid  bod}7  (or  landing  gear  at  nodes, 
0)  indicates  that  the  interaction  between  the  flexible 
structure  and  the  landing  gear  can  result  in  an  appreciable 
reduction  in  the  applied  landing-gear  force  (and  thus,  the 
nodal  acceleration),  the  largest  reductions  occurring  at  the 
highest  mass  ratios.  F urthermore,  the  reductions  in  landing- 
gear  force  at  the  higher  mass  ratios  are  greater  for  airplane 
B,  because  of  its  lower  natural  frequency,  than  for  airplane  A. 

Consideration  of  the  calculated  time  histories  of  the  mo- 
tion of  the  landing  gear  indicates  how  the  interaction  be- 
tween the  flexible  structure  and  the  landing  gear  affects  the 
loads  produced  in  the  landing  gear.  Because  of  the  flexi- 
bility of  the  structure,  the  landing-gear  attachment  point 
deflects  upward  relative  to  the  nodes,  or  instantaneous 
center  of  mass  of  the  system,  as  the  applied  force  builds 
up  and  the  deceleration  of  the  landing-gear  attachment 
point  is  greater  than  in  the  case  of  the  rigid  airplane.  Tlius, 
the  downward  velocity  of  the  shock-strut  outer  cylinder  is 
more  rapidly  dissipated  and  the  displacement  of  the  outer 
cylinder  is  smaller  throughout  most  of  the  impact.  The 
tire  deflection  is  also  smaller;  however,  because  of  the  high 
stiffness  of  the  tire,  the  decrease  in  tire  deflection  is  smaller 
than  the  decrease  in  outer-cylinder  displacement.  The 
net  result  is  a reduction  in  strut  stroke  during  that  part  of 
the  impact  when  the  maximum  force  occurs  and  an  accom- 
panying reduction  in  the  strut  telescoping  velocity.  Since 
the  maximum  landing-gear  force  is  primarily  due  to  the 
hydraulic  resistance  in  the  strut  (because  the  strut  stroke, 
and  thus  the  air-compression  force,  is  generally  small  at 
the  time  of  maximum  telescoping  velocity),  the  decrease  in 
telescoping  velocity  results  in  a decrease  in  shock-strut 
force. 

In  the  case  of  airplane  A with  landing  gear  at  station 
307,  the  effect  of  interaction  is  a marked  change  in  the  shape, 
as  well  as  in  the  magnitude,  of  the  time  histories.  Because 
of  the  superimposed  vibrations  of  the  structure,  the  shock- 
strut  telescoping  velocity  (see  fig.  5)  has  acquired  an  os- 


cillatory character  with  two  peaks  of  the  same  amplitude. 
However,  since  the  second  telescoping-velocity  peak  occurs 
when  the  stroke  is  large,  the  superposition  of  the  high  air- 
compression  force  on  the  hvdraulic-force  results  in  a total- 
force  time  history  the  second  peak  of  which  is  much  higher 
than  the  first  (see  Force-time  curves,  fig.  5)  and  which  is 
also  higher  than  might  be  expected  from  the  results  for  the 
smaller  mass  ratios,  which  have  a considerably  different 
appearance.  In  the  case  of  airplane  B,  because  of  the 
lower  natural  frequency,  this  double-peaked  characteristic 
does  not  appear  even  for  the  largest  mass  ratio,  all  mass 
ratios  yielding  time  histories  similar  in  shape,  the  maximum 
force  decreasing  in  a regular  manner  with  increasing  mass 
ratio. 

The  extent  to  which  the  first  flexible  modes  of  airplanes 
A and  B are  excited  by  the  impacts  may  be  observed  by 
examining  the  time  histories  of  au  dl}  and  a1.  As  may  be 
expected,  the  higher  the  mass  ratio,  the  greater  is  the  degree 
of  excitation. 

From  the  calculated  values  of  d0/g  and  djg  or  zf/g  and  zs/g , 
the  acceleration  at  any  point  along  the  span  may  be  com- 
puted by  means  of  the  equations  in  appendix  B.  Figures  6 
and  8 show  time  histories  of  the  acceleration  at  the  mass 
centers  of  several  stations  for  each  of  the  landing-gear  loca- 
tions considered.  Because  of  the  combined  effects  of  the 
changes  in  the  landing-gear  forcing  function  and  in  the  degree 
of  excitation  of  the  flexible  modes,  a given  change  in  landing- 
gear  location  may  result  in  an  increase  in  acceleration  at 
some  stations  and  a reduction  in  acceleration  at  other  sta- 
tions. 

Figures  5 and  7 also  show  time  histories  of  the  acceleration 
zs/g  which  would  be  experienced  by  the  elastically  connected 
mass  ?ns  in  the  equivalent  three-mass  system,  as  in  a drop 
test.  The  reduction  in  acceleration  with  increasing  mass 
ratio  is  evident.  As  previously  indicated,  if  such  a drop  test 
were  made,  the  measured  accelerations  zfjg  and  zjg  could  be 
used  to  calculate  the  accelerations  and  stresses  that  would 
result  at  any  point  in  the  corresponding  airplane  structure 
by  means  of  the  equations  presented  in  appendix  B. 

Figure  9 (a)  presents  a summary  graph  showing  the  effects 
of  structural  flexibility  and  interaction  on  the  maximum 
landing-gear  force  for  the  various  configurations  considered. 
As  previously  indicated,  the  reductions  in  landing-gear  force 
are  greater  for  airplane  B than  for  airplane  A because  of  the 
lower  natural  frequency  of  airplane  B.  For  the  range  of  mass 
ratios  representative  of  existing  and  proposed  large  air- 
planes, for  example,  values  up  to  about  0.5,  reductions  in 
landing-gear  force  up  to  between  15  and  20  percent  may  be 
possible.  Along  the  same  lines,  figure  9 (b)  shows  the  effects 
of  interaction  on  the  acceleration  response  of  the  landing-gear 
attachment  point  and  on  the  acceleration  of  the  elastically 
connected  mass  in  the  equivalent  three-mass  system. 
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(a)  Landing-gear  force. 
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(b)  Accelerations  of  landing-gear  attachment  point  and  elastically  connected  mass. 
Figure  9. — Effects  of  interaction. 
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EFFECTS  OF  NEGLECTING  INTERACTION  IN  THE 
CALCULATION  OF  DYNAMIC  LOADS 

In  the  usual  procedures  of  dynamic  analysis  of  landing 
loads  it  is  customary  to  neglect  the  effects  of  interaction  on 
the  landing-gear  forcing  function  and  to  determine  the  dy- 
namic loads  in  the  s t r uetui- e-b.v_c  al  cul  a tin  g the  response  of 
the  structure  to  the  forcing  function  which  would  EFoUIainecl' 
if  the  airplane  were  a rigid  body,  this  rigid-body  forcing 
function  being  either  calculated  or,  more  frequently,  de- 
termined on  the  basis  of  drop  tests  of  the  landing  gear  with  a 
rigid  mass.  In  practice,  either  the  actual  rigid-body  forc- 
ing function  or  some  simplified  analytical  approximation  of 
it  (see,  for  example,  fig.  10)  is  used. 

In  order  to  evaluate  the  errors  introduced  b}7  neglect  of 
interaction  effects,  the  root  bending  moments  and  shears 
determined  from  the  interaction  solutions  for  airplanes  A 
and  B are  compared  in  figures  11  and  12  with  those  deter- 
mined by  calculating  the  response  of  the  various  configura- 
tions to  the  rigid-body  forcing  functions  previously  presented 
and  to  simple  analytical  approximations  to  the  rigid-body 
forcing  functions.  These  bending  moments  and  shears  are 
total  values  due  to  both  inertia  and  aerodynamic  forces,  the 
latter  being  included  to  permit  comparison  with  the  stead}7- 
flight  values.  For  reference  purposes,  figures  11  and  12 
also  show  the  root  bending  moments  and  shears  which  would 
be  experienced  by  a completely  rigid  airplane. 


The  calculation  of  the  response  of  systems  with  two  de- 
grees of  freedom  to  predescribed  forcing  functions  is  treated 
in  appendix  C.  The  response  of  the  various  configurations 
to  the  rigid-body  forcing  function  was  calculated  by  applica- 
tion of  the  numerical-integration  procedure  previously 
described,  whereas  the  response  to  the  analytical  forcing 
functions ' was -obtainecLin  closed  form.  The  rigid -body 

forcing  functions  for  airplanes  A and  B and'tlleir" approxima— 

tions  are  shown  in  figure  10.  In  the  case  of  airplane  A, 
the  rigid-body  forcing  function  was  approximated  by  a pulse 
composed  of  sine  and  cosine  segments;  for  airplane  B,  a 
simple  sine  pulse  was  used.  The  equations  for  calculating 
the  inertia  moments  and  shears  from  the  response  of  the 
system  are  given  in  appendix  C;  simplified  expressions  for 
calculating  the  moments  and  shears  due  to  the  aerodynamic 
forces  are  given  in  appendix  D. 

From  figures  11  and  12  it  can  be  seen  that  the  bending 
moments  and  shears  calculated  from  the  response  to  the 
rigid-body  forcing  function  are  larger  than  those  determined 
from  the  interaction  solutions,  the  differences  being  greater 
for  the  higher  mass  ratios  where  the  effects  of  interaction 
result  in  a greater  reduction  in  the  magnitude  of  the  landing- 
gear  forcing  function.  From  these  particular  examples,  it 
appears  that  neglect  of  the  effects  of  interaction  on  the 
landing-gear  forcing  function  can  lead  to  over  conservatism  in 
design  not  onl\7  of  the  landing  gear  but  also  of  the  structure, 


Time  otter  contact,  sec  Time  after  contact,  sec 


(a)  Airplane  A.  Q=12.08  radians/second;  Ui  = 8.2/  radians/second.  (b)  Airplane  B.  12.57  radians/second* 

Figure  10. — Rigid-body  forcing  functions  and  simple  analytical  approximations. 
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(a)  Bending  moments. 

Figure  11. — Dynamic  loads  in  airplane  A. 

particularly  for  very  flexible  configurations  with  high  mass 
ratios.  As  might  be  expected,  there  was  relatively  little 
difference  in  the  loads  calculated  from  the  response  to  the 
analytical  approximations  and  from  the  response  to  the 
rigid-bod}7  forcing  function. 

It  is  of  interest  to  note  that  in  the  case  of  airplane  A the 
loads  calculated  from  the  interaction  solutions  are  greater 
than  those  calculated  for  the  completely  rigid  airplane, 
whereas,  for  airplane  B,  the  converse  is  true.  This  result  for 
airplane  B is  due  to  two  factors:  (a)  the  dynamic  amplifica- 
tion factor  is  less  than  unity  because  of  the  relatively  large 
natural  period  of  the  airplane  compared  with  the  duration  of 
the  impact  pulse  (ti/tn~ 0.3),  and  (b)  there  is  considerable 
reduction  in  the  magnitude  of  the  landing-gear  force  because 
of  the  effects  of  interaction.  In  the  case  of  airplane  A,  the 
natural  period  is  of  about  the  same  duration  as  the  impact 
pulse  1.1)  so  that  the  dynamic  magnification  factor  is 

considerably  greater  than  unity  and  more  than  overcomes  the 
effect  of  the  reduction  in  landing-gear  force. 

From  the  preceding  results,  it  can  be  seen  that  the  effects 
of  structural  flexibility  are  twofold;  namely,  (a)  a change  in 


Figure  11. — Concluded. 

the  magnitude  of  the  applied  landing-gear  force  due  to  inter- 
action, the  amount  depending  on  the  natural  frequency  of 
the  structure,  the  mass  ratio  ?ns/mf,  and  the  landing-gear 
characteristics,  and  (b)  either  dynamic  amplification  or 
attenuation  of  the  loads  in  the  structure  compared  with 
those  for  a rigid  body,  depending  largely  on  the  ratio  of  the 
duration  of  the  impact  pulse  to  the  natural  period  of  the 
structure.  In  the  particular  examples  considered,  the 
landing-gear  force  was  reduced  by  the  effects  of  interaction; 
it  is  conceivable,  however,  that,  for  some  combinations  of 
landing-gear  and  airplane  characteristics,  perhaps  when  the 
natural  period  of  the  structure  is  smaller  than  the  duration 
of  the  impact  pulse  and  the  mass  ratio  is  large,  interaction 
might  result  in  an  increase  in  the  maximum  landing-gear 
force  over  that  for  a rigid  airplane  because  of  the  superposi- 
tion of  oscillations  of  the  landing-gear  attachment  point  on 
the  motions  of  the  shock  strut.  Such  an  unfavorable  effect 
of  structural  flexibility  of  the  applied  force  was  indicated  for 
certain  cases  of  seaplane  impact  in  reference  7. 

In  view  of  the  foregoing  observations  it  would  appear 
worthwhile  to  consider  the  effects  of  interaction  in  dynamic 
analyses  of  landing  loads  when  the  landing  gear  is  located 
at  points  in  the  airplane  that  , experience  appreciable  deflee- 
tions  relative  to  the  mass  center  of  the  system. 
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The  effects  of  interaction  between  a landing  gear  and  a 
flexible  airplane  structure  on  the  behavior  of  the 'landing 
gear  and  the  loads  in  the  structure  have  been  studied  by 
treating  the  equations  of  motion  of  the  airplane  and  the 
landing  gear  as  a coupled  system.  The  landing  gear  is 
considered  to  have  nonlinear  characteristics  typical  of 
conventional  gears,  namely,  velocity-squared  damping, 
poly  tropic  air-compression  springing,  and  exponential  tire 
force-deflection  characteristics.  For  the  case  where  only 
two  modes  of  the  structure  are  considered,  an  equivalent 
three-mass  system  is  derived  for  representing  the  airplane 
and  landing-gear  combination,  which  may  be  used  to  simu- 
late the  effects  of  structural  flexibility^  in  jig  drop  tests  of 
landing  gears. 

As  examples  to  illustrate  the  effects  of  interaction,  numeri- 
cal calculations,  based  on  the  structural  properties  of  two 
large  airplanes  having  considerably  different  mass  and  flexi- 
bility characteristics,  are  presented.  In  order  to  cover  a 
range  of  parameters,  the  landing  gear  of  each  airplane  was 
assumed  to  be  located  at  three  arbitrary  spanwise  positions 
in  addition  to  its  original  location.  For  the  particular  cases 
considered,  it  was  found  that 

1.  The  effects  of  interaction  can  result  in  appreciable 
reductions  in  the  magnitude  of  the  landing-gear  force, 
particularly  when  the  flexibility  of  the  airplane  structure  is 
435S75 — 57- 


large  and  the  natural  frequency  of  the  structure  is  small. 

2.  Neglect  of  interaction  effects,  that  is,  the  use  of  the 
landing-gear  forcing  function  for  a rigid  airplane  in  a dynamic 
analysis  of  a flexible  airplane,  can  lead  to  the  calculation  of 
excessive  loads  in  the  airplane  structure. 

3.  In  the  case  of  one  of  the  airplanes,  the  structural  loads 
calculated  from  the  interaction  solutions  are  greater  than 
those  for  a completely  rigid  airplane  treatment  (rigid  struc- 
ture subjected  to  rigid-bod}7  forcing  function)  because  of  the 
fact  that  the  effects  of  dynamic  magnification  more  than 
overcome  the  reduction  in  landing-gear  force  due  to  inter- 
action. In  the  case  of  the  second  airplane,  because  of  the 
relatively  large  natural  period  of  the  structure  in  comparison 
with  the  duration  of  the  impact  pulse,  the  dynamic  magnifica- 
tion factor  is  appreciably  less  than  unity.  This  effect, 
coupled  with  the  reductions  in  landing-gear  force  due  to 
interaction,  results  in  structural  loads  that  are  less  than 
those  for  a rigid  airplane.  It  thus  appears  desirable  to  con- 
sider the  effects  of  interaction  in  dynamic  analyses  of  landing 
loads  for  large  airplanes,  particularly  when  the  landing-gear 
attachment  points  experience  large  deflections  relative  to  the 
mass  center  of  the  airplane. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  5,  1955. 
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APPENDIX  A 

CONDITIONS  AT  BEGINNING  OF  SHOCK-STRUT  MOTION 

Since  the  shock  strut  does  not  begin  to  deflect  until  the  preloading  force  imposed  by  the  internal  air  pressure  is  overcome  by 
the  inertia  forces,  the  shock  strut  is  essentially  rigid  during  the  interval  between  the  instant  of  initial  contact  with  the  ground 
and  the  beginning  of  shock-strut  motion  at  some  time  t—tT.  During  this  interval,  since  the  deflection  of  the  tire  is  essentially 
the  same  as  the  displacement  of  the  landing-gear  attachment  point,  the  system  used  in  the  numerical  calculations  to  represent 
the  airplane  and  landing-gear  combination  has  only  two  degrees  of  freedom,  namely,  the  rigid-body  or  zero-mode  displacement 
and  the  deflection  in  the  first  flexible  mode,  the  higher  modes  being  neglected.  The  purpose  of  this  appendix  is  to  consider 
the  motions  of  the  system  prior  to  the  beginning  of  shock-strut  deflection  in  order  to  determine  the  conditions  which  exist 
at  the  instant  the  shock  strut  first  begins  to  move;  these  motions  then  serve  as  the  initial  conditions  for  the  equations  of  motion 
of  the  system  during  the  main  part  of  the  impact.  For  this  purpose  it  ma}^  be  reasonably  assumed  that  the  tire  force- 
deflection  relationship  is  linear  for  the  relatively  small  range  of  deflection  prior  to  the  beginning  of  shock-strut  motion  and 
that,  therefore,  FVg(zf)=m'  zf.  In  order  to  avoid  a step  jump  in  the  time-history  solution  at  the  time  tTJ  the  constant  m' 
should  be  determined  so  that 

m'zfT=mzfTT  r (Al) 

DISTRIBUTED  SYSTEM 

Prior  to  time  tr  the  equations  of  motion  for  the  airplane  and  landing  gear  are  given  by  equations  (18)  with  initial  conditions: 

0/(O)=ao(O)=a1(O)=O 

£/(d)=d0(0)=VVo 

d1(0)=0 


Since  a->  equations  (18)  can  be  written  as 

Si 

Mod0=—  m'zf—  muzf~  Wtot(KL—  1)  (A2a) 

A/]  ..  . A/jcoj"  /A4)  » \ ..  | /Mian2  | | ti t <tz  i\  / Ani  \ 

^2  ao~\ — ^2“  ao=(jT+m«J  ) 2/+Wu(Kl~  i)  (A2b) 

The  exact  solution  of  equations  (A2)  can  be  shown  to  be 

A2—B*{  Vv°  (~4“  sin  At~~B  ~ sin  Bt)+D  cos  cos  Bt+G  (A3) 

where 

n JtfftWo+m,) 

L~  G 

D={KL-l)g 

^ot^Mi+Mq^2)  | c 


040 


G=Ml(M0+mu)  +m„Mo£,s 
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By  successive  differentiation  of  equation  (A3),  the  higher  derivatives  of  zf(t)  are  found  to  be 

i/(*)=Z^F2{  VrJiA*-G)  cos  At—(B-—C)  cos  Bt)+D  sin  Bt-(^~j  sin  At]  J-  (A4) 

*'^=A2-B2{  T/rJ5(B2-6')  sin  Bt-A{A2-C')  sin  At]+D[(B!-C)  cos  Bt-(A--C)  cos  A<]  j.  (A5) 

g/(f)=A2-B2{  T/rJ«2(»2-C')  cos  Bt—A2(A2—C)  cos  A«]+Z?[-4(i4*-0)  sin  At-B(B*-C)  sin  B<]  j-  (A6) 

At  the  time  <„  the  equation  of  motion  of  the  unsprung  mass  of  the  landing  gear  as  a free  body  is  given  by  equation  (2) 
which,  with  FVg—in'zf,  may  be  ■written  as 


muz/r+m’zfr=p„oAa  cos  0+Wu  (A7) 

Substituting  for  zfr  and  zfj  in  equation  (A7)  gives  a relationship  between  t,  and  in' : 

Vv»  |_  A (m'~ m»^2)  sin  -4/ ]g—  (m'—mJF)  sin  Bt\+D  1 (in'— in  „ A2)  cos  At— 

Bjj/-  (m'-muB2)  cos  Bt+m'C (^5— ^2)]^  =/V1«  cos  °+w«  (A8) 

Because  equation  (A8)  is  transcendental  in  both  tT  and  in' (to'  being  involved  in  the  constants  A and  B),  in  order  to  obtain 
an  explicit  solution  for  tT  or  in',  some  approximation  to  the  trigonometric  terms  is  necessary,  the  order  of  the  approximation 
depending  on  the  accuracy  required.  For  the  determination  of  tr  and  in'  it  will  generally  be  sufficient  to  assume  first-order 
approximations  for  the  trigonometric  terms  where  only  the  first  terms  of  their  series  expansions  are  used.  With  these  approxi- 
mations the  solution  of  equation  (A8)  for  tT  is 


G(paAa  cos  d+KLW„) 

tr=  rn'MiMo  Vv-0  (A9) 

As  indicated  previously,  in'  cannot  be  chosen  arbitrarily  but  must  be  determined  in  accordance  with  equation  (Al),  which 
may  be  written  as 

in'=mZfTr~l 


The  first-order  approximation  for  zfj,  obtained  from  equation  (A3),  is 

Zfj=VytT 


(A10) 


With  these  substitutions  equation  (A9)  may  be  written  as 


and  the  equation  for  to'  becomes 


1 f G(P“A-  cos  0+KlWu) T" 
VVo  L toM.M 0 


T ~ 1 


G(paoAa  cos  B+KJVv) 

_ JIM 


(All) 


(A  12) 
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0 

The  first-order  approximations  for  the  derivatives  of  2,  at  time  tr,  from  equations  (A4)  to  (A6),  are 


Zt  V v . Dtr 


Zf=VVo[C-(A*+B*)}tT-D 

and 


z,=(Vv-Dtr)[C-(A*+B*)] 


(A13) 

(A14) 

(A15) 


With  the  values  of  tT  and  in'  calculated  from  equations  (All)  and  (A  12),  the  values  of  2/  =z„7,  ZfT=zVr>  and  zt =ZvT  can  be 
calculated  from  equations  (AlO),  (A13),  and  (Al4),  respectively.  These  values  provide  two-thirds  of  the  initial  conditions 
for  the  process  subsequent  to  the  beginning  of  shock-strut  deflection  (eq.  19).  The  remaining  initial  conditions,  for  example, 
Oo  } dnT,  and  d0r,  can  be  obtained  by  manipulation  of  the  differential  equations  (A2).  From  equation  (A2b)  it  can  be  seen  that 


By  differentiation, 


h2  WW  , \ ...  M,.,.  -] 

a°r  Mm2  L\?12+mv  Z/r+\  +m  )3/r  ?>2  a°J 


whore,  from  equation  (A2ft), 


Differentiating  equation  (A2a)  gives 


m'zrr+muZfr+Wlol(KL—\) 


p„0Aa  cos  dJr\Vtol{KL—l)JrWu 
Wo 

m'zfT+muZfr 

Wo 


(A16) 

(A17) 


(A18) 


(A19) 


The  substitution  of  equations  (Al8)  and  (A19)  and  the  initial  conditions  previously  determined  {zfj,  zrTt  Zr7?  and  z/r) 
into  equations  (A16)  to  (A  18)  provides  the  remaining  initial  conditioiis  for  the  second  phase  of  the  impact. 

EQUIVALENT  THREE-MASS  SYSTEM 

The  equations  of  motion  for  the  equivalent  three-mass  system  prior  to  the  time  tT  are  equations  (20)  with  initial  conditions 

s/(0)  = z,(0)=0 

and 

0/(0)  = Z s(0)  — Vyo 

Since  it  has  been  shown  that  equations  (20)  are  identically  equivalent  to  equations  (18)  for  the  distributed  system  when 
the  relationships  between  the  constants  of  the  two  systems  are  as  defined  by  equations  (27)  to  (34),  it  follows  that  equations 
(A3)  to  (A15)  are  equally  valid  for  the  three-mass  system  when  the  constants  are  redefined  in  accordance  with  equations  (27) 
to  (34).  The  redefined  constants,  in  terms  of  the  properties  of  the  three-mass  system,  may  be  written  as 

M0 (mf+mu) 


D=(KL—l)g 


m 


E= — -f \-C 

mf+mu 


F-- 


’M0(m/+mw) 
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where 

and 


M0=mf+m$ 


COi  = 


V 


fcM0 

mfms 


The  equations  for  tT  and  m',  equations  (All)  and  (A12),  become 


-ip 


'aAa  cos  6+KLWu) 


m 


ij1" 


and 


where 


m' =mXfT 


|^77(pa(Aa  cos  0+7fLW„)J  r 


(A20) 

(A21) 


The  values  of  tT  and  mf  given  by  these  equations  permit  the  calculation  of  zf=zu^  z fr~zVj)  and  z fT=ZvT  by  means  of  equa- 
tions (AlO),  (A13),  and  (A14).  The  remaining  initial  conditions  for  the  second  phase  of  the  impact,  zs  and  its  derivatives  at 
the  time  tT,  can  be  obtained  by  manipulation  of  the  differential  equations  (20).  Solving  equation  (20a)  for  zs  at  time  tT  gives 

|^(m/+mw)2/T+(A:+m/)2/r+i/+l;l//— (A22) 

Differentiating  equation  (20a)  and  substituting  FVg(Zf)=m'zf  gives 

i,r=i  [(m,+m Jz/T+(A:-m')i,T]  . (A23) 

An  expression  for  zSj  can  easily  be  obtained  from  equation  (20b)  as  follows: 

- j^(m r + m J £ /t + m ' 2/t  + (Ls  JrLf)~(WsJr Wf -rf-  M7W)  J (A24) 


Equations  (A22)  to  (A24),  in  conjunction  with  the  values  of  zfj)  i,r,  and  zfr  previously  determined,  supply  all  the  initial 
conditions  for  the  second  phase  of  the  impact  of  the  equivalent  three-mass  system. 


APPENDIX  B 


DYNAMIC  LOADS  IN  AIRPLANE  STRUCTURE 


The  equations  of  motion  of  the  airplane  have  been  pre- 
viously presented  in  several  forms  so  that  solutions  for  the 
motions  of  the  structure  can  be  obtained  in  terms  of  the 
variables  aQ  and  aX)  a0  and  zfj  or  zf  and  zs . The  purpose  of 
this  appendix  is  to  present  equations  from  which  the  accel- 
erations, bending  moments,  and  shears  at  any  point  on  the 
airplane  structure  can  be  calculated  once  the  time-history 
solutions  for  the  basic  variables  have  been  obtained. 

ACCELERATION 

At  any  point. — The  absolute  displacement  at  any  point  on 
the  structure  (see  fig.  2)  is 


Since 

and 


Z = W + X<p 


w=a0+a,iWi 


<p=ax<px 


where  wx  and  <px  are  the  modal  functions  for  bending  and 
torsion,  respectively, 


and 

Since 


2 — (l0  + d\  (Wx  +2*<£>i) 

z = d()+ax(wx+%<px) 

zf — do 

«,=— 


(Bl) 


the  acceleration  at  any  point  may  also  be  written  as 

,Wx  + X<px 


z = do + (z  r — do}  - 


Hi 


(B2) 


Since,  from  equation  (3G), 


Along  station  mass  centers. — At  the  mass  center  of  any 
station  the  displacement  is  designated  f and  x— e so  that 
equation  (Bl)  becomes 

f=d0+aif1  (B7) 

where  £x  is  the  modal  function  for  the  station  mass  center 
and  is  equal  to  Wj  + c^i.  Equation  (B2)  becomes 

f = do+ kzr~  do)  P (B8) 

£1 

Equation  (B3)  becomes 

^=Mo  \jnrZf+m,z.+m,(isf—z,)  (B9) 

BENDING  MOMENTS 

Outboard  of  landing  gear. — The  bending  moment  at  any 
spanwise  station  yj  outboard  of  the  landing-gear  station 
yg  is  readily  determined  by  summing  up  the  inertia  moments 
produced  by  the  accelerations  of  the  mass  centers  of  all 
stations  i between  station  yj  and  the  tip.  Thus, 

(Bio) 

Inboard  of  landing  gear. — The  bending  moment  at  any 
spanwise  station  y j inboard  of  the  landing-gear  station  yg  is 
equal  to  the  sum  of  the  inertia  moments  produced  by  the 
accelerations  of  the  mass  centers  of  all  stations  i between 
station  yj  and  the  tip  plus  the  moment  produced  by  the 
landing-gear  force.  Thus, 

Mb(viS  »,)=S  »»f  Uyt—yii+Fiyt—y,)  (Bll) 

where 

F=  - [M0a0+ WUKl-  1)+ Wu] 


..  m/zf+mszs 
aa~  Mo 

the  acceleration  can  also  be  written  as 

2 =^r  ^TO/2/+ rn,zs + ms(zf—  2,0  — (B3) 

Along  elastic  axis. — At  the  elastic  axis,  the  displacement 
is  designated  w and  z=0  so  that  equation  (Bl)  becomes 
simply 

w=a0-\-alu h (B4) 

Equation  (B2)  becomes 

w=doJr  (zf — d0)  ~r  (B  5) 

si 

Equation  (B3)  becomes 

w=j^-[m/2/+ m,z» + m,  (z,—  z,)  (B6) 


SHEARS 

Outboard  of  landing  gear. — The  vertical  shear  at  any  span- 
wise  station  yj  outboard  of  the  landing-gear  station  yg  is 
simply  the  sum  of  the  inertia  reactions  due  to  the  accelera- 
tions of  the  mass  centers  of  all  stations  i between  station 
yj  and  the  tip.  Thus, 

S(Viiyi)=tj  rrii'u  (B12) 

Inboard  of  landing  gear. — The  vertical  shear  at  any  span- 
wise  station  yj  inboard  of  the  landing-gear  station  yg  is  the 
sum  of  the  inertia  reactions  due  to  the  accelerations  of  the 
mass  centers  of  all  stations  i between  station  yj  and  the  tip, 
plus  the  landing-gear  force.  Thus, 

=2  mdi~[M.odo-\rWtot(KL  1)+B;J  (Bl3) 

i=fi 
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APPENDIX  C 

RESPONSE  TO  GIVEN  FORCING  FUNCTIONS 

In  this  appendix  equations  are  presented  for  the  acceleration  response  of  the  airplane  structure  to  predetermined  forcing 
functions  applied  hy  the  landing  gear.  The  cases  considered  are  the  arbitrary  forcing  function,  the  sine  pulse,  and  a pulse 
made  up  of  sine  and  cosine  segments.  For  the  particular  case  where  the  landing-gear  forcing  function  can  be  represented  bv  a 
single  sine  pulse, 

F(t)=Fmax  sin  m 

where  ft  is  the  circular  frequency  of  the  applied  sine  pulse  and  is  expressed  hy 


where  T is  the  time  to  reach  Fmax. 

If  the  forcing  pulse  is  not  symmetrical  in  time  about  its  maximum  value,  it  may  be  represented  b}-  a combined  pulse  con- 
sisting of  a sine  function  up  to  the  time  T and  a cosine  function  subsequent  to  the  time  T.  This  latter  function  may  be  written 
as 

F(t')=Fmax  cos  Orf'  (*'^0) 

where 

t'=t—T 


and  Qi  is  the  circular  frequency  of  the  cosine  pulse;  the  initial  conditions  are  the  same  as  the  conditions  at  the  time  t—  T deter- 
mined from  the  response  to  the  sine-function  segment  of  the  pulse. 

The  solutions  are  presented  for  the  distributed  system  of  the  airplane  (sketch  a)  and  for  the  equivalent  concentrated-mass 
system  (sketch  b) 


(a) 


DISTRIBUTED  SYSTEM 


The  acceleration  response  of  the  rigid  body  or  zero  mode  is  immediately  evident  from  the  equation  of  motionTor  n= 0, 
namely, 

F(t)+Wtot(KL~l)+Wu 
Mo 


&o=  " 


The  response  of  the  deflection  modes  follows. 


Arbitrary  forcing  function. — When  the  landing-gear  forcing  function  is  predetermined  and  arbitrary,  the  equation  of 
motion  for  the  nth  mode  (eq.  (15a))  can  be  written  as 

MHdn+Mn<*n*an=- [F(t)+KLWU]  fn  (n^O)  (Cl) 

where  F{t)  is  an  arbitrar}-  function  of  time  and  an  is  the  generalized  coordinate  of  the  nth  mode. 

The  general  solution  of  equation  (Cl)  m&y  be  written  as 


f F(t)  sin  u„{t—  T)dr+^^  (cos  cont— l)+an(0)  cos  o^+^^sin  a >nt 

M-n^n «/  0 J\(L  n(j)n  C Ofi 


(C2) 


The  acceleration  response  is  obtained  by  double  differentiating  equation  (C2)  as  follows: 


an(t,)=-~  F(t)—a)nJ  F(t)  sin  t cn(t—T)dr+KLWu  cos  aB(0)<on2  cos  wnt—an(0)wn  sin  wnt 


(C3) 
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Equations  (C2)  and  (C3)  are  general  solutions  to  equation  (Cl)  and  thus  represent  the  response  of  any  mode  to  an  arbitrary 
forcing  function  F(t ).  In  the  present  stud}7  of  landing  impact,  the  initial  conditions  are 


and 


an(0)=0 


«'»( 0)=0 


t'J— ^ w*2]  C0S  Wnt'^n^ °>n  sin  ^ (C5) 


Sine-pulse  forcing  function. — For  the  particular  case  where  the  forcing  function  is  a sine  pulse,  the  acceleration  response, 
as  determined  from  equation  (C3),  is 

an(t)= Fmax  ^ q2°^~2  ( A s^n  sin  tot)— sin  ^-+a„  (0)con2J  cos  o>nt—an( 0)o)n  sin  c ont  (C4) 

where,  again,  an(0)=0  and  an(0)=0. 

Half-sine — half-cosine  pulse. — In  this  case  the  response  up  to  time  T is  given  b}7  equation  (C4).  Subsequent  to  time 
T the  acceleration  response,  determined  from  equation  (C3),  may  be  written  as 

dn(t')=Fmax~[—p- — j (cos  uat'— cos  fitO— cos  Sht 

±V±n  L^l  °>n 

where 

t'  = (t—T)£  1 
an(  0)=a„r 
dn(0)=d„r 

EQUIVALENT  CONCENTRATED-MASS  SYSTEM 

The  equations  of  motion  for  the  concentrated-mass  system  subject  to  an  arbitrary  forcing  function  are  (see  eqs.  (22)) 

mfzf— k(zs—  Zf)+Lf—  W,=  — F{t) 
m fzf+  mszs  + (Lf+  Ls)  — ( Ws  + W f)  = — F(t) 

Introducing  the  new  variable 

U==  Zs  Zf 

permits  the  combination  of  equations  (C6)  into  a single  equation  in  one  variable: 


(C*' 


m 


fu+k(\+^u=F(t)+J 


(C7) 


where 


J=L,-W,-%  (L-Ws) 

HvQ 


The  solution  of  equation  (C7),  by  analogy  with  equation  (Cl),  can  be  written  as 


u(t)=— — f F(t)  sin  a>i(£  — t)cIt-\ — (1— cos  coj)+u(0)  cos  sin  coi  t 

MfWi  Jo  " 


m/coi 


Wl 


(C8) 


where 


>=k 


Mo 

mfms 
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substituting  u(t)  for  zs—zf  in  equations  (C6)  and  combining,  the  following  equations  for  the  responses  zs  and  zf  can 
be  obtained: 

^*(0=  — r ^TTT  f sin  w1(«-r)(/r+-^-2  (1 -cos  co,0+M(0)  cos  silled  (C9) 

L%wl  Jo  77lfiO\  CJi  _J  ills 

and  ... 

2/0=^-  {-[F(t)+(Lf-Wf)]+k  | j*  F(t)  sin  w1(1-t)(It+^-2  (1  - cos  co,<)+«(G)  cos  wxt+  ^ sin  (CIO) 


In  equations  (C9)  and  (CIO),  ^(0)  =^(0)  = 0 for  the  present  application  to  landing  impact. 

Sine-pulse  forcing  function. — For  the  case  where  the  forcing  term  is  a sine  pulse,  equations  (C9)  and  (CIO)  become 


ut)=— r 

to,  L 


Fmax(Q  sin  wxt— coi  sin  0£) 


and 


W/t^O2 — coj2) 
t— o)i  sin  Qt) 


— 2 (1— cos  WiO+^O)  cos  sin  a )Xt 


COi 


]■ 


Ws-Ls 

m, 


..  , . 1 f ^ rk(Q  sin  0)it—0)X  sin  00  . (T 


Jk(  1 —cos  coit) 
mf  a?!2 


[ 


k ^(0)  cos  a>J  + 


u( o)  . n\ 

— - sin  wit  > 

“i  J J 


ecu) 


(012) 


where,  again,  w(0)=u(0) =0. 

Half-sine — half-cosine  pulse. — The  response  up  to  time  T is  given  by  equations  (Cll)  and  (Cl2).  Subsequent  to  time 
T,  the  responses  (eqs.  (C9)  and  (CIO))  become 


and 


zs(t')= 


k [~ Fjnaz  (COS  W\t^  COS  Ut') 

m,  L mf(tti2— o>i2) 


— (1  — cos  cod')+«(0)  cos  sin  1 — — 

TO/co,2  v ' w toj  J to. 


(Cl  3) 


zf(t')=—  -(  j 

TO/  \ 


Ck  (cos  cos  Qit/) 

TO/(fii2— 0)1 2) 


■cos  Q,f 


r-{Lf-W,) 


, Jk(  1 —cos  wit')  , 

1 9 1 *C 


in  jW\ 


[.(0)  cos  sin  (Cl4) 


where 


t'=t-T=  0 


w(0)  — Ht 
u{0)  = ut 


APPENDIX  D 

AERODYNAMIC  AND  WEIGHT  MOMENTS  AND  SHEARS 


In  appendix  B equations  were  presented  for  the  bending  moments  and  shears  due  to  the  combination  of  the  inertia  forces 
arising  from  the  accelerations  of  the  masses  distributed  along  the  span  and  the  landing-gear  force.  In  the  calculation  of 
the  total  moments  and  shears,  however,  consideration  must  be  given  to  the  aerodynamic  lift  and  weight  forces.  This 
appendix  presents  equations  for  estimating  these  aerodynamic  and  weight  moments  and  shears  which,  although  only  first 
approximations,  are  considered  sufficiently  accurate  for  the  purposes  of  the  present  study. 

If  it  is  assumed  that  the  lift  coefficient  is  constant  along  the  span  and  equal  to  the  average  lift  coefficient  of  the  wing 

CL}  the  lift  force  at  any  station is  equal  to  CL~  VL1 2 3 4 5 6Af  where  A{  is  the  area  assumed  to  be  concentrated  at  the  station. 

The  moment  at  any  station  due  to  the  lift  and  weight  forces  at  each  station  i outboard  of  station  yj  is 

0 tio  tip 

Ma(y  =cL  ^ vL2  s Ai(yi—yj)—9 ZJ  (Di) 

" ^ i=j  i=j 

If  unsteady-state  lift  effects  are  neglected,  the  instantaneous  lift  coefficient  is  related  to  the  lift  coefficient  at  the  instant  of 
initial  contact  by  the  expression 


CL=CLo+GLa(y- y0) 


— 0L+Ci 


) 


Inasmuch  as  the  total  lift  at  the  instant  of  contact  is  K,,  W 

Or 


L ’ ' tot) 

KjWtot 


so  that 


VKrW  n “1  tiD  tin 

(«o-T/,,o)  | VLj  g At(yt-yi)-g  g »,<*-»,) 

Similarly,  the  shear  at  any  station  ys  is 

VKrW ' . n 1 tiD  tip 

I VLJ  g A,-g  g m, 


(D2) 


(D3) 
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THEORETICAL  ANALYSIS  OF  INCOMPRESSIBLE  FLOW  THROUGH  A RADIAL-INLET 
CENTRIFUGAL  IMPELLER  AT  VARIOUS  WEIGHT  FLOWS  1 

By  James  J.  Kramer,  Vasily  D.  Prian,  and  Chung-Hua  Wu 


SUMMARY 

A method  for  the  solution  of  the  incompressible  nonviscous 
low  through  a centrifugal  impeller,  including  the  inlet  region , 
s presented.  Several  numerical  solutions  are  obtained  for  jour 
veight  flows  through  an  impeller  at  one  operating  speed.  These 
olutions  are  refined  in  the  leading-edge  region.  The  results  are 
presented  in  a series  of  figures  showing  streamlines  and  relative 
velocity  contours.  A comparison  is  made  with  the  results  ob- 
ained  by  using  a rapid  approximate  method  of  analysis. 

INTRODUCTION 

In  order  to  provide  the  fundamental  information  about 
lie  internal  flow  necessary  for  the  rational  design  of  efficient 
centrifugal  compressors,  two-dimensional  solutions  of  the 
>otential  flow  through  centrifugal  compressors  on  both  blade- 
o-blade  and  meridional  surfaces  are  obtained  by  means  of 
elaxation  methods  in  references  1 to  4.  In  addition,  a 
-hree-dimensional  potential-flow  solution  is  obtained  by  sim- 
lar  means  in  reference  5.  However,  all  these  solutions  are 
or  impellers  with  inducer  sections  extended  infinitely  far 
ipstream  or  to  the  axis  of  the  impeller  and  thus  yield  no 
information  concerning  the  flow  behavior  ahead  of  and  at 
he  entrance  to  blades  of  finite  thickness  or  blades  which 
i,re  not  alined  with  the  inlet  stream. 

A rapid  approximate  method  is  developed  in  reference  6 
hat  will  predict  the  blade  surface  velocities  in  centrifugal 
mpellers.  The  accuracy  of  this  method  is  investigated 
herein  for  the  region  downstream  of  the  inducer  section, 
lowever,  because  of  the  lack  of  an  exact  solution  of  the 
low  in  the  inlet  region,  there  has  been  no  verification  of  the 
ipproximate  method  in  that  region. 

Consequently,  a method  for  analyzing  the  flow  in  a cen- 
rifugal  impeller,  including  the  inlet  region,  by  numerical 
olution  of  the  partial  differential  equation  governing  the 
low  was  developed  at  the  NACA  Lewis  laboratory  and  is 
iresented  herein.  This  method  was  applied  to  a 48-inch- 
liameter  centrifugal  impeller  for  both  design  and  off-design 
low  conditions.  The  impeller  is  similar  to  that  discussed 
n references  7 and  8.  The  results  of  the  exact  solution  are 
lompared  with  the  results  of  the  rapid  approximate  method 
ff  reference  6. 


In  addition,  the  flow  in  the  region  of  the  leading  edge  of 
the  blade  was  determined  in  more  detail  than  that  obtained 
in  the  original  solution.  This  refinement  of  the  original 
solution  is  obtained  by  solving  the  partial  differential  equa- 
tion in  that  region  by  relaxation  methods  using  a grid  of 
much  finer  mesh.  More  detailed  information  concerning  the 
flow  behavior  near  the  leading  edge  than  that  obtained  in 
the  original  solution  is  desirable,  because  a knowledge  of 
the  velocity  gradients  in  this  region  is  helpful  in  avoiding 
boundaiy-layer  separation  caused  by  rapidly  decelerating 
flow.  The  magnitude  of  losses  caused  by  boundary-layer 
separation  at  the  leading  edge  is  discussed  in  references  9 
and  10  for  sharp-nosed  blades,  but  the  manner  in  which  the 
losses  occur  is  not  discussed. 

ANALYSIS 

The  formulation  of  the  problem  and  the  proposed  method 
of  solution  of  the  problem  are  discussed  in  this  section. 

STATEMENT  OF  PROBLEM 

The  basic  assumptions  which  are  made  concerning  the 
physical  nature  of  the  flow  determine  the  partial  differentia] 
equation  governing  the  flow.  The  assigning  of  proper 
boundary  conditions  to  the  problem  then  determines  the  par- 
ticular solution  of  the  partial  differential  equation. 

Assumptions. — The  flow  is  assumed  to  be  steady,  in- 
compressible, and  nonviscous.  The  assumption  of  steady 
nonviscous  flow  is  customary  in  compressor  flow  analyses. 
Several  solutions  have  been  obtained  taking  compressibility 
into  account  (e.  g.,  refs.  1 and  2).  The  addition  of  the  con- 
dition of  compressibility  complicates  the  solution  by  a factor 
which  was  considered  to  be  out  of  proportion  with  its  value 
in  this  case.  Therefore,  the  fluid  was  assumed  incom- 
pressible. 

The  further  assumption  is  made  that  the  flow  is  constrained 
to  a blade-to-blade  surface  of  revolution  which  is  S3rmmetrical 
about  the  impeller  axis.  Although  the  flow  is  constrained  to 
this  surface,  a variation  in  the  thickness  of  the  stream  sheet 
provides  a closer  approximation  to  the  actual  case.  The 
shape  of  the  stream  surface  in  the  axial-radial  plane  as  well 
as  the  thickness  variation  are  defined  as  functions  of  radial 
position,  which  are  specified  at  the  beginning  of  the  solution. 


1 Supersedes  NACA  TN  3-HS,  “Theoretical  Analysis  of  Incompressible  Flow  Through  a Radial-Inlet  Centrifugal  Impeller  at  Various  Weight  Flows.  I— Solution  by  a Matrix  Method 
nd  Comparison  with  an  Approximate  Method,”  by  Vasily  D.  Prian,  James  J.  Kramer,  and  Chung-Hua  Wu,  1955;  and  TN  3H9,  “Theoretical  Analysis  of  Incompressible  Flow  Through  a 
tadial-Inlet  Centrifugal  Impeller  at  Various  Weight  Flows.  II— Solution  in  Leading-Edge  Region,”  by  James  J.  Kramer,  1955. 
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;The  rear  stagnation  point  is  assumed  to  be  located  at  the 
blade  tip.  The  Kutta  condition  states  that  for  a noneuspi- 
date  blade  with  a sharp  trailing  edge  the  rear  stagnation 
point  occurs  at  the  tip.  However,  for  an  impeller  with  a 
rounded  trailing  edge  the  location  of  the  rear  stagnation 
point  cannot  be  predicted.  It  is  necessary,  therefore,  to 
assume  the  location  of  the  rear  stagnation  point. 

For  the  refined  solution  it  is  assumed  that  the  values  of  the 
stream  function  obtained  in  the  original  solution  along  the 
boundaries  of  the  region  in  which  the  refined  solution  is  ob- 
tained remain  unchanged  during  the  numerical  procedure  of 
obtaining  the  refined  solution. 

Differential  equation. — In  this  analysis,  the  cylindrical 
coordinates  r,  6,  and  z (see  figs.  1 and  2)  are  used.  (All  sym- 
bols are  defined  in  the  appendix.)  The  angular  velocity  of 
the  impeller  is  denoted  by  o>  and  the  fluid  density  by  p.  The 
stream-sheet  thickness  in  the  ^-direction  is  represented  by  6. 
The  trace  of  the  stream  surface  in  the  axial-radial  plane  is 
given  by  specifying  z as  a function  of  r.  The  slope  drjdz  of 
this  curve  is  equal  to  the  tangent  of  the  angle  between  the 
axis  of  rotation  and  the  tangent  to  the  trace  of  the  stream 
surface  in  the  axial-radial  plane  and  is  denoted  by  X (see 
fig.  2).  Thus,  the  resultant  velocity  w is  given  by 


Axis  of  rotation 

Figure  2. — Axial-radial  plane  view  of  48-inch-diameter  centrifuga 

impeller. 

w2=w2e+w2r(l+^ 

where  the  subscripts  r and  0 indicate  components  in  the  r 
and  ^-directions,  respectively. 

The  stream  function  ^ is  defined  by  the  following  differ 
ential  equations: 

d'P’ 

— = — * bpwe  (la’ 

||=r6pwr  (lb; 

In  this  report  all  derivatives  with  respect  to  r shall  be  under- 
stood to  mean  derivatives  with  respect  to  r on  the  stream  sur- 
face; that  is,  d/dr  in  this  report  shall  correspond  to  the  bold- 
faced d/dr  of  reference  11,  in  which  the  differential  equatior 
for  the  type  flow  considered  herein  is  derived.  With  these 
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lefinitions  and  assumptions,  the  differential  equation  of  the 
low  becomes  (see  ref.  1 1 , p.  35) 


t)2*  . (l 

dr2  ' v 


(2) 


Phis  equation,  together  with  the  bound ary -condition s,  math^ 
maticall}7  determines  the  problem. 

Boundary  conditions. — This  analysis  of  the  flow  is  a 
)oun clary-value  problem  of  the  first  kind  or  a Dh’ichlet  prob- 
em.  Certain  boundaries  of  the  flow  and  the  values  of  the 
trearn  function  on  these  boundaries  are  specified.  Further- 
nore,  the  flow  is  assumed  to  vary  periodically  in  the  circum- 
erential  direction,  completing  a cycle  in  one  pitch  angle,  the 
mgular  distance  between  two  adjacent  blade  mean  lines, 
[he  rotational  speed  of  the  impeller  and  the  weight  flow 
hrough  the  compressor  are  also  specified.  The  domain  of 
he  solution  is  extended  sufficiently  far  upstream  and  down- 
stream so  that  the  flow  is  assumed  to  be  uniform  at  the  up- 
stream and  downstream  boundaries.  With  the  addition  of 
hese  conditions,  the  problem  is  determined  mathematically. 

For  the  refined  solution  the  boundary  conditions  are  ob- 
ainecl  from  the  original  solution.  The  value  of  the  stream 
unction,  expressed  as  a dimensionless  ratio  of  the  weight 
low  through  a single  passage,  on  the  blade  surface  is  equal 
o 1 ; the  values  along  the  other  boundaries  are  obtained  from 
toss  plots  of  the  original  data.  The  error  involved  in  read- 
ng  values  from  the  cross  plots  was  less  than  0.0003  with 
values  of  \f'/M  ranging  from  0 to  1. 


METHOD  OF  OBTAINING  SOLUTION  FOR  FLOW  THROUGH  ENTIRE  BLADE 

PASSAGE 


Superposition  of  four  basic  solutions. — The  differential 
squation  (eq.  (2))  was  solved  by  a superposition  of  four  basic 
iolutions.  These  four  basic  solutions  form  a set  of  linearly 
ndepenclent  solutions  such  that  all  possible  flows  (including 
ill  tip  speeds)  are  expressible  as  linear  combinations  of  these 
>asic  solutions.  The  first  of  these,  designated  fa,  is  a solu- 
tion of  equation  (2)  with  the  condition  that  no  flow  crosses 
he  upstream  and  downstream  boundaries  and  a>=a>0^0. 

The  other  three  basic  solutions,  designated  fa,  fa,  and  fa, 
ire  solutions  of  the  linear  homogeneous  equation  obtained 
>y  equating  the  left  side  of  equation  (2)  to  zero.  Thus,  if 


L 


b In  b\  b_ 
br  ) br  r 


Ki+*) 


bd2 


then  fa,  $2)  and  fa  are  solutions  of 


L(ip)=  0 


Because  L is  a linear  operator,  fa  phis  linear  combinations  of 
plf  fa,  and  fa  will  satisfy7  equation  (2)  for  co=co0. 


Boundary  conditions  for  four  basic  solutions. — The  flow 
region  is  represented  by  abcdefgh  in  sketch  (a): 


e 


The  upstream  and  downstream  boundaries,  ah  and  de, 
respectively,  are  placed  sufficiently  far  from  the  blades  so 
that  flow  conditions  can  be  assumed  uniform  at  these  stations. 
The  angular  distance  from  a to  h and  from  d to  e is  one  pitch 
angle.  For  all  the  basic  solutions,  the  condition  that  the 
flow  is  periodic  about  the  axis  of  rotation  with  a period  of 
one  pitch  angle  makes  it  possible  to  obtain  the  solutions 
without  a knowledge  of  the  stream  function  along  ab  and  gh. 
The  finite-difference  equation  for  points  along  these  lines  is 
obtained  in  the  same  manner  as  in  reference  12.  For  the 
solution  fa  in  which  the  flow  is  that  induced  only  by  the 
rotation  of  the  impeller  without  any  through  flow,  the  value 
of  yp  along  ah  and  de  is  specified  zero,  indicating  no  flow 
crossing  the  upstream  and  downstream  boundaries.  The 
values  along  the  blade  surfaces  be  and  gf  are  also  specified 
as  zero.  The  solution  to  equation  (2)  for  these  boundary 
conditions  is  designated  fa. 

The  through-flow  solution,  that  is,  the  flow  through  the 
stationary  blade  row,  is  obtained  from  linear  combinations  of 
three  basic  solutions  to  the  homogeneous  equation  obtained  by 
equating  the  left  side  of  equation  (2)  to  zero.  All  possible 
flows  through  the  stationary  blade  row  can  be  represented 
by  linear  combinations  of  these  basic  solutions.  It  can  be 
seen  from  the  boundary  conditions  shown  in  the  following 
table  that  these  three  basic  solutions  are  linearly  independent: 


Basic 

solution 

Boundary  values  at  point — 

a 

d 

e 

h 

'/'O 

0 

0 

0 

0 

0 

0 

1 

1 

-1 

0 

1 

0 

-1 

-1 

0 1 

0 

The  value  of  \p  along  the  trailing  face  is  specified  as  zero  and 
along  the  driving  face  as  1 for  all  three  solutions.  That 
these  independent  solutions  are  sufficient  for  the  construction 
of  all  possible  through  flows  can  be  seen  from  the  following 
consideration. 
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Any  flow  is  determined  when  the  upstream  and  down- 
stream flow  conditions  are  specified.  The  velocity  is  as- 
sumed to  be  constant  at  stations  ah  and  de.  Hence,  the 
stream  function  varies  linearly  from  a to  h and  from  d to  e. 
Since  the  angular  distance  from  a to  h and  from  d to  e is  one 
pitch  angle  and  the  flow  is  assumed  to  vary  periodically 
about  the  axis  with  a period  of  one  pitch  angle,  the  specifica- 
tion of  conditions  at  points  a,  d,  and  h fixes  the  solution. 
The  value  of  \[/  is  constant  along  both  the  driving  and  trailing 
faces,  with  the  difference  between  the  function  values  being 
equal  to  The  choice  of  0 and  ±1  as  the  values  of  i p 

at  points  a,  h,  d,  and  e and  along  be  and  gf  represents  no 
restriction  since  these  three  basic  solutions  remain  solutions 
to  the  homogeneous  equation  when  changed  by  a multipli- 
cative or  additive  constant. 

Coefficients  of  ^i,  &>»  and  \f/3  in  linear  combinations. — 
The  final  solution  SF  for  any  weight  flow  or  rotational  speed 
will  be  obtained  from  an  equation  of  the  form 

SJr  = Ao^o  + ^l^l+^42^'2  + A3l/'3  (3) 

The  coefficients  A0,  AXl  A2,  and  A3  are  determined  by  the 
specification  of  four  independent  physical  conditions:  (1) 
the  rotational  speed,  (2)  the  weight  flow,  (3)  the  location  of 
the  rear  stagnation  point,  and  (4)  the  irrotationality  of  the 
absolute  flow. 

The  coefficient  A0  is  determined  by  the  rotational  speed 
and  is  given  by 

(4) 

GO*) 

That  is,  Aq  is  the  ratio  of  the  rotational  speed  co  for  the 
desired  solution  to  that  used  in  obtaining  the  basic  solution 
w0. 

The  change  in  'k  across  one  blade  passage  is  equal  to  the 
weight  flow  through  a single  passage.  Therefore, 

AiA-A2-\rA3—M  (5) 

where  M is  the  weight  flow  through  a single  passage. 

The  rear  stagnation  point  is  assumed  to  be  at  the  blade 
tip.  Thus,  at  the  tip 

106.1  = 0 
or 


This  derivative  is  expressed  in  finite-difference  form  for  the 
grid  point  at  the  blade  tip  and  with  equation  (3)  yields  a 
linear  relation  in  A0 , Au  A2,  and  A3. 

The  absolute  flow  is  irrotational ; therefore,  if  r1  and  r2 
are  radial  stations  upstream  of  the  blade  row,  the  following 
equation  holds: 

f*2r  /»2r 

Jo  (w*,2 +wr2)r2d0— J (w$ti+<ari)rid$=0  (7) 


where  the  subscripts  1 and  2 indicate  values  along  the  lines 
r—rl  and  r—r2,  respectively.  If  is  chosen  equal  to  the 
value  of  r at  the  upstream  boundary,  equation  (7)  becomes 

C2jt 

J r2wef  2 d6~— 2um'\  (8) 

since  w6>l  is  equal  to  —a >rlm  Wien  the  stream-function 
definition  (eq.  (la))  is  introduced,  equation  (8)  becomes 

J dr  dd—2Tro)pb2r2  (9) 

Equation  (9)  can  be  integrated  numerically  to  yield  a linear 
relation  in  A0,  Au  A2,  and  Az. 

Equations  (4)  to  (6)  and  (9)  form  a system  of  four  inde- 
pendent simultaneous  linear  equations  in  four  unknowns, 
Aq , Al}  A2}  and  A$. 

Numerical  method  of  obtaining  basic  solutions. — The 
region  of  solution  was  covered  with  a network  of  grid  lines 
whose  intersections  form  grid  or  nodal  points,  as  shown  in 
figure  1. 

The  solution  for  a given  set  of  boundary  conditions  of  the 
differential  equation  was  obtained  at  each  of  these  grid  points 
by  solving  the  set  of  linear  simultaneous  equations  obtained 
when  the  differential  equation  is  written  in  finite-difference 
form  for  each  grid  point.  A five-point  system  was  used  in 
the  finite-difference  approximation  of  the  derivatives.  This 
procedure  is  equivalent  to  approximating  the  stream  func- 
tion by  a fourth-degree  potynomial  in  the  neighborhood  of 
the  grid  point.  The  solution  of  the  set  of  n linear  simul- 
taneous equations  was  obtained  on  high-speed  digital  com- 
puters by  the  matrix  method  outlined  in  reference  12. 
Since  there  were  four  basic  solutions,  four  sets  of  n simul- 
taneous linear  equations  were  solved  by  this  process. 

METHOD  OF  OBTAINING  REFINED  SOLUTION  IN  LEADING-EDGE  REGION 

Relaxation  method, — The  solution  of  equation  (2)  was 
obtained  by  means  of  relaxation  techniques  (ref.  13)  in  the 
region  outlined  b}^  the  bold  lines  in  figure  1.  The  residuals 
of  the  relaxation  process  were  reduced  to  a value  indicating 
unit  change  in  the  fifth  decimal  place  of  the  stream  function. 
This  degree  of  accuracy  is  consistent  with  the  accuracy  of 
the  cross  plots  used  to  obtain  the  boundary  values. 

Grid. — The  grid  used  in  the  relaxation  process  is  shown  in 
figure  3.  The  density  of  the  grid  lines  is  greatest  in  the  region 
of  the  leading  edge  and  decreases  gradually  in  both  direc- 
tions. This  type  of  grid  assured  greatest  accuracy  in  the 
region  of  main  interest.  The  ratio  of  the  grid  spacing  in 
either  direction  at  a point  is  never  greater  than  2.5  and  usu- 
ally less  than  or  equal  to  2.0.  The  intersections  of  the  grid 
lines  are  called  grid  points.  The  grid  points  in  the  interior 
of  the  boundaries  are  the  points  at  which  the  numerical  solu- 
tion is  obtained.  There  were  138  interior  grid  points  for 
this  problem. 

Finite-difference  approximation. — The  derivatives  of  equa- 
tion (2)  were  written  in  finite-difference  form  with  a three- 
point  system  used.  In  the  original  solution  a five-point 
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system  was  used.  Because  of  the  fineness  of  the  grid,  a 
three-point  system  was  considered  adequate  for  this  prob- 
em. 

NUMERICAL  EXAMPLE 

The  previously  outlined  methods  were  applied  in  order  to 
xnalyze  the  flow  in  a 48-inch-diameter  radial-inlet  centrifugal 
impeller.  A description  of  the  geometry  of  the  impeller  and 
the  operating  conditions  for  which  the  analysis  was  carried 
Dut  follow. 

Geometry  of  impeller. — The  impeller  investigated  was  a 
18-inch-tip-diameter  radial-inlet  centrifugal  impeller  having 
18  blades,  similar  to  the  one  discussed  in  references  7 and  8. 
Hie  sharp  leading  edge  and  blunt  trailing  edge  were  rounded 
rs  shown  in  figure  1 because  of  practical  computing  considera- 
tions. The  blade  coordinates  are  given  in  table  I.  The 
solution  was  obtained  on  the  surface  generated  by  rotating 
the  mean  blade-height  line  about  the  axis  of  rotation.  This 
ine  was  approximated  by  the  following  function: 


-0.041456  . 

g=(~0:40828)+COUStant 


(10) 


Hie  streamline  spacing  in  the  axial-radial  plane  is  not  known. 
Pherefore,  the  stream-sheet  thickness  b in  the  2-direction 
vas  approximated  by  the  blade  height  in  the  2-direction. 
Fhis  parameter  was  approximated  by  the  following  function: 

6 =0.07208 + 1.01 5 17£_1-5460lr  (11) 

Hie  parameter  X is  equal  to  drjdz  of  the  stream-surface  trace 
n the  axial-radial  plane  and  from  equation  (10)  is  given  by 


1 0.041456 

X (r— 0.40828)1 2 


(12) 


Operating  conditions. — Four  solutions  were  obtained  cor- 
responding to  four  weight  flows  at  a tip  speed  of  700  feet  per 
second.  These  four  weight  flows,  which  are  the  same  as 
those  of  reference  7,  are  shown  in  the  following  table: 


Case 

Weight  flow, 

M,  lb/sec 

A 

14.  00 

B 

26.  25 

C 

32.  10 

D 

44.  00 

RESULTS  AND  DISCUSSION 


The  results  of  the  solutions  obtained  by  the  application  of 
the  previous^  outlined  methods  are  presented  in  figures  4 
to  11,  which  show  streamlines  and  constant  relative  velocity 
contours.  The  over-all  solution  for  the  entire  blade  passage 
as  obtained  by  the  matrix  method  is  shown  in  the  (a)  part 
of  each  figure  and  the  refined  solution  for  the  leading-edge 
region  in  the  (b)  part.  Figures  4 to  11  are  projections  on 
the  r0-plane;  that  is,  the  curvature  of  the  stream  surface  in 
the  axial-radial  plane  is  neglected.  The  comparison  with 
the  results  of  the  approximate  method  described  in  reference 
6 is  made  in  figure  12. 

STREAMLINES 

The  distribution  of  stream  function  is  shown  by  means  of 
contours  of  constant  stream-function  ratio  4^/M  in  figures  4 
to  7 for  the  four  weight  flows  investigated.  The  impeller 
tip  speed  was  700  feet  per  second  for  all  four  cases. 

Case  A. — In  figure  4 the  streamlines  for  a weight  flow  of  14 
pounds  per  second  are  shown.  This  condition  is  the  incipient 
surge  weight  flow  for  the  experimental  case  (ref.  7).  A large 
eddy  attached  to  the  driving  face  of  the  blade  extends  from 
1.31  to  r~1.84  and  almost  one-thud  the  distance  across 
the  passage  between  blades  at  its  widest  point.  The  major 
part  of  the  flow  is  concentrated  in  the  region  near  the  trailing 
face,  while  the  eddy  and  other  relatively  low-momentum 
fluid  occupy  half  the  channel. 

The  inlet  stagnation  point  occurs  on  the  driving  face  of  the 
blade  at  r^l.05,  and  the  local  angle  of  attack  is  80°.  The 
local  angle  of  attack  is  defined  as  the  angle  between  the 
tangents  to  the  blade  mean  line  and  the  stagnation  stream- 
line. The  sign  convention  for  angle  of  attack,  shown  in 
figure  3,  is  chosen  so  that  flow  directed  at  the  driving  face 
results  in  a positive  angle  of  attack.  The  slip  factor,  the 
ratio  of  the  mass-averaged  absolute  tangential  velocit}-  of 
the  fluid  at  the  tip  to  the  absolute  tip  speed,  is  equal  to  0.874. 

Case  B. — The  streamline  pattern  for  a weight  flow  of  26.25 
pounds  per  second  is  shown  in  figure  5.  This  weight  flow 
is  sufficiently  high  to  eliminate  the  eddy  on  the  driving  face  of 
the  blade.  However,  a fairly  large  concentration  of  low- 
momentum  air  is  still  present,  so  that  halfway  through  the 
impeller  50  percent  of  the  fluid  occupies  more  than  two-thuds 
the  available  flow  area.  The  slip  factor  at  the  impeller 
tip  is  0.873,  and  the  local  angle  of  attack  is  approximately  6°. 


354 


REPORT  1279 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


9 radians 

1 cm 

lO  CM 

O if> 


cP 

I.l2776r- 


1.104501 


.97 65 6 r 


JSkwnii 


(a)  Entire  blade  passage. 


fe  o J* 

a § § 


radians 

cd  m cm  a>  cpm-io  — ocon  in 

*r  - «n  co  cvim-cocd  o-P>  £ £ ® 

in  cm.  o o)ioi^—  i5o?  S 2 ro  N- 


^ cPO*-  in  iZ 

2 CO  CP  CP  UO  in  ro  f\i  ^ 

K)  to  ro  rprpro  ro  roro  £n  ~ 


T NL  Waft  ]' 


ifl8l24rM\ 

i oeeeoKtpf 

I05798ppp^ 

tH  ,04636P^^p 

^l03472Lr^J 

ll.02308Hp4^'= 

l0U46Rk" 

.99984 


trn  mi 


.95  332*- 


(b)  Leading-edge  region. 


Figure  4. — Streamlines  for  weight  flow  of  14  pounds  per  second 

(case  AV 


0 radians 

’ £ 
r-  ^ 

in  cm 

O in 


(a)  Entire  blade  passage. 


0,  radians 

cd  m cm  aj  cp  m-  ro  — o cd  n-  in  OJ  m 

^ - in  oo  cMM-iPcoo-fO  £ <5  ® 

in  ^ <m  O cr>  ro  r- — ip  o ^ in  rj.  ^ 

O m GO  m m in  2.  i*  ~ CM 


CD 

l.l2776p 


p:  o «■  N ;r  ^ S cMM-iPcoo-fO  CP  O 

m r-  in  ^ cm  O cr>  ro  r* — ipo^r  m *5-  JT* 

o 2 cm  — o a>  co  cp  cp  in  ir>  M- ro  cm  — 5V 

£ £ M-  M-.  ro  ro  pprOroroiorOro  ro  £ 

— r^- — r — i i — i i m — r~t  ’ i ’ i \ i; — — l! 


1.104501 


t.08 1 24j— 
1.069601— 
Cl. 05798k 

046 36 p 

• p 

*51.03472? 

K 1.023081 

1.0 1 l 46 r 

.99984’ 


.976561- 


.95332'- 


(b)  Leading-edge  region. 

Figure  5. — Streamlines  for  weight  flow  of  26.25  pounds  per  second 

(case  B). 
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(b)  Leading-edge  region. 

Figure  8/ — Contours  of  constant  relative  velocity  ratio  W for  weight 
flow  of  14  pounds  per  second  (case  A). 


(b)  Leading-edge  region. 

Figure  9. — Contours  of  constant  relative  velocity  ratio  W for  weight 
flow  of  26.25  pounds  per  second  (case  B). 
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(b)  Leading-edge  region. 

Figure  10. — Contours  of  constant  relative  velocity  ratio  W for  weight 
flow  of  32.10  pounds  per  second  (case  C). 


(b)  Leading-edge  region. 

Figure  11. — Contours  of  constant  relative  velocity  ratio  W for  weight 
flow  of  44  pounds  per  second  (case  D). 
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Case  C. — The  streamline  pattern  for  a weight  flow  of  32.10 
pounds  per  second  (fig.  6)  is  similar  to  that  for  26.25  pounds 
per  second  because  of  the  comparatively  small  change  in 
weight  flow.  However,  the  local  angle  of  attack  changes 
considerably,  from  6°  for  case  B to  — 7°  for  case  C.  This 
sensitivity  of  local  angle  of  attack  to  weight  flow  changes  is 
quite  marked  over  the  entire  weight  flow  range  investigated. 
The  weight  flow  for  zero  local  angle  of  attack  is  about  29 
pounds  per  second. 

The  flow  continues  to  shift  toward  the  driving  face,  and  the 
slip  factor  at  the  tip  is  0.871. 

Case  D. — In  figure  7,  the  streamline  pattern  is  shown  for  a 
weight  flow  of  44  pounds  per  second.  In  the  investigation 
reported  in  reference  7,  this  represented  the  maximum  weight 
flow.  The  flow  is  distributed  across  the  passage  more  nearly 
uniformly  than  in  the  other  examples.  The  flow  ceases  to 
be  perfectly  guided  at  1.5,  as  occurred  for  all  other  weight 
flows.  The  slip  factor  at  the  tip  for  this  condition  is  0.859, 
so  that  the  total  variation  in  slip  factor  from  surge  to  maxi- 
mum weight  flow  as  determined  in  reference  7 is  0.015.  The 
inlet  stagnation  point  occurs  on  the  trailing  face  at  1.028. 
Thus,  the  stagnation  point  shifts  about  0.022  foot  as  the 
weight  flow  increases  from  14  to  44  pounds  per  second.  The 
local  angle  of  attack  for  case  D is  — 28°  so  that  the  total  range 
of  local  angle  of  attack  investigated  was  from  80°  to— 28°. 

RELATIVE  VELOCITY 

Contours  of  constant  relative  velocity  ratio  W (relative 
velocity  divided  by  tip  speed)  are  shown  in  figures  8 to  11. 
In  the  figures  showing  the  entire  blade  passage  ((a)  parts), 
the  velocities  near  the  leading  edge  are  not  shown.  Reference 
should  be  made  to  the  figures  showing  the  leading-edge 
region  only  ((b)  parts). 

Case  A. — For  a weight  flow  of  14  pounds  per  second  (fig.  8) 
a stagnation  point  occurs  where  the  eddy  begins  to  form  at 
r~1.31  on  the  driving  face.  Velocities  are  low  along  the 
entire  driving  face  with  slightly  negative  velocities  in  the 
eddy  region.  A rapid  acceleration  followed  by  a less  rapid 
deceleration  occurs  on  the  leading  edge  and  the  trailing  face 
because  of  the  large  positive  local  angle  of  attack. 

Case  B. — In  figure  9 the  velocity  contours  for  a weight  flow 
of  26.25  pounds  per  second  are  shown.  Downstream  of  the 
leading-edge  region  the  velocity  along  the  trailing  face  is 
nearly  constant  (except  for  a small  acceleration  and  de- 
celeration at  r^l.3  to  1.7).  In  the  leading-edge  region, 
small  local  decelerations  occur  on  both  the  driving  and 
trailing  faces  with  the  one  on  the  trailing  face  being  the  larger. 
Flow  conditions  in  the  leading-edge  region  are  better  for  this 
weight  flow  than  for  any  of  the  other  weight  flows  investi- 
gated. 

Case  C, — The  velocity  contours  for  a weight  flow  of  32.10 
pounds  per  second  are  presented  in  figure  10.  At  r~1.3  on 
the  trailing  face,  a slight  acceleration  occurs  followed  by  a 
rapid  deceleration.  This  velocity  peak  is  caused  by  the 
beginning  of  more  rapid  blade  curvature  at  that  point. 

For  case  C a larger  deceleration  occurs  on  the  driving  face 
than  for  case  B.  Decelerations  are  probably  more  serious  on 
the  driving  face  than  on  the  trailing  face  because  the  low- 
momentum  air  caused  , by  the  deceleration  aggravates  the 
secondary-flow  conditions.  These  secondary  flows  transport 
the  low-momentum  fluid  on  the  driving  face  to  the  trailing 


face.  This  type  of  motion  is  discussed  in  more  detail  in 
reference  14. 

It  was  previously  noted  that  the  weight  flow  for  zero 
local  angle  of  attack  is  about  29  pounds  per  second.  How- 
ever, zero  local  angle  of  attack  is  not  necessarily  desirable 
for  roimded  leading  edges  such  as  the  one  considered  herein. 
In  view  of  the  velocity  contours  of  the  26.25-  and  32.10- 
poimd-per-second  cases,  a slight  positive  local  angle  of 
attack  seems  desirable.  For  a weight  flow  of  29  pounds  per 
second,  a greater  deceleration  would  probably  occur  on  the 
driving  face  than  that  which  occurs  for  a weight  flow  of  26.25 
pounds  per  second.  This  appears  to  be  the  case  since  the 
leading  edge  is  shaped  so  that  at  zero  local  angle  of  attack 
the  flow  on  the  blade  surfaces  would  be  rouglity  symmetrical 
about  the  blade  mean  line.  Consequently,  it  seems  ad- 
visable to  design  the  leading-edge  regions  in  the  manner 
suggested  in  reference  15  and  further  discussed  in  reference 
16.  These  leading-edge  contours  are  characterized  by  very 
little  curvature  of  the  driving  face  so  that  flow  alined  with  the 
driving  face  would  produce  little  or  no  local  deceleration. 

Case  D. — The  velocity  contours  for  a weight  flow  of  44 
pounds  per  second  are  plotted  in  figure  11.  The  flow  along 
the  driving  and  trailing  faces  is  similar  to  that  for  case  C, 
because  in  both  cases  the  inlet  flow  is  directed  toward  the 
trailing  face.  The  local  acceleration  and  deceleration  on  the 
trailing  face  at  1 .3  is  more  pronounced  for  this  case. 

A very  large  deceleration  occurs  on  the  driving  face  just 
downstream  of  the  leading  edge.  This  deceleration  is  about 
the  same  size  as  that  which  occurred  on  the  trailing  face  in 
case  A.  The  deceleration  is  probably  more  serious  on  the 
driving  face  because  of  its  contribution  to  the  buildup  of 
secondary  flows.  Also,  at  sufficiently  high  weight  flows  the 
separation  following  a rapid  deceleration  will  induce  choking 
before  the  theoretical  maximum  weight  flow  is  attained. 

MEAN  ANGLE  OF  ATTACK 

The  approximate  mean  angle  of  attack,  that  is,  the  angle 
between  the  mean  flow  direction  at  the  inlet  and  the  tangent 
to  the  blade  mean  line,  was  computed  from  the  rotational 
speed  and  the  average  inlet  velocity.  The  average  inlet 
velocity  was  computed  from  the  weight  flow  and  the  annular 
area.  Two  values  were  used  for  the  annular  area:  (1)  the 
total  annular  area  with  no  blade  blockage  assumed,  and 
(2)  the  total  annular  area  minus  the  blockage  caused  by  the 
blades.  The  thickness  of  the  blades  used  in  the  lattei 
computation  was  that  at  the  1.04-foot  radius,  which  was 
approximately  the  radius  at  which  maximum  blade  thickness 
in  the  tangential  direction  occurred.  The  mean  angle  oi 
attack  across  the  passage  at  the  1.04-foot  radius  was  also 
computed  from  the  exact  solution.  These  are  compared  in 
the  following  table: 


Weight 
flow,  M, 
ib/see 

Mean  angle  of  attack,  deg 

based  on — 

Unblocked 

annulus 

Blocked 

annulus 

Exact 

solution 

14.  00 

12.  3 

9.  2 

0 

26.  25 

. 1 

-4.  6 

-5.  3 

32.  10 

-4.  9 

-10.  0 

-9.  0 

44.  00 

-13.  6 

-19.  0 

-15.  4 
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Flie  sign  convention  for  the  angle  of  attack  is  such  that  a 
30sitive  angle  of  attack  indicates  flow  directed  toward  the 
hiving  face  of  the  blade.  From  the  comparison  of  these 
ingles  of  attack,  it  is  apparent  that  the  mean  angle  of  attack 
is  best  predicted  b};  basing  the  calculations  on  the  annular 
irea  with  blade  blockage  considered.  The  poor  agreement 
between  the  mean  angle  of  attack  of  the  exact  solution  and 
that  based  on  the  blocked-inlet  annular  area  at  the  lowest 
weight  flow  is  probably  caused  by  the  eddy.  It  appears  that 


Distance  along  blade  mean  line,  s ; ft 


(a)  Weight  flow,  14  pounds  per  second  (case  A). 


Distance  along  blade  mean  line,  5,  ft 


(c)  Weight  flow,  32.10  pounds  per  second  (case  C). 

Figure  12. — Comparison  of  blade-surface  velocity 


inlet  flow  alined  with  the  driving  face  results  in  good  flow 
conditions  in  the  leading-edge  region.  The  blade  angle  of 
the  driving  face  just  downstream  of  the  rounded  leading 
edge  is  57°,  whereas  the  angle  between  the  mean  line  and  the 
radial  direction  is  62°.  Thus,  for  case  B the  average  inlet 
flow  angle  would  approximately  equal  the  driving-face  blade 
angle.  Flow  conditions  in  the  leading-edge  region  for  case  B 
seemed  to  be  the  best  of  the  conditions  investigated. 


Distance  along  blade  mean  line,  s,  ft 


(d)  Weigh j,  flow,  44  pounds  per  second  (case  D). 
ratios  obtained  by  approximate  and  matrix  methods. 


0,  deg  A deg 
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(b)  Weight  flow,  26.25  pounds  per  second  (case  B). 


(d)  Weight  flow,  44  pounds  per  second  (case  D) . 


Figure  13. — Comparison  of  mass-averaged  flow  angle  of  exact  solution  with  approximation  of  pm  used  in  approximate  method  0a„ 
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COMPARISON  WITH  APPROXIMATE  METHOD 

The  blade  surface  velocities  for  the  four  weight  flows  were 
omputed  by  the  rapid  approximate  method  of  reference  6 
i order  to  determine  the  accuracy  of  the  approximate 
lethod,  especially  in  the  inlet  region,  by  comparison  with 
lie  matrix  solution.  In  figure  12,  the  surface  velocity  ratios 
s computed  by  the  approximate  method  are  compared 
7ith  the  surface  velocity  ratios  as  determined  by  the  matrix 
icthod.  The  velocity7  ratios  are  plotted  against  distance  $ 
long  the  blade  mean  line. 

In  the  approximate  method  the  “average”  values  of  W 
nd  p are  values  which  satisfy  the  one-dimensional  continuity 
quation.  The  “average”  velocity  ratio  is  assumed  equal  to 
he  average  of  the  blade  surface  velocity  ratios  Wav.  The 
average”  flow  angle  is  assumed  equal  to  pav,  the  average  of 
he  blade  surface  angles,  for  values  of  s < 1 .34.  For  s>  1.34, 


Distance  along  blade  mean  line,  s,  ft 


(a)  Weight  flow,  14  pounds  per  second  (case  A). 


Distance  along  blade  mean  line,  s,  ft 


(c)  Weight  flow,  32.10  pounds  per  second  (case  C).  | 

Figure  14. — Comparison  of  mass-averaged  relative  velocity 


the  “average”  flow  angle  is  approximated  by  a parabolic 
variation  (with  r)  between  the  average  of  the  blade  surface 
angles  at  $=1.34  and  the  flow  angle  at  the  tip  as  determined 
by  the  slip  factor.  The  slope  dpav/dr  at  $=  1 .34  is  used  as  the 
third  condition  to  determine  the  parabola.  The  approximate 
flow  angle  as  given  by  the  parabolic  variation  is  also  denoted 
by  fiav  It  is  difficult  to  evaluate  these  assumptions  sepa- 
rate^'. In  order  to  get  some  idea  of  their  validity7,  the  mass- 
averaged  flow  angle  pm  is  compared  with  pa0  in  figure  13,  and 
the  mass-averaged  velocity  ratio  Wm  is  compared  with  Wav 
in  figure  14. 

It  was  impossible  to  obtain  meaningful  results  in  the  region 
of  the  rounded  leading  edge.  This  failure  of  the  approximate 
method  is  caused  by  the  invalidity  of  the  assumption  that 
Pm  is  equal  to  pav . For  values  of  $ such  that  0.07 <$<0.6, 
the  surface  velocities  are  predicted  adequately  for  cases  B 
and  C but  poorly  for  cases  A and  D.  For  case  A the  failure 


Distance  along  blade  mean  line,  $,  ft 


(b)  Weight  flow,  26.25  pounds  per  second  (case  B). 


Distance  along  blade  mean  line,  s,  ft 


(d)  Weight  flow,  44  pounds  per  second  (case  D). 
ratio  Wm  with  average  of  blade-surface  velocity  ratios  Wav. 
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is  probably  caused  by  the  change  in  the  relative  size  of  pav 
and  ft*.  At  $=0.6,  pav  is  greater  than  pm  but  then  becomes 
less  than  pm  as  $ decreases.  This  trend  is  not  followed  in  the 
other  cases.  For  case  D the  agreement  of  Wa9  with  Wm 
and  of  Pav  with  pm  is  poorer  for  $<0.6  than  for  the  other 
cases.  The  trends  for  case  D,  however,  were  the  same  as  for 
cases  B and  C. 

In  the  region  0.6 <$<1.8,  the  agreement  between  the 
approximate  solution  and  the  exact  solution  is  adequate 
(except  in  the  neighborhood  of  $=0.8  for  cases  B,  C,  and  D) 
for  approximately  predicting  both  the  velocity  and  the  veloc- 
ity gradients  for  all  four  weight  flows.  Such  good  agreement 
is  surprising  for  case  A,  because  the  agreement  between  Wm 
and  Wav  and  between  Pm  and  pav  is  not  nearly  so  good  for 
case  A as  it  is  for  the  other  cases;  the  eddy  attached  to  the 
driving  face  for  case  A is  the  cause  of  this  poor  agreement. 

For  $>1.8,  the  agreement  between  the  approximate 
method  and  the  exact  method  is  poor,  and  pav  is  less  than 
Pm  for  all  four  cases  except  near  the  tip  in  case  A.  This  reverse 
in  trend,  together  with  the  fact  that  the  blade  surface  angles 
differ  by  a large  amount,  probably  is  the  reason  for  the 
failure  of  the  approximate  method  near  the  tip.  In  the 
region  $>1.34,  0ao  is  determined  by  a parabolic  approxima- 
tion to  Pm-  Since  paP  and  pm  agree  fairly  well  at  $=1.34  and 
at  the  tip,  the  failure  of  the  parabolic  approximation  must 
be  attributed  to  incorrect  values  of  dpav/dr  at  s=1.34  or  to 
the  inadequacy  of  a parabolic  approximation. 

SUMMARY  OF  RESULTS 

A method  for  the  solution  of  the  incompressible  nonviscous 
flow  through  a centrifugal  impeller  (including  the  inlet 
region)  is  presented  and  is  applied  to  a 4 8 -inch -diameter 
centrifugal  impeller.  Solutions  for  the  entire  blade  passage 
were  obtained  for  four  weight  flows  ranging  from  incipient 
surge  to  maximum  as  determined  by  actual  impeller  tests. 
In  addition,  these  solutions  were  refined  in  the  leading-edge 


region.  The  blade  surface  velocities  obtained  by  the  matri: 
solutions  for  the  entire  blade  passage  were  compared  witl 
those  obtained  by  a rapid  approximate  method  of  analysis 
The  following  results  were  noted: 

1.  A large  eddy  formed  on  the  driving  face  of  the  blade  a 
the  incipient  surge  weight  flow  but  was  not  present  for  tin 
three  higher  weight  flows. 

2.  The  slip  factor  varied  from  0.874  to  0.859  as  the  weigh 
flow  increased. 

3.  For  weight  flows  of  26.25,  32.10,  and  44  pounds  pe 
second,  a local  acceleration  followed  by  a rapid  deceleratioi 
occurred  on  the  trailing  face  of  the  blades  at  a radius  o 
about  1.3  feet,  that  is,  where  the  blade  begins  to  curve  mor 
rapidly. 

4.  The  stagnation  point  shifted  from  the  driving  to  th< 
trailing  face  of  the  blade  as  the  weight  flow  increased,  whil 
the  local  angle  of  attack  varied  from  80°  to  —28°. 

5.  A small  positive  local  angle  of  attack  seems  desirable  fo 
rounded  leading-edge  blades. 

6.  Of  the  four  weight  flows  investigated,  flow  condition 
around  the  blade  nose  were  the  best  for  the  weight  flo\ 
corresponding  to  an  angle  of  attack  of  —4.6°  computed  fron 
blade  speed  and  an  upstream  radial-axial  velocity  for  whicl 
blade  blockage  had  been  taken  into  account. 

7.  The  rapid  approximate  method  was  adequate  in  th 
inlet  region  just  downstream  of  the  leading  edge  for  weigh 
flows  of  26.25  and  32.10  pounds  per  second.  These  weigh 
flows  corresponded  to  mean  angles  of  attack  of— 5.3°  an< 
— 9.0°,  respectively. 

8.  The  mean  angle  of  attack  was  best  predicted  by  basin) 
the  approximate  computation  on  the  weight  flow,  the  tij 
speed,  and  the  annular  area  minus  the  blockage  of  the  blades 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  Morch  4,  1955 


ANALYSIS  OF  INCOMPRESSIBLE  FLOW  THROUGH  A CENTRIFUGAL  IMPELLER  AT  VARIOUS  WEIGHT  FLOWS 


663 


APPENDIX 

SYMBOLS 


The  following  symbols  are  used  in  this  report: 

A0,  Au  coefficients  in  eq.  (3) 

Ao,  A 3 

b stream-sheet  thickness  in  ^-direction,  ft 

M weight  flow  through  single  passage,  Ib/sec 

r radial  distance,  ft 

-s*  distance  along  blade  mean  line,  ft 

M ratio  of  relative  velocity  to  tip  speed 

w relative  velocity,  ft/sec 

z axial  distance,  ft 

0 flow  angle,  deg 

6 angular  coordinate  in  relative  system,  radians 

X slope  of  trace  of  stream  surface  in  axial-radial 

plane 


p fluid  density,  lb/cu  ft 

'f'  stream  function,  eqs.  (1) 

basic  solutions 

^2,^3 

w angular  velocity  of  impeller,  radians/sec 


Subscripts: 

$v  approximation  to  averaged  value  used  in  approx- 

imate method 

m mass-averaged  value 

r component  in  radial  direction 

t impeller  tip 

6 comporent  in  tangential  direction 

0 value  in  basic  solution  of  eq.  (2) 

1,2  conditions  along  r— rx  and  r— r2,  respectively 
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TABLE  I— MODIFIED  BLADE  COORDINATES 


Driving  face 

Trailing  face 

r,  ft 

6,  radians 

r,  ft 

0,  radians 

1.  0405 

0.  34256 

1.  0285 

0.  34890 

1.  0521 

. 34890 

1.  0352 

. 37797 

1.  0696 

. 37224 

1.  0405 

. 38604 

1.  0740 

. 37797 

1.  0518 

. 40705 

1.  1190 

. 43612 

1.  0696 

. 43273 

1.  1278 

. 44633 

1.  0971 

. 46520 

1.  1711 

. 49427 

1.  1278 

. 49939 

1.  2324 

. 55242 

1.  1511 

. 52335 

1.  2441 

. 56242 

1.  2144 

. 58150 

1.  3095 

. 61057 

1.  2441 

. 60413 

1.  3604 

. 63995 

1.  2974 

. 63965 

1.  4262 

. 66872 

1.  3525 

. 66872 

1.  4767 

. 68476 

1.  3604 

. 67227 

1.  5930 

. 70726 

1.  4283 

. 69780 

1.  7093 

. 71497 

1.  4767 

. 71113 

1.  8256 

. 71601 

1.  5600 

. 72687 

1.  9419 

. 71601 

1.  5930 

. 73041 

2.  0000 

. 72080 

1.  7093 

. 73583 

2.  0123 

. 72687 

1.  8256 

. 73416 

1.  9419 

. 73312 

2.  0000 

. 73145 

t 

2.  0123 

. 72687 
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THEORETICAL  INVESTIGATION  OF  FLUTTER  OF  TWO-DIMENSIONAL  FLAT  PANELS  WITH 
ONE  SURFACE  EXPOSED  TO  SUPERSONIC  POTENTIAL  FLOW  1 

By  Herbert  C.  Nelson  and  Herbert  J.  Cunningham 


SUMMARY 

A Rayleigh  type  analysis  involving  chosen  modes  oj  the 
panel  as  degrees  oj  freedom  is  used  to  treat  the  flutter  of  a two- 
dimensional  flat  panel  supported  at  its  leading  and  trailing 
edges  and  subjected  to  a middle-plane  tensile  force.  The 
panel  has  a supersonic  stream  passing  over  its  upper  surface 
and  still  air  below.  The  aerodynamic  forces  due  to  the  super- 
sonic stream  are  obtained  from  the  theory  for  linearized 
two-dimensional  unsteady  flow  and  the  forces  due  to  the  still 
air  are  obtained  from  acoustical  theory. 

In  order  to  study  the  effect  of  increasing  the  number  of  modes 
in  the  analysis , two  and  then  four  modes  are  employed.  The 
modes  used  are  the  first  four  natural  modes  of  the  panel  in  a 
vacuum  with  no  tensile  force  acting.  The  analysis  includes 
these  . variables : Mach  number , structural  damping , tensile 
force,  density  of  the  still  air}  and  edge  fixity  (< damped  and 
pinned).  For  certain  combinations  of  these  variables,  stability 
boundaries  are  obtained  which  can  be  used  to  determine  the 
panel  thickness  reguired  to  prevent  flutter  for  any  panel  material 
and  altitude. 

In  contrast  to  some  previous  panel-flutter  investigations, 
the  results  of  the  present  analysis  show  tKat  sufficiently  thick 
panels  are  flutter  free  for  the  Mach  numbers  treated  and  suggest 
that  this  is  true  throughout  the  supersonic  speed  range. 

A comparison  of  results  from  the  present  theory  for  flat 
panels  and  from  a criterion  developed  by  R.  P.  Isaacs  for  the 
static  stability  of  buckled  panels  is  made  with  a few  experimental 
results  on  flat  and  buckled  panels  clamped  at  leading  and 
trailing  edges. 

INTRODUCTION 

The  flutter  of  thin  metal  plates  or  panels,  such  as  com- 
pose the  covering  or  skin  of  missiles  and  other  craft  intended 
for  high-speed  flight,  lias  rccentty  become  of  increased  con- 
cern. Such  panels  may  be  initially  flat  or  curved  and  may 
be  small  or  fairly  large  in  aspect  ratio.  In  addition,  they 
may  be  prestressed  and  will  probably  become  warped  in 
flight  by  aerodynamic  heating.  If  one  or  more  of  the 
panels  on  a particular  configuration  are  vibrating,  the 
basic  structure  supporting  them  can  usually  be  considered 
rigid.  The  fixity  at  the  edges  of  the  panels  ranges  between 
clamped  and  pinned,  depending  on  the  construction.  Some 
preliminary  experimentation  and  analytical  work  suggests 
that  this  type  of  instability  is  of  concern  only  at  supersonic 
speeds. 


The  problem  of  panel  flutter  embraces  so  many  possible 
factors  as  to  discourage  general  treatment,  and  previous 
papers  on  the  subject  (for  example,  refs.  1 to  7)  have  em- 
ployed various  simplifying  assumptions  in  order  to  obtain 
specific  solutions  to  what  might  perhaps  be  considered 
different  phases  of  the  problem.  In  all  the  references  cited, 
the  main  assumption  made  is  that  a panel  and  the  flow  over 
it  are  two-dimensional.  Other  assumptions  common  to 
the  reference  papers  are  that  small-deflection  plate  theory 
and  linearized  flow  theory  may  be  used. 

References  1 to  4 examine  the  case  of  a panel  buckled  by  a 
constant  shortening  and  held  at  its  leading  and  trailing  edges, 
with  a supersonic  stream  over  its  upper  surface  and  no  per- 
turbation pressures  on  its  lower  surface.  In  reference  1 
steady-state  air  forces  and  in  reference  2 quasi-stationary  air 
forces,  which  include  the  first  order  of  the  frequency  of  oscil- 
lation, are  used.  Both  these  references  consider  the  dynamic 
stability  of  the  buckled  panel.  Reference  3 and  the  more  ex- 
haustive reference  4 examine  the  static  stability  of  the 
buckled  panel  and  propose  that  motion  (flutter)  is  the  result 
when  static  equilibrium  is  not  possible.  Reference  5 and  a 
section  of  reference  2 treat  the  case  of  a flat  panel  pinned  at 
its  leading  and  trailing  edges.  Reference  5 uses  exact  linear- 
ized unsteady  aerodynamic  forces  and  therefore,  in  contrast 
to  reference  2,  imposes  no  limitations  on  the  order  of  the  fre- 
quency. In  references  1,  2,  and  5 a generalized-coordinate 
approach  involving  chosen  modes  of  the  panel  as  degrees  of 
freedom  is  employed.  Reference  6,  on  the  other  hand,  indi- 
cates how  the  problem  of  a vibrating  membrane  in  a super- 
sonic stream  can  be  treated  by  means  of  Laplace  transforms 
and  suggests  that  similar  treatment  can  be  given  to  the  plate 
problem.  Reference  7 treats  the  case  of  a two-dimensional 
panel  on  many  equally  spaced  simple  supports  with  compres- 
sible air  flowing  over  the  upper  surface  and  dead  air  below 
the  panel,  and  the  results  indicate  that  the  possible  panel 
instabilities  are  divergence  for  subsonic  flow  and  flutter  for 
supersonic  flow.  Some  questionable  features  of  the  results 
obtained  in  references  2,  5,  and  7 are  examined  in  the  section 
entitled  “Results  and  Discussion”  in  the  present  report. 

A Rayleigh  type  flutter  analysis  is  developed  herein  by 
means  of  Galerkin’s  process  for  a two-dimensional  flat  panel 
held  in  some  manner  at  its  leading  and  trailing  edges  and 
acted  on  by  a middle-plane  or  axial  force  (which,  in  the  case 
of  tension,  introduces  a restoring  force  similar  to  that  for  the 
membrane).  The  upper  surface  of  the  panel  is  subjected  to 


1 Supersedes  NACA  Technical  Note  3465  by  Herbert  C.  Nelson  and  Herbert  J.  Cunningham,  1955. 
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a supersonic  stream  and  the  lower  surface  to  an  unconfined 
mass  of  stationary  compressible  air.  The  normal  modes  of 
the  panel  with  no  middle-plane  force  acting  are  used  as  de- 
grees of  freedom  in  the  analysis.  As  in  reference  5,  exact 
linearized  unsteady  aerodynamic  forces  are  employed.  In 
the  reference  paper  the  integrals  yielding  these  forces  are 
evaluated  analytically.  In  the  present  report  these  integrals 
are  evaluated  numerically. 

Numerical  results  are  presented  in  order  to  examine  some 
effects  of  including  two  and  then  four  modes  in  the  analysis 
and  to  determine  effects  of  Mach  number,  density  of  the 
supersonic  stream,  panel  mass  and  stiffness,  edge  fixity  (to 
some  extent),  structural  damping,  axial  load,  and  density  of 
the  still  air  below  the  panel.  In  appendix  A an  alternative 
solution  by  means  of  Laplace  transforms  is  developed  for  the 
plate  problem  just  described.  No  numerical  results  are  ob- 
tained b}^  this  method,  however. 

A comparison  of  results  from  the  theory  presented  herein 
for  flat  panels  and  from  a criterion  of  reference  3 for  the  static 
stability  of  buckled  panels  is  made  with  a few  experimental 
results  for  flat  and  buckled  panels  clamped  at  the  leading 
and  trailing  edges. 


SYMBOLS 


a 

speed  of  sound  in  undisturbed  medium 

■AmnjF  mni  Emn 

structural  and  aerodynamic  integrals  de- 
fined after  equation  (13) 

c 

D 

panel  chord 

EP 

local  flexural  stiffness,  . 

’ 12(1  — F“) 

E 

Young’s  modulus  of  elasticity  of  panel 
material 

f 

tension  parameter,  F/c2mA o>i2 

.h 

functions  defined  in  equation  (24) 

F 

external  force  per  unit  width  acting  in 
midplane  of  panel  (tensile  force  posi- 
tive) 

g 

structural  damping  coefficient 

G inn 

matrix  elements  defined  in  equation  (13) 

H o<2)(«) 

Hankel  function  of  second  kind,  of  zero 

order,  (notation  of  ref.  18) 

aerodynamic  integrals  defined  after  equa- 
tion (23) 

JP(u),Yp(u) 

Bessel  functions  of  order  p of  first  and 
second  kind,  respectively,  (notation  of 
ref.  18) 

k 

reduced  frequency,  cuj2U 

ki 

stiffness  parameter  (reduced  first  natural 
frequency),  co)i/2ZJ 

K„ 

eigenvalues  defined  after  equations  (16) 
and  (17)  and  given  for  first  four  panel 
modes  in  table  I 

L(u'),L(u) 

aerodynamic  functions  defined  after  equa- 

tion (21) 

%(u) 

aerodynamic  functions  defined  after  equa- 
tion (B16) 

?nA 

M 

NuN2 


Pn&) 

VviVi 


P«»P  0 


Pn(x),Pn(x)}Pn(x) 

<L 


panel  mass  per  unit  surface  area,  <rr 
Mach  number,  Ufa 

coefficients  in  mode-shape  equations  (16) 
and  (17),  given  for  first  four  panel 
modes  in  table  I 

net  perturbation  pressure,  positive  down- 
ward 

pressure  coefficient  associated  with  mode 
shape  Zn,  defined  in  equation  (20) 
upper-  and  lower-surface  contributions  to 
perturbation  pressure,  respectively 
pressures  in  undisturbed  supersonic  stream 
and  still-air  region,  respectively 
components  of  pn(x)  defined  after  equa- 
tion (22) 

dynamic  pressure,  ~ pU2 
A 


Sr 


t 

u 

x,y,z 

z(x,t) 

Z(x) 

Zn(x) 


M 

V 

PjPo 

<J 

T 

<t> 

0) 

CO 


coefficients  of  equations  (28)  and  (B15) 
tabulated  in  appendix  B for  first  four 
modes  of  panel  with  clamped  edges 
time 

velocity  of  supersonic  stream 
coordinates  defined  in  figure  1 
vertical  displacement  of  panel 
flutter  mode  shape 

nth  natural  mode  shape  for  panel  vibrating 
in  vacuo 

panel-air  mass  ratio,  mAf pc 
Poisson’s  ratio 

densities  in  undisturbed  supersonic  stream 
and  still-air  region,  respectively 
density  of  panel  material 
local  thickness  of  panel 
disturbance-velocity  potential 
frequency  of  oscillation 
frequency  associated  with  mode  shape  Zn 
frequency  parameter,  2kM2/fi2 


Q 


U 

{ ) 

Subscripts: 


l 

Primes  denote 


frequency  ratio  squared  > except  in 

flutter  calculations  where  (1  -pig) 


square  matrix 
column  matrix 


upper-surface  contribution 
lower-surface  contribution 
differentiation  with  respect  to  the  argument. 


ANALYSIS 

STATEMENT  OF  PROBLEM 

A thin  isotropic,  two-dimensional  plate  (beam)  of  con- 
stant thickness,  as  shown  in  figure  1,  is  considered  herein. 
The  plate  is  undergoing  simple  harmonic  motion  and  is 
acted  on  by  a middle-plane  or  axial  force  F (tension  or 
compression);  its  upper  surface  is  subjected  to  a supersonic 
stream  of  velocity  U,  pressure  pm,  and  density  p,  and  its 
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Figure  1. — Sketch  of  flexible  two-dimensional  panel. 


lower  surface  is  subjected  to  still  air  with  pressure  pQ  and 
density  p0.  The  differential  equation  of  motion  for  the 
plate  may  be  written  as 

D dxi+mA  faZ+(l><°-Po)+l*x,t)=0  (1) 

where,  in  the  present  case,  the  vertical  displacement  of  the 
plate  z(x,t)  may  be  expressed  as  Z(x)eiwt,  co  is  the  circular 
frequency  of  oscillation,  p(x,t)  is  the  net  perturbation  pres- 
sure (positive  downward)  arising  from  the  motion  of  the 
plate,  ?nA  is  the  plate  mass  per  unit  surface  area,  and  the 
local  flexural  stiffness  D is  given  by  EV3/12(1  — v2).  For  (lie 
case  where  p(x,t)  = 0,  equation  (1)  may  be  obtained,  with 
appropriate  changes  in  notation,  from  reference  8. 

In  the  remaining  development  the  constant-pressure 
term  pm—po  of  equation  (1)  is  considered  to  be  zero.  This 
in  no  way  affects  the  generality  of  the  results  for  the  oscil- 
lating plate,  since  inclusion  of  the  constant-pressure  term 
as  nonzero  would  result  only  in  adding  a particular  solution 
which  represents  a static  vertical  deflection.  In  addition, 
the  coordinate  x of  equation  (1)  is  divided  b}-  the  plate 
chord  c and  henceforth  is  employed  in  this  nondimensional 
sense.  Thus,  equation  (1)  multiplied  by  e~tut  becomes 

§ Z'"'-vmAZ-?Z"+p(x,l)e-““=0  (2) 


appendix  A are  the  solutions  to  these  problems  by  means 
of  Laplace  transforms. 

NET  PERTURBATION  PRESSURE  p(x,t ) 

The  net  pressure  p(x,t),  as  mentioned  previously,  arises 
from  the  oscillatoiy  motion  of  the  plate.  It  is  this  pressure 
which  damps,  or  in  the  case  of  flutter  sustains,  the  oscillation. 
The  pressure  on  the  upper  surface  is  obtained  from  the 
theory  for  linearized  unsteady  supersonic  flow  and  the 
pressure  on  the  lower  surface  from  acoustical  theory.  The 
perturbation  pressure  in  terms  of  the  pressures  ptl  on  the 
upper  surface  and  px  on  the  lower  surface  is 


(5) 

where 

(6) 

"■-'Vst+tW 

and 

b<j>t 

= d t 

(7) 

From  reference  9 the  velocit\^  potential  for  the  upper  surface 
can  be  obtained  in  the  form 


<j>u  = 


ceiul  Cx  ~ 

~TJ  o _ 


e-^-vjo 


(8) 


where 


_ 2 kM2 


1 


k~ 


wc 

27 


Based  on  reference  10,  the  velocity  potential  for  the  lower 
surface  can  be  obtained,  as  shown  in  appendix  B,  in  the  form 


4>i= (2kM\ x-i\ m (9) 


where  HQ{2)(z)  is  the  Hankel  function  of  the  Second  kind, 
of  zero  order. 


SOLUTION  BY  GALERKIN’S  METHOD 


where  the  primes  denote  differentiation  with  respect  to 
the  argument  x. 

In  order  to  obtain  a specific  solution  of  equation  (2), 
four  bound aiy  conditions  are  required.  The  plate  is  con- 
sidered to  be  held  at  its  leading  and  trailing  edges  as  shown 
in  figure  1,  and  this  assumption  leads  to  the  conditions  for 
pinned  edges: 

Z(0)=Z(1)=Z"(0)=Z,/(1)=0  (3) 

and  for  clamped  edges: 

Z(0)=Z(1)=Z'(0)=Z'(1)  = 0 (4) 

In  a later  section  of  the  analysis  the  boundaiy-value  prob- 
lems, as  exemplified  by  equations  (2)  and  (3)  or  (2)  and 
(4),  are  solved  b}'  Galerkin's  method.  Also  considered  in 


Outline  of  method. — The  boundary-value  problems  con- 
sidered earlier  (eqs.  (2)  and  (3)  for  the  pinned-edge  plate 
and  equations  (2)  and  (4)  for  the  clamped-edge  plate)  are 
now  solved  by  means  of  Galerkin's  method.  (A  detailed 
account  of  Galerkin’s  method  may  be  found  in  ref.  11.)  As 
a first  step,  the  flutter  mode  shape  Z(x)  is  approximated  by 
a linear  combination  of  the  form 

Z(x)=c  i>2anZ  n (x)  (10) 

«= i 

where  the  coefficients  an  may  represent  complex  amplitudes 
and  where  the  functions  Zn(x)  are  the  mode  shapes  for  the 
plate  vibrating  in  a vacuum  without  an  axial  force  F acting. 
The  function  Zx  is  the  fundamental  mode  shape  associated 
with  the  lowest  natural  frequency  «oj,  and  the  remaining 
functions  Z2,  Z3,  . . . ZN  are  consecutively  the  higher  modes 
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shapes.  The  shapes  Zn  satisfy  the  pinned-edge  or  clamped  - 
edge  boundary  conditions  (Z„  replacing  Z in  eqs.  (3)  and  (4)) 
and  the  differential  equation 

7*  Zn""—o>„2mAZ„=0  (11) 

c 

where  con  is  the  frequency  of  oscillation  for  which  Zv  is  the 
mode  shape. 

The  remainder  of  the  Galerkin  process  for  solving  the 
aforementioned  boundary-value  problems  consists  of  deter- 
mining the  coefficients  an  of  equation  (10)  in  the  following 
manner:  Substitute  equation  (10)  into  equation  (2),  replace 

the  term^Zn""  by  a>2mAZn  in  accordance  with  equation 
c 

(11),  multiply  by  one  of  the  mode  shapes  Zw,  integrate  the 
result  from  z=0  to  x=l}  and  equate  to  zero.  When  n is 
made  1,  2,  ...  N in  succession,  N linear  equations  are 
obtained  which  determine  the  unknowns  an.  These  equa- 


(12) 


(13) 


and  where  2>rt(z)  is  the  pressure  2}(x>0>  obtained  from  equa- 
tions (5)  to  (9)  with  Z replaced  by  Zn , multiplied  by 
e~i<j>lIpco)2.  In  equation  (13)  coj  and  con  are  the  first  and  the 
rath  natural  frequency,  respectively,  of  the  plate  with  no 
axial  force  acting. 

Flutter  determinant. — The  flutter  condition  or  condition 
of  harmonic  vibration,  which  is  given  by  the  nontrivial 
solution  for  the  coefficients  a„,  is  obtained  from  equation  (12) 
by  setting  the  determinant  of  the  matrix  Gmn  equal  to  zero. 


fcions  can  be  written  in  the  form 


~G  „ 

G\2  • 

. G\n 

6r2i 

Go-2  • 

. 6W 

Go 

1 

Gn  2 • 

■ ■ G.yN_ 

'<P 

0 


The  matrix  elements  are  given  by 


where 


[(sf)^-+'B-']}- 

_mA 

A m n ZmZn  (lx 

M pc 

J o 

Ksy 

Bm„=£zm'Zn'dx 

c2mAo)c 

0,„„=j  Z m 'p n (?0  dx 

Thus  the  flutter  condition  may  be  expressed  in  the  form 


Gu 

Ox  2 • 

. Gix 

G2l 

<722  • 

• G‘2X 

=0 

/ 

(14) 

Gx  i 

Gx  2 • 

. Gxx 

Remarks  on  alternative  procedure. — The  procedure  from 
equation  (11)  to  equation  (13)  is,  in  general,  not  the  most 
accurate  that  could  be  followed  for  values  of  F other  than 
zero.  A generally  more  accurate  procedure  would  be  to  use, 
instead  of  equation  (11),  the  differential  equation  for  the 
panel  with  tension: 

^ Z„""-co„2m^Z„~Zn"=0  (15) 

c c 


When  equation  (15)  is  solved,  subject  to  the  appropriate 
boundary  conditions,  the  frequencies  are  found  to  be 
functions  of  F for  both  pinned  and  clamped  edges,  but  the 
mode  shapes  Zn  do  not  vary  with  F for  pinned  edges.  The 
use  of  equation  (15)  rather  than  equation  (11)  would  mean 
that  in  equation  (13)  the  term  fBmn  would  not  appear  and 
the  frequencies  and  mode  shapes  would  be  those  that  satisfy 
equation  (15). 

Equation  (11)  rather  than  equation  (15)  has  been  used 
herein  for  the  following  reasons:  For  pihned-edge  panels 
there  is  no  difference  in  the  mode  shapes  or  in  the  final 
numerical  flutter  results;  for  clamped-edge  panels  the  deter- 
mination of  the  values  of  Zrt  and  con  that  satisfy  equation 
(15)  is  laborious  and  must  be  carried  out  for  even7  desired 
value  of  F . Elimination  of  the  term  fBmn  from  the  matrix 
elements,  through  use  of  equation  (15),  does  not  compensate 
for  the  labor  of  determining  the  natural  frequencies  and  mode 
shapes  as  functions  of  F . The  differences  in  final  numerical 
flutter  results  for  the  clamped-edge  panel  approach  zero  as 
the  number  of  modes  in  the  analysis  is  increased  and  are 
expected  to  be  small  even  when  only  a few  modes  are  used. 

EVALUATION  OF  TERMS  IN  FLUTTER  DETERMINANT 


Structural  integrals  Amn  and  Bmn  and  frequencies  con. — 
Consideration  will  now  be  given  to  the  evaluation  of  the 
mode-shape  integrals  and  frequencies  in  the  elements  of 
equation  (15).  The  mode  shapes  Zn  and  associated  natural 
frequencies  con  obtained  from  equation  (12)  are: 

For  the  pinned-edge  plate, 


Zn=Ni  sin  Knx 

<*m=K*lJL 
V m Ac 4 


(16) 
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where  Kn  is  obtained  from  the  frequency  equation 


sin  Kn— 0 


For  the  clampcd-edge  plate, 


Zn= A7j  [cos  Knx— cosh  if„ar+Ar2(sin  Knx— sinh  Knx) ] 


\ mAc 4 


(17) 


TABLE  I.— MODE-SHAPE  FACTORS,  EIGENVALUES, 
FREQUENCY  RATIOS,  AND  STRUCTURAL  INTEGRALS 
FOR  FIRST  FOUR  NORMAL  MODES 


(a)  Pinned-edge  plate  * 


Mode,  n 

iV. 

ATj 

Kn 

Unfon 

A nn 

Bnn 

1 

1 

X 

1 

0.5 

0.  5x2 

2 

1 

2x 

4 

.5 

2. 0x= 

3 

1 

3x 

9 

.5 

4.  5x2 

4 

1 

4 x 

16 

.5 

8.0x2 

(m^n) 


where  Kn  is  obtained  from  the  frequency  equation 
cos  Kn  cosh  Kn  — 1 

In  equations  (16)  and  (17)  the  factor  Nx  is  used  to  produce 
unit  deflection  at  the  center  of  the  plate  (z=0.5)  for  modes 
that  are  symmetric  about  the  center  and  at  the  point  of 
maximum  deflection  between  the  leading  edge  (z=0)  and 
the  center  of  the  plate  for  modes  that  are  antisymmetric 
about  the  center.  The  factor  N2  in  equation  (17)  is  estab- 
lished by  the  boundary  condition  requiring  zero  deflection 
at  x—  1 and  is  expressed  by 


cos  Kn— cosh  Kn 
sin  Kn — sinh  Kn 


(18) 


The  quantities  o)U  wm/c ou  Amn,  and  Bmn  required  in  equa- 
tion (14)  can  be  determined  directly  from  equations  (16)  or 
(17).  First,  however,  values  must  be  established  for  Nx  and 
Kn  in  the  case  of  the  pinned-edge  plate  and  for  Nu  Ar2,  and 
Kn  in  the  case  of  the  elamped-edge  plate.  Table  I includes 
values  of  all  these  quantities  for  the  first  four  modes  of 
vibration. 

The  values  for  Amn  shown  in  table  I are  zero  when  m^n 
because  of  the  orthogonality  of  the  mode  shapes  Zn  of  equa- 
tions (16)  and  (17).  For  the  pinned-edge  case  the  slopes 


(b)  Clamped-edge  plate  b*  c 


Mode, 

n 

iVi 

Nr 

Kn 

Un/ui 

Ann 

Bnn 

j 

-0.  629699 

-0.  98250 

4.730 

, 

0.396 

4.8S 

2 

-.66260 

-1.000778 

7.853204625 

2.  7566 

.440 

21.2 

3 

.7109645 

-.99997 

10. 99560784 

5.  404 

.506 

49.8 

4 

-.  66120074 

-1.00000145 

14. 13716549 

8. 933 

.432 

76.4 

b/lm„=0  (m^n) 

fhz=  /?3i  = 4.362 
—8.360 

Other  Bmn= 0 (m^n) 

c The  significant  figures  shown  were  used  to  avoid  small-difference  errors  in  mode  shapes 

Znf  of  the  mode  shapes  are  also  orthogonal  and,  consequent! y, 
Bmn  is  zero  when  m^n.  For  the  clamped-edge  case,  even 
though  the  slopes  Zn'  are  not  orthogonal,  the  integrand  of 
Bmn  is  antisymmetric  about  x=0.5  when  m and  n are  not 
both  even  or  both  odd  and,  consequently,  Bmn  is  zero  when 
m^n  except  for  Bls,  J?31,  B2i,  and  i?42  (for  the  first  four 
modes). 

Aerodynamic  integrals  Cmn. — The  remaining  term  in  the 
elements  of  equation  (14)  that  requires  evaluation  is  the 
integral 

Cmn  = J^  Zmp„(x)(l'X  (19) 

As  mentioned  previously,  pn{^)  is  the  pressure  p (x, t),  obtained 
from  equations  (5)  to  (9)  with  Z replaced  by  Zn,  multiplied 
by  e~io,tlpcu>2.  The  quantity  pn(x)  is  therefore  given  by 


*■<*>=*  (I’  [-Z'®+5  #]  [s  <*-»]*+ 

ir i{r.  [-z-«)+a f ] [h  <*-«] * }).+ 

? B Jo'  znm^mM\x-k\)d^  (20) 

where  the  contributions  from  the  upper  and  lower  surfaces  of  the  plate  are  designated  by  subscripts  u and  Z,  respectively. 
Upon  elimination  of  the  derivatives  in  the  integrands  of  the  upper-surface  contribution  through  integration  by  parts, 
performance  of  the  indicated  differentiation  of  the  second  integral,  and  extraction  of  the  singularity  at  £=x  in  the 
Hankel  function  of  the  lower-surface  contribution,  equation  (20)  may  be  written  in  the  form 

Pn[x)=\  Lfo1  z^)Ux~^+k  z^+h  z/(x)l+7  [Jo'  Jol  zn©  ioge  m 
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where 


Uv)=\  Jo(2kM\u\)+l-  Y0(2kM\u\)--  log,  (lcM |«|) 

- £i  7 T 

L( 0)=-+^  7=0.577216  (Euler's  constant) 

7T 


The  quantities  Jp  and  Yv  are  the  Bessel  functions  of  order 
p,  of  the  first  and  second  kind,  respectively. 

For  convenience  pn{x)  is  considered  in  three  parts,  namely, 

Vn  (X)  = Pn( X)  + Pn  (x)+Pn(x)  (22) 

where 


Pn(x)=l  [J"  Z^)L(x-m+~k  Zn(x)  + ±-2  Z.'(*)] 
Pn(x)  = ^ f 1 ZML{x-m 

P Jo 

?,(*)=-!  f 1 Z„(0  log,  (kM\x-m 

P IT  Jo 


Hence,  equation  (19)  may  be  put  in  the  form 


P mn  ImnT f" 


where 


(23) 


*= JQ  ZmPn(x)dx 
n ZmP  n(x)dx 

n ^ Zml  n{x)dx 


Tlie  first  integral  Imn  represents  the  effect  of  the  supersonic 
stream  passing  over  the  upper  surface  of  the  plate;  the  other 
two  integrals  represent  the  effect  of  the  still  air  below  the 
plate. 

Before  further  development  of  the  method  of  the  present 
report  for  determining  Cmn , the  aerodynamic  treatments  of 
references  1,  2,  and  5,  which  deal  with  the  pinned -edge 
plate,  will  be  examined.  These  references  consider  only  the 
effects  of  the  supersonic  stream,  the  air  below  the  plate 
being  treated,  in  essence,  as  massless;  that  is,  pQ/p  is  taken  to 


be  zero  and  the  integrals  Imn  and  Imn  are  omitted.  In 
references  1 and  2 the  aerodynamic  effects  are  accounted  for 
as  if  the  integral  Imn  has  been  expanded  as  a power  series  in 
the  frequency  of  oscillation;  reference  1 retains  only  the 
steady-state  or  zero-order  frequency  term  and  reference  2 
adds  the  first-order  frequency  term.  In  reference  5,  on  the 
other  hand,  the  integral  Imn  is  evaluated  exactly  with  regard 
to  the  frequency.  This  is  possible  because  the  modal 
functions  Zn  for  the  pinned-edge  plate  are  sine  waves  (see 
eq.  (16))  so  that  Imn  can  be  obtained  in  terms  of  the  functions 
(sometimes  called  Schwarz  functions) 

A(a,  6)=-^rr  ule~iuJo  (j')  du  (X=0,1)  (24) 

where 


CO 


and  b has  the  four  values 


A similar  result  could  be  obtained  for  the  clamped-edge 
plate  by  approximating  the  modal  functions  Zn  (see  eq.  (17)) 
by  a finite  sine  series 

R 

Zn  ~ y^.dr  sin  vttx 

r=  1 

For  either  pinned  or  clamped  edges,  the  arguments  a and  b 
of  the  Schwarz  functions  f\  would  range  from  large  positive 
to  large  negative  values,  particularly  for  the  higher  modes, 
and  would  thus  require  extensive  tabulation  of  fQ  and  j\. 
The  exact  expression  for  the  pressure  term  pn{x)  is  employed 
in  the  present  report  but,  because  the  necessary  tables  of  /0  and 
/]  are  not  available,  for  convenience,  a numerical  method  of 
integration  is  used  to  evaluate  pn(x)  and  the  aerodynamic 

integrals  Imrh  Imn,  and  Imn  of  equation  (23). 

The  numerical  method  is  based  on  the  following  integration 
rules  for  parabolic  arcs: 

y(x)dx= [5y(xl)+8y(x2)—y(x3)]  (25a) 

J^3  y(x)dx=j^  [~y(xi)+ Sy(x2) + 5y(x3)]  (25b) 

where  x2=xl-\-Ax  and  a;3=x2+A^.  The  range  of  integration 
in  equation  (19),  O^x^l,  is,  for  convenience,  divided  into 
an  even  number  of  equal  segments.  From  the  standpoint 
of  accuracy  the  number  of  segments  needed  depends  on  the 
number  of  nodes  in  the  highest  mode  and  on  the  value  of 
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Zo  for  which  pn(x)  is  evaluated.  For  the  numerical  applications  of  the  present  report,  10  segments  were  found  to  be 
adequate,  and  the  method  of  integration  is  illustrated  for  this  number  of  segments  in  the  equations  to  follow. 

The  use  of  10  segments  would,  in  general,  require  the  determination  of  ;pn('s<)  in  equation  (19)  at  11  points  on  the  plate. 
However,  the  integrand  of  Cm„  at  2=0  and  2=1  is  zero  since  the  mode  shapes  Zm  are  zero  at  these  points,  and  therefore 
pn{x)  need  be  evaluated  at  only  the  9 interior  points  (equally  spaced  between  2=0  and  2=1).  The  values  of  the  terms 
P„,  P n,  and  P„  of  equation  (22)  for  these  points  may  be  arranged  in  matrix  form  as  follows: 


8L(0)  -L(-.l)  0 0 0 0 0 0 0 

13L(.l)  7L(0)  -L(-.l)  0 0 0 0 0 0 

I3L(.2)  12L(.1)  7L(0)  -L(-.l)  0 0 0 0 0 

13L(.3)  12L(,2)  12L(.l)  7L(0)  -L(-.l)  0 0 0 0 

13I/(.4)  12L(.3)  12L(.2)  12L(.l)  7L(0)  -L(-.l)  0 0 0 

13L(.5)  12L(.4)  12L(.3)  11L(.2)  15L(.l)  4L(0)  0 0 0 

13L(.6)  12L(.5)  12L(.4)  11L(.3)  14L(.2)  12L(.l)  5L(0)  0 0 

13L(.7)  12L(.6)  12L(.5)  11L(.4)  14L(.3)  llt(.  2)  13L(.l)  5L(0)  0 

13L(.8)  12L(.7)  12L(.6)  11L(.5)  14L(.4)  11L(.3)  12L(.2)  13L(.l)  5L(0) 


i(M*-2) 

2kf}3 


Z/(-2) 

Z„'(.3) 

Zn'(A) 


Zn'l  6) 

Zn'(-7) 

Zn'(-b) 

Z„'(.9) 


£(  0)  £(.l) 

£(.  1)  £(0) 

£(•  2)  £(.l) 

£(•  3)  £(.2) 

£(.4)  £(.  3) 

£(.5)  £(.4) 

£(.6)  £(.5) 

£(.7)  £(.6) 

L(.8)  L(.  7) 


13Z„(.l) 

12Z„(.2) 

12ZJ.3) 

11Z„(.4) 

14Z„(.b) 

1 IZ„(.6) 
12Zn(.7) 
12Zn(.8) 

. 13Zn(.9)  _ 


£.(•  1) 
£.(•2) 
£.(■3) 
£ I (.4) 

_Po/p  Li(-b) 


£io(.l) 

£io(-2) 

£io(-3) 

£.o(.4) 

£io(-5) 

£io(-6) 

£io(-7) 

£,  o(-8) 

LI0(.9) 


where  L(u ) and  L(u)  are  defined  after  equation  (21)  and  Lr(u)  and  s,  are  defined  in  appendix  B (eqs.  (Bl6)  and  (Bl5)). 


4o5S7u — 57 44 
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The  rows  of  the  square  matrix  in  equation  (26),  down  to  the 
row  pertaining  to  P„(. 5),  were  obtained  by  applying  the 
integration  rule  given  bv  equation  (25a).  In  the  remaining 
rows  the  contributions  from  the  region  z>0.5  were  obtained 
by  applying  equation  (25b).  In  equation  (27)  the  inte- 
grating factors  multiplying  Zn  in  the  column  matrix  were 
obtained  by  using  equation  (25a)  between  £=0  and  x=0.5 
and  equation  (25b)  between  £=0.5  and  £=1.0.  In  appendix 

B the  singular  integral  P„(£)  presented  after  equation  (22) 

is  evaluated  and  the  form  of  Pn  leading  to  equation  (28)  is 
derived. 

Equations  (26),  (27),  and  (28)  are  summed  in  accordance 
with  equation  (22)  to  obtain  the  column  matrix  {p*(z)}. 
B37  use  of  this  column  matrix  and  the  integration  rules  of 
equation  (25),  the  aerodynamic  term  Cmn  is  obtained  in 
the  form 

Cmn=m  [13^(-l)-Zm(.l)+122J„(.2)Zm(.2)+12p„(.3)Zra(.3)+ 

ll2>„(.4)Zw(.4)+14p„(.5)Zm(.5)  + llp„(.6)Zm(.6)  + 

1 2pn(.  7 )Zm(.  7)  + 1 2pn(.  8)Zm( .8)  + 1 3p„(.  9)Zm(.9)]  (29) 

where  the  integrating  factors  13,  12,  . . . 12,  13  were  ob- 
tained in  the  same  manner  as  those  in  equation  (27).  By 
means  of  equation  (29),  Cmn  can  be  evaluated  for  a given  edge 
fixity  and  for  particular  values  of  M,  k,  and  p0/p- 

SOLUTION  OF  FLUTTER  DETERMINANT 

As  previously  stated,  the  conditions  for  flutter  are  de- 
termined from  the  nontrivial  solutions  of  equation  (14). 
Since  equation  (14)  is  complex,  it  may  be  solved  directly  for 
one  complex  unknown  or  two  real  unknowns.  For  a specific 
edge  fixity  the  variables  (see  eq.  (13))  in  equation  (14)  are 
1/p  (the  inverse  of  p is  preferred  because  p becomes  infinite 
for  p=0),  ft,  /,  M,  k , and  p0/p.  It  is  convenient  to  interpret 
the  ft  of  equation  (13)  as  the  complex  quantity  (wjcj)2(l+ig) 
rather  than  (a>i/oo)2,  where  g may  be  regarded  as  a structural 
damping  coefficient.  (For  this  use  of  g,  see,  for  example, 
refs.  12  and  13.)  Each  of  the  various  quantities  on  which 
equation  (14)  is  dependent  was  varied  to  some  extent,  as 
will  be  discussed  in  the  next  section.  A particular  calcula- 
tion was  performed  by  setting  values  for  1/p,  M,  k , /,  and 
Po/p  and  solving  for  ft.  Then,  because  it  was  one  of  the  more 
easily  varied  parameters,  1/p  was  changed  and  again  ft  was 
solved  for.  This  procedure  was  continued  until  curves  of 
1/p  and  (P.P.ft)1/2  plotted  against  g passed  through  g=0. 
The  value  for  k was  then  changed  and  the  procedure  re- 
peated. After  sufficient  variation  of  1/p  and  k,  curves 
could  be  established  of  1/p  against  2kl=2k(R.P.Q)112  for 
particular  values  of  the  other  parameters  M,  g,  /,  and  p0/p. 

RESULTS  AND  DISCUSSION 

In  the  preceding  sections  a method  of  flutter  analysis  has 
been  developed  for  a two-dimensional  flat  panel  or  plate  held 
at  its  leading  and  trailing  edges.  The  variables  in  the 


analysis  are  the  number  of  modes  or  degrees  of  freedom  the 
panel  is  assumed  to  have,  Mach  number  (greater  than  1.0), 
1/p,  2kx=2k(R.P.n)l/2,  g,  f,  po/p,  and  edge  fixity.  The 
analysis  conveniently  yields  stability  boundaries  in  terms  of 
1/p  and  2 kh  which  are  used  as  the  coordinates  of  most  of  the 
figures  presented.  These  two  parameters  are  given  in  terms 
of  the  properties  of  the  panel  and  supersonic  stream  by 


1 p c 


coi c=  Kx2  r lp  E I 

1 U V24(  1-r2)  c\oq  J 


(30) 


where  a is  panel  density,  q is  dynamic  pressure,  and  Kx  is  the 
first-mode  eigenvalue  given  in  table  I for  clamped  and  pinned 
edges.  Inasmuch  as  the  various  parameters  in  the  analysis 
contain  implicit! y the  panel  properties  ( E , a,  v,  and  r/c), 
axial  force  P,  air  density,  and  speed  of  sound,  the  effects  of 
varying  these  implicit  properties  can  be  obtained  only  by 
cross-plotting. 

Some  effects  of  the  number  of  modes  used  in  the  analysis 
are  studied  by  using  two  and  then  four  modes  of  the  clamped- 
edge  panel  with  selected  values  of  M,  g , /,  and  p0/p.  In 
addition,  M,  g,  /,  and  p0/p  are  varied  in  order  to  study  their 
effects.  To  a lesser  extent  the  pinned-edge  panel  is  investi- 
gated for  comparison  with  certain  clamped-edge  results. 

The  following  table  lists  the  conditions  for  which  stability 
boundaries  are  given: 


Mach 

number, 

M 

Degrees 

of 

freedom 

Structural  damping 
coefficient,  g 

Tension  param- 
eter, / 

Density 

ratio, 

Clamped  edge 

1.3 

2 

0 

0 

0 

0,  0.1,  0.5,  1.0 

1.0 

4 

0,  0.005,  0.025,  0.03,  0.05 

0 

0 

0 

0,  0.1,  0.5,  1.0 

0 

V2 

2 

0,  0.002,  0.00375,  0.05 

0 

0 

1.56 

2 

0 

0 

0 

4 

0 

0 

0 

Pinned  edge 

V2 

2 

0, 0.003, 0.00475,  0.05  0 i 

0 

The  results  are  first  grouped  according  to  Mach  number 
and  are  later  summarized  and  compared. 

RESULTS  FOR  MACH  NUMBER  OF  1.3 

Effects  of  two  and  four  modes. — Figure  2 gives  the  results 
for  the  clamped-edge  panel  for  the  simple  case  of  two  degrees 
of  freedom  (first  and  second  modes)  with  g—f=Po/p=0 . 
The  abscissa  is  the  stiffness  parameter  ulc/U=2ki  and  the 
ordinate  is  the  mass  ratio  1/p.  An  ordinate  of  zero  repre- 
sents the  limiting  case  of  p= 0,  or,  in  other  words,  the  plate 
is  vibrating  in  a vacuum.  The  two  solid  curves  are  the  first- 
and  second-mode  stability  boundaries  as  indicated.  It  was 
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Figure  2. — Stability  boundaries  from  a two-mode  analysis  for 

clamped-edge  panels.  M =1.3;  g=/=— =0. 

p 


established  by  application  of  the  Nyqnist  criterion  (see,  for 
example,  ref.  14)  as  well  as  by  interpretation  of  structural' 
clamping  results  that  the  region  to  the  right  of  the  first  mode 
boundary  is  stable,  whereas  the  region  to  the  left  is  unstable; 
furthermore,  the  region  within  the  second-mode  boundary  is 
doubly  unstable  as  indicated  (unstable  with  regard  to  both 
boundaries).  Values  of  the  reduced  frequency  k are  indi- 
cated along  both  curves.  The  points  at  which  the  curves 
cross  the  abscissa  correspond  to  vibration  in  a pure  normal 
mode  (flutter  at  the  limiting  condition  of  p= 0). 

It  can  be  seen  from  equations  (30),  by  taking  the  product 
of  1 In  and  2 ku  that  a specified  panel  material,  air  density, 
and  speed  of  sound  are  represented  by  a hyperbola  such  as 
the  dashed  curve  of  figure  2 with  the  panel  thickness-chord 
ratio  t/c  increasing  to  the  right.  The  intersection  of  the 
hyperbola  with  the  stability  boundary  fixes  the  value  of  t/c 
for  neutral  stability.  Thicker  panels  are  stable  and  thinner 
panels  are  unstable.  (The  particular  hyperbola  shown  is  for 
aluminum  panels  in  air  with  standard  sea-level  properties. 
For  denser  panels  or  less  dense  air,  the  hyperbola  would  be 
below  the  one  shown.) 

Some  effects  of  the  number  of  modes  in  the  analysis  were 


studied  by  including  the  first  four  normal  modes,  and  the 
results  are  shown  as  the  solid  curves  of  figure  3.  The  dashed 
curves  are  the  results  for  two  modes  from  figure  2.  With  the 
addition  of  the  third  and  fourth  modes,  the  first-mode  bound- 
ary is  moved  very  slightly  to  the  left  (except  where  it  crosses 
the  abscissa)  and  is  still  the  “critical”  or  decisive  stability 
boundary  separating  the  stable  from  the  unstable  region. 
The  second-mode  boundary  is  also  only  moderately  affected. 
Within  the  already  unstable  region  there  now  exist  third- 
mode  and  fourth -mode  boundaries  which  are  closely  anal- 
ogous in  appearance  and  character  to  the  first-  and  second- 
mode boundaries,  respectively.  The  unstable  region  is 
divided  by  three  of  the  boundaries,  into  regions  of  different 
degrees  of  instability  as  indicated  by  the  numbers  in  paren- 
theses ranging  from  (1)  to  (4).  (The  points  at  which  the 


Figure  3. — Stabilit\r  boundaries  from  two-mode  and  four-mode 
analyses  for  clamped-edge  panels.  M=  1.3;  £=/=—= 0. 


674 


REPORT  1280— NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


various  boundaries  cross  the  abscissa  have  the  same  signifi- 
cance as  before.)  These  results  indicate  that  two  modes 
give  a decisive  stability  boundary  which  is  a close  approxima- 
tion to  that  for  a large  number  of  modes,  at  least  for  the  con- 
ditions g—f—po/p—0  and  M— 1.3. 

Effects  of  structural  damping  coefficient  g. — Figures  4 (a) 
and  4 (b)  show  the  first-mode  and  second-mode  boundaries 
(from  a four-mode  analysis)  for  various  values  of  g (taken 
to  be  the  same  for  all  modes).  Third-  and  fourth-mode 
•boundaries  are  affected  by  g in  a manner  similar  to  that  of 
the  first  and  second  modes,  respectively,  and  are  not  shown. 
The  second-mode  boundary  of  figure  4 (b)  vanishes  com- 
pletely when  g becomes  slightly  greater  than  0.025,  and  for 
all  positive  values  of  g it  remains  in  the  unstable  region  to  the 
left  of  the  first-mode  boundary.  Included  in  figure  4 is  the 
dashed  hyperbola  from  figure  2.  Since  the  thickness-chord 
ratio  r/c  decreases  to  the  left  in  the  figure,  the  abscissas  of 
the  intersections  of  the  hyperbola  with  the  stability  bound- 
aries in  figure  4 (a)  show  the  proportional  reduction  in 
thickness  required  to  prevent  flutter  as  g increases. 

Effects  of  tension. — Tension  has  a marked  effect  on  the 
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Stiffness  parameter,  c/U 
(a)  First-mode  boundary. 

Figure  4. — First-mode  and  second-mode  stability  boundaries  from 
a four-mode  analysis  for  clamped-edge  panels  for  various  values  of 
structural  damping  coefficient  g . M=1.3;  /=— =0. 


stability  boundaries,  as  shown  in  figures  5 (a)  and  5 (b). 
Figure  5 (a)  shows  the  pertinent  segments  of  the  first-, 
second-,  third-,  and  fourth-mode  stability  boundaries  for 
g = 0 and  for  the  three  values  0.1,  0.5,  and  1.0  of  the  tension 
parameter  /.  As  / increases,  all  the  boundaries  move  to  the 
left,  and  the  thickness  required  to  prevent  flutter  is  de- 
creased. Furthermore,  as  / increases,  the  first-mode  bound- 
ary moves  to  the  left  more  rapidly  than  the  higher  mode 
boundaries  so  that  the  rightmost  boundary,  separating 
stable  from  unstable  regions,  is  one  of  the  higher  mode 
boundaries.  For  example,  for  /=  1.0  in  figure  5 (a),  the 
third-mode  boundary  is  farthest  to  the  right.  This  trend  is 
not  surprising  since  application  of  tension  to  the  clamped- 
edge  plate  causes  the  largest  percentage  increase  in  the  first 
natural  frequency,  the  next  largest  in  the  second  natural 
frequency,  and  so  on.  Thus,  it  appears  that  the  inclusion 
of  only  two  modes  in  a flutter  analysis  may  not  be  sufficient 
when  the  plate  is  subjected  to  tension.  Inasmuch  as  the 
stiffness  parameter  2 and  the  tension  parameter  / are  both 
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(b)  Second-mode  boundary. 
Figure  4. — Concluded. 
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Stiffness  parameter,  wxc/U 

(a)  £ = 0. 

(b)  g—0.005. 

Figure  5. — Stability  boundaries  from  a four-mode  analysis  for 

clamped-edge  panels  for  three  values  of  the  tension  parameter  /. 

M=  1.3;  — =0. 

P 

based  on  the  first  natural  frequency  of  the  panel  without 
tension,  the  sliift  of  the  boundaries  is  due  solely  to  the 
tensile  force  F. 

Figure  5 (b)  shows  segments  of  the  first-,  second-,  third-, 
and  fourth-mode  boundaries  with  /=0.1,  0.5,  and  1.0  for 
£ = 0.005.  By  comparing  figures  5 (b)  and  5 (a)  it  can  be 
seen  that  g has  a marked  effect  for  the  smaller  values  of  / but 
its  effect  diminishes  as  / increases. 

Effects  of  still  air  below  panel. — The  one  remaining  pa- 
rameter to  be  considered  at  M— 1.3  is  p0/p,  the  ratio  of  the 
density  of  the" still  air  below  the  panel  to  the  density  of  the 
supersonic  stream  above.  In  the  preceding  results  this 
ratio  was  zero.  The  effect  of  increasing  p0/p  to  1.0  will  now 
be  examined.  For  the  sake  of  simplicity  and  convenience, 
only  a two-mode  analysis  is  made.  Effects  of  structural 
damping  and  tension  are  also  included. 

Figure  6 (a)  shows  first-  and  second-mode  boundaries  for 
Po/ P~~  1 as  solid  curves  and,  for  comparison,  the  . dashed 
boundaries  for  p0/p=  0 from  figure  2.  Just  as  with  the  other 
results,  the  points  where  the  boundaries  cross  the  abscissa 


correspond  to  pure-mode  resonance  in  a vacuum.  At  these 
crossings  the  imaginary  part  of  Onn  passes  through  zero. 
This  imaginary  part  is  a measure  of  aerodynamic  damping. 
In  the  previous  calculations  Cnn  consisted  only  of  Injl} 
whereas,  for  p0/p=  1.0,  Cnn  also  contains  Tnn+Inn  (see  eq. 
(23)).  By  comparison  of  the  solid  and  dashed  curves  on 
figure  6 (a)  it  can  be  seen  that,  as  a consequence,  the  first- 
mode  boundary  has  moved  to  the  left  by  about  20  percent 
but  the  second-mode  boundary  has  changed  relatively7  little. 

Such  an  effect  of  still  air  might  be  expected  since,  for  the 
same  maximum  panel  amplitude,  a first-mode  vibration 
radiates  into  the  still-air  region  a greater  amount  of  energy 
per  cycle  than  does  a second-mode  vibration.  (With  regard 
to  the  radiation  of  sound  from  a piston  in  a plane  wall, 
specifically  for  the  case  of  a piston  with  nonrigid  face,  p.  336 
of  ref.  15  gives  the  result  that,  at  frequencies  which  are 
small  compared  with  the  ratio  of  the  speed  of  sound  to  27t 
times  the  piston  radius,  the  pressure  on  the  piston  is  approxi- 
mately uniform  and  nearly  proportional  to  the  average 
velocity  of  the  piston.  Since  the  average  velocity  of  the 
second  mode  and  all  other  antisynnmetric  modes  is  zero,  the 
pressure  due  to  these  modes  is  nearly  zero  and,  accordingly, 
almost  no  work  is  being  done  on  the  still  air.)  From  the 
fact  that  net  energy  can  never  pass  from  the  still  air  into  the 
panel,  it  does  not  follow,  however,  that  the  still  air  neces- 
sarily has  a stabilizing  effect  in  all  cases.  Conceivably,  the 
still  air  could  act  to  modify  the  flutter  mode  so  that  more 
energy  would  be  extracted  from  the  supersonic  stream,  and 
thus  contribute  toward  an  instability.  Apparently  such  is 
the  case  in  figure  6 (a),  where  the  solid  second-mode  curve 
is  above  the  dashed  second-mode  curve.  The  fact  that 
dissipation  of  energy  into  the  still  air  is  not  necessarily 
stabilizing  should  not  be  surprising,  inasmuch  as  another 
means  of  energy  dissipation,  structural  damping,  is  usually 
stabilizing  but  sometimes  destabilizing. 

As  can  be  observed  in  figure  6 (a),  the  first-mode  boundary 
has  moved  to  the  left  of  the  second-mode  boundary  in  the 
region  of  small  mass  ratio;  in  this  region  the  second-mode 
boundary  becomes  critical. 

Figure  6 (b)  shows  the  effects  of  structural  damping  on  the 
firstmiode  boundary,  which  for  £=0  is  shown  more  com- 
pletely in  figure  6 (a).  Curves  are  included  for  £=0,  0.005, 
0.03,  and  0.05.  For  values  of  g larger  than  about  0.025  the 
second-mode  boundary  vanishes  as  it  did  previously  with 
p0/p—  0 in  figure  4 (b),  and  only  the  first-mode  boundary 
remains.  The  dashed  hyperbola  for  aluminum  at  sea  level 
is  included  in  figure  6 (b),  and  it  can  be  seen  that  a plate  with 
zero  structural  damping  would  have  to  be  about  30  percent 
thicker  than  one  with  £ = 0.05  in  order  to  prevent  flutter. 

Figure  7 shows  the  effects  of  the  tension  parameter  / for 
pc/p=  l and  £ = 0.  Both  first-  and  second-mode  boundaries 
are  shown  for/=0,  0.1,  0.5,  and  1.0.  In  this  case,  just  as 
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(b)  First-mode  boundary  for  various  values  of  g. 

Figure  6. — Stability  boundaries  from  a two-mode  analysis  for 
elamped-edge  panels  for  various  values  of  g . M=  1.3;  /=0;  — = 0 
and  1.0. 

with  p0/p=O,  tension  causes  a marked  reduction  in  the  thick- 
ness required  to  prevent  flutter.  Furthermore,  if  more  than 
two  modes  had  been  included,  tension  would  have  resulted 
in  a higher  mode  boundary  farther  to  the  right  than  the 
curves  shown  for  the  higher  values  of/. 

RESULTS  FOR  MACH  NUMBER  OF  ^2 

Clamped-edge  panels. — Figure  8 (a)  shows  the  stability 
boundaries  obtained  from  a two-mode  analysis  for  clamped- 
edge  panels  at  M=A/2  with  /— p0/p=0  for  various  values  of  g. 
Included  in  the  figure  is  the  dashed  hyperbola  appropriate 
to  this  Mach  number  for  aluminum  panels  in  sea-level  air. 
From  a comparison  of  figure  2 and  the  curves  of  figure  8 (a) 


Stiffness  porometer,  w {c/U 

Figure  7. — Stability  boundaries  from  a two-mode  anatysis  for 

clamped-edge  panels  for  various  values  of  /.  M— 1.3;  g = 0;  — =1.0. 

p 

for  g — 0,  the  first-mode  boundary  of  figure  2 appears  to  have 
moved  into  the  positive  mass-ratio  region  and  the  second- 
mode boundary  appears  to  be  moving  toward  the  negative 
mass-ratio  region.  Such  is  the  case,  but,  inasmuch  as  the 
flutter  frequencies  on  the  upper  boundary  of  figure  8 (a)  are 
about  midway  between  the  first  and  second  natural  fre- 
quencies, this  boundary  can  now  be  referred  to  only  loosety 
as  a “first-mode”  boundary.  The  lower  boundary  is  still 
readily  identified  as  a second-mode  boundary  and  the  inter- 
section with  the  abscissa  corresponds  to  vibration  in  a pure 
second  mode. 

In  contrast  to  the  situation  at  M=1.3,  the  second-mode 
boundary  for  g = 0 is  now  decisive  for  panels  represented  by 
the  dashed  hyperbola.  Values  of  thickness  to  the  right  of  the 
second-mode  boundary  are  stable  and,  in  addition,  a small 
range  of  thickness  values  is  stable  between  he  upper  and 
second-mode  boundaries.  *■ 

The  curves  in  figure  8 (a)  for  positive  values  of  g sh  ow  that 
the  region  of  instability  within  the  second-mode  boundary 
is  reduced  for  small  values  of  g (as  for  M=1.3)  and  vanishes 
when  g is  slightly  greater  than  0.00375,  but  that  small  values 
of  g increase  the  region  of  instability  associated  with  the 
upper  boundary.  This  effect  of  g on  the  upper  boundary  is 
in  marked  contrast  to  its  effect  on  the  first-mode  boundary 
at  M=1.3.  (See  fig.  4 (a).)  The  differing  effects  of  struc- 
tural damping  at  M=1.3,  M=y%  and  M=1.56  are  con- 
sidered further  in  the  section  on  “Variations  With  Mach 
Number.” 

Pinned-edge  panels. — In  order  to  indicate  effects  of  edge 
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fixity,  boundaries  are  shown  in  figure  8 (b)  for  conditions 
identical  to  those  of  figure  8 (a)  except  that  the  edges  are 
pinned  rather  than  clamped.  The  boundaries  for  £ = 0, 
which  are  given  incompletely  in  reference  5 and  thereby  lead 
to  the  conclusion  that  only  a small  range  of  panel  thickness 
is  stable  at  M=A/2,  have  been  extended  to  higher  frequencies 
with  the  result  that  sufficiently  thick  panels  are  also  found 
to  be  stable.  The  effect  of  structural  damping  on  both 
boundaries  in  figure  8 (b)  is  veiy  similar  to  that  in  figure  8 (a). 
The  dashed  lwperbola  appropriate  to  pinned-edge  aluminum 
panels  in  sea-level  air  is  included  in  the  figure.  The  hyper- 
bolas of  figures  8 (a)  and  8 (b)  are  located  differently  because 
of  the  different  values  for  the  first-mode  eigenvalue  Kx  of 
equation  (30)  for  pinned  and  clamped  edges.  (See  table  I.) 
From  the  intersection  of  the  dashed  hyperbolas  with  the 
stability  boundaries  in  the  two  figures,  it  can  be  determined 
that  a pinned-edge  panel  must  be  somewhat  thicker  than  a 
clamped-edge  panel  in  order  to  be  flutter  free  but  not  nearly 
as  thick  as  might  be  expected  from  a simple  comparison  of 
the  first  natural  frequencies.  Values  of  the  reduced  fre- 


(a)  Clamped-edge  panel. 

(b)  Pinned-edge  panel. 

Figure  8. — Stability  boundaries  from  a two-mode  analysis  for 
clamped-edge  and  pinned-edge  panels  for  various  values  of  g. 

ilf =ysT;  /=— =0. 
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quency  k are  indicated  along  each  of  the  boundaries  of 
figure  8. 

Based  on  what  occurred  at  M—1.3  (see  fig.  3),  there  is  the 
possibility  that  for  g = 0 the  fourth-mode  boundary  from  a 
four-mode  anah7sis  would  alter  the  stability  picture  in  both 
figures  8 (a)  and  8 (b)  in  the  relatively  unimportant  narrow 
range  of  stability^  between  the  boundaries  shown  for  £=0. 
This  minor  effect  of  the  fourth-mode  boundary  is  expected 
to  disappear  for  values  of  g greater  than  about  0.005  and, 
therefore,  a four-mode  analysis  was  not  made  for  this  Mach 
number. 

RESULTS  FOR  MACH  NUMBER  OF  1.56 

Effects  of  two  and  four  modes. — As  in  the  case  of  M=1.3, 
stability  boundaries  were  obtained  first  for  two  and  then  for 
four  degrees  of  freedom  with  g=f=po/p—0.  These  bound- 
aries appear  in  figure  9 as  dashed  curves  for  two  modes  and 
solid  curves  for  four  modes.  Values  of  the  reduced  frequency 
k are  indicated  along  the  boundaries.  The  stable  region  is 
again  to  the  right,  and  on  the  left  the  degree  of  instabilit\7 
is  indicated  in  parentheses  for  the  four-mode  analysis. 

The  two-mode  results  in  figure  9 continue  the  trend  noted 
in  the  preceding  section  from  comparison  of  the  curves  of 
figure  2 and  those  of  figure  8 (a)  for  £ = 0.  The  second-mode 


Figure  9. — Stability  boundaries  from  two-mode  and  four-mode 
analyses  for  clamped-edge  panels.  M=  1.56;  — 0. 
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boundary  has  moved  entirely  into  the  negative  mass-ratio 
region.  The  upper  boundary  has  moved  higher  in  the  posi- 
tive mass-ratio  region,  and  the  flutter  frequencies  along  it, 
which  in  figure  8 (a)  were  midway  between  the  first  and 
second  natural  frequencies,  are  now  closer  to  the  second. 
For  this  reason  the  upper  boundary,  which  was  looseh7  identi- 
fied as  a “first-mode”  boundary  in  the  discussion  of  figure 
8 (a),  will  now  be  referred  to  as  a “second-mode”  boundary. 

A further  point  of  difference  between  the  results  at  M— 1.3 
and  M=  1.56  is  that  the  addition  of  the  third  and  fourth 
modes  at  M=1.56  shifts  the  decisive  stability  boundary  to 
the  left  by  about  10  percent,  whereas  at  M=1.3  the  shift  is 
insignificant.  (Compare  figs.  3 and  9.)  Although  this  shift 
indicates  that  the  two-mode  result  is  not  well  converged,  the 
two-mode  boundary  is  conservative;  that  is,  it  requires  a 
greater  thickness  to  prevent  flutter.  (As  with  two  modes, 
when  four  modes  are  used,  half  of  the  stability  boundaries  fall 
in  the  negative  mass-ratio  region.) 

Effects  of  structural  damping  coefficient  g. — No  curves  are 
shown  to  indicate  effects  of  structural  damping  at  a Mach 
number  of  1.56,  the  reason  being  that,  for  moderate  values 
of  the  coefficient  g,  ranging  at  least  up  to  0.05,  the  stability 
boundaries  fall  virtually  on  top  of  those  for  g=0.  The  major 
effect  of  structural  damping  is  a moderate  change  in  flutter 
frequency. 

Effects  of  tension  and  of  still  air  below  panel. — Effects  of 
tension  have  not  been  determined,  but  tension  is  expected 
to  have  essentially  the  same  favorable  stiffening  effect  at  all 
Mach  numbers  as  at  M— 1.3.  The  effect  of  still  air  behind 
the  panel  has  also  not  been  determined,  but  this  effect  is 
expected  to  be  less  than  at  M=  1.3  for  two  reasons:  First,  the 
air  beneath  the  panel  acts  primarily  as  an  energy  absorber 
and  one  means  of  energy  absorption,  structural  damping, 
has  been  found  ineffective  in  shifting  the  stability7  boundaries. 
Second,  on  the  decisive  boundary  the  flutter  mode  appears  to 
be  predominantly  the  second  natural  panel  mode,  and  it  was 
found  that  at  M=1.3  the  second-mode  boundary  is  changed 
only  slightly  by  increasing  p0/p  from  0 to  1. 

VARIATIONS  WITH  MACH  NUMBER 

The  foregoing  results  have  been  presented  for  particular 
Mach  numbers.  In  an  effort  to  clarify  some  of  the  anom- 
alies that  have  been  noted  in  these  results,  figures  10  to  12 
are  presented.  Figure  10  shows  the  panel  thickness-chord 
ratio  required  to  prevent  flutter  as  a function  of  M for 
clampcd-edge  panels  with  g=f=  po/p=0.  The  curves  apply 
to  aluminum  panels  in  standard  sea-level  air.  The  values 
at  M=  1.3,  V2,  and  1.56  were  obtained  from  figures  2 and 
8 (a)  and  the  two-mode  results  of  figure  9.  The  shape  of  the 
curves  between  these  known  points  is  estimated.  The 
stable  region  is  above  or  to  the  right  of  the  shaded  boundaries. 

The  boundary  which  is  labeled  “first-mode”  on  one  end 
and  “second-mode”  on  the  other  has  flutter  frequencies 
which  progress  from  slightly  above  the  first  natural  frequency 
to  somewhat  below  the  . second  natural  frequency  as  the 
Mach  number  is  increased.  (See  previous  discussions  con- 
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Figure  10. — Minimum  panel  thickness  ratio  r/c  required  to  prevent 
flutter  as  a function  of  Mach  number  for  clamped-edge  aluminum 

panels  in  sea-level  air.  g=f=——0. 


cerning  figs.  2,  8 (a),  and  9.)  The  boundary  labeled  “second- 
mode” has  flutter  frequencies  slightly  below  the  second 
natural  frequency  throughout. 

Figure  10  shows  the  second-mode  stability  boundary  to 
be  decisive  in  the  Mach  number  range  from  slightly  above 
1.30  to  slightly  above  -yj2.  As  the  structural  damping  g 
is  increased  from  zero,  the  second-mode  boundary  shrinks 
to  the  left  leaving  the  “first-mode” — “second-mode”  bound- 
ary decisive  throughout  the  range  of  M shown.  For  example, 
for  a value  of  g slightly  greater  than  0.0038  the  second-mode 
boundary  does  not  exist  at  M=-\f2  (see  fig.  8 (a)),  and  for 
a value  of  g slightly  greater  than  0.025  it  does  not  exist  at 
M— 1.3  (see  fig.  4 (b)). 

These  effects  of  g on  the  second-mode  boundary  are 
illustrated  in  figure  11,  which  contains  cross  plots  of  g 
against  r/c  obtained  from  the  intersections  of  the  dashed 
h}7perbolas  (for  aluminum  panels  in  sea-level  air)  with  the 
boundaries  for  constant  g such  as  shown  in  figures  4,  8 (a), 
and  9.  Figure  11  also  shows  that  an  increase  in  g from 
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(a)  M = 1.30. 

(b)  il/=V2. 

(c)  -iW=1.56. 

Figure  11. — Structural  damping  coefficient  g as  a function  of  panel 

thickness  ratio  r/c  from  a two-mode  analysis  for  clamped-edge 

aluminum  panels  in  sea-level  air.  /=  — = 0.  (Refer  to  dashed 

p 

hyperbolas  in  figs.  2,  8 (a),  and  9.) 


Mach  number,  M 


Figure  12. — Minimum  panel  thickness  ratio  r/c  required  to  prevent 
flutter  as  a function  of  Mach  number  for  aluminum  panels  in  sea- 
level  air. 


zero  would  cause  the  “first-mode” — “second-mode”  bound- 
ary of  figure  10  to  drop  markedly  at  M— 1.3,  rise  slightly 
at  M— a/2,  and  remain  essentialh-  unchanged  at  M=1.56. 
The  ratios  of  flutter  frequency  to  the  first  natural  frequenc}r 
a>/cui  are  indicated  for  each  of  the  crossings  and  tend  to 
show  more  clearfy  the  connection  between  figures  10  and  11. 
(Values  of  cu/oh  near  o^/coi,  which  is  approximate^  2.76,  are 
associated  with  the  second-mode  boundary  and  values 
between  1.0  and  2.05  are  associated  with  the  “first-mode” — 
“second-mode”  boundary.)  A complete  understanding  of 
the  manner  in  which  the  curves  change  character  and  position 
with  Mach  number,  particularly  between  M~  1.3  and 
M=V 2,  requires  more  calculation  than  presented  herein. 

Figure  12,  which  has  the  same  ordinates  as  figure  10,  is 
presented  for  the  purpose  of  summarizing  some  effects  of 
all  the  parameters  investigated.  The  results  shown  are 
based  on  two  modes,  except  in  the  case  of  tension  where  only 
four-mode  results  are  known.  The  results  again  appty  to 
aluminum  panels  in  sea-level  air.  The  figure  shows  as  a 
solid  curve  the  shaded  boundary  from  figure  10  for  clamped- 
edge  panels  and  as  a short-dash  curve  the  effect  on  this 
boundary  of  increasing  g from  0 to  0.05.  The  third  (long- 
dash)  curve  is  for  pinned-edge  panels  with  ^=0,  the  value 
at  M=  2 having  been  obtained  from  reference  2.  The  points 
at  M=V2  were  obtained  from  figure  8 (b)  and  the  upper 
(second-mode)  curve  was  patterned  after  that  for  clamped- 
edge  panels.  As  a matter  of  interest,  points  are  included 
in  figure  12  at  M=1.3  for  clamped-edge  panels  and  indicate 
the  effects  of  tension  (/=0.5)  and  of  still  air  below  the  panel 
(po/p=  1.0)  for  0 and  £=0.05. 

Some  effects  of  the  various  parameters  can  be  assessed 
from  figure  12.  The  overall  result  is  that  r/c  is  highest  in 
the  low  supersonic  Mach  number  range  and  suggests  that 
this  range  is  the  more  critical  from  a design  standpoint. 
Structural  damping  is  seen  to  have  a large  favorable  effect 
near  and  below  M=^ 2.  Although  rather  influential  at 
M— 1.3,  the  still  air  below  the  panel  is  expected  to  have  less 
effect  at  M=y2  and  1.56.  Tension,  which  is  seen  to  have  a 
large  favorable  effect  at  M— 1.3,  is  expected  to  be  similarly 
effective  for  all  Mach  numbers.  In  this  connection,  it  might 
be  mentioned  that  one  means  of  producing  tension  is  by  a 
static-pressure  difference  between  the  upper  and  lower  panel 
surfaces,  particularly  for  the  case  where  the  panel  leading 
and  trailing  edges  are  prevented  from  moving  toward  each 
other.  A comparison  of  the  results  for  the  edge  fixities, 
pinned  and  clamped,  is  of  interest  because  the  edge  fixity  of 
actual  panels  falls  somewhere  between. 

COMPARISON  WITH  OTHER  THEORETICAL  WORK 

In  reference  2 the  conclusion  is  reached  that  all  panels, 
regardless  of  thickness,  are  unstable  for  supersonic  Mach 
numbers  less  than  A/2.  This  result  and  the  more  plausible 
results  of  reference  2 for  ikO>A/2  are  based  on  air  forces 
expanded  to  the  first  power  of  the  frequency  of  oscillation. 
In  reference  5 the  necessity  of  including  higher  order  fre- 
quency terms  for  Mach  numbers  near  A/2  is  pointed  out,  and 
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stability  boundaries,  based  on  exact  linearized  unsteady  air 
forces,  are  presented  for  M—~sj2  and  M= 2.  One  bound- 
ary is  obtained  at  M—  2 which  agrees  well  with  the  com- 
parable result  from  reference  2,  whereas  two  boundaries  are 
obtained  at  M=A/2.  The  boundaries  at  M=A/ 2,  because 
they  are  not  carried  high  enough  in  frequency,  are  interpreted 
in  reference  5 as  showing  that  stability  is  possible  only  for  a 
small  range  of  panel  thickness  at  this  Mach  number.  The 
results  of  reference  2 for  M<A/ 2 are  not  questioned  in 
reference  5. 

In  the  present  report,  stability  boundaries  are  computed 
for  M=V 2 and  for  Mach  numbers  above  and  below  this 
value  (namely,  M=1.3  and  Jlf=1.56).  In  view  of  the  find- 
ings of  references  2 and  5,  perhaps  the  most  noteworthy 
result  of  the  present  investigation  is  that,  for  the  Mach 
numbers  treated  and  probably  throughout  the  supersonic 
range,  sufficiently  thick  panels  are  stable. 

In  references  2 and  5 and  the  present  report,  M=A/2 
appears  as  a transitional  value.  The  transition  is  evidenced 
herein  by  the  contrasting  behavior  of  the  stability  boundaries 
at  M=1.3  and  M=1.56.  Some  understanding  of  why  a 
Mach  number  of  A/2  is  transitional  can  be  had  by  examining 

matrix  equation  (26).  The  term  [ Zn}  of  equation 


(26),  being  the  entire  first-order  frequency  contribution  to 
the  damping,  is  dominant  at  low  frequencies.  This  term 
appears  to  control  the  slope,  at  low  frequencies,  of  the 
eventually  decisive  stability  boundary  and  changes  sign  as  M 
passes  through  A/2.  Wien  M<A/2,  the  slope  is  negative  fol- 
low frequencies,  but  as  the  frequency  increases  the  slope 
eventually  becomes  positive  because  of  the  higher  order 
frequency  effects  (for  example,  in  fig.  2).  Because  only 
first-order  frequency  effects  are  included,  in  essence  only  the 
beginning  portions  of  the  stability  boundaries  for  M<A/2  are 
obtained  in  reference  2,  and,  as  a consequence,  the  conclusion 
is  reached  that  all  panels  are  unstable  below  this  Mach 
number.  For  M>A/ 2 the  slope  of  the  decisive  stability 
boundary  starts  out  positive  and  becomes  more  so  as  the 
frequency  increases.  (See  fig.  9.)  If  aspect  ratio  were 
included  in  the  present  treatment  (by  considering  three- 
dimensional  rather  than  two-dimensional  panels),  a reduction 
in  aspect  ratio  would  probably  tend  to  eliminate  the  initial 
negative  slope  of  the  eventually  decisive  stability  boundary 
for  M<a/2  and  increase  the  initial  positive  slope  for  M>A/2. 
This  effect  of  aspect  ratio  is  expected  because,  in  general,  a 
reduction  in  aspect  ratio  results  in  an  increase  in  aeixatynamic 
damping  with  a consequent  enlargement  of  regions  of 
stability. 

In  reference  7,  which  treats  a different  problem  (namely,  an 
infinite  two-dimensional  panel  on  equally  spaced  supports), 
the  result  was  also  obtained  that  somewhere  in  the  supersonic 
Mach  number  range  a panel  will  flutter  regardless  of  its 
thickness.  The  conclusion  was  reached  that  stability  is  not 
possible  at  supersonic  Macli  numbers  less  than  about  1.25 
and  that  at  higher  Mach  numbers  a' sufficient  increase  in 
thickness  will  always  render  a stable  panel  unstable.  How- 
ever, it  was  observed  that  over  a large  portion  of  the  pre- 
dicted region  of  instability  the  flutter  was  of  an  extremely 


mild  character,  since  a large  number  of  oscillations  were 
required  to  double  the  amplitude.  With  the  hope  of  elimi- 
nating the  large  region  of  mild  instability,  small  amounts  of 
viscous  damping  were  included.  Contrary  to  expectations, 
thick  panels  remained  unstable  for  the  example  given  at 
M=1.8. 

As  part  of  the  viscous-damping  investigation,  the  results 
were  interpreted  so  as  to  determine  regions  of  stability  and 
instability.  As  shown  in  figure  10  of  reference  7,  an  apparent 
conflict  with  the  results  of  Nyquist  diagrams  was  found. 
(The  Nyquist  diagram  concept  is  used  in  general  in  reference 
7 for  determining  stability.)  This  conflict  is  based  on  the 
assumption  that  most  investigators  interpret  structural- 
damping  results  according  to  the  concept  that  removal  of 
damping  tends  to  destabilize.  This  assumption  is  incorrect, 
however,  and  no  such  simple  criterion  holds  true  for  inter- 
preting structural-damping  results.  A feature  to  be  noted 
in  the  example  chosen  in  reference  7 to  illustrate  the  apparent 
conflict  is  the  existence  of  infinite  singularities  in  the  air  forces 
at  the  end  points  of  the  boundaries  (£  = 0,  0.01,  and  0.03)  on 
the  right  in  figure  9 of  the  reference  (designated  type  B loci 
therein).  By  way  of  explanation,  such  singularities  occur  in 
the  linearized -flow  treatment  because  a traveling  wave  of 
panel  deflection  is  moving  at  a speed  corresponding  to  M~  1 
relative  to  the  air  above  or  below  the  panel. 

In  this  analysis  the  question  of  stability  was  investigated 
by  means  of  both  the  structural-damping  concept  and  the 
Nyquist  diagram  concept.  The  structural-damping  results 
in  every  case  agreed  with  the  Nyquist  diagram  results. 
Incidentally,  in  using  the  Nyquist  concept,  knowledge  of  the 
aerodynamic  forces  for  all  frequencies  from  minus  infinity 
to  plus  infinity  is  required.  Thus,  the  concept  is  not  appli- 
cable, in  general,  when  the  air  forces  are  approximated  by  a 
few  terms  of  a power-series  expansion  in  the  frequency  of 
oscillation. 

COMPARISON  WITH  EXPERIMENT 

A few  experimental  results  on  the  flutter  of  flat  and  buckled 
panels  are  available  for  comparison  with  the  theory  of  the 
present  report  for  flat  panels  and  that  of  reference  3 for 
buckled  panels.  Reference  16  gives  experimental  results 
at  M=  1 .3  for  panels  1 1 .62  inches  long  in  the  stream  direction 
and  8 inches  wide  that  were  held  by  clamping  the  leading  and 
trailing  edges.  In  figure  13,  the  results  of  reference  16  at 
M=1.3,  together  with  data  more  recently  obtained  in  the 
Langley  supersonic  flutter  apparatus  on  both  flat  and 
buckled  panels  at  other  Mach  numbers,  are  compared  with 
theory.  The  results  are  presented  in  terms  of  the  thickness- 
chord  ratio  r/c  needed  to  prevent  flutter  of  aluminum-alk>3r 
panels  at  an  altitude  of  25,000  feet  as  a function  of  Mach 
number.  These  points  were  obtained  from  tests  of  panels 
of  different  thicknesses  (see,  for  example,  ref.  16)  and  repre- 
sent the  thinnest  panels  which  did  not  flutter.  (Where 
necessary,  experimental  data  were  adjusted  to  a pressure  al- 
titude of  25,000  feet  with  the  relation  r/c— (r/c)  r(2/$r)1/3. 
The  subscript  r refers  to  the  experimental  conditions.) 

In  figure  13,  the  solid  curve  is  the  flutter  boundary  for 
flat  panels  obtained  from  the  present  theory  and  the  square 
symbols  are  the  corresponding  experimental  results.  The 
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Figure  13. — Minimum  panel  thickness  ratio  r/c  required  to  prevent 
flutter  of  aluminum-alloy  panels  at  25,000-ft  altitude. 


dashed  curve  is  the  static-stability7  boundary  for  buckled 
panels,  proposed  as  a flutter  boundary  in  reference  3,  and  the 
circles  are  the  associated  experimental  results.  The  theo- 
retical curves  are  seen  to  increase  rather  sharply  near  Mach 
number  1.0.  For  buckled  panels  the  increase  is  due  to  the 
use  of  steady-state  linearized  air  forces  which  become  infinite 
at  M=  1.  For  flat  panels  the  increase  is  thought  to  be 
associated  with  a change  in  flutter  mode  and  decreased  aero- 
dynamic damping.  The  curve  for  flat  panels  would  have 
a finite  ordinate  at  M— 1.0. 

As  can  be  seen  from  figure  13,  buckled  panels  have  been 
fluttered  up  to  a Mach  number  of  3.  Flat  panels  were  not 
fluttered  over  the  same  range  because  buckled  panels  ap- 
peared to  be  more  susceptible  to  flutter,  in  general,  and  dur- 
ing a test  it  was  difficult  to  prevent  the  thin,  flat  panels 
from  buckling  due  to  heating.  (A  temperature  rise  of  5° 
to  10°  F was  sufficient  to  induce  buckling  in  many  panels.) 

The  agreement  between  theory  and  experiment  for  both 
flat  and  buckled  panels  is  surprisingly  good,  inasmuch  as  the 
experiments  were  made  on  panels  with  a width-length  ratio 
of  0.69,  whereas  the  theories  are  for  two-dimensional  panels. 

CONCLUDING  REMARKS 

A Rayleigh  type  analysis  involving  chosen  modes  of  the 
panel  as  degrees  of  freedom  has  been  used  to  treat  the  flutter 
of  a two-dimensional  flat  panel  supported  at  its  leading  and 
trailing  edges  and  subjected  to  a middle-plane  tensile  force. 
The  panel  had  a supersonic  stream  passing  over  its  upper 
surface  and  still  air  below.  The  aerodynamic  forces  due  to 
the  supersonic  stream  were  obtained  from  the  theory  for 
linearized  two-dimensional  unsteady  flow  and  the  forces  due 
to  the  still  air  were  obtained  from  acoustical  theory.  The 
still  air  beneath  the  panel  was  treated  on  the  assumption 
that  the  still-air  reservoir  extended  to  infinity.  Accordingly7, 
once  acoustic  energy  was  radiated  into  this  region,  none  of 
it  was  ever  reflected.  Such  a situation  is,  of  course,  not  the 


same  as  for  a panel  on  a closed  body  but  represents  a first- 
approximation  for  many  practical  cases. 

In  order  to  study  the  effect  of  increasing  the  number  of 
modes  in  the  analysis,  two  and  then  four  modes  were  em- 
ployed. The  modes  used  were  the  first  four  natural  modes 
of  the  panel  in  a vacuum  with  no  tensile  force  acting.  The 
analysis  included*  the  variables:  Mach  number  M,  structural 
damping,  tensile  force,  density7  of  the  still  air,  and  edge 
fixity  (clamped  and  pinned).  For  certain  combinations  of 
these  variables,  stability  boundaries  were  obtained  which 
can  be  used  to  determine  the  panel  thickness  required  to 
prevent  flutter  for  any  panel  material  and  altitude. 

In  contrast  to  some  previous  panel  flutter  investigations, 
the  present  results  show  that  sufficiently  thick  panels  are 
flutter  free  for  the  Macli  numbers  treated  and  suggest  that 
this  is  true  throughout  the  supersonic  speed  range.  The 
low  supersonic  Mach  numbers  were  found  to  be  most  critical 
from  a design  standpoint  in  the  range  examined  (from 
M=  1.3  to  M=2.0).  Tension  was  shown  atM=1.3  to  have 
a marked  favorable  effect  (also'  expected  at  all  Mach  num- 
bers) in  reducing  the  thickness  required  to  prevent  flutter, 
and  it  was  pointed  out  that  one  means  of  producing  tension 
is  by  a static  pressure  difference  between  the  upper  and 
lower  surfaces  of  the  panel.  Small  amounts  of  structural 
damping  were  found  to  have  a pronounced  beneficial  effect 
near  and  below  M=-/ 2 and  essentially  no  effect  at  M=  1.56. 
In  the  neighborhood  of  M=^f2  a small  change  in  either 
Mach  number  or  structural  damping  was  found  to  cause  an 
abrupt  change  in  the  thickness  required  to  prevent  flutter. 
At  M=-/2  a pinnecl-edge  panel  must  be  somewhat  thicker 
than  a clamped-edge  panel  in  order  to  be  flutter  free:  Still 
air  below  the  panel  was  taken  into  account  only  at  M—1.3 
and  was  shown  to  have  a moderate  beneficial  effect.  For 
M^>a/2  the  still  air  is  expected  to  have  little  effect  because 
for  this  Mach  number  range  the  flutter  mode  is  predomi- 
nantly the  second  natural  mode,  which  radiates  very  little 
energy  into  the  still  air. 

The  theories  of  the  present  report  for  flat  panels  and  of 
Isaacs  for  buckled  panels  were  compared  with  a few  experi- 
mental results  on  panels  clamped  at  leading  and  trailing 
edges  over  the  Mach  number  range  1.2  to  3.0.  The  agree- 
ment was  surprisingly  good  inasmuch  as  the  experiments 
were  made  on  panels  with  a width-length  ratio  of  0.69, 
while  the  theories  are  for  two-dimensional  panels.  Over 
the  Mach  number  range  of  the  experiments  it  was  found 
that  buckled  panels  had  to  be  thicker  than  flat  panels  in 
order  not  to  flutter.  The  effect  of  restraining  flat  or  buckled 
panels  on  all  four  edges  has  not  been  investigated.  Such 
restraint  together  with  variation  of  width-length  ratio  will 
probably  have  a significant  effect  on  the  thickness  required 
to  prevent  flutter.  Another  factor  which  requires  investi- 
gation is  built-in  curvature  of  the  panel  in  the  strcamwise 
or  cross-stream  direction. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  April  20,  1955. 


682 


REPORT  1280 NATIONAL  ADVISORY' COMMITTEE  FOR  AERONAUTICS 


APPENDIX  A 

SOLUTION  BY  MEANS  OF  LAPLACE  TRANSFORMS 

In  a recent  paper  (ref.  6),  a procedure  is  outlined  for  obtaining  by  means  of  Laplace  transforms  the  exact  solution 
for  the  flutter  of  a two-dimensional  membrane  which  is  subjected  to  a supersonic  stream  on  one  side  and  stagnant 
air  on  the  other.  This  solution  is  called  exact,  inasmuch  as  the  equation  of  motion  for  the  system  is  solved  directly 
without  any  limitation  being  imposed  on  the  mode  shape  or  frequenc}7  of  flutter.  Reference  6 also  mentions  that  pure 
bending  of  a plate  and  the  more  general  case  in  which  plate  bending  and  membrane  stretching  are  combined  could  be  treated 
in  the  same  manner.  The  present  report  treats  the  latter  case;  namely,  the  flutter  of  a panel  (plate)  acted  on  by  a middle- 
plane  or  axial  force,  such  as  tension,  or  compression  less  than  the  buckling  load.  In  the  body  of  the  report  this  problem  is 
solved  by  the  generalized-coordinate  approach,  and  the  coordinates  used  are  the  normal  modes  of  the  panel  with  no  axial  force 
acting.  In  this  appendix,  for  the  sake  of  completeness,  the  solution  to  the  same  problem  is  derived  by  means  of  Laplace 
transforms  to  the  point  where  numerical  calculations  can  be  made.  The  feasibility  of  applying  the  Laplace  transform  solution 
is  examined,  but  no  numerical  results  are  obtained. 

The  integrodifferential  equation  to  be  solved  is  given  by  equation  (2)  which,  upon  substitution  of  the  expression  for 
p(x,t)  obtained  from  equations  (5)  to  (9),  may  be  written  as 


— Znf,~u2mAZ-~  =0  (Al) 

or  alternatively  as 


where 


Dividing  equation  (A2)  by  mco2  yields 


,(0)/„(x)+/  /„(a;-S)(j|+i2A;) 

wu(x)=Z'(x)-\-i2kZ(x ) 
w,{x)=i  2kZ(x) 

/.(*)=e"&Jo(^*) 
I,(x) =H0  i2\2kM  | a:  | ) 


\ j [i*k£  «>,(?)/«(*-£)/]  } =0  (A2) 


where 


The  quantity  coj  in  the  formulas  for  a and  5 is  the  first  natural  frequency  of  the  plate  vibrating  in  a vacuum  with  no  axial  force 
F acting  and  Kx  is  the  associated  eigenvalue.  (See  table  I.)  In  the  case  of  the  membrane,  a>x  would  be  the  first  natural  fre- 
quency of  the  membrane,  a would  be  zero  (D  is  negligible  for  the  membrane),  and/ would  be 
Applying  the  Laplace  transform 


L { Z(x) } =Z($)= J e sxZ(x)dx 
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to  equatipn  (A3)  (using  in  the  process  pairs  4 and  7,  p.  294,  ref.  17)  yields  the  transformed  problem  in  the  form 

a(s*Z-s*zo-s2zl-sz2-z3)-6(s’-Z-szo-zl)-Z+^  Q [(s2+i4ks-4k2)Z-(s+i2k)z,]  7„(s)+|  j 4 ¥L  ^ Z(|)/,(x-£)#j-  )=0 

(A4) 

where  z0=Z(0),  zx  = Z'( 0),  z2=Z"( 0),  zz=Z,n{ 0),  and  Iu($)  is  the  Laplace  transform  of  Iu(x).  The  Laplace  transform  in 
equation  (A4)  involving  p0/p  as  a multiplier  is  the  contribution  of  the  perturbation  pressure  on  the  lower  surface  of  the  panel. 
Unfortunately,  this  transform  does  not  appear  to  be  obtainable  here  where  the  deflection  Z is  unknown.  In  the  body  of  the 
report  the  effect  of  including  the  air  below  the  panel  is  found  to  be  moderate  at  a Mach  number  of  1.3  and  reasons  are  given 
wlw  this  effect  is  expected  to  be  even  smaller  at  the  higher  Mach  numbers  investigated.  In  view  of  these  facts  and  in  view  of 
the  difficulty  of  handling  the  lower-surface  term  in  equation  (A4),  this  term  will  be  omitted  in  the  rest  of  this  appendix — that 
is,  treated  as  if  p0  were  zero. 


Equation  (A4)  can  therefore  be  reduced  to 

[(«$4— 5s2— 1)+  e(s+i2k)2Iu(s)]Z(s)=oi(s2zx+$Z2+  zz)— bzx 


(AS) 


where  c=l/4 k2nP  and  z0  has  been  dropped  because  it  is  zero  for  the  present  boundary-value  problems.  Thus  the  integro- 
differential  equation  (Al)  has  been  reduced  to  the  algebraic  equation  (A5). 

Now  by  means  of  pair  11,  P-  294,  and  pair  55,  p.  298,  of  reference  17  there  is  obtained 


4/s)=  ($+ico)2+^yf) 


Therefore,  from  equation  (A5),  after  some  algebraic  manipulation 


where 


Z(s)~  G(«) +«W  /k(s) 

Q(s)=(aS4_5s2_1)2  |~(g + ^)2+(|02J _ €*(s + i2ky 

M($)=(ctsi — Ss2 — 1)  £(«+i«)2+Q0  J [a(s2zi+sz.2+z3)—8zi 

N(s)=  — t(s+i2k)‘-  |js+iw)2+(j0  J [a(s22,+S22+23)— SzJ 
In  polynomial  form  the  quantities  Q,  M,  and  N are 

10 

Q(S)=29rS10_r 


(A  6) 


(A7) 


M(s)=z^mr(l)ss-r+z^mr^s‘-r+z3J2mri3)s6  T 

t- 0 r=0  r=0 

A'(s)=2.&(1,S6-r  + 222»r<2)S,-r  + 23&<3,S4-r 

r = 0 r — 0 r = 0 


(AS) 

(A9) 


(A10) 
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The  coefficients  of  the  various  series  are  given  in  the  following  table: 
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The  exact  inverse  transform  of  equation  (A7)  requires  the  determination  of  the  roots  of  Q(s)  (eq.  (AS)).  Since  Q(s)  is  a 
tenth-order  polynomial,  its  roots  can  be  solved  only  approximate^  for  specific  values  of  the  coefficients  qT.  An  alternative 
procedure  is  to  expand  the  quantity  [$($)] _1  in  a Maclaurin’s  series  (a  procedure  used  in  ref.  18),  with  the  result  that  it  may 
be  expressed  in  the  form 


1 _ 1 a Tn 
Q(s)  $10^  sn 


(All) 


where 


qoTo—  1 


10 


qs>Tn=—^qTTn-r  (n^l) 


and  T with  a negative  subscript  is  to  be  interpreted  as  zero. 

When  the  series  expansion  for  [Q(s)]-1  (eq.  (All))  is  substituted  into  equation  (A7),  the  transform  Z(s)  becomes  the  sum 
of  infinite  series  with  terms  of  the  two  distinct  types 

A 

sm 

and 


f /.go 


where  to  is  a positive  integer.  The  inverse  Laplace  transform  of  the  first  type  of  term  is  (see  pair  3,  p.  295  of  ref.  17) 

, . CA\  Axm~l  ,.n. 

_ (to— 1)!  ^Al2^ 

and  of  the  second  is  (see  pair  7,  p.  294  of  ref.  17) 

x"{?  «*)}-(S^I5i 


(A13) 


where  Iu  (x)  is  defined  following  equation  (A2). 
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Upon  substituting  equations  (A9),  (AlO),  and  (All)  into  equation  (A7)  and  using  equations  (A12)  and  (A13)  to  obtain 
the  inverse  transform  of  the  resultant  expression,  Z(x ) is  given  by 


where 


Z(x)=hl(x)zl+h2(x)z2+hz(x)z3 


co  8 T m U)rn+r+l  « 6 T « (1>  Cx 

£ ^i4ir +5  3 X 


(A14) 
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SE 


^0  7=o  (?i+r+3)l  £=o  (n+r+ 

In  deriving  equation  (A14)  onl}7  one  boundary  condition — namely,  2b=Z(0)=0 — has  been  used  thus  far.  In  order  to 
obtain  the  solution  for  a plate  restrained  in  a particular  manner,  it  is  necessary  to  impose  three  additional  boundary  conditions. 
These  additional  conditions  for  the  plate  with  pinned  and  clamped  edges  are  given  in  equations  (3)  and  (4),  respectively. 
By  their  use,  one  of  the  terms  of  equation  (Al4)  is  eliminated  and  two  homogeneous  equations  in  the  two  remaining  unknown 
ZfS  are  obtained.  The  borderline  condition  of  harmonic  oscillation,  or  the  point  at  which  flutter  occurs,  is  obtained  by  setting 
the  determinant  of  the  coefficients  of  these  equations  equal  to  zero.  Thus,  the  flutter  determinant  for  the  pinned-edge  plate  is 


and  for  the  clamped-edge  plate  is 


where  the  determinant  elements  are  given  by 
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Each  of  the  preceding  elements  contains  integrals  of  the  form 

7m(M^)=Jo‘  (1-0"/,,©# 

which  can  be  written  in  terms  of  the  Schwarz  functions /x(M,aJ)  (see  ref.  9 or  eq.  (24))  as 


(A17) 


(A  18) 
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a=Jo'  ?iu(m 

Examination  of  the  series  in  the  elements  of  equations  (Al5)  and  (Al6)  reveals  that  X of  equation  (AlS)  ranges  at  least 
between  0 and  ?i+7  and  at  most  between  0 and  n+9.  In  order  to  obtain  accuracy  to  four  significant  figures,  at  least  the 
first  eight  terms  of  each  series  and  the  consequent  ranging  of  X between  0 and  16  are  probably  required.  Inasmuch  as  the 
Schwarz  functions/x  have  been  tabulated  for  only  the  first  few  values  of  X,  the  use  of  equation  (AlS)  would  require  the  deter- 
mination of  a rather  extensive  series  of  /x's.  An  alternative  and  perhaps  more  efficient  procedure  would  be  to  evaluate 
directly  the  integrals  Im  as  given  in  equation  (Al7)  rather  than  to  resort  to  the  expanded  form  in  equation  (AlS). 

Attention  will  now  be  given  to  the  solution  of  the  determinantal  equations  (A15)  and  (Al6).  A method  of  solution  for 
parameters  that  were  sought  in  the  generalized-coordinate  approach  of  the  body  of  the  report  (that  is,  1/m  and 
2kx=2k  (P.P.ft)1/2)  will  be  outlined  here. 

The  elements  of  equations  (A15)  and  (A16)  are  complex  functions  of  the  five  parameters  M,  k,  ft  (with  g=0),/,  and  1/m* 
The  most  difficult  parts  of  these  elements  to  evaluate  are  the  integrals  generically  represented  by  Im  in  equation  (A17),  which 
are  functions  of  the  parameters  M and  k.  Therefore,  a convenient  method  of  solution  would  be  to  fix  the  parameters  M 
and  k and  preferably  j and  vary  the  remaining  para  meters  ft  and  1/m  in  the  left-hand  side  (hereinafter  referred  to  as  A)  of 
equation  (A15)  or  of  equation  (A16).  By  varying  ft  and  1/m  over  sufficiently  broad  ranges,  an  indefinitely  large  number  of 
combinations  of  ft  and  1/m  which  cause  A to  vanish  could  be  found.  Each  combination  would  define  a point  on  separate  sta- 
bility boundaries,  such  as  those  shown  in  figure  3.  Each  boundary  could  then  be  determined  as  completely  as  desired  by 
varying  k over  a sufficient  range  and  repeating  for  each  chosen  value  of  k the  process  of  finding  combinations  of  ft  and  1/m 
which  cause  A to  vanish. 

As  can  be  surmised,  the  numerical  calculations  would  be  extremely  lengthy  even  apart  from  two  other  questions  which 
arise;  namely,  which  is  the  stable  side  of  each  boundary,  and  has  the  critical  boundary  been  found  which  separates  stable 
and  unstable  regions  and  thereby  defines  the  thinnest  panel  that  is  stable?  In  the  present  report,  therefore,  the  stability 
boundaries  shown  in  figures  2 to  9 were  calculated  exclusively  on  the  basis  of  the  generalized-coordinate  or  modal  approach. 
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APPENDIX  B 


VELOCITY  POTENTIAL  <f>t  AND  RELATED  INTEGRAL  Pn 


\ elocity  potential  As  a first  step  in  the  evaluation  of  the  improper  integral 

The  velocity  potential  <t>i  given  in  equation  (9),  which  ap-  m equation  (B6),  let 


plies  to  the  lower  surface  of  the  two-dimensional  panel 
shown  in  figure  1,  will  now  be  derived.  The  system  consists 
of  a panel  of  width  c,  which  is  part  of  an  otherwise  rigid 
surface  of  infinite  extent,  oscillating  harmonically  with 
stationary  air  extending  to  infinity  below.  Thus,  over 
the  panel  the  normal  velocity  on  the  lower  surface  is 
Wi=iooZ(x)eiut,  while  over  the  rest  of  the  plane  Wi=Q. 

According  to  reference  10  the  solution  to  this  problem  can 
be  obtained  from 


wt dS 
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£=o  (1  cos  f) 


(1  — COS  \p) 


^ Sm  sin  iTi 

7»  = 1 


■ pZ»tt) 

r Jo 


sin  di; 


where  Wi  is  the  given  normal  velocity  at  the  element  of  area  In  terms  of  equations  (B7)  and  (B8),  equation  (B6)  becomes 
dS  of  the  plane  and  <t>  is  the  velocity  potential  at  a point  P 


which  is  a.t  a distance  r from  dS.  From  equation  (Bl)  the 
velocit}7  potential  at  the  surface  of  the  panel  may  be  obtained, 
in  terms  of  the  coordinates  of  figure  1,  as 

<B2) 

Upon  making  the  substitution  y=\x— £|  cosh  0,  the  integral 


where 


1(4')=  sin  f sin  mf  l oge  (- 

m = 1 Jo  \ 


| COS  f —cos 


(\ )df  (Bio) 


Taking  the  derivative  of  equation  (BlO)  with  respect  to 
4/  and  making  use  of  reference  20  to  evaluate  the  resulting 


/ith  respect  to  y in  equation  (B2)  may  be  written  in  the  improper  integrals  yields 
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By  means  of  equation  (11)  on  page  180  of  reference  19, 
equation  (B3)  becomes 

(B4) 

Substitution  of  equation  (B4)  into  equation  (B2)  yields 
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Integration  of  equation  (Bll)  gives 
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, ueiu>t  Cc  (2 )f (Bol  The  integration  constant  K in  equation  (Bl2)  is  determined 

2 Jo  " s ° \d  ) ^ by  setting  \ p equal  to  7r/2  in  equations  (BlO)  and  (B12)  and 

equating  the  two  resultant  expressions.  By  so  doing,  it  is 
If  the  coordinates  x and  £ are  nondimensionalized  by  dividing  found  that 

by  the  panel  chord  c,  the  form  for  4>i  given  in  equation  (9)  i-aj 

is  obtained.  K—-Si\oge—~  (Bl3) 


K=-^SX  !o ge  — 


INTEGRAL  Pn 


The  third  term  on  the  right-hand  side  of  equation  (22),  B-v  means  of  equations  (Bl2)  and  (Bl3),  equation  (B9) 


namelv, 


becomes 
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contains  the  singularity  of  the  Hankel  function  in  equation 

(20). 


P„(x)=j  i-^(loge  COS  2^)  S’,+ 

O rcos(»+l)*  cos  (m— 1)^“|\  /TM 

1 ~m—i  jj  (B1 
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The  mode  shapes  Zn  in  equation  (B6)  are  now  approxi- 
mated by  the  finite  sine  series 

10 

Z»(f)  ~ 2 sr  sin  rx  (B 1 5) 

r-1 

The  constants  Sm  hi  equation  (Bl4)  are  obtained  from  the 
expression  following  equation  (B8),  with  the  result  that 
equation  (B14)  can  be  written  as 

Pn{x)=J  J Zj  Lfa)  ST  (B  1 6) 

where 

£l(z)= loge  COS  2l P 

cos  (r+1)^-^Tx  cos  (r_1)’/'  (r^2) 

and,  as  in  equation  (B7). 

x=^  (1— cos  \p) 


The  form  given  in  equation  (B16)  was  used  to  obtain  equa- 
tion (28).  Of  interest  is  the  fact  that  only  Lx  depends  on  k 
and  M.  The  term  Pn  is  therefore  comparatively  simple  to 
include  in  equation  (22). 

The  coefficients  sr  in  equations  (B15)  and  (B16)  for  the  first 
four  modes  of  the  plate  with  clamped  edges  are  given  in  the 
following  table: 


Mode  1 

Mode  2 

Mode  3 

Mode  4 

*1 

0. 66613 

0 

-0.  32917 

0 

*2 

0 

0. 64119 

0 

0.  40890 

S3 

-0.  29503 

0 

-0.  50867 

0 

Si 

0 

-0.  46861 

0 

0. 27852 

*5 

0. 039764 

0 

0. 61134 

0 

S6 

0 

0. 098515 

0 

-0. 61524 

S' 

0.  001315 

0 

-0. 18746 

0 

ss 

0 

-0. 003411 

0 

0. 25500 

Si 

0. 000396 

0 

0. 021697 

0 

SiO 

0 

0. 002858 

0 

-0. 028044 

The  coefficients  $10  for  the  second  and  fourth  inodes  were 
obtained  by  forcing  the  slope  of  Zn,  as  given  by  equation 
(Bl5),  to  be  zero  at  ^=0  (that  is,  at  x=0).  A similar  table 
can  be  easily  calculated  for  the  pinned-edge  plate. 
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FLIGHT  DETERMINATION  OF  DRAG  OF  NORMAL-SHOCK  NOSE  INLETS  WITH  VARIOUS 
COWLING  PROFILES  AT  MACH  NUMBERS  FROM  0.9  TO  1.5  1 

By  R.  1.  Sears,  C.  F.  Merlet,  and  L.  W.  Putland 


SUMMARY 

Free-flight  tests  were  made  with  normal-shock  nose-inlet 
models  with  NACA  1 -series , parabolic,  and  conic  cowling 
profiles  to  investigate  the  external  drag  characteristics  at  an  angle 
of  attack  of  0°.  The  Mach  number  range  of  the  tests  was  from 
0.9  to  1.5,  the  mass-floiv  ratio  was  from  0.7  to  1.0,  and  the 
Reynolds  number  based  on  body  maximum  diameter  varied  from 
2.5X106  to  5.5X10 6.  Two  related  nonducted  bodies  were  also 
tested  for  comparison  purposes. 

At  the  maximum  fiov)  rate  the  inlet  models  had  about  the  same 
external  drag  at  a Mach  number  of  approximately  1.1  but  at 
higher  Mach  numbers  the  conic  cowling  had  the  least  drag. 
Blunting  or  beveling  the  lip  of  the  conic  cowling  while  keeping 
the  fineness  ratio  constant  resulted  in  a slightly  higher  drag  than 
for  the  sharp-lip  conic  cowling  at  maximum  flow  rate,  but  at  a 
mass-floiu  rate  of  0.8  the  blunt-,  beveled -,  and  sharp-lip  conic 
cowlings  and  the  parabolic  cowling  all  had  about  the  same  drag. 
The  higher  drag  of  the  NACA  1-49-300  cowling  compared  with 
the  blunt-lip  conic  cowling  is  associated  with  the  greater  fullness 
back  of  the  inlet. 

INTRODUCTION 

Because  the  total-pressure  recoveries  attainable  with 
normal-shock  nose  inlets  at  Mach  numbers  up  to  about  1.4 
are  as  good  as,  or  better  than,  those  for  other  types  of  inlets, 
normal-shock  inlets  are  of  real  interest  for  aircraft  at  low 
supersonic  speeds.  The  Pilotless  Aircraft  Research  Division 
of  the  Langley  Laboratory  has  therefore  undertaken  a pro- 
gram to  investigate  the  drag  characteristics  of  normal-shock 
nose  inlets  of  various  nose  geometry.  The  first  phase  of 
this  program  is  concerned  with  the  effects  of  nose  profile  and 
the  results  are  reported  herein.  A flight  technique,  differing 
from  that  previously  used  for  ducted  models,  was  developed 
in  order  to  obtain  a little  information  from  each  of  many 
models  rather  than  more  extensive  information  about  only 
a few  models. 

Two  related  nonducted  bodies  were  tested  for  purposes  of 
comparison  with  the  normal-shock  nose-inlet  data.  Although 
the  models  of  the  present  investigation  are  all  nose-inlet 
models,  it  is  expected  that  many  of  the  results  might  also  be 
applicable  in  the  design  of  scoop  inlets. 


SYMBOLS 

A area,  sq  ft 

Acr  critical  area  (area  at  which  sonic  velocity  will  be  ob- 
tained, assuming  one-dimensional  isen tropic  proc- 
ess), sq  ft 

CD  drag  coefficient,^ 

{ p„VJAf 

P~V<X> 

C pressure  coefficient,; * 

1 p V 2 

2 "oo  r 00 

D drag,  lb 

g acceleration  of  gravity,  32.2  ft/sec2 

M Mach  number 

m/mm  ratio  of  mass  flow  of  air  through  the  duct  to  mass 

flow  of  air  through  a free-stream  tube  of  area  equal 
to  inlet  area 

p static  pressure,  lb/sq  ft 

pt  total  pressure,  lb/sq  ft 

pi  pitot  stagnation  pressure,  lb/sq  ft 

R Reynolds  number,  based  on  7.00-inch  body  diameter 
r radius,  in. 

t time,  sec 

V velocity,  fps 

W weight  of  the  model,  lb 

x longitudinal  distance,  measured  from  the  maximum- 

diameter  station,  positive  downstream,  in. 

7 ratio  of  specific  heats,  1.40  for  air 

p air  density,  slugs/cu  ft 

0 flight-path  angle,  deg 

Subscripts: 

00  free  stream 

1 first  minimum-area  station 

e exit 

ext  external 

F frontal 

i inlet,  at  lip  leading  edge 

int  Internal 

t total 


1 Supersedes  recently  declassified  NACA  Research  Memorandum  L53I25a  by  R.  I.  Sears,  C.  F.  Merlet,  and  L.  W.  Putland.  1953. 
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MODELS 

Ducted-nose-inlet  models  having  six  different  cowling 
shapes  were  tested  as  part  of  tire  investigation  reported  herein. 
Three  models  of  each  cowling  shape  were  tested;  each  model 
had  a different  flow  rate.  The  only  difference  in  the  ex- 
ternal geometry  of  the  three  models  for  each  cowling  shape 
was  a slight  difference  in  length,  the  afterbody  being  cut  off 
at  the  station  required  to  give  the  desired  exit  area. 

Five  of  the  cowlings  were  of  fineness  ratio  3 and  had  an 
inlet  area  24  percent  of  the  body  frontal  area.  The  sixth 
cowling  was  of  fineness  ratio  2.5  and  had  an  inlet  area  16 
percent  of  the  body  frontal  area.  Two  related  non  ducted 
bodies  of  revolution  were  tested — one  for  each  cowling  fine- 
ness ratio  investigated. 

The  general  arrangement  of  the  three  model  configurations 
tested  for  a t}7pical  cowling  of  fineness  ratio  3.0  and  the 
related  nonducted  body  is  shown  in  figure  1.  Similar  infor- 
mation is  presented  in  figure  2 for  the  cowling  models  of 
fineness  ratio  2.5.  All  models  had  identical  fins  and  after- 
body lines. 

The  afterbody,  defined  by  a parabolic  arc  with  its  vertex 
at  the  maximum-diameter  station,  is  similar  to  that  used  in 
the  inlet  investigation  reported  in  reference  1.  The  coordi- 
nates are  listed  in  table  I.  All  afterbodies  were  spun  on  the 
same  die  from  0.09-inch  magnesium  and  finished  to  a smooth 
fair  contour  and  formed  the  afterportion  of  the  duct.  The 
length  at  which  the  afterbody  was  cut  off  for  each  flow  rate  is 
shown  in  figures  1 and  2. 

Each  model  was  stabilized  b}^  four  60°  delta  fins  having  a 
total  exposed  area  3.2  times  the  body  frontal  area.  The 
airfoil  section  was  hexagonal  and  was  fabricated  from  }£-inch 
magnesium  sheet  by  beveling  the  leading  and  trailing  edges. 

The  nonducted  models  shown  in  figures  1 and  2 were  related 
to  the  ducted  models  in  that  coordinates  of  the  duct  lips  were 
also  coordinates  of  the  nonducted  bodies.  Thus,  the  non- 
ducted forebody  was  defined  by  a parabolic  arc  with  its  ver- 
tex at  the  maximum  diameter  and  passing  through  the  inlet 
lip.  Coordinates  are  listed  in  table  I. 

Details  of  the  various  cowling  shapes  tested  are  shown  in 
figure  3,  and  coordinates  are  given  in  table  I.  The  external 
profiles  shall  be  designated  by  Roman  numerals,  whereas  the 
internal  configurations  shall  be  referred  to  by  Arabic  numbers. 
Cowling  I had  the  NACA  1-49-300  profile  (ref.  2).  Cowling 

II  had  a parabolic  profile  which  was  obtained  b}r  cutting  off 
at  the  inlet  station  the  nose  of  the  nonducted  body  A shown 
at  the  top  of  figure  1.  The  external  lip  angle  was  9.8°. 
Cowlings  III,  IV,  and  V are  called  conic  because  all  of  cowling 

III  and  the  major  part  of  the  contour  of  cowlings  IV  and  V 
were  defined  bv  a truncated  cone.  The  cone  half-angle  was 
4.9°  for  cowling  III  and  4.4°  for  cowlings  IV  and  V.  Cowling 
III  had  sharp  lips  with  an  external  lip  angle  of  4.9°.  Cowl- 
ing IV  had  a beveled  lip  of  external  angle  9.8°;  the  con  tom- 
in  the  region  of  the  lips  was  identical  with  that  of  the  para- 
bolic cowling  II.  Cowling  V had  blunt  lips  with  an  external 
lip  angle  of  90°.  The  contour  in  the  region  of  the  lips  was 
identical  with  that  of  cowling  I of  the  NACA  1-series. 
Cowling  VI  had  the  NACA  1-40-250  profile. 

The  externa]  profiles  in  the  region  of  the  lips  of  the  five 
cowlings  of  fineness  ratio  3.0  are  better  compared  in  figure  4. 


Figure  1. — General  arrangement  of  ducted  models  with  cowlings  of 
fineness  ratio  3.0  and  related  nonducted  model.  All  dimensions  are 
in  inches. 


Figure  2. — General  arrangement  of  ducted  models  with  cowlings  of 
fineness  ratio  2.5  and  related  nonducted  model.  All  dimensions 
are  in  inches. 
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TABLE  I.— EXTERNAL  COORDINATES 
Nonducted  model  (from  maximum  diameter) 


Model  A forebodv 

x , in. 

r , in. 

-29.  40 

0 

-28.  90 

. 12 

-28.  40 

. 23 

-28.  00 

. 33 

-27.  00 

. 55 

-25.  00 

. 97 

-20.  00 

1.  88 

-15.  00 

2.  59 

-10.  00 

3.  10 

-5.  00 

3.  40 

0 

3.  50 

Model  B forebodv 

x.  in. 

r,  in. 

-25.  20 

0 

-24.  20 

. 27 

-23.  20 

. 53 

-22.  20 

. 78 

-21.  20 

1.  02 

-20.  20 

1.  25 

-18.  20 

1.  67 

-15.  20 

2.  23 

-10.  20 

2.  93 

-5.  20 

3.  35 

. 0 

3.  50 

Afterbody 

x.  in. 

r,  in. 

0 

3.  50 

5.  60 

3.  45 

10.  27 

3.  34 

15.  87 

3.  14 

21.  47 

2.  84 

24.  27 

2.  65 

30.  80 

2.  15 

35.  70 

1.  68 

42.  70 

. 90 

Normal-shock  nose-inlet  models — forebody  (from  maximum  diameter) 


Cowling  III 

x , in. 

r,  in. 

-21.  00 

1.  71 

-10.  00 

2.  65 

0 

3.  50 

Cowling  II 

x,  in. 

r,  in. 

-21.  00 

1.  71 

-20.  00 

1.  88 

-19.  00 

2.  04 

- 18.  00 

2.  19 

-17.  00 

2.  33 

-15.  00 

2.  59 

-10.  00 

3.  10 

-5.  00 

3.  40 

0 

3.  50 

Cowling  I 

x , in. 

rf  in. 

o 

© 

5 

I 

1.  71 

-20.  79 

1.  90 

-20.  37 

2.  04 

-19.  95 

2.  15 

-17.  85 

2.  52 

- 14.  70 

2.  87 

-10.  50 

3.  19 

-6.  30 

3.  39 

0 

3.  50 

Cowling  VI 

x,  in. 

r,  in. 

-17.  50 

1.  40 

-17.  40 

1.  57 

-17.  24 

1.  67 

-17.  06 

1.  75 

-16.  63 

1.  91 

-14.  88 

2.  35 

-10.  50 

2.  97 

— 5.  25 

3.  37 

0 

3.  50 

Cowling  V 

x,  in. 

r,  in. 

-21.  00 

1.  71 

-20.  92 

1.  83 

-20.  79 

1.  90 

0 

3.  50 

Cowling  IV 

x,  in. 

r,  in. 

-21.  00 

1.  71 

-20.  00 

1.  88 

-19.  00 

2.  04 

0 

3.  50 

Cowling 


Figure  3. — Details  of  cowling  shapes.  All  dimensions  are  in  inches 


Figure  4. — Details  of  lip  shapes  of  cowlings  of  fineness  ratio  3.  All 
dimensions  are  in  inches. 
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The  three  arrangements  of  internal  lines  in  the  region  of  the 
inlet  designated  by  the  configuration  numbers  1,  2,  and  3 and 
used  with  each  cowling  shape  to  regulate  the  internal  air 
flow  are  also  shown  in  figure  4.  For  each  cowling  shape  the 
internal  contraction  ratios  used  were  1.00,  0.83,  and  0.67  for 
configurations  1,  2,  and  3,  respectively.  A similar  arrange- 
ment, using  contraction  ratios  of  1.00,  0.75,  and  0.56,  was 
used  for  cowling  VI  which  had  a smaller  inlet  area.  The 
minimum  section  of  all  models  was  a cylindrical  section 
K-inch  long,  and  the  internal  lips  of  the  models  with  a contrac- 
tion ratio  less  than  1.00  were  parabolic  from  the  lip  to  the 
minimum  section.  No  attempt  was  made  to  measure  total- 
pressure  recovery.  Details  of  the  diffuser  shape  are  not  con- 
sidered pertinent  to  this  drag  investigation  and  are  not 
presented. 

Photographs  of  the  models  showing  each  cowling  shape  and 
nonducted  body  tested  are  given  in  figure  5,  and  the  major 
physical  characteristics  of  the  models  are  presented  in  table 
II. 

TESTS  AND  TECHNIQUES 

Three  models  were  flown  for  each  normal-shock  inlet- 
cowling  shape  in  order  to  obtain  the  variation  of  CD  with 
m/mm.  Different  rocket  motors  were  used  during  the  course 
of  the  investigation;  this  fact  largely  accounts  for  the  different 
maximum  Mach  numbers  to  which  data  were  obtained  for  the 
various  models.  The  range  of  variation  of  Reynolds  number 
with  Mach  number  is  shown  in  figure  6 for  the  models  tested. 
All  models  were  flown  on  a zero-lift  trajectory  and  the  data 
presented  are  for  an  angle  of  attack  of  0°. 


Cowling  I:  NACA  1-49-300  L-72410.1 


Cowling  II:  Parabolic  L-71 587.1 


Cowling  III:  Conic,  sharp  lip  L-73586.1 

(a)  General  views  of  ducted  models. 

Figure  5 — Photographs  of  models. 


Cowling  IV:  Conic,  beveled  lip 


Cowling  V:  Conic,  blunt  lip 


Cowling  VI:  NACA  1-40-250 

(a)  Concluded. 

Figure  5. — Continued. 


(b)  Nonducted  model  A on  the  launcher. 
Figure  5. — Concluded. 
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TABLE  II— PHYSICAL  CHARACTERISTICS  OF  THE  MODELS 


Designation 


Forebody  profile 


Forebody 

fineness 

ratio 

External 
lip  angle, 
deg 

Inlet  contraction  ra- 
tios tested  for  con- 
figurations— 

1 

2 

3 

3.  0 

90 

1.  0 

0.  83 

0.  67 

3.  0 

9.  8 

1.  0 

. 83 

. 67 

3.  0 

4.  9 

1.  0 

. 83 

. 67 

3.  0 

9.  8 

1.  0 

. 83 

. 67 

3.  0 

90 

1.  0 

. 83 

. 67 

2.  5 
4.  2 

90 

1.  0 

. 75 

. 56 

3.  6 

... 

... 

— 

Cowling  I 

Cowling  II 

Cowling  III 

Cowling  IV 

Cowling  V 

Cowling  VI 

Nonducted  model  A 
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Figure  6. — Range  of  variation  of  Reynolds  number,  based  on  body 
maximum  diameter,  with  Mach  number  for  models  tested. 

In  order  to  facilitate  the  building  and  flight  testing  of 
models  of  many  different  inlet  contours,  all  but  three  of  the 
models  were  built  without  telemeters.  Total  drag  coefficients 
were  obtained  over  the  flight  Mach  number  range  from  com- 
putations based  on  the  CW  Doppler  radar  velocity  measure- 
ments, the  flight  path  indicated  by  the  NACA  modified  SCR 
584  tracking  radar,  and  radiosonde  observations.  Correc- 
tions were  made  for  the  horizontal  component  of  the  wind 


velocity  and  for  flight-path  curvature.  A telemeter  was 
used  with  a model  (cowling  II,  configuration  3)  to  measure 
the  static  pressures  at  the  inlet  minimum-area  station,  the 
exit,  and  at  two  stations  on  the  afterbody.  Telemeter 
measurements  were  also  made  of  three  afterbody  static 
pressures  on  a second  model  (cowling  VI,  configuration  3) 
and  of  the  base  pressure  on  nonducted  model  B. 

The  internal  contour  of  the  model  was  made  so  that  at 
supersonic  speeds  the  inlet  was  started  or  choking  occurred 
at  the  minimum  area  just  back  of  the  inlet,  while  the  exit 
was  choked  for  all  cases.  The  exit  area  of  each  ducted  model 
was  made  equal  to  1.05  times  the  inlet  minimum  area  in  order 
that  the  exit  would  stay  choked  to  as  low  a free-stream 
Mach  number  as  possible  to  permit  evaluation  of  the  internal 
drag.  The  duct  was  made  cylindrical  for  at  least  1.2  exit 
diameters  ahead  of  the  exit  to  aid  in  providing  uniform  static 
pressure  at  the  exit.  The  fairly  large  contraction  of  at  least 
4 to  1 from  near  the  maximum-diameter  station  to  the  exit 
assured  sonic  rather  than  supersonic  exit  velocities  and  also 
helped  in  providing  uniform  total  pressure  at  the  exit.  The 
entering  mass  flow  and  the  internal  drag  can,  therefore,  be 
calculated  for  the  Mach  number  range  over  which  these 
choking  conditions  existed.  The  method  used  for  making 
these  calculations  is  presented  in  the  appendix. 

Figure  7 compares  the  values  of  CD,int  and  m/w®  calcu- 
lated as  indicated  in  the  appendix  with  the  values  computed 
from  measurements  made  with  a telemetered  model  (cowling 
II,  configuration  3).  The  good  agreement  shown  is  believed 
to  justify  use  of  the  calculated  results  at  A/®  ^0.9,  although 
at  subsonic  speeds  some  of  the  assumptions  involved  are  not 
quite  fulfilled. 

ACCURACY  OF  DATA 

The  accuracy  of  the  data  is  estimated  to  be  within  the 
following  limits: 


m/ra®,  for  3/ oo  = 1.0 ±0.  01 

CD,ext ±0.01 

Cp ±0.015 

A/® ±0.  01 


RESULTS  AND  DISCUSSION 

EFFECT  OF  AFTERBODY  LENGTH 

Because  the  afterbody  length  was  slightly  greater  for  the 
models  admitting  lesser  mass  flow,  it  is  necessary  to  examine 
the  differences  in  CD,ext  associated  with  differences  in  model 
length.  Figure  8 presents  measured  afterbody  pressure 
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Figure  7 — Variation  of  internal  drag  coefficient  and  mass-flow  ratio 
with  Mach  number  for  models  with  telemeter. 

coefficients  for  two  ducted  models  as  a function  of  Mach 
number.  The  static-pressure  orifices  were  located  at  the 
body  stations  on  a longitudinal  line  that  passed  midway 
between  two  fins  (see  fig.  8). 

The  data  of  reference  3 indicate  that  large  changes  in  nose 
shape  have  negligible  effect  on  the  pressures  over  the  rear- 
ward portion  of  the  bod}7'  length.  It  is,  therefore,  assumed 
that  the  differences  in  Cv  shown  in  figure  8 are  caused  pri- 
marily by  the  differences  in  afterbody  length  and  by  the 
effects  of  the  exit  and  of  the  jet  propagating  upstream  through 
the  boundary  layer  at  supersonic  Mach  numbers  or  through 
the  subsonic  flow  field  at  the  exit  in  the  lower  range  of  test 
Mach  numbers. 

Integration  of  the  measured  pressures  to  obtain  a pressure 
drag  coefficient  for  the  portion  of  each  model  rearward  of 
station  34  (where  both  models  had  nearly'  the  same  pressure 
coefficient)  gave  the  same  value  for  each  model,  within 
AC'z^O.OOl.  The  coefficient  of  skin-friction  drag  acting  on 
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(a)  Cowling  II:  parabolic;  configuration  3. 

(b)  Cowling  VI:  NACA  1-40-250;  configuration  3. 

Figure  8. — Variation  of  pressure  coefficient  with  Mach  number  at 
several  afterbody  stations,  for  two  ducted  models.  All  dimensions 
are  in  inches. 

the  incremental  surface  area  of  the  longer  afterbody  is 
estimated  to  be  0.002.  Any  differences  in  CDtext  caused 
by  varying  the  length  of  the  afterbody,  therefore,  are  believed 
to  be  small  and  well  within  the  accuracy  of  CD>ext. 

BASIC  DATA 

The  curves  of  external  drag  for  each  ducted  model  are 
presented  in  figure  9.  The  mass-flow  ratio  associated  with 
each  drag  curve  is  also  given.  For  configuration  1 with  each 
cowling  the  mass-flow  ratio  was  unity  at  all  Mach  numbers; 
that  is,  no  air  was  spilled.  An  increasing  amount  of  air  was 
spilled  with  configurations  2 and  3.  The  inlet-contraction 
ratios  of  configurations  2 and  3 were  too  great  to  permit  the 
inlets  to  start  in  the  test  Mach  number  range. 
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(a)  Cowling  I:  NACA  1-49-300. 

Figure  9. — Variation  of  external  drag  coefficient  and  mass-flow  ratio  with  Mach  number  for  the  models 

with  various  cowling  shapes. 
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The  curves  of  total  drag  coefficient  as  a function  of  Mach 
number  are  given  in  figure  10  for  the  two  nonducted  models. 
Base  drag  coefficient  was  measured  for  nonducted  model  B 
only  and  is  also  shown  in  figure  10. 

EFFECT  OF  COWLING  SHAPE 

The  drag-coefficient  curves  at  m/m^  = 1.0  for  the  various 
normal-shock  inlet  models  with  cowlings  of  fineness  ratio 
3.0  are  shown  superimposed  in  figure  11  for  comparison 
purposes.  Also  shown  is  the  curve  for  the  total-mimis-base 
drag  coefficient  for  solid  bod}-  model  A.  The  base  drag 
coefficient  of  model  A was  obtained  by  using  the  measured 
base  pressure  coefficient  of  model  B. 

Inspection  of  figure  11  indicates  that  in  the  transonic 
range  below  Mm~  1.1  all  the  ducted  models  with  cowlings 
of  fineness  ratio  3.0  have  about  the  same  drag  coefficient. 
As  the  Mach  number  increases  the  curves  diverge;  the  sharp- 
lip  conic  cowling  has  the  least  drag  and  the  NACA  1-series 
cowling  has  the  greatest  drag.  Comparison  of  the  drag  of 
the  three  conic  cowling  models  at  M *>>1.2  indicates  that, 
for  these  cowlings  of  constant  fineness  ratio,  beveling  or 
blunting  the  lip  caused  a small  increase  in  drag  over  that  of 
the  sharp-lip  conic  cowling.  It  should  be  noted,  however, 
that,  of  the  two  conic  cowlings  which  were  identical  except 
for  lip  shape  (cowlings  IV  and  V),  the  blunt-lip  conic  cowl- 
ing had  slightly  lower  drag  than  the  beveled-lip  conic  cowling. 
Thus,  it  appears  that  the  effect  of  lip  bluntness  on  drag  is 
critically  dependent  on  the  manner  of  blunting  the  lip. 
Because  the  NACA  1-series  cowling  and  the  blunt-lip  conic 
cowling  had  the  same  external  lines  in  the  region  of  the 
inlet  lip,  it  is  apparent  that  the  higher  drag  of  the  NACA 
1-series  cowling  is  associated  with  its  greater  fullness  farther 
rearward. 

The  drag  of  the  pointed  nonducted  body  is  greater  than 
the  external  drag  of  all  the  inlet  models  in  the  transonic 
range  and  at  Mo, >1.2  is  about  equal  to  that  of  the  cowl- 
ing which  was  defined  by  the  same  parabolic  arc.  At  all  test 
Mach  numbers  greater  than  1.05,  the  external  drag  of  the 
conic-cowling  models  was  less  than  drag  of  the  solid  body 
for  mass-flow  ratios  greater  than  0.9.  The  data  of  reference 
4 indicate  that  the  solid  body  is  a low-drag  configuration  at 
supersonic  speeds.  The  lower  drags  obtained  with  the  conic 
cowlings  indicate  therefore  that  these  also  must  be  consid- 
ered as  low-drag  configurations. 

The  variation  of  external  drag  coefficient  with  mass-flow 
ratio  at  Me  = 1.3  is  shown  for  the  various  cowlings  in  figure 
12  by  cross  plotting  the  data  of  figure  9.  The  increase  in 
drag  with  spillage  is  different  for  each  cowling  and  is  greatest 
for  the  conic  cowling  with  sharp  lips  and  least  for  the  NACA 


1-series  cowling  I.  At  m/m^  — 0.8,  the  three  conic  cowlings 
and  the  parabolic  cowling  all  have  about  the  same  drag. 
The  NACA  1 -series  cowling  has  the  greatest  drag  at  all  flow 
rates  tested  because  of  its  high  drag  at  maximum-flow  rate. 

The  rate  of  increase  of  drag  coefficient  with  spillage  for 
the  various  cowlings  is  better  compared  in  figure  13  where 
the  slopes  of  the  curves  of  figure  12  and  similar  ones  for 
other  Mach  numbers  are  shown  for  each  cowling.  The  slope 
of  the  additive  drag  curve  computed  by  assuming  one- 
dimensional flow  is  also  shown  as  a function  of  Mach  num- 
ber. The  departure  of  the  curves  of  figure  13  from  the 
additive  drag  curve  is  caused  bv  the  reductions  in  cowling 
pressure  drag  with  spillage.  The  data  indicate  very  little 
change  in  cowling  pressure  drag  with  spillage  for  the  sharp- 
lip  inlet  and  large  reductions  for  the  NACA  1-series  inlet. 
This  trend  is  consistent  with  previous  experiences  with  lead- 
ing-edge suction  for  wings  at  angle  of  attack.  Cowling 
pressure  distributions  at  several  flow  rates  are  shown  in 
reference  3 for  NACA  1 -series  cowlings. 

NACA  1-40-250  COWLING 

The  models  with  the  NACA  1-40-250  cowling  and  the 
related  nonducted  bod\T  B were  tested  for  purpose  of  com- 
parison of  results  with  those  results  reported  in  reference  1. 
These  models  and  those  of  reference  1 differed  onhr  in  fin 
geometry  and  overall  length.  The  flight-test  technique  for 
obtaining  the  data  was  considerably  different  from  that 
reported  herein.  Comparison  of  the  data  of  figures  9(f) 
and  10  with  those  presented  in  reference  1 indicates  that, 
when  allowance  is  made  for  the  differences  in  fin  drag,  the 
measured  drag  coefficients  of  the  present  tests  are  essentially 
the  same  as  those  of  reference  1 for  both  the  ducted  and 
nonducted  models.  A comparison  of  the  results  for  the 
ducted  models  is  shown  in  figure  14  for  several  Mach  num- 
bers. The  solid  curve  is  the  external  drag  coefficient, 
as  presented  in  reference  1,  which  was  extrapolated  to 
ra/mco  = 1.0.  The  points  are  the  measured  values  obtained 
for  cowling  VI  of  this  investigation.  The  long  dashed  curve 
was  obtained  by  correcting  the  data  of  reference  1 for  the 
difference  in  fin-plus-interference  drag.  The  difference  in 
fin-plus-interference  drag  was  obtained  by  subtracting  the 
total-minus-base  drag  of  nonducted  model  B from  the  total- 
minus-base  drag  of  the  solid  body  of  reference  1. 

Comparison  of  the  minimum  drag  of  the  NACA  1-40-250 
nose-inlet  model  with  the  minimum  drag  of  the  NACA 
1-49-300  model  (cowling  I)  shows  that  the  subsonic  drags 
were  essentially  the  same,  but,  for  M00>  1.02,  the  shorter, 
blunter,  NACA  1-40-250  cowling  had  the  higher  drag. 
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Figure  14. — Comparison  of  the  external  drag  coefficient  of  cowling  VI  (NACA  1-40-250) 
with  reference  1 at  various  Mach  numbers. 
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CONCLUSIONS 


Models  having  normal-shock  nose  inlets  with  NACA 
1 -series,  parabolic,  and  conic  cowlings  have  been  tested  at 
free-stream  Mach  numbers  from  0.9  to  1.5  and  flow  ratio 
from  0.7  to  1.0  at  an  angle  of  attack  of  0°.  Two  related  non- 
ducted  bodies  were  also  tested  for  comparison  purposes. 
Within  the  range  of  the  tests,  the  following  conclusions  apply : 

1.  At  the  maximum  flow  rate,  the  conic,  parabolic,  and 
NACA  1 -series  cowlings  all  had  about  the  same  external  drag 
at  a Mach  number  of  approximately  1.1.  At  higher  Mach 
numbers,  the  drag  of  the  conic  cowling  was  appreciably  less 
than  that  of  the  parabolic  or'NACA  1-series  cowlings. 

2.  Blunting  or  beveling  the  lip  of  the  conic  cowling  while 
keeping  the  cowling  fineness  ratio  constant  resulted  in  drag 
coefficients  slightly  higher  than  for  the  sharp-lip  conic  cowling 
at  maximum  flow  rate.  At  a mass-flow  ratio  of  about  0.8, 
the  conic  cowlings  with  sharp,  blunt,  or  beveled  lips  and  the 
parabolic  cowling  all  give  about  the  same  drag.  The  higher 
drag  of  the  NACA  1-49-300  cowling  compared  with  the 


blunt-lip  conic  cowling  is  associated  with  its  greater  fuilnes 
back  of  the  inlet. 

3.  The  sharp-lip  conic  cowling  experienced  only  sma 
reductions  in  cowling  pressure  drag  with  air  spillage,  wherea 
the  NACA  1-series  cowling  had  large  reductions.  Becaus 
of  its  high  drag  at  maximum  flow  rate,  however,  the  NACj 
1-series  cowling  gave  the  greatest  drag  at  all  flow  rates  of  a 
the  cowlings  tested  at  Mach  numbers  greater  than  1.1. 

4.  The  drag  of  the  conic-cowling  models  at  high  mass-flo\ 
rates  was  less  than  that  of  a related  parabolic  nonducte 
model  at  Mach  number  greater  than  1.05.  At  Mach  num 
ber  greater  than  1.2,  the  drag  of  the  parabolic-cowling  mode 
was  about  the  same  as  that  of  the  nonducted  model. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  8}  1953. 


APPENDIX 

METHOD  USED  TO  DETERMINE  THE  DRAG  AND  MASS-FLOW  RATIO  FOR  NORMAL-SHOCK  NOSE  INLETS 


The  total  drag  was  obtained  from  the  CW  Doppler  radar 
ad  the  SCR  584  tracking  radar  measurements  of  velocity 
ad  flight  path,  respectively.  Thus, 

Dt=-W(lg(W+shld ) (A1) 

The  external  drag  is  defined,  in  the  usual  manner,  as  the 
im  of  the  dragwise  component  of  the  aerod3Tnamic  pressure 
nd  viscous  forces  acting  on  the  external  surface  of  the  body 
lus  the  dragwise  component  of  the  aerodynamic  pressure 
>rces  acting  on  the  external  contour  of  the  entering  stream- 
ne.  Thus,  the  external  drag  is  obtained  by  subtracting  the 
iternal  drag  from  the  total  drag: 


Dext  — Dt  Dint  (A2) 

The  internal  drag  is  obtained  from  the  following  equation 
y applying  the  momentum  equation  between  the  free  stream 
bead  of  the  inlet  and  the  duct  exit : 

Din  £ =7p<aMa)  2An  —ypeMe2Ae — (pe —pj  Ae  (A3) 

here  the  unknowns  Me)  pei  and  Am  are  obtained  in  the 
blowing  manner.  Since  the  exit  is  assumed  to  be  choked 
e.,Me- 1.0), 

A= 0.528p(>.^(^)^  (A4) 

here  Mm  is  less  than  necessary  to  start  the  inlet,  if  it 
assumed  that  Mi  = 1.0  and  Pt,\=Vt\mi 

A--^kA'  <A5a) 

nd  where  Mm  is  equal  to  or  greater  than  Ma  necessaiy  to 
iart  the  inlet, 

Am=At  (A5b) 


The  mass-flow  ratio  is 


ra/ra 


P^AmVn_Am 
f>~AtVn  At 


(A6) 


Obviously7  the  mass  flow  and  internal  drag  can  be  properly 
evaluated  in  the  manner  indicated  only  for  the  range  of  Mm 
for  which  the  flow  follows  the  assumed  pattern.  The  mini- 
mum Mach  number  for  which  the  inlet  and  exit  will  be 
choked  depends  on  the  relative  size  of  the  minimum  area  at 
the  inlet  and  exit  and  on  the  internal  losses.  The  models  of 
the  present  investigations  were  designed  to  choke  at  both  the 
inlet  and  exit  at  Mach  numbers  from  slightly  above  sonic  to 
the  maximum  attained. 

One  ducted  model  with  pressure  instrumentation  and  tele- 
meter was  flight  tested  in  order  to  determine  the  minimum 
Mach  number  at  which  the  assumed  choking  conditions  ex- 
isted at  the  inlet  and  exit.  The  measured  inlet  and  exit  static 
pressures  together  with  the  pitot  stagnation  pressure  at  the 
inlet  were  used  to  evaluate  the  internal  drag  and  mass  flow 
for  this  model.  The  method  of  reducing  these  data  was  the 
same  as  that  discussed  in  reference  1 for  ducted-nose-inlet 
models  with  telemeters. 

The  pressure  measurements  indicated  that  the  inlet  and 
exit  were  choked  for  values  of  Mm  greater  than  1.03  and 
1.08,  respectively.  The  data  of  figure  7,  however,  show  that 
the  mass  flow  and  internal  drag  computed  according  to 
equations  (A3)  to  (A6)  is  in  excellent  agreement  with  the 
measured  values  at  all  supersonic  Mach  numbers.  At 
Mm  = 0.9  the  computed  CD,int  is  still  in  good  agreement 
with  the  measured  value  and  the  computed  mjmm  is  about 
0.015  greater  than  that  measured.  It  is,  therefore,  believed 
that  the  method  of  calculation  gives  the  correct  values  of 
CD,int  and  ra/m^  at  Mra>1.03.  For  Mach  numbers  from 
0.9  to  1.03,  a small  error  is  introduced  in  the  magnitude  of 
m/mm  only. 
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If  equation  (4)  is  placed  into  equation  (3)  and  r is  assumed 
to  be  large,  the  potential  induced  by  a source  is 


v 1 <Qdt 

^ 2t 


(5) 


and  the  induced  velocities  are 

<Pz)r—+  a> ; 


1 Cx°  Q'o'i&di; 
2tv^2 fir  J~Lo  ^x0—£ 


<Pr\—+CD  

MULTIPOLES 


(6a) 

(6b) 


Lamb,  in  reference  2,  page  527,  has  presented  a general 
solution  to  equation  (1)  consisting  of  an  infinite  set  of  basic 
singular  solutions.  These  basic  singularities,  referred  to  as 
multipoles,  can  be  distributed  along  a line  and  weighted  so 
as  to  reproduce  certain  bod}7  shapes  enclosing  the  line.  The 
expression  for  the  perturbation  velocity  potential  for  a 
distribution  of  7ith-order  (n=0,l,2,.  . . ) multipoles  starting 
at  — L0  and  continuing  along  the  x axis  can  be  written  in 
terms  of  a cylindrical  coordinate  system  (fig.  1)  as 


(rrn\—  rn  /I  d\n  [*-*  [aB({)  cos  nd+  6n(f)  sin  nO\ d£ 
<pn(x,r,6)— 


fa-OF-pr* 


(7) 


The  operator  (1  /;)  is  defined  as 

/ 1 ay  I A (l  AV  _i  A+i  A! 

\r  dr/  r dr  \r  dr)  r3  dr  r2  5 r2 


(1  d V 

r dr ) f°M°ws  by  induction.  If  the 

notation4 


/AY  r 4^k=(  iy  (JXQ  • • • (2^--i)  r 4 

\dx)  Ja  ylx—y  ^ 2"  Ja  (x— 


Mv)dy 


v) 


(2n  + l)/2 


is  introduced,  where  the  symbol  J-  is  read  “finite  part  oi  the 


integral/1  equation  (7)  becomes 


<Pn(x,r,e)= 


7-”/32n(2n)!  [«■„(£) cos  n6+  bn(£)  sin  n6]d^ 


*2-+,x(n)!  J-l0  [(*-{)2-/3V2]‘2’’+'>/2 


(8) 


and  the  general  expressions  for  the  induced  velocities  be- 
come— writing  only  the  term  involving  the  cosine,  since  the 
result  for  the  sine  is  directly  analogous 


. /„  „ rn(32n(2n+2)\  CI+»r  (*—€)«,(€)  cos  nddd 

VzK  ’ ,0)  Ao  22"+27r(ft+l)!  J-l0  [(2 — £)2 — /32r2] <2n + 3 ’ 7 2 

02V»-,(2n)!  fi-ffr 


(9a) 


g 2..,,W|  r_Li 


[n(x— £)2+(«+  l)j82r2]a„(£)  cos  n6  d% 

[(x-zy-Fr2]^3"2 


1 .s~„a\—'ZL'nrn  '/32n(2»)!  Cz~Br  aB(|)sin  nOd£ 

2_,  2"+'ir(n)l  J-l , [(z-£)2-0V2]<2"+'>'2 


(9b) 

(9c) 


Another  very  useful  wav  of  developing  these  multipole 
solutions  evolves  from  an  application  of  operational  tech- 


4 For  a detailed  discussion  of  the  finite-part  concept  as  used  in  this  report  see  reference  3. 


niques.  To  begin  with,  rewrite  equation  (1)  in  terms  of  a 
polar  coordinate  system,  thus 


, d2<p d%>  1 d<p  1 d2<p 

dx2  dr2  r dr  r 2 d02 


(10) 


Next,  define  the  Laplace  transform  of  <p(x,r,6)  by 
$(s,r}d)=j  ip{xirfi)e-x*dx 


(11) 


and  apply  this  transform  to  equation  (10).  There  results 
(for  a proof  see  Appendix  A). 


P S <P  ^ — u 


dr2  r dr  r2  dd2 


(12) 


Now,  if  a general  solution  to  equation  (12)  is  expressed  in 
the  form 


<p(s}r}d)~f(r)  cos  nd 
then  jf(r)  must  satisfy  the  equation 

-(^)/=o 

Solutions  to  this  are  given  by 

j{r)=CMIn{M+An{s)K^ 


where  In  and  Kn  are  modified  Bessel  functions  as  defined  in 
reference  4,  page  77.  Hence,  if  <p  is  to  vanish  as  r goes  to 
infinity,  a general  solution  to  equation  (10)  can  be  written 
in  the  form 


<p{s,r,e)=-^~  X)  [d»(s)  cos  nd+Bn(s)  sin  n6]K„(0r$)  (13) 

ZT  0 


The  above  result  will  be  transformed  back  to  the  physical 
plane  in  two  ways.  First,  apply  the  identity  (ref.  4,  p.  79) 


and  re-express  equation  (13)  as  (only  the  coefficient  of  the 
cos  nd  term  is  written  since  the  treatment  of  the  sine  term  is 
identical) 


v(s,r,e)=-±  ± (-1)"  cos  nd  r-  Q Ktfrs) 


The  inverse  Laplace  transform  of  K0(f3rs) — see  reference 
o — is 

0 


L-'{K0(f}rs)l=< 


1 


Vz2-|32r2 


x<J3r 

x>0r 


So,  since 


f dxt  f ' ' dxo  . . . f " ' ' dx„A„(xn)= 

J~Lo  J-Lo  J~L  0 

(n-t)!  J-l0  ,(*^  Xj\)n~ ^ A n{x\)dx,\  (14) 
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airplane  shape  having  low  wave  drag  finds  the  real  definition 
of  his  problem  somewhat  obscure.  In  a sense  his  first  prob- 
lem is,  literally,  to  pose  a problem;  that  is,  to  impose  a 
minimum  number  of  arbitrary  but  pertinent  restraints  within 
the  framework  of  which  the  wave  drag  is  to  be  minimized. 
Even  when  this  has  been  done,  he  still  is  concerned  with  the 
question  of  uniqueness,  since  optimum  shapes  are  not  neces- 
sarily unique  even  when  several  restraints  are  imposed. 
Consider,  for  example,  the  problem  of  finding  the  Busemann 
biplane  which  will  have  minimum  wave  drag  at  a given 
| Mach  number  for  a fixed  section  strength,  volume,  and 
| wetted  area.  If  the  design  Mach  number  is  1.41,  one  such 
design  (on  the  basis  of  linearized  theory)  is  shown  in  figure 
3 where  the  chord-gap  ratio,  h/c , is  equal  to  %.  The  resulting 
variation  of  the  wave  drag  is  shown  in  the  upper  part  of 
figure  4.  However,  when  the  gap  is  closed  to  the  point 
| where  h/c  equals  }$,  the  variation  of  wave  drag,  shown  in 
the  lower  part  of  figure  4,  is  the  same  within  the  interval 
1.28<M<1.66  and  eve^where  else  is  lower.  It  is  likely 
that  one  would  have  first  discovered  the  former  solution,  yet 
to  the  accuracy  of  the  theory  used,  the  latter  is  obviously 
preferable. 

With  the  above  observations  always  in  mind,  attention 
will  be  directed  in  this  report  to  the  analysis  of  simplified 
configurations  composed  of  two  distinct  types  of  volume: 
planar  types,  that  is,  wing-like  volumes,  thin  in  one  dimen- 
ision  and  bounded  by  surfaces  that  never  deviate  far  from 
a reference  plane;  and  rectilinear  types,  that  is,  fuselage-like 
volumes  longer  in  one  dimension  than  in  the  other  two  and 
disposed  more  or  less  symmetrically  about  a straight  line. 

In  particular  the  following  problem  is  posed: 

Given  a thin  nonlifting  wing,  what  is  the  shape  of  an 
adjoining  fuselage,  the  stream  surface  of  which  is 
simulated  by  a line  of  multipoles  in  the  same  plane  as 
the  wing,  that  will  minimize  the  wave  drag  of  the 
combination  at  a given  Mach  number? 

BASIC  CONCEPTS 

A LINE  OF  SOURCES 

The  velocity  potential  induced  at  the  point  x}r}6  by  a group 
of  sources  distributed  along  the  x axis,  starting  at  —L0,  is 
I well  known  to  be  given  by 


Figure  4. — Drag  variation  for  double-wedge  Busemann  biplanes. 


where  a0(£)  is  the  source  strength  per  unit  of  length.  In 
order  to  calculate  wave  drag  one  needs  only  the  value  of  <p  as  r 
approaches  infinity.  This  asymptotic  value  is  simple  enough 
to  find  provided  it  is  observed  that,  as  r is  increased,  x should 
also  be  increased  so  the  potential  can  be  studied  in  the 
vicinity  of  the  Mach  waves  radiating  from  the  disturbing 
object.  Hence,  set 

1 x=x0-\-@r  (4) 

so  for  a given  r,  x0  measures  the  streamwise  distance  of  the 
point  x}r,d  from  the  Mach  wave  emanating  from  the  origin 
and,  in  particular,  the  foremost  wave  is  located  at  x0~—L0. 
(See  figure  5.) 


<p{x,r,0)= 


2 7rJ-L0  A/(^— €)2— /32r2 


(3) 


Mach  waves  at  M - 1.41 


Figure  3. — Busemann  biplane. 


Figure  5. — Coordinates  introduced  in  equations  (4)  and  (5). 
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vicinity,  different  classes  of  real  objects  and,  by  means  of 
equation  (2),  finds  optimum  combinations  of  these  solutions 
from  the  viewpoint  of  low  wave  drag.  The  analysis  involved 
in  solving  this  problem  has,  in  general,  a distinct  mathemati- 
cal advantage  over  the  problem  of  calculating  the  drag  of  a 
given  object;  namely,  that  the  immediate  problem  of  finding 
a shape  with  a relatively  low  wave  drag  is  divorced  from 
any  detailed  reference  to  the  shape  itself.  It  is  true,  of 
course,  that  the  stream  surface  representing  this  shape  must 
eventually  be  found  and,  in  fact,  a limitation  on  the  appli- 
cability of  the  method  is  given  by  the  requirement  that  this 
shape  be  real.  However,  the  problem  of  finding  the  shape 
of  the  object  when  is  known  is  a matter  of  direct  calcula- 


tion.3  One  should  also  be  careful  to  notice  that  the  optimum 

solutions  obtained  by  this  procedure  are  not  necessarily  true 

optimums  but  purely  relative  to  the  choice  of  solutions  used 

in  the  analysis. 

LIST  OF  IMPORTANT  SYMBOLS 

A 

wing  aspect  ratio 

An{x) 

(— 0)n  times  the  nth  derivative  of  the  nth  multi- 
pole distribution  an(x)  (See  eq.  16.) 

a 

semi-root-chord  of  elliptic  wing 

a n(x) 

strength  of  nth-order  multipole  distribution 
multiplying  cos  nd 

Bn{x) 

(— 0)n  times  the  nth  derivative  of  the  nth  multi- 
pole  distribution  bn(x) 

b 

semispan  of  elliptic  wing 

bnix) 

strength  of  nth-order  multipole  distribution 
multiplying  sin  nd 

Cd 

drag  coefficient,  ^ 

c. 

pressure  coefficient,  local  pressure  minus  static 
pressure  divided  by  q 

D 

wave  drag 

Dn 

wave  drag  associated  with  nth-order  cancella- 
tion multipole  distribution  (See  eq.  (59).) 

T ' T 

maximum  fore-and-aft  extent  of  wing  equiva- 
lent multipole  distribution 

maximum  fore-and-aft  extent  of  wing  equiva- 
lent multipole  distribution  for  angle  6 

M 

free-stream  Mach  number 

0 

TJ  2 

free-stream  dynamic  pressure, 

_ 

flR 

V 

L~0 

r. 

see  equation  (46) 

R 

radius  of  body 

S 

area  of  wing  plan  form 

SA^S) 

normal  projection  of  wing  cross-sectional  area 
measured  in  oblique  planes 

t 

maximum  thickness  of  wing  root  chord 

u0 

speed  of  free  stream 

V 

volume 

x,y,z 

Cartesian  coordinate  system,  x parallel  to  free- 
stream  direction 

x,r,e 

cylindrical  coordinate  system,  x parallel  to  free- 

stream  direction 


* From  a mathematical  point  of  view  the  essence  of  the  method  outlined  above  is  that  the 
analysis  involves  the  solution  to  direct  problems,  that  is,  problems  of  integration.  Cal- 
culating the  drag  of  a given  body,  on  the  other  hand,  involves  the  solution  to  inverse  prob- 
lems, that  is,  problems  involving  the  inversion  of  integral  equations. 


an(x ) strength  of  nth-order  optimum  cancellation 

multipoles  (See  eq.  (36).) 

\u  slope  of  wing  upper  surface  measured  relative 

to  free-stream  direction 
n tan-1  (0  cos  0) 

p0  free-stream  density 

<p  perturbation  velocity  potential 

DEFINITION  OF  THE  PROBLEM 

The  problem  of  designing  an  airplane  to  have  a minimum 
wave  drag  must  be  stated  quite  precisely.  If  the  aerody- 
namicist  is  approached  with  the  question,  “Given  an  aero- 
dynamic shape,  can  its  wave  drag  be  lowered?”  he  can  always 
reply  that  any  volume  of  material  having  a wave  drag  can 
always  be  reshaped  within  a space  of  finite  dimensions  so 
that  it  will  have  less  wave  drag  at  a given  Mach  number. 
Such  an  answer  is  interesting  but,  at  present,  not  very  useful 
to  the  airplane  designer.  There  is  first,  of  course,  the  basic 
criterion  that  the  total  drag  should  be  minimized  at  a given 
lift  and  minimizing  a component  part  of  this  total  without 
holding  the  other  parts  fixed  does  not  necessarily  yield  the 
lowest  possible  drag  for  a given  set  of  restraints.  For  ex- 
ample, the  configuration  illustrated  in  figure  2 has  no  wave 


Mach  waves 

Figure  2. — Body  and  shroud  with  zero  wave  drag. 


drag  when  traveling  at  zero  angle  of  attack;  but  it  has  a 
relatively  high  friction  drag,  because  of  the  large  amount  of 
wetted  area,  and  its  drag  due  to  lift  could  also  be  relatively 
high.  Completely  aside  from  all  such  performance  consid- 
erations, however,  are  many  other  important  considerations 
that  are  unfortunately  more  or  less  vaguely  defined  from  an 
aerodynamic  point  of  view.  For  example,  an  airplane  must 
contain  a certain  amount  of  usable  volume,  the  shaping  of 
individual  parts  is  limited  by  structural  requirements,  and 
the  arrangement  of  these  parts  must  not  seriously  harm  the 
airplane  stability  and  control.  The  interrelation  of  all  such 
separate  demands  presents  an  extremely  complex  design 
problem  making  it  difficult  to  deviate  too  far  from  the  reliable 
shapes  set  by  experience. 

As  a result  of  the  above-mentioned  difficulties,  the  aero- 
dynamicist  who  is  concerned  with  discovering  a practical 
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SUMMARY 

For  a given  wing  and  supersonic  Mach  number , the  problem 
of  shajnng  an  adjoining  fuselage  so  that  the  combination  will 
have  a low  wave  drag  is  considered . Only  fuselages  that  can 
be  simulated  by  singularities  (/ multipoles ) distributed  along  the 
body  axis  are  studied.  However , the  optimum  variations  of 
such  singularities  are  completely  specified  in  terms  of  the  given 
wing  geometry.  An  application  is  made  to  an  elliptic  wing 
having  a biconvex  section , a thickness-chord  ratio  equal  to  0.05 
at  the  root , and  an  aspect  ratio  equal  to  3.  A comparison  of 
! the  theoretical  results  with  a wind-tunnel  experiment  is  also 
presented. 

INTRODUCTION 

The  most  simplifying  assumptions  that  still  permit  the 
construction  of  a mathematical  model  general  enough  to 
contain  quantitative  information  about  stead}7  three- 
dimensional  supersonic  flow  are  those  basic  to  the  develop- 
ment of  linearized  theory.  Of  these,  the  two  principal 
assumptions  are  that  the  viscosity  effects  are  negligible  and 
the  perturbation  velocities  are  almost  everywhere  small 
enough  to  be  neglected  relative  to  the  flight  or  free-stream 
velocity.  Under  such  restrictions  the  flow  field  can  be 
described  in  terms  of  a perturbation  velocity  potential  (p 
obeying  the  equation 

ft  Ipxx  ^Pyy  tpzz  — O (1) 

where  ft2=M2—l  and  the  reference  coordinate  system2  is 
shown  in  figure  1.  Further,  the  wave  drag  of  any  object  in 
a flow  field  governed  by  equation  (1)  can  be  evaluated  (see, 
e.  g.,  ref.  1)  by  means  of  the  equation 

D=  — p0f  dx  f d9 1 Um  {r<p  r<px)  1 (2) 

J — oo  Jo  L r— ><»  J 

where  x,  r,  and  6 are  cylindrical  coordinates  also  defined  in 
figure  1. 

General  solutions  to  equation  (1)  are  numerous  and  clas- 
sical. In  applying  these  solutions  to  the  interpretation  of 
physical  phenomena  the  usual  approach  is  to  fit  them  to  the 
given  boundary  conditions,  that  is,  to  make  the  flow  field 
simulated  by  them  conform  to  the  shape  of  the  disturbing 
object  as  well  as  to  a uniform  free  stream  at  infinity.  Hence, 

1 Supersedes  NACA  RM  A55B16  by  Harvard  Lomax  and  Max.  A.  Heaslet,  1955. 

* It  should  be  stressed  that  the  x axis  is  parallel  to  the  free-stream  direction  (wind  axes) 
so  a body  of  revolution  can  be  symmetrical  about  this  axis  only  at  zero  angle  of  attack. 


from  this  point  of  view,  the  choice  of  a type  of  general  solu- 
tion to  be  used  in  analyzing  a particular  problem  with  the 
least  mathematical  effort  depends  on  the  geometric  form  of 
the  object  under  consideration.  For  example,  general  solu- 
tions based  on  Green’s  theorem  are  well  adapted  to  the  study 
of  forces  on  single  planar  wings  in  a stead}7  supersonic  flow. 
On  the  o tlier  hand,  the  general  solution  given  by  Lamb  (ref. 
2) — which  is  composed  of  an  infinite  set  of  multipole  distri- 
butions disposed  along  a line — is  well  adapted  to  the  study 
of  the  flow  around  fuselage-like  objects. 

In  this  report  use  is  made  of  certain  general  solutions  to 
equation  (1)  but  with  a deviation  from  the  usual  approach 
mentioned  above.  One  considers,  in  fact,  two  different 
kinds  of  solutions  which  represent  separately,  in  a given 


Figure  1. — Reference  coordinate  systems. 
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an  application  of  the  convolution  integral  and  other  standard 
operational  techniques  yields 


, i f r*-?'  Aim  . 

i ' \rdrj  J-l0  V(*-«)*-|8V 


ae 

(15) 

From  comparison  of  equations  (8)  and  (15),  the  relation 
between  the  strengths  a„(:r)  and  An(x)  for  the  two  different 
forms  of  the  solution  is  found,  to  be 


n — 0 


a0(x)=A0(x) 

(— ^ (*— Xi )»- *^4.*(a:i)d®i , n>0 


or 


(-pyaS°(x)=An(x) 


(16a) 


(16b) 


dn 


where  a^n)  (x)  symbolizes  the  operation  ^ a„(z)  and  where 
use  is  made  of  the  conditions 


dnn)  ( — L0)  —dn~A)  { — L<)  = 


. =an(-L0)  = 0 (17) 


Another  way  to  transform  equation  (13)  back  to  the 
physical  plane  is  to  do  so  directly.  In  this  way  one  finds 
(from  ref.  5) 


. *<Pr 


cosh  ^?z,cosh_1 


*>fir 


•\lz2—p2r- 

from  which  equation  (13)  reduces  immediately  to 

, „ ft-pr  A„(£)  cosl)  T n cosli  - 1 ( 

<p(x,r,0)= — ^ X cos  nd J ^ , Jr— w-  , — dt, 


2tT  tj  =o 


-L0 


^i(x^y-pv 


(18) 


The  perturbation  velocities  in  the  field  represented  by 
this  potential  are  readily  calculated.  Thus 


•£ 


>px(x,r,e)=  — — X COS  nd 

-irn  = o J-Lq 


1 1 00  Cx 

- <pt,{x,r,6)=—  2 n sin  n0\ 


f,rAn'(£)  cosh  cosh-'  (^r)J 


(19a) 

.^„(|)cosh[ncosh->(^l)] 


V(z-*)2- w 


(19b) 


and  by  taking  the  derivative  of  equation  (13)  with  respect 
to  r , one  finds 


(isA0(s)Ki(firs)  +i  X PsAMlK'-idtoD+K, 
* 1 


„+1(/9rs)]^- 


which  transforms  to 


' V-'*,  J..,.. 


-TT-^coshl  n cosh- 


fir 


1 7) 


V(x-f)2-/3V2 


‘(VOIH 


/ 


If  the  relation  between  the  functions  a„(x)  and  An(x ) is 
given  by  equation  (16),  the  velocities  represented  by  equa- 
tions (9)  and  (19)  are,  of  course,  identical. 

In  order  to  obtain  limiting  values  induced  by  multipoles 
distributed  along  the  x axis  starting  at  — L0,  one  returns  to 
either  equation  (8)  or  (18)  and  calculates  the  leading  term  in 
a 1/r  expansion.  As  in  the  derivation  of  equation  (5),  it  is 
necessary  to  observe  that  as  r is  increased,  x should  also  be 
increased  so  <p  is  given  in  the  vicinity  of  the  foremost  Mach 
cone  created  by  the  multipole  distributions.  Hence,  using 
equation  (4),  one  finds  for  equation  (18) 


1 • Cx  o 

cos  nd  I 

™ 0 J -L, 


A„($)  cosh 

n cosh”1 

(\  i x~z\ 

d% 

V+  P r ). 

’ V 

^2Mz„-£)( 

l+*-A 
. 1 2 fir  ) 

which  has  the  leading  term  as  r goes  to  infinity 

1 


*>)—=-- ~m  s cos  ne  fZ°  (20) 

2ir \2fir  o . J -L0^lx0—$i 


Similarly,  the  perturbation  velocities  reduce  to 


<Px)t- 


1 \ 1 

2ir  V 


— t=  X cos  nd  I 
2irj2fir  o J 

<Pr)r-><n = ftfz 
00 

S n s^n 


(19c) 

An\m 

'!xt,  ? 

(21a) 

(21b) 

- a Jim 

'o  -Jxo—S 

(21c) 

/2fir  o 


In  calculating  the  wave  drag  using  equation  (2)  onh7  the 
velocity  components  <px)r-*m  and  <pr)r-®  are  necessary. 
Hence,  from  comparison  of  equations  (21a)  and  (21b)  with 
(6a)  and  (6b),  it  follows  that  at  a given  0 a series  of  multipoles 
induce  the  same  momentum  flux  on  an  infinite  cylindrical 

control  surface  as  a line  of  sources  having  a strength  varia- 
00 

tion  a0(x)  equal  to  cos  nOAn'(£).  If  one  identifies  a line 
o 

of  sources  with  a body  of  revolution,  then  it  is  apparent 
that,  at  a given  0 , a dragwise  equivalence  has  been  estab- 
lished between  a line  of  multipoles  and  a body  of  revolution. 

HAYES'  THEOREM  AND  ITS  APPLICATION 

In  the  previous  section  a relation  was  found  between 
multipole  and  source  strengths  which  produce,  at  a fixed  0, 
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Figure  6. — Mach  forecone  from  x,r,6  in  xx,yhzx  space. 


equivalent  momentum  transport  across  a cylinder  of  infinite 
radius.  By  using  a theorem  attributable  to  Hayes  (ref.  6) 
one  can  derive  the  strength  relationship  between  any  distri- 
bution of  singularities  throughout  space  and  a line  of  sources 
which  gives  the  same  equivalence. 

The  essence  of  Hayes’  theorem  is  that,  for  a fixed  0,  the 
velocities  induced  on  a cylinder  of  infinite  radius  by  singular 
solutions  to  equation  (1)  (e.  g.,  sources  and  doublets)  are 
invariant  to  displacements  of  the  singularities  along  certain 
oblique  planes.  In  order  to  be  specific,  the  equation  of 
these  oblique  planes  is  next  derived. 

Consider  the  point  x,r,0  in  a flow  field  having  a supersonic 
free  stream  moving  parallel  to  the  x axis.  Figure  6 shows 
the  Mach  forecone  (by  definition  the  Mach  forecone  is  the 
boundary  of  the  region  within  which  a disturbance  in  a 
supersonic  stream  can  affect  the  flow  at  the  cone  apex) 
from  x,r,6  in  x1}yh2i  space.  The  equation  of  the  forecone  is 

Xi —x—f$-\l(r  cos  0— yx)2Jr{r  sin  d—z^)2  (22) 

One  wishes  to  let  r become  very  large  and  find  the  shape  of 
the  forecone  as  it  passes  through  regions  close  to  the  origin 
of  the  Xi,yuZi  coordinate  system,  regions  in  which  the  objects 
creating  the  wave  drag  are  located.  From  equation  (4) 
and  the  expansion  of  equation  (22)  for  large  r,  it  follows  that 

Xi=xq+i 3r—pr  1— - (yx  cos  d+zx  sin  0)+^-^ — 

R 

=Zo+0(t/i  cos  6-\-zl  sin  0)-~  (yx  sin  0— zx  cos  0)2+.  . . 


and  when  r goes  to  infinity 

zx=x0+fiyx  cos  d+PZi  sin  0 (23) 

which  is  the  equation  of  the  oblique  plane  mentioned  above. 
It  should  be  noted  that  the  envelope  formed  from  these 
planes  by  fixing  x0  and  varying  0 between  0 and  2ir  coincides 


with  the  Mach  forecone  and  aftercone  from  the  point  #<,,0,0. 
Hayes’  result  can  now  be  stated  5 

To  the  lowest  order  in  l/?\  as  r tends  to  infinity,  the 
magnitude  of  the  perturbation  velocity  potential  and 
its  gradients  at  a fixed  angle  0 is  invariant  to  a finite 
translation  of  sources  (or  any  other  singular  solution 
to  the  wave  equation)  on  planes  parallel  to  that  given 
by  equation  (23). 

Consider  the  application  of  Hayes’  theorem  to  planar 
distributions  of  sources  tying  in  the  zx=0  plane.  As  is  well 
known,  such  a distribution  simulates  a whig  symmetricalty 
disposed  about  the  horizontal  (2i  = 0)  plane.  In  fact,  if 
^u(%i}yi)  is  the  local  slope  of  the  wing  upper  surface,  the 
local  source  strength  per  unit  area  (according  to  thin  airfoil 
theory)  required  to  simulate  the  wing  is  —TJ0\UI^  and  the 
velocity  potential  of  the  disturbed  flow  field  is  given  by 


<p(x,V,z)= 


Uo  C r K(xx,yx)dxxdyx 

7T  JrJ  X\)2  fi2(y  yx)2  fi2z2 


(24) 


where  r is  the  area  of  integration  bounded  by  the  wing  edge 
and  the  trace  in  the  zx=0  plane  of  the  Mach  forecone  from 
the  point  x , y,  z . Next  introduce  the  new  coordinates  & and 
7/i  such  that  £i  lies  along  the  xx  axis  and  7/t  lies  along  the 
intersection  of  the  zx= 0 plane  and  the  plane  given  by 
equation  (23)  (see  fig.  7).  Set 


and 


tan  cos  0 


%x=xx—yx  tan 
Vi=Vi  sec  ii 
Xi=ti+Vi  sin  (i 
1/1=7/!  cos  h j 


(25) 


(26) 


Then,  in  terms  of  the  &,?/!  system,  equation  (24)  becomes 


<p(x,y,z)=- 


UoCC  KUi+Ji  s^n  fhl i cos  CQS  M djidiji 

T JtJ  ■ \/(x — — jji  sin  ju)2 — j3~(y — cos  ju)2 — /32s2 


(27) 


Wing  plan  form-7 


Figure  7. — Orientation  of  xhyx  and  £1,771  coordinates. 

* For  proofs,  see  Hayes’  original  derivation  (ref.  6)  or,  if  more  convenient,  reference  1. 
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Figure  8. — Position  of  wing  sources  and  equivalent  single  source. 

As  before,  the  asymptotic  value  of  ip  as  r=V?/2+z2— > 00  is 
be  calculated.  Accordingly,  one  can  apply  Hayes7  theorem 
and  sum  up  all  the  sources  along  a line  ^—constant  (e.  g., 
between  a and  b in  fig.  8)  and  place  them  as  a single  source 
on  the  axis.  The  strength  of  this  equivalent  single  source 
is  given  by 

UoSJ{hfi)=2U0  cos  ix  Kiti+m  sin  fx^i  cos  n)dn i (28) 

J wing 

where  the  integration  is  taken  across  the  complete  wing  along 
the  line  {^constant  and  Sw'(%i,9)=^r-  Sw(£u0). 

The  term  Sw(x,9)  has  a clear  geometrical  interpretation 
(see  fig.  9),  being  simply  the  normal  projection  of  the  wing 
area  intercepted  by  the  oblique  plane6  cos  9 . 

The  above  defines  the  strength  variation  of  a line  of 
sources  (and,  therefore,  a body  of  revolution)  which  induces, 
for  large  r and  a fixed  9,  a potential  field  identical  to  that 


Figure  9. — Wing  area  intercepted  by  oblique  plane. 


induced  by  a given  wing.  Hence,  the  results  given  in 
equation  (6)  yield 

\ U0  rxo  Sw"(£\,9)  t 

<Px)  r— > oo — I . — 

27 rV^0rJ-z,<0)  V %o — £i 

<pr)  r— ><»  — $ipx 

A similar  result  exists  for  a planar  doublet  distribution 
(see  ref.  1 or  6)  but,  in  this  report,  only  problems  in  which 
the  wings  have  no  loading  (local  lift)  will  be  considered. 
Lifting  effects  have  been  treated  in  a similar  fashion  in 
reference  7. 


(29a) 

(29b) 


CANCELLATION  MULTIPOLES  AND  DRAG  MINIMIZATION 

Since  the  flow  field  is  governed  by  a linear  partial  differ- 
ential equation  the  velocities  induced  by  different  solutions 
to  it  are  additive.  Therefore,  the  drag  of  an  object  simu- 
lated by  various  multipoles  distributed  along  the  xx  axis 
and  a sheet  of  sources  in  the  zx  — 0 plane  is  given  by 


r 2v  f*  o 

D=—Po Jo  dd  J 


dx<  lim,  r [{<?,)„ 

> ( r-+co 


i+O^r) w]  [(px)/n  + fe) 


where  the  subscripts  m and  w refer  to  the  multipoles  and 
wing  sources,  respectively.  But  equations  (21)  and  (29) 
identify,  for  a fixed  9,  these  velocities  with  those  induced  by 
equivalent  line  sources.  Hence,  for  any  given  9 , one  can 
immediately  apply  Karman’s  drag  formula  (ref.  8)  and 
then  for  the  total  drag,  integrate  9 from  0 to  2tt.  This  leads 
to 


n r rLw 
D—  — q~~2  dB  dx  i dx2 

87T2Jo  J-V(fi)  J-L'(8 ) 

^0SJ\xu9)+^(—^)n[a{n+1)  (xi)cos n0+&  n +1)  (xx)  sinntf]^- 
(—0)*  [^n+1)  (z2)  cos  nd+ 


bn+l)  ( x2 ) sin n9] 


x2\ 


However,  since  both  the  wing  and  multipoles  are  in  the  same 
plane  (interpreted  physically,  the  wing  is  centrally  mounted 
on  the  fuselage)  and  the  wing  is  simulated  by  sources  only 
(has  no  twist  or  camber),  one  can  show  the  optimum  value 
of  each  bn+l)(x 0 is  identical!}7  zero.7  Hence,  one  can  write 


rue)  rue)  r* 

D=-p,  de  dxA  dx2  u„sj'{xue)+ 

°7r  Jo  J -£'(«)  J -£.'<»)  L 

J2  (— /3)Vnn+1)  (xO  cos  iW~\ 

0 J 

^UoSa"(x2!d)+^2  (— j3)''a.("+1)  (a:2)cos  nd~^  ln\xi—x2\ 


(30) 


7 By  symmetry 
Hence 


S„"(x,0)=S„"(x,2t-0) 
sin  n9S«"(x,0)d0= 0 


r 


« The  true  oblique  plane  is  given  by  equation  (23)  but  the  wing  is  so  close  to  the  zi=0  plane 
that  the  variation  with  zi  can  be  neglected. 


and  any  positive  or  negative  variation  of  bni*+u  (xi)  can  only  increase  the  drag. 
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Next  expand  the  term  Sw"(x,d)  in  a Fourier  series.  One 


finds 

U0Sw"(x,6)=iti  (— P)"an +n  (x)  cos  nd 

o 

(31) 

where 

ao(x)=r£.  Jq  SJ{x,d)dB 

(32) 

a jQ  S”' (x> 0)  cos  f[B dO 

(33) 

Place  these  expressions  in  equation  (30),  integrate 
respect  to  6 — using  the  orthogonal  property  of  the 
nometric  series — and  one  finds 

with 

trigo- 

D=2D0-\-^2Dn 

(34) 

■ 1 

where 


dx i J'^  dx2  [a„<"+1)  (x1)+a„(n+1)(a:1)] 

[<*n (n + 1 0 fe) + an {n + 1 l)  (x2)] \n\xi—x2\  (3  5) 

Since  one  can  show8 

/=  — f dx i f rfx2/'(^i)/'(a:2)l^ia;i— a:2|  >0 

J -L0  J -L0 

the  minimum  value  of  D as  expressed  by  equation  (34)  is 
given  when  each  Dn  is  itself  a minimum.  In  other  words, 
each  Dn  can  be  minimized  separately.  Further,  it  follows 
that  the  value  of  the  minimum  itself  is  zero  and  occurs  when 

a„("+l)(x)=  — aw(n+1)(x) 

[ s“"ix’e)dfi’  ’ w=0 

r*2ir  06) 

Sw,f{xfi)  cos  nd  d9,  ^>0 

o 

Equation  (36)  is  the  mathematical  definition  of  the 
optimum  cancellation  multipoles;  namely,  those  multipoles 
which  are  just  equal  in  magnitude  and  opposite  in  sign  to 
the  wing  equivalent  multipoles — equivalent  in  the  sense 
that  they  induce  an  identical  momentum  flux  across  a 
cylinder  of  infinite  radius. 

Obviously7,  if  all  the  optimum  cancellation  multipoles 
were  used,  the  wave  drag  of  the  combination  would  be  zero. 
This  result  must,  however,  be  properly  interpreted  with 
regard  to  the  simulated  shape.  In  order  that  the  multipole 
lines  can  represent  the  distortion  of  a real  fuselage,  one 
must  assume  a cylindrical  body  exists  upstream  from  the 
Mach  cone  x-\rL0=ftr  (the  effects  of  the  nose  are  being 
neglected).  This  body  forms  the  initial  boundary  of  the 
stream  tube  which  represents  the  plwsical  fuselage  in  the 
vicinity  of  the  wing  and  multipole  lines.  Clearly,  the  area 
enclosed  by  this  initial  boundary  can  be  small  enough  for 
the  subsequent  stream  surface  to  cross  itself  and  represent, 
therefore,  a physical^  unreal  body.  Hence,  the  fact  that 
the  wave  drag  of  the  wing  and  multipole  combination  can 

» Set/(x)  = 2 sin  mp,  x=  -L„  cos  Integration  gives  ^ £ n An2  which  can  never 
be  negative. 


be  reduced  to  zero  is  quite  valid,  but  in  the  over-all  picture 
not  only  have  the  inevitable  nose  and  tail  drags  been  neg- 
lected but  also  the  shape  simulated  by  the  combination  can 
be  unrealistic. 

SOME  PROPERTIES. OF  THE  CANCELLATION  MULTIPOLES 

Let  us  consider  next  some  of  the  restrictions  necessarily 
imposed  on  cancellation-multipole  distributions  and  some  of 
the  particular  properties  of  those  given  by  equation  (36).  In 
the  first  place,  if  an(x)  is  any  multipole  distribution  that 
generates  a potential  field  given  by  equation  (8)  or  (15),  it 
follows  from  equation  (17)  that  the  value  of  an(x)  and  its 
first  n derivatives  should  be  everywhere  continuous.  Further, 
if  an(x)  is  a constant  behind  some  point,  say  L0  (i.  e.,  for 
«>>£>£<,),  the  induced  flow  field  would  simulate  expanding 
streamlines  in  the  case  n=0  or  some  form  of  vorticity  in  the 
case  n^> 0;  the  former  case  is  to  be  avoided  since  any  simu- 
lated body  is  assumed  to  have  a finite  area  at  x=  oo } and  the 
latter  case  is  to  be  avoided  if  there  are  no  resultant  forces 
normal  to  the  free  stream. 

One  can  show  that  all  the  above  properties  are  satisfied 
by  an(£)>  the  optimum  caucellation-multipole  distribution 
as  defined  by  equation  (36).  First,  notice  that  a„n+1)(£) 
must  be  zero  everywhere  outside  the  wing-enclosing  Mach 
forecone  and  aftercone,  that  is,  for  — °°  and 

(see  fig.  10).  (Any  multipoles  in  these  regions  can- 
not combine  with  the  wing  equivalent  multipoles  and  must, 
therefore,  increase  the  drag.)  Hence,  one  can  set 

a » (— =«i— » (— ^') 

= . . • Otn(—L0') 

= 0 


Figure  10. — Symbols  used  in  study  of  multipole  properties. 
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rhen  the  condition  of  continuity  is  automatically  satisfied  for 
f£n)(£)  in  the  entire  interval  — o°<z<co  if  SM'(£,0)  is 
lerived  from  a wing  having  finite  wave  drag  (in  particular, 
rom  a wing  having  no  blunt  edges  along  which  the  normal 
omponent  of  the  free-stream  Mach  number  is  unity  or 
greater).  It  follows  immediately  that  ««m)(£)>  is 

ontinuous  since  the  latter  is  found  by  integrating  (further 
moo  thing)  «£n)(£). 

The  proof  that  «n(Z0)  as  given  bv  equation  (36)  is  zero 
equires  more  consideration.  One  can  show,  however,  that 
'nm)  (L0)  — 0 where  0 <m<n.  First,  the  equality  a<n)(Zo)=:0 
ollows  from  the  fact  that  the  wing  closes  and  Swf  (L0,d)  itself 
3 zero.  Next  consider  the  definition  of  <C°(£).  Thus 

-m>(*)=(=&/JTSA£,0)  cos  nddd 

— 2 U C2t  pi<M) 

=7 — cos  fi  cos  vd  (16  Xu(£+  v sin  /i,  77  cos  y)  dr\ 

\~P)  irj  o 


Further,  this  connection  was  direct  and  relatively  simple  if 
the  strengths  and  positions  of  the  distributions  were  given. 
Unfortunately  the  connection  between  the  multipoles  and 
the  shape  of  the  simulated  surface  is  generally  not  so  simple. 
Such  a relation  does  certainly  exist,  however,  and  if  the 
strengths  of  the  multipoles  are  known,  the  relationship  -is 
again  direct.  That  is,  a given  distribution  of  multipoles 
yields  directly,  by  the  formulas  given  in  the  previous  section, 
the  induced  velocities  ever}' where  in  the  flow  field,  these,  in 
turn,  fix  the  stream  surfaces  along  any  one  of  which  (since,  of 
course,  the  theory  neglects  viscosity)  a physical  surface  can 
be  imagined. 

In  general,  if 

Fc(x,y,z)= 0 
Fp(*,r,0)=  0 

are  the  equations  of  a stream  surface  in  cartesian  and  polar 
coordinates,  respectively,  then  the  equations 


rhere  use  has  been  made  of  equation  (28)  for  the  definition 
>f  St/ (|,0)  and  h0  and  hi  are  defined  in  figure  10.  Since 

®=f^T) T-l  ' (37) 

>ne  has 

005 ""  * 


»F,  <>F, 

(uo+<P*)-te+<P* -ty+v*  5F=° 

T s*F  i>F  l dFp 
(Uo+Vx)^-+Vr^r+-iVe  -sr=0 


dr 


de 


(40) 


must  hold. 

For  example,  in  studies  of  thin  wings  lying  in  a plane,  the 
particular  form  of  equation  (39) 


p * r w 


dv(Z—£\)n  m 'KiZi+v  sin  n,7)  cos  n)  cos  y 


change  the  ^,77  coordinates  back  to  the  x,y  system  by  means 
f equation  (26)  and  this  becomes 


z—h(x,y)  = 0 

is  assumed  and  equation  (40)  becomes 


dy 


(—p)nirT(n—m)j0  C°S  n6  defsJ^  x+py  cos  d)n  m 1 
K(x,y)  dx  dy 


^lie  area  shown  in  figure  10,  becomes  independent  of  6 
rtien  £=L0  (being  then  just  the  area  of  the  wing  itself), 
herefore 


( ^)-(_/3)^r(7;  _n)  JJX«  (x,y)dx  dy 
s 

C2v 

j (L0—z+(hj  cosd)n~m~l  cos?i0tf0=O 


ince,  for  rn<jii 


/: 


cos  md  cosnddd=0 


or,  neglecting  second-order  effects, 

bh_  1 

dx~U0'fz 

which  is  the  familiar  boundary  condition  used  in  thin-airfoil 
theory.  On  the  other  hand,  if  the  equation  of  the  body 
shape  is  written  in  the  form 


r—R(x}d)  — 0 


then  equation  (40)  becomes,  for  linearized  theory, 
jj  bR (pe  c )R 

Uo  ~5e 


(41) 


If  the  flow  field  is  radially  symmetrical  or  if  the  bod}-  surface 
is  qua  si-cylindrical,  equation  (41)  reduces  to 


fence,  for  the  an(£)  defined  by  equation  (36) 
a«(Ztf)==af-1>(Z0)==«r-°(£.)=  =«.(Z0)  = 0 (38) 

AIRPLANE  SHAPE 

In  the  previous  section  a connection  was  established  be- 
ween  multipole  distributions  and  their  resulting  wave  drag. 


bR  1 


(42) 


which  is  the  familiar  boundary  condition  used  in  the  stud}7 
of  qua si-cvlindrical  bodies  or  bodies  of  revolution. 

In  general,  a nonlinear  partial  differential  equation  of  the 
first  order  such  as  equation  (41)  can  be  reduced  to  two  simul- 
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taneous,  ordinary,  nonlinear  differential  equations  of  the 
first  degree  (see,  e.  g.,  ref.  9).  Thus  equation  (41)  becomes 


dd  _ 1 
dx~~U0R2 


<pQ(x,R,9) 


dR 

dx 


jj  <Pr(X)R)@) 


(43) 


and  if  <pe  and  <p,  are  known  functions  of  x,  R}  and  6 , these  can 
be  solved  numerically. 

If  the  strengths  of  all  rectilinear  multipoles  and  source 
sheets  are  given,  equation  (19)  or  (24)  can  be  used  to  find 
(pT  and  (pe  at  arbitrary  field  points.  Hence,  the  first  step  in 
finding  the  body  shapes  reduces  to  that  of  integrating  such 
equations.  However,  these  integrations  are  difficult  and 
tedious  even  when  entirely  numerical  procedures  are  em- 
ployed and  the  results  still  have  to  be  interpreted  in  terms  of 
the  bod}7  shape  according  to  equations  (43).  Therefore, 
from  a practical  viewpoint,  it  is  necessary  to  study  certain 
approximate  methods  for  obtaining  the  velocity  field. 

Let  attention  be  concentrated  on  the  disturbances  created 
by  a line  of  multipoles.  In  particular,  consider  the  fields 


(a)  Multipole  distributions. 

Figure  11. — Radial  and  tangential  velocities  induced  by  three  different 
multipole  distributions  at  four  radii. 


Exact  linearized  theory 

Siender-body  theory 

Large  7 theory 


*o 


(b)  Velocities,  <pDr. 
Figure  11. — Continued. 


induced  by  simple  polynomial  distributions  satisfying,  in 
each  case,  the  end  conditions  given  by  equation  (17).  For 
particular  variations  set 


a0(x)=c0(l—  x2)x 
a2(x)=c2(l  — x2)zx  ► 
a4(x)=c4(l  — x2)5x  j 


(44) 


where  c0,  c2,  and  cA  are  constants  determining  the  amplitudes 
and  x—x/L0.  Figure  11  (a)  shows  the  variations  of  these 
coefficients  with  x,  and  figures  11(b)  through  11(f)  show 


/93c2  cos  26 
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(e)  Velocities,  <p4f. 

Figure  11. — Continued. 

how  velocities  induced  by  these  distributions  vary  with 
%o  (%0=x— fir)  and  r (r=pr/L0).  The  results  have  been  com- 
pared with  those  for  large  r given  by  equation  (21)  and  with 
those  for  small  r given  by  slender-body  theory.  Values  for 
the  latter  theory  are  determined  from  equations  (9)  or  (19) 
by  expanding  the  expressions  in  powers  of  r and  neglecting 
all  but  the  first  terms.  Thus  it  can  be  shown 


(f)  Velocities,  <pigm 
Figure  11. — Concluded. 


1 _(— 2)nn\an(x)  sin  nd 

X 4tt rn-H  3 


n>  0 


(45  b 


^ nr)r~*o — ^ 


2tt  r 

(—2 )nn\an{x)  cos  nd 

4^+i  ' 


71—0 


n>  0 


(45a) 


The  significance  of  figure  11  with  regard  to  practical  appli 
cations  is  more  or  less  obvious.  The  first  step  in  its  use  is  t< 
find  the  effective  length  of  the  cancellation-multipole  dis- 
tributions. Since  the  wing  is  given,  the  streamwise  variatioi 
of  the  cancellation  multipoles  can  be  calculated.  Actually 
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this  variation  will  extend  between  the  apexes  of  the  enclosing 
Mach  forecone  and  aftercone,  a distance  of  L0+Lf0  (see 
fig.  10).  However,  depending  on  the  wing  plan  form  and 
section,  the  effective  lengths  of  the  distributions  (the  interval 
of  principal  variation)  can  be  considerably  less  as  illustrated 
in  figure  12.  Designate  this  effective  length  as  2 Le  and  the 


Figure  12. — Effective  length  of  multipole  distribution. 


distance  to  the  vicinity  of  the  bod}7  surface  as  re , and  one  can 
define  the  parameter  re  thus 


(46) 


Using  figure  11  and  the  parameter  re,  one  can  now  estimate 
the  error  incurred  by  the  use  of  various  approximate  methods 
for  calculating  the  body  shape.  A convenient  way  to  carry 
out  these  estimations  is  to  study  the  magnitude  of  the  first 
crest  of  the  waves  shown  in  figures  11  (b)  through  11  (f),  and 
the  distance  this  crest  lies  from  the  foremost  Mach  cone. 
Graphs  showing  the  variations  of  these  quantities  with  rare 
given  in  figures  13,  14,  and  15. 

By  means  of  the  above  concepts,  let  us  study  briefly  four 
different  approximate  methods  that  can  be  used  to  calculate 
a body  shape. 

SLENDER-BODY  THEORY 


Slender-bocly  theory  is  represented  in  figure  14  by  the 
straight  lines  having  the  slopes,  on  the  log-log  scale,  equal 
to  —(72  + 1)  where  n is  the  order  of  the  multipole.  Since  this 
theory  amounts  to  an  expansion  of  the  equations  for  the 
velocities  in  powers  of  r,  it  obviously  represents  a good 
approximation  when  re  is  sufficiently  small.  Notice  that  for 
a given  percentage  error  the  limiting  value  of  r€  for  which  the 
method  applies  increases  as  the  order  of  the  multipoles  in- 


(a)  Radial  velocities  induced  by  sources. 

Figure  13. — Positions  of  crests  of  waves  created  by  multipole  distri- 
butions shown  in  figure  11. 


(b)  Radial  velocities  induced  by  second-order  multipoles. 
Figure  13. — Continued. 
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(c)  Tangential  velocities  induced  by  second-order  multipoles. 
Figure  13. — Continued. 

creases.  For  example,  when  rc=0.2,  <p0r  as  given  by  slender- 
bocly  theory  is  19  percent  less  than  that  given  by  exact 
linearized  theory  for  the  case  shown,  whereas  <p2T  is  only  3 
percent  less.  Correspondingly,  the  positions  of  the  wave 
crests  follow  the  path  predicted  by  slender-body  theory  to 
larger  values  of  r as  the  order  of  the  multipoles  increases. 
The  latter  trend  is  illustrated  by  figure  15. 


(d)  Radial  velocities  induced  by  fourth-order  multipoles. 

Figure  13. — Continued. 

If  for  a particular  problem  re  is  small  enough  for  slender- 
body  theory  to  be  considered  a good  approximation,  the 
equation  for  the  body  shape,  r=R(x,0),  corresponding  to 
the  combined  wing  and  optimum  cancellation  multipoles 
defined  in  equation  (36)  is  determined  by  the  expressions 
(using  equations  (45),  (36),  and  (14)  together  with  equa- 
tion (42)) 


_ P <Po{X,R  i NTA 

dx L U0R2 


dRJT  (Pr(x,RfiY 1 

dx  L,  Awing  0 
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4t ^Rn+2 
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-I  *L 


dx^x—XiY  cos  MSw"{xi,yf) 


'dx^x—x  i)B  cos  n^S„"{xi,yf) 


(47a) 


(47b) 
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.2  .3  .5 


(ft)  <Pof 

Figure  14. — Attenuation  of  first  crest  of  waves  created  by  multipole 
distributions  shown  in  figure  11. 


WING  AND  BODY  COMBINATIONS 


Figure  14. — Continued. 
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(d)  <P2g 

Figure  14. — Continued. 


Approximate  methods  for  finding  (<pe/U0R)  win(f  and  (<pr/Uo)  wing , 
the  velocities  induced  by  the  wing,  can  often  be  used  also; 
but  these  apply  to  individual  cases  and  cannot  be  discussed 
here. 

THEORY  FOR  LARGE  re 

The  asymptotic  values  for  magnitude  and  position  of  the 
first  wave  crest  obtained  by  placing  equations  (44)  into 


(e)  <P4g 

Figure  14. — Concluded. 


equations  (21)  are  also  shown  in  figures  13,  14,  and  15. 
For  n <4  it  is  clear  that  this  theory  can  be  used  when  re 
is  greater  than  about  2. 

CONTROL-SURFACE  THEORY 

The  approximations  inherent  in  ordinary  control-surface 
theory  can  also  be  estimated  by  inspecting  figures  14  and 
15,  where  by  control-surface  theory  one  means  that  the 
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(a)  Radial  velocities  induced  by  sources. 

Figure  15. — Position  of  first  crest  of  waves  created  by  multipole 
distributions  shown  in  figure  11. 


r 


(b)  Radial  velocities  induced  by  second-order  niultipoles. 

(c)  Tangential  velocities  induced  by  second-order  inultipoles. 

Figure  35. — Continued. 


r 


(d)  Radial  velocities  induced  by  fourth-order  multipoles. 

(e)  Tangential  velocities  induced  by  fourth-order  multipoles. 

Figure  15. — Concluded. 

exact  linearized  theory  is  used  to  evaluate  induced  velocities 
along  a given  surface  and  these  values  are  assumed  constant 
for  all  r in  the  vicinity  of  the  surface.  As  shown  in 
figure  16,  this  amounts  to  assuming  <pT  and  <pe  are  given 
by  a straight  horizontal  line  in  figure  14  and  by  straight 
lines  with  a unit  negative  slope  in  figure  15.  Obviously, 
the  error  in  the  body  shape  calculated  by  this  theory  increases 
as  the  amplitudes  of  the  disturbing  multipoles  increase  and 
as  the  radius  of  the  control  surface  diminishes. 

One  of  the  simplest  applications  of  control-surface  theory 
arises  in  the  study  of  quasi-cylindrical  bodies.  In  such 
cases  the  expression  for  the  body  surface  can  be  derived 
immediately  from  equation  (42).  Thus,  if  the  amplitudes 
of  the  cancellation  multipoles  are  small  enough  and  RC) 
the  radius  of  the  control  surface,  is  large  enough  for  control- 
surface  theory  to  be  considered  a good  approximation,  the 
body  shape,  r=R(z,B),  corresponding  to  the  combined  wing 
and  optimum  cancellation  multipoles  is  determined  by 
using  equations  (19c),  (16b),  and  (36)  together  with  equa- 
tion (42) 
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Figure  16. — Comparison  of  velocity  fields  given  by  exact-linearized 
and  control-surface  theory. 


A study  of  optimum  fuselage  shapes  using  control-surface 
theory  has  been  carried  out  by  Nielsen  (ref.  10)  for  a constant- 
chord  sweptback  wing  having  a biconvex  section  and  a sonic 
leading  edge.  The  set  of  interfering  singularities  used  in 
reference  10  are  equivalent  (the  singularities  are  limited  to 
the  x axis)  to  the  multipoles  used  herein.  The  fuselage 
shapes  calculated  by  Nielsen  are  thus  the  same — within  the 
accuracy  of  control-surface  theory — as  those  given  by  equa- 
tion (48). 

MODIFIED  CONTROL-SURFACE  THEORY 

A method  of  modifying  control-surface  theory  to  increase 
its  accuracy  is  illustrated  in  figure  17.  Induced  velocities 
computed  by  this  method  are  based  on  those  calculated 
along  a given  control  surface  but  are  extended  away  from 
this  surface  by  varying  their  magnitude  as  (r) where  the' 
value  of  yn  is  fixed  by  the  slope  of  the  curves  in  figure  14  at 
r = re , re  being  defined  by  equation  (46)  (fig.  17).  With  this 
modification  equation  (48)  becomes 

dR  r <pr(x,Rcyd)~\  ^ / Rc\n  <rn  cos  nd 

dx~  L U0  4 *>Re 


rx-fR.  (*-«>  cosh  (?l  cosh_1  §i£)  d* 

J-V 

J '$«/'(£,'/')  cos  nipdtp  (41 

which  can  be  solved  using  numerical  techniques. 

A further  refinement  of  equation  (49)  can  be  obtained  i 
the  position  of  the  induced  velocities  is  also  varied  accordinj 
to  the  slope  (again  at  r = re)  of  the  curves  in  figure  15.  De 
fining  this  slope  as  8n,  see  figure  17,  and  x&  as 

xs=x—p(l  +8n)  (R—Rc) 

one  can  see  this  refinement  simply  amounts  to  replacin 
the  value  of  x in  the  right-hand  term  of  equation  (49)  by  x{ 

ILLUSTRATIVE  EXAMPLE— ELLIPTIC  WING 

In  order  that  pne  ma}^  be  able  to  assess  the  practical  sig 
nificance  of  the  preceding  sections,  the  concepts  presenter 
therein  will  now  be  applied  to  the  solution  of  a particula 
problem.  For  the  basic  wing  plan  form  in  this  particula 


Figure  17. — Comparison  of  velocity  fields  given  by  exact-lineariz( 
and  modified  control-surface  theory. 
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example  an  ellipse  will  be  chosen.  There  are  two  good 
reasons  for  this  choice;  first,  the  ellipse  is  effectively  un- 
swept and  places  a severe  test  on  the  role  of  body  interfer- 
ence in  reducing  the  wave  drag  at-  a supersonic  speed,  and, 
second,  for  a given  volume,  the  optimum  section  (i.  e.,  the 
one  yielding  minimum  wave  drag)  for  these  wings  when 
considered  separately  has  been  discovered  (see  ref.  11)  so 
the  reduction  in  wave  drag  brought  about  by  the  bod}’ 
will  reduce  the  minimum  value  possible  for  such  wings  when 
flying  alone.  The  drag  reductions  for  the  first  few  cancella- 
tion-multipole distributions  will  be  calculated  and  compared 
with  the  total  drag  of  the  wing  alone,  the  wing  mounted  on 
an  infinite  cylinder,  and  the  wing  mounted  on  a basic  body 
of  revolution.  Finally  the  details  of  calculating  a body 
shape  simulated  by  the  wing  source  sheet,  a source  line 
representing  a basic  body  of  revolution,  and  the  first  two 
optimum  cancellation-multipole  distributions  will  be  carried 
out. 

THE  ELLIPTIC  WING 

Consider  the  elliptic  lens  specified  by  the  equation 

z=±^(}~i~v)  (50) 


where  the  thickness,  span,  and  chord  are  shown  in  figure  18. 
The  streamwise  slope  of  the  upper  surface  is  seen  to  be 


d£ 

da; 


K(x,y)= 


(51) 


and  the  total  wing  plan-form  area  S and  volume 
respectively, 

S=  nab 
V= | tab 


V are, 


(52) 


Wing  plan  form 


I- 20 i 

Root  section 

Figure  IS. — Definition  of  parameters  used  to  study  elliptic  wing. 
435S75 — 57- 


Wave  drag. — -The  wave  drag  of  the  elliptic  wing  repre- 
sented by  equation  (50)  can  be  calculated  by  means  of 
equation  (30)  in  which,  since  one  wishes  now  to  find  the 
wave  drag  of  the  wing  alone,  the  an’ s are  set  equal  to  zero. 
The  value  of  Sv'(x,0)  follows  by  placing  equation  (51)  into 
equation  (28)  and  integrating.  Thus 

UoSu'(x,0)=2Uo  cos  n ‘ (— Jj)  (|+  ?;  sin  n)dv= 

2tU„  cos  n / . tj2  sin  mY> 

M,+-2-A. 

where,  by  referring  the  equation  of  the  plan  form  to  the 
coordinates  (see  eq.  (26))  and  solving  for  the  points  where 
the  straight  line  £=constant  intersects  the  wing  edges,  one 
finds — see  figure  19 

hi  \ b2% sin  fjL±ab^fa2  cos2  /i+  b2  sin2  ju— cos2  y. 

ho  J a?  cos2  b2  sin2  ju 

Hence, 

SJ{x’e)=-(a*+bwL^  V«2+^2  cos2  0— a:2  (53) 

From  the  relation 


L2(d)=a2jrb2fi2  cos2  9 (54) 

the  wave  drag  can  be  expressed  in  the  form  (integrating  once 
by  parts) 
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Further  integration  yields 
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Values  of  4>r/V0 

Point  Exact  Ackeret 
number  linearized  wave  — 
theory  t[x-r)/oz 

1 .044  .050 

2 -.053  -.050 

3 -.102  -.100 

4 -.104  -.100 


Figure  20.— Points  at  which  exact-1  inear  ized  theory  was  compared 
with  an  Ackeret  wave  in  plane  of  symmetry  for  elliptic  wing. 


Finally,  the  wave  drag  can  be  expressed  in  coefficient  form, 
based  on  the  total  wing  area  nab,  as 


(55) 


Equation  (55)  represents  the  lowest  value  of  wave  drag 
possible  for  a wing  having  an  elliptic  plan  form  and  fixed 
volume.  This  equation  was  first  derived  by  Jones  in 
reference  11. 

The  velocities  induced  by  the  wing  source  sheet  in  the 
vicinity  of  the  fuselage. — Later,  when  one  wishes  to  calcu- 
late a stream  surface  in  the  presence  of  the  source  sheet  that 
simulates  the  wing  given  by  equation  (50),  it  is  necessary  to 
know  the  velocities  induced  by  these  sources  at  the  body 
surface.  Hence,  the  value  of  y>T  induced  by  the  source  sheet 
was  calculated  at  the  four  points  indicated  in  figure  20. 
As  it  turns  out,  these  values  are  so  close  (see  the  figure  for  a 
numerical  comparison)  to  those  obtained  by  assuming  the 
source  sheet  to  be  two-dimensional  with  a chordwise  intensity 
identical  to  that  along  the  root  section  of  the  elliptical  sheet 
(i.  e.,  using  the  Ackeret  wave  generated  by  the  root  section) 
that  the  effect  of  the  wing  can  be  assumed  to  be  given  every- 
where in  the  vicinity  of  the  body  by  the  latter  velocity  field 
if  (as  will  be  the  case  in  subsequent  application)  the  surface 
of  the  bod}7  passes  through  the  region  shaded  in  the  figure. 
That  is,  the  effect  of  the  wing  in  the  equations  for  the  fuselage 
shape  (such  as  eqs.  (47),  (48),  or  (49))  is  assumed  to  be 


1 £/  n ■ n — forO<0<7T 

-v^-^prsu^smd,  +forir<0<2^ 

v 

1 _ ( , Q — forO<0<> 

+for»<«<2.J 


(56) 


THE  OPTIMUM  CANCELLATION  MULTIPOLES 

One  can  now  find  the  strengths  of  the  multipoles  along  the 
x axis  which  induce  around  a cylinder  of  infinite  radius  a 
momentum  field  identical  to  that  created  there  by  the  elliptic 
wing.  The  negatives  of  these  variations  are,  according  to 


equation  (36),  the  optimum  cancellation  multipoles.  Hence, 
combining  equations  (53)  and  (36) 


ain)(x\  — __  ZtabU0x  f 

* {X)  " *(-/?)"  Jo 


2v  V a1 2+  b2fi2  cos2  6—x2 
(a2+62j32cos20)2 


Gosnddd  (57) 


where  an—  1 for  ?i=0  and  <rn=2  for  7i>0.  Particular  vari- 
ations of  ann)(x)  are  shown  in  figure  21.  These  results  are 


Figure  21. — Variation  of  nth  derivative  of  nth-order  cancellation 
multipoles  for  elliptic  wing. 
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for  n= 0,  2,  and  4,  since  a{nn)(x)  for  any  odd  n is  zero  by 
symmetry,  and  apply  when  the  wing  plan  for  and  free- 
stream  Mach  number  are  related  by 

rri  <»«> 

which  contains  the  particular  case  for  which  the  Mach 
number  is  A/2  and  the  aspect  ratio  is  3.  It.  is  apparent  that 
there  are  at  least  n-\-\  roots  to  a™ (x)  for  — Z„<jr< L0. 
This  follows  immediately  from  equation  (38)  and  is  true  in 
general.  As  a result  the  curves  for  the  higher  values  of  n 


X 


(a)  n—2 


(b)  n — 4 

Figure  22. — Variation  of  nth-order  cancellation  multipoles  for  elliptic 

wing. 


become  increasingly  wavy  and,  correspondingly,  increas- 
ingly difficult  to  evaluate  numerically. 

Figure  22  presents  the  values  of  a;i(a;)  for  the  same  elliptic- 
wing  Mach  number  relation  given  by  equation  (58).  Notice 
that  each  of  these  curves  has  only  one  root  (they  necessarily 
have  at  least  one)  in  the  interval  —L0<Cx<CJL0  and  is  in- 
creasingly smooth  with  increasing  n.  The  latter  follows 
from  equation  (37)  and  the  fact  that  the  first  n derivatives 
of  these  curves  must,  in  general,  be  continuous.  For  exam- 
ple at  x—  ±L0  the  first  four  derivatives  of  a4(x)  must  vanish. 

Wave  drag. — One  can  now  calculate  how  much  the  wing- 
alone  drag  is  reduced  when  combined  with  each  successive 
optimum  cancellation-multipole  distribution.  If  Dn  denotes 
the  drag  saved  by  the  nth-order  cancellation  multipoles, 
then  by  equation  (35) 

nU*J  L L (59) 

where  L0  is  the  maximum  value  of  L(d)  as  given  by  equation 
(54) 

L02=a2+b2p2  (60) 

The  total  drag  saved  by  means  of  the  first  m multipole  dis- 
tributions, would,  by  equation  (34),  be 


m 

D=2D0+^]Dn 


(61) 


Using  equations  (53)  and  (36)  to  define  the  airt+1)(^)  in 
equation (59),  reversing  the  order  of  integration,  and  inte- 
grating once  by  parts,  one  finds 
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It  is  apparent  from  figure  23  that  this  can  be  written 
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The  total  drag  saved  by  using  all  the  cancellation  mult-ipolcs 
is,  by  definition, 
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Figure  23. — Regions  used  in  developing  equation  (62). 


and  since 

“ sin  2 nx  cos  2 nx 
4 n 

this  is  equal  to  the  drag  of  the  wing  alone,  as  it,  of  course, 
should  be. 

The  reduction  in  wave  drag  as  the  wing  is  combined  with 
the  first  three  optimum  cancellation  multipoles  is  presented 
in  figure  24.  In  studying  figure  24,  one  sees,  as  the  Mach 
number  approaches  1 (i.  e.,  /3-»0),  more  and  more  of  the 
original  wing  wave  drag  is  destroyed  by7  a line  of  simple 
sources  alone.  Further,  the  value  of  re  which  can  be  wit- 
ten — see  equations  (46),  (54),  and  figures  21  and  22 — 


(63) 


tends  (for  a fixed  average  distance  to  the  body  surface  re) 
to  zero  as  the  Mach  number  approaches  1;  and  this,  in  turn, 
means  that  as  (3  goes  to  zero  the  effect  of  the  multipole 
strengths  on  the  body  shape  can  be  calculated  using  slender- 
bodv  theory. 

1.0 


.8 


.6 

D 

Dw 

.4 


.2 


0 .4  .8  1.2  1.6  2.0  2.4  2.3  . 3.2 

Reduced  aspect  ratio,  (3A 

Figure  24.' — Portions  of  elliptic-wing  wave  drag  created  by  various 
equivalent  multipole  distributions. 


(a)  Radial  velocities  induced  by  sources. 

Figure  25. — Velocities  induced  by  the  elliptic-wing  cancellation 
multipoles  at  the  control  surface  where  f}R/L0=  0.148. 

When  various  orders  of  multipoles  are  distributed  along 
a line,  one  can  show  the  cross-sectional  area  normal  to  the 
free  stream  of  the  simulated  body  as  given  by  slender-body 
theory  is  a function  of  the  source  distribution  only  (see 
Appendix  B).  Coupled  with  the  discussion  in  the  preceding 
paragraph,  this  can  be  used  to  demonstrate  that,  for  Mach 
numbers  close  to  1,  the  “supersonic  area  rule”  proposed  by 
Jones  (ref.  12)  and  Whitcomb  and  discussed  in  reference  13 
gives  a good*  approximation  for  the  wave  drag  of  an  elliptic 
wing  and  body  combination  which  is  symmetrical  with 
respect  to  the  plane  of  the  wing. 

The  induced  velocity  field. — A method  for  calculating  the 
velocity  field  induced  by  the  multipoles  when  an(x)  is  given 
numerically  is  presented  in  Appendix  C.  By  means  of  this 
method,  velocities  induced  by7  the  a0  and  a2  multipole  dis- 
tributions shown  in  figure  22  have  been  calculated  for  r 
equal  to  0.148  and  the  results  are  shown  in  figure  25. 
Since  the  distributions  in  figure  22  were  for  the  particular 
case  ajb^— 4/37t,  it  is  evident  from  equation  (63)  that  the 
values  in  figure  25  apply7  to  the  case  rejb  equal  to  0.161; 
that  is,  when  the  body  radius  is  about  16  percent  of  the 
wing  semispan. 

For  comparative  purposes,  the  values  given  by  slender- 
body  theory7  are  also  shown  in  figure  25.  The  degree  of 
agreement  between  the  two  curves  is  consistent  with  the 
results  shown  in  figures  14  and  15. 

INTERPRETATION  OF  DRAG  REDUCTIONS 

Comparison  with  wing  mounted  on  a circular  cylinder. — 

With  regard  to  figure  24  one  should  be  careful  to  notice 
that  the  drag  of  the  wing  alone  has  been  used  for  the 
reference  drag.  The  drag  reductions  shown,  therefore,  repre- 
sent gains  brought  about  by  interfering  with  the  velocity7 
field  induced  by7  a planar  source  sheet,  or,  in  terms  of  a 
combination  with  an  upstream  cydindrical  stream  surface, 
gains  made  by7  modifying  a body7,  shown  in  figure  26,  which 
bulges  behind  the  wing  leading-edge  Mach  wave  in  accord- 
ance with  the  velocities  induced  there  by7  the  source  sheet. 
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(b)  Radial  velocities  induced  by  second-order  multipoles. 
Figure  25. — Continued. 


Obviously,  from  this  viewpoint,  a considerable  reduction  in 
drag  can  be  brought  about  merely  by  eliminating  the  bulge, 
thereby  making  the  body  a circular  cylinder  throughout. 
Mathematically,  such  a procedure  amounts  to  using  a certain 
set  9 of  cancellation  multipoles  along  the  x axis  behind  the 
point  — L0,  and,  if  the  drag  of  this  resulting  combination 
were  used  as  a reference,  the  gains  shown  in  figure  24  would 
be  diminished. 

An  approximate  way  to  estimate  the  drag  of  a wing 
mounted  on  a circular  cylinder  is  illustrated  in  figure  27 
and  consists  merely  of  subtracting  from  the  wing  source 
sheet  those  sources  blanketed  by  the  body.  Using  the 
subscripts  1,  2,  and  3 to  designate  the  wave  drags  of  the 
individual  wings  as  indicated  in  figure  27,  Jones  (ref.  15) 
has  shown  that  if  wing  1 is  an  elliptic  wing  with  a bi- 
convex section  and  wing  2 lies  entirely7  within  the  plan 
form  of  wing  1,  then 

Dt=Di(l+yj)+Da  (64) 


Figure  26. — Wing  and  stream  tube  simulated  by  planar  sheet  of  sources. 

* The  exact  evaluation  of  multipole  distributions  necessary  to  simuiate  a circular  cylinder 
for  the  entire  body  length  has  been  studied  in  reference  11. 


* 

(c)  Tangential  velocities  induced  by  second-order  multipoles. 
Figure  25. — Concluded. 


where  V2  and  Vi  are  the  volumes  of  wings  1 and  2,  respec- 
tively. 

For  a supersonic  Mach  number,  D2  is  closely  approximated 
by  the  wave  drag  of  a rectangular  wing  having  the  same 
section  and  aspect  ratio.  If  A2,  4 Ra,  and  r2  are,  respectively7, 
the  aspect  ratio,  plan-form  area,  and  thickness  ratio  of  the 
rectangular  wing,  its  drag  can  be  expressed  in  the  form 


^2=4  RaN2  (65) 

<ZT2 

where 


Equivalent  wing-body  combinations 


Figure  27. — Method  of  approximating  wing  mounted  on  a cylinder 
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Further,  if  Ax  is  the  aspect  ratio  of  the  elliptic  wing,  one  can 
show — see  figure  27  and  equation  (52) — 

(67) 

The  drag  of  the  elliptic  wing  follows  from  equation  (55)  and 
can  be  written 

^=4»6isr1  (68) 

where 


Finally,  therefore,  equation  (64)  can  be  put  in  the  form 


and  the  ratio  N2/Ni  is  a function  of  the  parameters  R/b  and 
Mi  only. 

By  means  of  equation  (70),  the  dashed  curves  shown  in 
figure  28- 


Figure  28. — Drag  of  various  multipole  distributions  compared  with 
drag  of  wing  mounted  on  circular  cylinder. 

representing  approximately  the  wave  drag  of  a wing  mounted 
centrally  on  a circular  cylinder — were  calculated.  Though 
considerable  drag  reduction  is  indicated  by  adding  just 
those  multipoles  necessary  to  make  the  body  cylindrical, 
it  is  apparent  the  total  wave  drag  can  be  reduced  further, 
for  the  range  of  parameters  shown,  by  using  only  the  first 
two  optimum  cancellation-multipole  distributions,  a0  (x) 
and  a2(x),  given  by  equation  (36). 

Comparison  with  wing  mounted  on  a basic  body  of  revo- 
lution.— Figure  28  shows  the  effect  on  the  wave  drag  of 
adding  the  optimum  cancellation  multipoles  either  to  the 
wiug  alone  or  to  the  combination  of  an  infinite  circular 
cylinder  and  a centrally  mounted  wing.  Estimates  of  their 
effect  when  added  to  a wing  mounted  on  a basic  body  of 
revolution  can  also  be  carried  out.  In  order  to  present  these 


estimates,  however,  the  results  of  the  following  two  theorems 
due  to  R.  T.  Jones  (ref.  15)  are  needed. 

1.  Designate  the  closed  body  of  revolution  which,  by 
slender-body  theory,  has  a minimum  drag  for  a fixed  volume 
and  length  as  a Sears-Haack  body.  Then  the  total  wave 
drag  of  a Sears-Haack  body  and  any  other  body  of  revolution 
or  any  centrally  mounted  thin  wing  which  lie  entirely  within 
the  Sears-Haack  body’s  enclosing  Mach  forecone  and  after- 
cone is  given  by  the  equation 

D=DSH(\+y£j+D2  (71) 

where : 

DSh  wave  drag  of  Sears-Haack  body  alone 
D2  wave  drag  of  other  body  or  (exposed)  wing  alone 
Vsh  volume  of  Sears-Haack  body 
V2  volume  of  other  body  or  (exposed)  wing 

2.  Designate  the  bod}7  of  revolution  which,  by  slender-bodv 
theory,  has  a minimum  drag  for  a fixed  base  diameter  and 
length  as  a Karman  ogive.  Then  the  total  wave  drag  of  a 
Karman  ogive  and  any  other  slender  bod}7  of  revolution  or 
any  centrally  mounted  thin  wing  which  lie  entirely  within 
the  ogive’s  enclosing  Mach  forecone  and  aftercone  is  given 
by  the  equation 

D=DK-\-D2  (72) 

where : 

Dk  wave  drag  of  Karman  ogive  alone 

D2  wave  drag  of  other  body  or  (exposed)  wing  alone 

In  order  that  the  theoretical  results  could  be  tested  by 
wind-tunnel  experiments,  a basic  body  of  revolution  having 
a finite  base  area  was  chosen.  Such  a body  can  be  simulated 
by  a combination  of  the  source  distributions  which  produce,10 
separately,  the  Sears-Haack  body  and  the  Karman  ogive. 
Thus,  if  21  is  to  be  the  body  length,  the  line  of  sources 

(73) 

simulates  (by  slender-body  theory)  a body  of  revolution 
having  a total  volume  V equal  to  VSff-\-VK,  a cross-sectional 
area  given  by 

S{X)= [xi/F=P+l*  (f+sin-1  !)]+ 

(Z2-*2)3'2,  -l<x<  l (74) 

and  a base  area  S(l)  equal  to  VK/l. 

The  wave  drag  of  a wing  mounted  on  this  basic,  unmodified 
body  will  now  be  calculated.  Just  as  was  the  case  in  study- 
ing the  wing  attached  to  an  infinite  cylinder,  the  assumption 
is  made  that  the  wave  drag  of  this  combination  is  the  same 
as  the  wave  drag  on  the  configuration  simulated  by  super- 
imposing the  singularity  distributions  which  create  sepa- 

io  The  source  distributions  simulate  the  Sears-Haack  body  and  the  Karman  ogive  only 
when  slender-body  theory  is  used  to  calculate  the  body  shapes.  If  linearized  theory  is  used 
instead,  the  body  shape  will,  of  course,  be  somewhat  different.  However,  the  subsequent 
results  and  conclusions  are  by  no  means  limited  by  the  assumptions  pertaining  to  slender- 
body  theory.  The  latter  theory  is  used  only  to  obtain  an  estimate  of  the  body  volumes  or 
to  study  cases  for  which  it  gives  results  that  are  not  significantly  different  from  those  given 
by  linearized  theory. 
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ratelyT  the  exposed  wing  panels  and  the  body  of  revolution. 
With  this  assumption,  the  wave  drag  can  be  written  ex- 
plicitly in  terms  of  the  wing  and  body  geometry  by  applying 
equations  (71)  and  (72).  Hence, 

D=Dk+Dsh  (l+g)+Z>3  (75) 

where  Dz  is  the  drag  of  the  exposed  wing  panels  alone,  given 
by  equation  (70)  and  shown  for  various  values  of  R/b  in 
figure  28,  and  Vz  is  their  volume  (see  fig.  27) 

V3=tab  (f-||)  (76) 

Since  DK  and  DSH,  the  wave  drags  of  a Karman  ogive  and  a 
Scars-Haack  body  flying  alone,  are  well  known  to  be 


(77) 


the  wave  drag  coefficient  of  the  unmodified  combination, 
based  on  the  complete  wing  area  t ab,  can  be  expressed  as 


D _r  Vk*+8Vsh*  ltoVsH  SR\ 
qmb  JD~~  ir*l4ab  ^ i r2/4  \2  3 by 


where  Nx  and  N2  are  defined  in  terms  of  Mach  number  and 
wing-body  geometry  in  equations  (66)  and  (69).  An  ex- 
ample of  the  variation  of  CD  with  Mach  number  for  the  par- 
ticular combination  shown  in  figure  29  ( R/b  was  set  equal  to 
0.181)  is  given  by  the  dashed  line  in  figure  30. 

It  is  now  possible  to  find  how  much  the  drag  of  this  un- 
modified combination  can  be  reduced  by  means  of  the  opti- 
mum cancellation-multipole  distributions  used  to  derive  the 
results  shown  in  figure  24.  Again  applying  equations  (71) 
and  (72),  one  can  show 


d=dk+d 


•s"(i+£)' 


Maximum  thickness  of  wing 
along  center  line,  / =0.234 

Total  volume  of  body  = 44.60 
VSH=  31.72 

Vr-  12.88 

Figure  29. — Dimensions  of  wing-body  combination  analyzed. 


M 

Figure  30. — Drag  variation  for  modified  and  unmodified  wing-body 

combinations. 

where  F4  is  the  total  volume  and  D4  the  total  wave  drag  per- 
taining to  the  wing  (now  the  complete  wing  including  the 
portion  blanketed  by  the  body7)  and  the  multipoles.  How- 
ever, within  the  accuracy  of  the  approximation — being,  in 
fact,  exact  within  slender-body  theory,  see  Appendix  B — 
the  volume  added  by  the  wing  is  subtracted  from  the  basic 
body  by  the  optimum  cancellation-source  distribution  so 
that  F4  is  zero.  Further,  if  iV4  is  the  value  of  DjDw  read 
from  figure  24  for  a specific  value  of  f$Ax  and  a specific  num- 
ber of  multipole  types,  one  can  readily  show 

Di=itNiNi  (80) 

where  Ni  is  defined  in  equation  (69).  Hence,  the  drag  of 
the  unmodified  combination  can  be  reduced  to  either 


if  the  same  total  volume  is  maintained  (maintained,  as  is 
obvious  from  an  inspection  of  the  equation,  by  increasing 
the  value  of  the  Sears-Haack  portion  of  the  basic  body  an 
amount  equal  to  the  volume  of  the  exposed  wing)  or  to 

e"-^‘Tv+8F“>+^Ar'A''  <s2> 

if  the  volume  of  the  fuselage  is  reduced  b\7  an  amount  equal 
to  the  wing  volume. 
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sides  by  the  cancellation  multipoles  (see  fig.  31),  decreasing 
the  average  body  radius  in  the  wing  region  from  about  1.00 
to  about  0.89.  One  must  be  careful  to  notice  that  the  solid 
curves  represent  minimum  (relative  to  the  special  method 
being  discussed)  values  which  can  be  obtained  by  a specific 
design  at  a specific  Mach  number  and  do  not  represent  the 
variation  of  wave  drag  with  Mach  number  for  any  given 
combination. 


THE  BODY  SHAPE— FIRST  CALCULATION 

The  final  step  in  studying  the  effect  of  the  optimum 
cancellation  multipoles,  defined  in  equation  (36),  is  to  find 
the  distorted  body  shape  which  they  produce  in  combination 
with  the  wing  and  a basic  body.  The  decision  was  made  to 
calculate  a body  shape  which  would  be  optimum  at  a Mach 
number  equal  to  The  details  of  the  wing  and  body 
geometry  are  given  in  figure  29  and  the  basic  body  parameters 
VK  and  Vs  were  interpreted  in  terms  of  source  strength  by 
equation  (73). 

It  was  apparent  from  the  results  of  figure  25  that,  for  the 
values  of  re  and  b given  by  figure  29,  the  velocity  field  induced 
by  the  first  two  optimum  multipole  distributions  can  be 
calculated  with  good  accuracy  using  slender-body  theory. 
Combining  the  values  of  (pT  and  <pe  so  calculated  with  those 
induced  by  the  wing,  given  by  equation  (56),  and  those 
induced  by  the  basic  body,  using  also  slender-body  theory  to 
interpret  equation  (73),  one  can  find  the  body  shape  by 
solving  the  two  simultaneous  nonlinear  differential  equations 
presented  as  equations  (43).  These  were  solved  numerically 
by  the  method  outlined  in  Appendix  D and  the  results  were, 
unfortunately,  unrealistic.  Figure  32  shows  an  example  of  a 
streamline  close  to  the  0=0  plane  and  the  crossing  of  such 
streamlines  obviously  invalidates  the  solution. 


Distance  from  nose 

Note  - vertical  scale  five  times  horizontal 


Figure  31. — Body  shape  having  favorable  interference  wave  drag  at 
M=1.41  when  combined  with  elliptic  wing. 


The  results  expressed  by  equations  (80)  and  (81),  when 
applied  to  the  first  two  optimum  cancellation-multipole  dis- 
tributions, are  shown  for  the  geometrical  parameters  pre- 
sented in  figure  29  by  the  solid  curves  in  figure  30.  The 
value  of  R/b  used  for  the  solid  curves  was  0.161  instead  of  the 
0.181  value  used  to  calculate  the  dashed  curve.  The  smaller 
value  was  used  since  the  modified  body  is  drawn  in  along  the 


BODY  SHAPE — SECOND  CALCULATION 

The  failure  observed  in  the  first  calculation  has  a simple 
enough  interpretation.  For  the  chosen  wing  the  basic  body 
was  too  small  in  diameter  at  the  wing-body  juncture  to  per- 
mit the  use  of  the  first  two  cancellation  multipoles  in  their 
entirety. 

Several  avenues  of  approach  are  yet  available.  One  could, 
for  example,  maintain  the  same  wing  and  basic  body  but 
reduce  the  Mach  number,  one  could  start  with  a larger  basic 
body,  or  one  could  lower  the  thickness  ratio  or  aspect  ratio 
of  the  wing,  thus  diminishing  the  strength  of  the  cancellation 
multipoles.  All  of  these,  however,  are  modifications  of  the 
basic  conditions  or  basic  restraints  and  as  soon  as  such 


/ 


Figure  32. — Streamline  when  starting  body  radius  is  too  small. 
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restrictions  are  abandoned  it  must  be  remarked  that  no 
matter  how  low  the  wave  drag  of  a set  of  nonlifting,  volume- 
enclosing  surfaces  has  been  made,  another  arrangement  of 
the  same  volume  within  a finite  space  will  give  a lower  value, 
unless,  of  course,  the  wave  drag  of  the  first  arrangement  is 
already  zero.  Therefore,  instead  of  modifying  any  of  the 
initial  restraints,  consider  the  following  alternative: 

How  much  can  the  drag  be  reduced  by  using  only  a 
portion  of  the  first  two  cancellation  multipoles  so  that  a 
real  body  would  still  be  simulated? 

In  order  to  answer  the  above  question,  examine  briefly  the 
first  calculation.  Notice,  from  figure  25,  that  the  cause  of 
the  body  collapse  is  attributable  to  the  large  values  of  (pT 
and  <pe  induced  by  the  second-order  cancellation  multipoles, 
a2(x).  Hence,  let  a0(x)  be  maintained  at  its  full  value  and 
reductions  permitted  only  in  the  magnitude  of  a2(x).  To 
carry  out  such  a procedure  efficiently,  one  must  be  able  to 
determine  the  effect  of  a given  variation  of  a2(x)  on  the  body 
shape.  Fortunately,  Graham,  in  reference  16,  has  developed 
a method  by  means  of  which  the  relation  between  a2 (x)  and 
body  shape  can  be  quickly  estimated.  Graham  has  shown 
if 

1.  a rectilinear  distribution  of  second-order  multipoles 

of  strength  a2(x)  is  placed  along  the  x axis  (see  fig. 

33)  in  a supersonic  stream  (M=V 2) 

2.  slender-body  theory  is  used  to  evaluate  <pT  and  (p$, 

3.  R=RC  is  the  radius  of  a circularly  cylindrical  tube 

for  — Z0>z>—  oo ; 

then 

R—R  ^ 1 + - F*(x)  cos  20 + Vl  + 4 F*(x)  cos  20 + 4 [ff  *(s)p  ^ 1 /4 

(83) 

is  the  continuation  of  the  stream  tube  for  x^>—L0. 

Since  the  initial  strengths  of  the  cancellation  multipoles 
are  negative,  F*(x)  is  negative  and  the  critical  value  of  R 


Figure  33. — Definition  of  parameters  used  to  study  effect  of  second- 
order  multipoles  on  fuselage  shape. 

435S75 — 57 4S 


-F* 

' max 

Figure  34. — Variation  of  R/Rc  with  — F*mox. 


occurs  along  the  plane  0=0  or  w.  The  variation  of  R/Rc 
with  F*max  is  given  in  figure  34  from  which  one  can  see  that 
the  maximum  value  of  |2^*|  must  be  less  than  0.5  if  the 
simulated  stream  tube  behind  the  plane  x——L0  is  to  be  real. 

The  problem  can  now  be  continued,  using  Graham’s 
result  as  a guide,  by  assuming  the  critical  body  radius  in  the 
more  complicated  source  and  multipole  arrangement  is 
principally  determined  by  ^*(0) — the  parameter  governing 
the  body  indentation  at  the  center  of  the  cutout  and  at  the 
wing-body  juncture.  In  the  first  place,  since  there  is  no 
interference  between  different  orders  of  multipoles,  it  is 
necessary  to  consider  only  the  drag  produced  by  the  second- 
order  multipole.  Appendix  E presents  a method  for  finding 
the  optimum  distribution  of  the  second-order  cancellation 
multipoles  for  a given  wing  and  a fixed  value  of  i^*(0). 
The  resulting  wave  drag  is  given  in  equation  (Ell).  At  a 
Mach  number  equal  to  72  and  for  the  basic  wing  and  body 
parameters  presented  in  figure  29,  ^*(0)  (defined  by  eq. 
(E8))  equals  —2.90  and  the  reduction  in  D2/qS}  the  amount 
of  drag  caused  by  the  wing  second-order  multipoles  alone — 
see  equation  (62)  and  figure  24 — is  shown  in  figure  35  for  a 
range  of  F*(0).  Variations  on  the  strength  of  various  com- 
binations of  second-order  multipoles  are  shown  in  figure  36. 
It  is  important  to  notice  that  for  a given  percentage  reduction 
in  the  maximum  strength  of  the  multipoles  the  resulting 
percentage  reduction  in  Z>2  is  much  larger. 

The  strengths  of  a2(x)  shown  in  figure  36  must  now  be 
combined  with  the  zero-order  multipoles  and  wing  source 
sheet,  and  the  combined  velocity  field  used  to  calculate  the 
shape  of  the  new  bod}7.  Using  again  slender-body  theory  to 
evaluate  the  velocity  field  induced  by  the  multipoles  and  the 
numerical  methods  given  in  Appendix  D to  compute  the 
streamlines,  one  finds,  by  restricting  the  distribution  and 
strength  of  the  second-order  cancellation  multipoles  to  their 
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Figure  35. — Reduction  in  drag  caused  by  second-order  multipoles. 


Figure  36. — Variation  of  second-order  multipoles  for  several  values 

of  F*(0). 


optimum  values  corresponding  to  the  restraint 11  ^*(0)  = 
— 0.6,  that  a real  as  well  as  reasonable  bod}7  shape  results. 
The  details  of  this  shape  are  presented  in  figure  31  and  their 
general  interpretation  is  discussed  in  the  next  section. 
Finally,  using  the  value  jF*(0)  = — 0.6,  the  drag  curves  shown 
in  figure  30  were  reinterpreted,  and  the  results  — which  rep- 

ii  Figure  34  gives  0.5  as  the  maximum  permissible  vftlue  of  — F*(z ).  However,  that  value 
is  based  on  a distribution  of  aj(z)  alone,  and  in  our  more  general  case  the  added  velocity 
field  caused  by  the  presence  of  the  other  singularities  permits  the  larger  value. 


Figure  37. — Drag  of  unmodified  and  modified  combinations  with  real 

body  shapes. 

resent  an  estimate  of  the  amount  the  wave  drag  of  an 
elliptic  wing  mounted  on  a basic  body  of  revolution  can  be 
reduced  by  realistic  body  distortions — are  shown  in  figure  37. 

DISCUSSION  OF  RESULTS 

It  is  possible  to  gain  some  insight  into  the  reasons  for  the 
various  body  distortions  shown  in  figure  31  by  inspecting, 
in  another  light,  the  body  shape  first  calculated.  Consider 
first  the  elliptic  wing  at  the  top  of  figure  38.  The  air  over 
the  forward  part  of  this  wing,  when  it  is  alone  in  a super- 
sonic stream,  is  compressed  (mathematically,  the  sign  of  <px 
is  negative),  the  compression  being  greatest  near  the  leading- 
edge.  On  the  other  hand,  the  air  over  the  after  portion  of 
the  wing  is  undergoing  an  expansion,  the  magnitude  of  which 
is  greatest  near  the  trailing  edge.  Consider  now,  in  combi-, 
nation  with  this  wing,  a body  which  is  to  have  a shape 
providing  favorable  interference.  It  is  apparent  that  the 
body  should  cast  expansion  waves  over  the  forward  portion 
of  the  wing,  destroying  the  compression  there,  and  absorb 
the  expansion  waves  coming  from  the  wing  afterportion. 
Or  in  another  light,  the  positive  pressure  on  the  forward 
region  of  the  wing  (one  can  use  the  equation  CP=(p—p0)l(L~ 
— 2<px/U0  for  the  pressure  coefficient)  should  be  reduced  as  far 
as  possible  by  a wave  shed  from  the  body  and  having  large 
negative  pressures  where  it  comes  in  contact  with  the  wing 
forward  region. 

Since  waves  in  a supersonic  flow  field  are  fundamentally 
associated  with  the  slope  of  the  disturbing  surface,  the  afore- 
mentioned favorable  interference  fields  would  be  created  by 
a body  having,  longitudinally  along  its  surface,  slopes  such 
as  those  shown  in  the  lower  part  of  figure  38.  This  is  ex- 
actly what  the  solution  obtained  from  the  calculation  of  the 
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Figure  38. — Regions  of  expansion  and  compression  on  wing  with 
unmodified  and  modified  fuselage. 

first  body  shape  tried  to  establish  since  the  fuselage  near  the 
plane  of  £he  wing  (the  portion  most  strongly  affecting  and 
being  affected  by  the  pressures  on  the  wing)  and  ahead  of  the 
wing  chordwise  center  line  was  distorted  in  a manner  that 
caused  an  expansion  across  the  wing  entire  forward  portion. 
The  difficulty  arose  because  the  fuselage  was  not  wide  enough 


to  provide  the  longitudinal  extent  of  favorable  slopes  neces- 
sary to  create  the  positive  pressure  called  for  by  the  wing 
forward  compression  region,  and  the  body  streamline  near 
the  wing  root,  following  a path  such  as  that  shown  by  the 
line  in  figure  38,  crossed  the  body  center  line  before  it  reached 
the  wing  chordwise  center. 

Consider  now  the  second  body  calculated  in  the  previous 
section.  In  this  case  an  additional  restraint  was  imposed 
.which,  effectively,  fixed  the  maximum  body  indentation. 
Subject  to  such  a condition,  an  optimum  interference  field 
was  discovered.  If  the  resulting  fuselage  shape  is  inspected 
near  the  plane  of  the  wing,  surface  slopes  are  found  similar 
to  those  shown  in  figure  39.  The  following  discussion  is 
intended  to  show  that,  from  a physical  viewpoint,  this  ar- 
rangement is  reasonable. 

Most  of  the  wing  pressure  drag  occurs  on  the  wing  inboard 
portions.  Hence,  for  a fixed  maximum  fuselage  indentation, 
it  is  beneficial,  from  an  over-all  point  of  view,  to  create 
initially  a compression  wave,  which  increases  the  pressure 
drag  on  the  forward  portion  of  the  wing  tip  but  provides  a 


Figure  39. — Regions  of  expansion  and  compression  on  wing  with 
fuselage  distortion  shown. 
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succeeding  extent  of  fuselage  having  slopes  that  generate  a 
strong  expansion  wave  over  the  forward  portion  of  the  wing 
inboard  section.  Similarly,  the  final  portion  of  the  body  is 
forced  to  have  a region  of  unfavorable  interferences  where 
the  expansion  waves  from  the  wing  tips  combine  with  body 
expansion  waves  to  increase  the  local  drag  (i.  e.,  increase  the 
local  suction  pressure)  in  order  that  the  over-all  interference 
effects  are  as  beneficial,  under  the  given  restraints,  as  possible. 
This  arrangement  (i.  e.,  unfavorable  interference  near  the 
wing  tip  and  favorable  interference  near  the  wing  root)  is 
given  further  support  by  the  attenuation  property  inherent 
in  three-dimensional  waves.  Thus  the  pressures  induced 
by  the  body  on  the  wing  tips  are  not  as  strong,  for  a given 
generating  surface  slope,  as  those  induced  on  the  inner  por- 
tion of  the  wing,  simply  because  the  tips  are  farther  from  the 
disturbing  surface. 

Although  these  considerations  are  somewhat  oversimplified 
(the  shape  of  the  upper  part  of  the  bod}7  has  been  completely 
ignored  in  estimating  the  effect  of  the  waves),  the  longitudinal 
variation  of  surface  slopes  near  the  plane  of  the  wing  and  the 
resulting  body  streamlines  there  are,  from  a physical  point 
of  view,  reasonable. 

In  order  to  support  the  above  conclusions,  the  source  and 
multipole  distributions  simulating  the  final  modified  body 
shown  in  figure  31  were  used  to  calculate  (see  Appendix  C) 
u/Uo  in  the  plane  of  the  wing  near  the  root  section.  The 
values  of  ujU0  induced  by  the  wing  sources  along  these 
sections  were  assumed  to  be  the  same  as  those  induced  by  a 
two-dimensional  biconvex  section  having  the  same  local 
chord;  that  is,  tip  effects  were  neglected.  These  values  for 
body  and  wing  were  added  and  the  resulting  pressure  distri- 
bution, shown  in  figure  40  (Cp——2  UjU0)9  were  obtained. 


Figure  40. — Variation  of  pressure  and  section-drag  coefficient  on 
sections  indicated. 


The  results  are  similar  to  the  estimates  presented  in  figure 
39.  The  large  drag  saving  near  the  root  section  is  illustrated 
in  figure  40  by  the  graph  showing  the  low  values  of  section 
drag  coefficient  along  the  inner  portion  of  the  wing. 

Another  important  characteristic  of  wing-bod}7  combina- 
tions designed  to  have  low  wave  drag  is  also  illustrated  in 
figure  40.  As  shown  in  the  graph  of  u\U0,  over  the  surface 
of  a two-dimensional  biconvex  section  the  air  is  everywhere 
accelerating  in  the  streamwise  direction.  In  studies  con- 
cerning the  effects  of  viscosity  on  the  fluid  flow  and,  in 
particular,  studies  concerning  the  boundary  layer,  this  posi- 
tive fluid  acceleration  is  referred  to  as  a favorable  pressure 
gradient.  If  the  flow  is  laminar  in  the  vicinity  of  the  leading 
edge  of  a smooth  wing  and  the  pressure  gradient  is  every- 
where favorable,  the  flow  tends  to  remain  laminar  and 
unseparated  over  most  of  the  wing  chord.  Notice  that  the 
modified  wing-body  combination  has  a line  of  zero  pressure 
gradient  extending  along  a Mach  line  downstream  from  a 
point  near  the  body  and  wing  leading-edge  juncture.  Im- 
mediately behind  this  line  the  pressure  gradient  is  unfavor- 
able which  gives  rise  to  the  possibility  of  flow  separation  or, 
at  least,  transition  from  laminar  to  turbulent  flow  there. 

COMPARISON  WITH  EXPERIMENT 

The  modified  wing-body  combination  shown  in  figure  31 
was  tested  in  the  Ames  2-  by  2 -foot  transonic  wind  tunnel. 
The  Reynolds  number  of  the  test,  based  on  the  mean  aero- 
dynamic chord,  was  approximately  1.5X106.  This  com- 
bination had  an  exposed  wing  volume  of  3.44  cubic  inches 
and  a body  volume  equal  to  44.60  cubic  inches,  for  a total 
volume  of  48.04  cubic  inches.  As  a control,  an  unmodified 
combination  composed  of  the  same  elliptic  wing  mounted 
on  a body  of  revolution  (the  area  distribution  of  which  was 
determined  from  equation  (74)  with  £=10.5,  VK— 12.88, 
and  VSft=  29.02  cubic  inches)  was  tested.  The  exposed 
wing  area  in  the  unmodified  combination  was  3.32  cubic 
inches  and  the  body  volume  was  41.90  cubic  inches,  for  a 
total  volume  of  45.22  cubic  inches.  Thus,  the  unmodified 
combination  had  the  same  body  length  as  the  modified  one 
but  less  volume. 

The  wave  drag  at  M=1.41  of  the  combination  shown  in 
figure  31  has  already  been  calculated  and  presented  in  figure 
37  by  the  curve  pertaining  to  real  body  shapes.  By  use,  in 
equation  (78),  of  the  values  of  VK  and  VSH  mentioned  above 
and  a value  of  0. 176  for  R/b,  the  wave  drag  for  the  unmodified 
body  was  calculated  throughout  a supersonic  Mach  number 
range.  The  theoretical  results  obtained  for  body  configura- 
tions are  shown  by  the  dashed  curves  in  figure  41. 

The  wind-tunnel  results  for  the  total  drag  on  both  con- 
figurations are  shown  in  figure  42  for  0.6<M<1.4.  Notice 
that  three  groups  of  data  are  shown.  The  lower  one  repre- 
sents the  unmodified  body  alone,  the  middle  one  represents 
the  modified  and  unmodified  combinations  with  no  fixed 
transition,  and  the  upper  one  represents  both  combinations 
with  transition  fixed  along  the  leading  edge.  The  models 
tested  with  natural  transition  did  not  show  the  predicted 
drag  reduction.  As  was  pointed  out  in  the  discussion  of 
figure  40,  however,  the  adverse  pressure  gradients  on  the 
modified  model  could  be  inducing  transition  in  the  vicinity  of 
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Figure  41. — Variation  with  Mach  number  of  theoretically  and  experi- 
mentally determined  drag  coefficient. 


the  45°  line  behind  the  juncture  of  the  wing  leading  edge  with 
the  fuselage.  This,  in  turn,  would  cause  the  wing  of  the, 
modified  model  to  have  a larger  area  covered  with  a tur- 
bulent boundary  layer  and,  hence,  cause  the  drag  of  the 
model  to  increase.  In  order  to  separate  the  potential  and 
viscous  effects,  the  transition-fixed  tests  were  made.  If  the 
experimental  wave  drag  is  taken  to  be  the  difference  between 
the  drag  at  a supersonic  Mach  number  and  the  drag  at 


Figure  42. — Experimental  values  for  drag  coefficient. 


M—  0.6,  the  resulting  values  of  experimental  wave  drag  are 
as  shown  in  figure  41. 

Figure  41  shows  that  the  experimental  reduction  in 
wave  drag  brought  about  by  the  modification  agrees  with 
that  predicted  by  theory.  Both  theory  and  experiment 
show  a reduction  of  about  0.0015  in  the  drag  coefficient  at 
the  design  Mach  number  (1.41),  and  the  experiment  further 
shows  an  average  reduction  of  0.0020  over  the  Mach  number 
range  1.2<M<1.4.  A further  study  of  figure  42  shows  that 
the  difference  between  the  experimental  and  theoretical 
wave  drags  shown  in  figure  41  for  the  wing-body  combina- 
tions is  nearly  the  same  as  the  difference  between  experiment 
and  theory  for  the  body  alone. 

Ames  Aeronautical  Laboratory 
National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  May  16 , 1956 


APPENDIX  A 


DERIVATION  OF  THE  OPERATIONAL  FORM  OF  THE  WAVE  EQUATION 

Further,  integrating  by  parts  gives 


For  convenience,  take  the  normalized  form  of  the  wave 
equation  in  Cartesian  coordinates,  thus 


dV  dV  c>V 


.=0 


dx 2 dy 2 de2 

and  define  the  Laplace  transform  of  <p{x,y,z)  by 

/•  00 

<P^,y,z)=\  e~"<p{x,y,z)dx 


(Al) 


(A2) 


Now  if  x=f(y,z)  is  the  equation  of  the  foremost  Mach  cone 
or  Mach  cone  envelope  and  f{y,z)  > 0.  it  is  apparent 

rvbv  z)e-«dx- 

O'tr  dy*J,  ^ ) Jr  e W-  bye  \dy)x=/ 

(A3) 

since  (v)x=/  is,  but  (^)  is  not,  necessarily  zero.  From 
equation  (A3)  we  see 

(A4) 


x~  f 


(Ao) 


(A6) 


Hence, 


Jo  ' \dx2  by2  dzy  ^ dy2  dz2 

P-sf(^E _L 

\dx  “"dt/  dt/^ds  bz)x=f 
(A7) 

The  last  term  on  the  right  is  the  directional  derivative  of 
the  perturbation  potential  along  the  surface  x—f(y,z ). 
This  is,  of  course,  along  the  so-called  conormal.  Since  is 
a constant  on  the  forward  envelope,  its  gradient  along  the 
envelope  is  zero  and 

0 (AS) 

Jo  W2  i>y2  dz2Jd  dy2  d22-0  (A8) 


APPENDIX  B 

ON  THE  VOLUME  OF  BODIES  CALCULATED  USING  SLENDER-BODY  THEORY 

multiply  by  dd , and  integrate 


The  following  proof  shows  that  ki  a rectilinear  distribution 
of  singularities,  only  the  sources  contribute  to  the  total  cross- 
sectional  area  of  the  simulated  body'  and,  hence,  to  its  volume. 

According  to  slender-body  theory,  the  velocities  induced 
in  the  field  by  distributions  of  multipoles  along  the  x axis  can 
be  written 


a0(x) 

2t rr 

(—2 )nn\an{x)  cos  nd 
4t ; 


n—  0 


n>0 


1_  _(— 2 )Hn\an(x)  sin  nd 

r 47T7>n+1 


(Bla) 


(Bib) 


Furtlier,  we  have  derived — see  equation  (41) — neglecting 
only  second-order  effects,  the  equation  representing  the 
boundary  condition  for  the  body,  thus 


UQ 


bR / <pe  bR\ 

dx~~yr  r2  d0  )ru 


«(*.  Q) 


(B2) 


Combine  equations  (Bl)  and  (B2) 
bR 


d tit)  ( \ \ ^ ( o\n  t t \ ( cos  nd  sin  nd  bR\ 

2«U°R  (-2 Yn\an{x)  7^+r  W) 


2ttU0 


or 


dx 


r2r  R2 

Jo  —dd=2wa0(x)+ 

±(-2 yn\an(x)  P 
i Jo 


R cos  nd — sin  nd  ^r\ 

bd  I dd 


/ 


2*U0 ^ S(x)=2na0(x)+±(-mn-i)'.a„(x) £ 4 (^)  dd 

(B3) 

Since  the  integrand  in  equation  (B3)  is  a periodic  function 
in  d,  we  have 

bS_a0(x) 


dx  U0 


(B4) 


which  shows  the  simulated-body  normal  cross-sectional  area 
to  be  dependent  only  on  the  source  strength.  Further,  the 
total  volume  is  given  by 

v=J,_i  S{*)dx=£  (l'-x)S'(x)dx+(l’+l)S(-l) 
and  when  S(l')=S(— 1)=0,  there  results 

V=—  jj-J  xa0(x)dx  (B5) 
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APPENDIX  C 

ON  THE  CALCULATION  OF  VELOCITIES  INDUCED  BY  ARBITRARY  SOURCE  DISTRIBUTIONS 

Then 


'Flic  potential  and  velocity  fields  represented  by  equations 
(18)  and  (19)  are  difficult  to  evaluate  analytically  even  if 
/1„(£)  is  a simple  function.  However,  the  calculations  can 
be  reduced  to  a relatively  simple  process.  First,  let  equation 
(18)  be  expressed  in  terms  of  the  dimensionless  variables 
7,| , and  7 where 
x=x/L, 


T=ML0. 


(Cl) 


*,(*,? fi)=~  ■ (C2a) 

2*J-'  V(x-D2-p 

^{x.7.6)=-^^-  (C2b) 

2*  J-<  pV(7-D2-F 

and  so  forth.  Consider  next  the  variation  of  An(J)  shown 
in  figure  43  and  represented  by  the  equation 


{(190/i— 360?/i)+(390/i— 760m)£  + (200?i— 400m)£2,  -1  <£  < -0.9 

- 

n ) -0.9<£ 


(C3) 


As  seen  in  the  figure,  An  vanishes  at  £=  — 1,  is  a parabola 
between  —1  and  —0.9  (assuming  the  values  m at  £=—0.95 
and  n at  f=—0.9),  and  the  straight  line,  An(i)  = ^,  for  £ 


greater  than  —0.9.  The  velocities  induced  by  a multipole 
distribution  given  by  equation  (C3)  can  be  calculated  in  a 
straightforward  manner  in  the  two  regions  — 1+F<x< 
— 0.9  + r and  — 0.9+F<x.  For  example,  if 


t rrMo-(x) 
200 


f -(7+0.9)V(7+l .0)2-72+72ln *+1-i°+Vfe±1:0)2.._r1,  -i+7<7< -0.9+7 


—(7+0.9) V(*+1.0)»— P+(»+l .0) V(i+0.9)8— P+Flnf+^+  -0.9+7<7 

X+0.9+  y(x+0.9)2 — r2 


(C4) 


irrNojix) 

100 


(7+0.95)  V(i+1.0)s-72-r2l7i 


=j  7+1.0+ V(7+1.0)2-72 


— l + r<x<— 0.9+7* 


(7+0.95)V(x+1.0)2— F2-(7+l  ,05)V(i+0.9)2-72-72ln  f j ^ j =,  -0.9+7<7 

X+0.9+  y(x+0.9)2— r2 


(Co) 


then  (pOJ  can  be  written 

(p0?=7nMOf(x)  +nNo-(x) 


(C6) 


Now,  if  one  is  given  a distribution  of  sources  that  is 
composed  of,  or  is  adequately  approximated  by,  a series  of 
20  equally  spaced  parabolic  arcs,  equation  (C6)  can  be  used 
for  each  individual  arc  and  the  results  superimposed  for  the 
complete  solution.  To  this  effect,  define  and  in  terms 
of  A0(a)  by 


n‘=A-(To-')~A-(!w-') 


(C7) 


so  they  represent  the  magnitudes  shown  in  figure  44.  Then, 
if  [x]  denotes  the  greatest  interger  contained  in  J(e.  g., 
[6.34]  equals  6),  the  equation  for  the  radial  velocity  becomes 


[10(5-0+11] 

<po-r=  5U 

i=  1 


Values  of  M0J  and  are  tabulated  in  table  I for  r equal 
to  0.074,  0.148,  0.222,  and  0.296.  The  asymptotic  magni- 
tudes of  these  functions  are  given  b\7  slender-body  theory. 
Hence,  one  can  easily  show  for  large  x 


Figure  43. — Definition  of  symbols  used  in.  equations  (C3)  and  (C6.) 
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Figure  44.— Definition  of  symbols  used  in  equation  (C7). 


Notice  that  both  functions  have  essentially  reached  their 
asymptotic  values  for  large  x by  the  time  x=  — l + r+0.5. 
By  applying  simple  tabulative  procedures  to  equation 
(C8) — for  example,  listing  mt  and  nt  in  reverse  order  and 
accumulating  multiplications  of  adjacent  terms — the  value 
of  <Poy  for  any  A0(x)  representable  by  equation  (C7)  is  readily 
calculated. 

The  velocities  induced  by  higher  order  multipoles  can  be 
calculated  in  a similar  fashion.  Because  of  the  as3unptotic 
behavior  of  the  M’ s and  N’ s,  however,  one  is  led  into  the 
numerically  inefficient  process  of  obtaining  small  numbers 
from  differences  of  large  numbers.  For  the  velocities  <pT  and 
<pe,  the  following  is  a method  for  circumventing  this  difficulty. 

It  follows  from  equations  (9)  or  (19),  that  for  small 
7,  <pn-  and  (pn0  can  be  expressed  in  terms  of  the  multipole 
strengths  an(x)  — as  defined  by  equation  (7)—  by  the  equa- 
tions 

rn+i  / J^_\c0+Cxr+.  . .+Or’+.  . . (ClOa) 

\COS7 Ud/ 

• ■+D'-+  • • ■ <Cl0b> 


where  for  v<n,n>  1 


Tl-f'Tr 

(— 1)  2/3-2 


47 r 


„_r  (n-*)r  (n-|) 
r (i+0 


ai?  (x),  v even  (C 1 1 a) 
, v odd 


b +*  71  r 

(— 1)  2p»2n-v 


4tt 


("~D 

(>+i) 


a^ix),  v even  (Cl lb) 
, v odd 


Consider  now  the  velocities  ^ and  <p2Q  induced  by  the 
multipole  strength  defined  by  equation  (C3) ; thus 


QQs2d = + nNn(x)  (Cl  2a) 


‘Pie 


where  values  of  the  M’s  and  N’s  are  listed  in  tables  II  and 
III.  Their  asymptotic  values,  as  given  by  equations  (CIO) 
and  (Cll),  are 


19+20z 

1507TT3 


AV 


150x2+275x+126 

150tt73 

19+205 

150x73 

15052+  2755+ 126 
1507r73 


7 


Jj 

2x7  J 


(Cl  3) 


and  these  are  also  given  in  the  tables. 

As  the  tables  show,  equations  (Cl3)  are  sufficiently 
accurate  approximations  to  M and  N for  practical  calcu- 
lating purposes  when  x^>  — l+r+0.5.  Hence,  the  velocities 
at  the  point  x,r  induced  by  the  multipoles  in  the  interval 
— l<Kx— r— 0.5  can  be  calculated  using  equations  (Cl3). 
In  terms  of  the  distribution  for  A2(£) — which  is  equal  to 
^22)(I)>  see  equation  (16) — this  means  the  multipole  dis- 
tribution shown  in  the  upper  part  of  figure  45  can  be  cal- 
culated by  means  of  the  asymptotic  formulas  and  the  result 
added  to  that  obtained  for  the  distribution  shown  in  the 
lower  part  of  figure  45  by  use  of  equations  (Cl2b)  and  tables 
II  and  III  in  a manner  identical  to  the  one  represented  by 
equations  (C6),  (C7),  and  (C8). 

The  value  of  <p2d(x,r)  induced  by  a multipole  distribution 
such  as  that  shown  in  the  upper  part  of  figure  45  is,  on  the 
basis  of  equations  (CIO)  and  (Cll), 


‘Pie 

r sin  20 


so 

77(5,7) ^(5-7-5, +++  a2(1)  (7-7-5,)+ 


a2(2)  (x—r— 


(7+3+) 

7rr3 


2 


(Cl  4) 


r sin  20 


mM2e(x)+nN2)(x) 


(Cl  2b) 


Figure  45. — Range  of  application  of  equations  (C12)  and  (C 1 3) . 
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where  /32«42)  (x) = A2(x)  and  x(  is  shown  in  figure  45  and  de- 
fined by  the  equation 


- n — - [10(a: — r)] 

x(=0A+x—r—-  V]Q 


(CIS) 


the  symbol  [10(5—5)]  meaning,  as  before,  the  highest  integer 
value  contained  in  10(5—5).  A similar  result  can  be  derived 
for  <p 27  and  one  has  finally  for  —1  <[10(5—  r)  + ll]  <5 

<P2e{x)  [10(i-r)+ll] 


r sin  26 


(Cl6a) 


<P2T(X)  tl0(i^f)+ll]| 

cos  26 


(Cl  6b) 

and  for  [10(5— 7)  + 11]  >6 


[10(z-r)+ll] 

- Xj 

r sin  2d~ 

fl0(x— r)+l!]"5 

H{x,r) 

<P2?(x)  __ 

[10(x— r)+ll] 

_ v' 

cos  2 6~ 

~ 2 / 
(I0(x— r)+ll]~5 

r)J+ 

(Cl  7 a) 


TJ. — . A2{x—r—Xi) 

H(X’r) 2S— 


(Cl7b) 


The  streamwise  gradients  of  induced  velocities  can  also  be 
defined  in  terms  of  M’s  and  Aps  as  were  the  velocities 


ipf  and  1 ’f’e.  Thus 
r 


<p0-=mM0-+nN0., 


<P2t 


cos  26 


=mi¥2.+niV:- 


Values  of  M0~,  N0.,  M2_,  and  A'2_  for  r equal  to  0.148,0.222, 
and  0.296  are  given  in  tables  IV  and  V. 


APPENDIX  D 

NUMERICAL  METHOD  USED  TO  CALCULATE  BODY  SHAPE 


The  method  used  to  calculate  the  bodjr  shape  was  a stand- 
ard step-by-step  solution  to  the  two  simultaneous  total 
differential  equations  (eq.  (43)  in  the  text) 


de  1 , „ m 

dx~u0n 2 ^X’R>6) 

di=U0  V^X’R’6) 


(Dl) 


The  essentials  of  the  process  are  recognized  from  the  following 
computing-sheet  heading  set  up  for  initial  values  of  6 and  R 
equal  to  30°  and  0.148;  respectively,  where  x—xlL0  and 
R=pR/L0 


© 


®„-iX0.  05+ 

®»-i 

0i 


© 


©n-iX0.  05+ 

®a-I 

Tii 


/_L 

\U0ddJ 

for 

® and  ® 


© 


/dd \ 
\dxj  i 

®2 


© 


\UodfJ 

for 

® and  ® 


@ 


/dfr \ 

\ dX  /at 
®n-l  + @n 


© 

© 

© 

© 

© 

© 

© 

n 

X 

@nX0.  05+ 

(®)n—  1 

e 

®nX0.  05  + 

®«-i 

R 

AL*!\ 
V U . dej 

for 

® and  © 

/dd\ 
\dx)  t 

© 

®2 

(±*\ 
\ U.  dfj 

for 

® and  ® 

0 

-0. 852 

0.524 

0.148 

1 

-.802 

2 

-.752 

m.. 

©n-l+@n 

2 


Given 


APPENDIX  E 

OPTIMUM  VARIATION  OF  cc2  (x)  FOR  A FIXED  VALUE  OF  f ° a2  (x)  dx 

J-Lo 

If /(*)=/(-*),  then 


D 


2~  47 rU 

Xx~X2 


In 


-2  r°  r 

oJ-L0J-L0 

dxxdx2  (El) 


where  the  variation  of  a2(3)  (x)  is  fixed,  pose  the  restraint 

--  J a2(x)dx=F*(0)  ^ Z?c=constant  (E2) 

and  ask  for  the  function  a2(x)  which  minimizes  D2  for  a given 
value  of  the  constant. 


S(xx)f(x2)l  n\ xx — x2\dx{dxi 

=2/  i J i ^x'^x^ln\x^~x^\dxidx2 

and  since  a2(—Lo)=ain(—Lo)  = o4~i)(.—Lo)=0 

f a2(x)dx=—~  f x?aj3)  (x)dx 
J-L0  U-it 

Therefore,  the  standard  variational  problem 


(E3) 
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reduces  to 


8 1 2^2  j\  j\  I®*®  (*•) +“23>  (X.)]  [Of  (*0  +«,*  (*»)] 

(hidx2-^j-  j x\ai3) (x,)dx,  =o 


■ 1?), 


x-—xi 


LI 


and  this  becomes 


£.  * [h£]  *'  {*  £. 


171 


X2— X2 


^2+^}=0 


Xx? 

T 


Integrating  three  times  by  parts,  using  the  relations 
5a2(-L0)  = 8aP  ( ~L0)  = 8a f (— £o)=0 
5^2 (0) = 5«2(2)  (0) = 0,  by  symmetry 

and 


Zim 

ji 


im  f°  [a,®  (*,)+«?  (**)]  1 

-»  0 OX!  J _Lq  I L>0 

= /im  2xx 

zi  — » o J - 


dx2 


0 a2(3)(x2)+af  (x2) 


X!  — X2 


dx2—0 


yields 


£ * [tc]  *■  S {£. 


171 


x\—x\ 


LI 


dx  2~\~L 


>„x?  J-=0 


diere 


\ir 


X° — “ (E4) 


By  the  fundamental  lemma  of  the  calculus  of  variations 

dx2+U0\0x\  ^=0, 


^{J°t  [a,*  (*,)+«?(**)]  1 n 


x\—x\ 


LI 


0>xt>—  L0 


One  can  also  show 

"*L 


^{Jo'[af  (x2)+«f>(2,,)]  In 


x\— x% 


LI 


dx2—U0\0x\  =0, 

L o>Xi>0 


Hence, 

J°  <(x2) 


V 0 


In 


x\—x\ 


LI 


dx2=~i0+-i2x\—\0x\ 

0 af(x2) 


£ 


In 


9 9 

XJ  — X2 


I2 


dx2  (Ed) 


Integrating  by  parts  and  changing  the  notation  so  that 


x\  , , * a2(2)(x2) 

7?2  = T2,  J (W=“ 


"XT 

v\ =j\>  yM~- 


u0 

a?  (x2) 


one  has 


f'^i2  (E6 

Jo  — V'2  Jo  Vl  V2 


Equation  (E6)  is  the  familiar  singular  integral  equatior 
known,  in  aerodynamic  applications,  as  the  airfoil  equation 
Its  inversion  is  discussed,  for  example,  in  reference  3.  If  oiu 
solves  equation  (E6)  and  applies  the  conditions 


ai2)  (0) — a2(2)  (Lo)=0 


then 


y0= 


4:\0Ljq  48X0L0 


157T 


•>  72  = 


157T 


and 


{[K0-#-(0 


+ 


3£*V  \nL~^U°~x2\ 


(E7 


Now  set 


J_°£  ^ dx=Fw\0)  l R*  (Eg; 

so  that  Fw*(0)  is  a known  constant.  Then 


/: 


£ a^7?=F*(0)  I Rc=-Fw*(0)  ~ /,-+|g  (E9; 


Using  the  above  expressions,  one  can  show 


T77+T7£=1|^  l^(0)+E„*(0)] 


(E10; 


The  wave  drag  can  be  calculated  by  combining  equation' 
(E5)  and  (El). 


Integrate  three  times  by  parts  and  there  results,  finally 

A=§  (Q4  [F*(0)+E„*(0)]2  (Ell 
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TABLE  I —VALUES  OF  MoJ  AND  NoJ. 


TABLE  II —VALUES  OF  M2-  AND 


X 

Mo- 

Ato7 

£ 

Mo- 

Nor 

X 

Mi 7 

X 

Mt-r 

Nr; 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymi 

totic 

1 

^=0.074 

r=0.14S 

r =0.074 

=0.148 

-0.  926 

0 

0 

-0. 852 

0 

0 

-0.  926 

0 

0 

-0. 852 

0 

0 

-.876 

3. 16 



.56 

-.802 

2.00 

.42 

-.876 

9.  77 

-.  16 

-.£02 

3.86 

2.31 

-.826 

-2.96 



4. 86 



-.752 

-2.  26 

3.24 

-.826 

10.  61 

8.31 

-.752 

.68 

4.3S 

-.776 

-.24 



2.  52 

-.702 

-.22 

1.50 

— . 776 

IS.  09 

15.53 

-.702 

3.11 

4.73 

-.726 

-.03 



2.34 



-.652 

-.  10 

1.30 

-.726 

23.44 

2S.41 

-.652 

3.85 

6.97 

-.676 

-.04 



2.  26 



-.602 

-.06 

1.20 

-.676 

23.  72 



45.32 

-.602 

4.53 

9.  77 

-.626 

-.02 



2.22 



-.552 

-.04 

1.  IS 

-.626 

33. 95 

66.  17 

-.552 

5. 19 

13.  OS 

-.576 

-.02 

2.20 

-.502 

-.02 

1. 14 

-.576 

39. 15 

90.  98 

-.502 

5. 85 

16. 90 

-.526 

-.02 

6 

2.20 

2. 15 

-.452 

-.02 

6 

1.14 

1.0S 

-.526 

44. 38 

44.41 

119.  70 

119.66 

-.452 

6.51 

6.  52 

21.20 

21. 17 

-.476 

0 

0 

2.  18 

2.  15 

-.402 

0 

0 

1. 12 

1.0S 

-.476 

49.62 

49.64 

152. 35 

152. 32 

-.402 

7.17 

7. 17 

26.01 

25.  9S 

-.426 

0 

0 

2. 18 

2.  15 

-.352 

0 

0 

*1.10 

1.08 

-.426 

54.87 

54. 88 

188.91 

188.89 

-.352 

7.83 

7.83 

31.30 

31.23 

r= 0.222 

r = 0.296 

7=0.222 

7=0.296 

-0.  778 

0 

0 

-0.  704 

0 

0 

-0.  778 

0 

0 

-0.  704 

0 

0 

-.728 

1.56 

.34 

-.654 

1.32 

.30 

-.728 

2.  49 

.26 

-.654 

1.90 

.25 

-.678 

-1.90 



2.  62 



-.604 

-1.66 

2.  24 

-.678 

-.60 

3.20 

-.604 

-.92 

2.  62 

-.628 

-.22 

1.  12 

-.554 

-.20 

.92 

-.628 

1.11 

2.06 

-.554 

.51 

1.86 

-.578 

-.10 

.94 

-.504 

-.03 

.78 

-.578 

1.38 

3.46 

-.  504 

.67 

2.  22 

-.*528 

-.06 

.88 

-.454 

-.06 

.70 

-.523 

1.61 

4.47 

—.454 

. 78 

2.  72 

-.478 

-.04 

.84 

-.404 

-.04 

.66 

-.478 

1.81 

5.65 

404 

.87 

3.  29 

-.423 

-.02 

.80 

-.354 

-.02 

.64 

-.423 

2.01 

6. 99 

-.354 

.96 

3.93 

-.378 

-.02 

0 

.78 

6.  72 

-.304 

-.02 

0 

.62 

0.54 

-.378 

2.21 

2.22 

8.  47 

8.44 

-.304 

1.05 

1.06 

4.64 

4.60 

-.328 

-.02 

0 

.78 

. 72 

-.254 

-.02 

0 

.60 

.54 

-.323 

2.  40 

2.  41 

10.  10 

10.  07 

-.254 

1.  13 

1.  14 

5.  42 

5.  39 

-.278 

0 

0 

.76 

.72 

-.204 

0 

0 

.60 

.54 

-.278 

2.60 

2.  61 

11.88 

11. 86 

-.204 

1.  22 

1.22 

6.  26 

6.23 

TABLE  III.— VALUES  OF  MH  AND  Ntr 


TABLE  IV.— VALUE  OF  M0-  AND  No3. 


X 

M29 

X 

MU 

NU 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Exact 

Asymp 

totic 

’=0.074 

7=0.143 

-0.  926 

0 

0 

-0.852 

0 

0 

-.876 

6. 62 

-.73 

-.802 

1.86 

-.  19 

—.826 

13.59 

3.42 

-.  752 

2.  93 

1. 11 

-.776 

18.38 

12.  97 

— . 702 

3.34 

3.25 

-.726 

23.48 

26. 12 

-.652 

3.93 

5.  63 

-.676 

23.  70 

43.10 

-.602 

4.  58 

8.55 

-.626 

33.92 

63.  97 

—.552 

5.  22 

11.91 

-.  576 

39. 15 

88.80 

— . 502 

5. 89 

15.  74 

-.526 

44.  47 

44.41 

117. 48 

117.  51 

-.  452 

6.  49 

6.  52 

20.  07 

20.09 

-.476 

49.63 

49.64 

150. 15 

150.  17 

-.402 

7. 16 

7.  17 

24. 89 

24.90 

-.426 

54. 85 

54. 88 

186.  77 

186.  74 

-.352 

7. 83 

7.83 

30. 18 

30.20 

7=0.222 

7=0.296 

-0.  773 

0 

0 

-0.  704 

0 

0 

-.723 

.93 

-.09 

—.654 

. 5S 

-.05 

-.678 

1.29 

.59 

-.604 

. 74 

.37 

-.623 

1.32 

1.  54 

-.554 

. 71 

.93 

-.  578 

1. 48 

2.51 

— . 504 

.76 

1.  45 

-.528 

1.66 

3.60 

— . 454 

.83 

2.02 

-.478 

1.85 

4. 82 

—.404 

.91 

2.  63 

-.423 

2.  04 

6.  18 

—.354 

.98 

3 29 

-.378 

2.23 

2.22 

7.  69 

7. 72 

-.304 

1.06 

1.06 

4.03 

4.  07 

-.323 

2.  42 

2.41 

9.33 

9.  35 

-.254 

1.  15 

1.  14 

4.82 

4.  85 

-.278 

2.61 

2.61 

11.  11 

11.  14 

-.204 

1.23 

1.22 

5.  67 

5.69 

X 

M0- 

No- 

X 

M0-x 

AT0- 

X 

Mo-x 

No-x 

7=0.148 

7=0.222 

7=0.296 

-0. 852 

0 

0 

-0.  778 

0 

0 

-0.  704 

0 

0 

-.802 

-1.663 

-.442 

-.723 

-1.379 

-.360 

-.654 

-1.204 

-.311 

-.752 

2.  529 

-3.  024 

-.673 

2. 051 

-2.  435 

-.604 

1.769 

-2. 159 

-.702 

.369 

-1.019 

-.623 

.297 

-.859 

-.554 

.255 

-.756 

-.652 

.191 

-.723 

-.573 

.155 

-.620 

-.504 

. 133 

-.552 

-.602 

.121 

-.572 

-.523 

.099 

-.498 

-.454 

.035 

-.447 

-.552 

.035 

-.477 

-.473 

.070 

-.420 

-.404 

.061 

-.380 

-.502 

.063 

-.410 

-.423 

.053 

-.  365 

-.354 

.046 

-.332 

-.452 

.049 

-.361 

-.378 

.042 

-.324 

-.304 

.036 

-.  296 

-.402 

.040 

-.323 

-.323 

.034 

-.292 

-.254 

.030 

-.268 

-.352 

.033 

-.292 

-.278 

.023 

-.266 

-.204 

.025 

-.245 

-.302 

.027 

-.267 

-.223 

.024 

-.243 

-.  154 

.021 

-.226 

-.252 

.023 

-.245 

-.  178 

.020 

-.226 

-.  104 

.018 

-.210 

-.202 

.020 

-.227 

-.  123 

.018 

-.210 

• -.054 

.016 

-.  196 

-.  152 

.018 

-.212 

-.078 

.015 

-.197 

-.004 

.014 

184 

-.  102 

.015 

-.199 

-.  023 

.014 

-.  185 

.046 

.012 

-.  174 

-.052 

.014 

-.  1S7 

.022 

.012 

-.  174 

.096 

.011 

-.  164 

-.002 

.012 

-.  176 

.072 

.011 

165 

. 146 

.010 

-.  156 

.043 

.011 

-.  167 

. 122 

.010 

-.  157 

. 196 

.009 

-.143 

.098 

.010 

-.  158 

.172 

.009 

-.  149 

.246 

.003 

141 

.143 

.009 

-.151 

.222 

.003 

-.  142 

.296 

.007 

-.135 

.198 

.003 

-.  144 

.272 

.007 

-.136 

.346 

.007 

-.  130 

.243 

.007 

-.  138 

.322 

.007 

-.131 

.396 

.006 

-.  124 

.298 

.007 

-.  132 

.372  ; 

.006 

-.  125 

.446 

.006 

-.  120 

.343 

.006 

— . 127 

.422  1 

.006 

— . 120 

.398 

.006 

-.  122 

.443 

.005 

-.  117 

TABLE  V— VALUES  OF  AND  N 


Mrx 

/ 

Nr; 

X 

Exact 

Asymp- 

Exact 

Asymp- 

totic 

totic 

Mu 

AV, 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

Mil 

Nrx 

Exact 

Asymp- 

totic 

Exact 

Asymp- 

totic 

F=0.14S 


r =0.222 


f =0.296 


-0. 852 

0 

0 

—0.  778 

0 

0 

-0.  704 

0 

0 

-.802 

-3. 16 

-.31 

-.  723 

—2. 18 

- .29 

— .654 

— 1.72 

- .27 

-.752 

.92 

-4.05 

— . 678 

1.22 

-3.04 

-.604 

1.25 

-2.  52 

-.  702 

-.85 

-3.23 

-.623 

—.30 

-2. 05 

-.  554 

— . 11 

-1.52 

-.652 

-.93 

-3.91 

—.573 

-.38 

—2.  27 

— . 504 

— . 19 

-1.60 

-.602 

-.95 

-4.  61 

-.523 

-.41 

-2.  56 

-.  454 

—.22 

-1.  74 

-.552 

-.96 

-5.  23 

-.  473 

—.42 

-2.86 

-.  404 

-.23 

-1.90 

-.502 

-.96 

-6. 04 

—.423 

—.42 

—3. 18 

— .354 

—.23 

-2.07 

-.452 

-.96 

-0.97 

—6.  76 

-6.  75 

-.378 

-.42 

-0.  43 

-3.49 

-3.43 

-.304 

-.24 

-0.  24 

-2. 24 

-2.23 

-.402 

-.97 

-.97 

-7.  49 

-7.  4S 

-.323 

-.43 

-.43 

-3.81 

-3.80 

-.254 

-.24 

-.24 

-2.  42 

-2.41 

-.352 

-.97 

-.97 

-8.21 

-8.21 

-.278 

-.43 

-.43 

-4. 13 

-4.12 

-.204 

-.24 

-.24 

-2.60 

-2.  59 
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EXTRAPOLATION  TECHNIQUES  APPLIED  TO  MATRIX  METHODS  IN 
NEUTRON  DIFFUSION  PROBLEMS1 

By  Robert  R.  McCreadv 


SUMMARY 


SYMBOLS 


A general  matrix  method  is  developed  for  the  solution  of 
aracteristic-value  problems  of  the  type  arising  in  many 
lysical  applications . • The  scheme  employed  is  essentially  that 
Gauss  and  Seidel  with  appropriate  modifications  needed  to 
xke  it  applicable  to  characteristic-value  problems . An  itera- 
te procedure  produces  a sequence  of  estimates  to  the  answer; 
\d  extrapolation  techniques , based  upon  previous  behavior  of 
\rants,  are  utilized  in  speeding  convergence . Theoretically 
und  limits  are  placed  on  the  magnitude  of  the  extrapolation 
%t  may  be  tolerated . 

This  matrix  method  is  applied  to  the  problem  of  finding 
iticality  and  neutron  fluxes  in  a nuclear  reactor  with  control 
ds.  The  two-dimensional  finite-difference  approximation  to 
s two-group  neutron-diffusion  equations  is  treated.  Results 
r this  example  are  indicated. 

The  calculations  were  performed  on  the  IBM  card-programmed 
Iculator. 


INTRODUCTION 

A general  matrix  method  is  developed  for  the  solution  of 
aracteristic-value  problems  of  a type  arising  in  many 
Lysical  applications.  The  method  of  this  paper  is  cssen- 
illy  that  of  Gauss  and  Seidel  (ref.  1),  which  itself  is  but  a 
ecial  case  of  the  method  of  conjugate  gradients  (ref.  2). 
le  adaptation  of  the  Gauss-Seidel  technique  to  the  charac- 
ristic-value  problem  calls  for  a means  of  computing  suc- 
ssive  estimates  of  the  characteristic  value  as  well  as  the 
ctor.  This  calculation  is  made  to  rely  upon  Turner’s 
chnique  (ref.  3)  for  assigning  a meaning  to  the  ratio  of  two 
ctors. 

Extrapolation  techniques  are  also  employed  to  speed  up 
e convergence  of  the  iterative  process.  One  of  these  is 
,sed  on  Turner’s  original  formula  (ref.  3),  and  the  other  is 
slightly  more  complicated  modification. 

The  number  of  iterations  required  for  convergence  is  not 
iclied  theoretically  here  as  in  the  “71-step”  methods,  but 
e minimization  of  a suitable  form  at  each  step  is  derived. 
The  method  is  applied  to  two-group  neutron-diffusion 
uations.  The  calculations  were  performed  at  the  NACA 
iwis  laboratory. 


The  following  symbols  are  used  in  this  report: 


A,  B , L , U 

m 

D,  E,  F,  G,  J,  X 
h . 


hi, 

kth 

L\ 

L]h 

N 

Vtn 

r 


k 


matrices 
axial  leakage 
vectors 

grid  dimension 
indices 

thermal  multiplication  constant 
average  square  slowing  down  length  for 
fast  neutrons 

average  square  diffusion  length  for  ther- 
mal neutrons 
number  of  nuclei  per  cc 
resonance  escape  probability 
radial  coordinate 


rc 

core  radius 

| 1 0 

sgn  u— 

— 1 u<0 
1 0 u= 0 

t 

reflector  thickness 

W,iC 

weight  functions 

7 

characteristic  value 

A {i) 

deviation  at  zth  point 

(80)) 

x (0 

difference  X^—Xty 

X 

actual  damping  rate 

T 

bulk  damping  rate 

neutron  fluxes 

Parameter  groupings: 


a=Y2 — 


a = 


' tT)  tflQ 


'tT'/O 


,h°  L]hn 


c=^-+B\ 

1 

P^o  75 

*tT,  th0 


fo 


c — 


L]h 


f=~+B] 

1 


J T 2 


i Supersedes  XACA  TN  3511,  “Extrapolation  Techniques  Applied  to  Matrix  Methods  in  Neutron  Diffusion  Problems,"  by  Robert  R.  McCready,  1955. 
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g=j±-+Bl 


m= 


1 

r 2>.»i  tt 


Subscripts: 

/ • 
th 
tr 
0 
1 
2 


fast 

thermal 

transport 

reactor 

reflector 

rod 


THE  METHOD 

MATRIX  FORMULATION 


Consider  the  matrix  equation 


AX=yBX 

(1) 

where  A and  B are  n X n matrices,  X is  an  71-component 
vector,  and  the  characteristic  value  of  7 is  a scalar  to  be 
determined.  A may  be  separated  into  the  sum  of  two 
triangular  matrices  L and  U,  where  L contains  all  the 
diagonal  elements  of  the  original  matrix  A. 

This  separation,  which  anticipates  the  Gauss-Seidel 
process,  is  effected  in  the  following  manner: 

A=L+l J 

(2) 

A 

O 

II 

* — ^ 
■<s> 

VI 

■ 

II 

(3) 

ui}=a,}  j>i)  uit=  0 j<i 

(4) 

If  L is  a nonsingular  matrix  (alwa^’s  true  if  lu?*0  for  all  i), 
equation  (1),  modified  to 

(L+  U)X=yBX 

(5) 

may  be  multiplied  by  L~x,  giving 

(I+L-'U)X=yL-lBX 

(6) 

For  a given  X,  the  quantities  L~lUX  and  L~lBX  of 
equation  (6)  may  be  calculated  without  the  actual  formation 
of  L~l.  This  fact,  which  is  very  helpful  for  systems  con- 
taining matrices,  arises  in  the  following  manner  and  de- 
pends upon  the  triangular  nature  of  L.  Let  D be  the 
vector  defined  by 

D=L~lUX  (7) 

Then 

LD=UX=C  (8) 

whence 

l\\<h=cx  (9) 


gives  dis  since  all  the  can  be  computed  from  U and  X in 
equation  (8).  Then 

^21^1  T ^22^2  = ^2  (19) 

gives  d2,  and 

hidi  d"  l&do  “l-  Izzdz  = c3  (11) 


gives  d3,  and  so  forth,  so  that  L need  not  be  computed  in 
order  to  obtain  L~lUX . The  same  argument  applies 
to  L-lBX. 


ITERATIVE  SCHEME 


Equation  (6)  may  be  written 

X=yL-'BX-L~lUX  (12; 

which  may  be  interpreted  as  defining  the  iterative  scheme 
AVi=7*h  L~'BXk-L-'UXk  (13; 


in  which  7*4.2  is  an  estimate  to  7 that  can  be  calculated  froir 
Xk.  To  obtain  7*4.1,  form  the  inner  product  of  the  vectoi 
sgn  L~lBXk  with  each  side  of  equation  (6);  thus, 


^4 


(sgn  L-'BXk,(I+L-lU)Xk) 


(sgn  L-'BXk,L-'BXt) 


(14; 


Equations  .(13)  and  (14)  are  the  basic  equations  of  tin 
iterative  scheme.  Given  any  Xkl  7*+i  is  computed  fron 
equation  (14)  and  7*4.1  and  Xk  are  placed  in  (13)  to  37ielc 
the  next  iterant  X*_h-  This  process  is  repeated  until  X 
and  7*4.1  converge. 

Some  normalization  is  necessary  in  problems  of  a. homo- 
geneous nature.  The  simplest  method  of  normalization  i: 
to  adjust  a permanently  specified  coordinate  of  Xk  to  uni  to 
before  beginning  each  iteration.  This  is  accomplishec 
by  dividing  each  element  of  the  vector  by  the  specifiec 
coordinate. 

The  ratio  defined  by  equation  (14)  was  chosen  for  sim 
plicity  of  calculation  on  available  punched-card  equipment 
That  ratio  can  be  compared  to  the  Rayleigh  quotien 
(for  eq.  (13)) 

(JM 


»*  + i" 


where 


(?/*,  t/*) 

Jk—L~lBXk 

Gt=(I+L-'U)Xk 


(15; 


(16 

(17 


by  noting  that  each  of  the  relations  (14)  and  (15)  constitute; 
a weighted  sum  of  local  (point  by  point)  values  yk\.\  of  7^ 
These  local  values  are  defined  bv 


<Y  (0 ' <*>  — n (I‘>  /„*  (i) 

'A; 4-1 — * A 4-1 — IJk 


(18 


where  <jk]  and  are  the  ith  components  of  Gk  and  Jk 
respectively.  The  weighted  average  associated  with  (15)  i 


^+i=X>i'v*+1 


(19 


where 


SbT]2 


(20 


while  the  weighted  average  associated  with  (14)  is 
^+i=S«<^+i 

i 

where 


(21 


1 3? 


'SI  3? 


(22 


Equation  (15)  selects  that  value  of  7*4-1  which  minimize 
the  sum  of  the  squares  of  the  residuals  of  equation  (6)  whei 
that  quantity  is  thought  of  as  a function  of  7*4.1.  The  sun 
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f the  squares  of  the  residuals  is  not,  of  course,  the  only 
uadratic  form  that  is  suitable  for  minimization  (ref.  2). 
Consider  the  expression 

?*=?(?*+■)= S { [jpsgujT  ] *~7t+ 1 (23) 


diich  is  zero  for  A*= A and  yk+x  =7.  This  generally  positive 
uantity  can  be  minimized  (made  closer  to  its  ultimate  value 
ero)  by  setting 


y _(sgn  Jk,  Gk) 
*+l  (sgn  Jk}Jk) 


(24) 


•liich  is  equation  (14)  expressed  in  terms  of  J and  G. 

EXAMPLE 

To  illustrate  the  convergence  of  this  method  in  a special 
ase,  consider  the  problem  of  equation  (1)  with 


evaluate  a bulk  damping  rate  that  describes  in  an  average 
way  the  over-all  trend  of  the  individual  components  of  the 
iterant  vectors. 

Assume  that  each  iterant  Xk  is  made  up  of  the  sum  of  the 
solution  A"  and  two  error  vectors  Ek  and  Fk  satisf}dng  the 
damping  relations 

Ek+l+TEk  (27) 

and 

Ek+ 1=  rFk  (2S) 


Then  the  following  relations  hold: 


X0 — A-)-£o+  F0 


(29) 


Xi=X-\-rE0 — tFq  (30) 

X2  = A+  t2E0  ~r  FF0  (31) 


One  may  compute 


X3=X+FE0-FF0 

a3-a2 

X1—X0 


(32) 

(33) 


The  “vector  division”  implied  in  equation  (33)  is  possible 
because,  under  the  initial  assumption  of  error  behavior 
(eqs.  (27)  and  (28)),  the  vectors  A3  — A2  and  Xx— A0  are 
collinear  and  therefore  differ  only  in  length. 

If  the  error  vectors  are  eliminated  from  equations  (30) 
and  (32),  one  obtains 


A: 


A3-T2A! 

1 T2 


(34) 


rhich  has  the  real  solution  A(1)  = 1.020070,  A(2)  = 1.329658, 
= 1.000000,  A(4)  = 1.109886;  y=0.549429  and  two  solu- 
ons  with  complex  characteristic  values.  This  solution  was 
)und  by  the  ordinary  process  of  solving  the  characteristic 
quation. 

This  problem  was  solved  in  15  iterations  starting  with  an 
litial  guess  of  A0=(10, 100, 1,1000).  The  values  of  sue- 
essive  iterants,  together  with  those  of  7,  are  listed  in  the 
dlowing  table.  The  iterants  arc  normalized  so  that 
T3)  = l at  the  start  of  each  iteration: 


which  gives  the  answer  as  a linear  combination  of  the  alter- 
nate iterants  Xx  and  A3. 

The  preceding  analysis  suggests  that  a formula  analogous 
to  (34)  be  used  to  estimate  the  answer.  The  difficult}7  here 
is  that  equation  (33)  may  be  meaningless  when  equations 
(29)  to  (32)  do  not  hold.  To  circumvent  this  difficulty,  a 
method  of  computing  r2  is  needed.  Toward  this  end, 
define  6k(j2Y  by  means  of 

5t%=Xk%-XV  (35) 


k 

a r 

.Y<’> 

A’<*> 

h 

fk±\ 

0 

10 

100 

1000 

1 

— 0. 692996 

1.069635 

1.023212 

-10.6345S9 

2 

.271412 

. 43S315 

.812771 

-1.352353 

3 

.848870 

1. 565152 

1. 1SS3S4 

-.097105 

4 

1. 132470 

1.360721 

1.  120240 

. 526554 

5 

1.006120 

1.292707 

1.097568 

. 592807 

6 

1.010639 

1.337044 

1.  112348 

.538366 

7 

1.024544 

1.331918 

1.  110639 

. 547271 

8 

1.019872 

1.328104 

1. 109368 

.551383 

9 

1.019593 

1.329848 

1.  109949 

. 549107 

10 

1.020236 

1.329788 

1. 109929 

.549291 

11 

1.02007S 

1.329596 

1. 109865 

. 549510 

12 

1.020048 

1.329660 

1. 109886 

.549423 

13 

1.020076 

1.329665 

1. 109SS9 

.549422 

14 

1.020071 

1.329656 

1. 109885 

. 549432 

15 

1.020070 

1.32965S 

1. 109SS6 

. 549430 

EXTRAPOLATION  TECHNIQUE 

If,  instead  of  four  components,  the  iterant  vector  has  many 
>mponents,  techniques  of  extrapolation  are  usually  desirable 
> speed  convergence  of  the  process.  The  technique  em- 
oved  here,  which  is  due  to  Turner  (ref.  3),  attempts  to 


and  define  t2  by  means  of 

5^*?  sgn  5}* 

t2==  , £)|Si0,l  (36) 

i 

The  direct  analogy  to  equation  (14)  will  be  noticed.  Equa- 
tion (36)  permits  computation,  in  an  average  way,  of  the 
damping  of  the  error  vectors.  With  t2  available,  the  extra- 
polated value  A'  of  A is  computed  from 


In  case  the  error  is  damping  exactly  as  assumed  in  (27)  and 
(28),  equation  (36)  gives  the  value  indicated  by  (33),  and 
equation  (37)  reduces  to  (34);  that  is,  A'  becomes  the 
answer  A. 

Since  the  ideal  damping  behavior  is  rarely  an  actuality,  it 
is  of  interest  to  examine  the  effect  of  the  preceding  process  on 
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error  components.  Suppose  that  X0  is  more  adequately 
represented  by 

X0=X+£eP  (38) 

i=l 


X*_4(X2 — T2) 
1 — r2 


(47) 


where  Etf'  has  a damping  rate  (positive  or  negative)  of  X(. 
Then 

Xt=X+±,>\E?  (39) 

1 = 1 

and 

(40) 

i=l 

hold.  The  extrapolation  indicated  in  equation  (37)  now 
yields  the  following  relation  between  the  estimate  X ' and 
the  answer  X: 

X'^X+'Z  2 ; Ep  (41) 

1=1  1 — T 

This  interpretation  is  useful,  since  it  indicates  the  damping 
effect  upon  the  errors  of  three  iterations  and  one  extrapo- 
lation. 

If,  for  simplicity,  one  of  the  errors  E^  and  its  damping 
rate  X*  are  designated  by  E and  X,  respective!}7,  then 


In  formula  (47),  j> 4.  The  second  factor  places  a zero 
(maximum  damping)  at  just  the  points  of  minimum  damping, 
that  is,  at  the  values  of  X determined  by  (44).  If  now 
dR/d\  is  taken  as  zero  and  the  limit  ± 1 is  placed  upon  the 
resulting  Rext(r2),  the  limiting  safe  values  of  t2  are  obtained 
by  finding  the  least  of  the  roots  of 

[^-2(j-l)H-2+(i-2y-4]  t'±  [j-2(j-l)r2+(j-4)r4]=0 

(48) 

where  r 2 satisfies 

r,  0 — l)(j-2)±V5j2—  12j+4  (40) 

The  revised  formula  (47)  has  both  the  effect  of  ensuring  that 
no  component  will  be  impaired  in  its  damping  by  the  extra- 
polation and  also  that  the  least  rapidly  damping  component 
receives  a zero  contribution  in  the  extrapolation. 

Since,  as  before,  for  some  error  component  E , 

XS=X+\*E  (50) 


7?(X,r) 


(X2 — r2)XJ~2 

1 — T2 


(42) 


gives  the  damping  of  this  error  component  as  a result  of  j 
iterations  and  one  extrapolation.  The  “extreme”  value  of 
R (actual!}7  that  value  farthest  from  zero  ; i.  e.,  farthest  from 
maximum  damping)  may  be  found  by  setting 


This  yields 


dR  jV  r2(j— 2)X^  3 

(IX  1 — T2 

(43) 

(44) 

as  the  equation  to  be  solved  for  the  values  of  X which  are  asso- 
ciated with  the  errors  that  receive  the  minimum  damping 
from  the  process  of  j iterations  and  one  extrapolation. 
Equations  (42)  and  (44)  give  Reui?),  the  extreme  value  of 
R , as  a function  only  of  r and  j: 


Rex  t M 


-2t*  1 

1 j2  j 2 


(45) 


To  find  the  value  of  r2  so  that  this  function  ( Rext ) cannot 
exceed  the  bounds  ±1  [i.  e.,  so  that  the  slowest  damping 
component  (and  hence  all  components)  cannot  increase 
through  extrapolation],  r must  be  less  in  absolute  value  than 
the  least  of  the  roots  of 


±(^)(W"-^=° 

If  only  such  r2  are  used,  the  convergence  of  the  process 
cannot  be  impaired  by  the  extrapolation. 

Suppose  now  that  the  previous  value  of  #(X,r)  is  replaced 
by  the  formula 


Xj.2=X+\i-2E 

(51) 

Xj_i=X+\i~iE 

(52) 

in  which  X represents  the  answer,  the  specification  of  (47) 
as  a damping  formula  implies 


™ v , 7V~-2(i-l)rV-2+(i-2)T^-4 
+ i-2(j-l)r2+(j-2)r* 


E 


(53) 


where  Xr  is  the  extrapolated  value  of  Xj.  If  \jE,  \j~2E,  and 
\j~4E  are  eliminated  from  (53)  using  the  relations  (50), 
(51),  and  (52),  then 


2(j—  l)r2Xi_2+(j“2)r4Xi_4 

j 2(j  l)r2-)-(^’  2)r4 


(54) 


Comparison  of  (42)  (with  ^=3)  with  (37)  on  one  hand  and 
of  (47)  with  (54)  on  the  other  hand  leads  to  the  following 
valid  rule  of  thumb  to  obtain  the  extrapolated  value  of  X 
for  a given  damping  function:  Replace  the  power  X'  of  > 
in  the  damping  function  by  Xt ; the  resulting  linear  combina- 
tion of  alternate  iterants  is  the  formula  for  the  extrapolated 
X.  It  is  easily  verified  that  the  validity  of  this  arises  from 
the  manner  in  which  the  error  vectors  are  assumed  to  behave. 

The  smallest  roots  of  equations  (46)  and  (48)  are  listed 
in  the  following  tables: 


Eq.  (46) 

3 

T- 

4 

0. 8284 

6 

.8941 

8 

.9233 

10 

.9399 

Eq.  (48) 

j 

T* 

4 

0.  6667 

6 

.8745 

8 

.9213 

10 

.9427 

These  are  the  upper  limits  of  the  “safe”  values  of  r2  withir 
the  framework  of  the  definition. 
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APPLICATION  TO  REACTOR  THEORY 

GENERAL  REMARKS 

Multigroup  reactor  equations  can  be  solved,  in  principle, 
>y  the  present  method.  The  number  of  components  in  the 
sector  solution,  to  be  discussed  in  detail  later,  is  approxi- 
nately  equal  to  the  product  of  the  number  of  grid  points 
tnd  the  number  of  groups  in  the  multigroup  scheme.  An 
extreme  increase  in  the  number  of  these  elements  lengthens 
he  problem  considerably.  The  calculations  here  are  per- 
ormed  in  accordance  with  two-group  neutron-diffusion 
heory. 

The  two-dimensional  reactor  with  control  rods,  which  is 
considered  later,  is  suited  to  two-group  calculations,  since 
he  control  rods  are  particularly  effective  on  the  thermal 
;roup,  and  two-group  calculations  are  good  for  thermal 
issemblies. 

The  following  illustration  is  introduced  to  show  the  general 
ninciples  of  the  matrix  setup  in  detail.  These  principles  do 
lot  change  for  the  more  complicated  two-dimensional  prob- 
em  that  is  treated  later.  A relatively  simple  one-dimensional 
iroblem  has  been  chosen  to  illustrate  the  detailed  setup  and 
he  consequent  matrix. 

EXAMPLE  OF  TWO-GROUP  DIFFUSION  EQUATIONS 

The  one-dimensional  diffusion  equations  for  a reflected 
hermal  reactor  of  slab  geometry  are  (ref.  4) 

a'<pr=— yb<pth  (55) 

tnd 

c'tpth-^rdipf—Q  (56) 

or  the  core,  and 

^J~/V,=0  (57) 

tnd 

(5S) 

or  the  reflector. 

The  parameters  a ',  6,  c',  d,  g' , and  w are  defined  in  the 
ist  of  symbols;  y is  the  characteristic  value  of  the  system  and 
quals  1 for  criticality.  When  y converges  to  a value  other 
han  unit}7,  the  uranium  concentration  is  adjusted  and  the 
>rocess  repeated. 

The  differential  equations  (55)  to  (58)  are  replaced  by 
inite-difference  equations;  the  operation  dV/dz2  is  estimated 
>y  means  of  the  approximate  formula 

^ x-zj^ 1 + 1 ~ G>9) 

diere  the  points  of  the  region  are  numbered  in  order  as  grid 
>oints  of  a finite-difference  net,  and  h is  the  distance  between 
uccessive  points.  In  the  following,  rc  is  the  core  radius, 
c+t  the  complete  reactor  radius,  and  point  6 lies  on  the 
aterface: 


01  2 3456  7 89 
0 rc  re+t 

The  boundary  conditions  are  that  the  fast  and  thermal 
fluxes  have  zero  current  across  the  plane  of  symmetry  (z=0). 
This  condition 


d?  Q 

* — o 

dz  x=o 


can  be  approximated  by 


for  both  ipf  and  <pth.  The  condition  of  continuity  of  currents 
at  the  interface  is  met  by  approximating  the  derivatives  in 
the  expression 

~x"°  ai (r-— °) = — x-i  hS(/>c+0)  (61) 

for  both  the  fast  and  thermal  fluxes.  The  remaining  condi- 
tion is  that  the  flux  be  zero  at  the  outer  boundary.  If  the 
fast  flux  is  designated  by  p and  the  thermal  by  \f/}  the  system, 
becomes : 

Equation 


<Pj+i+<Pj- , 


af(pj=~yb^j 


<P6  <P7  — <PQ 

,r’f0~~h~~Ktr’n~h~ 


7 P J ^7  = 0 

8 ^ I/Vs— 0 which  incorporates  ^=0 

a"  ii  t 


for  the  fast-balance  equations  and,  for  the  thermals: 
Equation 


— ^o=0 


'Pi+i+'l'i- \—tyj  , 


— c'rfti  -f-  dtpi =0 


^6—^5 


XT  D TO \ Ti 

tT,thti  ^ — A/r,  th\ 


'h+fc— 2^7  , 


1 l/m 2 \l/g  . . 

8 — — g ^s- 0 which  incorporates  ^9=0 
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The  variables  <p0  to  <ps  and  \f/Q  to  may  now  be  written  as  Xq  to 
Xs  and  Xq  to  Xl7,  respectively.  The  matrix  formulation  of 
these  equations  is  presented  in  figure  1.  The  following 
symbols  have  been  introduced: 


I»=l/h2 

Ah=2/h2+a 

Fh=2/h2+f 

Ch=2!h2+c 

Gh—2/h2+g 


(64) 

(65) 

(66) 

(67) 

(68) 


(69) 


S= 


^tr,  thO 
^ tr . th\ 


(70) 


-1  1 

*0 

*0 

4-4,6 

•b 

*1 

444 

*2 

-b 

*2 

4*4 •>  4 

*3 

-b 

*3 

4 *4 > 4 

*4 

-b 

*4 

44, 4 

*5 

~b 

*5 

-L  H -1 

*6 

*6 

44  4 

*7 

*7 

44 

*8 

*8 

-i  i 

*9 

* r 

*9 

d 4 4 4 

*10 

*10 

d 44  4 

*11 

*11 

d 44  4 

*12 

*12 

d 44  4 

*13 

*13 

d 4 4 4 

*14 

*14 

-51+5-1 

*15 

*15 

m 444 

*16 

*16 

m 64 

*17 

*17 

Figure  1. — Matrix  formulation  of  equations  (62)  and  (63). 


RECAPITULATION 

To  review  the  general  application  of  the  method  to  two- 
group  reactor  equations,  consider  the  following  broad  out- 
line of  this  process: 

(1)  Write  the  two-group  equations  with  the  parameter  7 
introduced  as  a multiplier  of  the  production  term  of  the  fast- 
balance  equations. 

(2)  Express  the  differential  equations  by  their  finite- 
difference  approximations  so  that  they  become  a linear 
algebraic  set  of  the  type  associated  with  equation  (1). 

(3)  Perform  such  iterations  and  extrapolations  as  neces- 
sary to  obtain  well-converged  values  of  7 and  X. 

(4)  Adjust  the  uranium  concentration  and  repeat  step  (3) 
using  the  original  answer  from  (3)  for  the  initial  guess  A0. 
The  concentration  should  be  changed  so  that  7— >1. 

(5)  Repeat  (3)  and  (4)  until  y converges.  If  criticality  is 
desired,  change  the  concentration  so  that,  the  converged 
values  of  7— >1. 


TWO-DIMENSIONAL  REACTOR  WITH  CONTROL  RODS 

GEOMETRY  OF  REACTOR 

The  reactor  (see  fig.  2)  is  cylindrical  and  water-reflected 
with  a core  composed  of  aluminum,  water,  and  uranium, 
which  are  assumed  to  be  homogeneously  mixed.  The 
height  of  the  reactor  is  70  centimeters,  the  outside  radius  50 
centimeters,  and  the  core  radius  32  centimeters.  Nine 


cadmium  control  rods  are  inserted  in  the  core;  one,  a cylin 
drical  rod  of  2-centimeter  radius,  is  centered  along  the  axi 
of  the  reactor.  The  remaining  eight  rods  are  equally  spacec 
on  a radius  of  24  centimeters  and  are  shaped  so  as  to  b 
bounded  by  coordinate  surfaces.  Each  of  these  rods  extend 
over  a radial  distance  of  4 centimeters  and  subtends  a centra 
angle  of  9°. 

The  svmmetiy  of  this  assembly  is  an  important  factor  ii 
making  solution  of  the  reactor  problem  feasible.  The  flu 
in  the  45°  sector  indicated  in  figure  2 is  adequate  to  represen 
the  flux  in  the  entire  reactor;  in  fact,  additional  symmetr 
within  the  sector  implies  that  only  half  the  sector  need  b 
considered.  The  three-dimensional  problem  is  made  two 
dimensional  (computation-wise)  by  estimating  the  neutroj 
leakage  in  the  axial  direction  due  to  the  finite  height  of  th 
reactor.  This  is  based  upon  an  axial  cosine  distributioi 
similar  to  the  bare  pile  solution  (eq.  (75)). 

COMPOSITION  AND  NUCLEAR  PARAMETERS 

The  core  volume  is  proportioned  between  the  wate 
(density,  1 g/cc)  and  aluminum  by  assuming  a volume  rati 
of  aluminum  to  water  of  0.76.  The  nuclear  diffusion  con 
stants  for  the  core  and  reflector  are  listed  in  the  followin’ 
tables.  The  subscripts  0,  1,  and  2 refer  to  the  core,  reflectoi 
and  rod  regions  of  the  reactor,  respectively: 


Thermal 

Zone 

Ll 

\h 

Pth 

ktk 

0 

3.471 

0.815 

0.95 

1.675 

1 

S.  3 

.43 

.98 

Fast 

Zone 

L? 

V 

0 

04 

3.  7S 

1 

33 

3.43 

2 

— 

4.35 

Parameters  for  the  rod  regions  are  unnecessary  because  c 
the  simplified  treatment  of  the  rod,  in  which  the  therms 
neutron  flux  is  assumed  to  vanish  on  the  rod  boundary  air 
the  radial  and  axial  leakages  are  assumed  to  balance  in  th 
absence  of  fast-neutron  absorption  processes.  The  therms 
parameters  in  the  preceding  table  are  those  associated  wit 
an  atom  ratio  of  NH/NU  of  350;  these,  of  course,  change  fo 
different  uranium  concentrations. 
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EQUATIONS  AND  BOUNDARY  CONDITIONS 

The  two-group  equations  (ref.  4)  for  the  core  are  taken  to 
>e 

vV/o— <p/o 
aid 

VV/ao — tr,f°  yr~  p/o=0  (72) 

U1  the  parameters  of  equations  (71)  and  (72)  are  the  ordinary 
Luclear  ones,  except  the  arbitrarily  inserted  7,  which  is  a 
neasure  of  the  criticality  and  is  equal  to  1 for  a critical 
Lssembly. 

In  the  reflector  the  two-group  diffusion  equations  take  the 
orm 


vV/.-( 

Jo — <P/1  = 0 

(73) 

\ 

(p-W 

) <pth i+.  to  <p/\ — 0 

' ^tr.th  l -Liji 

(74) 

fhile  the  fast-diffusion  equation  for  the  rods  is  taken  to  be 

vV/2-^^/2=0  (75) 

iny  change  in  rod  boundary  conditions  would  not  affect  the 
;eneral  principles  of  the  numerical  scheme.  As  will  be  seen 
rom  the  boundary  conditions,  the  thermal  neutrons  do  not 
equire  a diffusion  equation  within  the.  rods.  The  region 
onsidered  in  the  problem  is  a 22)4°  sector  (of  the  circle  of 
ig.  2),  one  side  of  which  passes  through  the  center  of  one  of 
he  outlying  rods.  Tins  is  illustrated  in  figure  3.  The 
ymmetry  of  the  over-all  reactor  implies  that  the  normal 
lerivatives  of  the  flux  across  the  surfaces  A and  B are  zero. 
Phis  implies  that  the  flux  at  all  points  of  the  circle  of  figure  2 
an  be  found  by  solution  for  the  flux  only  in  the  sector 
nclicated  in  figure  3.  The  condition  of  continuity  of  fluxes 
nd  currents  is  involved  at  the  core-reflector  interface,  in- 
licated  by  C in  figure  3.  The  vanishing  of  the  fast  and 
hernial  flux  at  the  outer  boundary  (D)  is  also  required.  The 
hermal  flux  is  taken  as  zero  on  the  edge  of  the  control  rod, 
nd  the  continuity  of  the  fast  flux  and  current  is  considered 
o hold  on  the  core-rod  interfaces.  The  details  of  the 
nathematical  formulation  of  these  conditions  are  deferred 
mtil  the  general  discussion  of  the  difference  equations. 

FINITE-DIFFERENCE  EQUATIONS 

In  order  to  write  the  reactor  equations  as  finite-difference 
pproximations.  the  sector  of  figure  3 is  divided  into  a grid 
et  of  points.  The  flux  is  determined  by  solution  of  the 


Radius, 

cm 


Figure  4. — Reactor  grid  points. 


linear  algebraic  system  of  equations  that  results  from  writing 
the  finite-difference  approximation  to  the  fast-  and  thermal- 
diffusion  equations  at  each  point.  The  grid  arrangement 
used  in  the  present  problems  is  indicated  in  figure  4.  The 
thermal  flux  (components  1 to  139  of  the  vector  solution)  lias 
the  following  breakdown  into  groups  of  components:  reflector 
(1  to  73),  core-reflector  interface  (74  to  79),  core  (SO  to 
139).  The  fast  flux  (140  to  291)  has  the  following  break- 
down: reflector  (140  to  212),  core-reflector  interface  (213  to 
21S),  core  (219  to  284),  control  rods  (231,  232,  237,  23S,  243, 
244,  and  2S5  to  291). 

The  number  of  components  associated  with  the  thermal 
and  fast  fluxes,  respectively,  differs  because  of  the  assign- 
ment of  boundary  conditions  at  the  control  rods,  which 
brings  the  fast  flux  into  a larger  area  of  definition. 


1 Li 


'-'th  0 


' <PthO 


(71) 
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For  two-dimensional  cylindrical  geometry,  the  operation 
of  the  form  vV  is  given  by 


2_  d*  1 d,  V 

V dr2^  r dr  'dd2 


(76) 


This  form  is  to  be  replaced  by  a difference  operation  that 
relates  each  point  to  its  four  nearest  neighbors.  If  the  point 
in  question  is  designated  by  the  subscript  zero  and  the  others 
are 

1 


K 

4 * he  0*  he  • 2 r f 0 — > 

K 

3 


where  hr  and  h$  are  the  grid  widths  in  the  r and  0 directions, 
respectively,  then  at  <p=<p0  the  following  approximation  is 
used: 


vV=Gj+i)^‘  (I+Ap) 


<Po 


(77) 


With  this  designation  (and  barring  certain  exceptional 
points  to  be  discussed  later),  one  may  move  from  point  to 
point  on  the  grid  and  write  equations  of  neutron  balance 
for  each  of  the  two  neutron  groups. 

The  following  equations  may  be  taken  as  typical  illustra- 
tions: 

Thermal-balance  equation  93  (see  fig.  4): 


(I+m;)  -Ys9+Gri)  (xn+x„)  - 

(i+/|'2+i+50  Ar*3+ vS > Vim  h* X234=0  (78) 

Fast-balance  equation  234: 

(fe+M;)  X22s+Gri)  A24°+^i  (*»+**»>- 
(|+Ap+i+jB0  Z234=_7  wf  zio  (79) 


In  contradistinction  to  equations  (78)  and  (79),  there  are 
certain  special  equations  that  hold  at  the  exceptional  points 
referred  to  earlier.  These  equations  result  from  one  or  more 
of  the  following  conditions: 

(1)  Continuity  of  currents  at  interfaces 

(2)  Zero  flux  at  the  outside  boundary 

(3)  Zero  current  across  planes  of  symmetry 

(4)  Change  in  grid  dimensions 

Condition  (1)  is  treated  by  matching  a suitable  ratio  of 
normal  derivatives  from  either  side  of  the  interface.  Each 
of  these  derivatives  is  evaluated  by  a five-point  differentia- 
tion formula.  Condition  (2)  is  treated  In7  writing  the 
difference  approximation  to  the  diffusion  equation  for  points 
adjacent  to  the  outside  boundary  with  zero  replacing  the 
flux  at  the  boundary  point. 


Condition  (3)  is  accounted  for  by  writing  the  diff usi( 
equation  of  a point  on  the  plane  assuming  the  same  fh 
at  grid  points  on  either  side  of  the  plane.  For  condition  (4 
0-wise  interpolation  formulas  are  used  to  define  flux 
at  the  points  marked  X on  figure  4,  and  these  are  utilize 
where  needed,  in  writing  diffusion  equations  in  the  finer  n< 
If  each  equation  of  the  set  is  written  in  order  and  the  pr 
Auction  terms  are  isolated  as  illustrated  in  equation  (71 
then  the  matrix  equation  constructed  from  the  approxima 
finite  difference  may  be  written  in  the  form  of  equation  (1). 

The  matrix  B is  singular,  largety  consisting  of  zero  el 
ments  with  an  essential^7  diagonal  group  of  nonzero  ten 
somewhat  off  the  leading  diagonal.  The  matrix  A has 
substantial  number  of  nonzero  elements  crowded  qui 
close  to  the  leading  diagonal.  This  latter  situation  is  n 
merically  desirable,  as  elements  far  from  the  leading  diagon 
tend  to  slow  the  convergence  of  numerical  processes. 

If  criticality  is  desired,  the  concentration  of  fissionat 
material  is  adjusted,  after  y and  X have  converged,  and 
whole  new  set  of  calculations  is  run  until  a new  value  f 
7 is  reached.  This  process  may  be  continued  until  7=1. 

The  method  can  also  be  used  to  compute  reactivi 
changes;  the  calculation  time  is  again  shortened  conskh 
ably  if  flux  distributions  are  not  demanded. 

SOLUTIONS  OF  TWO-DIMENSIONAL  PROBLEM 

The  results  of  the  calculations  of  the  supercritic 
(y= 0.948)  case  are  shown  in  figures  5 to  7.  Figure  5 giv 
the  fast  flux  as  a function  of  r for  0 = 0°,  9°,  and  18°.  T. 
control  rods  have  no  substantial  effect  on  the  fast  flu 
Figure  6 gives  the  corresponding  thermal  flux  and  shows  t. 
localized  effect  of  the  control  rods.  Figure  7 presents  is 
flux  contours  of  the  thermal  flux.  The  0.19  contour  in  t. 
reflector  and  the  0.234  contour  in  the  core  represent  reJati 
maximums. 

COMMENTS  ON  APPLICATION  OF  THE  METHOD 

A number  of  numerical  quantities  may  be  examined  in  j 
attempt  to  evaluate  the  degree  of  convergence  of  a syste] 
One  of  the  most  natural  of  these  quantities  is  the  sum  of  t 
squares  of  the  residuals.  Another  may  be  formed  by  co 
sidering  the  fact  that,  as  the  limit  is  approached,  the  rat 


Figure  5. — Fast-neutron  flux  for  azimuth  angles  of  0°,  9°,  and  1! 
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[Cure  6. — Thermal-neutron  flux  for  azimuth  angles  of  0°,  9°,  and  18°- 


[+i/7*+i  must  tend  toward  unity.  This  means  that  the 
aviation  defined  by 

(80) 

/ &+i 

Lust  tend  toward  zero.  The  average  absolute  value  of  the 
aviation,  summed  over  all  points  of  the  reactor,  is 


1— 


n 


(81) 


here  n is  the  number  of  reactor  points. 

An  illustration  of  the  behavior  of  this  quantit}7  is  given  in 
le  following  table: 


A+l 

Ki.l 

Ka.u 

6 

0. 02199 

0. 2133 

15 

.02551 

.3156 

22 

.00254 

.0147 

31 

. 00130 

.0113 

40 

. 000793 

.0061 

49 

.00028 

.0027 

'he  iterants  listed  are  those  which  just  precede  the  extra- 
olation  process.  These  are  chosen  so  as  to  minimize  the 
Sect  of  fluctuations  introduced  by  the  extrapolation 
ichnique. 

These  illustrative  values  come  from  the  second  general 
rocess;  that  is,  after  y had  converged  to  1.2064,  the  con- 
antration  (and  hence  elements  of  the  matrices  A and  B) 
as  changed  and  a new  series  of  iterations  begun.  This 
mverged  (more  rapidly  than  the  first  run)  to  a value  of  0.948. 
To  estimate  the  value  of  uranium  concentration  needed  for 
ae  new  run,  the  equation 

1.2064  klh  (old)=Ar,A  (new)  (82) 

as  used  to  compute  a new  k & from  which  to  obtain  a new 
mcentration.  This  formula  is  an  approximation,  since  the 
lfluence  of  a change  in  concentration  upon  L2lh  is  appre- 
able.  The  better  rate  of  convergence  of  the  second  run  is 
ue  to  the  fact  that  the  flux  is  relatively  independent  of  the 
mracteristic  value,  so  that  the  initial  estimate  for  the  second 
m was  a relatively  good  one. 

The  quantity  \&kl\\  reflects  the  convergence  of  y,  which  is 
is  ter  than  that  of  the  vector  X. 

In  order  to  determine  the  degree  of  convergence  of  X, 
insider  the  quantities 


dt+,=S  |a&,|=±  TO -AT1 1 (83) 

i=l  i=l 

l^l=%1  (84) 

and  the  maximum  \8i%i\  designated  by  Typical 

values  of  these  quantities  are  as  follows: 


7=1.206 

M-i 

dt+i 

l*».l 

l5i+lUa* 

111 

0. 0099 

0. 000034 

0. 000269 

122 

.0083 

.000028 

.000176 

133 

. 0049 

.000017 

. 000157 

144 

.0028 

.000010 

. 0000904 

155 

.0022 

.000008 

.0000709 

7=0.948 

*+ 1 

di+i 

14ft.  1 

6 

0. 3299 

0. 001137 

0. 00918 

15 

.2139 

. 000735 

.00530 

22 

.0223 

. 000077 

.000204 

31 

.0044 

,000015 

.0000666 

40 

.0020 

. 000007 

.0000245 

The  sums  of  the  squares  of  the  residuals  for  the  two  cases 
7=1.206  and  7=0.948  are  as  follows: 


7 

= 1.206 

*+l 

2/?? 

111 

9.  44  X 10-7 

122 

4.98X10-7 

133 

2.66X10"7 

144 

8.60X10-S 

155 

5.37X10-8 

7 

=0.048 

fc+1 

6 

1.53X10-3 

15 

3.  51X10-4 

22 

1.80X10-8 

31 

1.22X10- 

40 

1.  99X10-® 

Figure  7. — Contour  lines  for  thermal  flux. 
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Several  general  observations  can  be  made  about  the  process: 

(1)  The  number  of  iterations  in  this  problem  starting  from 
an  initial  guess  to  a well-converged  value  of  A”  was  about 
150  to  175. 

(2)  In  general,  S to  10  iterations  between  extrapolations 
seem  desirable,  as  the  use  of  too  few  iterations  does  not  allow 
the  establishment  of  a fairly  uniform  damping  rate. 

(3)  The  extrapolation  formula  of  equation  (37)  seems  best 
for  rough  estimates  where  error  components  are  being  damped 
rapidly;  that  of  equation  (54)  seems  to  be  superior  for  later 
extrapolations  where  one  is  closer  to  the  solution. 

(4)  When  computed  values  of  r2  exceed  the  upper  limit, 
they  may  be  replaced  by  the  limit  from  the  tables  giving 
roots  of  equations  (46)  and  (48)  and  then  the  extrapolation 
may  be  carried  out,  or  two  more  iterations  performed  with 
t2  recomputed  until  it  falls  within  prescribed  limits. 

The  following  table  gives  the  sum  of  the  squares  of  the 
residuals  for  (a)  direct  iteration  from  Xu  to  X4Q,  (b)  eight 
iterations  from  X-n  followed  by  extrapolation  with  “t 2 safe” 
when  “t2  computed”  was  too  large,  then  iteration  to  A49, 
(c)  eight  iterations  from  Xz\  followed  by  two  iterations  and 


a test  until  “ r 2 computed”  was  less  than  “ r 2 safe,”  the 
extrapolation  followed  by  iteration  to  A"49: 


Case 

SR; 

(a) 

1.35XKW 

<b>- 

3.44X10-* 

(C) 

1.6SX10-5 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  May  12,  1955 
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THEORY  OF  WING -BODY  DRAG  AT  SUPERSONIC  SPEEDS  1 

By  Robert  T.  Jones 


SUMMARY 

The  relation  of  Whitcomb’s  “ area  rule”  to  the  linear  formulas 
>r  wave  drag  at  slightly  supersonic  speeds  is  discussed.  By 
iopting  an  approximate  relation  between  the  source  strength 
n d the  geometry  of  a wing-body  combination , the  wave-drag 
,eory  is  expressed  in  terms  involving  the  areas  intercepted  by 
digue  planes  or  Mach  planes.  The  resulting  formulas  are 
lecked  by  comparison  with  the  drag  measurements  obtained  in 
ind-tunnel  experiments  and  in  experiments  with  falling  models 
i free  air.  Finally , a theory  for  determining  wing-body 
iapes  of  minimum  drag  at  supersonic  Mach  numbers  is 
iscussed  and  some  preliminary  experiments  are  reported. 

DISCUSSION 

At  subsonic  speeds  the  pressure  drag  arising  from  the  thick- 
ess  of  the  body  or  wings  is  negligible  so  long  as  the  shapes  are 
ifficiently  well  streamlined  to  avoid  flow  separation.  In 
lat  range  there  exists  no  possibility  of  either  favorable  or 
Iverse  interference  on  the  pressure  distributions  themselves. 

■ one  body  is  so  placed  as  to  receive  a drag  from  the  pressure 
eld  of  another  then  the  second  body  is  sure  to  receive  a 
jrresponding  increment  of  thrust  from  the  first. 

At  supersonic  speeds  this  tolerance  which  was  permitted 
le  designer  disappears,  and  the  drag  becomes  sensitive  to 
le  shape  and  arrangement  of  the  bodies.  To  be  sure,  the 
rimary  factor  here  is  the  thickness  ratio,  but  nevertheless 
lere  exist  arrangements  in  which  a large  cancellation  of  drag 
scurs.  Examples  of  the  latter  are  the  sweptback  wing  and 
le  Busemann  biplane. 

Recently  R.  T.  Whitcomb  (ref.  1)  has  shown  how  the  drag 
b transonic  speeds  may  be  reduced  to  a surprising  extent  by 
mply  cutting  out  a portion  of  the  fuselage  to  compensate 
>r  the  area  blocked  by  the  wing.  The  purpose  of  the  present 
aper  is  to  discuss  some  of  the  theoretical  aspects  of  this 
lethod  of  drag  reduction  and  to  show  how  the  basic  idea 
lay  be  extended  to  higher  speeds  in  the  supersonic  range. 

Whitcomb's  deduction  of  the  “area  rule"  was  based  on 
msiderations  of  stream-tube  area  and  the  phenomenon  of 
choking" — which  follow  from  one-climensional-flow  theor}r. 
ach  individual  stream  tube  of  a three-dimensional-flow  field 
mst  obey  the  law  of  one-dimensional  flow.  While  we  can- 
ot  actually  determine  the  three-dimensional  field  on  this 
asis  alone,  nevertheless  it  provides  a good  starting  point  for 
ur  thinking.  The  results  demonstrate  again  the  effective- 
ess  of  basic  and  simple  considerations. 


While  one-dimensional-flow  theory  thus  provides  a clue 
to  the  area  rule,  the  necessary  principle  appears  more  spe- 
cificallv  in  the  three-dimensional-flow  theory.  Thus,  the 
formulas  for  wave  drag  given  by  linear  theory,  if  followed 
toward  the  limit  as  M approaches  1.0  (from  above),  show 
that  the  wave  drag  of  a system  of  wings  and  bodies  depends 
solely  on  the  longitudinal  area  distribution  of  the  system  as  a 
whole.  This  was  first  noted  by  W.  D.  Hayes  in  his  1946 
thesis  (ref.  2).  However,  because  of  the  limitations  of  the 
theory  at  transonic  speeds,  this  result  was  not  thought  to  be  of 
practical  significance.  Later  G.  N.  Ward  (ref.  3),  E.  W. 
Graham  (ref.  4),  and  others,  restricting  themselves  to  very 
narrow  shapes,  expressed  the  wave  drag  in  terms  of  the 
longitudinal  area  distribution  for  Mach  numbers  above 
1.0,  where  the  linear  theory  has  a better  justification. 

It  should  be  noted,  however,  that  both  of  the  problems 
cited  are  limiting  cases  of  the  more  general  problem  of  super- 
sonic drag  and  it  should  be  borne  in  mind  that  only  in  certain 
cases  has  it  been  possible  to  reduce  the  general  theoretical 
formulas  to  the  form  of  an  area  rule.  It  can  be  shown  that 
the  flow  field  about  any  system  of  bodies  may  be  created  by  a 
certain  distribution  of  sources  and  sinks  over  the  surfaces 
of  the  bodies.  Hayes'  formula  and  the  formulas  given  in 
reference  5 relate  the  drag  of  such  a system  to  the  distribution 
of  these  singularities.  To  obtain  a formula  for  the  wave 
drag  in  terms  of  area  distributions  we  have  to  adopt  a simpli- 
fied relation  between  the  source  strength  and  the  geometry 
of  the  bodies,  namely,  that  the  source  strength  is  proportional 
to  the  normal  component  of  the  stream  velocity  at  the  body 
surface.  There  are  examples  (e.  g.,  Busemann  biplanes  and 
ducted  bodies)  for  which  this  assumption  is  not  valid.  If, 
on  the  other  hand,  we  limit  ourselves  to  thin  symmetrical 
wings  mounted  on  vertically  symmetrical  fuselages,  there  are 
indications  that  a good  estimate  of  the  wave  drag  at  super- 
sonic speeds  can  be  obtained  on  the  basis  of  the  simplified 
relation  assumed. 

Following  Ha}res'  method  of  calculation,  we  find  that  at 
M— 1.0  the  expression  for  the  wave  drag  of  a system  of  wings 
and  bodies  reduces  to  Karm&n's  well-known  formula  (ref.  6) 
for  the  wave  drag  of  a slender  body  of  revolution,  that  is, 


S"(x)S'fxl)  log  | x—xx\dx  dxx 


Here  S(X)  represents  the  total  cross-sectional  area  inter- 
cepted by  a plane  perpendicular  to  the  stream  at  the  station 


1 Supersedes  NACA  RM  A53H18a  by  Robert  T.  Jones,  1953. 
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SUK 


(I)  Equivalent  body  of  revolu lion 


and 


x=x0cos  <t> 
S'(x)  = 2Ansin  n<j> 
we  obtain  for  the  wave  resistance 

D=^P  XnA„ 2 


Of  all  the  terms  of  the  series,  each  contributes  to  the  draj 
but  only  Ax  and  A2  contribute  to  the  volume  or  the  bas 
area  of  the  system.  Thus,  to  achieve  a small  drag  with 
given  base  area,  or  with  a given  over-all  volume  within  tl 
given  length,  the  higher  harmonics  in  the  curve  S'(x ) shoul 
be  suppressed.  This  formula  enables  us  to  characterize  tl 
smoothness  of  a given  shape  in  a quantitative  fashion. 

To  extend  these  considerations  to  supersonic  speeds  v 
have  to  consider  a series  of  cross  sections  of  the  system  mad 
not  by  planes  perpendicular  to  the  stream,  but  by  planes  ii 
dined  at  the  Mach  angle,  or  “Mach  planes.”  By  means  < 


(4) 


Wave  drag:  {M  — H.O) 


D 


l rPVl 


In  Ad 


Figure  1. — Steps  in  the  calculation  of  wave  drag  for  M— >1.0. 


x (see  fig.  1)  and  S"(x)  is  the  second  derivative  of  S with 
respect  to  x.  Following  Sears  (ref.  7)  we  may  expand 
S'  (x)  in  a Fourier  series  and  obtain  in  this  way  a formula  for 
the  drag  which  is  completely  analogous  to  the  well-known 
formula  for  the  induced  drag  of  a wing  in  terms  of  its  span- 
wise  load  distribution.  Thus,  if  we  write 


Figure  2. — Area  distribution  given  by  intersections  of  Mach  plane: 


a set  of  parallel  Mach  planes  (see  fig.  2)  we  construct  * 
“equivalent  body  of  revolution,”  using  the  intercept* 
areas,  and  compute  the  drag  by  von  Karman’s  formul 
The  theoretical  basis  of  this  step  is  the  fact  that  the  comple 
three-dimensional  disturbance  field  may  be  constructed  l 
the  superposition  of  elementary  one-dimensional  disturbanc 
in  the  form  of  plane  waves  (ref.  8).  It  is  evident  that  tl 
set  of  parallel  Mach  planes  may  be  placed  at  various  angl 
around  the  x axis.  In  constructing  the  flow  field  it  is  necc 
sarv  to  superimpose  disturbances  at  all  of  these  angles  an 
in  computing  the  drag,  to  consider  the  drags  of  all  the  equi 
alent  bodies  of  revolution.  The  final  value  of  the  drag 
simply7  the  average  of  the  values  obtained  through  a comple 
rotation  of  the  Mach  planes. 

In  order  to  make  these  statements  more  specific,  we  nu 
write  the  equation  of  one  such  Mach  plane  as  follows: 

X—x—yf cos  d—z' sin  6 

where  y'  = ^Ml 2-A  y , z'  = VM2— 1 0,  and  0 is  the  angle 
rotation  of  the  Mach  plane.  By  assigning  different  valu 
to  X while  keeping  6 constant,  we  obtain  a series  of  paral 
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planes  at  the  same  angle  6 around  the  x axis.  By  assigning 
different  values  to  6 while  keeping  X a constant,  we  obtain 
a set  of  planes  enveloping  that  Mach  cone  whose  apex  lies 
at  the  point  x=X. 

Selecting  a value  of  9,  we  cut  through  the  wing-body 
system  with  a series  of  planes  corresponding  to  different 
values  of  X.  The  total  intercepted  area  in  each  plane  is 
then  equated  to  the  area  intercepted  by  this  plane  passing 
through  the  equivalent  bod}7  of  revolution.  If  we  denote 
the  area  intercepted  obliquely  by  s(X,9),  then  the  area 
S(X}0)  is  defined  by 

S — s sin  n 


where  /i  is  the  Mach  angle  (i.  e.,  sin  /z=l/M).  Thus,  S is 
the  area  intercepted  by  normal  planes  passing  through  the 
equivalent  body  of  revolution  on  the  assumption  that  this 
body  is  slender.  .Again,  we  write 

S\X,9)=^^  S(X,9)=XAn  sin  n<j> 

with 


Here,  however,  both  the  length  2X0  and  the  shape  of  the 
equivalent  body  vary  with  the  angle  6.  The  drag  of  each 
equivalent  body  of  revolution,  which  we  may  denote  by 
D'  (9)  is  then  determined  by  applying  Sears’  formula: 

D'(d)=T-?p  2nAn> 

The  total  drag  of  the  wing-bodv  system  is  the  average  of  all 
these  values  between  9=0  and  6= 27t,  that  is, 

firm 

-7T  Jo 

In  general,  the  coefficients  An  will  be  functions  of  the  angle 
of  projection  9.  However,  calculation  shows  that  the  first 
two  coefficients  Ax  and  A2  are  again  related  in  a simple  way 
to  the  base  area  and  the  volume  v.  Thus, 

_2S(JQ 

'~T  X. 


4 V 

A2  = 2Al—~ 

TT  A/ 


None  of  the  higher  coefficients  contribute  to  the  base  area 
or  volume,  but  they  invariably  contribute  to  the  drag. 

The  rules  for  obtaining  a low  wave  drag  now  reduce  to 
the  rule  that  each  of  the  equivalent  bodies  obtained  by  the 
oblique  projections  should  be  as  smooth  and  slender  as 
possible,  the  “smoothness”  again  being  related  to  an  absence 
of  higher  harmonics  in  the  series  expression  for  S'(X).  Tims 
in  the  case  of  given  length  and  volume  the  series  should 
contain  only  the  term  A2  sin  2<£  (see  fig.  3).  It  should  be 
noted  that  in  this  theory,  the  equivalent  bodies  of  revolution 
do  not  have  a physical  significance.  The  concept  is  simply 
an  aid  in  visualizing  the  magnitude  of  the  drag  of  the  com- 
plete system. 

435S75 — 57 49 


Figure  3. — Optimum  area  distribution  for  given  length  and  volume. 


To  check  the  agreement  between  these  theoretical  formulas 
for  the  wave  drag  and  experimental  values,  we  have  com- 
pared our  calculations  with  the  results  of  tests  made  by 
dropping  models  from  a high  altitude.  This  comparison 
was  made  bv  George  H.  Holdawa}7  of  Ames  Laboratory,  who 
supplied  the  accompanying  illustration  (fig.  4).  In  some  of 
these  cases  it  was  found  necessary  to  retain  more  than  20 
terms  of  the  Fourier  series  in  order  to  obtain  a convergent 
.expression  for  the  drag. 

Considering  the  variety  of  the  shapes  represented  here,  the 
agreement  is  certainly  as  good  as  we  ought  to  expect  from 
our  linear  simplifications.  The  agreement  is  naturally  better 
in  those  interesting  cases  in  which  the  drag  is  small. 


Theory 

Experiment 


M 


Figure  4. — Comparison  of  theory  with  results  of  Ames  Laboratory 

drop  tests. 


Figure  5 shows  an  analysis  of  one  of  Whitcomb’s  experi- 
ments. The  linear  theory,  of  course,  shows  the  transonic 
drag  rise  simply  as  a step  at  M=1.0.  We  may  expect  such 
a variation  to  be  approached  more  closeh7  as  the  thickness 
vanishes.  To  represent'  actual  values  here  a nonlinear 
theory  would  be  needed.  For  many  purposes  it  will  be  suffi- 
cient to  estimate  roughly  the  width  of  the  transonic  zone  by 
considerations  such  as  those  given  in  reference  9.  In  the 
present  case  it  will  be  noted  that  agreement  with  the  linear 
theory  is  reached  at  Mach  numbers  above  about  1.08,  and 
the  linear  theory  clearly  shows  the  effect  of  the  modification. 

For  further  theoretical  studies  of  wing-body  drag,  shapes 
have  been  selected  which  are  especially  simple  analytically, 
namely,  the  Sears-Haack  body  and  biconvex  wings  of  elliptic 
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plan  form,  having  aspect  ratios  of  2.54  and  0.635.  Figure  6 
shows  the  effect  of  wing  proportions  on  the  variation 
of  wave  drag  with  Mach  number,  botli  with  and  without  the 
Whitcomb  modification.  . In  each  case  the  modification  has 
the  effect  of  reducing  the  wave  drag  to  that  of  the  body 
alone  at  M=1.0.  In  the  case  of  the  low-aspect-ratio  wing 
this  drag  reduction  remains  effective  over  a considerable 
range  of  higher  Mach  numbers.  With  the  higher  aspect 
ratio,  however,  the  drag  increases  sharply  at  higher  speeds, 
so  that  at  M— 1.6  the  modification  nearly  doubles  the  wave 
drag. 

The  rapid  increase  of  drag  in  the  case  of  the  liigh-aspect- 
ratio  wing  is,  of  course,  the  result  of  the  relatively  abrupt 
curvatures  introduced  into  the  fuselage  lines  bv  the  cutout. 
Such  abrupt  cutouts  are  necessarily  associated  with  wings 
having  small  fore  and  aft  dimensions,  that  is,  unswept  wings 
of  high  aspect  ratio. 

These  considerations  led  to  the  problem  of  determining  a 
fuselage  shape  for  such  wings  that  is  better  adapted  to  the 
higher  Mach  numbers.  The  first  step  in  this  direction  is, 
obviously,  simply  to  lengthen  the  region  of  the  cutout — thus 
avoiding  the  rapid  increase  of  drag  with  Mach  number.  The 
problem  of  actually  determining  the  best  shape  for  the  fuse- 
lage cutout  at  any  specified  Mach  number  has  been  under- 


Figure  5. — Comparison  of  Whitcomb’s  experiments  with  theory. 


Figure  6. — Effect  of  Whitcomb  modification  on  calculated  wave  drag. 


Figure  7. — Design  of  fuselage  modification  for  specified  Mach  number. 

taken  by  Harvard  Lomax  and  Max.  A.  Heaslet  at  Ames 
Laboratory  (ref.  10).  Their  solution  of  this  problem  provides 
a definite  method  for  determining  the  distribution  of  sources 
and  sinks  along  the  fuselage  axis  that  will  achieve  a minimum 
value  of  the  drag  for  a given  wing  shape  at  any  specified 
Mach  number.  Furthermore,  by  admitting  singularities  of 
higher  order — quadrupoles,  etc.,  which  would  distort  the 
rotational  symmetry  of  the  fuselage — they  have  been  able  to 
show  that  the  wave  drag  of  a wing-body  system  can  be 
reduced,  in  principle  at  least,  to  a minimum  value  associated 
with  the  given  overall  length  and  volume  of  the  system,  that 
is,  to  the  value  for  a simple  Sears-Haack  body  containing  the 
whole  volume  of  the  system.2 

By  adopting  our  simplified  relation  between  the  source 
strength  and  the  bod}7  shape,  we  may  describe  the  result  of 
this  theory  by  a relatively  simple  concept,  which  is  illustrated 
in  figure  7.  For  modifications  of  the  first  type,  the  problem 
is  to  determine  the  area  A SF  to  be  removed  from  the  fuselage 
to  best  compensate  for  a given  wing.  (See  fig.  7.)  Selecting 
a station  along  the  fuselage  axis  and  a Mach  plane  passing 
through  this  station,  we  revolve  this  plane  around  the  axis, 
measuring  at  each  angle  ^ the  normal  projection,  or  frontal 
projection,  of  the  area  intercepted  where  the  plane  cuts 
through  the  wing.  After  plotting  these  areas  against  \p  and 
integrating  between  0 and  r,  we  obtain  A SF  as  the  average 
of  the  values  of  Sw.  At  any  Mach  number  the  total  volume 
to  be  subtracted  from  the  fuselage  is  equal  to  the  wing  vol- 
ume. At  higher  Mach  numbers,  since  the  modification  ex- 
tends over  a greater  length,  the  area  subtracted  at  individual 
cross  sections  becomes  less. 

Figure  8 shows  the  calculated  result  of  designing  the 
fuselage  cutout  for  a specific  Mach  number,  1.2  in  this  case. 
The  lower  curve  is  an  envelope  showing  the  minimum  values 
that  can  be  achieved  by  such  a radially  symmetric  cutout. 

Figure  9 shows  the  magnitude  of  the  gain  that  is  theo- 
retically possible  by  higher  order  modifications  of  the  fuselage 
shape.  There  are  three  lower  bounds  here,  and  the  symbols 
a0?  &2,  etc.,  attached  to  them  refer  to  a representation  of  the 
fuselage  shape  by  singularities  of  increasingly  higher  order. 

2 This  value  is,  of  course,  not  an  absolute  minimum  for  a given  volume  since,  as  shown  by 
Ferrari,  the  wave  drag  of  a body  can  be  reduced  to  zero  by  special  volume  distributions  (see 
ref.  11). 
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The  curve  labeled  a0  is  that  given  on  the  previous  figure  and 
shows  the  maximum  effect  of  radially  sAunmetric  modifica- 
tions. While  the  fuselage  shapes  for  the  other  curves  have 
not  actually  been  determined,  the  curve  labeled  tf0-f  a2  maY 
be  thought  of  as  referring  to  a cutout  with  an  additional 
elliptic  modification. 

In  order  to  test  this  theory  of  determining  optimum  body 
shapes  we  have  started  a program  using  models  similar  to 
those  investigated  theoretically.  Several  of  these  models 
have  already  been  tested  in  the  Ames  2-  by  2-foot  wind 
tunnel,  with  results  that  agree  quite  well  with  calculations 
made  on  the  assumptions  given  earlier.  Shown  in  figure  10 
are  the  experimental  and  theoretical  curves.  It  is  evident 
that  the  calculated  differences  are  all  reproduced  approxi- 
mately in  the  experimental  values. 


Figure  8. — Effect  of  modification  designed  for  a specified  Mach 

number. 


1 Figure  9. — Envelopes  for  drag  at  design  Mach  number. 


Modified 

Unmodified  for/W  = I.O 


(a)  Experimental  values. 

(b)  Calculated  values. 

Figure  10. — Drag  of  bodies  with  elliptic  wings. 


There  are,  of  course,  examples  of  wing-body  systems  which 
would  hardly  benefit  by  any  change  in  shape  of  the  fuselage. 
It  is  easy  to  decide  whether  a gain  is  possible,  or  worthwhile, 
by  comparing  the  actual  wave  drag  of  the  system  with  that 
of  a Sears-Haack  body  containing  the  over-all  volume  of  the 
system.  In  the  case  of  63°  the  wing-body  combination,  which 
has  been  described  in  several  previous  reports,  this  compari- 
son yields  0.0045  as  a lower  bound  for  the  wave-drag  coeffi- 
cient and  0.005  for  the  actual  value.  In  such  cases,  for 
which  the  wave  drag  is  initially  very  low,  further  reduction 
by  reshaping  the  fuselage  is  not  worthwhile. 

It  is  clear  from  the  foregoing,  however,  that  appreciable 
savings  in  drag  can  be  made  in  many  cases  by  a suitable 
shaping  of  the  fuselage.  Unswept  wings  of  high  aspect  ratio 
are  benefited  most  and  require  the  most  careful  consideration 
of  the  fuselage  shape. 

These  new  developments  illustrate,  again,  the  fact  that 
the  disturbance  fields  at  transonic  and  supersonic  speeds  are 
essentially  three-dimensional  phenomena.  It  was  not  long 
ago  that  our  ideas  concerning  the  wing  section — which  had 
their  origin  in  the  older  incompressible  flow  theoiy — had  to 
be  relinquished  because  of  the  predominating  effects  of  the 
wing  plan  form.  Now  we  must  learn  how  to  design  the 
whig  and  the  fuselage  together. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  July  S,  1953 


APPENDIX  A 


SIMPLIFIED  CALCULATION  OF  DRAG  IN  SPECIAL  CASES 


If  special  shapes  such  as  the  Sears-Haack  body  (ref.  7)  and 
the  elliptic  wing  (ref.  8)  are  selected  for  exploratory  studies, 
then  the  calculation  of  drag  can  be  greatly  simplified. 

The  radius  r of  the  Sears-Haack  body  at  any  station  X is 


given  by 

(Al) 

For  this  shape 

S'(X)=A2  sin  2 <£ 

(A2) 

and  the  drag  has  a minimum  value  for  the  given  volume  and 
length.  The  value  of  the  drag  is  given  by 


CD= 


D 

P TT2  0 

ey  » 


=8  T 


> (r^)2 

Xo2 


(A3) 


The  existence  of  a constant  pressure  gradient  makes  the 
computation  of  interference  drag  particularly  simple  for  such 
shapes,  provided  the  interfering  body  lies  entirely  within 
the  characteristic  region  R.  Thus  the  additional  drag  of  an 
airfoil  a placed  within  the  double  cone  of  the  fuselage  will  be 
given  by 

Dttb=Ua^  (A7) 

vb 

Now,  by  the  mutual  drag  theorem  (ref.  13)  we  have 

Dab=Dba  (A8) 

or,  “the  drag  of  the  fuselage  caused  by  the  presence  of  the 
wing  is  equal  to  the  drag  of  the  wing  caused  by  the  presence 
of  the  fuselage. ” In  this  way  we  obtain  the  general  formula 

D(a-\-b)  =Dbb-\-  2Dab-\-Dan  (A9) 


The  elliptic  wing  has  symmetrical  biconvex  sections,  with 
ordinates  z given  by 


c max  d b 


(A4) 


where  a and  b are  the  semiaxes.  The  area  distribution  for 
every  angle  of  projection  is  similar  to  that  of  the  Sears-Haack 
body,  but  the  projected  length  varies  with  the  angle.  The 
wing  thus  yields  a minimum  value  of  the  wave  drag  consistent 
with  a given  volume  and  the  elliptic  plan  form.  The  value 
of  this  drag  is: 


(d- 
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fF’S 
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(~TOOx)  _ 
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b2 


M2- 1+5 


(A5) 


where  S is  the  plan  area  of  the  wing. 

By  making  use  of  the  reversal  theorem  for  drag  we  may 
compute  the  wave  drag  of  any  body  from  the  fictitious 
pressure  field  obtained  by  superimposing  the  perturbation 
velocities  for  forward  and  reversed  motion  (refs.  12  and  13). 
This  process  leads  to  some  interesting  relations  for  the  shapes 
selected.  Thus  in  the  case  of  the  Sears-Haack  body  it  may 
be  shown  that  the  combined  pressure  distribution  p consists 
of  a uniform  gradient  of  pressure  over  the  whole  interior  R 
of  its  “characteristic  envelope”  defined  by  the  Mach  cone 
from  the  nose  together  with  the  reversed  Mach  cone  from 
the  tail.  (See  fig.  11.) 

By  thinking  of  the  characteristic  region  R as  a region  of 
uniform  horizontal  buoyancy,  and  of  the  body  b in  terms  of  a 
certain  volume,  vb,  we  see  that  the  drag  is  simply  the  product 

(A6) 


(a)  Body  of  revolution. 

(b)  Elliptic  wing. 

Figure  11. — Characteristic  envelopes. 
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and  for  the  special  shapes  selected: 

D(a,-\-b)=Dt>i>  ^1  + 2 - j^-\-Daa  (A  10) 

The  effect  of  an  indentation  or  cutout  in  the  fuselage  may 
be  calculated  by  introducing  a second  “body,”  c,  shorter 
than  the  fuselage,  and  having  a negative  volume  equal  to  the 
volume  subtracted  by  the  indentation.  In  order  to  simplify 
the  situation  as  much  as  possible  it  will  be  assumed  that  the 
wing  lies  entirely  within  the  characteristic  region  of  the 
indentation,  and  furthermore  that  the  latter  may  be  repre- 
sented by  a “negative”  Sears-Haack  body  with  volume  equal 
to  that  of  the  wing. 

Sears-Haack  body; 

Negative  votume  Wing 


Sears-Haack  body 


Figure  12. — Simplified  calculation  of  interference  drag. 


The  calculation  of  drag  in  this  case  is  illustrated  in  figure 
12.  For  the  airfoil  and  cutout  we  have 


but,  since, 


D(a-\- c)—Daa  + 2 Dac  \'DCC 


2Dac——2Dc 


D(a+ c) = D<u — Dcc 


} 


(All) 


Now,  the  combination  (a+c)  may  be  placed  inside  the  charac- 
teristic region  of  the  body  b without  interference,  since 
va~\~  vc~  0.  Hence, 

b-\-c) =Daa-\-  Dbb — Dcc  (A  12) 

This  formula  Arields  the  minimum  drag  for  the  shapes  selected 
under  the  assumption  that  vb+c  is  fixed.  In  this  case  the 
drag  saving  is  equal  to  the  drag  of  the  indentation  alone. 

The  negative  Sears-Haack  body  is  not  the  optimum  shape 
of  the  indentation  c for  the  elliptic  wing,  as  shown  by  the 
result  of  Heaslet  and  Lomax  quoted  earlier  (ref.  10).  Again, 
however,  in  the  case  of  the  optimum  shape  for  c,  our  previous 
equation  holds.  However,  the  calculation  of  Dcc  is  more 
complex  in  this  case  and  its  value  is  somewhat  greater. 
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SUMMARY  OF  DERIVED  GUST  VELOCITIES  OBTAINED  FROM  MEASUREMENTS 

WITHIN  THUNDERSTORMS  1 

By  H.  B.  Tobefsox 


SUMMARY 

This  report  presents  the  available  data  on  the  derived  (just 
velocities  in  thunderstorms  for  altitudes  up  to  34,000  feet. 
The  (just-velocity  measurements  were  obtained  from  investiga- 
tions made  by  the  National  Advisory  Committee  for  Aeronau- 
tics in  the  vicinity  of  Langley  Field , Va.}  in  1941  a,nd  1943 
and  from  the  operations  of  the  thunderstorm  project  in  1940  and 
1947 ..  The  derived  gust  velocities  were  obtained  from  the  pre- 
viously evaluated  effective  gust  velocities  through  use  of  a con- 
version factor  that  is  a function  of  airplane  characteristics  and 
altitude.  The  results  indicate  that  the  intensity  of  the  derived 
gust  velocities  in  thunderstorms  is  essentially  constant  for  alti- 
tudes up  to  about  20,000  feet  and  that  an  approximate  10-per- 
I cent  reduction  in  the  intensity  occurs  as  altitude  is  increased 
\ from  20,000  to  30,000  feet.  These  results  apply  to  the  data 
! available  for  both  convective  and  f rontal  types  of  storms. 

INTRODUCTION 

A revised  gust-load  formula  with  a new  gust  or  alleviation 
factor  (ref.  1)  has  been  adopted  for  use  in  gust  studies  in 
order  to  account,  in  part,  for  the  variations  with  altitude  of 
the  airplane  response  to  gusts.  The  new  gust  factor  is  based 
on  airplane  mass  ratio  and  on  a gust  profile  represented  by  a 
one-minus-cosine  curve  whereas  the  previous  alleviation 
factor  was  based  on  airplane  wing  loading  and  on  a linear- 
gradient  gust  profile.  The  gust  velocities  obtained  in  evaluat- 
ing flight  measurements  of  the  airspeed  and  vertical  accelera- 
tion of  an  airplane  by  use  of  the  revised  formula  are  called 
the  derived  gust  velocities  and  correspond  to  the  maximum 
equivalent  velocity  for  the  assumed  gust  profile;  the  gust 
velocities  previously  obtained,  the  so-called  effective  gust 
velocities,  represented  only  a fraction  of  this  velocity.  The 
1 derived  gust  velocities  are  accordingly  numerically  larger 
for  the  same  turbulence  than  the  effective  gust  velocities. 
The  ratio  of  the  derived  to  the  effective  gust  velocities  would 
also  differ  for  the  same  turbulence  at  different  altitudes 
since  the  airplane  mass  ratio  is  a function  of  air  density. 

Since  the  revised  gust-load  formula  is  now  being  used  in 
the  routine  evaluation  of  gust  data,  the  large  amounts  of 
effective-gust-velocity  data  available  from  V-G  records  on 
civil  transport  airplanes  from  1933  to  1950  were  converted 
to  derived  gust  velocities  and  are  summarized  in  reference  1. 


Examples  of  the  more  detailed  data  on  the  derived  gust 
velocities  obtained  from  VGH  records  taken  during  scheduled 
airline  operations  are  given  in  reference  2. 

In  addition  to  these  data  for  routine  airline  operations,  a 
large  amount  of  data  on  the  effective  gust  velocities  is  also 
available  from  special  NACA  flight  investigations  of 
thunderstorms.  The  effective  gust  velocities  obtained  from 
the  earlier  thunderstorm  investigations  in  the  vicinity  of 
Langley  Field,  Va.,  in  1941  and  1942  are  presented  in  refer- 
ence 3.  Parts  of  the  data  on  the  effective  gust  velocities 
obtained  from  the  larger  scale  operations  of  the  thunderstorm 
project  in  1946  and  1947  are  presented  in  references  3 to  S, 
although  the  complete  gust  data  for  this  investigation  have 
not  been  published.  This  report  converts  all  the  available 
data  on  the  effective  gust  velocities  in  thunderstorms  to 
derived  gust  velocities  and  summarizes  the  results  in  a form 
suitable  for  gust-load  studies.  In  presenting  the  reevaluated 
data,  particular  attention  is  given  to  the  question  of  the 
variation  with  altitude  of  the  derived  gust  velocities  in 
thunderstorms. 


SYMBOLS 


A 

an 

b 

c 

g 

K 

Ke 

M 

m 

S 

Ude 


ue 

Ve 

w 


Mg 

p 

Po 


aspect  ratio,  b2/S 

vertical  or  normal  acceleration,  g units 
wing  span,  ft 
mean  wing  chord,  ft 
acceleration  due  to  gravity,  ft/sec2 
gust  alleviation  factor  (function  of  WfS) 
gust  factor  (function  of  pg) 

Mach  number 

slope  of  wing  lift  curve,  per  radian 
wing  area,  sq  ft 


derived  gust  velocity, 


2anW/S 

p0mVeKg’ 


fps 


effective  gust  velocity, 


2 anW/S 
Po?nVeK} 


fps 


equivalent  airspeed,  fps 

airplane  weight,  lb 

. , 2W/S 

airplane  mass  ratio, — 

1 pgmc 

mass  density  of  ah',  slugs/cu  ft 

mass  density  of  air  at  sea  level,  slugs/cu  ft 


i Supersedes  NACA  Technical  Note  353S  by  H.  B.  Tolefson,  1955. 
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SCOPE  OF  DATA 

The  scope  of  the  data  is  summarized  in  table  I in  terms  of 
the  flight  miles  traveled  during  the  recording  of  gust  data 
at  various  altitudes  within  thunderstorms. 

Most  of  the  thunderstorms  represented  by  the  data  for 
the  1941-42  investigation  in  the  vicinity  of  Langley  Field, 
Va.,  resulted  from  convective  activity.  The  bulk  of  these 
flight  data  recorded  within  the  active  portions  of  the  storms 
was  taken  at  altitudes  from  about  10,000  to  30,000  feet. 
For  altitudes  above  30,000  feet,  a total  of  117  flight  miles 
was  actually  recorded.  As  indicated  by  the  mileage  values 
in  table  I,  however,  only  54  miles  were  associated  with 
thunderstorms;  the  remainder  represented  clear-air  and 
cirrus-cloud  conditions.  The  data  recorded,  during  only  the 
54  miles  of  thunderstorm  flying  are  considered  in  the  subse- 
quent analysis  of  the  derived  gust  velocities  for  the  highest 
altitudes.  A considerable  number  of  the  records  for  altitudes 
below  10,000  feet  were  also  taken  in  some  of  the  lower  intensi- 
ties of  turbulence  in  small  cumuliform  clouds  or  in  clear  air  in 
the  vicinity  of  these  clouds,  but  the  large  variety  of  weather 
conditions  represented  precluded  an  accurate  breakdown  of 
the  records  to  include  only  thunderstorms.  The  data  for 
the  lowest  altitude  range  for  the  1941-42  flights  are  accord- 
ingly biased  toward  the  less  turbulent  conditions.  The 
effective  gust  velocities  evaluated  from  the  flight  records  for 
this  investigation  are  given  in  reference  3. 

The  data  for  the  investigations  in  1946  and  1947  were 
obtained  from  the  operations  of  the  thunderstorm  project  in 
Florida  and  Ohio  (ref.  4).  The  thunderstorms  were  caused 
primarily  bv  convective  activity  for  the  1946  investigation 
in  Florida,  while  squall-line  and  frontal-type  storms  were 
also  represented  by  the  1947  investigation  in  Ohio.  The 
records  for  the  1946  investigation  contained  a small  amount 
of  flight  distance  in  clear-air  turbulence  in  the  immediate 
vicinity  of  the  thunderstorms.  For  the  1947  investigation, 
however,  only  the  portion  of  records  taken  within  the  cloud 
could  be  determined.  Parts  of  the  data  on  the  effective  gust 
velocities  for  these  tests  are  given  in  references  3 to  8. 

The  investigations  made  in  the  vicinity  of  Langley  Field 
in  1941  and  1942  as  well  as  the  operations  of  the  thunder- 

TABLE  I 

SCOPE  OF  DATA  IN  TERMS  OF  FLIGHT  MILES  TRAVELED 
DURING  RECORDING  OF  GUST  DATA  AT  VARIOUS 
ALTITUDES  WITHIN  THUNDERSTORMS 


1941—42  investigation 

1946  investiga- 
tion 

1947  investigation 

Altitude,  ft 

Flight 

miles 

Alti- 
tude, ft 

Flight 

miles 

Alti- 
tude, ft 

Flight 

miles 

5,000  to  10,000 

247 

6,  000 

993 

5,  000 

757 

10,000  to  15,000 

130 

11,  000 

1 , 565 

10,  000 

1,  340 

15,000  to  20,000 

180 

16,  000 

1,  716 

15,  000 

1, 612 

20,000  to  25,000 

114 

21,  000 

1,422 

20,  000 

1,  208 

25,000  to  30,000 

180 

26,  000 

1,064 

25,  000 

939 

30,000  to  34,000 

54 

storm  project  in  1946  and  1947  represent  surveys  through 
thunderstorms  which  developed  to  altitudes  between  about 

25.000  feet  and  45,000  feet.  Although  in  most  cases  the 
intention  was  to  make  the  surveys  at  the  time  of  maximum 
thunderstorm  intensity,  all  stages  of  cloud  development  are 
included  in  the  tests.  The  results  from  the  flights  sum- 
marized in  table  I can  be  used,  therefore,  to  give  only  an 
overall  indication  of  the  variation  of  the  turbulence  in  the 
storms  in  relation  to  altitudes  above  sea  level  and  not  in 
relation  to  such  factors  as  cloud  height  or  the  state  of  the 
physical  processes  within  the  clouds. 

METHOD  OF  CONVERSION  AND  RESULTS 

From  the  definition  of  Ue  and  Ude,  it  may  be  seen  that  the 
two  gust  velocities  differ  only  in  regard  to  the  factors  K and 
Kg.  The  effective  gust  velocities  may  accordingly  be  con- 
verted to  derived  gust  velocities  simply  by  the  relation 

rj  -U  K 

Ude  — Ue 

The  large  number  of  effective  gust  velocities  evaluated 
from  the  thunderstorm  investigations  were  available  in  the 
form  of  cumulative  frequency  distributions  of  effective  gust 
velocities  above  a threshold  of  4 feet  per  second  for  given 
altitude  ranges.  Rather  than  converting  the  individual 
values  of  the  effective  gust  velocity  to  derived  gust  velocities 
by  the  previous  relation,  the  work  was  simplified  considerably 
by  converting  the  distribution  for  each  altitude  to  a distri- 
bution of  derived  gust  velocities.  Check  calculations  in- 
dicated that  this  simplification  introduced  only  very  small 
errors  in  the  resulting  distributions  of  derived  gust  veloc- 
ities. An  average  value  of  the  ratio  K/Kg  was  determined 
for  each  altitude  from  the  values  of  K previously  used  in 
the  evaluation  of  effective  gust  velocities  and  from  the 
values  of  Kg  computed  for  individual  thunderstorm  traverses. 
Minor  variations  occurred  in  the  ratio  KjKg  for  separate 
traverses  within  a given  altitude  range  because  of  slight 
variation  in  Mach  number,  altitude,  or  airplane  weight; 
however,  for  both  the  1941-42  and  the  thunderstorm-project 
data,  the  variations  from  the  average  were  less  than  1 percent 
for  about  90  percent  of  the  cases  and  none  were  greater  than 
about  3 percent.  The  average  values  of  Mach  number,  Mach 
number  correction  to  the  lift-curve  slope,  mass  ratio,  and 
gust  factors  for  each  altitude  range  are  given  in  table  II. 

In  the  original  calculations  for  the  effective  gust  velocities 
for  the  1941-42  investigation,  no  correction  was  made 
for  the  effect  of  compressibility  on  the  lift-curve  slope. 
Inasmuch  as  most  subsequent  gust  work,  including  the 
evaluation  of  the  effective  gust  velocities  for  the  1946-47 
operations  of  the  thunderstorm  project,  included  the  usual 
compressibility  factors,  this  additional  correction  was  made 
to  the  lift-curve  slope  for  the  1941-42  data  in  order  to  place 
all  results  on  a consistent  basis.  As  noted  in  table  II,  this 
correction  increased  the  lift-curve  slope  from  1 to  4 percent 
for  the  1941-42  investigation  for  altitudes  from  5,000  to 

34.000  feet. 
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TABLE  II 

VALUES  USED  FOR  CALCULATIONS 


Mach  number 
correction  to 

Gust  factors 

Altitude,  ft 

Flight 
Mach 
nu  mher 

lift-curve  slope, 
A + 2 

A^l-AP+2 

Airplane 
mass  ratio, 

Mi 

K, 

K 

K/K, 

1941-42  investigation 

5,  000  to  10,  000 

0.  17 

1.  010 

18.  7 

0.  686 

1.  078 

1.  57 

10,  000  to  15,  000 

. 20 

1.  015 

23.  6 

. 718 

1.  070 

1.  49 

15,  000  to  20,  000 

. 23 

1.  020 

27.  5 

. 738 

1.  074 

1.  46 

20,  000  to  25,  000 

. 26 

1.  030 

32.  1 

. 755 

1.  070 

1.  42 

25,  000  to  30,  000 

. 29 

1.  035 

37.  7 

. 771 

1.  070 

1.  39 

30,  000  to  34,  000 

. 31 

1.  040 

44.  0 

. 785 

1.  070 

1.  36 

1946-47  investigation 

5,  000  to  6,  000 

0.  23 

1.  020 

26.  4 

0.  733 

1.  180 

1.  61 

10,  000  to  11,  000 

. 29 

1.  035 

30.  0 

. 748 

1.  179 

1.  58 

15,  000  to  16,  000 

. 31 

1.  040 

34.  6 

. 763 

1.  179 

1.  54 

20,  000  to  21,  000 

. 33 

1.  045 

41.  1 

. 779 

1.  179 

1.  51 

25,  000  to  26,  000 

. 34 

1.  050 

48.  6 

. 793 

1.  178 

1.  49 

The  cumulative  frequency  distributions  of  derived  gust 
velocities  are  shown  in  figure  1 for  the  different  altitudes 
of  the  1941-42  investigation  and  the  thunderstorm-project 
investigation.  It  will  be  noted  in  the  figure  that  the  gust- 
velocity  intervals  for  each  set  of  data  vary  somewhat  be- 
tween the  different  altitudes  because  of  the  differences  in 
the  ratio  K/Kg . The  dropoff  in  the  gust  frequency  at  the 
lowest  gust  velocit}7  in  some  cases  is  due  to  incomplete  evalu- 
ation of  all  gusts  near  the  threshold  value.  Some  scatter 
also  occurs  in  the  plotted  points  for  the  higher  gust  velocities 
at  several  altitudes  because  the  infrequent  encounters  with 
the  more  severe  turbulence  result  in  only  a small  number  of 
the  larger  gusts.  In  figure  1 (c)  in  particular,  the  scatter 
at  the  higher  gust  velocities  for  an  altitude  of  15,000  feet  is 
entirely  due  to  four  gusts  greater  than  55  feet  per  second 
encountered  during  a single  traverse  through  a thunderstorm. 
The  trend  of  the  data  in  all  instances,  however,  is  very  nearly 
linear,  and  a straight  line  was  faired  through  each  set  of  data 
to  represent  the  distribution.  Since  the  bulk  of  the  data  in 
each  case  is  represented  by  the  gust  velocities  less  than  about 
40  feet  per  second,  most  weight  was  given  to  these  points  in 
fairing  the  lines. 

In  order  to  obtain  basic  distributions  of  derived  gust 
velocity  in  a form  suitable  for  other  studies,  the  numbers  of 
gusts  within  common  class  intervals  of  5 feet  per  second  were 
obtained  from  the  curves  in  figure  1.  The  results  are 
tabulated  in  table  III  for  the  flight  altitudes  of  each  data 
sample.  The  flight  mileage  represented  by  each  distribution 
is  also  given  in  table  III  for  completeness. 


(a)  1941-42  investigation. 

Figure  1. — Cumulative  frequency  distributions  of  derived  gust 
velocities  for  thunderstorm  investigations. 
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(b)  1946  investigation. 
Figure  1. — Continued. 


(c)  1947  investigation. 
Figure  1. — Concluded. 


TABLE  III 


FREQUENCY  DISTRIBUTIONS  OF  DERIVED  GUST  VELOCITY 


1941-42  investigation 

1946  investigation 

1947  investigation 

Frequency  of  gusts  at  altitude  (ft)  of 



fps 

5,000 

10,000 

15,000 

20,000 

25,000 

30,000 

to 

to 

to 

to 

to 

to 

6,000 

11,000 

16,000 

21,000 

26,000 

5,000 

10,000 

15,000 

20,000 

25,000 

10,000 

15,000 

20,000 

25,000 

30,000 

34,000 

5 to  10 

1,  855 

635 

860 

570 

640 

410 

3,  560 

6,  000 

5,  180 

3,  920 

2,  570 

1,430 

3,  700 

4,  000 

2,  810 

1,  370 

10  to  15 

552 

283 

376 

249 

279 

171 

1,  385 

2,  230 

2,  020 

1,  590 

940 

510 

1,  495 

1,  720 

1,  135 

620 

15  to  20 

166 

114 

180 

111 

111 

67 

500 

870 

840 

635 

342 

210 

595 

720 

454 

260 

20  to  25 

47 

50 

84 

46 

46 

26 

187 

313 

338 

245 

126 

79 

248 

321 

180 

113 

25  to  30  

14 

22 

37 

19 

20 

10 

74 

117 

132 

96 

45 

31 

95 

138 

72 

51 

30  to  35  __ 

4 

9 

18 

9 

8 

3 

27 

44 

54 

39 

17 

12 

40 

57 

29 

20 

35  to  40  _ _ _ 

2 

4 

8 

3 

4 

3 

11 

16 

22 

15 

6 

5 

16 

25 

12 

10 

40  to  45 

— 

3 

4 

3 

2 

... 

4 

6 

8 

6 

4 

3 

7 

11 

5 

3 

45  to  50  _ ; . . 

— 



2 







2 

3 

4 

4 

2 

4 

2 

3 

50  to  55  





1 





... 

1 

2 

2 

2 

1 

55  to  60 

... 

... 

... 

... 

... 

--- 

— 

— 

— 

— 

— 

-- 

-- 

2 

-- 

... 

Totals 

2,  640 

1,  120 

1,  570 

1,  010 

1,  110 

690 

5,  750 

9,  600 

8,  600 

6,  550 

4,  050 

2, 

280 

6,  200 

7,  000 

4,  700 

2,  450 

Flight  miles.  _ 

247 

130 

180 

114 

ISO 

54 

993 

1,  565 

1,  716 

1,  422 

1,  064 

757 

1,  340 

1,  612 

1,  208 

939 
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The  distributions  of  table  III  or  figure  1 cannot  be  used 
directly  for  comparing  the  gust  velocities  for  the  different 
investigations  or  for  the  different  altitudes  because  each 
distribution  represents  a different  flight  mileage.  In  order 
to  provide  a common  basis  for  such  comparisons,  the  cumula- 
tive frequency  distributions  of  figure  1 were  divided  by  the 
pertinent  flight  mileage  in  table  I to  obtain  the  number  of 
gusts  greater  than  given  values  per  mile  of  flight.  These 
results  are  shown  in  figure  2. 

As  a simple  measure  of  the  relative  intensity  of  the  turbu- 
lence at  the  different  altitudes,  the  gust  velocity  which  was 
exceeded  on  the  average  a given  number  of  times  per  mile  of 
flight  was  read  from  figure  2 for  each  of  the  flight  altitudes. 
A frequency  level  (ordinate  value  of  fig.  2)  of  0.04  gust  per 
mile  for  the  1941-42  flights,  0.007  gust  per  mile  for  those  of 
1946,  and  0.01  gust  per  mile  for  those  of  1947  was  selected 
in  order  to  obtain  derived  gust  velocities  of  about  40  feet 
per  second  for  each  investigation.  The  results  are  plotted 
at  the  midpoint  of  each  altitude  range  in  figure  3.  The 
corresponding  effective  gust  velocities  are  also  shown  in 
figure  3 for  comparison.  A curve  has  been  faired  through 
the  points  for  the  derived  and  effective  gust  velocities  to 
indicate  an  estimated  overall  variation  in  these  quantities 
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(a)  1941-42  investigation. 

Figure  2. — Average  frequency  of  exceeding  given  values  of  derived 
gust  velocity  per  mile  of  flight  at  different  altitudes  within  thunder- 
storms. 


with  altitude.  In  fairing  the  curves,  consideration  was  given 
both  to  the  sample  sizes  and  the  conditions  under  which  the 
data  were  taken.  For  example,  the  data  point  for  the 
lowest  altitude  range  (5,000  to  10,000  feet)  for  the  1941-42 
investigation  was  disregarded  because  of  the  fairly  large 
proportion  of  data  taken  in  clear  air  or  smaller  clouds.  The 
curves  are  dashed  for  altitudes  above  28,000  feet  because  of 
the  small  data  sample  and  uncertainty  of  the  results  at  the 
highest  altitude. 

DISCUSSION 

Inspection  of  figure  2 indicates  no  consistent  or  large 
variations  in  the  magnitude  of  the  derived  gust  velocities 
for  the  different  altitudes  of  each  set  of  data  if  altitudes 
below  10,000  feet  are  neglected  in  the  1941-42  investigation. 
For  a frequency  level  corresponding  to  the  larger  gust 
velocities,  which  are  of  primary  interest  from  a loads  stand- 
point, figure  2 indicates  that  differences  of  about  5 to  7 feet 
per  second  occur  in  the  magnitude  of  the  derived  gust 
velocities  for  the  different  altitudes  of  each  investigation. 
A comparison  of  the  three  sets  of  distributions  in  figure  2 
also  indicates  that  the  derived  gust  velocities  for  the  1946 
and  1947  thunderstorm  investigations  were  of  almost  equal 
intensity,  whereas  the  gust  velocities  for  the  1941-42  investi- 
gation were  somewhat  greater. 


Derived  gust  velocity,  fps 


(b)  1946  investigation. 
Figure  2. — Continued. 
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(c)  1947  investigation. 
Figure  2. — Concluded. 


In  addition  to  the  observations  from  figure  2 on  the 
intensity  of  the  turbulence  at  different  altitudes,  calculations 
were  made  to  check  whether  the  differences  noted  between 
the  distributions  for  the  separate  altitudes  resulted  from 
differences  in  the  turbulence  intensities  or  from  random  or 
sampling  fluctuations  in  the  data.  These  results,  based  on  a 
comparison  of  the  confidence  limits  for  each  distribution 
at  a gust  velocity  of  about  40  feet  per  second,  indicated  that 
a scatter  of  only  about  1 foot  per  second  would  be  ascribed 
to  sampling  errors.  The  differences  in  the  derived  gust 
velocities  of  5 to  7 feet  per  second  at  the  different  alti- 
tudes accordingly  reflect  the  differences  in  the  turbulence 
intensities. 

A better  indication  of  the  magnitude  of  the  derived  gust 
velocities  measured  at  the  separate  altitudes  in  thunder- 
storms can  be  seen  in  figure  3.  Although  the  points  scatter 
somewhat  from  altitude  to  altitude,  the  overall  trend  of  the 
data  indicates  that  the  values  of  the  derived  gust  velocities 
remain  essentially  constant  for  altitudes  up  to  about  20,000 
feet  and  then  decrease  slightly  at  the  higher  altitudes.  On 
the  basis  of  the  faired  curve  in  the  figure,  the  magnitude  of 
this  decrease  is  from  about  39  feet  per  second  at  20,000  feet 
to  35  feet  per  second  at  30,000  feet,  or  a decrease  of  approxi- 
mately 10  percent  in  10,000  feet.  Other  similar  plots  were 
made  to  check  this  variation  with  altitude  at  gust-velocity 
levels  of  about  20  and  30  feet  per  second.  These  results 
indicated  substantially  the  same  type  of  variation  with 
altitude  as  shown  in  figure  3. 


Figure  3. — Derived  and  effective  gust  velocities  exceeded  on  the 
average  a given  number  of  times  per  mile  of  flight  at  various 
altitudes  within  thunderstorms. 


A comparison  of  the  derived  gust  velocities  with  the 
effective  gust  velocities  in  figure  3 illustrates  the  effect  of 
altitude  on  the  ratio  KjKg.  It  will  be  noted  from  the  figure 
that  the  effective  gust  velocities  are  essentially  constant  with 
altitude,  whereas  the  decrease  in  the  ratio  K/Kg  at  the 
higher  altitudes  leads  to  the  decrease  in  derived  gust  veloci- 
ties of  about  10  percent  from  20,000  to  30,000  feet. 

In  an  attempt  to  determine  whether  variations  existed  in 
the  turbulence  intensities  for  different  types  of  thunder- 
storms, the  gust-velocity  measurements  taken  in  convective 
types  of  storms  were  compared  with  those  taken  in  frontal 
types  of  storms  for  the  1947  investigation.  Reference  4 
indicated  that  five  of  the  thunderstorms  for  which  records 
were  obtained  in  1947  were  of  convective  origin.  Ten 
thunderstorms,  were  associated  with  frontal  activity,  either 
squall-line  or  surface-front  condition.  A comparison  of  the 
distributions  of  the  derived  gust  velocity  for  the  convective 
types  of  storms  with  those  for  the  frontal  types  of  storms 
indicated  only  negligible  differences  in  either  the  overall 
intensity  of  the  turbulence  or  in  the  variation  of  the  intensity 
with  altitude.  As  has  also  been  noted  in  connection  with 
figure  2,  the  overall  intensity  of  the  turbulence  for  the 
convective  types  of  storms  investigated  in  1946  was  about 
equal  to  that  for  the  combined  convective  and  frontal  types 
of  storms  investigated  in  1947.  These  examinations  of  the 
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data  accordingly  indicated  no  real  variations  between  the 
derived  gust  velocities  for  the  two  storm  types. 

CONCLUSIONS 

A stud}7  of  the  available  data  on  the  derived  gust  velocities 
within  thunderstorms  indicates  the  following: 

1.  The  intensity  of  the  derived  gust  velocity  which  was 
exceeded  a given  number  of  times  per  mile  of  flight  within 
thunderstorms  remains  essentially  constant  for  altitudes 
up  to  about  20,000  feet.  An  approximate  10-percent  reduc- 
tion in  the  intensity  of  the  derived  gust  velocities  occurs  as 
altitude  is  increased  from  20,000  to  about  30,000  feet. 

2.  For  the  convective  and  frontal  types  of  thunderstorms 
represented  by  the  data,  no  differences  that  could  be  ascribed 
to  storm  type  were  indicated  in  either  the  overall  intensity 
of  the  turbulence  or  in  the  variation  of  the  intensity  with 
altitude. 

Langley  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  July  27 , 1955. 
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PROPAGATION  OF  A FREE  FLAME  IN  A TURBULENT  GAS  STREAM 1 

By  William  R.  Mickelsen  and  Norman  E.  Erxstein 


SUMMARY 

Effective  flame  speeds  of  f ree  turbulent  flames  were  measured 
by  photographic , ionization-gap , and  photomultiplier-tube 
methods , and  were  found  to  have  a statistical  distribution 
attributed  to  the  nature  of  the  turbulent  field.  The  effective 
turbulent  flame  speeds  for  the  free  flame  were  less  than  those 
previously  measured  for  flames  stabilized  on  nozzle  burners , 
Bunsen  burners , and  bluff  bodies.  The  statistical  spread  of 
the  effective  turbulent  flame  speeds  was  markedly  wider  in  the 
lean  and  rich  fuel-air-ratio  regions , which  might  be  attributed 
to  the  greater  sensitivity  of  laminar  flame  speed  to  flame  temper- 
ature in  those  regions.  Values  calculated  from  the  turbulent 
free-flame-speed  analysis  proposed  by  Tucker  apparently  form 
upper  limits  for  the  statistical  spread  of  free-flame-speed  data. 
Hot-wire  anemometer  measurements  of  the  longitudinal  velocity 
fluctuation  intensity  and  longitudinal  correlation  coefficient 
were  made  and  were  employed  in  the  comparison  of  data  and  in 
he  theoretical  calculation  of  turbulent  flame  speed. 

INTRODUCTION 

The  high  volumetric  heat-release  rate  required  in  present 
and  future  jet-engine  combustors  has  placed  an  ever-growing 
emphasis  on  turbulent  combustion  research.  The  theory  of 
turbulent  flame  propagation  is  as  }ret  in  a formative  stage, 
partly  because  of  the  lack  of  reliable  experimental  methods 
for  determining  the  effect  of  turbulence  on  the  rate  of  flame 
propagation.  The  purpose  of  this  investigation  was  to  ex- 
plore a new  experimental  method  believed  to  approximate 
more  nearly  a theoretical,  or  ideal,  flame  model  than  previous 
methods. 

The  major  portion  of  experimental  data  on  turbulent  flame 
speeds  lias  been  taken  in  open  flames  stabilized  on  Bunsen 
burners  (refs.  1 to  3)  or  on  Mache  type  burners  (refs.  4 and  5). 
A substantial  amount  of  experimental  data  has  also  been 
obtained  from  flames  confined  in  a duct  and  stabilized  on 
bluff  bodies  (refs.  6 to  8).  Another  experimental  method 
consists  in  measuring  the  speed  of  a flame  advancing  into  a 
turbulent  fuel-air  mixture  flowing  through  a tube  (ref.  9). 
In  general,  the  definition  of  turbulent  flame  speed  used  in 
these  methods  is  that  given  in  reference  8: 

<S,=l/£  (1) 

A 

(All  symbols  are  defined  in  appendix  A.)  Equation  (1)  has 
been  used  for  local  measurements  by  the  flame-front  angle 
method  and  for  over-all  flame-speed  measurements  by  the 


flame-area  method.  These  two  methods  are  shown  in  the 
following  sketches: 


Flame-front  angle  method  Flame- area  method 

Turbulent -flame-speed  values  obtained  by  these  methods 
may  be  significantlv  affected  by  conditions  external  to  the 
flame  front  itself,  such  as 

(1)  Large  fluctuations  in  instantaneous  flame-front  posi- 
tion that  introduce  uncertainty  in  the  determination  of 
mean  position  in  long-time-exposure  photographs  of 
stabilized  flames  (ref.  10) 

(2)  Existence  of  piloting  zones  at  the  rims  of  Bunsen 
burners,  immediately  downstream  of  bluff  bodies,  or  in 
the  boundary  layer  of  flame  tubes,  which  may  affect  the 
burning  rate  of  the  flames  near  such  zones  (refs.  7 and 
10) 

(3)  Large  velocity  differences  between  unburned  and 
burned  gas  flows,  which  may  introduce  considerable 
turbulence  in  stabilized  flames  (refs.  2,  6,  7,  and  11) 

(4)  Curvature  of  unburned-gas  stream  lines  at  the  flame 
front,  which  nnoy  introduce  substantial  error  in  flame 
speeds  measured  in  stabilized  flames  by  the  angle 
method  (refs.  7 and  12) 

(5)  Variations  in  local  flame  speeds  along  the  flame  enve- 
lope, which  may  introduce  substantial  error  in  average 
flame  speeds  measured  by  the  flame-area  method 

This  investigation  was  conducted  to  determine  the  effect 
of  turbulence  on  the  growth  of  a free  flame.  It  was  thought 
that  the  free  flame  would  not  be  subject  to  the  complicating 
conditions  present  in  stabilized  flames  such  as  those  listed. 
In  addition,  the  free-flame  growth  could  take  place  entirely 
in  a homogeneous,  isotropic,  turbulent  field  away  from 
boundary  layers  and  bluff-body  wakes,  thus  providing  a 
more  nearly  fundamental  flame  model. 

The  method  used  in  the  present  investigation  is  an  exten- 
sion of  the  “soap-bubble”  technique  (ref.  13)  and  consists 
of  the  observation  of  the  growth  of  a free-flame  globule  as 
it  is  carried  downstream  in  a flowing,  turbulent,  homo- 
geneous mixture  of  gaseous  fuel  and  air.  The  flame  globule 
was  initiated  by  a single  spark,  and  its  growth  was  recorded 
by  three  separate  methods,  high-speed  motion-picture 
photography,  ionization-gap  probes,  and  photomultiplier- 
tube  signals. 


1 Supersedes  NACA  TN  3456,  "Propagation  of  a Free  Flame  in  a Turbulent  Gas  Stream,’'  by  William  R.  Mickelsen  and  Norman  E.  Ernstein,  1955. 
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The  flame-globule  growth  was  characterized  by  an  effec- 
tive turbulent  flame  speed  ST,  which  is  defined  by  a mass- 
balance  equation  similar  to  that  derived  in  reference  13: 


(2) 


Equation  (2)  can  be  clarified  b.v  the  following  sketch: 


by  the  use  of  three  interchangeable  grids,  and  the  param- 
eters of  the  turbulence  were  measured  with  constant- 
temperature  hot-wire-anemometer  instrumentation. 

The  investigation  was  carried  out  at  the  Lewis  laboratory 
as  a part  of  the  combustion  research  program. 

APPARATUS 

AIR-DUCTING,  WIND-TUNNEL,  AND  AIRFLOW  INSTRUMENTATION 


u 


dr_  dr_ 
dt  ' (dx/U) 


The  air-ducting,  wind-tunnel,  and  airflow  instrumenta- 
tion used  in  the  first  phase  of  the  investigation  and  reported 
in  reference  14  is  shown  in  figure  1(a).  Alterations  made  to 
the  apparatus  for  the  second  phase  of  the  hives tigation  are 
shown  in  figure  1(b).  The  alterations  essentially  converted 
the  system  from  an  enclosed  tunnel  to  a free  jet. 


The  rate  of  change  of  the  globule  radius  was  measured  over 
periods  of  time  less  than  the  characteristic  time  of  the  tur- 
bulence. This  means  that,  on  the  average,  the  flame  front 
traveled  through  less  than  one  turbulent  eddy  during  the 
time  of  observation.  In  the  past,  average  turbulent  flame 
speeds  have  generally  been  measured  from  photographs 
having  long  exposure  times  compared  with  the  characteristic 
time  of  the  turbulence. 

The  experimental  work  was  carried  out  in  two  phases. 
The  first  phase  was  initiated  and  carried  out  at  the  NACA 
Lewis  laboratory  and  is  reported  in  reference  14.  (Because 
of  its  limited  circulation,  considerable  portions  of  the  work 
reported  in  ref.  14  are  included  in  this  report.)  Turbulent- 
flame-speed  measurements  were  obtained  from  high-speed 
motion-picture  records  of  the  growth  of  the  free-flame  glob- 
ule as  it  was  swept  downstream  in  an  enclosed  tunnel. 
The  turbulent  field  was  introduced  by  means  of  a wire 
grid  placed  at  the  tunnel  fillet  some  distance  upstream  of 
the  spark-electrode  position.  The  turbulent  field  was 
characterized  by  hot-wire-anemometer  measurements. 

The  effective  turbulent  flame  speeds  determined  by  the 
photographic  method  varied  for  runs  made  under  identical 
fuel-air  and  mean  stream  conditions.  The  variation  was 
concluded  to  be  due  to  the  statistical  nature  of  the  turbu- 
lent field.  Statistical  anatysis  of  groups  of  30  or  more  runs 
made  at  identical  fuel-air  and  mean  stream  conditions 
showed  that  the  data  for  each  group  approximated  a normal 
probability  distribution.  When  plotted  on  the  basis  of 
cumulative  probability  of  occurrence,  the  effective  turbulent- 
flame-speed  data  showed  a consistent  increase  with  increasing 
turbulence  intensity. 

The  second  phase  of  the  investigation  was  carried  out  in 
a free  jet  with  a technique  whereby  the  cumulative  proba- 
bility of  occurrence  of  turbulent  flame  speed  could  be  deter- 
mined from  flame  groups  consisting  of  thousands  of  separate 
flame  globules.  This  technique  utilized  ionization-gap 
probes  and  counters,  which  indicated  directly  the  percent- 
age of  flames  reaching  or  exceeding  any  given  diameter  at 
a series  of  stations  downstream  of  the  spark  electrodes. 
Ba7  this  method,  flame  speeds  were  measured  over  a range 
of  fuel-arr  weight  ratios  from  0.053  to  0.090  and  a range  of 
mean  stream  velocities  from  35  to  142  feet  per  second  at 
a stream  static  pressure  of  1 atmosphere  and  a stream  static 
temperature  of  85°  F.  The  stream  turbulence  was  varied 
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Figure  1. — Air-ducting,  wind-tunnel,  and  mean  airflow 
instrumentation. 
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Ail*  supplied  from  the  laborator}7  air  facility  was  metered 
with  a standard  variable-area  orifice  and  controlled  with 
the  butterfly  and  gate  valves  shown  in  figure  1.  Static 
pressures  and  temperatures  were  measured  with  conventional 
manometers  and  thermocouples. 

The  ducting  approach  to  the  tunnel  was  designed  from 
principles  used  in  conventional  low-turbulence  wind  tun- 
nels. The  transition  section  was  followed  by  a honeycomb 
and  turbulence-damping  screen  in  the  calming  section  to 
reduce  the  turbulence  present  in  the  air-supply  flow.  The 
entrance  to  the  enclosed  tunnel  (or  free  jet)  was  a nozzle 
with  a contraction  ratio  of  20,  and  provisions  were  made 
at  the  tunnel  throat  for  the  insertion  of  turbulence-producing 
grids.  Three  grids  were  used  for  the  investigation,  all  hav- 
ing a mesh  to  wire-diameter  ratio  of  5.  The  grid  wire 
diameters  were  0.0313,  0.063,  and  0.125  inch. 

The  enclosed-tunnel  installation  was  equipped  with  an 
adjustable  plug  and  nozzle  by  which  critical  flow  could  be 
maintained  at  the  tunnel  exit,  so  that  the  tunnel  flow  field 
could  be  isolated  from  pressure  disturbances  in  the  labora- 
tory exhaust  facility.  The  free-jet  installation  was  equipped 
with  an  exhaust  hood  into  which  diluting  room  air  could  be 
drawn  in  addition  to  the  free-jet  flow. 

FUEL  SYSTEM 

The  propane  fuel  used  throughout  the  investigation  had 
the  following  composition  by  liquid  volume: 


Propane,  percent 97-  76 

Ethane,  percent 1.  72 

Isobutane,  percent 0.  51 


The  propane  fuel  system  is  shown  in  figure  2 and  was  iden- 
tical for  both  the  enclosed-tunnel  and  free-jet  installations. 
Propane  was  supplied  from  a laboratoiy  facility  and  metered 
with  standard  rotameters.  Pressure,  temperature,  and  flow 
controls  are  shown  in  figure  2.  The  propane  was  injected 
into  the  airstream  through  a grid  having  60  equally  spaced, 
0.040-inch-diameter  holes.  The  injection  grid  was  installed 
at  a station  upstream  of  the  calming  chamber  as  shown  in 
figure  1. 

IGNITION  SYSTEM 

The  flame-globule  ignition  system  consisted  of  a pair  of 
spark  electrodes  protruding  into  the  tunnel  stream  from 
opposing  walls  and  an  electrical  energy  source.  The  spark 
electrodes  used  in  the  enclosed  tunnel  were  carefully  stream- 
lined to  a fineness  ratio  of  5 with  a thickness  tapering  from 
0.019  inch  at  the  tunnel  center  to  0.038  inch  at  the  tunnel 
wall.  The  spark  electrodes  used  in  the  free-jet  installation 
were  of  circular  cross  section  with  a diameter  tapering  from 
0.015  inch  at  the  stub  tunnel  center  to  0.075  inch  at  the  stub 
tunnel  wall.  The  spark-gap  spacing  was  0.015  and  0.030 
inch  for  the  enclosed-tunnel  and  free-jet  installations,  re- 
spectively. The  spark-electrode  positions  for  the  two 
installations  are  shown  in  figure  1. 

The  spark-energy  source  was  of  the  capacitive  type  and 
produced  single  sparks  synchronized  with  the  camera  opera- 
tion in  the  enclosed-tunnel  installation  or  successive  sparks 
at  the  rate  of  3 per  second  in  the  free-jet  installation.  The 
spark  energy  could  be  varied  by  changing  capacitors. 
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Figure  2. — Fuel  system. 


FLOW-FIELD  INSTRUMENTATION 

In  general,  the  flow-field  instrumentation  was  adaptable 
to  point  measurements  in  either  the  enclosed-tunnel  or  free- 
jet  streams.  Mean-stream-velocity  measurements  were 
made  with  a conventional  pitot-static  probe  and  microma- 
nometer. Fuel-air  ratio  was  measured  directly  by  a mixture 
analyzer.  Stream  samples  were  drawn  through  a sharp-edged 
0.125-inch-inside-diameter  sampling  probe  to  the  analyzer, 
which  indicated  fuel-air  ratio  directl}r  by  the  thermal- 
conductivity-bridge  method. 

Turbulence  measurements  were  made  with  constant- 
temperature  hot-wire-anemometer  equipment,  which  is 
described  in  appendix  B.  Sound  pressure  levels  were  meas- 
ured with  a conventional  microphone  and  a sound -pressure- 
level  meter,  also  described  in  appendix  B. 


FREE-FLAME-GROWTH  MEASUREMENT 

Photographic  instrumentation. — The  growth  of  the  free- 
flame  globule  was  recorded  photographically  in  the  enclosed- 
tunnel  installation  with  the  optical  s\rstem  shown  in  figure  3. 
The  photographic  records  were  taken  with  a 16-millimeter 
Fas  tax  camera  operated  at  approximately  3600  frames  per 
second  and  located  at  the  end  point  of  the  parallel-beam 
schlieren  system.  The  enclosed-tunnel  windows  were 
striation-free  plate  glass.  The  light  source  was  a mercurv- 
vapor  BH-6  lamp  operated  with  a high-voltage  direct- 
current  power  supply. 
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Figure  3. — Photographic  instrumentation  for  measurement  of  free- 
flame  growth  in  en closed-tunnel  installation. 


Ionization-gap  instrumentation. — The  growth  of  the  free- 
flame  globule  was  measured  in  the  free-jet  installation  with 
an  ionization-gap  probe,  a photomultiplier  flame  sensing 
unit,  and  two  flame  counters.  The  physical  orientation  of 
these  instrumentation  components  is  shown  in  figures  4(a) 
and  (b).  The  photomultiplier  unit  and  its  accompanying 
flame  counter  recorded  the  total  number  of  flames  that 
occurred  during  any  particular  run.  The  ionization-gap 
probe  and  its  accompanying  flame  counter  recorded  the 
number  of  flames  that  grew  to  a radius  of  r or  greater  at  the 
axial  station  x during  any  particular  run. 

The  photomultiplier  unit  consisted  of  a 931 A photo- 
multiplier vacuum  tube  with  a fixed-plate  voltage  supply. 
The  ionization-gap  probe  is  shown  in  detail  in  figures  4(c) 
and  (d).  The  brass  fairing  along  the  probe  tip  prevented 
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Figure  4. — Ionization -gap  instrumentation  for  measurement  of  free-flame  growth  in  free-jet  installation. 
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ame  seating  on  the  probe  both  by  flame  quenching  and  b}T 
imination  of  the  recirculation  zone.  Because  of  the  con- 
oluted  form  of  each  flame  globule,  the  voltage  signal  from 
le  ionization  gap  usually  contained  multiple  peaks,  which 
nised  spurious  counts  in  the  flame  counter.  In  order  to 
nooth  these  peaks,  resistors,  capacitors,  and  diodes  were 
icluded  in  the  360-volt  direct-current  battery  circuit  for 
le  ionization  gap. 

In  order  to  prevent  spurious  counts  arising  from  small 
uctuations  in  the  voltage  signal  from  both  the  photomulti- 
lier  unit  and  the  ionization-gap  probe,  a long  time  constant 
as  included  in  the  flame-counter  design.  These  flame 
mnters  emplcyed  thyratron-controlled  relays  and  solenoids 
ilich  actuated  a mechanical  counter. 

Photomultiplier  instrumentation. — Simultaneous  measure- 
tents  of  the  spark  light  intensity  and  ensuing  free-flame- 
lobule  growth  were  made  in  the  free-jet  installation  with 
le  photomultiplier  instrumentation  shown  in  figure  5.  The 
hot  omul  tiplier  unit  consisted  of  a 931A  photomultiplier 
ibe  with  an  adj  ustable-plate  voltage  suppty.  Light  emitted 
•om  the  spark  and  ensuing  flame  passed  through  the  narrow 
it  to  the  photomultiplier  unit.  The  voltage  signal  from 
te  photomultiplier  unit  was  recorded  on  35-millimeter  film 
•om  an  oscilloscope  trace.  The  photomultiplier  instrumen- 
ition  and  the  assumption  required  to  relate  output  voltage 
) flame  speed  are  discussed  in  appendix  C. 

PROCEDURE 

The  test  schedule  was  as  follows: 
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0.  625 
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6.3  to  15.3 

’ EN CLOSED-TUNNEL  INSTALLATION 

Room  aii*  was  supplied  to  the  enclosed  tunnel  and  ex- 
austed  at  critical  flow  through  an  exit  choke  by  means  of 
ie  altitude  exhaust  facility.  Tunnel  static  pressures  and 
iinperatures  were  measured  by  manometers  and  thermo- 
Duple  rakes  as  shown  in  figure  1 (a).  Fuel  was  injected  into 
le  airstream  and  metered  through  a standard  rotameter, 
fter  which  dilution  air  was  admitted  downstream  of  the 
boke.  The  tunnel  stream  velocity  was  then  measured  with 

Pitot-static  probe  and  micromanometer. 

The  sequential  schlieren  photographs  of  the  propagation 
f the  free-flame  globule  in  the  fuel-air  mixture  were  obtained 
y actuating  a single  swatch  which  synchronized  the  following 
perations:  fuel  shutoff  (producing  a semi-infinite  fuel  slug), 
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Figure  5. — Photomultiplier  instrumentation  for  simultaneous  meas- 
urement of  free-flame  growth  and  spark  light  intensity. 


camera  start,  ignition  by  a single  spark,  and  camera  stop 
after  an  appropriate  interval. 

FREE-JET  INSTALLATION 

An  exhaust  airflow1-  rate  of  approximately  500  pounds  per 
minute  was  initiated,  and  dilution  air  was  admitted  to  the 
hood.  Laboratory  pressurized  air  and  propane  were  ad- 
mitted into  the  stub  tunnel,  after  wrhich  the  fuel-air  ratio 
was  adjusted  to  the  desired  value  by  means  of  a probe  and 
the  NACA  mixture  analyzer;  the  streanf  velocity  was 
determined  from  Pitot-tube  measurements. 

The  ionization-gap  probe  wras  positioned  at  a station  x 
downstream  of  the  spark  electrodes  and  at  a radial  distance  r 
from  the  tunnel  centerline.  A series  of  flame  globules  wTas 
initiated  by  the  ignition  system,  firing  at  the  rate  of  3 
sparks  per  second.  The  number  of  flame  globules  ArP 
intercepting  the  ionization-gap  probe  and  the  total  number  of 
flame  globules  ignited  Nt  were  read  from  instrumentation 
shown  in  figure  4(b). 

FLOW-FIELD  MEASUREMENTS 

In  order  to  check  the  uniformity  of  the  flow7  field,  velocity 
profiles  were  measured  in  both  the  enclosed -tunnel  and 
free-jet  installations.  The  mean  stream  velocity  for  both 
installations  was  essentially  constant  over  the  core  of 
interest,  as  shown  by  figure  6.  Similar  measurements  were 
made  to  check  the  uniformity  of  the  propane-air  ratio  in 
both  installations.  The  propane-air  ratio  wras  found  to  be 
constant  over  the  major  portion  of  the  enclosed- tunnel  flow 
field,  and  typical  profiles  measured  in  the  free-jet  installation 
are  shown  in  figure  7. 

In  order  to  establish  the  characteristics  of  the  turbulent 
field,  extensive  measurements  of  the  turbulence  intensity 
^fv?,  the  spectrum  function  F,  and  the  correlation  coefficient 
/ wrere  made  in  both  the  enclosed-tunnel  and  the  free-jet 
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Figure  7. — Typical  fuel-air-ratio  profiles  in  free-jet  installation. 


Tunnel  traverse,  in. 


Figure  8. — Longitudinal  turbulence  intensity  measured  in  enclosec 
tunnel  installation. 


installations.  The  definitions  of  these  quantities  and  th 
instrumentation  used  to  measure  them  are  discussed  i 
appendix  B. 

ENCLOSED-TUNNEL  TURBULENCE  MEASUREMENTS 

Longitudinal  turbulence  intensity  measurements  made  i 
the  enclosed-tunnel  installation  are  shown  in  figure  8.  Th 
data  shown  in  the  figure  agree  well  with  the  von  Karma 
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(a)  Enclosed-tunnel  installation.  Measured  10.75  inches  downstreai 
of  grid  of  0.125-inch-diameter  wire  by  0.625-inch  mesh. 

(b)  Free-jet  installation.  Reference  velocity  equals  velocity  at 
?/  = 0.5  inch  and  £=1.0  inch  downstream  of  spark  electrodes. 
Figure  6. — Typical  mean-stream  velocity  profiles. 


PROPAGATION  OF  A FREE  FLAME  IN  A TURBULENT  GAS  STREAM 


779 


data  quoted  in  reference  15  and  show  a substantial  decrease 
in  turbulence  intensity  from  the  electrode  position  (x/d=5 0) 
bo  the  end  of  the  flame-growth  observation  field  (x/d=  122). 
Longitudinal  intensity  profiles  measured  in  the  tunnel 
^enterplane  perpendicular  to  the  observation  plane  were 
essentially  flat  over  the  core  of  interest.  Turbulent  energy 
spectra  were  measured  in  the  enclosed-tunnel  installation  as 
lescribed  in  appendix  B.  The  scale  of  turbulence  was 
estimated  by  comparison  of  experimental  data  with  a grid 
)f  spectrum  density  curves  based  on  an  exponential  form  of 
die  longitudinal  correlation  coefficient  /=exp  (£/ Lf ).  A 
typical  measured  spectrum  is  shown  in  figure  9,  and  the 
istimated  turbulence  scales  are  listed  in  table  I. 

FREE-JET  TURBULENCE  MEASUREMENTS 

Conversion  of  the  enclosed  tunnel  to  a free  jet  resulted  in 
m intense  sound  field  originating  in  the  dilution  air  and 
exhaust  hood  and  piping.  As  described  in  reference  16, 
velocity  fluctuations  associated  with  sound  waves  contribute 
o the  hot-wire-anemometer  measurements  through  the 
elation 

^U2=^Ju2t-\-u\  (3) 

vith  the  assumption  that  no  correlation  exists  between  the 
urbulence  and  sound  velocity  fluctuations.  In  order  to 
letermine  the  applicability  of  equation  (3)  in  the  free  jet, 
ongitudinal  velocity  fluctuation  intensities  were  measured 
>oth  with  and  without  the  intense  sound  field.  These  meas- 
irements  are  shown  in  figure  10  for  each  of  the  three  turbu- 
mce  grids  used  in  the  investigation.  The  velocity  fluctua- 
ion  intensity  was  definitely  increased  with  the  presence  of 
he  sound  field  for  each  of  the  three  turbulence-generating 
rids. 

The  sound  pressure  level  in  the  free  jet  was  measured  with 
he  instrumentation  described  in  appendix  B and  was  found 
o be  136  decibels,  which  corresponds  to  a sound  velocity 


gure  9. — Typical  longitudinal  energy  spectrum  of  turbulence  in 
closed-tunnel  installation.  Mean  stream  velocity,  50  feet  per  second. 


fluctuation  Vuj  of  0.96  foot  per  second.  Values  of  the  sound 
velocity  fluctuation  were  also  calculated  from  the  data 
of  figure  10  b}r  the  use  of  equation  (3).  These  values  of  Vuf 
are  compared  in  table  II  with  the  value  of  corresponding 
to  the  sound  pressure  level  of  136  decibels;  good  agreement 
is  shown  in  every  case. 

The  kinetic-energy  spectrum  of  the  sound  field  alone  is 
shown  in  figure  11;  it  has  a generally  continuous  form  with 
peaks,  or  periodicities,  at  57,  110,  140,  170,  230  to  285,  600 
to  870,  1050,  1500,  2400,  3000,  4000  to  5600,  and  7000  to 
9000  cycles  per  second.  Periodicities  observed  in  the  sound 
spectrum  were  generally  found  again  in  the  longitudinal 
velocity  fluctuation  energy  spectra  measured  in  the  free-jet 
installation,  as  shown  by  the  typical  spectrum  in  figure  12. 

Longitudinal  double-velocity  correlation  coefficients  / 
measured  in  the  free-jet  installation  are  shown  in  figure  13 
for  each  of  the  three  turbulence-producing  grids.  The  irregu- 
lar form  of  the  correlation-coefficient  curves  is  attributed  to 
the  periodic  nature  of  a considerable  portion  of  the  velocity 
fluctuations.  The  correlation  coefficients  were  measured  by 
the  special  methods  described  in  appendix  B and  are  defined 
by  the  relation 
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(c)  Grid:  0.0313-inch-diameter  wire,  0.156-inch  mesh. 
Figure  10. — Concluded.  Longitudinal  velocity  fluctuation  intensity 
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Figure  11. — Longitudinal  kinetic-energy  spectrum  of  free-jet  sow 
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Figure  12. — Typical  longitudinal  velocity  fluctuation  energy  spectr 
measured  in  free-jet  installation.  Grid:  0.125-inch-diameter  wi 
0.625-inch  mesh  ; distance  downstream  of  spark  electrodes,  4 inch- 
mean  stream  velocity.  68.5  feet  per  second ; static  pressure,  29  incl 
of  mercury  absolute:  static  temperature.  545°  R. 
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where  the  symbols  are  defined  by  the  following  vector 
diagram : 


U 


U0  Ut 


The  longitudinal  turbulence  scale  is  usually  defined  b}r  the 
relation 

/.=/>  (5) 

Because  of  the  periodic  nature  of  the  combined  turbulence 
and  sound  fields,  the  longitudinal  correlation  coefficient  did 
not  approach  zero  within  the  range  of  measurement.  There- 
fore, equation  (5)  could  not  be  used  to  define  the  turbulence 
scale.  Since  the  growth  of  the  flame  globule  was  observed 
^ver  times  comparable  with  £ of  0.1  inch,  only  the  first 
portions  of  the  correlation  curves  shown  in  figure  13  were 
considered  relevant  to  the  experiment.  As  a part  of  the 
calculations  involved  in  the  Scurlock-G rover  analysis,  values 
)f  the  lateral  scale  of  turbulence  Lg  were  calculated  as 
described  in  appendix  D.  These  calculated  values  of  Lg  are 
isted  in  the  table  in  the  RESULTS  section. 


DETERMINATION  OF  FLAME  SPEED 

FUNDAMENTAL  CONSIDERATIONS 

The  relation  between  flame  speed  and  free-ftome-globule 
expansion  rate  is  derived  in  reference  13  for  a constant- 
pressure  laminar  free  flame  propagating  in  a quiescent  fuel- 
dr  mixture.  This  relation  was  obtained  by  equating  the 
nass  flow  of  the  unburned  gases  entering  a flame  front  of 
nfinitesimal  thickness  to  the  mass  flow  of  the  burned  gases 
eaving  the  flame  front.  In  a physical  sense,  equation  (2) 
iccounts  for  both  the  flame-front  motion  due  to  flame  propa- 
gation and  the  motion  due  to  thermal  expansion  of  the  burned 
^ases.  The  following  modification  of  this  equation  to  account 
or  a finite  flame-front  thickness  5 is  presented  in  reference  14 : 


« Pf  dr  (r — 5/2V 

r Padt\r+5/2j 


(6) 


For  this  investigation,  the  thickness  of  the  flame  front  was 
onsidered  negligible  compared  with  the  radius  r so  that 
equation  (2)  was  used  to  analyze  the  data.  The  values  of 
>a , computed  from  Ra  and  Ta , were  obtained  from  measure- 
ments of  tunnel  approach-stream  flow.  The  values  of 
>fj  computed  from  RF  and  TF  for  each  fuel-air  ratio,  were 
aken  from  references  17  and  IS,  respectively.  The  value 
f PfIp<i  varied  from  0.12  to  0.14  in  the  present  investigation. 

A number  of  assumptions  are  necessary  to  the  definition 
f effective  turbulent  flame  speed  as  given  by  equation  (2). 
ffie  definition  requires  that — * 

(1)  The  free-flame  globule  grow  uniformly  in  all  radial 
directions 

(2)  The  combustion  proceed  in  a constant-pressure  field 


(a)  Grid:  0. 125-inch-diameter  wire,  0.625-inch  mesh. 


(b)  Grid:  0.063-inch-diameter  wire,  0.31 3-inch  mesh. 


(c)  Grid:  0. 0313-inch-diameter  wire,  0.153-inch  mesh. 

Figure  13. — Longitudinal  double-velocity  correlation  coefficients 
measured  in  free-jet  installation.  Mean  stream  velocity,  68.5  feet 
per  second. 
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(3)  The  flame  globule  be  swept  downstream  at  the  stream 
velocity 

(4)  No  circumferential  flow  exist  about  the  flame  globule 

(5)  Variations  in  spark  energy  not  affect  the  globule 
propagation  rate 

The  validity  of  the  assumptions  was  established  by  special 
tests  described  later  in  this  section. 

PHOTOGRAPHIC  METHOD 

Photographic  data  obtained  in  the  enclosed  tunnel  were 
analyzed  by  projecting  the  16-millimeter  motion-picture 
film  record  of  each  flame-globule  expansion  onto  a film 
viewer.  A typical  photographic  record  is  shown  in  figure 
14(a).  The  outline  of  each  globule  was  traced  in  order 
to  permit  planimetering  its  area  and  calculating  a mean 
radius.  The  mean  radius  was  plotted  against  time  for  each 
flame  globule  of  the  sequence,  as  shown  in  figure  14(b). 


(a)  Typical  photographic  record.  Film  speed,  approximately  3600 
frames  per  second. 


(b)  Flame-globule  expansion  history. 


Cumulative 

probability, 

percent 


Figure  15. — Flame-globule-growth 
instrumentation. 


measurement  with  ionization-gap 
_ Ar  RgTa 
*t~A x/u  RfTf ' 


(c)  Cumulative  probability  of  turbulent  flame  speed.  Mean  strear 
velocity,  60  feet  per  second;  propane-air  ratio,  approximately  0.04 
by  weight;  static  pressure,  26  inches  of  mercury  absolute;  tempera 
ture;  540°  R. 


Figure  14.— Typical  turbulent-flame-speed  data  from  enclosed-tunnel  installation. 
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rhe  slope  of  a straight  line  faired  through  such  a series  of 
experimental  points  is  drjdt . The  effective  turbulent  flame 
peed  was  then  calculated  by  multiplying  drjdt  by  the  expan- 
ion factor  pF/pa,  as  shown  in  equation  (2). 

From  sets  of  30  or  more  flame  speeds  obtained  in  this 
nanner  for  identical  fuel-air  flow  conditions,  the  cumulative 
>robability  of  occurrence  of  flames  having  these  flame  speeds 
^as  calculated.  In  order  to  illustrate  the  statistical  nature  of 
hese  data,  the  turbulent  flame  speeds  of  a typical  set  of  data 
iave  been  plotted  against  cumulative  probability*  of  occur- 
ence in  figure  14(c).  Each  datum  point  represents  the 
iffective  flame  speed  of  a single  free  flame.  Cumulative 
>robability  of  occurrence  is  defined  as  the  percentage  of 
lames  having  flame  speeds  greater  than  a given  value. 

IONIZATION-GAP  METHOD 

In  order  to  obtain  a set  of  turbulent  flame  speeds  for  a 
jarticular  condition  of  turbulent  approach-stream  intensity 
tnd  fuel-air  ratio  in  the  free-jet  installation,  the  ionization- 
;ap  probe  was  positioned  consecutively  at  two  stations 
:=15.2  and  16.2  inches,  as  outlined  diagrammatically  in 
igure  15.  For  each  chosen  position  r,  at  least  1000  flames 
Vt  were  ignited.  The  ionization-gap  counter  recorded  the 
lumber  of  flames  NP  intercepting  the  probe.  The  ratio 
Vp/Nt  was  the  cumulative  probability  of  a flame  globule 
laving  a radius  at  least  as  great  as  that  indicated  by  the 
)robe  setting  r.  The  ratio  NP/Nt  was  then  plotted  on  prob- 
ability coordinates  against  r and  a curve  was  faired  through 


(a)  Fuel-air  ratio,  0.056;  mean  stream  velocity,  68.3  feet  per  second. 


each  of  the  two  sets  of  data  as  shown  in  figure  16.  The 
difference  A r was  obtained  from  the  curves  for  the  cumu- 
lative probabilities  of  2,  20,.  50,  SO,  and  98  percent.  Equa- 
tion (2)  was  then  employed  to  determine  the  flame  speeds 
corresponding  to  the  five  probability  percentages. 

PHOTOMULTIPLIER  METHOD 

The  photomultiplier  method  was  used  to  obtain  values 
proportional  to  the  effective  flame  speed.  The  method 
essentially  consists  of  measuring  the  free-flame-globule 
growth  rate  along  the  axial  diameter  of  the  globule.  The 
method  is  described  in  the  APPARATUS  section  and  in 
appendix  C.  The  instrumentation  is  shown  in  figure  5. 

VERIFICATION  OF  EXPERIMENTAL  METHOD 

The  discussion  of  equation  (2)  in  a preceding  section  in- 
cludes a number  of  assumptions  necessaiy  to  the  derivation 
of  the  equation.  Since  equation  (2)  essentially  expresses 
the  experimental  method  used  in  the  investigation,  the 
assumptions  were  verified  by  tests  that  are  described  in 
the  following  paragraphs. 

Uniformity  of  globule  growth. — Photographic  data  of  the 
flame-globule  growth  in  the  enclosed  tunnel  were  analyzed 
to  determine  whether  the  globules  had  preferential  growth 
directions.  This  analysis  was  made  by  measuring  globule 


(b)  Fuel-air  ratio,  0.070;  mean  stream  velocity,  69.6  feet  per  second. 


Figure  16. — Typical  cumulative  probability  of  flame-globule  size  measured  with  ionization -gap  instrumentation  in  free-jet  installation.  Grid: 
0.125-inch-diameter  wire,  0.625-inch  mesh;  static  pressure.  29.3  inches  of  mercury  absolute;  static  temperature.  545°  R. 
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diameters  (see  fig.  17)  at  four  angles  of  rotation  from  the 
tunnel  axis.  While  each  globule  had  different  growth 
rates  along  the  four  diameters,  no  consistent  relation  be- 
tween growth  rate  and  direction  was  found.  This  obser- 
vation supports  the  use  of  a mean  radius  in  the  photographic 
method  of  flame-speed  measurement,  the  use  of  a single 
radial  direction  in  the  ionization-gap  method,  and  the  use 
of  a single  diameter  in  the  photomultiplier  method  of  flame- 
growth  observation. 

Pressure  pulsations. — In  order  to  determine  whether  the 
fluctuations  in  fl.une-globule-growth  rates,  illustrated  by 
figure  14(b),  were  due  to  pressure  fluctuations  in  the  en- 
closed tunnel,  data  as  shown  in  figure  17  were  inspected  for 
possible  phase  relations  between  the  fluctuations  in  growth 
rate  along  the  four  diametral  directions.  Since  no  frequency- 
phase  relation  was  found  from  these  data,  it  was  concluded 
that  pressure  fluctuations  were  not  responsible  for  the 
fluctuations  in  globule-growth  rate.  Additional  measure- 
ments with  a wall-mounted  pressure  pickup  indicated  the 
absence  of  significant  pressure  pulsations  in  the  enclosed 
tunnel. 


Angular  displacement  of  diameter 
from  tunnel  axis 
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Figure  17. — Typical  flame-globule-diameter  histories  measured  in 
enclosed-tunnel  installation. 


Axial  velocity  of  flame  globule. — The  effect  of  buoyancj 
of  the  hot  flame  globule  on  its  axial  velocity  was  determine! 
by  measuring  the  distance  from  the  spark  electrodes  to  tin 
globule  center  on  each  frame  of  photographic  sequence* 
such  as  shown  in  figure  14(a).  The  axial  velocities  calcu- 
lated from  such  measurements  agreed  closely  in  all  case* 
with  the  measured  stream  velocity,  which  indicated  tha 
the  buoyancy  effect  was  negligible. 

Unburned-gas  motion. — As  shown  by  equation  (2),  tin 
rate  of  thermal  expansion  of  the  flame  globule  is  from  7 t( 
S times  as  great  as  the  effective  turbulent  flame  speed 
In  order  to  determine  whether  the  unburned-gas  motioi 
caused  by  this  thermal  expansion  was  purely  radial  (fron 
the  globule  center),  simultaneous  oscillograph  records  wen 
made  in  the  free-jet  installation  with  the  ionization-gaj 
probe  and  a shielded  hot-wire-anemometer  probe  as  show] 
by  the  typical  oscillograph  and  probe  position  diagram  ii 
figure  18.  The  ionization-gap  trace  indicated  the  flame 
globule  passage,  and  the  anemometer  trace  was  propor 
tional  to  the  instantaneous  stream  velocity.  Inspection  o 
60  such  records  indicated  no  axial  change  in  mean  strean 
velocity  and  therefore  no  circumferential  flow  of  unburn  e< 
gases  about  the  sphere.  The  marked  decrease  in  amplitud 
of  velocity  fluctuations  at  the  time  of  flame-globule  passag 
is  interpreted  as  being  due  to  the  radial  translation  of  th 
free-jet  stream  core  by  the  thermal  expansion  of  the  flam 
globule. 

Effect  of  spark  energy. — In  order  to  determine  the  effec 
of  spark  energy  on  the  flame-globule  growth,  two  series  c 
runs  were  made  in  the  free-jet  installation  under  identic! 
stream  and  fuel  conditions  but  with  spark  source  energie 
differing  by  a factor  of  2.5.  As  shown  in  figure  19,  cumi 
lative  probabilities  of  flame-globule  sizes  were  measured  a 
a series  of  axial  positions  with  the  ionization-gap  instrumer 
tation  for  the  two  spark  source  capacitors  of  0.0004  an 
0.0010  microfarads.  The  data  of  figure  19  show  an  increas 
in  initial  flame-globule  size,  but  no  change  in  turbuler 
flame  speed  between  the  axial  positions  £=15.2  and  16. 
inches. 

Effect  of  spark  light  intensity. — Additional  information  o 
the  relation  between  the  spark  characteristics  and  the  flann 
globule  growth  was  obtained  with  the  photomultiplier  ii 


lonizatior 

gap 

i"  probe,- 


lonizatiorvgap  trace 


Time - 

Figure  18. — Typical  oscillograph  of  ionization-gap  and  hot-wi 
signals  in  free-jet  stream  at  time  of  flame-globule  passage.  Gri 
0.125-inch-diameter  wire,  0.625-inch  mesh;  stream  velocity,  70  fe 
per  second:  static  pressure,  29  inches  of  mercury  absolute;  temper 
ture,  80°  F. 
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rumentation  shown  in  figure  5.  With  this  instrumentation, 
;cillographs  were  obtained  in  a free-jet  installation  show- 
g spark  light  intensity  and  flame  light  intensity  as  a 
.notion  of  time  for  151  consecutive  flame^globules  at  con- 
ant  mean  stream  and  fuel  conditions.  Typical  oscillo- 
aphs  obtained  b}r  this  method  are  shown  in  figure  20. 
s shown  in  appendix  C,  the  portion  of  the  trace  due  to 
c spark  light  intensity  was  proportional  to  spark  current, 
id  statistical  analysis  of  the  magnitudes  of  the  peak  spark 
cht  intensity  indicated  that  this  parameter  approximated 
normal  probability  distribution.  The  flame  speed  of  the 
obule  was  taken  as  proportional  to  the  slope  of  the  portion 
the  oscillograph  trace  due  to  flame  light  intensity,  as 
scussed  in  appendix  C. 

The  group  of  151  consecutive  runs  is  shown  in  figure  21, 
which  peak  spark  light  intensity  is  plotted  against  flame 
eed  for  each  particular  flame  globule.  The  statistical  cor- 
lation  coefficient  for  this  data  was  determined  with  Pear- 
n’s  product  moment  formula  (ref.  19)  and  was  found  to 
tve  an  absolute  value  of  J 0.17  | for  a possible  range  of  zero 
| 1.0  |.  The  low  value  of  the  statistical  correlation  coeffi- 
mt  is  interpreted  to  indicate  that  variations  in  spark 
Trent  had  no  effect  on  turbulent  flame  speed. 

Additional  verification  of  statistical  variation  of  turbulent 
tme  propagation. — The  cumulative  probability  of  oceur- 
nce  of  slopes  measured  from  the  series  of  151  photo- 


igure 19. — Effect  of  spark  source  energy  on  flame-globule  growth. 


multiplier  oscillographs  is  shown  in  figure  22.  The  statis- 
tical distribution  of  flame  speeds  measured  by  this  method 
is  interpreted  as  additional  proof  of  the  randomness  of  the 
phenomena. 

Validity  of  common-origin  assumption. — The  ionization- 
gap  method,  described  earlier  in  this  section,  assumes  that 
all  flame  globules  have  a common  origin  point,  as  shown  in 
figure  15.  In  order  to  determine  the  error  introduced  by 
this  assumption,  “origin  points”  were  measured  from  the 
series  of  151  photomultiplier  traces  by  extrapolating  the 
slope  of  the  flame  light  intensity  trace  to  the  time  axis,  as 
shown  in  figure  20.  The  origin  points  showed  a statistical 
deviation  in  position,  and  the  theoretical  error  introduced 
into  flame  speeds  determined  by  the  ionization-gap  method 


Figure  20. — Typical  oscillographs  of  photomultiplier  probe  trace 
depicting  spark  occurrence  and  growth  of  flame  globule  in  free-jet 
stream. 


Figure  21. — Correlation  between  spark  light  intensity  and  turbulent 
flame  speed  for  151  consecutive  flame  globules  at  identical  mean 
stream  and  fuel  conditions. 
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was  calculated  to  be  ±2.5  percent  or  less,  within  one  standard 
deviation  of  origin  positions.  The  error  in  flame  speed  due 
to  shift  in  origin  point  is  small  compared  with  the  deviations 
in  flame  speed  actually  measured  by  the  photographic 
(fig.  14(c)),  the  ionization-gap,  and  the  photomultiplier-tube 
methods  (fig.  22). 

PRECISION  OF  DATA 

Ionization-gap  measurements. — Each  datum  point  plotted 
as  cumulative  probability  against  flame  radius,  such  as  shown 
in  figure  16,  represents  information  from  at  least  1000  flames. 
As  shown  in  reference  20,  samples  consisting  of  1000  flames 


Figure  22. — Statistical  variation  of  flame  speed  as  determined  from 
photomultiplier  oscillograms. 


would  have  the  following  accuracy  in  the  cumulative  prob 
ability  value : 


Cumulative 

probability, 

percent 

Possible 

error, 

percent 

50 

±5 

20 

±7 

2 

±29 

The  possible  errors  listed  correspond  to  1.28  standard  devia 
tions  of  the  error  distribution  and  therefore  should  hold  8 
percent  of  the  time.  The  general  consistency  of  the  dat 
throughout  the  lower  probability  region  such  as  shown  ii 
figure  16  seems  to  justify  greater  confidence  in  the  lo\ 
cumulative  probability  range  than  that  shown  in  the  preced 
ing  table. 

The  reliability  of  the  curves  faired  through  the  plotte< 
experimental  data,  such  as  presented  in  figure  16,  may  b 
estimated  from  the  deviation  of  data  points  from  the  fitter 
curves. 

The  greatest  divergence  was  found  in  results  for  the  0.125 
inch-diameter  wire.  For  the  98-percent  probability  level 
the  maximum  data  scatter  from  a faired  curve  was  20  per 
cent;  for  the  50-percent  level,  7.8  percent;  and  for  the  2 
percent  level,  3 percent.  The  maximum  scatter  for  th 
0.063-inch-diameter  wire  was  5.3  percent  at  98-percen 
probability,  and  for  the  0.0313-inch-diameter  wire,  it  was  i: 
percent  at  the  98-percent  level. 

As  discussed  earlier  in  this  section,  the  value  of  flam 
temperature  used  in  the  equation  for  turbulent  flame  speei 
was  a calculated  theoretical  value.  It  may  be  of  interest  t< 
note  that  flame  temperature  has  a much  greater  effect  on  th 
laminar  flame  speed  than  on  the  calculation  leading  t 
effective  turbulent  flame  speed.  As  shown  by  refercnc 
21,  a decrease  of  theoretical  adiabatic  flame  temperature  fror 
4000°  to  3900°  R would  result  in  a laminar  flame  spee< 
decrease  of  43  percent.  In  contrast,  this  change  in  flam 
temperature  would  cause  only  a 2.5-percent  decrease  in  th 
turbulent  flame  speed  calculated  from  equation  (2).  I 
appears,  then,  for  the  purpose  of  this  investigation,  that  th 
effect  of  a small  error  in  actual  flame  temperature  is  neg 
ligible  in  calculating  the  density  ratio. 

Other  sources  of  inaccuracy  may  be  found  in  the  instru 
mentation  and  equipment.  The  positioning  of  the  ionization 
gap  probe  involved  an  error  not  exceeding  0.5  percent 
Measurement  of  the  fuel-air  ratio  was.  accurate  within 
percent.  Flow  measurements  were  made  with  a precisio 
of  3 percent.  For  the  measurements  characterizing  th 
turbulence  parameters,  an  estimated  value  of  ± 5 percent  i 
suggested  for  the  probable  limit  of  error. 

Photomultiplier  method. — A treatment  of  the  sources  c 
error  present  in  flame-speed  measurement  by  the  photc 
multiplier  method  is  presented  in  appendix  C. 

Photographic  method. — In  addition  to  the  errors  intrc 
duced  by  the  equipment  and  instrumentation,  sources  c 
error  peculiar  to  the  photographic  method  must  be  cor 
sidered.  Such  factors  as  adjustment  of  the  projected  imag 
to  one-to-one  correspondence,  timing,  optical  resolution,  an 
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lale  factor  are  all  considered  significant  and  have  been 
loroughly  treated  in  reference  22,  which  assigns  a relative 
laximum  error  of  10  percent  to  the  photographic-reduction 
ichnique. 

RESULTS 

Effective  turbulent  flame  speeds  were  measured  in  the 
i closed-tunnel  and  free-jet  installations  over  a range  of 
ropane-air  and  turbulence  conditions  as  shown  in  the 
blowing  table: 


Grid,  in. 

Stream 
velocity, 
U,  ft/sec 

Longitudinal 

velocity 

fluctuation 

intensity, 

Vt/2,  ft/sec 

Lateral 
turbulence 
scale,  Lit  in. 

Propane-air 
weight  ratio 

Distance 
downstream 
of  grid,  x,  in. 

Diam. 

Mesh 

Free  jet 

0.125 

0.  625 

35  to  105 

1.18  to  2. 60 

0. 0645 

0. 07 

15.  2 to  16.  2 

. 125 

.625 

70 

1.69 

. 0645 

. 056  to  . 09 

15.  2 to  16.  2 

.063 

.313 

70 

1.34 

.0587 

. 058  to  . 084 

15.  2 to  16.  2 

.0313 

. 156 

70 

1. 17 

.0437 

. 053  to  . 084 

15.  2 to  16.  2 

Enclosed  tunnel 

0.125 

0.  625 

35  to  140 

0.81  to  3.51 

0.  08  to  0. 13 

0.  045 
(approx.) 

6.3  to  15.3 

he  lateral  turbulence  scales  Lg  for  the  enclosed  tunnel 
ere  obtained  from  the  values  of  Lf  shown  in  table  I by 
sing  equation  (Blc)  of  appendix  B.  The  values  of  Lg  for 
ie  free  jet  were  obtained  by  fitting  an  exponential  curve 

> the  lateral  correlation  coefficient  g as  described  in  ap- 
rndix  D.  Both  methods  for  evaluation  of  Lg  are  based 
i the  assumption  of  isotropy,  which  was  not  proven  because 

the  lack  of  turbulence  measurements  in  the  lateral 
rection. 

The  effective  turbulent  flame  speeds,  plotted  in  figure 

► , were  measured  in  the  free-jet  installation  at  a fixed 
•opane-air  ratio  of  0.07  over  a range  of  mean  stream 
ilocities  with  the  0.125-inch  wire  diameter  by  0.625-inch 
esh  turbulence-generating  grid.  The  data  are  plotted  as 

function  of  longitudinal  velocity  fluctuation  intensity 
l2  with  cumulative  probability  as  a parameter.  Since 
rbulence  measurements  were  made  at  only  one  stream 
ilocitv,  and  since  the  sound  pressure  level  was  inde- 


TABLE  I.— SUMMARY  OF  LONGITUDINAL  TURBULENCE 

SCALES 

[Estimated  from  longitudinal  energy  spectra  in  enclosed-tunnel  installation.  Mean  stream 
velocity,  50  ft/sec;  static  pressure,  26  in.  Hg  abs;  static  temperature,  540°  R.  Comparative 
values  calculated  through  the  isotropic  turbulence  relation  Lr=2L,  from  lateral  scale  of  turbu- 
lence data  reported  in  ref.  15.] 


Distance  down- 
stream of  grid, 
x , in. 

Longitudinal  scale  of 
turbulence,  Lj,  in. 

Present  in- 
vestigation 

Ref.  15 

6.3 

0. 16 

9.3 

.21 

12.3 

.25 

0. 17 

15.3 

.25 

.21 

pendent  of  stream  velocity,  the  data  of  table  II  and  the 
following  equation  were  employed  to  calculate  the  longi- 
tudinal velocity  fluctuation  intensity: 

^=V[Kir)T+^  (7) 

The  turbulence  intensity  (M/u)  was  assumed  constant 
throughout  the  range  of  stream  velocity  U (see  ref.  15), 
and  u2s  corresponded  to  the  measured  sound  pressure  level  of 
136  decibels. 


locity  fluctuation  intensity  with  cumulative  probability  of  occur- 
rence as  a parameter.  Propane-air  weight  ratio,  0.070;  stream  static 
temperature,  545°  R;  static  pressure,  29.3  inches  of  mercury  abso- 
lute; grid:  0. 125-in ch-diameter  wire,  0.625-inch  mesh;  free-jet 
installation. 


TABLE  II. — COMPARISON  OF  VELOCITY  FLUCTUATIONS  IN  TURBULENT  STREAM 
WITH  AND  WITHOUT  INTENSE  SOUND  FIELD 

[Velocity  fluctuations  measured  along  duct  axis.  Measured  value  of  sound  pressure  level,  136  db;  stream  velocity,  68.5  ft/sec.l 


Grid, 

in. 

Distance 
downstream 
of  turbulence- 
producing 
grid,  x,  in. 

Stream  velocity  fluctuations, 
ft/sec 

Calculated  values  of  sound 
field 

Measured  values  of 
sound  field 

Diam. 

Mesh 

With  sound 
field,  Vu2 

Without  sound 
field,  Vu| 

— / 2 / o 

\u;=\u’-uf 

ft/sec 

Sound  pres- 
sure level, 
db 

ft/sec 

Sound 
pressure 
level,  db 

0. 125 

0.  625 

3 

l.Sl 

1.40 

1. 15 

137.5 

0.  96 

136 

4 

1.  75 

1.32 

1. 15 

137.5 

.96 

136 

0.063 

0.313 

3 

1.32 

0.  926 

0.  94 

135.  5 

0.96 

136 

4 

1.41 

.892 

1.10 

137.0 

.96 

136 

0. 0313 

1 

3 

0.6SS 

0. 89 

135.0 

0.96 

136 

4 

.619 

1.05 

136.5 

.96 

136 
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Figure  24. — Turbulent  flame  speed  as  a function  of  turbulence  in- 
tensity. Propane-air  weight  ratio,  approximately  0.045;  stream 
temperature,  540°  R;  static  pressure,  26  inches  of  mercury  absolute; 
en closed-tunnel  installation;  grid:  0.125-inch-diameter  wire,  0.625- 
inch  mesh. 

Effective  turbulent  flame  speeds  measured  in  the  enclosed- 
tunnel  installation  at  a fixed  propane-air  ratio  of  approxi- 
mately^ 0.045  are  plotted  in  figure  24  as  a function  of  the 
longitudinal  velocity  fluctuation  intensity  a^u*  with  cumu- 
lative probability  as  a parameter.  The  data  show  a con- 
sistent increase  of  effective  turbulent  flame  speed  with 
velocity  fluctuation  intensity.  These  data  were  obtained 
downstream  of  the  0.125-inch-diameter-wire  by  0.625-inch- 
mesh  grid  over  a range  of  stream  velocities  from  30  to  140 
feet  per  second.  As  shown  by  the  data  of  figure  8,  the 
decay  of  the  turbulence  intensity  was  quite  severe  over  the 
range  of  interest  (x/d=5 0 to  122).  A turbulence  intensity 
of  (cf^/U)  =0.027  was  taken  as  a representative  value  and 
assumed  constant  to  obtain  values  of  a over  the  stream- 
velocity  range. 

The  effects  of  .propane-air  ratio  and  turbulence  scale  on 
the  propagation  rate  of  the  free  flame  were  investigated  in 
the  free-jet  installation  by  measuring  the  turbulent  flame 
speed  downstream  of  the  three  turbulence-generating  grids 
over  a range  of  propane-air  ratio  from  0.053  to  0.090.  (The 
variations  in  turbulence  scale  are  listed  in  the  table  at  the 
beginning  of  this  section.)  These  data  are  shown  in  figure 
25  along  with  a dashed  line  representing  laminar  flame-speed 
data  reported  in  reference  21.  Turbulent  flame  speeds 
from  the  enclosed  tunnel  are  included  in  figure  25(a)  and 
were  evaluated  by  interpolating  the  data  of  figure  24  at  a 
velocity  fluctuation  intensity  equal  to  that  of  the  free-jet 
data  in  figure  25(a). 


(a)  Grid:  0. 125-inch-diameter  wire,  0. 625-inch  mesh. 

(b)  Grid:  0.063-inch-diameter  wire,  0.3 13-inch  mesh. 

(c)  Grid:  0.0313-inch-diameter  wire,  0.156-inch  mesh. 

Figure  25. — Turbulent  flame  speed  as  function  of  fuel-air  ratio  with 

cumulative  probability  of  occurrence  as  parameter.  Mean  stream 
velocity,  70  feet  per  second;  stream  static  pressure,  1 atmosphere; 
static  temperature,  85°  F.  i 
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(c)  Grid:  0.0313-inch-diameter  wire,  0.156-inch  mesh. 

Figure  30. — Concluded.  Comparison  of  turbulent-flame-speed  data 
with  theories  from  references  1 1 and  27. 


The  data  of  the  present  investigation  fall  below  the  values 
of  St/Sl  predicted  by  the  modified  Scurlock-Groyer  analysis. 
The  data  follow  the  Scurlock-Grover  analysis  more  closely 
for  the  largest  turbulence  scale  (fig.  30(a)),  and  the  agreement 


becomes  progressively  worse  as  the  turbulence  scale  becomes 
smaller  (figs.  30(b)  and  (c)).  This  type  of  relation  may  be 
due  to  an  increasing  diffusive  action  of  the  turbulence  as  the 
scale  becomes  smaller,  as  discussed  previously  in  this  section. 

Ttie  data  agree  somewhat  better  with  the  Scurlock-Grover 
analysis  than  with  the  Tucker  theory  in  the  extremes  of  the 
lean  and  rich  fuel-air-ratio  regions.  This  probably  is  due  to 
the  increasing  -yju2!SL  in  tiiose  regions  that  tend  to  exceed 
the  limits  of  the  assumptions  made  in  the  Tucker  analysis 
discussed  in  a preceding  paragraph. 

In  summary,  values  from  both  the  Tucker  and  the 
Scurlock-Grover  analysis  seem  to  form  an  upper  limit  to  the 
data  of  the  present  investigation,  except  in  the  extremes  of 
the  loan  and  rich  fuel-air-ratio  regions. 

CONCLUSIONS 

From  the  results  of  the  investigation,  the  following  conclu- 
sions are  made: 

1.  The  propagation  rate  of  a free  flame  in  a turbulent  field 
with  intense  random  sound  velocity  fluctuations  is  a statis- 
tical variable  having  a probability  of  occurrence  band 
bounded  by  a zero  propagation  rate  and  possibly  an  upper 
propagation  rate  well  above  the  laminar  flame  speed. 

2.  The  propagation  rate  of  a free  turbulent  flame  is 
substantially  less  than  those  previously  measured  for  sta- 
bilized flames. 

3.  The  statistical  spread  of  free-flame  propagation  rates 
is  markedly-  wider  in  both  the  lean  and  rich  fuel-air-ratio 
regions. 

4.  Values  calculated  from  the  Tucker  analysis  for  free- 
flame  propagation  rates  apparently  form  an  upper  limit  for 
the  statistical  spread  of  free-flame  propagation  rates  in  the 
regions  where  the  velocity  fluctuation  intensity  is  low. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  May  7,  1956 
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APPENDIX  A 

SYMBOLS 


A cross-sectional  area 

A smoothed  time-average  surface  area  of  turbulent 
flame 

B constant  in  Shelkin  equation 

C constant 

D turbulent  diffusion  coefficient,  sq  ft/sec 

d wire  diameter  of  turbulence-producing  grid,  in. 

E d-c  voltage,  v 

VF2  rms  of  a-c  complex  wave  voltage,  v 

F longitudinal  energy-spectrum  density  function,  sec 

/ longitudinal  double-velocity  correlation  coefficient 

g lateral  double-velocity  correlation  coefficient 

i hot-wire  current  at  stream  conditions,  amp 

K gain  of  decade  amplifier 

Lf  longitudinal  scale  of  turbulence,  in. 

Lg  lateral  scale  of  turbulence,  in. 

££  Lagrangian  scale  of  turbulence,  in. 

N number  of  flame  globules 

n frequency,  cps 

R gas  constant 

& Lagrangian  double-velocity  correlation  coefficient 

r radial  distance  from  tunnel  axis,'  in. 

S flame  speed,  ft/sec 

SPL  sound  pressure  level,  db 

T temperature,  °K 

t time,  sec 

U mean  stream  velocity,  ft/sec 

u longitudinal  velocity  fluctuation,  ft/sec 

VjW  lateral  velocity  fluctuations,  ft/sec 

X fluid  particle  displacement  due  to  turbulent  motion, 
ft 


x distance  downstream  of  turbulence-producing  grid, 

in. 

y distance  from  tunnel  wall,  in. 

a angle,  deg 

/3  power  band  width  of  wave  analyzer,  cps 

3 flame-front  thickness,  ft 

£ spatial  separation  of  velocity  vectors  comprising 

correlation  coefficient,  in. 
p density,  lb/cu  ft 

a one  standard  deviation 

r ratio  of  flame  temperature  to  unburned-gas  tempera- 

ture, TF/Ta 

<p  equivalence  ratio,  fuel-air  ratio/stoichiometric  fuel-air 

ratio 

Q hot-wire  resistance  at  stream  conditions,  ohms 

Subscripts: 

a ambient,  or  approach  stream 

F flame 

/ pertaining  to  correlation  coefficient/ 

g pertaining  to  correlation  coefficient  g 

L laminar 

n pertaining  to  a frequency  interval 

o no-flow  condition  in  anemometry,  or  reference  point 

in  space  or  time  double-velocity  correlation 
coefficients 

P pertaining  to  number  of  flames  of  a given  radius  or 
greater 
s sound 

T turbulent 

t total,  or  time 

£ at  a distance  £ from  zero  position 


APPENDIX  B 


TURBULENCE  AND  SOUND  INSTRUMENTATION  AND  ANALYSIS 


THEORETICAL  BACKGROUND 

Turbulent  fields  are  generally  defined  by  the  two  param- 
eters intensity  and  correlation  coefficient.  The  turbulence 
intensity  is  defined  as  the  rms  value  of  the  turbulent  velocity 
fluctuations  Vu2,  V^2,  and  V w 2-  The  double-velocity  corre- 
lation coefficient  may  be  represented  b}7  a second-order 
tensor  which  for  a homogeneous,  isotropic  field  of  turbulence 
can  be  reduced  to  two  components  as  shown  in  reference  28. 
These  two  components  are  the  longitudinal  and  lateral 
double-velocity  correlation  coefficients  defined  as  follows: 

Longitudinal:  ► > (4) 

u2  i g > 


Lateral:  g=^- 

v2 


V0  }Vt 

‘ f > 


(4a) 


where/  and  g are  the  longitudinal  and  the  lateral  correlation 
coefficients,  respectively,  u is  turbulent  velocity  fluctuation, 
£ is  the  spatial  separation  between  the  points  of  measure- 
ment of  the  u,  and  the  bar  signifies  a long  time  average. 

Longitudinal  and  lateral  turbulence  scales  have  been 
defined  by  the  relations 

U=/o°tyl  (5) 

n oo 

L,= Jo  gdii 


(5a) 
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rhese  scales  are  intended  to  represent  a mean  turbulent 
iddy  size,  and  for  homogeneous,  isotropic  turbulence  nuiy 
30  related  through  the  equation  (ref.  28) 

f+ <»■>) 


which,  by  integration,  becomes 


Lf  + 


1 r 

2 Jo 


t%di=Le 


(Bib) 


For  the  commonly  observed  exponential  form  of  /=exp  (-/), 
equation  (Bib)  becomes 

Lr=2Lg  (Blc) 


Ta}7lor  has  shown  (ref.  29)  that  the  one-dimensional  turbu- 
lence energy  spectral  density  function  F is  the  Fourier 
transform  of  the  longitudinal  correlation  coefficient/ 

f=j~Fcos?^dn  (B2) 


where  F is  defined  by  the  relations 


and 


ul  F dn 


F d?i=  1 


where  u 2 represents  the  total  kinetic  energy  in  the  longitudinal 
direction,  and  u%  represents  the  kinetic  energy  contained  in 
the  frequency  interval  n to  n-\-dn. 


HOT-WIRE  ANEMOMETRY 


The  constant-temperature  hot-wire  anemometry  equip- 
ment is  shown  diagrammatically  in  figure  31,  and  for  the 
most  part  has  been  described  in  references  16  and  30.  The 
equation  relating  the  rms  voltage  -y/E \ measured  by  the 
average  square  computer  to  the  turbulence  intensity  has 
been  discussed  in  reference  16  and  is  as  follows: 


-yju2-- 


4ii7  IWo 


~(2K)o(i2-i20) 


(B3) 


The  spectrum  density  function  F was  measured  from  the 
tape-recorder  playback  signal  b}r  the  following  equation 
which  is  given  in  reference  16: 


F= 


Ej_ 

PE\ 


(B4) 


where  E2n  is  the  square  of  the  rms  voltage  reading  of  the 
wave  analyzer. 

The  double-velocity  correlation  coefficient/ was  determined 
from  a double-channel  magnetic-tape  recording  of  the 


Soundproofing 


Figure  31. — Hot-wire  anemometer  and  auxiliary  instrumentation. 


instantaneous  voltage  signal  from  the  hot-wire  anemometer. 
The  double-channel  tape  was  played  back  into  a double 
correlation  computer  which  electronically  performed  the 
instantaneous  multiplication  of  velocity  fluctuations  indi- 
cated in  equation  (4).  The  variable  separation  £ between 
velocit}r  vectors  was  attained  by  the  use  of  a movable  and  a 
fixed  playback  head.  The  separation  £ between  the  velocity 
vectors  was  equal  to  the  separation  between  the  heads 
multiplied  by  the  ratio  of  the  stream  velocity  to  the  tape 
speed.  The  equivalence  of  the  correlation  coefficient 
measured  by  this  method  and  by  the  two-probe  method  was 
proven  as  a part  of  a research  program  reported  in  reference 
31. 


SOUND-FIELD  INSTRUMENTATION 

The  sound  instrumentation  consisted  of  a standard 
microphone  aud  sound-level  meter  from  which  sound-pressure 
level  could  be  determined.  The  microphone  signal  was  also 
impressed  on  the  wave  analyzer  to  obtain  the  sound  kinetic 
energy  spectrum  through  equation  (B4).  The  relation 
between  sound  pressure  level  SPL  and  sound  velocity 
fluctuations  yfu$  is  given  in  reference  32  (for  simple  harmonic 
waves)  as 


SPL= 20  log  (p.V«5)  + 74  (Bo) 
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APPENDIX  C 

PHOTOMULTIPLIER  INSTRUMENTATION 


RELATION  BETWEEN  FLAME  LIGHT  INTENSITY  AND  FLAME  SPEED 

Assumptions. — The  conditions  assumed  in  relating  flame 
light  intensity  as  indicated  by  the  voltage  output-  of  a 
photomultiplier  tube  to  the  surface  area  of  a flame  are 
treated  in  reference  33.  They  may  be  summarized  as 
follows: 

(1)  It  is  postulated  that,  if  a point  source  of  light  is  in- 
creased to  a finite  size  but  the  distance  from  the  light  source 
to  the  detector  is  constant  and  large  in  comparison  with  the 
maximum  dimension  of  the  flame,  the  light  flux  impinging 
on  the  detector  will  obey  the  inverse  square  law.  Under  this 
condition,  a change  in  the  surface  area  of  the  flame  will  pro- 
duce an  approximately  linear  change  in  the  flux  intensity 
registered  bv  the  detector. 

(2)  The  flame  must  consist  of  a homogeneous  cloud  of 
nonabsorbing  emitters. 

If  the  propagation  of  a free-flame  globule  moving  in  a gas 
stream  at  stream  velocity  is  observed  by  a detector  through 
a long  slit  placed  axially  with  respect  to  globule  travel,  some 
additional  requirements  are: 

(3)  The  detector  must  ha  ve  an  essentially  flat  ligh  t response 
over  the  entire  field  of  view. 

(4)  The  slit  must  be  narrow  enough  in  relation  to  flame- 
globule  diameter  to  approximate  a diameter  of  the  projected 
spheroid. 

(5)  The  flame-globule  center  must  not  suffer  any  appreci- 
able radial  displacement  from  the  tunnel  centerline. 

(6)  The  flame  globule  must  not  have  a preferential  growth 
direction. 

(7)  The  flame  temperature  must  be  constant  for  all  the 
flame  globules. 

Conditions  (1)  and  (4)  were  met  by  suitable  placement  and 
dimensioning  of  the  apparatus.  For  condition  (3),  it  was 
determined  that  the  photomultiplier  unit  had  a maximum 
light  response  error  of  5 percent  over  the  total  light  accept- 
ance angle.  Photographic  evidence  obtained  in  the  pre- 
liminary phase  of  the  investigation  indicated  satisfactory 
fulfillment  of  requirements  (5)  and  (6).  Assumption  (7) 
has  been  previously7  treated  in  the  section  Measurements 
of  Present  Investigation. 

Description  of  apparatus. — A 93lA-type  photomultiplier 
having  an  adjustable-plate  voltage  power  supply7  yvas 
mounted  in  a light-tight  box  behind  a 0.25-inch-diameter 


aperture.  This  detector  unit  yvas  positioned  in  an  enclosed 
tunnel  4 feet  from  the  free-jet  stub  tunnel,  as  shown  in 
figure  5.  The  detector  aperture  was  centrally7  located  with 
respect  to  the  slit  in  the  machined  aluminum  plate,  which 
replaced  an  upper  portion  of  one  wall  of  the  stub  tunnel. 
The  y7oltage  output  of  the  photomultiplier  yvas  amplified 
and  fed  to  an  oscilloscope.  Oscillograms  yvere  taken  by 
high-speed,  continuous  motion-picture  technique. 

Oscillograms. — As  shoyvn  in  figure  20,  the  oscillograph 
trace  of  the  ignition  and  groyvth  of  a single  flame  consists  of 
two  portions,  a spark  light  amplitude  decay7  cuiwe  and  a 
flame  light  amplitude  growth  curve  yvhose  slope  at  any  point 
is  equal  to  the  change  of  diameter  of  the  flame  globule  yvith 
time,  governed  by  the  considerations  listed  previously. 
This  slope  2 dr/dt  is  proportional  to  turbulent  flame  speed 
ST  as  giy7en  by  equation  (2). 

RELATION  BETWEEN  SPARK  LIGHT  INTENSITY  AND  SPARK  CURRENT 

Standring  and  Looms  (ref.  34),  using  short-duration 
sparks  produced  by  a lightly7  damped  oscillatory  current, 
have  shoyvn  that  the  light  emitted  by  a given  spark  gap 
depends  on  the  current  in  the  gap  and  its  time  variation. 

In  order  to  determine  the  effect  of  a long-duration,  direct- 
current  pulsed  spark  on  the  current-spark  light  relation,  an 
auxiliary  im7estigation  was  undertaken  in  collaboration  with 
Clyde  C.  Syvett,  Jr.  The  spark  production  and  recording 
apparatus  is  fully7  described  in  reference  35.  The  photo- 
multiplier detector  apparatus  was  as  described  previously 
except  that  the  detector  unit  yvas  mounted  at  one  end  of  a 
rectangular  tube  2 feet  in  length.  The  field  of  view  of  the 
photomultiplier  tube  yvas  limited  by  a 0.0625-  by  2-inch 
aperture  in  the  other  end  of  the  tube.  A Polaroid  Land 
Camera  was  used  to  make  oscillograms. 

A series  of  oscillograms  was  taken  of  sparks  ignited  in  still 
air  and  in  an  airstream  having  a y7elocity  of  50  feet  per  second. 
Spark  duration  was  about  600  microseconds,  spark  energy 
yy7as  of  the  order  of  17  milli joules,  and  peak  spark  current 
approximated  0.23  amperes.  A comparison  of  spark  light 
amplitude- time  curves  yvith  the  current-time  curves  obtained 
in  the  apparatus  designed  by  Syvett  showed  a marked  simi- 
larity of  shape  between  the  sets.  It  was  concluded  from  this 
information  that,  at  least  for  a first-order  approximation, 
spark  light  intensity  yvas  roughly  proportional  to  spark 
current. 
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APPENDIX  D 

CALCULATION  OF  FLAME  SPEED  FROM  SCURLOCK-GROVER  ANALYSIS 


The  basic  equation  in  the  Scurlock-Grover  theory  (ref.  11) 
is  obtained  by  assuming  that  the  increase  of  flame  speed  is 
due  to  the  wrinkling  of  the  flame  front  in  the  form  of  right 
circular  cones,  so  that 


S j1  d t 

s~l=aI 


(Dl) 


where  -y]X2/L2g  is  assumed  proportional  to  the  ratio  of  cone 
height  to  base  diameter  and  Cx= 4 is  a constant.  The  mean 
square  particle  displacement  is  assumed  to  depend  on  three 
effects: 

(1)  Turbulent  mixing,  which  increases  the  flame-front  area 

(2)  Laminar  flame  propagation,  which  decreases  the  flame- 
front  area 

(3)  Flame-generated  turbulence,  which  increases  the  tur- 
bulent mixing 

The  first-  effect  on  X 2 is  given  by 

^p=2 u*£agtdt  (D2) 


where  & is  the  Lagrangian  correlation  coefficient  and  gt  is 
the  Eulerian  correlation  coefficient.  The  second  effect  is 
given  by 


where  0%=%  is  a constant.  The  combination  of  the  first 
two  effects  is  then 


<hfx*  1 dXl  d-yjX'j 

dt  ^"Xt  ^ 


(D4) 


Since  the  Lagrangian  correlation  coefficient  cannot  be  meas- 
ured directly,  Scurlock  and  Grover  assumed  it  to  be  of  the 
form  given  in  reference  15: 

#=exp  (D5) 


where  is  the  Lagrangian  scale  of  turbulence  and  was  as- 
sumed to  be  equal  to  }{  Lg.  In  the  present  analysis,  & was 
assumed  to  be  related  to  / through  the  independent  variable 


transformation  £=0.6  -yfu^  i (ref.  36).  Isotropy  was  as- 
sumed, so  that  g was  obtained  from  / through  the  relation 
(ref.  28) 


q=f+l&. 
9 J+2  dt 


(D6) 


The  correlation  coefficient  gt  was  then  obtained  from  the  inde- 
pendent variable  transformation  %=SLt.  The  turbulence 
scale  Lg  was  calculated  by  matching  the  curve  exp  (— £/ZJ. 
g=e-z/L*,  In  g=Lg£  to  the  g plot  previously  calculated 
from /by  equation  (D6). 

All  integrations  and  differentiations  were  done  graphically, 
and  the  calculation  procedure  followed  the  following  order: 

(1)  Calculate  g from  equation  (D6). 

(2)  Transform /(£)  to 

(3)  Transform  r/(£)  to  gt  (i/SL). 

(4)  Calculate 

(5)  Calculate 


(6)  Calculate 


d-yjXj  SL 
dt  4 


{M£)T0 


(7)  Calculate 

d-yjT*  1 dXy  (h/M 

dt  dt  dt 


(8)  Calculate 


(9)  Calculate 


dt 


St At f 

Sl  al  |_ 


11/2 


As  mentioned  in  the  DISCUSSION  section,  flame-gener- 
ated turbulence  has  been  assumed  negligible,  and  the  final 
form  of  the  Scurlock-Grover  theoretical  equation  is  as  given 
previously. 
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SPARK  IGNITION  OF  FLOWING  GASES 


By  Clyde  C.  Swett,  Jr. 


SUMMARY 

Research  conducted  at  the  NACA  Lewis  laboratory  on  igni- 
tion of  flowing  gases  by  means  of  long-duration  discharges  is 
summarized  and  analyzed.  Data  showing  the  effect  of  a flowing 
combustible  mixture  on  the  'physical  and  electrical  characteristics 
of  spark  discharges  and  data  showing  the  effects  of  variables  on 
the  spark  energy  required  for  ignition  of  the  combustible  mixture 
are  presented.  A theory  of  ignition  that  has  been  developed  to 
predict  the  effect  of  many  of  the  gas-stream  and  spark  variables 
is  described  and  applied  to  a limited  amount  of  experimental 
data. 

The  trends  observed  for  ignition  inflowing  gases  were  similar 
to  those  observed  in  quiescent  gases  with  the  exception  that  in- 
creasing velocity  and  turbulence  increased  the  ignition  energy 
requirements.  Lengthening  of  the  discharge  path  by  the  flowing 
stream  results  in  less  energy  being  available  to  the  important  part 
of  the  discharge  length . Flow  also  causes  multiple  discharges 
which  should  be  avoided  since  they  represent  an  energy  loss. 
Less  energy  is  required  for  ignition  with  an  “arc”  discharge 
than  with  a “glow”  discharge.  Effects  of  most  of  the  variables 
on  ignition  energy  requirements  were  predicted  by  theoretical 
equations;  the  effects  of  fuel-air  ratio , however , required  an 
empirical  correction  to  the  equations. 

INTRODUCTION 

Spark  discharges  are  ordinarily  used  as  the  ignition  source 
in  aircraft  engines.  While  such  discharges  are  normally 
reliable  sources  of  ignition,  difficult}7  in  starting  jet  engines 
has  been  encountered  under  these  conditions: 

(1)  Ground  starting  in  cold  climates 

(2)  Altitude  starting  of  auxiliary  engines 

(3)  Altitude  restarting  of  engines  after  flame  blowout 

Basic  information  on  spark  ignition  of  flowing  gases  might 

indicate  the  reasons  for  these  ignition  problems  and  might 
lead  to  the  development  of  lighter  weight,  more  efficient,  and 
more  reliable  ignition  systems. 

For  these  reasons,  the  NACA  Lewis  laboratory  has  studied 
spark  ignition  in  flowing  gases;  the  object  has  been  to  promote 
understanding  of  the  ignition  process.  The  results  of  this 
work  are  reported  in  references  1 to  6.  The  present  report 
summarizes  and  analyzes  these  results  and  points  out  their 
significance  in  relation  to  practical  ignition  problems. 

The  fundamental  aspects  of  ignition  of  flowing  combustible 
gases  are  considered  in  three  sections  of  the  report.  First, 


the  effect  of  g as  velocity  on  the  spark  discharge  is  considered 
The  voltage  necessary  to  form  a spark,  the  physical  shape  of 
the  spark  discharge,  and  the  electrical  characteristics  of  the 
discharge  under  flow  conditions  are  discussed.  Second,  the 
energy  required  to  ignite  flowing  gases  is  considered.  The 
parameters  that  affect  the  energy  required  for  ignition  are 
presented.  The  trends  observed  are  compared  with  those 
observed  with  quiescent  gases.  Third,  a theory  which  re- 
lates the  factors  affecting  ignition  is  described.  Correlations 
of  experimental  data  based  on  the  theory  are  presented. 
The  concluding  section  points  out  the  significance  of  the 
research  in  relation  to  practical  ignition  problems. 

The  following  characteristics  and  parameters  were  investi- 
gated experimentally: 

(1)  Spark  characteristics: 

Breakdown  voltage 
Spark-discharge  length 
Multiple  discharges 
Current 
Voltage 

V oltage  distribution 
Spark  duration 
Energy 

Energy  distribution 

(2)  Ignition  energy  parameters: 

Velocity 

Pressure 

Fuel-air  ratio 

Temperature 

Turbulence 

Spark  duration 

Electrode  spacing 

Electrode  diameter 

Electrode  configuration 

Type  of  discharge 

Electrode  material 

(3)  Ignition  theory  parameters: 

Velocity 
Pressure 
Fuel-air  ratio 
Temperature 
Turbulence 
Spark  duration 
Electrode  spacing 
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Most  of  the  research  was  conducted  at  pressures  of  2 to  5 
inches  of  mercury  absolute.  Limitations  of  energy-measure- 
ment equipment  precluded  operation  at  higher  pressures 
where  the  energy  requirements  would  be  reduced.  The  re- 
search was  conducted  with  two  types  of  apparatus:  (1) 
simple  flow  equipment  that  had  no  provisions  for  controlling 
turbulence  and  (2)  equipment  that  had  complete  control  of 
turbulence  level.  Only  one  combustible  gas,  a propane-air 
mixture,  was  used.  This  gas  was  ignited  b}7  a single  long- 
duration  spark  discharge  obtained  from  a resistance-capaci- 
tance ignition  system. 

SYMBOLS 


a 


Cl,  Co,  Cz , 
C5 


Cp 

d, 
Eaet 
E c 


Ev 

E, 

Vt?i) 
(Vu2) 

i 

J 

L; 

m 


n 

P 


av 


P, 


s 


p 

Q, 

p. 


D 


t 

u 

u_ 

~'!wi 

Vc 


Vt 

X; 

X0 


X 


K 

P 


constant 

constants 

specific  heat  at  constant  pressure 
quenching  distance  of  quiescent  mixtures 
energy  of  activation 
energy  in  cathode  region 
energy  in  line  source  of  ignition 
theoretical  energy  in  line  source  of  ignition  re- 
quired to  heat  ignition  zone  to  flame  tempera- 
ture 

energy  in  positive  column 
total  energy  of  spark  discharge 
functions  of  intensity  of  turbulence 


current  in  discharge 

conversion  factor,  heat  to  electrical  energy 
longitudinal  scale  of  turbulence 
mesh  size  of  turbulence  promoter 
constant 

average  power  in  total  spark  discharge 

average  power  in  line  source  of  ignition 

static  pressure 

heat  of  combustion  of  fuel 

gas  constant 

radius  of  heated  zone  caused  b}7  energy  in  line 
source  of  ignition 
electrode  spacing 
ambient  temperature 
flame  temperature 

thickness  of  reaction  zone  across  which  the  tem- 
perature change  is  TF—Tam 
time 

spark  duration 
stream  velocity 
intensity  of  turbulence 
cathode  voltage  drop 
total  voltage  of  discharge 
mole  fraction  of  fuel 
mole  fraction  of  oxygen 

distance  from  turbulence  promoter  to  spark 
electrodes 

thermal  conductivity 
density 

work  function  of  electrode 


APPARATUS  AND  PROCEDURE 

FLOW  APPARATUS 

The  important  features  of  the  flow  apparatus  used  are 
shown  in  figures  1(a)  and  (b).  The  complete  systems  are  de- 
scribed in  detail  in  references  2 to  6.  Basically,  the  appara- 
„.tus  produced  controfled-flow  conditions  of  premixed  propane 
and  air  in  a test  section  in  which  the  spark  electrodes  were 
located.  Provisions  were  made  for  observing  the  spark  and 
the  flame.  The  criterion  for  ignition  was  appearance  of 
flame  downstream  from  the  electrodes.  In  the  simple  flow 
apparatus  (fig.  1(a)),  the  pressure,  temperature,  and  velocity 
of  flow  were  controlled.  No  attempt  was  made  to  vary  the 
turbulence.  The  controlled-turbulence  flow  apparatus  (fig. 
1(b))  had  a series  of  fine  mesh  screens  to  reduce  the  turbu- 
lence in  a large  section,  a nozzle  to  accelerate  the  flow  into 
the  test  section,  a plate  for  installing  different  turbulence 
promoters  upstream  of  the  electrodes,  and  movable  elec- 
trodes for  varying  the  distance  between  the  electrodes  and 
the  turbulence  promoter. 

IGNITION  SYSTEM  AND  ENERGY  MEASUREMENT 

The  ignition  and  energy-measuring  systems  used  are  de- 
scribed in  detail  in  reference  3 ; they  are  shown  schematically 
in  figure  1 (c).  The  condenser  is  charged  and  then  discharged 
through  a combination  of  resistors  to  cause  a spark  discharge. 


40-Mesh  screem- 


Flow- 
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(a)  Simple  flow  apparatus. 

(b)  Controlled-turbulence  flow  apparatus. 

(c)  Ignition  and  energy-measuring  equipment. 

Figure  1. — Important  features  of  flow  apparatus  and  electrical 
equipment  used  for  investigating  spark  ignition  of  flowing  gases. 
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The  energy  and  duration  depend  upon  the  relative  values 
of  condenser  capacity,  the  voltage,  and  the  resistances. 

The  voltage  of  the  discharge  was  reduced  by  means  of  a 
balanced  resistance-capacitance  voltage  divider  (ref.  3)  and 
applied  to  the  vertical  plates  of  the  oscillograph.  A current- 
measuring  resistance  placed  in  series  with  the  spark  gap 
produced  a voltage  that  was  applied  to  the  horizontal  plates. 
These  two  voltages  in  conjunction  with  timing  marks  sup- 
plied by  an  oscillator  gave  an  oscillogram  from  which  energy 
and  duration  of  the  discharge  could  be  determined. 

The  procedure  used  with  this  apparatus  was  as  follows: 
the  desired  flow  conditions  were  set,  and  a spark  discharge 
was  passed  between  the  electrodes.  Tests  were  run  with 
varying  amounts  of  energy  until  the  minimum  amount  of 
energy  that  would  cause  ignition  was  determined.  Then 
one  or  more  oscillograms  were  obtained  depending  upon 
reproducibility  at  the  particular  condition.  A more  de- 
tailed description  of  the  procedure  used  to  obtain  and  analyze 
the  ignition  data  is  presented  in  references  1 to  6. 

TURBULENCE  MEASUREMENT 

Descriptions  of  the  hot-wire  anemometer  apparatus  and 
methods  used  to  measure  the  turbulence  are  included  in 
reference  7.  Single-wire  probes  measured  the  velocity 
fluctuations  in  the  longitudinal  direction,  and  X -wire  probes 
measured  the  velocity  fluctuations  in  the  lateral  direction. 
A difference  circuit  was  used  in  the  lateral  measurements 
to  obtain  the  difference  in  velocity  fluctuations  from  the 
two  wires  of  the  X-wire  probes.  The  spectrum  of  the 
turbulence  was  analyzed  by  means  of  a wave  analyzer.  An 
average-square  computer  totaled  the  kinetic  energy  in  the 
velocity  fluctuations  to  give  the  intensity  of  turbulence. 

Measurements  of  the  turbulence  were  made  as  follows: 
With  the  spark  electrodes  removed,  the  probe  was  inserted 
into  the  test  section  and  located  so  that  the  hot  wire  would 
be  at  the  center  of  the  duct.  After  flow  conditions  were 
established  using  air  in  place  of  the  combustible  mixture, 
the  intensity  of  turbulence  was  determined  and  a spectrum 
analysis  made  to  determine  the  scale  of  the  turbulence. 

CHARACTERISTICS  OF  SPARK  DISCHARGES  IN  FLOWING 

GASES 

The  characteristics  of  spark  discharges  in  flowing  gases 
were  determined  using  air  or  a propane-air  mixture.  The 
ignition  and  energy-measuring  system  (fig.  1(c))  was  used 
except  for  the  breakdown  voltage  test,  for  which  a simple 
power  supply  was  used. 

BREAKDOWN  VOLTAGE 

The  breakdown  voltage,  or  the  lowest  voltage  that  will 
cause  a spark  to  be  established  between  two  electrodes,  is 
one  of  the  primary  considerations  in  selecting  an  ignition 
system.  The  breakdown  voltage  of  a spark  gap  in  quiescent 
gas  increases  with  electrode  spacing  and  gas  densit}7  and,  to 
some  extent,  is  dependent  on  the  electrode  configuration 
(ref.  8).  The  effect  of  gas  velocity  on  voltage  must  also  be 
known,  since  in  aircraft  jet  engines  a flowing  fuel-air  mix- 
ture must  be  ignited. 

Figure  2 shows  the  effect  of  velocity  and  pressure  on  the 
direct-current  breakdown  voltage  of  }u-  and  %6-inck-diameter 


electrodes  in  air.  These  electrodes  result  in  experimental 
data  obtained  under  nonuniform  (distorted)  electrostatic 
field  conditions.  These  data  lie  below  Paschen’s  curve 
obtained  for  uniform  or  undistorted  fields  (ref.  8).  For  the 
larger  electrode  there  is  no  effect  of  velocity  on  breakdown 
voltage.  For  the  smaller  electrode  there  may  be  a slight 
effect  of  velocity ; however,  for  practical  purposes  the  effect 
is  negligible.  Hence,  it  may  be  concluded  that  flowing 
gases  do  not  have  an  adverse  effect  on  the  breakdown  voltage 
of  a spark  gap. 


SPARK-DISCHARGE  LENGTH 

The  spark  discharge  established  in  a flowing  gas  ionizes  a 
small  channel  of  the  gas.  This  ionized  channel  is  subject 
to  the  motion  of  the  stream.  Therefore,  the  discharge 
should  move  with  a velocity  identical  to  the  stream  velocity. 


Figure  2. — Effect  of  pressure  on  direct-current  breakdown  voltage 
of  spark  gap  in  air.  Temperature,  S0°  F;  electrode  spacing, 
0.250  inch.  (Data  from  ref.  1.) 


Figure  3. — Model  of  spark  discharge  in  flowing  gas  showing  length- 
ening of  discharge  path  with  time.  (/,  time;  t>}  spark  duration.) 
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The  length  of  the  discharge  then  varies  with  time  and  the 
shape  approximates  that  shown  in  figure  3.  At  the  instant 
the  discharge  is  first  established  (£=0)  in  the  flowing  stream 
of  velocity  U,  the  discharge  passes  in  a straight  line  between 
the  electrodes.  However,  at  some  later  times  t and  ts  (the 
instant  the  discharge  ceases),  the  ionized  path  moves  down- 
stream and  the  discharge  has  the  forms  shown  in  figure  3. 
The  paths  shown  in  figure  3 are  idealized;  actually,  consider- 
able rounding  of  the  discharge  where  the  horizontal  and  ver- 
tical portions  intersect  would  be  expected.  In  theoretical 
analyses  presented  herein  such  rounding  is  neglected. 

The  distance  traveled  by  the  discharge  at  any  time  t is  Ut, 
and  the  maximum  distance  traveled  by  the  discharge  is  Uts. 
Some  visual  measurements  have  been  made  of  the  effect  of 
U on  the  maximum  distance  traveled  (fig.  4).  The  distances 
agree  within  12  percent  with  the  values  calculated  by  multi- 
plying U and  ts.  The  reasons  for  this  large  discrepancy 
may  be  that  the  technique  for  measuring  durations  was  not 
fully  developed  at  the  time  this  particular  set  of  data  was 
obtained  and  that  visual  measurements  were  net  ver}7 
accurate. 

The  total  spark  length  is  made  up  of  the  horizontal  and 
vertical  lengths  of  the  discharge  and  is  equal  to  $+2  Ut  for 
my  time  less  than  the  discharge  duration  and  s+2Uts  for 
the  discharge  duration.  The  value  s-\-2Uts  is  the  maximum 
length  that  the  discharge  attains;  rounding  at  the  corners 
(fig.  3)  shortens  the  length. 

MULTIPLE  DISCHARGES 

The  length  and,  hence,  the  resistance  of  the  spark  discharge 
are  directly  proportional  to  the  stream  velocity  and  time,  so 
that  for  constant  current  the  discharge  voltage  must  increase 
with  XJts.  If  this  voltage  increase  is  large  enough  to  reach 
the  breakdown  voltage  of  the  spark  gap,  a second  spark  is 
established  directly  between  the  electrodes,  and  the  new 
discharge  in  turn  also  moves  downstream.  The  first  dis- 
charge ceases  at  the  formation  of  the  second  discharge. 
The  number  of  sparks  that  can  be  formed  in  this  manner 
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Figure  4. — Effect  of  airstream  velocity  on  observed  downstream 
displacement.  Pressure,  11.36  inches  of  mercury  absolute;  tempera- 
ture, 80°  F;  electrode  spacing,  0.250  inch;  electrode  diameter, 
inch.  (Data  from  ref.  1.) 


depends  upon  Uts  and  also  on  the  voltage  output  character- 
istics of  the  spark  source.  These  multiple  dicharges  should 
be  distinguished  from  the  repetitive  discharges  deliberately 
produced  by  commercial  ignition  systems.  Such  discharges 
ma}r  occur  many  times  per  second. 

Table  I shows  the  number  of  additional  sparks  formed  after 
the  initial  spark  for  various  conditions  of  air  velocity,  elec- 
trode spacing,  electrode  diameter,  and  pressure  for  one  spark 
source.  The  number  of  sparks  increases  with  increasing 
velocity,  decreasing  spacing,  and  decreasing  pressure.  For 
the  data  presented  in  table  I,  electrode  diameter  was  un- 
important. Increasing  the  duration  of  the  discharge  or  the 
output  voltage  should  also  increase  the  number  of  sparks 
formed. 


TABLE  I.— NUMBER  OF  SPARKS  AFTER  INITIAL  SPARK 
FOR  VARIOUS  CONDITIONS  OF  AIR  VELOCITY,  ELEC- 
TRODE SPACING,  ELECTRODE  DIAMETER,  AND 
PRESSURE 

[Data  from  ref.  1.] 


Electrode  spacing,  0.250  in. 
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° More  than  one  observation  made  at  this  condition. 


Multiple  sparks  are  probably  not  desirable  for  ignition 
since  the  discharge  energy  is  then  distributed  over  too  many 
separate  channels  or  volumes.  More  energy  is  contained 
in  the  first  of  the  multiple  discharges  than  in  the  others,  and 
that  energy  should  be  responsible  for  ignition. 

CURRENT 

The  current  of  a spark  discharge  is  determined  largely  by 
the  impedance  of  the  ignition  source  and  to  some  extent  by 
factors  of  the  spark  gap,  especially  in  the  case  of  long-duration 
discharges  generated  by  a high-impedance  source. 

It  can  be  shown  that  the  current  in  the  spark  discharge 
using  the  ignition  source  shown  in  figure  1 (c)  should  decrease 
exponential!}7  during  the  life  of  the  discharge  if  the  gap  re- 
sistance is  constant.  Actually,  the  resistance  does  vary 
somewhat  so  that  the  current  does  not  decrease  quite  expo- 
nentially during  the  latter  stages  of  the  discharge,  even  under 
quiescent  conditions.  Also,  as  noted  previously,  the  length- 
ening of  the  discharge  under  flow  conditions  increases  the 
resistance  so  rapidly  that  there  is  a marked  decrease  in  the 
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Figure  5. — Variation  of  voltage  and  current  of  spark  discharge  with 
time  for  various  airstream  velocities.  Pressure,  11.36  inches  of 
mercury  absolute;  temperature,  80°  F;  electrode  spacing,  0.250 
inch;  electrode  diameter,  3/U  inch.  (Data  from  ref.  1.) 

current.  These  effects  are  shown  in  figure  5(a),  which 
compares  the  current  and  time  characteristics  of  five  dis- 
charges at  various  air  velocities.  At  zero  velocity  the  current 
decays  almost  exponentially.  With  flow  the  current  de- 
creases at  a greater  rate,  the  higher  velocities  causing  greater 
decreases.  Secondary  spark  discharges  are  formed  at  400 
and  500  feet  per  second  as  indicated  by  breaks  in  the  curves 
(fig.  5(b)).  The  average  rate  of  current  decrease  for  the 
highest  velocity  is  about  twice  that  for  no  flow. 

VOLTAGE 

The  total  voltage  of  a discharge  varies  to  a much  greater 
extent  with  velocity  than  does  the  current.  Total  voltage 
also  depends  upon  current,  type  of  discharge,  gas  densit}7, 
electrode  spacing,  and  gas;  it  does  not  vary  uniformly  along 
the  length  of  the  discharge.  Because  this  nonlinearity  may 
have  some  bearing  on  the  ignition  process  in  combustible 
mixtures,  this  section  discusses  the  component  parts  of  the 


Figure  6. — Variation  of  voltage  along  constant-current  discharge. 


total  voltage  in  addition  to  considering  factors  affecting  the 
total  voltage. 

Component  parts  of  the  total  voltage. — The  total  voltage 
of  a discharge  is  the  sum  of  the  voltage  drops  in  a number  of 
specific  regions  along  the  length  of  the  discharge.  Consider 
the  voltage  along  the  discharge  at  any  instant  of  time  (fig.  6). 
At  the  negative  or  cathode  end  of  the  discharge  there  is  a 
voltage  change  defined  as  the  cathode  drop.  This  drop  can 
represent  a considerable  portion  of  the  total  voltage,  and 
it  occurs  within  an  extremel}7  short  distance  from  the  cathode. 
Next  to  the  cathode-drop  region  is  a region  known  as  the 
positive  column  that  occupies  most  of  the  discharge  length. 
The  voltage  increases  linearly  with  distance  in  this  region. 
Between  the  end  of  the  positive  column  and  the  anode  there 
is  another  voltage  change  defined  as  the  anode  drop.  This 
drop  also  occurs  close  to  the  electrode  and  has  a magnitude 
approximately  equal  to  the  ionization  potential  of  the  gas 
(10  to  15  volts).  Actually,  both  the  anode  and  cathode 
regions  contain  one  or  more  regions,  but  such  division  is 
unimportant  for  the  present  discussion.  Reference  8 dis- 
cusses all  the  regions  in  detail. 

The  cathode  voltage  drop  determines  the  type  of  discharge 
that  exists.  Figure  7 shows  how  the  cathode  drop  varies 
qualitatively  with  current  and  shows  the  general  regions  of 
the  various  types  of  discharges.  The  current  of  the  spark 
discharge  is  continuously  varying  with  time  and  therefore 
defines  some  portion  of  this  curve.  As  the  current  is  in- 


Figure  7. — Effect  of  discharge  current  on  cathode  voltage  drop. 
(Data  from  ref.  16.) 
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creased  from  point,  E the  voltage  remains  constant  to  point 
F.  The  region  between  E and  F is  defined  as  the  normal 
glow  discharge  region.  From  F to  H the  voltage  increases; 
this  region  is  defined  as  the  abnormal  glow  discharge  region. 
From  H to  K the  voltage  decreases  through  a transition 
region  with  an  arc  discharge  originating  at  point  K.  The 
cathode  drop  in  the  arc  discharge  can  decrease  to  the  order 
of  magnitude  of  the  ionization  potential  (10  to  15  volts). 
Frequently,  the  curve  may  be  discontinuous  between  H and 
K,  or  the  peak  at  H may  not  be  observed  : that  is,  the  dis- 
charge may  change  from  an  arc  to  a normal  glow  without 
passing  through  the  abnormal  glow  region. 

Most  of  the  ignition  data  reported  herein  were  obtained 
with  glow  discharges.  Therefore,  the  discussion  is  primarily 
concerned  with  the  glow  discharge,  although  many  of  the 
trends  observed  also  apply  to  the  arc  discharge. 

Methods  are  given  in  references  3 and  6 for  determining 
cathode  voltage  drops  experimentally  at  no  flow  and  with 
flow,  respectively.  These  methods  assume  the  anode  drop 
to  be  negligibly  small.  Figure  8 shows  the  cathode  voltage 
drop  determined  for  five  electrode  materials.  The  cathode 
drop  is  independent  of  current  for  the  brass  and  cadmium 
electrodes.  This  effect  is  typical  for  the  glow  discharge 
(fig.  7).  The  cathode  drop  for  the  other  metals  is  not  inde- 
pendent of  current,  possibly  because  of  the  tendency  of  the 
discharge  to  be  an  abnormal  glow  discharge.  The  effect  may 
also  be  partially  due  to  experimental  errors  in  the  determina- 
tion of  the  voltage. 

The  cathode-drop  data  shown  in  figure  8 correlate  to  a 
certain  degree  with  tire  work  function  of  the  electrode  mate- 
rial. The  work  function  is  a measure  of  the  work  required 


Figure  8. — Effect  of  current  on  cathode  voltage  chop  for  five  elec- 
trode materials.  Pressure,  3.0  inches  of  mercury  absolute;  tem- 
perature, 80°  F;  fuel-air  ratio,  0.0835;  gas  stream  velocity,  5.0  feet 
per  second;  duration  of  discharge,  approximately  600  micro- 
seconds. (Data  from  ref.  3.) 


Figure  9. — Effect  of  work  function  on  cathode  voltage  drop.  Range 
of  voltage  drops  from  figure  8;  range  of  work  functions  from 
reference  9. 


to  extract  from  the  electrode  the  electrons  that  are  necessary 
for  maintaining  the  discharge.  The  correlation  is  shown  in 
figure  9.  The  limits  of  the  data  cover  the  range  of  work 
functions  found  in  the.  literature  (ref.  9)  and  the  range  of 
cathode  drops  shown  in  figure  8. 

The  positive-column  voltage  is  obtained  by  subtracting 
the  cathode  drop  from  the  total  voltage  drop.  The  indi- 
vidual voltage  drops,  together  with  instantaneous-current 
data,  determine  the  energies  dissipated  in  the  cathode  region 
and  in  the  positive  column. 

Total  voltage. — The  variation  in  voltage  of  a discharge 
with  time  is  shown  in  figure  5(b).  At  zero  velocity  there  is 
a gradual  increase  in  voltage  with  time  as  the  current 
decreases  (fig.  5(a)).  This  effect  is  the  result  of  the  negative 
characteristic,  that  is,  increasing  voltage  with  decreasing 
current,  typical  of  an  arc  discharge  (fig.  7).  With  flow 
the  rate  of  voltage  increase  is  much  greater  because  of 
lengthening  of  the  discharge  path.  When  the  voltage  reaches 
the  breakdown  voltage  of  the  gap,  approximately  5000  volts 
for  the  400-foot-per-second  curve,  a new  spark  forms  directly 
between  the  electrodes.  The  voltage  then  immediately  falls 
to  a low  value  and  begins  to  increase  again  as  the  second 
discharge  moves  downstream. 

With  a glow  discharge  at  high  flow,  the  same  trend  found 
for  the  arc  discharge  is  observed;  however,  at  low  or  no  flow 
the  trend  is  opposite.  That  is,  the  voltage  decreases  as  the 
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current  decreases  during  the  life  of  the  discharge.  In  this 
respect  the  glow  discharge  behaves  somewhat  like  a 
resistance. 

At  the  present  time,  the  total  voltage  of  a discharge  cannot 
be  predicted  by  any  theoretical  considerations.  Empirically, 
the  factors  which  determine  the  total  voltage  vt  have  been 
shown  to  be  related  by  the  following  equation : 

360s  + 34606*1  (1) 

where  vc  is  the  cathode  drop,  and  the  units  are  volts,  amperes, 
and  inches.  A plot  of  this  empirical  equation  is  presented 
in  figure  10.  The  total  voltage  varies  linearly  with  spacing  s 
when  the  current  i is  constant.  In  like  manner,  the  total 
voltage  varies  linearly  with  current  when  the  spacing  is 
constant.  ^ 

SPARK-DISCHARGE  ENERGY 

The  most  important  characteristic  of  a discharge  insofar 
as  ignition  is  concerned  is  the  energy  dissipated  in  the  dis- 
charge. The  effect  of  several  operating  and  design  variables 
on  the  total  energy  and  the  division  of  total  energy  into  its 
component  parts  are  considered  in  this  section. 

Effect  of  variables  on  total  energy. — The  effect  of  velocity 
and  pressure  on  total  energy  are  shown  in  figure  11  for 
constant  voltage,  resistance,  and  capacitance  of  the  ignition 
source.  Energy  increases  with  velocity  and  pressure.  The 
energy  increase  occurs  even  with  constant  settings  of  the 
ignition  source  because  of  the  manner  in  which  the  energy 
divides  between  the  resistance  of  the  discharge  and  the 
resistance  in  the  ignition  source.  The  discharge  resistance 
is  greatest  at  the  higher  velocity  and,  therefore,  absorbs  a 
greater  portion  of  the  energy.  While  the  energy  released  in 
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vc+  3605  +34605/,  volts 

Figure  10. — Empirical  correlation  of  total  discharge  voltage  with 
cathode  drop,  electrode  spacing,  and  spark  current.  Type  of 
discharge,  glow;  electrode  spacing  s,  inches;  current  i,  amperes; 
cathode  drop  vCj  volts  (325  for  brass).  (Data  from  ref.  3.) 


Figure  11. — Effect  of  air  velocity  and  pressure  on  total  discharge 
energy  for  constant  settings  of  ignition  system.  Temperature, 
80°  F;  electrode  spacing,  0.125  inch;  electrode  diameter,  Me  inch. 
(Data  from  ref.  1.) 

the  discharge  increases  with  flow  velocity,  it  is  also  dis- 
tributed over  a lengthening  path.  As  is  shown  earlier,  the 
path  length  of  the  discharge  increases  from  s at  no  flow  to 
2 Uts+s  with  flow. 

The  effect  of  temperature  on  total  energy  has  been  shown 
to  be  negligible  over  the  range  —67°  to  80°  F (ref.  1).  An 
increase  in  electrode  spacing  with  constant  settings  of  the 
ignition  system  increases  the  energy  because  the  discharge 
resistance  increases  without  affecting  the  current  markedly. 
The  effect  of  electrode  diameter  is  negligible. 

Separation  of  total  energy  into  its  component  parts.— The 
total  energy  of  a spark  discharge  can  be  separated  into  its 
component  parts  when  the  voltage  drop  of  each  specific 
region  along  the  discharge  length  is  known.  The  voltage 
drop,  determined  as  a function  of  time,  is  used  with  instan- 
taneous-current values  to  determine  energy.  Since  only  two 
regions,  cathode  and  positive-column,  are  considered,  only 
the  cathode  energy  need  be  determined.  The  positive- 
column  energy  is  then  the  difference  between  the  cathode 
energy  and  the  total  energy.  The  cathode  energy  represents 
a substantial  part  of  the  total  energy.  For  example,  refer- 
ence 3 shows  that  one-third  to  one-half  of  the  total  energy  is 
dissipated  in  the  cathode  region  for  a typical  ignition  con- 
dition. 

SPARK  DURATION 

The  duration  of  a spark  discharge  is  primarily  dependent 
on  the  relative  values  of  resistance  and  capacitance  in  the 
ignition  source,  although  factors  of  the  gas  stream  do  have 
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Figure  12. — Effect  of  air  velocity  and  pressure  on  duration  of  dis- 
charge for  constant  settings  of  ignition  system.  Temperature, 
80°  F;  electrode  spacing,  0.125  inch;  electrode  diameter,  inch. 
(Data  from  ref.  1.) 

some  effect.  Figure  12  shows  that  the  duration  of  the  spark 
discharge  is  decreased  by  increasing  the  velocity  and  the 
pressure.  Both  of  these  factors  increase  the  electrical  re- 
sistance of  the  discharge  and  result  in  a larger  voltage  re- 
quirement. The  maximum  voltage  of  the  spark  source  is 
reached  in  a shorter  time  (fig.  5(b)),  and  the  discharge  then 
ceases.  Increasing  the  electrode  spacing  also  causes  the 
same  result  because  it  increases  the  length  of  the  discharge. 

EFFECT  OF  PARAMETERS  ON  IGNITION  ENERGY  REQUIRE- 
MENTS OF  FLOWING  GASES 

The  most  important  spark  characteristic  determining  the 
ease  of  ignition  is  energy.  If  ignition  is  considered  as  a 
thermal  mechanism,  energy  determines  the  amount  of  heat 
added,  and  hence  the  temperature  rise  of  a volume  of  the 
combustible  mixture.  This  section  discusses  the  effects  on 
ignition  energy  requirements  of  a number  of  variables  that 
may  be  encountered  in  jet-engine  operation.  Some  of  the 
data  to  be  presented  were  obtained  at  electrode  spacings  less 
than  the  quenching  distance  and  so  do  not  represent  the 
minimum  energy  that  would  have  been  required  with  an 
optimum  spacing.  These  data  are  indicated  on  the  figures 
as  having  been  obtained  within  the  quenching  distance. 

VELOCITY 

The  effect  of  velocity  on  ignition  energy  is  shown  in  figure 
13.  The  required  energy  increases  approximately  linearly 
with  velocity  for  both  sets  of  data.  The  slopes  of  the  curves 
are  not  directly  comparable  because  of  differences  in  pressure 
and  electrode  spacing.  For  example,  figure  13(a)  shows  that 
an  increase  in  mixture  velocity  from  5.0  to  54.2  feet  per 
second  required  approximately  a 300-percent  increase  in 
energy,  whereas  figure  13(b)  shows  that  the  energ}-  increase 
is  only  about  50  percent  for  a velocity  increase  from  50  to 
200  feet  per  second. 


(a)  Gas  velocity  and  pressure.  Data  obtained  in  simple  flow  appa- 
ratus; electrode  spacing,  0.25  inch  (less  than  quenching  distance); 
spark  duration,  approximately  600  to  800  microseconds.  (Data 
from  ref.  2.) 

(b)  Gas  velocit}7.  Data  obtained  in  controlled-turbulence  appa- 
ratus; electrode  spacing,  0.37  inch;  electrode  diameter,  0.0225  inch; 
spark  duration,  approximately  500  microseconds.  (Data  from 
ref.  5.) 

Figure  13.  Effect  of  gas  velocity  and  pressure  on  energy  required 
for  ignition.  Temperature,  80°  F;  fuel-air  ratio,  0.0835. 


Figure  14. — Effect  of  initial  temperature  on  total  ignition  energy. 
Pressure,  5.0  inches  of  mercury  absolute;  fuel-air  ratio,  0.0835; 
gas  velocity,  50  feet  per  second;  electrode  spacing,  0.37  inch; 
spark  duration,  440  microseconds.  (Data  from  ref.  6.) 
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Figure  15. — Effect  of  fuel-air  ratio  on  total  ignition  energy.  Pres- 
sure, 5.0  inches  of  mercury  absolute;  temperature,  80°  F;  gas 
velocity,  50  feet  per  second;  electrode  spacing,  0.723  inch;  spark 
duration,  approximately  440  microseconds.  (Data  from  ref.  6.) 

PRESSURE  AND  TEMPERATURE 

The  effect  of  pressure  on  ignition  energy  is  shown  in  figure 
13(a).  Energy  decreases  with  increasing  pressure  in  the 
same  manner  as  found  for  ignition  under  quiescent  conditions 
(ref.  10).  Tiie  relation  for  ignition  under  flow  conditions  is 

Eoc  — . The  exponent  n varies  from  about  1 to  2 for  these 

data. 

The  effect  of  temperature  (fig.  14)  is  also  consistent  with 
the  trend  found  for  quiescent  gases  (ref.  11)  in  that  ignition 
energy  decreases  with  increasing  temperature. 

FUEL-AIR  RATIO 

The  effect  of  fuel-air  ratio  on  ignition  energy  of  flowing 
gases  (fig.  15)  is  consistent  with  the  trend  observed  for 
quiescent  gases  except  that  energy  requirements  are  greater 
with  a flowing  mixture.  The  same  fuel-air-ratio  limits  and 
minimum-energy  point  are  observed.  Close  examination  of 
the  data  points  on  the  rich  side  of  the  minimum  shows  that 
the  data  might  be  better  represented  bv  the  dashed  line. 
Such  double  lobes  have  been  observed  in  flammability-limit 
investigations  with  quiescent  mixtures  (ref.  12).  The  exist- 
ence of  a double  lobe  in  figure  15  is  questionable,  however, 
and  no  great  significance  is  attached  to  it. 

TURBULENCE 

If  a turbulence  promoter  such  as  a wire  screen  is  placed 
upstream  of  the  spark  electrodes,  the  ignition  energy  re- 
quirement varies  with  the  mesh  size  and  the  distance  be- 
tween promoter  and  electrodes.  The  trends  are  illustrated 


in  figure  16,  and  the  data  are  listed  in  table  II.  The  ignition 
energy  increases  with  increasing  mesh  size  and  with  de- 
creasing promoter-to-electrode  distance. 

TABLE  II. — TURBULENCE  AND  IGNITION  ENERGY  DATA 


[Pressure,  5.0  In.  Hg  abs;  temperature,  S0°  F;  data  from  ref.  5.] 


Mesh  size 
of  turbu- 
lence, 
promoter, 
in. 

Velocity, 
U,  ft/sec 

Distance 
down- 
stream, 
x,  in. 

Intensity 
of  turbu- 
lence, 

ft/sec 

(a) 

Scale  of 
turbu- 
lence, 
L*f  in. 

(b) 

Spark  du- 
ration, t,f 
microsec 

Ignition 
energy, 
E,f  milli- 
joules 

(c) 

0.235 

50 

4 

2. 1G 

0.  13 

395 

11.3 

8 

1.19 

.20 

3S1 

10.6 

20 

.638 

.35 

415 

11.6 

100 

4 

2.49 

0.20 

346 

15.6 

S 

l.SS 

.20 

346 

14.6 

20 

.991 

.30 

325 

13.7 

150 

4 

4. 17 

0. 14 

277 

19.7 

8 

2.  35 

. 19 

277 

18.4 

20 

1.26 

.20 

311 

15.7 

200 

4 

5.  76 

0. 15 

277 

26.4 

8 

2. 89 

.20 

277 

21.7 

20 

1.79 

.30 

249 

18.27 

0.525 

50 

4 

3. 44 

0.17 

464 

11.0 

12 

1.28 

.26 

450 

10.6 

20 

.868 

.30 

415 

9.55 

100 

4 

7.34 

0.  20 

415 

21.2 

8 

3.  72 

.23 

381 

16.5 

20 

1.66 

.30 

388 

14. 1 

150 

4 

9.6 

0. 20 

346 

29.5 

8 

5. 25 

.20 

346 

19.5 

20 

2.62 

.27 

332 

15.8 

200 

4 

11.8 

0.19 

318 

46.4 

8 

6. 18 

.20 

346 

25.2 

20 

2.  51 

.30 

318 

23.0 

0.  625 

50 

4 

4.0 

415 

10  7 

8 

2.03 

415 

if  4 

20 

1.03 

415 

10.8 

100 

4 

7.04 

346 

30.6 

8 

3.  61 . 

| 

346 

14.9 

20 

1.76 

277 

9.93 

150 

4 

9.08 

311 

36.5 

8 

5.68 

277 

20.9 

20 

2.  55 

242 

14.7 

200 

4 

11.8 

346 

8 

6.92 

277 

34.6 

20 

3. 35 

208 

23.2 

No  pro- 

moter... 

50 

346 

9. 28 

100 

311 

12.  0 

150 

242 

13.  5 

200 

20S 

13.5 

° Obtained  using  air. 

b Obtained  using  air.  Data  uncorrected  for  length  of  hot  wire. 

* Fuel,  propane;  fuel-air  ratio,  0.0835  (by  weight);  electrode  spacing,  0.37  in. 


(a)  Mesh  sJze,  0.235  inch. 

Figure  16. — Effect  of  velocity  on  ignition  energy  for  various  sizes 
and  locations  of  turbulence  promoters.  Pressure,  5.0  inches  of 
mercury  absolute;  temperature,  80°  F;  fuel-air  ratio,  0.0835; 
electrode  spacing,  0.37  inch;  electrode  diameter,  0.0225  inch; 
spark  duration,  approximately  500  microseconds.  (Data  from 
ref.  5.) 
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(b)  Mesh  size,  0.525  inch.  (c)  Mesh  size,  0.625  inch. 

Figure  16. — Concluded.  Effect  of  velocity  on  ignition  energy  for  various  sizes  and  locations  of  turbulence  promoters.  Pressure,  5.0  inche, 
of  mercury  absolute;  temperature,  80°  F;  fuel-air  ratio,  0.0835;  electrode  spacing,  0.37  inch;  electrode  diameter,  0.0225  inch;  sparl 
duration,  approximately  500  microseconds.  (Data  from  ref.  5.) 


Attempts  have  been  made  to  analyze  the  effects  of  turbu- 
lence promoters  on  ignition  energy  in  terms  of  the  charac- 
teristics of  the  turbulence  produced.  Figure  17  shows  the 
effect  of  velocity,  distance,  and  mesh  size  on  the  experi- 
mentally  measured  values  of  intensit}^  of  turbulence.  As 
the  ratio  of  distance  to  mesh  size  x/m  is  decreased,  the  in- 
tensity of  turbulence  increases.  Comparison  of  the  data  of 
figures  16  and  17  indicates  that  the  minimum  ignition  energy 
required  increases  with  an  increase  in  turbulence. 

Another  turbulence  factor  that  must  be  considered  is  the 
scale  of  turbulence,  which  can  be  important  in  eddy  diffusion. 
Table  II  shows  values  of  scales  and  intensities  of  turbulence 
and  ignition  energies  for  various  mesh  sizes,  promoter-elec- 
trode distances,  and  velocities.  The  scale  of  turbulence 
has  no  apparent  effect  on  energy  if  data  at  constant  velocity 
and  at  approximately  constant  intensity  are  compared,  as 
in  table  III.  Hence,  for  conditions  covered  by  this  work, 
scale  of  turbulence  ma}r  be  neglected. 

SPARK  DURATION 

The  effect  of  spark  duration  on  the  energy  required  for 
ignition  at  velocities  of  5.0  and  54.2  feet  per  second  and 

TABLE  III.— EFFECT  OF  SCALE  OF  TURBULENCE  ON  LINE- 
SOURCE  AND  TOTAL  IGNITION  ENERGIES 

[Pressure,  5.0  in.  Hg  abs;  temperature,  £0°  F;  data  from  ref.  5.] 


Mesh 
size  of 
turbulence 
promoter, 
in. 

Distance 
down- 
stream, 
x , in. 

Velocity, 
U,  ft/sec 

Intensity  of 
turbulence, 

Vu2 

ft/sec 

Scale  of 
turbulence, 
Lx,  in. 

Line -source 
energy,  Eu, 
millijoules 

— 

Total 
ignition 
energy,  E», 
millijoules 
(a) 

0. 235 

8 \ 

/ 1.19 

0. 17 

6.9 

10.6 

.525 

12  / 

ou 

\ 1.28 

.26 

6.  G 

10.6 

0.235 

4 \ 

onn 

r 5.76 

0. 15 

11.2 

26.4 

.525 

8 / 

1 6. 18 

.20 

9.6 

25.2 

• Fuel-air  ratio,  0.0835;  electrode  spacing,  0.37  in. 


pressures  of  3 and  4 inches  of  mercury  absolute  is  shown  ii 
figure  18.  As  the  spark  duration  was  reduced  from  abou 
25,000  microseconds  to  about  100  microseconds,  which  wai 
the  limit  of  the  measuring  apparatus,  the  required  energy 
decreased.  The  relation  between  energy  and  duration  ii 
not  linear  and  is  of  the  form  Hex  £"  where  n<C  1.  The  decreasi 
in  energy  with  the  shorter  durations  may  be  explained  ii 
terms  of  the  spark-discharge  length.  Decreasing  the  dura 


Figure  17. — Effect  of  x/m  on  ^Fyp/U  for  various  values  of  mesh  siz< 
and  velocity.  (Data  from  ref.  5.) 
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Figure  18. — Effect  of  spark  duration  on  energy  required  for  ignition. 
Temperature,  80°  F;  fuel-air  ratio,  0.0835;  electrode  spacing,  0.25 
inch  (less  than  quenching  distance).  (Data  from  ref.  2.) 


tion  reduces  the  length  of  the  discharge  and  thereby  distrib- 
utes the  energy  over  a smaller  volume.  This  distribution 
should  result  in  a more  effective  ignition  source. 

An  attempt  was  made  to  define  minimum  ignition  require- 
ments for  very  short  duration  .discharges.  A capacitance 
spark,  that  is,  one  obtained  by  discharging  a condenser  di- 
rectly into  the  gap,  was  used.  The  energy  values  obtained 
in  this  manner,  for  a spark  duration  of  1.5  microseconds, 
are  shown  in  figure  18.  The  fact  that  these  energies  are 
higher  than  those  for  longer  duration  sparks  is  contrary 
to  the  trends  observed  for  spark  durations  between  100  and 
25,000  microseconds.  The  discrepancy  is  explained  in  ref- 
erence 3 as  possibly  being  due  to  differences  in  the  way  the 
energy  is  distributed  along  the  discharge  length.  It  is  not 
due  to  the  fact  that  the  data  were  obtained  with  electrode 
spacing  less  than  quenching  distance,  since  reference  3 shows 
the  same  trend  with  spacing  equal  to  quenching  distance. 

ELECTRODE  SPACING 

As  shown  in  figure  19,  the  effect  of  electrode  spacing  on 
ignition  of  flowing  gases  is  similar  to  that  observed  for  quies- 
cent gases  (ref.  10).  As  the  electrode  spacing  was  increased 
from  about  0.25  inch,  the  energy  required  decreased  for  a 
variety  of  electrodes.  With  the  smaller  electrodes  the  spac- 
ing for  minimum  energy  was  not  sharply  defined.  The  in- 
crease in  energy  at  spacings  less  than  0.65  inch  is  attributed 
to  quenching  of  the  initial  flame  zone  by  the  electrodes. 
At  the  optimum  spacing  (0.65  in.),  or  arbitrarily  assumed 
quenching  distance,  the  quenching  effect  is  a minimum. 
This  quenching  distance  is  the  same  as  found  for  quiescent 
mixtures  for  the  particular  pressure  and  fuel-air-ratio  condi- 
tions (ref.  10).  The  energy  requirement  increased  at  spac- 
ings greater  than  0.65  inch  for  the  same  reason  that  the 
energy  requirement  increased  with  increased  flow  velocity, 
that  is,  the  lengthening  of  the  discharge  path. 

ELECTRODE  DIAMETER  AND  CONFIGURATION 

The  effects  of  electrode  diameter  and  configuration  are  also 
shown  in  figure  19.  The  data  show  that  at  the  quenching 
distance  (0.65  in.)  the  size  or  shape  of  the  electrodes  has  no 
significant  effect.  However,  at  shorter  spacings  the  larger 
electrodes  require  more  energy  for  ignition  because  of  their 
larger  surface  area  for  flame  quenching.  This  same  trend 
has  been  observed  for  capacitance  sparks  in  quiescent  mix- 
tures (ref.  10).  The  fact  that  the  sharp-needle  electrodes 


Figure  19. — Effect  of  electrode  diameter,  configuration,  and  spacing 
on  ignition  energy.  Pressure,  3 inches  of  mercury  absolute;  tem- 
perature, 80°  F;  fuel-air  ratio,  0.0835;  velocity,  5.0  feet  per  second. 
(Data  from  ref.  3.) 

required  slightly  higher  energy  in  spite  of  smaller  surface 
area  may  possibly  be  due  to  differences  in  the  manner  in 
which  the  energy'  is  distributed  along  the  length  of  the 
discharge  for  sharp  points  and  rods. 

TYPE  OF  DISCHARGE 

The  type  of  discharge  used  affects  the  energy  required. 
Figure  20  shows  data  obtained  with  stainless  steel  electrodes 
that  resulted  in  a glow  discharge  and  data  obtained  with 
cadmium  electrodes  that  resulted  in  a discharge  designated 
as  an  arc-glow  discharge.  This  discharge  started  as  an  arc 
discharge  but  changed  into  a glow  discharge.  For  most  of 
its  life  it  was  an  arc  discharge,  however.  The  glow  dis- 
charge required  a higher  ignition  energy  than  did  the  arc 
discharge.  This  effect  was  not  due  to  differences  in  elec- 
trode material,  for  after  many  trials  a glow  discharge  was 
obtained  with  the  cadmium  electrodes.  The  energy7  value 
so  obtained  was  comparable  to  that  obtained  with  the 
stainless  steel  electrodes. 
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Figure  20. — Effect  of  electrode  material  and  spacing  on  ignition 
energy.  Pressure,  3 inches  of  mercury  absolute;  temperature, 
80°  F;  fuel-air  ratio,  0.0835;  velocity,  5.0  feet  per  second.  (Data 
from  ref.  3.) 
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The  fact  that  the  arc  discharge  has  lower  cathode  and 
total  energy  may  indicate  that  the  positive-column  energies 
of  both  arc  and  glow  discharges  were  equal  and  that  the 
ignition  occurred  hi  the  positive  column.  There  are  no 
experimental  measurements  of  cathode  energies  for  the  arc- 
glow  discharge;  the  experimental  method  used  for  the  glow 
discharge  failed  when  such  measurements  were  attempted 
because  the  transition  between  arc  and  glow  upset  cross- 
plotting techniques.  Therefore,  positive-column  energies  of 
the  two  discharges  cannot  be  compared  at  the  present  time. 

ELECTRODE  MATERIAL 

Investigations  such  as  those  reported  in  reference  13 
indicate  that  electrode  material  has  an  effect  on  ignition  in 
quiescent  mixtures.  The  data  show  that  decreasing  density 
of  the  electrode  material  generally  decreased  the  amount  of 
energy  required  to  ignite  a flammable  mixture.  However, 
the  t}7pe  of  discharge,  that  is,  arc  or  glow,  was  not  deter- 
mined, and  the  observed  effect  may  have  been  due  to  the 
type  of  discharge  and  not  to  the  electrode  material. 

The  effect  of  electrode  material  on  ignition  of  flowing 
gases  is  reported  in  reference  3,  which  shows  that  at  least  for 
the  glow  discharge  the  ignition  energy  is  negligibly  affected 
b}7  electrode  material.  Data  reported  in  reference  3 may 
be  summarized  as  follows: 


Metal 

Ignition 
energy, 
millijoules  a 

Lead 

17. 1±0. 5 

Brass 

17. 8±0.  5 

Cadmium 

18.  6±0.  5 

Aluminum 

19.  4±0.  7 

Tungsten 

19.  6±0.  9 

a Obtained  with  £6-inch-diam.  spheres  spaced 
0.65  inch  apart;  pressure,  3.0  in.  Hg  abs;  tempera- 
ture, 80°  F;  velocity,  5.0  ft/sec;  fuel-air  ratio, 

0.0335;  spark  duration,  600 *tsec. 

DEVELOPMENT  AND  TESTS  OF  A THEORY  OF  IGNITION  OF 
FLOWING  GASES 

It  is  shown  previously  that  a large  number  of  variables 
affect  not  only  the  physical  and  electrical  characteristics  of 
a spark  discharge  but  also  the  ease  of  ignition  of  a flowing 
combustible  gas.  Theoretical  equations  that  show  how 
these  variables  may  be  related  for  both  nonturbulent  and 
turbulent  flow  are  discussed  in  this  section.  Experimental 
data  that  are  available  are  then  applied  to  these  relations. 

CONCEPT  OF  LINE  SOURCE  OF  ENERGY 

Most  investigations  of  ignition  of  combustible  gases 
consider  total  energy  of  the  discharge  as  the  experimental 
variable.  It  is  noted  earlier,  however,  that  the  total  energy 
is  not  distributed  uniformly  along  the  length  of  the  discharge 
and  that  the  distribution  may  be  important  to  ignition. 
Ignition  may  conceivably  proceed  from  only  a portion  of  the 
discharge  length,  and  the  energy  contained  in  this  length 
must  then  be  the  basis  for  theoretical  analysis.  The  model 
used  to  develop  a theory  for  the  ignition  of  flowing  gases  is 
shown  in  figure  21.  After  a spark  discharge  moves  down- 
stream and  is  extinguished  at  time  tSj  there  exists  a heated 
zone  larger  in  diameter  than  the  discharge  itself  but  in  a 


path  coincident  with  that  of  the  discharge.  The  vertical 
portion  of  the  discharge  (fig.  21)  moves  at  stream  velocity 
so  that  the  same  volume  of  gas  is  continuously  heated, 
whereas  the  legs  of  the  discharge  lengthen  with  time  so  that 
fresh  gas  is  continuously  being  heated  at  the  electrode  ends 
of  the  discharge.  Hence,  it  may  be  considered  that  the  zone 
surrounding  the  vertical  portion  of  the  discharge  is  at  a 
much  higher  temperature  than  the  legs  and,  therefore, 
constitutes  a more  probable  zone  of  ignition.  This  vertical 
zone,  or  line  source  of  ignition,  is  used  in  the  development  ol 
the  theoiy  of  ignition  of  flowing  gases. 

The  line  source  of  energy7  consists  of  a portion  of  the  posi- 
tive column  of  the  discharge.  The  energy7  dissipated  in  the 
cathode  region  is  assumed  to  be  unimportant  to  the  ignition 
process.  This  is  a reasonable  assumption,  since,  according 
to  reference  8,  in  a glow  discharge  almost  all  of  the  cathode 
energy  is  lost  to  the  cathode. 

The  energy  in  the  line  source  of  ignition  can  be  calculated 
if  two  assumptions  are  made.  The  first  assumption  is  that 
the  total  amount  of  energy  in  the  discharge  at  any  time 
varies  linearly  with  time.  Actually,  for  the  ignition  data 
presented  herein  the  energy  goes  into  the  discharge  some- 
what more  rapidly7  during  the  first  part  of  the  discharge: 
however,  the  assumption  of  uniform  energy  release  is  believed 
sufficiently  accurate  for  practical  use.  The  second  as- 
sumption is  that  the  power  per  unit  length  of  discharge  at 
any  time  is  constant.  The  power  can  be  based  on  either  the 
total  power  if  the  cathode  energy  is  assumed  uniformly 
distributed  throughout  the  gap  or  on  the  power  in  the  posi- 
tive column.  Actually,  in  order  to  agree  with  the  concept 
of  the  line  source  of  energy,  the  power  should  be  based  on 
the  positive  column  only7;  but  for  practical  reasons  involved 
in  measurement  of  cathode  energies,  total  power  is  used  in 
most  of  the  analysis.  Correction  of  the  data  to  include 
positive-column  energies  only  is  discussed  later. 

The  average  power  Pav  of  the  total  energy  Es  is  Es/tSi 
where  ts  is  the  spark  duration.  This  average  power  is 
divided  into  two  portions:  the  line  source  and  the  legs  of  the 
discharge.  The  relative  amounts  dissipated  in  each  region 
depend  upon  the  respective  lengths  of  the  legs  and,  hence, 
on  time  and  gas  velocity.  The  amount  of  power  available 
for  the  line  source  at  any  instant  is 
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Figure  21. — Model  used  to  develop  concept  of  line  source  of  energy. 
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rhe  energy'  of  the  line  source  Elg  is  the  integral  of  this  in- 
stantaneous power  with  respect  to  time  taken  over  the 
lischarge  duration  or 


d, 

”X  2Ut+slfdt 

E,s  , 2Ut»+s 


(2) 


Equation  (2)  assumes  the  cathode  and  anode  energies  to 
>e  uniformly  distributed  over  the  whole  length  of  the  dis- 
charge. If  the  cathode  .energ}*  is  assumed  to  be  lost  to  the 
electrode,  Es  in  equation  (2)  may  be  replaced  by  Ev  where 
VP=ES—Ee: 


7-7  Eps  i 2 Utg'bs 


(3) 


Equation  (2)  is  used  herein  because  Ec,  and  hence  Ev,  are 
lifficult  to  measure  accurately. 

DEVELOPMENT  OF  THEORETICAL  EQUATIONS 

The  process  of  establishing  steady  burning  of  a homo- 
geneous fuel-air  mixture  from  a long-duration  discharge  is 
visualized  as  follows:  The  line  source  of  ignition  is  assumed 
o supply  the  heat  necessary  to  raise  the  temperature  of  the 
leated  zone  to  flame  temperature.  The  initial  flame  then 
)ropagates  if  the  heated  zone  is  of  proper  volume  to  fulfill 
he  condition  that  the  rate  of  heat  generation  in  the  volume 
>e  equal  to  or  greater  than  the  rate  of  heat  loss  from  the 
volume.  An  additional  requirement  is  that  the  electrode 
pacing  be  equal  to  the  quenching  distance  in  order  to 
preclude  quenching  effects.  No  heat  losses  from  the  heated 
one  either  to  the  electrodes  or  to  the  gas  during  the  spark 
luration  are  considered;  also,  no  heat  is  considered  to  be 
upplied  from  any  chemical  reaction  during  this  period. 

The  relation  between  ignition  energy  and  operating  vari- 
ables can  be  determined  by  comparing  the  line-source  energy 
nth  the  theoretical  amount  of  energy  necessary  to  raise 
he  temperature  of  the  volume  under  consideration  to  flame 
emperature.  The  radius  r of  the  heated  volume  (fig.  21) 

3 the  unknown  dimension  of  the  volume.  Since  both  the 
ate  of  heat  generation  and  the  rate  of  heat  loss  are  functions 
f the  radius,  equating  these  rates  results  in  a value  for  the 
ritical  radius.  The  rate  of  heat  generation  in  this  heated 
one  is  dependent  upon  the  size  of  the  volume  and  upon  a 
eaction-rate  term,  whereas  the  rate  of  heat  loss  not  only 
epends  upon  the  size  of  the  zone  but  also  upon  the  method 
f heat  transfer,  that  is,  thermal  conduction  or  eddy  dif- 
Lision.  According  to  the  concept  of  a line  source  of  energy, 
he  zone  is  moving  at  stream  velocity  and,  therefore,  may 
e considered  as  a zone  in  a quiescent  mixture  if  no  turbu- 
mce  is  present.  Heat  is,  therefore,  lost  from  the  zone  by 
hernial  conduction  (neglecting  radiation).  If  turbulence 


is  present,  heat  can  be  lost  by  both  thermal  conduction  and 
eddy  diffusion.  The  equations  have  been  developed  for 
two  cases:  (1)  heat  transfer  by  thermal  conduction  when 
intensity  of  turbulence  is  low  and  (2)  heat  transfer  by  eddy 
diffusion  when  intensity  of  turbulence  is  high.  In  the  latter 
case  it  was  assumed  that  thermal  conduction  is  negligible 
compared  to  eddy  diffusion. 

Nonturbulent  flow. — The  equations  for  the  rate  of  heat 
generation  and  the  rate  of  heat  loss  are  those  of  reference  11 
converted  from  the  spherical  to  the  cylindrical  case: 


Rate  of  heat  generated= wr hlqQXfX0p2ae  RTp  (4) 
Kate  of  heat  loss 

D„ 


2irrdqK(TF  Tam) 

Cir  (5) 


The  term  cxr  has  been  substituted  for^7rc  as  done  in  reference 
11.  This  substitution  is  an  approximation;  proof  for  its  use 
is  as  follows:  Equating  equations  (4)  and  (5)  and  solving 
for  r give 


r— 


V, 


2K{TF~Tam) 

E 

CiQXfX0p2ae~R^F 


(6) 


Equation  (6)  gives  the  critical  size  of  the  zone  and  indicates 
that  r is  inversely  proportional  to  the  square  root  of  reaction 
rate.  In  a flame  front  the  thickness  of  the  reaction  zone 


O re  is  approximately  inversely  proportional  to  the  square 
root  of  the  reaction  rate;  hence,  r must  be  proportional  to 

Dr.  The  amount  of  energy  necessary  to  increase  the  tem- 
perature of  the  zone  from  Tam  to  TF  is 


E'is=J 7rr2dQpCp(  Tf  — Tam ) 


2 wjKdqCpiTf  — Tg  J2 

Egct 

CiQXfX0pae  *7> 


The  theoretical  energy  should  be  equal  to  the  line-source 
energy. 


2njKd^p(TF-Tany  E,dQ . /2Ut,+d,\ 

g-c  2 Ut,  \ d,  J 

CiQXfX0pae  RT* 
or 

iwJU_ t3KC„(TF  - TJf= jn  /ZUts+dA 

5m  \ d„  ) ^ 

CiEsQXfXopae  RT" 

Turbulent  flow. — For  turbulent  flow  the  rate  of  heat  loss 
depends  on  the  rate  at  which  mass  is  transferred  by  eddy 
diffusion  through  the  cylindrical  surface  of  area  2irrdQ. 
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The  two  factors  that  control  the  diffusion  process  are  the 
intensity  and  the  scale  of  turbulence.  When  the  scale  of 
turbulence  is  large  compared  to  the  flame-front  thickness 
as  it  is  for  this  problem,  the  effect  of  scale  on  the  diffusion 
process  is  negligible  compared  to  the  effect  of  intensity  of 
turbulence;  hence,  the  effect  of  scale  is  not  included  in  the 
analysis  that  follows’  ' 

The  rate  of  heat  loss  is  a function  of  the  product  of  surface 
area,  density,  specific  heat,  temperature  difference,  and  a 
term  representing  the  velocity  with  which  heat  moves 
through  the  surface.  The  velocity  term  can  be  represented 
by  some  function  of  the  intensity  of  turbulence,  or 

The  function  involves  the  first  power  of  -yju2  in  order  to  be 
correct  dimensionally.  Thus, 

Rate  of  heat  1oss=2tt rdQpcp{TF  — Tam)j'(->Ju2)  (9) 


For  ignition  conditions  equation  (9)  equals  equation  (4). 
Solving  for  r gives 


r 


2c^Tf — 2) 

_ 1^3— 

QXfX0pae  RT* 


The  theoretical  energy  required  to  increase  the  temperature 
of  the  heated  zone  to  flame  temperature  under  turbulent- 
flow  conditions  is 


E\s—  Jrr2dgCpp(TF  — Tam) 


±irJdqCv\TF  Tflm)3 

2Egct 

Q2XjX02pa2e  RTp 


where  fi-yjv2)  is  a new  function  of  the  intensity  of  turbulence. 

The  relation  between  the  theoretical  and  the  line-source 
energies  is  therefore 


APPLICATION  OF  THEORETICAL  EQUATIONS  TO  EXPERIMENTAL  DATA 

Only  limited  data  are  available  to  verify  the  theoretical 
equations.  Although  a considerable  amount  of  data  has 
been  obtained,  much  of  it  cannot  be  used  in  the  equations 
because  of  differences  in  type  of  discharge  or  because  elec- 
trode spacings  were  less  than  the  quenching  distance. 
The  data  used  with  the  equations  following  are  those 
obtained  with  glow  discharges  and  with  spacing  equal  to  the 
quenching  distance. 

Nonturbulent  flow. — Data  to  be  applied  to  the  nonturbu- 
lent-flow  equation  were  obtained  with  one  fuel  and  one 
fuel-air  ratio;  hence,  equation  (8)  may  be  reduced  to 


C2UtsKCpTF(TF—Tamy2_u „ 2 Ut8+dQ 

dQ  { } 

pEse  RT? 

where  poctft-  A plot  of  this  relation  is  shown  in  figure  22 
1F 

along  with  a table  of  the  operating  conditions  and  references 
for  each  point.  The  correlation  is  satisfactory  for  the 
limited  data  available. 

Equation  (8)  indicates  that  there  is  an  effect  of  fuel-aii 
ratio.  The  data  of  figure  15  were  applied  to  this  equation 
which,  for  the  operating  conditions  of  the  figure  and  foi 
poc  1/Tf,  reduces  to 


ln- 


EsXfX0  In 


2UtsJrdq 


d. 


TF(TF~Tamy 


- = C3+C4 


(A) 


(i3: 


A plot  of  the  data  using  equation  (13)  is  shown  in  figure  23 
A single  straight  line,  which  would  be  predicted  by  the  theory 
was  not  obtained.  There  is  a factor  of  about  2 betweei: 
the  values  for  the  rich  and  lean  ends  of  the  curve.  Possible 
reasons  for  this  discrepancy  are  discussed  later. 


Figure  22. — Correlation  of  non  turbulent-flow  data  at  fuel-air  rati 

of  0.0835. 
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7j  Turbulent  flow. — The  data  used  to  verify  the  turbulent 
flow  equation  (11)  are  those  presented  in  figure  16.  For  the 
iconditions  used  to  obtain  these  data,  equation  (11)  may  be 
deduced  to 


Es  , 2Uts-{-dg 
Uts  111  d^  = 


-cj  (->/«*) 


(14) 


Data  calculated  according  to  this  relation  are  plotted  in 
'figure  24,  which  shows  that  a reasonably  good  correlation 
Exists  among  the  variables:  energy  required  for  ignition, 
Stream  velocity,  and  intensity  of  turbulence.  The  data 
Correlated  with  an  average  deviation  of  11  percent  and  a 
hiaximum  deviation  of  35  percent. 

1 In  developing  the  theory,  the  effect  of  scale  of  turbulence 
j-vas  considered  unimportant.  Experimental  verification 
bf  this  fact  is  indicated  in  table  III,  which  shows  a compari- 
son of  both  line-source  and  total  ignition  energies  at  approxi- 
mately constant  intensities  of  turbulence  but  varying 
Scales  of  turbulence.  With  the  experimental  errors  involved 
bnd  small  variation  in  scale  investigated,  it  must  be  con- 
cluded that  the  effect  of  scale,  if  an}1 * * * * * 7,  is  small. 

jj  DISCUSSION  OF  THEORY 

I The  theory  that  is  described  in  the  preceding  section  and 
dts  experimental  verification  mark  the  first  attempt  to  treat 
ignition  of  floAving  gases  and,  as  such,  are  greatly  simplified. 
The  many  approximations  and  assumptions  that  are  made 
cnay  be  summarized  as  follows : 

(1)  The  anal}7sis  is  based  on  a second-order  reaction  for 


ihe  rate  of  heat  generation. 


1 (2)  Diffusion  processes  are  neglected. 

< (3)  Radiation  from  the  ignition  zone  is  neglected. 

i)  (4)  An  approximation  is  made  of  thickness  of  the  reaction 

>ione. 

h (5)  The  average  power  of  the  discharge  is  assumed  to  be 

constant. 

(6)  The  discharge  is  assumed  to  take  the  shape  of  a square- 
tor  nered  U\  rounding  effects  at  the  corners  are  neglected. 


(7)  Cathode  energy  is  assumed  evenly  distributed  along 
the  length  of  the  discharge. 

(8)  There  are  no  heat  losses  from  the  heated  zone  left 
by  the  spark  during  the  duration  of  the  discharge. 

(9)  There  is  no  heat  resulting  from  chemical  reaction  in 
the  heated  zone  during  the  duration  ~of~  the  discharge. 

Many  of  these  assumptions  could  be  removed  from  the 
theory,  but  the  theoretical  treatment  would  be  unduly 
complicated. 

The  data  used  to  verify  the  theory  are  limited  in  scope.  This 
is  the  result  of  using  data  from  one  type  of  discharge  (gloAv). 
Glow  discharges  are  mostly  obtained  at  low  pressures,  and 
arc  discharges  are  obtained  at  higher  pressures.  Energy 
measurements  cannot  be  made  at  higher  pressures,  because 
the  small  amount  of  energy  required  for  ignition  at  high 
pressures  becomes  comparable  to  the  energy  stored  in  the 
capacitance  of  the  voltage  divider.  This  latter  energy  is 
not  measured  by  the  oscillographic  technique  used. 

The  effects  on  ignition  energy  of  all  operating  variables 
except  fuel-air  ratio  Avere  correlated  by  the  theoretical  rela- 
tions. Other  investigators  have  also  encountered  inconsis- 
tencies in  variable-fuel-air-ratio  data.  For  example,  in 
reference  10,  Avliich  describes  an  ignition  theory  of  quiescent 
gases  that  is  separate  and  distinct  from  the  one  described 
herein,  data  obtained  over  a range  of  fuel-air  ratios  did  not 
correlate  Avith  theoretical  relations.  The  trends  observed 
Avith  the  tAvo  theories  may  be  compared  by  calculating  the 
ratios  of  theoretical  to  experimental  energy  for  the  tAvo  sets  of 
data.  The  term 

±TrJUt3KCp(TF—  Tam)2 
cE,QXfX0pae  In  — J-±£ 

derived  from  equation  (8)  represents  the  ratio  of  theoretical 
to  experimental  energy  for  the  data  contained  in  this  report. 
The  values  of  k and  cv  in  this  equation  Avere  assumed  con- 
stant, and  a Antlue  of  26  kilocalories  per  mole  Avas  used  for 
Eact.  The  energy  ratios  for  the  two  sets  of  data  Avere  multi- 
plied by  constants  in  order  to  adjust  the  energy  ratios  to  a 


Figure  24. — Correlation  of  ignition  data  with  intensity  of  turbulence. 
Pressure,  5.0  inches  of  mercury  absolute;  temperature,  80°  F; 
fuel-air  ratio,  0.0835.  (Data  from  ref.  5.) 
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establish  a spark  discharge  in  a*  flowing  stream  as  in  a quies- 
cent one.  No  voltage  limitation  is,  therefore,  imposed  on 
an  ignition  system  when  it  is  used  to  ignite  a flowing  gas. 

Finally,  the  significance  of  the  theoretical  research  is  in 
predicting  how  ignition  energy  requirements  will  be  affected 
by  a number  of  parameters.  Exact  values  of  energy  may 
not  be  given  by  the  theory,  but  at  least  the  order  of  magni- 
tude of  energy  change  can  be  predicted.  The  results  con- 
firm the  concept  of  a line  source  of  ignition. 

This  research  may  be  summarized  to  give  the  following 
ideal  environmental  conditions  for  ignition  by  electrical 
discharges: 

(1)  Low  gas-stream  velocity 

(2)  High  pressure 

(3)  Location  of  discharge  in  best  mixture  composition 

(4)  High  gas-stream  temperature 

(5)  Low  turbulence  in  gas  stream 

(6)  Optimum  spark  duration  as  dictated  by  gas- velocity 

condition 

(7)  Electrode  spacing  maintained  at  quenching  distance 

(8)  Small  electrodes,  if  electrode  spacing  is  less  than 

quenching  distance 

(9)  Arc  discharge  in  preference  to  glow  discharge 
These  conditions  are  desirable  from  ignition  considerations 
only.  For  over-all  engine  operation,  all  of  the  conditions 
may  not  be  practical. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 

Cleveland,  Ohio,  June  20 , 1956 
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There  are  probably  other  factors  that  may  be  responsible 
'or  the  observed  discrepancy.  Preferential  diffusion  of 
he  deficient  reactant  in  the  combustible  mixture  could  be  a 
contributing  factor,  as  discussed  in  reference  10.  Or  possibh7 
some  cool  flame  mechanism  that  results  in  different  activa- 
tion energy  in  lean  and  rich  mixtures  may  be  present.  Both 
)f  these  items  are  qualitatively  in  the  right  direction  to 
iccount  for  this  difference  between  lean  and  rich  data. 
Actually,  a combination  of  the  above  factors  may  be  respon- 
sible for  the  discrepancy.  Further  research  on  all  the  factors 
liscussed  is  indicated. 

■SIGNIFICANCE  OF  RESULTS  IN  RELATION  TO  PRACTICAL 
IGNITION  PROBLEMS 

Most  research  on  spark  ignition  reported  in  the  literature 
las  been  conducted  with  quiescent  gases;  the  work  contained 
lerein  comprises  the  bulk  of  information  that  is  available 
>n  ignition  of  flowing  gases.  The  purpose  of  this  section  of 
he  report  is  to  point  out  the  significance  of  this  latter  inform- 
ition  with  relation  to  practical  ignition  problems. 

The  experimental  data  on  ignition  of  flowing  gases  show 
hat  the  energy  required  for  ignition  is  low  even  under  severe 
velocity,  pressure,  and  turbulence  conditions.  The  amount 
)f  energy  is  measured  in  millijoules,  whereas  in  aircraft  oper- 
ttion  an  amount  of  3 joules  or  more  is  not  uncommon.  It  is 
>bvious  that  there  is  room  for  improvement  in  ignition.  Any 
neans  whereby  lower  ignition  energies  would  be  obtained 
vould  lead  to  the  development  of  simpler,  lighter  weight, 
nore  efficient,  and  possibly,  more  reliable  ignition  systems. 

One  cause  of  the  high  ignition  energy  requirement  in  en- 
gines must  be  the  mixture  composition,  which  is  quite  differ- 
ent from  the  homogeneous  composition  used  herein.  The 
uel-air  ratio  near  the  line  source  of  ignition  in  an  engine 
lepends  upon  the  degree  of  atomization  of  the  fuel,  on  fuel- 
prav  and  air-flow  patterns,  and  on  the  rate  of  vaporization 
)f  the  fuel.  This  localized  fuel-air  ratio  varies  with  operating 
conditions,  and  at  any  one  operating  condition,  varies  with 
rime  because  of  the  fluctuating  flow  patterns  that  are  inher- 
ently present  in  combustors.  With  these  nonsteady  hetero- 
geneous mixture  conditions,  the  ignition  energy  requirements 
nay  be  man}7  times  greater  than  energy  values  reported 
lerein.  Temperature  may  also  be  important  in  ignition  of 
-lie  heterogeneous  mixture,  for  some  energy  is  needed  to 
vaporize  the  liquid  drops,  the  colder  drops  requiring 
nore  energy  than  warmer  drops.  Decreasing  fuel  volatility 
hould  also  increase  the  energy  requirements.  All  these 
actors  can  have  adverse  effects  on  ignition  and,  therefore, 
)ose  problems  in  the  design  of  ignition  s}7stems. 

Ignition  in  an  engine  should  occur  preferably  in  a sheltered 
egion,  that  is,  a region  where  low  turbulence  and  low  velocity 
exist.  Such  a region  is  difficult  to  find  in  the  practical  jet- 
engine  combustor.  The  high  mass-flow  rates  together  with 
he  air- entry -hole  arrangements  required  to  achieve  high 
combustion  efficiencies  and  uniform  outlet  temperature  pro- 
iles  make  it  difficult  to  provide  such  regions.  Although  tur- 
mlence  is  not  desirable  for  easy  ignition,  it  appears  to  be 
tecessaiy  for  propagation  of  the  initial  flame  throughout  the 
combustor;  Therefore,  ignition  systems  must  be  designed  for 


the  necessary  turbulent  condition.  However,  turbulence  by 
itself,  as  shown  herein,  does  not  result  in  excessive  energies  if 
the  mixture  conditions  are  suitable. 

Low  velocities  and  short  spark  durations  are  desirable  be- 
cause they  result  in  short  spark-discharge  length.  Spark- 
discharge  length  is  responsible  for  many  of  the  trends  ob- 
served. It  determines  current,  voltage,  energy  and  energy 
distribution,  occurrence  of  multiple  discharges,  and  ignition 
characteristics.  The  current  and  the  voltage  have  little  prac- 
tical significance,  but  the  other  factors  are  important. 

Increased  discharge  length  due  to  either  velocit}7  or  time 
increases  the  resistance  of  the  discharge  and  thereby  changes 
the  division  of  energy  among  the  legs  of  the  discharge,  the 
line  source  of  ignition,  and  the  impedance  of  the  ignition 
source.  The  larger  the  discharge  resistance,  tbe  smaller  the 
loss  in  the  impedance  of  the  ignition  source;  hence,  the  effi- 
ciency of  the  ignition  system  is  actually  increased  by  increased 
discharge  length.  For  a low-impedance  source  this  increase 
in  efficiency  may  be  insignificant,  however. 

Although  the  efficiency  of  the  system  is  improved,  the 
amount  of  energy  that  goes  into  the  line  source  of  ignition  is 
actually  decreased  as  velocity  is  increased.  Larger  portions 
of  the  energy  are  then  wasted  in  the  legs  of  the  discharges. 
Thus,  as  the  length  is  increased  with  flow  velocity  and  time, 
it  becomes  necessary  to  increase  the  total  amount  of  energy 
if  ignition  is  to  be  obtained. 

Lengthening  of  the  discharge  path  is  also  responsible  for 
the  occurrence  of  multiple  discharges.  Multiple  discharges 
should  normally  be  avoided  because  only  one  of  the  discharges 
may  be  expected  to  cause  ignition.  The  energy  in  the  other 
discharges  is  wasted.  In  the  case  of  homogeneous  mixtures, 
the  first  of  the  multiple  discharges  should  cause  ignition  be- 
cause it  contains  more  energy  than  subsequent  discharges. 
In  the  case  of  heterogeneous  mixtures  found  in  engines, 
however,  one  of  the  subsequent  discharges  might  occur  in  a 
better  fuel-air  mixture  and  so  cause  ignition  even  though  it 
has  an  energy  somewhat  smaller  than  the  energy  of  the  first 
discharge.  Ease  of  ignition  depends  upon  the  actual  varia- 
tion of  fuel-air  ratio  with  time.  Without  knowledge  of  this 
variation,  it  is  impossible  to  conclude  that  multiple  discharges 
are  desirable.  It  is  also  impossible  to  determine  what  the 
energy  content  and  sparking  rate  should  be  for  the  repetitive 
discharges  produced  by  commercial  ignition  systems.  A re- 
duction in  the  fuel-air-ratio  fluctuations  would  lead  to  lower 
energies  and  lower  sparking  rates. 

It  is  noted  previously  that  the  smaller  the  discharge 
length,  that  is,  the  lower  the  velocity  and  the  shorter  the 
spark  duration,  the  smaller  is  the  amount  of  energy  required 
for  ignition.  However,  the  ignition  energy  at  extremely 
short  durations  is  higher  than  that  found  at  somewhat 
longer  durations.  This,  however,  has  onh7  been  observed 
under  low-velocit}7  conditions.  With  high  velocities  the 
short-duration  discharge  would  be  expected  to  require  less 
energy  than  the  long-duration  discharge  because  of  the 
reduced  discharge  length. 

This  research  has  indicated  another  significant  fact  which 
may  not  be  generally  known;  namely,  the  breakdown  voltage 
is  not  affected  by  the  flowing  stream.  It  is  just  as  easy  to 
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establish  a spark  discharge  in  a flowing  stream  as  in  a quies- 
cent one.  No  voltage  limitation  is,  therefore,  imposed  on 
an  ignition  system  when  it  is  used  to  ignite  a flowing  gas. 

Finally,  the  significance  of  the  theoretical  research  is  in 
predicting  how  ignition  energy  requirements  will  be  affected 
by  a number  of  parameters.  Exact  values  of  energy  may 
not  be  given  by  the  theory,  but  at  least  the  order  of  magni- 
tude of  energy  change  can  be  predicted.  The  results  con- 
firm the  concept  of  a line  source  of  ignition. 

This  research  may  be  summarized  to  give  the  following 
ideal  environmental  conditions  for  ignition  bv  electrical 
discharges : 

(1)  Low  gas-stream  velocit}r 

(2)  High  pressure 

(3)  Location  of  discharge  in  best  mixture  composition 

(4)  High  gas-stream  temperature 

(5)  Low  turbulence  in  gas  stream 

(6)  Optimum  spark  duration  as  dictated  by  gas-velocity 

condition 

(7)  Electrode  spacing  maintained  at  quenching  distance 

(S)  Small  electrodes,  if  electrode  spacing  is  less  than 

quenching  distance 

(9)  Arc  discharge  in  preference  to  glow  discharge 
These  conditions  are  desirable  from  ignition  considerations 
only.  For  over-all  engine  operation,  all  of  the  conditions 
may  not  be  practical. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 

Cleveland,  Ohio,  June  20 , 1956 
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COOPERATIVE  INVESTIGATION  OF  RELATIONSHIP  BETWEEN  STATIC  AND  FATIGUE 
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By  NACA  Subcommittee  on  Power-Plant  Materials 


SUMMARY 

Extensive  data  were  obtained  relating  properties  of  vjrought 
\T-155  alloy  under  static , combined  static  and  dynamic , and 
completely  reversed  dynamic  stress  conditions.  Time  periods 
'or  fracture  ranaed  from  50  to  500  hours  at  room  temperature , 
<,000°,  1,200°,  1,350°,  and  1,500°  F.  Correlation  of  the 
lata  showed: 

1 . Increasingly  higher  percentages  of  dynamic  stress  super - 
mposed  on  the  steady  loads  for  rupture  in  50,  150,  and  500 
lours  were  required  to  change  rupture  strength  appreciably  as 
he  temperature  increased.  At  1,500°  F the  dynamic  stresses 
approached  the  completely  reversed  fatigue  strength  before  a 
ubstantial  reduction  in  f racture  time  occurred. 

2.  A given  amount  of  superimposed  dynamic  stress  had 
lecreasingly  less  effect  on  the  rupture  time  as  the  steady  stress 
oas  reduced  to  increase  rupture  time. 

3.  Completely  reversed  stress  tests  showed  fatigue  strengths 
vhich  were  of  the  order  of  J+0  to  60  percent  of  the  static  tensile 
trength  over  the  entire  temperature  range.  As  the  temperature 
md  time  periods  considered  were  increased,  the  fatigue  strengths 
ncreased  relative  to  static  rupture  strengths  to  values  twice  the 
upture  strength  for  500  hours  at  1,500°  F.  This  means  that 
he  material  can  tolerate  a cyclic  load  of  larger  magnitude  than 
' steady  load  for  fracture  in  time  periods  longer  than  some  limit - 
ng  value  under  conditions  where  creep  occurs. 

4-  Limited  data  indicated  that  under  combined  stresses  up  to 
7 percent  of  the  steady  load  at  1,350°  and  1,500°  F the  fatigue 
tress  did  not  appreciably  alter  the  creep  characteristic  through 
he  second  stage  of  creep.  Apparently  superimposed  fatigue 
tresses  exerted  their  main  influence  during  the  third  stage  of  creep, 
i least  for  this  particular  test  material  and  these  test  conditions. 

5.  Properties  evaluated  on  the  basis  of  number  of  cycles  to 
ailure  differed  from  those  evaluated  on  a time  basis  only  when 
he  properties  were  time  dependent.  Thus  two  fatigue  machines 
perating  at  different  cyclic  speeds  gave  differing  values  on  a 
yclic  basis  when  a fatigue  limit  was  not  attained.  This  was 
particularly  evident  in  combined  stress  tests  at  1,350°  and 
,500°  F. 

6.  Increasing  amounts  of  fatigue  loading  decreased  elonga- 
ion  from  the  rupture  test  progressively  to  very  low  values  in 
ompletely  reversed  stress  tests. 

7.  Bending  tests  gave  slightly  higher  fatigue  strengths  than 
ompletely  reversed  axial  stress  tests.  The  difference  decreased 


with  increasing  test  temperature  so  that  the  two  types  of  tests 
gave  comparable  results  at  1,500°  F.  There  seemed  to  be  little 
definite  effect  from  variation  in  cyclic  speed.  Axial  tests  did 
not  shoio  the  “knee”  typical  of  many  S-N  curves.  The  knee 
also  tended  to  disappear  with  increasing  temperatures  in  all 
tests. 

8.  Surface-finish  effects  decreased  with  increasing  tempera- 
ture. Apparently  residual  stress  was  the  main  variable. 
Polished  specimens  gave  higher  strengths  than  ground  specimens 
at  low  temperatures.  This  may  have  been  a factor  in  the  differ- 
ence between  bending  and  axial  stress  tests. 

Limited  data  are  reported  on  dynamic  stress-strain  properties, 
damping  characteristics,  and  the  influence  of  notches  in  rotating 
cantilever  beam  tests. 

INTRODUCTION 

Data  are  presented  and  correlated  to  relate  the  fatigue  and 
static  properties  of  wrought  N-155  alloy  over  a wide  range 
of  temperatures.  The  work  was  undertaken  on  a cooperative 
basis  to  help  clarify  the  principles  governing  the  load-carrying 
ability  of  heat-resistant  alloys  at  temperatures  and  conditions 
where  both  creep  and  fatigue  can  occur  simultaneously. 
In  view  of  the  uncertainty  in  interpreting  the  results  of  var- 
ious types  of  fatigue  tests,  duplicate  data  were  obtained  from 
as  many  types  of  fatigue  testing  machines  as  could  be 
arranged. 

In  the  major  part  of  the  program,  extensive  efforts  were 
used  to  eliminate  variations  in  test  specimens  as  a factor. 
One  cooperator  did  study  surface-finish  effects  in  reversed 
bending.  Another  cooperator  obtained  creep  data  under 
static  tension  and  combined  djmamic  axial  loading.  This 
cooperator  also  measured  damping  and  dynamic  elasticity 
properties  and  carried  out  reversed  bending  tests  on  notched 
specimens. 

The  program  was  undertaken  by  the  NACA  Subcommittee 
on  Power-Plant  Materials  in  view  of  the  uncertainties  of  the 
principles  involved  at  high  temperatures  where  materials  are 
subjected  to  fatigue  or  fatigue  and  creep  simultaneously. 
A Special  Panel  was  appointed  by  the  Subcommittee  to 
investigate  the  relationships  between  static  and  fatigue 
properties  of  heat-resistant  alloys  at  high  temperatures. 
The  fragmentary  nature  of  available  fatigue  data  at  high 
temperatures  made  it  nearly  impossible  to  develop  such 


1 Supersedes  NACA  TN  3216,  “Cooperative  Investigation  of  Relationship  Between  Static  and  Fatigue  Properties  of  Wrought  N-155  Alloy  at  Elevated  Temperatures’'  by  NACA  Sub* 
^mmittee  on  Power-Plant  Materials,  1955. 
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relationships.  The  Panel  decided  that  the  best  procedure  was 
to  organize  a cooperative  testing  program  to  obtain  reason- 
ably complete  data  for  one  representative  alio}7. 

Cooperation  was  obtained  from  the  following  organizations: 

(1)  The  Elliott  Company 

(2)  General  Motors  Corporation,  Research  Laboratories 
Division 

(3)  National  Advisory  Committee  for  Aeronautics  by 
contract  with  Battelle  Memorial  Institute 

(4)  National  Advisory  Committee  for  Aeronautics,  Lewis 
Flight  Propulsion  Laboratory 

(5)  National  Advisory  Committee  for  Aeronautics  by 
contract  with  the  Engineering  Research  Institute,  University 
of  Michigan 

(6)  Office  of  Naval  Research,  U.  S.  Navy,  by  contract 
with  Battelle  Memorial  Institute 

(7)  Rolls-Royce  Limited,  Research  Laboratory,  Eng- 
land 

(8)  U.  S.  Naval  Engineering  Experiment  Station 

(9)  Westinghouse  Electric  Corporation,  Research  Labora- 
tories 

(10)  Wright  Air  Development  Center,  Materials  Labor- 
atory, by  contract  with  the  Institute  of  Industrial  Research, 
Syracuse  University 

(11)  Wright  Air  Development  Center,  Materials  Labor- 
atory, by  contract  with  the  Institute  of  Technology,  Uni- 
versity of  Minnesota 

A progress  report  previously  issued  presented  part  of  the 
data  included  in  this  report  (ref.  1). 

PROCEDURE 

A Special  Panel  of  the  NACA  Subcommittee  on  Power- 
Plant  Materials  arranged  the  cooperative  program.  The 
general  objective  was  to  obtain  data  which  would  define  the 
load-carrying  ability  of  a typical  heat-resistant  alloy  at  high 
temperatures  as  a function  of  mean  and  alternating  stresses 
from  static  rupture  tests  to  completely  reversed  fatigue  tests. 
The  temperatures  selected  were  1,000°,  1,200°,  1,350°,  and 
1,500°  F to  cover  a wide  range  of  temperature  effects.  In 
addition,  some  data  were  established  at  room  temperature 
for  comparative  purposes.  In  general,  tests  were  aimed  to 
cover  time  periods  for  fracture  of  50  to  500  hours  so  that  the 
results  could  be  expressed  in  terms  of  both  time  and  cycles  to 
failure.  An  attempt  was  made  to  obtain  data  from  as  many 
types  of  test  machines  as  possible  and  particularly  to  have  as 
many  data  as  possible  duplicated  by  two  types  of  machines 

A procedure  was  adopted  to  reduce  variations  from  test 
material  and  surface  finish  to  a minimum  because  the  pro- 
gram was  set  up  to  obtain  objective  data  on  the  relation 
between  static  and  dynamic  properties  at  elevated  tempera- 
tures. Low-carbon  N-155  alloy  bar  stock  solution- treated 
for  1 hour  at  2,200°  F,  water-quenched,  and  then  aged  for 
16  hours  at  1,400°  F was  selected  because  it  met  two  require- 
ments. One  was  that  this  material  treated  in  this  manner 
had  the  most  uniform  properties  at  high  temperatures  of 
any  representative  “superalloy”  known  to  the  Panel.  Sec- 
ondly, it  was  metallurgically  similar  to  several  forged  alloys 
of  the  type  of  interest  for  application  in  the  gas  turbines  of 
jet  engines.  An  additional  factor  in  the  choice  was  that  there 


was  more  experimental  metallurgical  background  available 
for  this  alloy  than  for  any  other  choice.  The  NACA  pur- 
chased 271  feet  of  1-inch  round  bar  stock  for  the  test  program. 

In  order  to  insure  uniformity  of  test  specimens,  the  NACA 
sponsored  the  preparation  of  the  specimens  at  the  Engineer- 
ing Research  Institute  of  the  University  of  Michigan.  A 
system  of  sampling  was  set  up  so  that  any  lot  of  specimens 
sent  to  a cooperator  was  made  from  material  representative 
of  the  complete  length  of  the  original  ingot.  This  avoided 
misleading  trends  which  might  have  occurred  from  segrega- 
tion effects  in  specimens  taken  from  one  hot-rolled  length  of 
bar  stock.  The  bar  stock  was  cut  to  the  lengths  required  for 
specimens  and  heat-treated.  All  specimens  were  prepared 
using  elaborate  procedures  to  keep  the  surface  of  the  gage 
sections  constant  regardless  of  shape. 

Arrangements  were  made  to  have  all  fractured  specimens 
examined.  Westinghouse,  Syracuse  University,  University 
of  Minnesota,  and  the  Lewis  Laboratory  of  the  NACA 
elected  to  examine  the  specimens  which  the}7  tested.  All 
others  except  those  tested  by  Rolls-Royce  were  returned  to 
the  University  of  Michigan  for  visual  and  metallographic 
examination  under  sponsorship  of  the  NACA. 

Under  sponsorship  of  the  NACA,  the  Engineering  Research 
Institute  of  the  University  of  Michigan  served  as  secretary 
to  the  Panel  to  compile  data  and  prepare  reports. 

TEST  MATERIAL 

Two  hundred  and  seventy-one  feet  of  1-inch  round  bai 
stock  from  one  ingot  of  heat  A-1726  were  supplied  as  26  mill- 
length  bars  in  the  as-rolled  condition. 

The  chemical  analysis  of  heat  A-1726  was  as  follows: 


Chemical  composition,  weight  percent 


c 

Mn 

Si 

Cr 

Ni 

Co 

Mo 

W 

Cb 

N 

Supplier’s  heat  analysis 

0.13 

1.64 

0. 42 

21.22 

19. 00 

19.  70 

2.  90 

2.61 

0.  84 

0.13 

Univ.  of  Michigan  check  on  bar  stock 

0. 14 

1.43 

0.35 

20.  80 

18.  80 

19.65  I 3.00 
1 

2.  00 

0.  99 

0. 135 

The  manufacturing  conditions  were  reported  to  be  ai 
described  in  the  appendix. 

Coupons  about  1 inch  long  were  cut  from  both  ends  an< 
the  center  of  each  bar,  heated  at  2,200°  F for  1 hour,  water 
quenched,  and  then  aged  at  1,400°  F for  16  hours.  Th 
Brinell  hardness  was  then  determined  on  the  surface  of  eacl 
coupon  and  at  the  center  of  the  cross  section.  The  hardnes 
values  shown  in  table  I indicate  good  uniformity.  Metallo 
graphic  examination  showed  that  specimens  cut  from  th 
top,  middle,  and  bottom  bars  of  the  ingot  had  simila 
structures  after  the  heat  treatment. 

COOPERATING  LABORATORIES  AND  TESTING  METHODS 

STATIC  TESTS 

The  NACA  sponsored  short-time  tensile  tests  and  ruptur 
tests  at  the  University  of  Michigan.  Testing  temperature 
were  1,000°,  1,200°,  1,350°,  and  1,500°  F.  In  additior 
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, ensile  tests  were  also  run  at  room  temperature.  All  tests 
vere  conducted  in  accordance  with  A.S.T.M.  Recom- 
nended  Practices  on  standard  0.505-inch-diameter  speci- 
nens.  Tensile  specimens  were  held  at  temperature  1 hour 
>efore  testing.  The  rupture  specimens  were  brought  to 
temperature  over  a 24-hour  period  before  loading.  Stress- 
itrain  data  for  the  tensile  tests  and  creep  data  from  the 
‘upture  tests  were  measured  with  an  optical  lever  extensom- 
>ter  system  attached  to  the  specimens. 

DYNAMIC  AXIAL  STRESS  FATIGUE  AND  CREEP  TESTS 

The  Materials  Laboratory,  WADC,  sponsored  dynamic 
Teep  tests  at  1,350°  and  1,500°  F at  Syracuse  University. 
Specimens  having  an  equivalent  uniform-diameter  gage 
ength  of  2 inches  (fig.  1 (a))  were  tested  under  combina- 
tions of  steady  axial  stress  with  superimposed  axial  dynamic 
stress.  Loads  were  applied  by  a constant-force  spring 
nechanism,  the  alternating  stress  being  applied  at  3,600 
)pm.  Temperatures  were  measured  and  controlled  from 
,hermocouples  attached  to  the  specimens. 

Creep  data  were  measured  during  the  tests.  In  order  to 
jse  the  uniform-diameter  gage-length  specimens,  the  stresses 
lad  to  be  kept  in  tension.  Consequently  creep  data  were 
imited  to  ratios  of  alternating  to  mean  stress  of  0,  0.25, 
ind  0.67.  Combinations  of  stress  were  used  to  give  fracture 
Imes  out  to  several  thousand  hours. 

The  Materials  Laboratory,  WADC,  also  sponsored  tests 
it  high  ratios  of  alternating  to  mean  stress  at  Syracuse 
University  and  later  at  the  University  of  Minnesota.  Tests 


were  carried  out  in  the  same  machines  at  ratios  of  alternating 
to  mean  stress  of  1.64  and  <»  at  1,350°  and  1,500°  F and 
at  ratios  of  2 and  at  room  temperature  and  1,000°  F. 
A profile  specimen  (fig.  1 (b))  was  used  to  prevent  buckling. 
The  gage  section  was  made  the  same  as  that  of  the  specimens 
tested  at  Battelle  Memorial  Institute  in  Krouse  machines 
at  high  alternating  stresses.  Creep  data  could  not  be 
obtained  from  this  type  of  specimen. 

Difficulty  was  encountered  from  heating  of  the  specimen 
by  damping  during  the  application  of  the  load  in  the  tests 
at  room  temperature  and  1,000°  F.  Attempts  were  made 
to  control  this  by  using  an  air  blast  to  cool  the  specimens 
and  by  loading  the  specimens  before  they  were  brought  to 
temperature.  The  most  successful  procedure,  however, 
was  to  load  the  specimens  at  reduced  cyclic  speed  and  then 
gradually  bring  the  specimens  up  to  3,600  cpm  as  a function 
of  temperature. 

In  addition  to  the  tests  carried  out  on  specimens  prepared 
and  furnished  by  the  NACA  through  the  University  of 
Michigan,  completely  reversed  stress  tests  were  made  at 
1,500°  F on  specimens  heat-treated  and  made  at  the  Univer- 
sity of  Minnesota.  The  stock  for  the  specimens  was  obtained 
from  the  producer  in  the  form  of  bars  rolled  from  the  same 
heat  at  the  same  time  as  were  the  bars  furnished  to  the 
NACA.  Similar  specimens  were  also  used  for  part  of  the 
tests  at  1,000°  F. 

The  testing  machine  and  details  of  procedure  are  described 
in  references  2,  3,  and  4. 

KROUSE  AXIAL  FATIGUE  TESTS 
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The  Office  of  Naval  Research  and  the  NACA  sponsored 
axial  fatigue  tests  at  Battelle  Memorial  Institute.  Profile 
specimens  (fig.  1(c))  were  tested  in  a Krouse  machine 
at  1,200°,  1,350°,  and  1,500°  F with  varying  mean  stresses 
for  constant  superimposed  axial  fatigue  loads  of  ±7,500, 
±15,000,  and  ±25,000  psi.  A modified  specimen  (fig.  1 (d)) 
was  used  for  tests  going  into  compression  and  for  completely 
reversed  stress  tests  at  1,350°  and  1,500°  F, 

Constant  axial  loads  are  applied  by  the  Krouse  machine 
through  a load  maintainer,  and  constant-amplitude  alter- 
nating axial  loads  at  1,500  cpm  are  applied  through  a crank 
mechanism.  Special  adapters  had  to  be  developed  for  the 
tests  going  into  compression.  Some  difficulty  in  obtaining 
axiality  for  the  tests  going  into  compression  was  encountered, 
but  was  corrected  by  redesigning  grips. 


lb) 

(a)  Axial  stress  dynamic  creep  test  specimen. 

(b)  Axial  stress  radius  fatigue  specimen. 

Figure  1. — Fatigue  specimens  used  by  cooperators.  R indicates 
radius.  (All  dimensions  are  in  inches.) 


SONNTAG  SF-4  AXIAL  FATIGUE  TESTS 

The  Elliott  Company  carried  out  tests  in  which  combina- 
tions of  steady  axial  and  alternating  axial  stresses  were 
applied.  The  alternating  stresses  were  restricted  to  values 
which  did  not  permit  the  combined  stress  to  go  into  com- 
pression. The  testing  program  was  selected  to  provide  the 
following  data: 

(a)  Establish  the  alternating  stresses  to  cause  fracture  at 
room  temperature  for  a mean  stress  of  75,000  psi. 

(b)  Obtain  curves  of  alternating  stress  versus  rupture 
time  out  to  500  hours  at  1,000°  F for  mean  stresses  of  75,000, 
60,000,  45,000,  and  40,000  psi. 

(c)  Establish  the  influence  of  superimposed  alternating 
stress  on  the  rupture  time  for  tests  with  the  mean  stress  equal 
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(c)  Ivrouse  machine  axial  stress  fatigue  specimen. 

(d)  Krouse  machine  axial  stress  fatigue  specimen  for  tests  in 
compression. 

Figure  1. — Continued. 

to  the  static  rupture  strength  for  175  hours  at  1,350°  F 
(28,000  psi). 

The  Sonntag  SF-4  machine  applies  constant-force  loads 
through  a spring  mechanism.  It  operates  at  3,600  cpm. 
Temperatures  were  measured  and  controlled  by  thermo- 
couples in  the  furnace  adjacent  to  the  specimen.  Eccen- 
tricity difficulties  required  new  grips  for  the  higher  stress 
tests  at  1,000°  F. 

The  test  specimen  (fig.  1(e))  was  profiled  to  a minimum 
diameter.  A few  of  the  specimens  tested  at  1,000°  F were 
machined  by  the  Elliott  Company  from  blanks  heat-treated 
at  Michigan. 


^.357  ± .001 


RUPTURE  TESTS  WITH  SUPERIMPOSED  ALTERNATING  BENDING  STRES 

The  Research  Laboratories  Division  of  the  General  Motoi 
Corporation  conducted  tests  at  1,350°  F with  combined  rc 
tating  bending  and  steady  axial  tension  stresses.  A uniforrr 
diameter  gage-length  specimen  (fig.  1(f))  was  loaded  i 
steady  axial  tension  under  28,000-psi  stress  (stress  to  caus 
rupture  in  175  hours)  and  then  rotating  bending  stress  wa 
applied  at  10,800  cpm  by  causing  one  end  of  the  system  t 
rotate  in  a circle.  The  specimen  was  heated  by  gas  flames 
Temperatures  were  measured  by  themocouples  welded  t 
the  gage  length  of  the  specimen. 

WESTINGHOUSE  REVERSED  BENDING  FATIGUE  TESTS 

The  Research  Laboratories  of  the  Westinghouse  Electri 
Corporation  conducted  completely  reversed  bending  tests  a 
room  temperature,  1,000°,  1,200°,  1,350°,  and  1,500°  ' 
Round-profile  specimens  (fig.  1 (g))  were  tested  in  the  Wes 
inghouse  7,200-cpm  electronic  fatigue  machine.  The  spec 
mens  were  vibrated  electrically  at  resonance  in  one  plane  s 
that  maximum  stress  occurred  on  the  surface  at  two  diame 
rically  opposite  points.  Temperatures  were  measured  an 
controlled  by  themocouples  welded  to  the  specimens. 

In  addition  to  a complete  set  of  tests  on  specimens  mi 
chined  at  Michigan  with  the  controlled  machining  proceduri 
check  tests  were  made  on  specimens  simply  turned  and  han 
polished  at  Michigan.  The  object  of  these  tests  was  t 
obtain  some  information  regarding  the  influence  of  surfa( 
finish. 

EFFECT  OF  SURFACE  FINISH  ON  WESTINGHOUSE  REVERSED 
BENDING  FATIGUE  TESTS 

The  Lewis  Laboratory  of  the  NACA  investigated  the  ii 
fluence  of  surface  finish  on  fatigue  properties  at  room  ten 
perature  and  1,350°  F in  the  Westinghouse  reversed  bendh 
fatigue  machine  described  previously.  A smaller  specime 
(fig.  1 (h))  was  used  by  the  NACA.  Three  types  of  finis 
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(e)  Sonntag  SF-4  axial  stress  fatigue  specimen. 

(f)  Specimen  for  rupture  tests  with  superimposed  rotating  bending 

stress. 

Figure  1. — Continued. 
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(g)  Westinghouse  reversed^bending  fatigue  specimen. 

(h)  NACA  modified  Westinghouse  reversed  bending  fatigue  specime 

Figure  1. — Continued. 
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were  utilized  for  the  main  tests:  (1)  ground  and  polished, 
(2)  ground  only,  and  (3)  ground,  partly  polished,  and  then 
deliberately  roughened  with  emery  cloth.  The  influence  of 
a stress  relief  for  4 hours  at  1,400°  F on  the  fatigue  properties 
at  room  temperature  was  also  established.  In  addition, 
tests  were  carried  out  at  1,350°  F on  specimens  tinned  and 
polished.  The  polished  specimens  had  about  the  same  sur- 
face roughness  as  that  of  the  specimens  machined  at  Michi- 
gan. The  specimens  were  machined  at  the  Lewis  Laboratory 
from  blanks  heat-treated  by  Michigan. 

Temperatures  were  measured  and  controlled  from  thermo- 
couples welded  to  the  specimen. 

FATIGUE.  DAMPING.  AND  ELASTICITY  PROPERTIES  FROM  ROTATING 
CANTILEVER  BEAM  TESTS  ON  UNNOTCHED  AND  NOTCHED  SPECIMENS 

The  Materials  Laboratory,  WADC,  sponsored  tests  at  the 
University  of  Minnesota  which  provided  fatigue,  damping, 
and  dynamic  modulus  data  for  room  tempera  tine,  1,350°, 
and  1,500°  F.  A special  testing  machine  rotated  specimens 
under  cantilever  beam  loads.  Targets  mounted  on  the  ro- 
tating extension  arm,  loading  weight,  and  specimen  assembly 
were  used  to  measure  vertical  and  horizontal  deflections 
from  which  the  damping  and  elastic  values  were  calculated. 
Tapered  specimens  (fig.  1 (i))  resulted  in  equal  maximum 
bending  stresses  along  the  gage  length. 

All  tests  were  conducted  under  variable  speeds  of  rotation. 
A speed  of  20  rpm  was  used  for  the  first  500  cycles.  In  gen- 
eral, the  speed  was  then  increased  to  50  rpm  until  several 
thousand  cycles  were  imposed,  after  which  the  highest  speed 
between  readings  was  about  400  rpm  for  the  elevated-tem- 
perature tests  and  various  speeds  up  to  1,500  rpm  for  the 
tests  at  room  temperature.  All  deflection  readings  were 
taken  at  20  rpm.  Temperatures  were  measured  and  con- 
trolled from  thermocouples  attached  to  the  specimens. 


Tests  were  made  on  notched  specimens  (fig.  1 (j))  as  well 
as  on  the  unnotched  specimens.  The  theoretical  stress  con- 
centration factor  was  2.6  according  to  Neuber’s  analysis. 
Approximate  damping  and  dynamic  elast-icit}^  properties 
were  measured  (ref.  5)  but  have  not  been  included  in  this 
report. 

The  unnotched  specimens  were  prepared  at  Michigan  with 
the  controlled  surface-finish  procedures.  The  notched  speci- 
mens were  prepared  for  Minnesota  b}^  the  John  Stulen 
Company. 

The  testing  machine  and  procedures  are  described  in  detail 
in  reference  5. 

ROLLS-ROYCE  ROTATING  CANTILEVER  BEAM  TESTS 

Rolls-Royce  Limited  of  Derby,  England,  conducted  ro- 
tating cantilever  beam  tests  at  their  Research  Laboratory. 
Tests  were  made  at  1,200°,  1,350°,  and  1,500°  F.  The  testing 
machine  was  of  their  own  design  and  operated  at  5,500  rpm. 

Temperatures  were  measured  by  thermocouples  located 
1/32  inch  from  the  critical  section  of  the  test  specimen.  Data 
were  submitted  which  showed  that  the  maximum  tem- 
perature difference  between  the  specimen  and  the  measuring 
thermocouple  was  5.85°  F ; temperatures  were  reproducible 
to  1.8°  F;  and  at  any  instant  during  the  test  the  error  in 
temperature  measurement  due  to  heat  produced  in  the 
specimen  from  damping  was  less  than  32.9°  F. 

The  specimens  used  (fig.  1 (k))  were  profiled  to  a minimum 
diameter.  They  were  machined  b}~  Rolls-Royce  from  heat- 
treated  stock  supplied  to  them.  Their  specimen  was  small 
enough  so  that  they  quartered  the  bar  stock  in  making 
specimens. 

NEES  ROTATING  CANTILEVER  BEAM  FATIGUE  TESTS 

The  Naval  Engineering  Experiment  Station  conducted 
completely  reversed  fatigue  tests  at  1,350°  F in  a rotating 
cantilever  beam  machine  of  their  own  design. 

Tapered  gage-length  specimens  (fig.  1(1))  were  loaded  at 
one  end  and  rotated  at  1,700  cpm. 
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i)  Rotating  cantilever  beam  specimen  for  fatigue,  damping,  and 
elasticity  tests. 

[j)  Notched  rotating  cantilever  beam  specimen  for  fatigue,  damping, 
and  elasticity  tests. 

Figure  1. — Continued. 
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(k)  Rolls-Royce  rotating  cantilever  beam  fatigue  specimen. 
(1)  NEES  rotating  cantilever  beam  fatigue  specimen. 

Figure  1. — Concluded. 
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SPECIMEN  PREPARATION 

' In- an  effort  to  keep  surface  finish  constant,  all  the  speci- 
mens except  as  noted  later  were  prepared  for  the  NACA  by 
the  Production  Engineering  Department  of  the  University 
of  Michigan.  Procedures  were  developed  which  would  meet 
requirements  of  constant  surface  roughness  and  constant 
surface  cold-work  for  all  types  of  specimens  included  in  the 
program.  The  objective  was  to  avoid  variable  surface-finish 
effects  which  would  influence  the  results  from  the*  various 
types  of  tests.  A third  variable  arising  from  specimen  prep- 
aration (surface  stresses)  should  also  have  been  constant 
since  the  surface  preparation  was  duplicated  regardless  of 
the  shape  and  size  of  the  specimen. 

The  surface  roughness  was  maintained  at  2 to  4 microinches 
root  mean  square.  This  quality  of  surface  finish  was  estab- 
lished to  meet  the  most  severe  specification  of  the  several 
cooperators. 

The  amount  of  cold-work  on  the  surface  after  finishing  was 
not  measured.  Extreme  precautions,  however,  were  taken  to 
reproduce  the  method  of  metal  removal  on  all  specimens  in 
order  to  keep  surface  cold-work  constant.  This  requirement 
imposed  severe  restrictions  because  the  very  close  dimen- 
sional tolerances  of  the  specimens  had  to  be  met  with  a fixed 
procedure  for  metal  removal.  The  result  was  that  the  speci- 
men preparation  was  very  time  consuming  and  expensive. 
Because  emphasis  was  placed  on  reproducibility  of  surface 
finish  on  the  various  specimens  and  not  on  minimizing  cold- 
work  or  surface  roughness,  the  following- details  of  machining 
and  finishing  operations  should  not  be  accepted  as  the  most 
desirable  for  preparing  fatigue  specimens  for  testing  at  high 
temperatures. 

MACHINING  PROCEDURE 

All  of  the  several  types  of  test  specimens  submitted  to  the 
University7  of  Michigan  for  machining  were  processed  by  sub- 
stantially traditional  methods.  All  gage  sections  were  turned 
on  a lathe  with  the  exception  of  the  Krouse  machine  speci- 
men for  tests  in  compression  (fig.  1 (d)).  This  specimen  was 
turned  on  a milling  machine  in  a setup  wherein  the  specimen 
was  mounted  between  centers  in  the  spindle  and  the  cutting 
tool  was  mounted  on  a rotary  table  which  in  turn  was 
mounted  on  the  table  of  the  milling  machine;  the  rotary  table 
was  rotated  manually  through  a worm  gearset  for  the  feeding 
motion.  All  turning  tools  were  18-4-1  high-speed  steel 
machine  ground  to  the  following  shape:  10°  back  rake  angle, 
15°  side  rake  angle,  10°  relief  angle,  and  0.010-inch  nose 
radius.  All  cutting  speeds  were  confined  to  the  range  30  to 
40  feet  per  minute;  the  depth  of  cut  was  selected  in  a descend- 
ing sequence  ranging  from  the  maximum  of  0.030  inch  to  a 
minimum  of  0.005  inch,  while  the  feed  rate  was  held  constant 
at  0.005  inch  per  revolution  in  every  case  except  for  manual 
feed  where  an  attempt  was  made  to  keep  the  feed  above  a 
minimum  of  0.005  inch  per  revolution. 

The  above  conditions  were  set  up  in  the  belief  that  the 
amount  of  cold  flow  was  directly  proportional  to  the  size  of 
cut.  Consequently,  it  was  expected  that  the  progressively 
decreasing  series  of  depth  of  cut  used  consistently  would 
establish  a degree  of  control  as  well  as  lead  to  a minimum 
of  cold  flow.  The  unique  characteristics  of  the  specimen 
material  make  it  unusually  susceptible  to  burnishing  and 


related  effects  resulting  from  dull  cutting  edges,  especially 
at  light  feed  rates.  This  latter  reason  was  the  basis  for 
establishing  a minimum  feed  rate. 

FINISHING  PROCEDURE 

The  original  finishing  setup  was  on  a Kent-Owens  2-2C 
milling  machine.  The  milling-machine  setup  was  character- 
ized by  a continuous  belt  and  was  unique  in  that  a system  oi 
counterbalances  was  used  in  an  attempt  to  minimize  and 
control  the  pressure  between  the  cloth-backed  abrasive  and 
the  specimen.  However,  irregularities  developed  and  the 
mass  of  the  counterbalance  system  made  it  impossible  tc 
achieve  control  over  the  pressure  between  the  abrasive  anc 
the  specimen. 

The  Krouse  machine  specimens  (see  fig.  1 (c))  were  finished 
on  the  Kent-Owens  setup  using  only  cloth-backed  abrasives 
as  belts  down  through  500  grit,  wherein  the  final  step  in 
volved  the  use  of  a chrome-oxide  polishing  stick  rubbed  oi 
thoroughly  worn  5 00 -grit  belts.  Irregularities  of  the  belts 
and  the  light  pressures  used  made  it  impossible  to  improvi 
the  accuracy7  of  the  machined  specimens  and  it  is  probabL 
in  some  cases  that  the  runout  and  out-of-roundness  increase! 
as  a consequence  of  the  finishing  process. 

The  Westinghouse  specimens  were  finished  on  a specia 
setup  wherein  strips  of  cloth-backed  abrasive  were  fas  ten  e( 
to  the  surface  of  an  oscillating  sector  while  the  specimen  wa 
mounted  between  centers  and  rotated.  By7  this  time  al 
attempts  to  control  finishing  pressure  by7  counterbalancing 
had  been  abandoned  in  favor  of  precision  positioning  of  th 
specimens  relative  to  the  abrasive  so  that  greater  accuracy 
could  be  obtained.  Pressure  control  was  achieved  somewha 
arbitrarily7  by7  holding  back  on  the  rate  of  cutting  so  that  th 
specimen  did  not  heat.  The  finishing  procedure  used  on  th 
Westinghouse  specimens  is  considered  to  be  the  most  satis 
factory7  in  terms  of  the  original  objective,  although  it  wa 
very7  slow  and  very7  expensive  as  a consequence  of  the  rela 
tively7  small  amount  of  abrasive  available  during  each  setup 

All  subsequent  specimens  were  finished  by7  one  of  tw 
arrangements  of  a final  setup  shown  schematically7  in  figure  S 
The  specimen  was  mounted  between  centers  and  rotated.  i 
continuous  belt  was  operated  over  a sy7stem  of  driving  an 
idler  pulley's  with  the  motion  of  the  belt  oriented  long 


Abrasive  belt 
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udinalh7  to  the  specimen.  When  the  longitudinal  section 
>f  the  specimen  was  a radius,  a pulley  or  wheel  with  a cor- 
esponding radius  was  mounted  in  place  of  the  form  block 
hown  in  the  sketch  although  a form  block  could  be  used 
or  these  specimens.  The  pulley  or  wheel  was  substituted 
or  the  form  block  in  this  case  so  as  to  reduce  the  heat 
irising  from  friction  between  the  belt  and  the  form  block. 
Control  of  both  pressure  and  size,  to  the  extent  that  it  was 
ichieved,  was  obtained  through  screw  adjustments  of  the 
/osition  of  the  axis  of  the  specimen  relative  to  the  form  block 
»r  wheel. 

The  procedure  for  finishing  specimens  involved  the  use  of 
ontinuous  abrasive  belts  used  in  sequence  of  decreasing 
;rain  size  with  the  following  grain  sizes:  60,  120,  240,  320, 
00,  and  500.  This  was  followed  by  a final  step  wherein  a 
tandard  tallow  stick  such  as  is  used  for  grease  polishing  was 
meared  on  a well-worn  500-grit  belt  to  inhibit  further  its 
cutting  action.  It  is  vitally  important  to  use  this  belt  at 
uglily  specific  operating  conditions. 

It  is  possible  with  such  a combination  to  produce  a highly 
mrnished  surface  bv  exerting  considerable  pressure  between 
he  belt  and  the  specimen  to  be  finished.  However,  much 
ess  cold  flow  and  an  even  smoother  finish  can  be  obtained 
>y  using  a very  light  pressure  between  the  belt  and  the 
pecimen.  So  far  as  is  known  now,  this  is  a unique  property 
>f  the  type  of  specimen  material. 

It  is  significant  that,  as  mentioned  earlier  in  this  report, 
ihromc  oxide  was  first  used  for  this  final  step,  although  tallow 
\7as  later  used.  From  experimentation  it  became  apparent 
hat  the  chrome-oxide  stick  had  little  or  no  value  as  an 
ibrasive  but  rather  that  the  beneficial  effects  arose  from  the 
ibility  of  the  stearate  base  or  bond  to  inhibit  the  abrasive 
ind  cutting  action  of  the  belt.  It  was  this  experience  which 
ed  to  the  final  practice  of  using  tallow  on  a well-worn 
)00-grit  belt  for  the  final  finishing  step. 

The  belts  were  made  from  commercial  rolls  of  Behr- 
rfanning  cloth-backed  abrasive.  Appropriate  lengths  were 
ait  on  a bias  and  the  belt  was  formed  with  a butt  joint 
>acked  up  with  a manila  paper  of  about  0.006-inch  thickness 
md  cemented  with  a commercial  grinding  disk  cement 
Gardner  No.  2 Disc  Wheel  cement). 

SPECIMENS  PREPARED  BY  COOPERATORS 

Certain  cooperators  prepared  their  own  specimens  from 
itock  heat-treated  at  the  University  of  Michigan.  In  gen- 
eral, such  specimens  were  for  special  purposes  as  follows: 

(1)  The  Lewis  Laboratory  of  the  NACA  prepared  their 
)wr.  specimens  because  they  were  interested  in  studying  sur- 
ace-finish  effects.  The  gage  section  was  made  by  form- 
jrinding  in  a cylindrical  grinder  with  a 60-grit  aluminum- 
>xide,  vitrified  bonded  wheel  of  grade  J and  density  5.  The 
grinding  wheel  speed  was  maintained  between  5,000  and  7,000 
iirface  feet  per  minute  and  the  specimen  speed  for  the  finish 
ait  was  maintained  between  200  and  300  surface  feet  per 
ninute.  The  “polished”  finish  was  prepared  by  polishing 
he  ground  surface  with  successively  finer  grades  of  emery 
loth  and  paper,  finishing  in  the  longitudinal  direction  of  the 
specimen  with  paper  grade  20.  The  “rough”  finish  was  pre- 
>&red  by  semipolishing  the  ground  specimens  to  remove  the 
grinding  scratches  and  then  roughening  the  surface  by  hold- 
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ing  a strip  of  46-grit  abrasive  cloth  against  a slowly  rotat- 
ing specimen,  causing  circumferential  finish  marks.  The 
“ground”  specimens  had  the  finish  obtained  in  grinding, 
the  finish  marks  being  circumferential.  One  lot  of  specimens 
was  turned  in  a lathe  which  gave  the  same  finish  as  that 
described  for  the  “polished”  specimens. 

(2)  The  notched  specimens  for  the  rotating  cantilever  beam 
tests  at  the  University  of  Minnesota  were  prepared  separateh7. 
It  seemed  impossible  to  duplicate  the  surface  finish  of  the 
other  specimens  in  a notch.  The  John  Stulen  Company 
made  the  specimens  for  the  University  of  Minnesota  using 
the  following  procedure: 

(a)  Rough  turned  to  0.070  inch  oversize  in  diameter 

(b)  Rough  ground  to  0.025  inch  oversize  in  diameter;  feed, 

0.040  inch  per  minute 

(c)  Rough  ground  to  0.007  inch  oversize  in  diameter;  feed, 

0.020  inch  per  minute 

(d)  Finish  ground  to  size;  feed,  0.010  inch  per  minute 

(3)  Part  of  the  specimens  used  for  axial  fatigue  tests  at 
1,000°  F and  1,500°  F at  the  University  of  Minnesota  were 
heat-treated  and  machined  by  the  University  of  Minnesota. 
These  specimens  are  designated  in  table  IV  by  “N  . . . F” 
rather  than  the  “J  . . .”  designation  used  for  specimens  pre- 
pared at  Michigan.  The  specimens  were  taken  from  the 
same  stock  as  that  used  for  the  specimens  prepared  at  Michi- 
gan but  the  stock  was  obtained  directly  from  the  supplier. 
Apparently7,  the  machining  procedure  approximated  that  used 
at  Michigan  (ref.  3). 

(4)  A few  specimens  were  prepared  by  the  Elliott  Com- 
pany from  blanks  heat-treated  at  Michigan. 

(5)  Rolls-Royce  prepared  their  own  specimens  from  heat- 
treated  blanks  furnished  to  them. 

TEST  DATA 

Test  data  from  each  individual  cooperator  have  been  in- 
cluded separately  in  the  report.  An  effort  was  made  to  pre- 
sent the  data  exactly  as  reported.  In  general,  the  fatigue 
curves  have  been  drawn  as  nearly  as  possible  the  way  the 
cooperator  drew  them  in  submitting  the  data.  In  a few 
instances,  curves  were  redrawn  to  present  the  data  on  a time 
basis  rather  than  a number-of-cycle  basis.  In  such  cases, 
however,  care  was  exercised  to  maintain  the  fatigue  strength 
reported  b}7  the  cooperator. 

This  procedure  has  been  used  because  in  several  cases  where 
there  was  duplication  of  tests  it  is  probable  that  the  curves 
would  have  been  drawn  differently  if  all  the  data  had  been 
considered.  It  seemed  evident  in  considering  the  data  that 
this  feature  was  significant. 

The  data  for  each  cooperator  are  explained  in  the  follow- 
ing sections  and  any  significant  features  recorded. 

STATIC  TENSILE  AND  RUPTURE  TESTS 

There  was  little  variation  in  yrield  strengths  between  1,000° 
and  1,500°  F (see  table  II),  although  the  tensile  strength  de- 
creased appreciably  over  the  same  temperature  range.  Duc- 
tility also  decreased  with  temperatime.  The  agreement  be- 
tween check  tests  was  quite  close. 

The  original  stress-rupture  data  obtained  are  given  in  table 
III  and  figure  3.  The  points  fell  on  straight  lines  of  logarith- 
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mic  stress  against  logarithmic  rupture  time  with  no  more 
scatter  than  usual  even  though  the  specimens  were  taken  at 
random  from  the  original  mill  lengths  of  bar  stock.  The 
curve  for  1,200°  F exhibited  a decrease  in  slope  at  about 
100  hours  and  45,000  psi,  which  is  somewhat  unusual.  Elon- 
gation and  reduction-of-area  values  appeared  to  show  more 
scatter  than  did  the  rupture  times.  They  tended  to  decrease 
with  time  for  rupture  and  were  lowest  at  1,200°  F. 

When  the  data  for  static  tests  in  the  dynamic  creep  test 
unit  at  S37racuse  University  became  available,  their  slightly 
lower  rupture  strengths  were  evident.  Certain  check  tests 
were  made  to  try  to  determine  the  cause  (table  III  and  fig.  3). 

Two  specimens  from  the  original  group  heat-treated  and 
machined  for  Syracuse  (fig.  1 (a))  were  tested  at  Michigan. 
The  results  of  one  test  fell  closer  to  the  Syracuse  data  than 
to  the  data  from  the  original  tests  at  Michigan  (JX4).  The 
data  from  the  other  one  were  closer  to  the  original  data  (JR 5) . 
Two  check  tests  were  made  on  new  specimens  using  a 1-inch 
gage  length  0.250  inch  in  diameter  to  see  if  specimen  size  and 
surface  preparation  were  responsible.  The  fracture  times 
were  slightly  less  than  those  for  the  original  curve  for  0.505- 
inch-diameter  specimens.  One  additional  test  was  made  on  a 
0.250-inch-diameter  specimen  with  a 2-inch  gage  length  to 
see  if  the  2-inch  gage  length  of  the  Syracuse  specimens  was  a 
factor.  A perfect  check  of  the  original  data  on  0.505-inch- 
diameter  specimens  was  obtained.  These  results  tend  to 
indicate  that  variation  in  properties  of  the  individual  speci- 


mens (JX4)  could  have  been  a contributing  cause  and  proba- 
bly was  combined  with  some  factor  in  testing  technique. 
Specimen  size  or  surface  finish  was  apparently  not  a factor. 
One  possible  reason  for  a consistent  variation  in  specimen 
properties  might  have  been  that  all  of  the  original  speci- 
mens tested  at  Michigan  were  taken  from  the  end  of  the  mill 
lengths,  whereas  the  Syracuse  specimens  were  taken  farther 
along  the  bars. 

Creep  data  from  the  rupture  tests  in  the  form  of  curves  of 
stress  against  testing  time  for  0.5  and  2 percent  deformation 
are  shown  in  figure  4.  Minimum  creep  rates  measured  are 
included  as  curves  of  stress  against  creep  rate  in  figure  5. 
These  data  are  limited  to  1,200°,  1,350°,  and  1,500°  F because 
deformation  upon  loading  at  1,000°  F exceeded  deformations 
of  interest. 

DYNAMIC  AXIAL  STRESS  FATIGUE  AND  CREEP  TESTS 

The  dynamic  creep  test  machine  stresses  a specimen 
axially  with  combinations  of  steady  and  alternating  stress 
ranging  from  steady-load  creep  tests  with  no  fatigue  load 
through  combinations  of  fatigue  and  steady  stresses  to  com- 
pletely reversed  stress  fatigue  tests.  The  test  data  obtained  are 
given  in  table  IV.  It  will  be  noted  that  a series  of  tests  was 
made  at  several  constant  ratios  of  alternating  to  mean  stress 
(both  alternating  and  mean  stress  were  varied  at  a constant 
ratio) . The  primary  graphical  treatment  was  curves  of  mean 
stress  against  time  for  fracture  for  each  constant  ratio  (see 


igure  5. — Curves  of  stress  agaiust  minimum  creep  rate  from  static  rupture  tests  at  1,200°,  1,350°,  and  1,500°  F and  for  dynamic  creep  tests 

at  1,350°  and  1,500°  F. 
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fig.  6)  or  of  maximum  stress  against  time  for  fracture  (see 
fig.  7) . The  former  method  is  most  convenient  for  low  ratios 
of  stress  and  the  latter,  for  high  ratios. 

Ratios  of  alternating  to  mean  stress  of  2 and  » were  used 
at  room  temperature  and  1,000°  F.  At  1,350°  and  1,500°  F 
the  ratios  were  0,  0.25,  0.67,  1.64,  and  «.  A ratio  of  ® in- 
volves completely  reversed  stress  fatigue  tests,  while  a ratio 
of  0 indicates  a steady-load  rupture  test. 

Creep  data  were  also  measured  for  the  tests  which  did  not 
go  into  compression  (stress  ratios  of  0,  0.25,  and  0.67).  The 
specimens  had  a 2-inch  gage  length  of  uniform  diameter. 
Figure  6 includes  curves  of  mean  stress  versus  time  for  total 
deformations  of  0.5  and  2.0  percent  for  these  stress  ratios. 
Elongations  of  the  fractured  specimens  are  included  in  table 
IV.  Minimum  creep  rates  are  compared  with  those  for  rup- 
ture tests  in  figure  5. 

In  the  tests  in  which  the  alternating  stress  went  into  com- 
pression (stress  ratios  of  1.64,  2.0,  and°°),  it  was  necessary 
to  use  a profile  specimen  with  a minimum  diameter  to  avoid 
buckling.  Two  tests  were  made  at  a ratio  of  0.67  and  1,500° 
F to  check  the  results  from  the  two  types  of  specimens.  The 
agreement  was  quite  good  (see  fig.  6).  Creep  data  could  not 
be  obtained  from  profile  specimens,  however.  By  agreement, 
the  gage  section  of  these  specimens  was  made  identical  to 
that  of  the  high-alternating-stress  specimens  in  the  Krouse 


machine.  The  following  features  of  the  data  should  be 
recognized : 

(1)  Rather  complete  data  were  obtained  for  establishing 
the  curves  at  1,350°  and  1,500°  F. 

(2)  Subsequent  to  the  establishment  of  the  original  curve 
with  specimens  machined  for  the  NACA  at  Michigan,  the 
University  of  Minnesota  conducted  additional  tests  at 
1,500°  F for  a stress  ratio  of  » on  specimens  which  they 
heat-treated  and  machined.  The  latter  data  yielded  a curve 
which  was  of  a considerably  higher  stress  level  than  the 
original  curve.  For  this  reason  two  curves  are  included  in 
figure  7 for  a ratio  of  » at  1,500°  F.  The  specimens  were 
made  from  bar  stock  from  the  same  ingot  as  that  used  for 
specimens  made  at  Michigan  but  were  not  part  of  the  stock 
supplied  to  Michigan  by  the  producer. 

(3)  Tests  were  also  made  at  1,000°  F on  specimens  heat- 
treated  and  machined  at  Minnesota.  The  data,  however, 
are  inconclusive  as  to  whether  there  was  a difference  in  the 
properties  of  the  two  groups  of  specimens. 

(4)  The  data  are  very  sparse  at  room  temperature  and 
1,000°  F.  The  curves  shown  in  figure  7 are  very  approxi- 
mate. Both  a shortage  of  specimens  and  considerable  testing 
difficulty  were  encountered,  as  detailed  in  the  notes  to  table 
IV.  The  points  in  figure  7 for  which  there  were  extenuating 
circumstances  have  been  starred.  The  shortage  of  speci- 


Figure  6. — Curves  of  mean  stress  against  time  for  fracture  and  time  for  total  deformations  of  0.5  and  2 percent  at  1,350°  and  1,500°  F 

for  axial  stress  dynamic  creep  tests. 
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Figure  7. — Curves  of  maximum  stress  against  fracture  time  for  indiated  ratios  of  alternating  to  mean  stress  at  room  temperature, 

1,000°,  1,350°,  and  1,500°  F in  axial  dynamic  stress  creep  testing  machine. 


mens  led  to  retesting  unbroken  specimens  at  higher  stresses 
after  varying  times  of  testing  with  a consequent  uncertainty 
of  the  effect  of  prior  history.  Secondly,  a good  deal  of  diffi- 
culty from  overheating  due  to  damping  while  the  load  was 
being  applied  was  encountered,  particularly  at  1,000°  F. 
Those  tests  carried  out  at  reduced  c}rclic  speeds  during 
loading  to  prevent  overheating  are  indicated  in  table  IV. 
It  was  also  noted  that  stresses  below  ±40,000  psi  gave  no 
difficulty.  A small  amount  of  overheating  at  1,350°  F was 
also  noted  for  the  high-stress  tests  at  zero  mean  stress. 

The  data  presented  are  published  and  discussed  in  detail 
in  references  3 and  4 except  for  the  °°  stress-ratio  tests  at 
1,500°  F for  specimens  heat-treated  and  machined  at 
Minnesota. 

KROUSE  AXIAL  FATIGUE  TESTS 

Data  were  obtained  in  a Krousc  machine  for  combinations 
of  steady  axial  stress  and  superimposed  axial  dynamic  stress 
at  1,200°,  1,350°,  and  1,500°  F (see  table  V and  fig.  8).  A 
series  of  tests  was  made  with  var\-ing  mean  stress  with  con- 
stant amounts  of  alternating  stress,  which  led  to  curves  of 
stress  versus  rupture  time  for  the  various  constant  alternat- 
ing-stress values.  The  tests  at  1,200°  F were  stopped  at 
±25,000  psi  because  of  load  limitations  of  the  test  machine. 
Tests  were  carried  out  at  increasing  alternating-stress  values 
at  1,350°  and  1,500°  F to  completely  reversed  zero  mean 
stresses. 

Most  of  the  curves  with  varying  mean  stress  were  reason- 
ably well  established  in  the  range  of  50  to  500  hours  and  were 
fairly  consistent.  The  completely  reversed  stress  curves 
are,  however,  based  on  very  meager  data.  There  was  no 


evident  effect  from  changing  the  dimensions  of  the  specimens 
for  the  high-dynamic-stress  tests.  Some  difficulty  in  aline- 
ment  from  grips  was  encountered  for  the  high-stress  tests. 
This  was  corrected  and  only  the  successful  tests  have  been 
plotted  in  figure  8.  No  overheating  during  application  of 
the  loads  was  reported. 

It  will  be  noted  that  increasing  amounts  of  alternating 
stress  reduced  strength  as  measured  by  mean  stress.  The 
reduction,  however,  decreased  with  increasing  temperature 
so  that  there  was  little  effect  at  1,500°  F. 

The  curves  for  completely  reversed  stress  tests  at  1,350° 
and  1,500°  F were  very  nearly  horizontal.  Apparently,  in 
this  type  of  test  there  is  a characteristic  maximum  stress 
above  which  fracture  occurs  immediately  and  below  which 
fracture  is  prolonged  indefinitely. 

SONNTAG  SF-4  AXIAL  FATIGUE  TESTS 

The  influence  of  varying  alternating  axial  stresses  on  the 
time  for  fracture  under  constant  mean  stresses  was  estab- 
lished at  room  temperature,  1,000°,  and  1,350°  F in  the 
Sonntag  SF-4  machine  (see  table  VI  and  fig.  9).  The  data 
show: 

(1)  For  time  periods  of  10  hours  or  less  at  1,000°  F,  the 
magnitude  of  the  alternating  stress  rather  than  the  mean 
stress  in  the  range  from  40,000  to  60,000  psi  appeared  to 
govern  fracture.  The  approach  to  a common  value  of 
±30,000  psi  for  fracture  for  these  mean  stresses  suggests 
that  the  fatigue  load  governed  fracture. 

As  the  alternating  stress  was  reduced,  the  curves  diverged, 
indicating  that  mean  stress  became  increasingly  important 
in  governing  fracture  time. 


Alternating  stress,  psi  Mean  stress>  psi 
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Figure  S. — Curves  of  mean  stress  against  fracture  time  for  Krouse  axial  fatigue  tests  at  1,200°,  1,350°,  and  1,500°  F. 
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Figure  9. — Effect  of  superimposed  alternating  stress  in  Son n tag  SF-4  3,600-cpm  fatigue  tester  on  time  for  fracture  at  room  temperature, 

1.000°.  and  1,350°  F at  constant  mean  stresses. 
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The  necessity  for  the  curves  to  chop  rather  abruptly  to 
the  rupture  time  from  rather  high  levels  of  alternating  stress 
indicates  that  there  is  a range  of  low  alternating  stresses 
which  has  little  effect  on  fracture  time.  Thus,  there  ap- 
pear to  have  been  three  types  of  response  to  the  test 
conditions: 

(a)  Nearly  pure  fatigue  at  high  values  of  alternating 

stress 

(b)  Fatigue  and  creep  both  governing  life  at  intermediate 

values  of  alternating  stress 

(c)  Nearly  pure  creep  at  low  values  of  alternating  stress 

1 and  prolonged  times  for  fracture 

(2)  The  tests  at  75,000-psi  mean  stress  indicate  that  when 
there  is  a high  level  of  mean  stress  small  amounts  of  alter- 
nating stress  result  in  an  excessive  maximum  stress  and  short 
life. 

(3)  The  data  at  1,350°  F follow  the  pattern  of  other  tests 
in  that  as  the  temperature  increased  larger  amounts  of  al- 
ternating stress  were  required  to  shorten  life  from  a given 
static  rupture  time. 

(4)  The  data  at  room  temperature  are  sparse  but  suggest 
approach  to  a fatigue  limit  at  75,000  psi  ± approximately 
27,000  psi. 

(5)  Fairly  extensile  testing  problems  were  encountered 
for  tests  at  high  mean-stress  values.  The  combination  of 
this  factor  together  with  correction  of  eccentricity  part  way 
through  the  testing  program  makes  it  difficult  to  analyze 
causes  for  abnormal  test  results.  These  factors  masked  any 
effect,  if  one  was  present,  from  specimens  machined  at 
Michigan  and  the  Elliott  Company.  It  is  suggested  that 
the  combined  influence  of  both  fatigue  and  creep  at  inter- 
mediate alternating-stress  values  could  in  itself  have  been 
a source  of  erratic  data. 

(6)  The  measuring  and  control  of  temperature  by  ther- 
mocouples measuring  furnace  temperature  could  have 
masked  overheating  effects.  This  could  have  been  respon- 
sible for  apparently  low  strengths  at  high  alternating 
stresses,  as  will  be  discussed  later. 

RUPTURE  TESTS  WITH  SUPERIMPOSED  ROTATING  BENDING  STRESS 

A series  of  tests  was  carried  out  at  1,350°  F with  10,800- 
cpm  rotating  bending  stresses  superimposed  on  a steady 
axial  stress  of  28,000  psi  (see  table  VII  and  fig.  10). 

All  the  specimens  in  the  combined  stress  tests  had  less 
than  one-third  the  life  of  those  in  the  rupture  steady-stress 
test.  In  the  three  lowest  alternating  stress  tests  the  speci- 
mens failed  by  rupture  at  points  remote  from  the  point  of 
calculated  maximum  stress.  Only  the  highest  alternating 
stress  gave  fracture  at  the  point  of  maximum  stress,  and  this 
was  a fatigue  failure. 

The  pronounced  reduction  in  life  from  as  small  an  alter- 
nating stress  as  ±5,000  psi  was  considerably  different  from 
behavior  of  specimens  in  axial  combined  stress  tests.  The 
axial  tests  showed  either  no  reduction  or  an  increase  in  life 
from  small  alternating  stresses.  The  reason  for  the  effect 
as  well  as  the  fracturing  at  points  other  than  those  of  maxi- 
mum stress  is  uncertain.  The  most  likely  explanation 
points  to  some  material  and  testing-machine  effect  rather 
than  to  the  presence  of  rotating  bending  stresses. 


Figure  10. — Influence  of  rotating  bending  stress  at  1,350°  F on  time 
for  0.5-.  L0-,  1.5-,  and  2-percent  total  deformation  and  fracture  time 
under  a steady  axial  stress  of  28,000  psi. 


Superimposed  alternating  stresses  of  small  magnitude  can 
increase  strength  for  a given  mean  stress,  as  indicated  by 
other  tests.  This  does  not  appear  to  be  an  adequate 
explanation  of  the  abnormal  fractures  because  it  is  difficult 
to  see  how  the  point  of  maximum  stress  could  have  been 
strengthened  while  the  life  could  have  been  lowered  by 
one-third  in  other  parts  of  the  gage  length,  where  the  bending 
stresses  were  less.  It  was  reported  that  other  materials  had 
always  fractured  at  the  point  of  maximum  stress,  so  that 
some  material  characteristic  apparently  entered  into  the 
abnormal  results. 

Creep  data  obtained  during  the  test  and  included  in  figure 
10  as  total-deformation  curves  were  apparently  influenced 
less  than  the  rupture  time  by  the  bending  stresses.  The  much 
longer  times  required  for  fracture  than  for  total  deformations 
of  2 percent  were  rather  striking. 

WESTINGHOUSE  REVERSED  BENDING  FATIGUE  TESTS 

The  Westinghouse  machine  bends  a specimen  in  one 
plane  at  7,200  cpm.  The  results  of  the  tests  carried  out  at 
room  temperature,  1,000°,  1,200°,  1,350°,  and  1,500°  F are 
given  in  table  VIII  and  shown  as  S-N  curves  in  figure  11. 

Fatigue  limits  were  established  by  5 X 106  cycles  at  room 
temperature,  1,000°,  1,200°,  and  1,350°  F.  A fatigue  limit 
was  not  established  in  10s  cycles  at  1,500°  F.  There  was 
no  apparent  difference  in  fatigue  life  between  specimens 
finished  by  the  specialty  controlled  practice  and  those  simply 
turned  and  hand  polished. 

EFFECT  OF  SURFACE  FINISH  ON  REVERSED  BENDING  FATIGUE 
PROPERTIES  AT  ROOM  TEMPERATURE  AND  1,350°  F 

The  effect  of  surface  finish  on  reversed  bending  fatigue 
properties  at  room  temperature  and  1,350°  F is  shown  in 
table  IN  and  figure  12.  Plain  ground  specimens  were 
found  to  have  considerably  lower  fatigue  strength  than 
poilshed  or  roughened  specimens  at  room  temperature  in 
the  Westinghouse  reversed  bending  fatigue  machine.  The 
difference  was  considerably  reduced  at  1,350°  F,  although 
the  polished  specimens  were  still  slightly  stronger. 

Stress-relieving  at  1,400°  F for  4 hours  did  not  reduce  the 
strength  of  the  polished  specimens  at  room  temperature  and 
may  have  increased  it  slightly  at  high  stress  values  (see 
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Figure  11. — Reversed  bending  S-N  fatigue  curves  at  room  temperature,  1,000°,  1,200°,  1,350°,  and  1,500°  F from  Westinghouse  7,200-cpm  fa- 
tigue tester.  Westinghouse  data  for  0.550-inch-diameter  specimens. 
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table  IX  and  fig.  12).  Repolishing  after  stress-relieving  did 
not  alter  the  strength.  The  strength  of  the  roughened 
specimens  was,  however,  reduced  to  that  of  the  ground 
specimens,  and  the  ground  specimens  were  not  affected. 

The  turned  and  polished  specimens  had  the  same  fatigue 
characteristics  at  1,350°  F as  those  of  the  ground  and  polished 
specimens.  (See  table  IX  and  fig.  12.)  The  values  reported 
for  fatigue  strength  of  polished  specimens  at  room  tempera- 
ture were  slightly  lower  than  those  reported  by  Westinghouse, 
although  it  is  doubtful  if  the  difference  is  justified  in  view  of 
scatter  of  data.  There  was  no  difference  in  reported  strength 
from  the  two  laboratories  for  1,350°  F, 

FATIGUE,  DAMPING.  AND  ELASTICITY  PROPERTIES  FROM  VARIABLE- 
SPEED  ROTATING  CANTILEVER  BEAM  TESTS  ON  NOTCHED 
AND  UNNOTCHED  SPECIMENS 

The  fatigue  data  from  variable-speed  cantilever  beam 
tests  on  notched  and  unnotched  specimens  are  given  in 
table  X and  plotted  in  figure  13.  Figure  13  also  shows 
curves  for  the  “first  evidence  of  crack’ ’ for  the  notched 
specimens  as  obtained  from  changes  in  damping  and  stiffness 
behavior.  It  was  not  possible  to  obtain  evidence  of  cracking 
prior  to  fracture  from  the  damping  and  deflection  data  for 
the  unnotched  specimens.  Such  values  would,  however,  be 
so  close  to  the  fracture  curve  as  nearly  to  coincide  with  it. 

The  fatigue  curves  were  considered  approximate  because 
of  the  small  number  of  points.  The  approximate  fatigue 
strengths  were: 


Type  of 
specimen 

Temp., 
0 F 

Stress,  psi,  for  fracture 
in  indicated  cycles 

Effective 
stress  con- 
centration 
factor  a 
at  3 X 107 
cycles 

107 

3 X 107 

Un  notched 

Room 

± 53,  000 

±53,  000 

1,  350 

± 40,  000 

±40,  000 

1,  500 

± 29,  000 

±29,  000 

Notched 

Room 

± 25,  000 

± 23,  500 

2.  2 

1,  350 

±22,  000 

± 21,  500 

1.  85 

1,  500 

± 19,  500 

± 19,  000 

1.  50 

a Theoretical  stress  concentration  factor  according  to  Neuber’s 
analysis  was  2.6. 


It  is  evident  from  these  data  and  the  curves  of  figure  13 
that  the  notch  drastically  reduced  strength.  In  fact,  the 
notched  specimens  at  room  temperature  were  weaker  than 
the  unnotched  at  1,500°  F for  stresses  below  ±31,500  psi. 
Also  there  was  very  little  difference  in  strength  of  notched 
specimens  from  room  temperature  to  1,500°  F for  107  cycles. 
The  difference  in  cycles  for  the  first  evidence  of  a crack  and 
actual  fracture  for  the  notched  specimens  was  large. 

Because  the  cyclic  speeds  were  so  nonuniform  in  these 
tests,  the  significance  of  the  times  for  fracture  (table  X and 
fig.  14)  is  uncertain.  It  would  seem  that  considerable  infor- 
mation ought  to  be  available  from  these  data  regarding 
influence  of  cyclic-speed  effects.  However,  the  data  are  so 
few  and  scatter  so  much  that  any  possible  conclusions  are 


Figure  13. — S-N  curves  for  fracture  of  unnotched  and  notched  specimens  and  for  first  evidence  of  crack  for  notched  specimens  at  room  term 

perature,  1,350°,  and  1,500°  F in  variable-speed  rotating  cantilever  beam  tests. 
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Figure  14. — Curves  of  alternating  stress  against  fracture  time  for 
unnotched  and  notched  specimens  in  variable-speed  rotating  canti- 
lever beam  tests.  (See  table  X for  cyclic  speeds.) 

masked.  It  is  evident  that  cyclic-speed  variations  caused 
two  points  for  notched  specimens  to  deviate  far  more  widely 
than  they  would  on  the  basis  of  number  of  cycles.  Obser- 
vations other  than  this  are  masked  by  data  scatter. 

In  addition  to  the  fatigue  data,  damping  and  dynamic 
modulus-of-elasticity  data  were  obtained  by  the  cooperator. 
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Figure  15. — Effect  of  stress  magnitude  and  constant  cyclic-stress  his- 
tory on  damping  energy  for  unnotched  and  notched  specimens  at 
room  temperature.  1,350°,  and  1,500°  F.  F.  S.  indicates  fatigue 
strength  at  2 X 107  cycles;  numbers  on  curves  identify  damping 
lines,  after  20,  102,  103,  . . . cycles  of  stress. 


These  data  are  thoroughly  presented  and  analyzed  in  refer-' 
ence  5.  The  more  important  trends  discernible  from  the 
data  were: 

(1)  Damping  increased  with  stress  and  temperature  in  a 
complex  manner,  depending  on  the  stress  level,  number  of 
cycles,  and  temperature.  Figure  15  shows  the  specific 
damping  (inch-pounds  of  energy  absorbed  per  cubic  inch  of 
metal  per  cycle  for  uniform  stress)  as  a function  of  stress  for 
the  three  test  temperatures. 

(2)  The  greater  damping  with  increasing  temperature  for 
the  temperatures  considered  at  a given  stress  is  evident. 

(3)  The  increase  in  damping  with  stress  became  sensitive 
to  the  number  of  cycles  above  certain  limiting  stresses  at 
each  temperature: 

(a)  Room  temperature — The  damping  decreased  with 
number  of  cycles  at  stresses  between  ±34,000  and  ±60,000 
psi.  Above  ±60,000  psi  the  damping  increased  with 
number  of  cycles. 

(b)  1,350°  F — Damping  decreased  with  number  of  cycles 
above  ±26,000  psi. 

(c)  1,500°  F — There  was  little  effect  from  number  of 
cycles. 

(4)  The  rather  high  damping  capacity  at  high  stresses  is 
noteworthy.  The  values  are  much  higher  for  the  engineering 
stress  range  than  would  be  indicated  from  the  low  stress 
measurements  and  the  usually  accepted  value  of  3 for  the 
exponent  of  the  curves  of  damping  capacity  versus  stress. 

Data  on  damping  for  notched  specimens  did  not  show 
cyclic-stress  sensitivity.  Perhaps  the  most  important  point 
to  be  noticed  from  the  damping  data  from  the  notched  speci- 
mens is  the  very  small  volume  of  metal  absorbing  energy 
and  the  consequent  low  energy-absorbing  capacity  in  the 
presence  of  a notch. 

The  results  of  the  measurements  of  dynamic  modulus  are 
summarized  in  figure  16.  As  in  the  damping  measurements, 


Figure  16. — Dynamic  moduli  of  elasticity  at  room  temperature,  1,350°, 
and  1,500°  F after  different  numbers  of  cycles  of  reversed  bending 
stress.  E9,  initial  static  modulus;  F.S.,  fatigue  strength  at  2 X 107 
cycles;  numbers  on  curves  identif\r  modulus  lines  after  20,  102,  103, 
. . . cycles  of  stress. 
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Figure  17. — Static  and  dynamic  stress-strain  curves  in  bending  for 
un notched  specimens.  Dashed  lines  are  static  tension  data;  values 
are  based  on  static  modulus  of  30  X 106  psi;  fatigue  strengths  (F.S.) 
are  given  for  2 X 107  cycles. 

dynamic  modulus  values  change  with  stress  and  number  of 
cycles,  the  major  change  being  above  some  limiting  value  of 
stress.  The  changes  in  modulus  were  generally  opposite  to 
those  for  damping. 

Determinations  of  dynamic  stress-strain  relationships  are 
compared  with  static  values  and  the  fatigue  limits  in  figure 
17.  The  values  reported  are  the  deflections  for  the  indi- 
vidual tests  at  100  cycles  of  reversed  bending.  In  addition 


to  the  static  tension  curves  shown  by  the  dashed  lines,  data 
from  one  static  bending  test  are  shown  at  room  tempera  ture. 
The  . bending  data  checked  the  dynamic  values  above  the 
proportional  limit  rather  than  the  static  tension  curves.  It 
will  be  noted  that: 

(1)  Tlvo  dynamic  proportional  limit  was  above  the  static 
tension  values.  This  might  have  been  influenced  by  the 
sensitivity  of  the  strain  measurements  and  the  use  of  separate 
specimens  for  each  point. 

(2)  At  room  temperature  and  1 ,350°  F the  fatigue  strength 
was  above  the  dynamic  proportional  limit  and  was  very 
close  at  1,500°  F. 

ROLLS-ROYCE  ROTATING  CANTILEVER  BEAM  TEST 

Completely  reversed  stress  tests  were  conducted  on  small 
specimens  rotated  at  5,500  rpin  with  a cantilever  beam  load. 
The  specimens  were  profiled  to  a minimum  diameter.  The 
It  eat- treated  bar  stock  furnished  to  Rolls-Royce  was  quar- 
tered and  the  specimens  were  machined  from  the  quarters. 
Because  of  this  procedure  and  the  short  length  of  the  speci- 
mens, a number  of  tests  were  obtained  from  a single  bar 
furnished  to  them  with  the  coding  system  established  by 
Michigan. 

The  data  obtained  from  the  tests  at  1,200°,  1,350°,  and 
1,500°  F are  recorded  in  table  XI  and  shown  as  S-N  curves 
in  figure  IS.  The  following  observations  should  be  recog- 
nized: 

(1)  Fatigue  limits  were  apparently  attained  by  107  cycles 
at  1,200°  and  1,350°  F.  Apparently,  a limit  was  not 
reached  in  10s  cycles  at  1,500°  F. 

(2)  There  appeared  to  be  two  distinct  curves  at  1,500°  F. 
The  higher  curve  was  defined  mainly  by  specimens  from  bars 
JP14  and  JS15.  The  lower  curve  was  based  mainly  on 
specimens  from  bar  JR16,  although  there  were  test  points 
on  this  curve  from  bars  JP14  and  JS15.  Rolls-Royce  sug- 
gested that  this  was  evidence  of  appreciable  variation  along 
the  length  of  the  bars.  Comparison  of  the  data  with  those 
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obtained  in  the  Westinghouse  machine,  however,  shows  that 
the  total  scatter  was  about  the  same.  Thus,  there  may  have 
been  an  appreciable  contribution  to  the  scatter  from  bar-to- 
bar  variations. 

Bar  JR  came  from  a point  in  the  ingot  intermediate  to 
bars  JP  and  JS,  so  that  this  does  not  appear  to  be  a cause 
of  variation.  Also,  all  three  bars  involved  were  taken  from 
about  the  same  location  along  the  length  of  the  original  mill 
length. 

(3)  The  quartered  specimens  used  by  Rolls-Royce  gave 
the  same  fatigue  strengths  as  those  obtained  from  other 
reversed  bending  tests  in  which  the  gage  section  was  in  the 
center  of  the  original  bar. 

NEES  ROTATING  CANTILEVER  BEAM  FATIGUE  TESTS 

Tapered  specimens  having  uniform  stress  in  the  gage 
length  were  tested  at  1,350°  F in  the  1,700-cpm  rotating 
cantilever  machine  of  the  Naval  Engineering  Experiment 
Station.  (See  table  XII  and  fig.  19.)  The  S-N  curve  of 
figure  19  indicates  a lower  fatigue  strength  than  those  ob- 
tained in  the  other  reversed  stress  tests.  Actually,  however, 
the  scatter  of  points  is  the  same  as  that  in  the  other  tests. 
Thus,  the  fatigue  results  in  this  test  checked  with  those  from 
other  machines  even  though  the  NEES  preferred  to  report 
a curve  at  the  lower  range  of  the  test  points.  As  with  other 


Figure  19. — S-N  curve  at  1,350°  F for  NEES  rotating  cantilever  beam 

fatigue  tests. 


reversed  stress  tests  at  1,350°  F,  a fatigue  limit  was  attained 
at  10  6 cycles. 

FRACTURE  CHARACTERISTICS 

The  results  of  extensive  studies  of  fractured  specimens 
are  summarized  as  follows : 

(1)  Fatigue  nuclei  can  appear  in  fractures  of  specimens 
tested  at  1,350°  and  1,500°  F when  an  alternating  stress  of 
approximately  67  percent  of  the  mean  stress  is  applied. 
(See  fig.  20.)  The  appearance  of  nuclei  under  combined 
stress  apparently  increases  with  alternating  stress  to  a limit 
where  the  maximum  stress  (at  a given  mean  stress)  exceeds 
the  limit  the  material  can  withstand  for  even  a short  time, 
and  a tensile-type  fracture  results.  This  occurred  in  the  1- 
and  2-minute  tests  for  dynamic  creep  with  completely  re- 
versed axial  stresses  at  1,350°  F and  accounts  for  those 
specimens  at  the  outer  range  of  alternating  stress  in  com- 
bined tests  which  did  not  show  fatigue  nuclei. 

For  the  lower  values  of  alternating  stress,  the  mean  stress, 
at  least,  can  be  reduced  to  values  where  no  nucleus  appears 
and  failure  occurs  entirely  by  creep  rupture.  This  is  Equiv- 
alent to  saying  that,  as  the  time  for  fracture  is  increased  by 
decreasing  the  mean  stress,  fatigue  nuclei  tend  to  disappear 
and  the  failure  is  characteristic  of  a creep-rupture  test. 

At  1,000°  F fatigue  nuclei  apparently  occur  at  lower  ratios 
of  combined  stress  than  at  the  higher  temperatures.  On  the 
other  hand,  tests  at  1,200°  F in  the  Krouse  machine  did  not 
show  fatigue  nuclei  when  the  alternating  stress  was  nearly 
equal  to  the  mean  stress. 

All  completely  reversed  stress  tests  showed  fatigue  nuclei, 
except  for  a few  very  high  stress  tests  of  very  short  duration 
in  which  the  specimens  appeared  to  have  failed  entirely  by 
excessive  deformation. 

(2)  In  the  longer  time  tests  at  1,350°  F there  was  more  of 
a tendency  to  fracture"' with  a fatigue  nucleus  than  in  the 
tests  at  1,500°  F at  the  same  ratios  of  alternating  to  mean 
stress.  Apparently  at  higher  temperatures  there  is  more  of 


Figure  20. — Graphical  representation  relating  presence  or  absence  of  fatigue  nuclei  on  fractures  of  combined  stress  test  specimens  to 

conditions  of  loading. 
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a tendency  for  fracture  by  creep  rupture  than  by  fatigue 
for  the  same  times  for  fracture. 

(3)  The  fractures  in  the  fatigue  nuclei  were  straight, 
transgranular,  and  showed  no  evidence  of  deformation. 

Tn  those  specimens  which  failed  in  a short  time  with  a 
fatigue  nucleus,  the  remaining  area  of  fracture  outside  the 
nucleus  resembled  short-time  tensile  fractures.  As  the  time 
for  fracture  increased,  the  fracture  area  outside  the  nucleus 
tended  to  resemble  rupture  test  fractures  at  the  same  time 
period;  that  is,  the  fractures  became  increasingly  intergran- 
ular. Even  the  completely  reversed  axial  fatigue  specimens 
showed  substantial  amounts  of  intergranular  fracture  at  the 
longer  time  periods  at  1,350°  and  1,500°  F.  Low  mean 
stresses  and  high  alternating  stresses  reduced  the  tendency 
for  a creep-rupture  type  of  failure  and  often  resulted  in  what 
appeared  to  be  a combination  of  fatigue-nucleus,  creep- 
rupture,  and  rapid  tensile-type  fractures.  High  mean  stresses 
and  low  alternating  stresses  favored  the  creep-rupture  type 
of  fracture  even  for  the  same  time  for  fracture. 

(4)  Fatigue  nuclei  appeared  both  internally  and  at  the 
surface  of  axial  fatigue  specimens. 

(5)  Creep-rupture  specimens  normally  show  intergranular 
cracks  adjacent  to  the  main  fracture,  particularly  at  the 
surface.  This  tendency  normally  increases  with  both  tem- 
perature and  time  for  fracture.  This  tendency  was  reduced 
by  high  alternating  stresses,  although  intergranular  cracking 
at  the  surface  was  found  even  in  the  longer  duration  com- 
pletely reversed  axial  stress  tests  at  1,350°  and  1,500°  F. 
A longer  time  for  fracture  or  a higher  temperature  seems  to 
be  required  to  produce  a given  state  of  crack  formation 
under  fatigue  loading. 

(6)  No  evidence  was  found  to  show  that  an  intergranular 
creep-rupture  crack  initiated  a fatigue  nucleus.  In  fact,  it 
was  not  possible  to  determine  whether  the  fatigue  nucleus  or 
the  creep-rupture  type  of  fracture  occurred  first  or  whether 
they  developed  simultaneous!}7  in  the  combined  stress  tests. 

(7)  There  is  some  scatter  in  the  data  relating  fatigue 
nuclei  to  stress  in  figure  20.  The  scatter,  however,  seems 
related  to  some  extent  to  the  type  of  test  machine.  This  is 
mainly  evident  in  the  comparison  of  the  dynamic  crepe  test 
data  and  the  Krouse  machine  data  ^at  1,350°  and  1,500°  F. 
While  the  data  are  very  few,  it  appears  that  alternating 
stresses  for  fatigue  need  to  be  slightly  higher  for  the  Krouse 
specimens  to  develop  fatigue  nuclei.  This  may  have  been 
related  to  the  use  of  profiled  specimens,  as  compared  with 
uniform-diameter  specimens,  in  the  dynamic  creep  speci- 
mens. It  seems  possible,  however,  that  the  higher  cyclic 
speed  may  have  been  a factor  in  the  greater  nucleus-forming 
tendency  of  the  dynamic  creep  specimens.  This  is  partially 
supported  by  the  one  good  test  in  the  10,S00-cpm  General 
Motors  machine  at  1,350°  showing  a fatigue  nucleus  whereas 
the  tests  in  the  3,600-cpm  dynamic  creep  test  and  Sonntag 
SF-4  machines  did  not.  Again,  however,  this  might  have 
been  due  to  the  rotating  bending  in  the  high-speed  machine 
instead  of  axial  fatigue  loading  in  the  slower  machines. 

(8)  A very  detailed  study  of  fractures  was  carried  out  at 
Syracuse  and  Minnesota  on  their  test  specimens.  (See  refs. 
6 and  7.)  In  general,  their  findings  agreed  with  those  of 
others.  It  was  found,  however,  that  a prohibitive  amount  of 


work  would  have  been  necessary  to  duplicate  their  quanti- 
tative measurements  of  percentage  intergranular  fracture  in 
all  specimens.  As  they  found,  it  is  difficult  to  estimate  such 
values  reliably.  For  this  reason  this  report  has  been  re- 
stricted to  qualitative  observation  and  is  nowhere  as  detailed 
in  description  of  fractures. 

Typical  microstructures  for  tile  original  material,  fracture 
at  a fatigue  nucleus,  and  a rupture  fracture  are  included  as 
figure  21 . The  reader  is,  however,  referred  to  the  remarkable 
composite  photographs  of  complete  fracture  profiles  in 
reference  7 for  more  complete  pictures  of  fracture. 

Reference  7 also  indicates  that  structural  changes  are 
slightly  increased  in  rate  by  stress.  High  alternating  stress 
was  reported  to  increase  the  rate  of  breakdown  of  an  inter- 
granular precipitate  which  occurs  in  the  test  alloy  at  pro- 
longed times  at  1,350°  and  1,500°  F. 

DISCUSSION 

The  data  obtained  show  the  relationships  between  static 
and  fatigue  properties  of  the  test  material  over  a wide  range 
of  temperatures.  Test  conditions  ranged  from  ordinary 
tensile  and  creep-rupture  tests  through  combinations  of 
steady  and  fatigue  loads  to  completely  reversed  fatigue  tests. 
The  features  of  the  relationships  between  steady  and  fatigue 
loads  will  be  correlated  in  the  following  sections. 

RUPTURE  AND  FATIGUE  STRENGTHS 

The  influence  of  superimposed  fatigue  loads  on  curves  of 
stress  versus  rupture  time  was  as  follows: 

(1)  As  the  temperature  increased,  larger  amounts  of 
fatigue  loading  could  be  added  without  appreciably  affecting 
the  curve  of  stress  versus  rupture  time.  (See  figs.  6 and  8.) 
At  a high  temperature  for  the  alloy  (1,500°  F)  fatigue  stresses 
as  large  as  67  percent  of  the  steady  stress  did  not  change  the 
curve  of  stress  versus  rupture  time  appreciably. 

(2)  As  the  temperature  was  lowered,  less  and  less  fatigue 
load  could  be  tolerated  without  reducing  strength.  Atl,350°  F 
fatigue  loads  up  to  ±15,000  psi  had  little,  effect,  while  at 
1,200°  F loads  above  ±7,500  psi  reduced  strength.  (See 
fig.  8.) 

(3)  The  reduction  in  strength  due  to  superimposed  fatigue 
loads  tends  to  be  greater  at  short  time  periods  than  at  long 
time  periods.  This  is  evident  in  the  tendency  of  the  curves 
of  stress  versus  rupture  time  for  the  higher  superimposed 
alternating  stresses  to  converge  at  long  time  periods  in 
figures  6 and  8. 

(4)  At  high  ratios  of  alternating  to  mean  stress,  the  curves 
of  mean  stress  against  rupture  time  tend  to  flatten  out. 
This  behavior  would  be  expected  inasmuch  as  the  com- 
pletely reversed  stress  curve  would  necessarily  have  to  be 
horizontal  at  zero  mean  stress.  The  major  influence  of 
temper  a ture  is  to  control  the  alternating-stress  level  at  which 
the  flattening  occurs  and  the  resulting  degree  of  strength  as 
is  evident  in  the  curves  of  figures  6 and  S. 

(5)  Completely  reversed  stress  and  high  ratios  of  alter- 
nating to  mean  stress  are  more  realistically  presented  in 
terms  of  maximum  stress,  as  in  figures  7 and  8.  It  is  evident 
that  these  high-stress  fatigue  curves  based  on  maximum 
stress  cross  or  lie  above  the  curves  for  smaller  amounts  of 
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(a)  Original  material.  (b)  Typical  creep-rupture  fracture;  248  hours  at  1,850°  F under  28,000  psi. 

(c)  Typical  fatigue  nucleus;  369  hours  at  1,350°  F.  under  ±40,000  psi. 

Figure  21. — Typical  microstructures  of  original  test  material  and  fractures  of  test  specimens. 
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superimposed  dynamic  stress  at  the  longer  time  periods  when 
both  are  considered  on  a maximum-stress  basis. 

These  trends  in  the  relationship  between  static  and 
dynamic  rupture-strength  characteristics  are  summarized  by 
tbft  values  of  alternating  stress  versus  mean  stress  for  fracture 
in  50,  150,  and  500  hours  in  table  XIII  and  ‘figure  22.  The 
tendency  for  the  decreasing  influence  of  alternating  stress 
with  increasing  temperature  is  evident.  The  decreasing 
influence  of  alternating  stress  with  increasing  time  for  frac- 
ture is  also  evident,  though  it  is  not  so  striking  as  in  the 
curves  of  stress  versus  rupture  time  previously  discussed. 
Perhaps  the  most  significant  feature  of  figure  22  is  the  fact 
that  at  1,500°  F superimposed  alternating  stresses  had  to  be 
increased  to  the  nearly  completely  reversed  level  to  change 
strength  appreciably.  The  indication  of  slight  strengthening 
from  small  superimposed  fatigue  loads  apparently  was  real. 


Ratio 

Loading 

Room 

temp. 

1,000° 

1,200° 

1,350° 

1,500°  F 

Fatigue  strength 

Axial 

0.3S 

0. 4S 

0.5S 

0.54  to  0.6S 

Tensile  strength 

Bending 

.46 

.52 

0.5S 

.65 

.57  to  0.66 

Fatigue  strength 

Axial 

. 54 

1.09 

1.3  to  1.56 

50-hr  rupture  strength 

Bending 

.... 

. 59 

'.'so 

1.22 

1.5 

Fatigue  strength 

Axiai 

1.23 

1.5  to  l.S 

150-hr  rupture  strength 

Bending 

.... 

*66 

1.05 

1.3S 

l.V 

Fatigue  strength 

Axial 

.07 

1.43 

1.7  to  2.0 

500-hr  rupture  strength 

Bending 

— 

.73 

1.13 

1.6 

1.9 

The  ratio  of  completely  reversed  strength  to  tensile 
strength  tended  to  increase  from  about  0.4  to  0.68  with 
temperature.  The  ratios  of  fatigue  strength  to  static  rup- 
ture strength  also  remained  at  about  0.6  at  1,000°  F.  How- 
ever, at  the  higher  temperatures,  the  fatigue  strengths  were 
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Figure  22. — Curves  of  alternating  stress  against  mean  stress  for  fracture  in  50;  1.50,  and  500  hours  at  room  temperature,  1,000°,  1,200°,  1,350°, 

and  1,500°  F. 


The  relative  strengths  under  static  and  fatigue  loads  are 
further  compared  in  figure  23.  This  figure  shows  the  influ- 
ence of  temperature  on  static  tensile,  0.2-percent-offset  yield 
strength  and  the  50-,  150-,  and  500-hour  rupture  strengths, 
as  compared  with  the  completely  reversed  fatigue  strengths 
and  the  mean  stresses  for  superimposed  fatigue  loads  of 
±7,500,  ±15,000,  ±25,000,  and  ±35,000  psi  for  the  time 
periods  of  50,  150,  and  500  hours.  These  curves  show  clearly 
the  temperatures  for  the  various  time  periods  where  the  con- 
trolling property  shifts  from  fatigue  to  static  stresses.  It  is 
interesting  to  note  that,  insofar  as  static  strength  is  con- 
cerned, the  yield  strength  would  govern  allowable  stress  up 
to  1,325°  F for  50  hours  and  up  to  1,225°  F for  500  hours. 
Some  of  the  ratios  involved  are  also  of  interest: 


higher  than  the  static  rupture  strength,  the  ratios  ranging 
up  to  the  maximum  value  of  2 for  1,500°  F and  500  hours. 
There  were  variations  in  the  data  from  different  tests,  which 
will  be  discussed  later.  The  general  trends,  however,  appear 
valid  for  the  data  and  should  not  be  confused  by  the  small 
difference  due  to  test  machines. 

The  relationships  between  static  and  dynamic  properties 
appear  to  be  controlled  by  the  relative  predominance  of 
creep  or  fatigue  damage  as  influenced  by*  temperature,  stress 
level,  and  time.  At  high  stress  levels  rapid  repetitions  of  a 
given  stress  were  more  damaging  than  a steady  stress  from 
a static  load.  At  temperatures  where  creep  occurred,  a 
static  stress  eventually  became  more  damaging  than  the 
same  stress  repeatedly  applied.  Consequently,  conditions 
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(a)  50  hojurs  for  fracture. 

Figure  23. — Comparative  static  and  fatigue  strengths  for  fracture  in 
50,  150,  and  500  hours  from  room  temperature  to  1,500°  F.  Curves 
designated  with'  ±7,500,  ±15,000,  ±25,000,  or  ±35,000  psi  show 
mean  stress  for  rupture  with  indicated  alternating  stress  super- 
imposed. 


I20xl03 


were  reached  at  which  the  static  strength  was  less  than  the 
fatigue  strength.  This  was  true  at  shorter  time  periods  and 
increasingly  higher  stresses  as  the  temperature  was  increased. 
For  these  reasons,  fatigue  strengths  were  always  lower  than 
static  rupture  strengths  where  creep  was  not  involved  and 
for  all  except  relatively  short  time  periods  were  higher  at 
high  temperatures  where  creep  did  occur. 


(c)  500  hours  for  fracture. 
Figure  23. — Concluded. 


FATIGUE  STRENGTHS  BASED  ON  CYCLES  TO  FAILURE 

The  fatigue  strengths  based  on  cycles  to  failure  were  the 
same  as  those  based  on  time  to  failure  when  fatigue  limits 
were  established.  The  two  differ  because  of  variation  of 
C3^clie  speed  in  different  test  machines  when  the  time  periods 
involved  were  less  than  those  required  to  establish  a fatigue 
limit  or  when  a definite  fatigue  limit  was  not  obtained.  The 
stresses  for  fracture  established  for  the  arbitrarily  selected 
values  of  107,  3X107,  and  108  cycles  (table  XIII  and  fig.  24) 
show  such  deviations.  The  features  of  figure  24  are: 

(1)  At  1,350°  and  1,500°  F the  3,600-cpm  dynamic  creep 
test  unit  and  the  1,500-cpm  Krbuse  machine  gave  consider- 
ably different  values  at  low  superimposed  fatigue  stresses. 
The  strengths  were  time  dependent  under  these  conditions 
because  of  the  predominating  effect  of  creep,  so  that  higher 
values  were  obtained  in  the  3,600-cpm  unit  than  in  the 
slower,  1,500-cpm,  machine. 

(2)  The  agreement  for  the  two  axial- type  units  was  im- 
proved at  high  values  of  superimposed  stresses,  but  it  was 
not  perfect.  The  reason  for  this  is  not  apparent  from  the 
data. 

INFLUENCE  OF  SUPERIMPOSED  FATIGUE  LOADS  ON  CREEP 

Fatigue  stresses  superimposed  on  steady  static  loads 
appear  to  have  the  same  effects  on  total  deformation  as 
they  do  on  rupture  properties.  (See  figs.  6 and  25.)  The 
data  do  not  cover  so  wide  a range  of  combinations  of  stresses 
as  for  rupture,  but  up  to  ratios  of  alternating  to  mean  stress 
of  0.67  the  behavior  had  the  same  general  characteristics. 
The  most  significant  difference  was  the  substantial  decrease 
in  time  for  the  total-deformation  curves  of  figure  6 to  con- 
verge at  1,350°  F,  where  the  stress  ratio  was  high  enough 
to  reduce  strength  at  the  shorter  time  periods.  The  follow- 
ing tabulation  gives  the  time  periods  beyond  which  there 
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Figure  24. — Curves  of  alternating  stress  against  mean  stress  for  fracture  in  107,  3 X 107,  and  10s  cycles  at  room  temperature,  1,000°,  1,200°, 

1.350°.  and  1.500°  F. 


was  no  appreciable  effect  from  superimposed  stress  at  1,350° 
F: 


Deformation 

Time  to  reach  equal 
strengths  at  ratios 
of  alternating  to 
mean  stress  of  0, 
0.25,  and  0.67,  hr 

Rupture 

2,  000  . 

2.0-percent  total  deformation 

800 

0.5-percent  total  deformation 

100 

This  illustrates  strikingly  the  degree  to  which  the  effects 
Df  fatigue  loads  were  reduced  for  limited  amounts  of  creep. 
Superimposed  alternating  loads  must  have  had  less  effect  on 
ireep  than  on  fracture  characteristics.  Another  way  of  ex- 
pressing this  effect  would  be  to  state  that  superimposed 
fatigue  loads  probabfy  had  little  effect  until  third-stage 
u’eep  occurred. 

The  lack  of  an  appreciable  effect  of  superimposed  fatigue 
oads  on  creep  prior  to  the  third  stage  is  emphasized  by  the 
ilmost  complete  absence  of  any  effect  on  minimum  creep 
rates  for  stress  ratios  up  to  0.67  at  1,350°  and  1,500°  F. 
(See  fig.  5.)  In  reference  3 it  v7as  shown  that  there  was  no 
effect  of  alternating  stress  on  total  creep  up  to  the  start  of 
third-stage  creep  for  the  same  data. 

The  data  for  total  deformations  reported  for  the  General 
Motors  rupture  tests  with  superimposed  rotating  bending 
(fig.  10)  differ  from  those  established  by  the  dynamic  axial 
3reep  tests  (fig.  6).  The  main  difference  is  that  the  General 


Figure  25. — Influence  of  superimposed  fatigue  stress  on  mean  stress 
for  total  deformation  of  0.5  and  2.0  percent  in  50,  150,  and  500 
hours. 

Motors  tests  show  appreciable  times  for  limited  deformations 
at  2S,000±  18,800  psi,  whereas  the  dynamic  creep  tests  show 
that  0.5-percent  deformation  was  exceeded  upon  loading  to 
this  stress  and  2-percent  deformation  v7as  reached  in  a very 
short  time  period.  The  tw7o  sets  of  data  agree  veiy  well  at 
28,000  ±7,000  psi  and  for  static  tests.  It  will  be  noted  that, 
at  the  high  mean  stress  of  28,000  psi,  a small  amount  of 
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superimposed  fatigue  loading  reduced  total-deformation 
strength.  The  General  Motors  data  indicate  no  effect  from 
substantial  further  increases  in  fatigue  stress,  while  the 
dynamic  creep  tests  indicate  continued  decrease  in  time  to 
reach  the  deformation. 

INFLUENCE  OF  SUPERIMPOSED  FATIGUE  STRESS 
ON  ELONGATION  IN  THE  RUPTURE  TEST 

Elongations  were  reduced  from  those  exhibited  by  static 
tests  in  increasing  amounts  (table  V and  fig.  26)  by  fatigue 
loading: 

(1)  At  1,350°  F when  ratios  of  dynamic  to  static  stress  were 
0.67,  1 .64,  and  <» 

(2)  At  1,500°  F when  stress  ratios  were  1.64  and  °° 

There  was  also  some  tendency  for  the  elongations  to  be 

reduced  at  shorter  time  periods  for  the  smaller  dynamic 
loadings. 

As  would  be  expected,  there  was  very  little  elongation  in 
completely  reversed  stress  tests.  The  values  of  2 percent  at 
1,500°  F were,  in  fact,  surprisingly  high.  It  is  uncertain  if 
this  latter  effect  was  due  to  error  in  measuring  matched 
fractures  or  represented  a real  effect  from  more  creep  in 
tension  than  in  compression. 


It  was  interesting  to  note  that  the  high  values  of  super- 
imposed stress  apparently  eliminated  the  time  dependency 
of  elongation  characteristic  of  static  tests.  There  was  alsc 
a slight  tendency  for  improved  elongation  at  the  longer  time 
periods  for  the  lowest  dynamic  loads  (stress  ratio  of  0.25). 

This  influence  of  alternating  stress  on  total  elongation 
contrasts  sharply  with  the  absence  of  an  effect  for  limited 
creep  deformations  or  total  creep  through  second-stage  creep 
discussed  in  the  previous  section.  While  it  is  true  that  the 
limited  total-creep  effects  were  restricted  to  stress  ratios  oi 
0.25  and  0.67,  it  appears  that  for  these  ratios,  at  least,  super- 
imposed dynamic  stress  effects  are  largely  limited  to  third- 
stage  creep. 

STRESS-STRAIN  CHARACTERISTICS  UNDER  FATIGUE  LOADING 

Completely  reversed  stress  tests  (fig.  17)  in  a rotating 
cantilever  beam  type  of  test  indicated  that  static  tensik 
proportional  limits  fell  below  the  dynamic  bending  propor- 
tional limits.  Apparently  this  is  not  necessarily  a charac- 
teristic result,  inasmuch  as  data  for  mild  steel  showed  the 
opposite  effect  (ref.  5). 

Static  bending  tests  gave  load-deflection  curves  at  room 
tem  p era  time  which  coincided  with  those  for  the  dynamic 


Figure  26. — Curves  of  elongation  against  fracture  time  for  combined  steady  and  superimposed  fatigue. 
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sending  tests.  The  more  gradual  deviation  from  pro- 
portionality for  the  bending  curves  is  related  to  the 
•estriction  of  plastic  yielding  to  the  higher  stressed  surface 
avers  in  the  bending  tests.  The  reason  for  the  higher 
jroporticnal  limit  under  bending  conditions  is  not  so  clear. 
Possibly  testing  technique,  particularly  sensitivity  of  strain 
neasuring  equipment,  could  be  involved. 

Perhaps  the  most  important  point  from  the  dynamic 
nodulus  data  regarding  the  relationship  between  static  and 
lynamic  properties  is  that  static  or  low-stress  modulus  data 
;an  be  very  misleading  in  computing  resonance  effects.  At 
east-  for  the  material  tested,  the  tendency  for  dynamic 
noduli  to  decrease  with  stress  is  reduced  by  increasing 
temperature  and  also  with  increased  numbers  of  cycles. 
Variations  of  dynamic  moduli  of  the  type  shown  by  figure  16 
;ould  be  a source  of  considerable  shift  in  vibration  response 
>n  both  a stress  and  a number-of-cycle  basis.  Such  varia- 
tions are,  however,  considerably  less  for  stresses  below  the 
atigue  limit  than  for  those  above  the  fatigue  limit. 

DAMPING  EFFECTS 

The  actual  data  on  specific  damping  (fig.  15)  were  dis- 
cussed previously  from  the  viewpoint  of  actual  stress  and 
Tress  history.  In  addition,  damping  characteristics  as 
evidenced  in  heating  of  test  specimens  were  mentioned  for 
ieveral  of  the  axial-stress- type  tests. 

From  the  viewpoint  of  the  relationship  between  static  and 
atigue  properties,  damping  characteristics  probably  alter 
he  relationships  between  static  and  fatigue  properties  in  a 
nanner  that  is  not  evident  from  this  investigation. 

Insofar  as  actual  fatigue  is  concerned  either  in  practice  or 
n testing,  one  important  feature  of  the  data  is  the  very 
evident  excessive  temperatures  which  can  be  induced  by 
ugh  damping  under  high  fatigue  loads.  For  the  test  ma- 
erial  involved  damping  can  be  much  higher  at  engineering 
Tress  levels  than  would  be  expected  from  low-stress  data, 
[t  may  also  increase  or  decrease  with  the  number  of  cycles  of 
tpplied  stress.  The  surprising  large  damping  at  high  stress 
evels  is  probably  related  to  the  overheating  problem  en- 
countered in  a number  of  the  tests  in  axial  stress  machines, 
>ince  the  energy  absorbed  where  the  whole  specimen  is 
jeing  stressed  can  be  quite  large.  This  effect  seems  to  be 
critically  influenced  by  cyclic  speed  and  stress  level  in  a 
lonuniform  manner.  This  observation  is  based  on  the 
extremely  rapid  temperature  increases  reported  for  axial 
ests  at  room  temperatures  and  1,000°  F above  certain  stress 
evels.  Further,  it  seemed  that  the  machines  operated  at 
1,600  cpm  were  more  subject  to  such  heating  than  was  the 
L,500-cpm  machine.  In  fact,  reduction  of  cyclic  speed 
luring  loading  seemed  necessary  to  control  the  heating. 
Apparently,  these  critical  effects  diminish  with  temperature 
nice  no  one  reported  overheating  at  1,500°  F even  though 
lamping  increased  with  temperature. 

High  damping  tends  to  reduce  notch  sensitivity.  A 
lotch  is  very  detrimental,  however,  when  material  damping 
s important  because  the  volume  of  metal  at  high  stress  in 
he  notch  is  too  small  to  absorb  much  energy. 

Apparently,  damping  characteristics  can  vary  in  different 
illoys  to  a considerable  extent  (ref.  5). 


INFLUENCE  OF  CYCLIC  SPEED  ON  FATIGUE  PROPERTIES 

The  major  emphasis  in  this  report  has  been  placed  on 
properties  from  a time  viewpoint.  The  main  problem  has 
been  to  relate  fatigue  properties  to  the  rupture  properties 
which  are  expressed  in  terms  of  the  static  stress  for  rupture 
in  a specified  time. 

Cyclic-speed  effects  in  the  fatigue  tests  would  be  exp eu ted 
to: 

(1)  Show  a difference  in  strength  for  a given  number  of 
cycles  where  the  speeds  of  the  machines  differ  and  the 
fatigue  properties  are  time  dependent  (i.  e.,  no  fatigue  limit 
as  at-  high  temperatures  or  at  stresses  above  fatigue  limit). 

(2)  Show  a difference  in  fatigue  strength  where  the  cyclic 
speed  itself  influences  properties. 

The  data  obtained  show  the  following  effects  regarding 
cyclic  speed: 

(1)  Tests  carried  out  at  low  values  of  superimposed  alter- 
nating stress  and  at  high  temperature  where  creep  occurs 
show  differences  in  strength  between  the  3,600-cpm  and 
1,500-cpm  machine  data  on  the  basis  of  number  of  cycles. 
There  was  little  difference  in  strength  on  a time  basis  (com- 
pare figs.  22  and  24)  at  1,350°  and  1,500°  F. 

(2)  Comparisons  based  on  number  of  cycles  did  not 
eliminate  the  differences  between  the  two  axial  tests  at  high 
alternating-stress  values.  (See  figs.  22  and  24  at  1,350° 
and  1,500°  F.)  Both  machines  indicated  fatigue  limits, 
so  that  there  was  little  difference  between  comparison 
based  on  time  or  cycles.  The  1,500-cpm  machine  gave  the 
higher  strengths  although  it  is  doubtful  that  c3Tclic-speed 
differences  were  responsible. 

(3)  There  were  differences  in  fatigue  strength  for  com- 
pletely reversed  stress  tests.  It  is  difficult  to  determine  if 
this  was  due  to  cyclic-speed  variation  or  to  other  causes. 
Data  scatter  tended  to  obscure  such  effects.  There  were  a 
few  trends  which  may  be  due  to  cyclic  speed: 

(a)  The  Westinghouse  7,200-cpm  machines  tended  to 
require  higher  stresses  than  the  other  machines  to  cause 
fracture  in  a given  number  of  cycles.  (See  fig.  24.)  This 
was  not  so  evident  at  room  temperature  as  at  temperatures 
of  1,200°  F and  higher. 

(b)  In  the  short-time  tests  in  the  variable-speed  rotating 
cantilever  tests  the  specimens  tended  to  fracture  at  shorter 
times  than  did  those  in  the  tests  in  the  Westinghouse  ma- 
chines. The  short-time  tests  were  run  at  very  slow  cyclic 
speeds.  This,  however,  is  not  a definitely  established  effect, 
inasmuch  as  some  of  the  other  tests  also  tended  to  show  the 
same  behavior. 

(c)  In  view  of  the  relatively  small  differences  between  the 
fatigue  strengths  for  the  variable-speed  cantilever  tests  and 
the  other  higher  speed  machines,  it  seems  doubtful  that  the 
cyclic  speed  alone  had  much  effect;  possibly  the  very  slow 
speeds  resulted  in  low  strength  for  short  time  periods. 

The  lowest  fatigue  strengths  were  obtained  in  axial  stress 
test  machines.  This,  however,  is  apparently  due  to  other 
causes  than  cyclic  speed. 

A possible  relation  between  cyclic  speed  and  overheating 
was  discussed  under  damping  effects.  High  c3Tclic  speeds 
unquestionably  increase  overheating  from  damping. 

The  possibility  exists  that  fatigue  nuclei  may  be  expected 
in  fractures  from  combined  stress  at  somewhat  lower  stress 
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ratios  for  higher  speed  machines.  This  may  be  the  reason 
for  the  slight  overlap  of  the  stress  conditions  for  the  appear- 
ance of  nuclei  in  figure  20.  This  does  not  seem  unreasonable 
because  the  slower  speed  machines  require  longer  times  for 
fracture  and  there  is  a time-depending  effect  on  the  time  of 
fracture  at  1,350°  and  1,500°  F. 

INFLUENCE  OF  NOTCHES  ON  FATIGUE 

No  data  were  accumulated  for  notched  specimens  under 
static  stresses.  The  variable-speed  rotating  cantilever  beam 
fatigue  tests  indicate  the  very  pronounced  reduction  of  fa- 
tigue strength  which  can  result  from  a notch.  (See  figs.  13 
and  14.)  The  indications  that  there  is  little  difference  in  the 
fatigue  strength  for  notched  material  over  a wide  range  of 
temperatures  were  somewhat  surprising.  Notch  weakening 
was  reduced  by  increasing  temperature,  although  there  still 
was  a substantial  difference  between  notched  and  unnotched 
specimens  even  at  1,500°  F. 

The  very  much  longer  time  required  for  fracture  of  notched 
specimens  after  the  first  evidence  of  a crack  was  also  surpris- 
ing. This  is  particularly  true  in  view  of  the  very  short  time 
difference  for  unnotched  specimens.  This  should  be  an  inter- 
esting phenomenon  for  both  stress  analysis  and  fracture 
study. 

SURFACE  FINISH 

The  most  important  general  result  of  the  NACA  Lewis 
Laboratory  studies  of  the  effects  of  surface  finish  is  the  evi- 
dence that  such  effects  decrease  with  increasing  temperature. 
Very  little  effect  remained  at  1,350°  F,  in  spite  of  the  fact 
that  there  was  a substantial  effect  at  room  temperature.  This 
checks  the  cooperator’s  results  on  another  heat  of  low-carbon 
N-155  alloy  (ref.  8),  although  the  other  heat  showed  lower 
strengths  and  lower  temperatures  of  disappearance  of  the 
effect  of  surface  finish. 

The  influence  of  surface  finish  seems  to  be  related  more  to 
the  procedure  used  in  finishing  the  specimens  than  to  surface 
roughness  (ref.  8).  Polished  surfaces  apparently  have  higher 
strength  than  plain  ground  specimens  at  low  temperatures. 
This,  however,  does  not  appear  to  be  related  to  less  surface 
roughness,  inasmuch  as  the  rough  surface  was  even  stronger. 
Reference  8 attributed  the  main  effect  to  the  compressive 
stresses  induced  by  polishing  or  by  the  roughening  procedure, 
offsetting  the  fatigue  stresses  and  requiring  higher  applied 
stresses  for  fracture.  The  reduced  effect  of  increasing  tem- 
perature was  attributed  to  stress  relief. 

The  data  obtained  for  this  report  do  not  substantiate  the 
stress-relief  theory  so  definitely  as  the  previous  work  on  the 
same  alloy  with  a lower  fatigue  strength.  Heating  at  1,400° 
F did  not  change  the  fatigue  strength  at  room  temperature  for 
either  the  ground  or  the  polished  specimens.  The  rough 
specimens  were,  however,  reduced  to  the  level  of  the  ground 
specimens. 

All  surfaces  were  cold-worked  by  the  finishing  procedures. 
Cold-working  definitely  alters  strength  at  both  low  and  high 
temperatures  and  ductility  characteristics  as  well.  It  seems 
improbable,  therefore,  that  residual-stress  effects  alone  con- 
trol the  effect  of  surface  finish.  The  ground  surface  should 
have  had  the  least  cold-work  and  particularly  a very  shallow 
depth  of  penetration.  The  polished  and  rough  surfaces  should 


have  had  increasing  effects.  A 4-hour  treatment  at  1,400°  F 
would  not  be  expected  to  remove  the  effects  of  such  cold- 
work,  although  it  should  considerably  decrease  the  strength 
and  increase  the  ductility.  It  is  probable  that  a complete 
evaluation  will  show  a complex  relation  between  residual 
stress,  strength,  and  ductility,  as  reflected  in  fatigue  prop- 
erties. Thus,  different  alloys,  different  heat  treatments  of  the 
same  alloy,  and  different  response  of  the  same  alloy  to  treat- 
ment (see  low  fatigue  strength  of  N-155  alloy  in  ref.  8)  all 
probabh7  alter  surface-finish  effects. 

Polished  specimens  of  the  material  used  for  this  investiga- 
tion prepared  by  different  laboratories  showed  no  significant 
difference  in  fatigue  characteristics  at  1,000°,  1,200°,  1,350°, 
or  1,500°  F.  It  would  appear,  therefore,  either  that  there  was 
little  difference  in  surface  finishes  or  that  fatigue  properties  of 
the  alloy  at  these  temperatures  were  not  sensitive  to  varia- 
tions in  polishing.  The  NACA  Lewis  Laboratory  data  sug- 
gested that  there  ought  to  have  been  an  effect  at  1,000°  and 
1,200°  F if  there  were  differences  in  surface  finish.  Their 
data  show  slight  effects  at  1,350°  F,  and,  if  true,  this  would 
indicate  greater  effects  at  lower  temperatures.  Possibly  their 
data  at  1,350°  F were  not  outside  the  scatter  band  and  there 
actually  was  no  great  effect  even  at  1,000°  F,  as  was  indi- 
cated by  their  data  in  reference  8. 

The  indication  of  an  absence  of  surface-finish  effects  on 
fatigue  at  high  temperatures  should  not  be  accepted  as  gen- 
eral until  a much  wider  range  of  response  of  alloys  to  cold- 
work  and  stress-concentration  effects  has  been  studied.  In 
view  of  the  known  sensitivity  of  other  properties  of  heat- 
resistant  alloys  at  high  temperatures  to  cold-work,  it  seems 
unlikely  that  all  alloys  will  be  free  of  such  effects.  This  seems 
particularly  true  for  bending  fatigue,  where  stresses  are  a 
maximum  on  the  surface. 

There  is  one  very  interesting  feature  of  the  NACA  Lewis 
Laboratory  data.  The  ground  specimens  had  a fatigue 
strength  about  5,000  psi  less  than  that  of  the  polished  speci- 
mens. This  is  the  same  order  of  magnitude  as  the  difference 
between  axial  and  reversed  bending  fatigue  tests.  Axial 
fatigue  tests  would  probably  be  much  less  sensitive  to  surface- 
finish  effects.  The  ground  specimens  were  considered  to  have 
low  strength  because  the}7  were  relatively  free  of  surface-finish 
effects.  This  suggests  that  a major  contributing  cause  for  the 
difference  between  the  two  types  of  tests  was  the  increased 
strength  imparted  to  bending  tests  by  polishing.  The  de- 
crease in  difference  with  increasing  temperature  also  parallels 
the  influence  of  surface  finish  found  by  the  Lewis  Laboratory. 

TYPES  OF  TESTING  MACHINES 

There  were  four  general  types  of  stress  applied  by  the  vari- 
ous testing  machines: 

(1)  Axial  with  superimposed  axial  fatigue  load:  In  general, 
this  type  of  test  gave  lower  results  than  the  bending-type 
tests  for  completely  reversed  stresses.  This  is  shown  by  the 
data  of  table  XIII  and  figures  22,  23,  and  24.  The  actual 
S-N  curves  of  figure  27  clearly  show  the  tendency  to  be 
lower.  As  was  pointed  out  in  the  surface-finish  studies, 
this  difference  may  have  largely  been  due  to  high  compres- 
sion stresses  in  the  surface  of  the  bending  specimens.  The 
general  absence  of  a “knee”  in  the  S-N  curves  for  axial  tests 
was  also  evident. 
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Figure  27. — Comparison  of  S-N  curves  from  different  types  of  test  machines  operated  with  complete!}7  reversed  stresses. 


The  difference  between  the  two  types  of  tests  tends  to 
isappear  at  the  longer  times  at  the  higher  temperatures, 
his  is  more  evident  on  a time  than  on  a cyclic  basis. 

As  discussed  elsewhere,  the  data  from  the  two  axial-tvpe 
ist  machines  did  not  agree  too  well  over  the  range  of  super- 
iposed  stresses  from  static  to  completely  reversed  stress 
ssts.  Apparently,  some  variable  in  the  characteristics  of 
le  two  machines  is  the  most  logical  reason.  Differences  in 
rclic  speed  do  not  seem  to  be  the  answer. 

The  curves  of  alternating  versus  mean  stress  for  fracture 
50,  150,  and  500  horn's  (fig.  22)  at  1,000°  F were  irregular 
id  approached  closer  to  the  1,200°  F curves  than  would  be 
:pected.  No  evident  reason  was  found  to  explain  the 
fference.  It  was  noted  that  the  specimens  tested  at  1,000° 
showed  fatigue  nuclei  at  rather  low  stress  ratios,  whereas 
ose  tested  at  1,200°  F showed  the  opposite  effect.  It  also 
Lould  be  noted  that  the  Krouse  machine  tended  to  give 
gher  strengths  than  the  dynamic  creep  machine.  It  is 
jssible  that  the  Sonntag  machine  gives  lower  strengths 
an  the  Krouse  machine,  pulling  the  curves  together  at 
000°  and  1,200°  F. 


(2)  Steady  axial  loads  with  superimposed  rotating  bend- 
ing fatigue  loads:  Only  a few  tests  were  made  with  this 
type  of  machine  and  only  one  specimen  fractured  at  the 
point  of  maximum  stress.  This  one  test  agreed  very  well 
with  those  made  in  the  axial  fatigue  machines.  The  very 
little  evidence  indicates  agreement  between  the  two  types  of 
stressing.  The  reason  some  of  the  specimens  fractured 
away  from  the  point  of  maximum  stress  in  this  test  remains 
unexplained. 

(3)  Cantilever  beam  tests,  vibrating  in  one  plane  with 
completely  reversed  stress:  Only  one  machine  of  this  type 
was  involved,  although  it  was  used  by  two  laboratories. 
Different-sized  specimens  were  used  in  the  two  laboratories. 
While  there  were  minor  variations  in  the  reported  fatigue 
strength,  it  is  doubtful  that  the  differences  were  outside  the 
normal  scatter  of  the  data. 

(4)  Rotating  cantilever  beam  tests:  Some  variation  in 
reported  fatigue  strengths  existed  between  the  various  rotat- 
ing beam  tests  and  the  fixed  bending  tests.  (See  table 
XIII  and  figs.  22,  24,  and  27.)  It  is  difficult  to  determine 
whether  such  variations  were  real  or  reflected  data  scatter. 
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There  was  a slight  tendency  for  the  rotating  test  machines 
to  give  lower  strengths  than  the  Westinghouse  fixed  bending 
machine.  The  low  curve  at  1,350°  F reported  for  the  NEES 
tests  was  largely  due  to  the  coop  era  tor's  drawing  the  curve 
on  the  low  side  of  sparse  data.  The  test  points  (fig.  27) 
agree  reasonably  well  with  those  for  the  other  tests. 

In  the  very  slow  variable-speed  rotating  tests  the  specimens 
tended  to  fracture  at  short  time  periods  at  the  higher  stress 
(fig.  27).  This  suggests  a possible  reduction  in  strength  at 
low  cyclic  speeds.  Otherwise,  the  results  of  the  variable- 
speed  tests  agreed  reasonably  well  with  those  of  the  other 
tests. 

LIMITATIONS  OF  FINDINGS 

The  major  limitation  of  the  relationships  developed  in 
this  report  is  their  restriction  to  one  alloy  with  one  heat 
treatment.  It  is  expected  that  the  trends  are  characteristic 
of  static  and  fatigue  tests.  It  is,  however,  reasonably  cer- 
tain that  the  characteristic  effects  will  vary  in  temperature, 
time  period,  and  magnitude  for  various  alloys  or  for  the 
same  alloy  with  varying  heat  treatments.  The  data  in  this 
report  indicate  that  increased  creep  resistance  will  increase 
the  temperatures  and  time  to  which  fatigue  will  control  prop- 
erties. This,  however,  will  probably  be  altered  by  fracture 
characteristics  at  least  and  probably  by  other  characteristics 
not  immediately  evident.  For  instance,  factors  which  mini- 
mize third-stage  creep  ought  to  minimize  the  effects  of  super- 
imposed fatigue  or  steady  loads.  Alloys  may  differ  consider- 
ably in  sensitivity  to  surface-finish  effects.  Likewise,  the 


detrimental  effect  of  large  grain  size  on  fatigue  resistance  is 
reported  to  be  important. 

Many  of  the  fatigue-strength  values  reported,  particularly 
for  the  high  alternating-stress  axial  tests,  are  based  on  very 
limited  data  and  are  only  approximate.  The  reported  diffi- 
culties from  overheating  bv  damping  in  these  types  of  tests 
also  raise  the  question  as  to  how  much  influence  from  this 
source  is  reflected  in  the  data. 

The  Rolls-Royce  data  suggest  that  an  appreciable  amount 
of  scatter  in  the  data  may  have  been  due  to  variations  from 
specimen  to  specimen.  The  substantial  difference  in  fatigue 
strength  for  completely  reversed  axial  stress  tests  at  l,500c 
F on  specimens  prepared  at  Michigan  and  those  prepared  at 
Minnesota  also  points  to  the  possibility  of  some  contribution 
to  scatter  from  variations  in  heat  treatment. 

There  are  minor  differences  in  data  due  to  peculiarities  ol 
test  machines,  although  presumably  the  machines  applied 
the  same  combinations  of  stresses.  These  differences  do 
not,  and  should  not,  complicate  the  overall  trends.  They 
simply  point  out  that  characteristics  of  different  machines 
alter  the  results  of  the  tests  to  a minor  degree.  These  could 
at  least  be  related  to  the  actual  shape  of  the  stress  pattern, 
the  way  the  stresses  are  applied,  or  to  some  of  the  evident 
difficulties  of  calibration. 

NACA  Headquarters, 

Washington,  D.  C.,  June  15,  1953 . 


APPENDIX 


PROCESSING  OF  LOW-CARBON  N-155  1-INCH  ROUND  BAR 

STOCK 

The  Universal- Cyclops  Steel  Corporation  reported  the  processing  of 
lie  low-carbon  N— 155  bar  stock  to  be  as  follows. 

An  ingot  was  hammer-cogged  and  then  rolled  to  bar  stock  under  the 
blowing  conditions: 

(1)  Hammer-cogged  to  a 13-inch  square  from  a lo^-inch  ingot 
Furnace  temperature,  2,210°  to  2,220°  F 

Three  heats — Starting  temperature  on  die,  2,050°  to  2,070°  F 
Finish  temperature  on  die,  1,830°  to  1,870°  F 

(2)  Hammer-cogged  to  a 10%-inch  square 
Furnace  temperature,  2,200°  to  2,220°  F 

Three  heats — Starting  temperature  on  die,  2,050°  to  2,070°  F 
Finish  temperature  on  die,  1,790°  to  1,800°  F 

(3)  Hammer-cogged  to  a 7-inch  square 
Furnace,  temperature,  2,200°  to  2,220°  F 

Three  heats — Starting  temperature  on  die,  2,050°  to  2.070°  F 
Finish  temperature  on  die,  1,790°  to  1,890°  F 
Billets  ground  to  remove  surface  defects 

(4)  Hammer-cogged  to  a 4-inch  square 
Furnace  temperature,  2,190°  to  2,210°  F 

Three  heats — Starting  temperature  on  die,  2,040°  to  2,060°  F 
Finish  temperature  on  die,  1,680°  to  1,880°  F 
Billets  ground  to  remove  surface  defects 

(5)  Hammer-cogged  to  a 2-inch  square 
Furnace  temperature,  2,180°  to  2,210°  F 

Three  heats — Starting  temperature  on  die,  2,050°  to  2,065°  F 
Finish  temperature  on  die,  1,730°  to  1,870°  F 
Billets  ground  to  remove  surface  defects 

(6)  1-inch  rounds  were  rolled  from  2-inch  square  billets  in  one  heat. 

The  2-inch  bars  were  heated  in  a furnace  at  2,100°  to  2,115°  F; 
the  temperature  at  the  start  of  rolling  was  2,050°  to  2,060°  F; 
and  the  finishing  temperatures  were  from  1,820°  to  1,840°  F. 
The  bars  were  numbered  in  order  of  their  position  in  the  ingot. 

(7)  Bars  were  assigned  letters  from  A through  Z,  bar  A representing 

the  extreme  bottom  of  the  ingot  and  bar  Z the  extreme  top 
position. 

All  billets  were  kept  in  number  sequence  throughout  all  process- 
ing, so  that  ingot  position  of  any  bar  could  be  determined  by 
its  letter. 

(8)  All  bars  were  cooled  on  the  bed  and  no  anneal  or  stress  relief 

was  applied  after  rolling. 
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TABLE  I.— BRIXELL  HARDNESS  RANGES  OF  TEST  STOCK 


[Heat  treatment:  2,200°  F for  1 hr,  water-quenched,  and  1G  hr  at  1,400°  F:  NACA  data 
from  University  of  Michigan] 


Bar  n 

Brinell  hardness 

b 

Surface 

Cross  section 

Range 

JA 

207-220 

217-218 

207-220 

JB 

197-212 

207-214 

197-214 

JC 

210-212 

214-216 

210-216 

JD 

207-208 

210-214 

207-213 

JE 

204-216 

212-217 

204-217 

.IF 

199-214 

212-214 

199-214 

.10 

198-215 

201-216 

198-216 

JH 

203-212 

205-212 

203-212 

JI 

192-215 

201-213 

192-215 

JJ 

209-212 

210-211 

209-212 

JK 

203-208 

205-213 

203-213 

JL 

211-214 

211-215 

211-215 

JM 

203 

200 

200-203 

JN 

205-208 

213-214 

205-214 

JO 

206-208 

212-214 

206-214 

.1 P 

201-213 

21 1-21 1 

201-213 

JQ 

201-215 

213-210 

201-216 

JR 

211-215 

212-216 

211-216 

JS 

206-211 

208-212 

206-212 

JT 

205-211 

200-210 

205-211 

JU 

204-208 

213-215 

204-215 

JV 

205-207 

211-212 

205-212 

JW 

208-208 

210-216 

208-216 

JX 

203-211 

210-214 

203-214 

JV 

211-212 

211-216 

211-216 

JZ 

202-205 

209-211 

202-21 1 

Overall  range 

192-220 

200-2  IS 

192-220 

a Specimens  taken  from  26  bars  marked  A through  Z.  A represents  bottom  bar  from  in- 
got, and  Z,  top  bar  from  ingot,  with  the  others  lettered  consecutively  in  between. 
b Hardness  values  were  taken  on  samples  cut  from  center  and  each  end  of  every  bar. 
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TABLE  II.— TENSILE  TEST  DATA 


[NACA  data  from  University  of  Michigan] 


Speci- 

men 

Test 
temp., 
o f 

Tensile 

strength, 

psi 

Pro- 

por- 

tional 

limit, 

psi 

Offset  yield  strengths,  psi 

Elon- 

gation, 

per- 

cent 

in 

2 in. 

Reduc- 

tion 

of 

area, 

per- 

cent 

0.01 

per- 

cent 

0.02 

per- 

cent 

0.10 

per- 

cent 

0.20 

per- 

cent 

JMl 

Room 

119, 100 

41,000 

46,000 

48,  700 

56,100 

59,500 

45.0 

46.2 

JY1 

Room 

119,000 

40,000 

47,600 

50,500 

58,500 

61,500 

42.5 

45.5 

JFl 

1,000 

91,250 

26,750 

31,750 

32,500 

34, 800 

35,800 

44.5 

49.3 

JW1 

1,000 

93,900 

26,000 

31,750 

34,000 

38,  750 

40, 000 

39.5 

45.7 

JM4 

1,000 

94,250 

26,250 

32,500 

33,800 

37,000 

37,  750 

42.0 

47.1 

JPl 

1,200 

81,200 

25,750 

29,500 

30,  500 

34,250 

35,  250 

35.0 

38.0 

JGl 

1,200 

79,  600 

26,000 

29,500 

31,000 

34,  900 

35,800  : 

33.0 

34.5 

JX1 

1,350 

60,  250 

22,250 

27,500 

29,  750 

34,  750 

36,500 

27.5 

28.5 

JN1 

1,350 

60, 125 

23,500 

28,  750 

30,  750 

35,250 

37,  200 

2.  65 

28.5 

JFl 

1,500 

45,600 

20, 000 

26,250 

28,500 

33,800 

35,800 

19.5 

26.8 

JR1 

1,500 

43,  625 

20,500 

26,800 

28,500 

33,  200 

35,  800 

25.5 

27.1 

TABLE  III. — RUPTURE  TEST  DATA 


[NACA  data  from  University  of  Michigan] 


Specimen 

Test 

temp., 

o p 

Stress, 

psi 

Rupture 

time, 

hr 

Elonga- 
tion, 
percent 
in  2 in. 

Reduction 
of  area, 
percent 

JI10 

1,000 

85,000 

36 

24 

28 

JT9 

80, 000 

70 

25 

25 

JH9 

75, 000 

128 

17 

17 

JP10 

70,000 

345 

14 

13 

JL9 

63, 000 

790 

12 

13 

JX8 

1,200 

65,000 

26 

12 

14 

JB12 

55,000 

47 

10 

11 

JA1 

50,000 

61 

10 

11 

JM2 

47,000 

83 

16 

10 

JQi 

43, 000 

195 

15 

8.5 

JM8 

40,000 

668 

10 

16 

JD1 

38,000 

1, 107 

20 

18 

JS1 

1,350 

32,000 

55 

20 

23 

JCi 

29, 000 

112 

37 

40 

JB1 

28,000 

248 

25 

35 

JJ1 

26,000 

336 

30 

43 

JTl 

24, 000 

665 

20  i 

30 

JI1 

22,000 

1,361 

12  1 

20 

JU1 

1,500 

20,000  1 

51 

34 

37 

JK1 

18,000 

108 

28 

32 

JOl 

16,000 

203 

25 

37 

JH1 

14,000 

575 

26 

33 

JS10 

12,500 

1,361 

13 

20 

» JX4 

1,500 

14, 000 

358 

13 

17 

“ JR5 

14,000 

502 

b JA21 

14,000 

484 

25 

24 

b JA16 

14,000 

470 

22 

26 

« JR17 

14,000 

554 

18 

26 

* Specimens  made  for  dynamic  creep  tests  at  Syracuse. 
b 0.250-in. -diam.  specimens  with  1-in.  gage  length, 
o 0.250-in. -diam.  specimen  with  2-in.  gage  length. 


TABLE  IV.— AXIAL  FATIGUE  DATA  FROM  3,600-CPM 
DYNAMIC  CREEP  TEST  MACHINE 


[Materials  Laboratory,  WADC,  data  from  Syracuse  University  and  University  of  Minnesota] 
(a)  Room  temperature  and  1,000°  F 


Specimen  » 

Test 

temp., 

Stress 

ratio 

Stress,  psi 

Cycles  to 
fracture 

Time  for  frac- 
ture, hr 

Profile  specimens 

JU-23 

Room 

2.0 

21,000±4I,200 

5.3X10  6 

b 24.  6 

JB-23 

21,  500±42, 200 

32.8 

152.0 

JE-21 

22, 100±43,  200 

.3 

c 1.5 

JF-20 

22,000±43,  400 

3.9 

18.2 

JT-22(1) 

Room 

00 

0±44, 200 

108.5 

d 502.0 

JW-21 

0±47, 000 

15.0 

32.5 

JT-22(2) 

0±47,  200 

57.6 

d e 267.  5 

JP-19 

0±52,  900 

.02 

'.  08 

JT-22(3) 

0±52,  900 

.07 

*.  35 

N1231F(1) 

1,000 

2.0 

19, 300±38,  700 

25.3 

b 117.0 

N1230F 

1,000 

1.8 

21,000±37,  900 

.004 

>.018 

JL19 

1,000 

2.0 

19,  700±39, 300 

.65 

3.0 

N1233F 

19,  700±39, 300 

.04 

i.  17 

N1234F 

19,  700±39, 300 

10.6 

48.1 

N1231F(2) 

20, 000  ±40, 000 

1.1 

*5.1 

N1232F 

20, 000  ±40, 000 

.95 

4.4 

JC20(1) 

1,000 

CO 

0±39, 000 

58.5 

d 270. 9 

JJ18(1) 

0±4 1,000 

40.4 

1 187. 4 

JI22 

0±41, 000 

.03 

1. 13 

JS-21 

0±43, 400 

.002 

“.008 

JC20(2) 

0±43, 400 

.005 

“.025 

JJ18(2) 

0±43, 500 

.003 

°.  13 

N1226F 

0±43, 500 

.01 

p.  05 

N1227F(1) 

0±43, 500 

30.7 

d o 142. 0 

N1228F 

0±45, 000 

.03 

* 15 

N1227F(2) 

0±46, 000 

36.3 

d»  168.0 

N1235F 

0±46, 500 

.03 

1. 15 

N1227F(3) 

0±48, 500 

.14 

“.65 

» Specimen  numbers  with  J prefix  prepared  by  Michigan.  Specimen  numbers  with  N 
prefix  prepared  by  Minnesota. 

b Flexplate  (machine  part)  failed  which  bent  specimen  and  stopped  test. 

« Specimen  fractured  in  threads.  » 

d Test  stopped  before  specimen  ruptured. 

• Previous  stress  history.  See  JT-22(l)  for  previous  testing  of  same  specimen. 

1 Test  section  of  specimen  attained  dull  red-heat  color  with  consequent  elongation  of  speci 
men,  which  stopped  test. 

s Previous  stress  history.  See  JT-22(l)  and  (2).  Specimen  temperature  rose  from  75°  tc 
approximately  400°  F during  time  of  test. 

h Test  stopped  before  specimen  ruptured.  Variable-speed  start-up  procedure  used  to  con 
trol  damping  heat. 

i Specimen  ruptured  before  machine  attained  3,600  cpm.  Stress  calculated  on  basis  of  maxi 
mum  speed  attained.  Variable-speed  start-up  procedure  used  to  control  damping  heat. 

i Specimen  temperature  rose  20°  from  1,000°  F within  20  sec  after  machine  attained  3,G0( 
cpm.  Variable-speed  start-up  procedure  used  to  control  damping  heat. 

• Previous  stress  history.  See  N1231F(1). 

1 Test  stopped  before  specimen  ruptured.  Air  blast  used  to  control  specimen  heating  al 
approximately  825°  F. 

Specimen  temperature  rose  from  800°  to  approximately  1,130°  F within  30  sec  after  ma 
chine  attained  3,600  cpm. 

n Previous  stress  history.  See  JC20(1).  Specimen  temperature  rose  from  900°  to  approxi 
mately  1,126°  F within  90  sec  after  machine  attained  3,600  cpm. 

° Previous  stress  history.  Sec  JJ18(1).  Specimen  temperature  rose  from  900°  to  approxi 
mately  1,150°  F after  machine  attained  3,600  cpm.  Thermocouple  failure  occurred  2 mir 
after  starting  test.  Air  blast  used. 

p Specimen  temperature  rose  from  950°  to  approximately  1,040°  F in  about  20  sec.  Ai; 
blast  used. 

« Variable-speed  start-up  procedure  used  to  control  damping  heat. 

r Specimen  temperature  rose  from  1,000°  to  1,100°  F in  approximately  30  sec.  Variable-spcec 
start-up  procedure  used;  specimen  ruptured  before  machine  attained  3,600  cpm.  Stres: 
calculated  on  basis  of  maximum  speed  attained. 

• Previous  stress  history.  See  N1227F(l).  Variable  speed  start-up  procedure  used  to  con 
trol  specimen  damping  heat. 

t Specimen  temperature  rose  from  1,000°  to  1,030°  F at  time  of  rupture.  Variable-speec 
start-up  procedure  used. 

a Previous  stress  history.  See  N1227F(l)  and  (2).  Specimen  temperature  rose  from  1,000 
to  1,030°  F at  time  of  rupture.  Variable-speed  start-up  procedure  used. 
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TABLE  IV.— AXIAL  FATIGUE  DATA  FROM  3,600-CPM 
DYNAMIC  CREEP  TEST  MACHINE— Continued 


(b)  1,350°  F. 


Specimen 

Toct.. 

temp., 
° F 

Ratio 
of  alter- 
nating" 
to  mean 
stress 

"otreaaji  - — 

Cycles  to  frac- 

Time  for 
fracture, 
hr 

Elonga- 
tion, per- 
cent-- 
(*) 

Uniform-diameter  gage  length,  2 in.  long 

JJ-6 

1,350 

0 

40, 000:1=0 

4.0 

18.4 

JY-6 

35, 000±0 

22.8 

31.4 

JM-22 

30, 000±0 

58.3 

24.7 

JA-20 

25, OOOiO 

208.8 

28.5 

JC-5 

22, 000±0 

1,114.7 

17.9 

JZ-16 

17,  500=1=0 

3, 185. 0 

15.0 

JN-6 

1,350 

.25 

37, 000=1=9,  200 

1.64  X10« 

7.6 

18.5 

JB-13 

33, 000=1=8.  250 

5.  88 

27.2 

17.4 

JK-13 

30,  000±7,  500 

11.3 

62.2 

19.0 

JC-10 

27,  500=1=6, 875 

35.8 

165.7 

24.9 

JF-11 

25,  000=1=6,  250 

112 

518.3 

20.8 

JG-5 

23, 200=1=5.  800 

147.2 

682.2 

22.3 

JV-13 

19,  000±4,  750 

580 

2,683 

25.8 

JQ-5 

17,  500=1=4,  400 

817 

3,783 

14.0 

JK-5 

1,350 

.67 

29, 000=1=  19, 332 

2. 44 

11.3 

12.6 

JZ-19 

27,000=1=18,000 

4.97 

23.0 

8.7 

JO-1 

26,  000=1=17, 332 

12. 96 

60.0 

14.5 

JP-5 

24,  000=1=16, 000 

60.0 

278.0 

8.0 

JM-20 

25,  000=1=1 6,  666 

23. 55 

109.0 

9.8 

JZ-20 

24,000=1=16,000 

65.5 

303.6 

7.5 

JY-4 

22, 800=1=15,  200 

85.  75 

397.2 

11.9 

JA-19 

26, 001=1=14, 400 

114.5 

530.0 

7.9 

JI-12 

19, 000±12,  600 

456.0 

2, 107 

12.0 

JD-13 

18, 000±12, 000 

540.0 

b 2,  500 

— 

JX-6 

17,  500±1 1,700 

609.0 

2, 821 

! n.o 

JQ-14 

17,  500dbl  1,700 

724.0 

3, 349 

8.0 

Profile  specimens 

JM-5 

1,350 

1.64 

15,  500=1=25, 400 

17.16  X10» 

* 795.  0 

JW-10 

16,  000=1=26, 200 

66.  5 

308.0 

2.4 

JO-9 

16,  500=1=27,100 

14.6 

67.7 

4.8 

JP-11 

17, 000=1=27,  900 

9.  55 

44.2 

4.8 

JV-15 

18, 000d=29,500 

5.08 

23.5 

8.0 

JX-10 

1,350 

CO 

0=1=33,  600 

6.  80 

« 315.0 

.2 

JO-5 

0=1=37, 900 

.024 

4 rain 

.2 

JT-14 

0=1=38, 800 

.012 

2 min 

.4 

JV-14 

. 0=1:39, 700 

.005 

1 min 

1.0 

» Elongations  for  uniform-diameter  specimens  were  measured  over  a 2-in.  gage  length.  For 
‘ofile  specimens,  elongations  were  obtained  by  a suitable  factor  to  give  equivalent  pereent- 
;e  of  values.  (See  ref.  3.) 

b Controller  failure  at  2,126  hr.  Estimated  rupture  time  was  2,500  hr. 
c Test  stopped  before  failure  because  of  too  long  time  for  fracture. 


TABLE  IV.— AXIAL  FATIGUE  DATA  FROM  3,600-CPM 
DYNAMIC  CREEP  TEST  MACHINE— Concluded 


(c)  1,350°  and  1,500°  F 


Specimen 

Test 

temp., 

°F 

Ratio  of 
alternat- 
ing to 
mean 

-OtWSQ.. 


Stress,  psi 

Cycles  to 
fracture 

Time  for 
fracture,  hr 

Elonga- 

tion, 

percent 

(*) 

— 

Uniform-diameter  gage  length,  2 in.  long 

JP-12 

1,500 

0 

7, 000±0 

(b) 

JI-5 

11,000=1=0 

1,004.6 

11.6 

JE-5 

13,  000:1=0 

398.5 

11.7 

JH-10 

15, 000±0 

c221.  2 

17.0 

JV-8 

17,  500 ±0 

67.2 

25.2 

JA-16 

19, OOOdbO 

47.9 

28.0 

JO-6 

20, 000=1=0 

24.9 

34.4 

JB-5 

22,  500=1=0 

20.7 

36.4 

JR-10 

1,500 

.25 

8, 800=1=2,  200 

889.0X10# 

4,117.0 

11.1 

JH-5 

10, 000=1=2,  500 

603.0 

2,  790. 0 

11.9 

JF-5 

14, 000=1=3,  500 

88.8 

410.9 

15.4 

JT-5 

15, 200=1=3, 800 

82.6 

c 382.  3 

9.6 

JE-12 

16, 800=b4,200 

45.2 

209.5 

21.3 

JU 

19, 200=1=4, 800 

18.0 

83.4 

19.9 

JM-21 

22, 000±5,  500 

3.2 

14.9 

30.0 

JW-4 

24, 000±6, 000 

1.7 

8.0 

28.1 

JS-5 

1,500 

.67 

8, 000=1=5, 300 

880.0 

4,  066. 0 

5.9 

JT-11 

12, 000=1=8, 000 

138.0 

640.0 

10.2 

JW-6 

15,  000±10, 000 

49.0 

226.5 

15.8 

JD-5 

16, 800=1=11,200 

18.4 

85. 1 

18.3 

JL— 10 

18,  600=1=1 2, 400 

78.4 

36.3 

21.8 

JG-12 

21,000=1=14,000 

4.3 

d 19.  7 

13.7 

JV-13 

22,  200±14, 800 

2.4 

10.9 

19.9 

Profile  specimens 

JL-8 

1,500 

0.  67 

12, 000±8, 000 

181.0  X10« 

837.5 

11.4 

JI-14 

16, 800=1=11 , 200 

27.0 

125.1 

16.8 

JY-9 

1,500 

1.64 

9, 000±14, 800 

275.0 

1,273.0 

JK-11 

11,000±18,000 

74.1 

343.7 

5.0 

JY-10 

12, 000±19.  700 

32.4 

150.0 

7.0 

JS-13 

13, 000=1=21,800 

10.9 

50.7 

8.0 

JW-9 

14, 000=1=23, 000 

3.2 

14.7 

6.5 

JR-14 

15, 000=b24,  600 

.08 

.4 

6.0 

JX-9 

1,500 

OO 

0=1=21,800 

226.0 

1,048.0 

2.8 

JU-14 

0±24,  300 

115.6 

536.1 

J 1—15 

0=h24,  600 

22.9 

106.1 

3.4 

eJH-15 

0=1=25, 300 

23.0 

106.9 

2.4 

JS-14 

0d=25,  300 

1.8 

8.3 

1.6 

Profile  specimens  heat-treated  and  machined  at  Minnesota 

N1236F(I) 

1,500 

CO 

0±25,  300 

24.1  X10« 

• 111.  5 

*N1236F(2) 

0=1=28,  000 

3.  39 

15.7 

N1248F 

0=1=28, 000 

16. 1 

74.5 

N1240F 

0=1=28, 500 

.80 

3.7 

N1238F 

0=1=29,000 

2.18 

10.1 

N1237F 

0=1=30, 000 

.048 

.2 

* Elongations  for  uniform-diameter  specimens  were  measured  over  a 2-in.  gage  length. 
For  profile  specimens,  elongations  were  obtained  by  a suitable  factor  to  give  equivalent 
percentage  of  values.  (See  ref.  3.) 
b Discontinued;  unbroken  at  5,000  hr. 

«Test  stopped  before  failure,  because  of  either  too  long  time  for  fracture  or  experimental 
difficulties. 

d Temperature  20°  F low  for  2 hr  at  beginning  of  test. 

‘Statically  loaded  for  100  hr  at  14,000  psi  prior  to  dynamic  loading.  . 

1 Previously  tested  for  111.5  hr  at  =1=25,300  psi  before  this  test. 
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TABLE  V— IiROUSE  AXIAL  1,500-CPM 
FATIGUE  TEST  DATA 


[Office  of  Naval  Research  and  NACA  data  from  Battelie  Memorial  institute! 


Specimen 

Test 

temp., 

°F 

Stress,  psi 
(■) 

Cycles  to 
fracture 

Time  to 
fracture, 
hr 

JL7 

1,200 

40, 000±25, 000 

1.32  X10<* 

14.7 

JD2 

38, 000±25, 000 

6. 16 

68.  5 

JP2 

35. 000  ±25,  000 

5. 27 

58. 6 

JG7 

35, 000±25,  000 

5.63 

62.5 

JI2 

32, 500±25, 000 

11.90 

132 

JT7 

30, 000±25, 000 

37.  10 

412 

JE7 

1,200 

55, 000±15, 000 

.31 

3.45 

JV6 

45, 000±15, 000 

2.63 

29.2 

JJ2 

39, 000±15, 000 

27.04 

300.5 

JC3 

1,200 

50,  000  ±7,  500 

4. 18 

46.4 

JQ2 

45, 000  ±7,  500 

11.79 

131 

JQ6 

39, 000  ±7,  500 

69.01 

767 

bJDl2 

1,350 

0±45,  000 

.005 

.055 

bJC9 

0±42,  500 

.022 

.244 

bJV12 

0±4 1,000 

-016 

. IS 

bJKl2 

0±40, 000 

13. 19 

146.5 

JJ14 

0±37,  500 

.023 

.25 

JT10 

0±35, 000 

28-  021 

311.3 

J08 

1,350 

15,  000±35,  000 

.8 

S.S 

J B15 

12,  500 ±35, 000 

10.  638 

1 IS.  2 

JQ11 

10,  000±35,  000 

17.94 

197 

JU8 

8, 000±35, 000 

67. 436 

749 

JP7 

1,350 

30, 000  ±25, 000 

.378 

4.2 

JC7 

28, 000±25, 000 

.66 

7.3 

JG2 

26, 000 ±25, 000 

5.23 

5S.2 

JF14 

22, 000 ±25, 000 

24. 441 

271.6 

JM18 

1,350 

32,  500±15, 000 

2.25 

25 

JN2 

27,  500±15, 000 

5. 10 

56.  6 

JR2 

25, 000±15, 000 

22.0 

244 

JD8 

22,  500±15, 000 

55.0 

611 

JZG 

1,350 

32,  500±7,  500 

5.62 

62.4 

JZ8 

30, 000 ±7,  500 

9. 04 

100.3 

JK2 

25, 000±7,  500 

36.  67 

40S 

JV19 

1,500 

0±30, 000 

7.702 

85.6 

JW9 

0±29,  000 

18.  247 

202.6 

JW16 

0±27, 000 

*8.  752 

*97.2 

JOl4 

0±20,  000 

d 84.  59 

d 940 

JY15 

1,500 

18, 000±22,  500 

*.28  X10« 

*3. 12 

JK1G 

18,  000±22,  500 

3.  639 

40.0 

JH16 

17, 000 ±22,  500 

f 11.320 

f 125. 9 

JK15 

15, 000±22, 500 

9.  318 

103.5 

JL14 

13, 000±22,  500 

15.  979 

177.  5 

JM6 

1,500 

20, 000±15, 000 

2.15 

23.9 

JS2 

17,  500±15, 000 

11.58 

12S.7 

JA12 

16, 000±15, 000 

18.72 

208 

JK7 

1G,  000±15, 000 

13.63 

151.  5 

JT2 

1,500 

20,  OGO±7,  500 

4.0 

44.4 

JH7 

17,  500±7,  500 

11.8 

131 

JV3 

16, 000±7,  500 

21.91 

244 

JZ13 

14,  500 ±7,  500 

39.78 

442 

a Tests  at  ±7,500,  ±15,000,  and  ±25,000  psi  were  made  with  specimen  having  configuration 
shown  by  fig.  1(c);  all  other  tests  were  made  on  specimens  shown  by  fig.  1(d). 
b Tests  not  plotted  because  results  could  not  be  checked  by  subsequent  tests. 
c Result  of  test  appears  to  have  been  affected  by  bearing  failure  and  replacement  during  the 
test. 

d Test  discontinued  because  of  probable  fracture  time  being  excessive. 

* Defective  bearing. 

f Test  discontinued  because  of  test-machine  failure. 


TABLE  VI.— SONNTAG  SF-4  3,600-CPM 
AXIAL  FATIGUE  TEST  DATA 

[Elliott  Company  data) 


Specimen 

Test 
temp., 
o F 

Stress,  psi 

Cycles  to 
fracture 

Time  to 
fracture, 
hr 

a JL21 

75 

75, 000 ±39, 350 

0.13  X10« 

0.60 

a JC22 

75. 000±33, 880 

.0279 

1.30 

a JY23 

75, 000±27,  8S0 

3.85 

17.8 

JX5 

1.000 

75, 000±14, 470 

1.646 

7.63 

JV11 

75. 000±  4,840 

51.504 

239.0 

JT10 

1.000 

60. 000 ±29. 880 

.421 

1.95 

a b JB24 

60, 000±27, 350 

1.49 

6.90 

a b JJ19 

60. 000 ±23. 350 

12.176 

56.3 

JS11 

60.000±19,  910 

17.156 

79.5 

a * J 124 

G0,000±19,  910 

130.8 

605.0 

a b d JY22 

60,000±17,  410 

77.818 

360.0 

a b e JS22 

60,000±17,410 

62. 341 

288.0 

a b e JP20 

60.000±17,410 

53.886 

249 

JW5 

60. 000  ±16, 430 

53.  707 

249 

.TY5 

1,000 

45,0C0±26,  8S0 

G.  181 

28.6 

a JP21 

4o.000±25,S40 

2. 230 

10.3 

JN9 

45. 000±21,410 

151.249 

701 

a e JC21 

45, 000±21, 170 

OO 

o 

s 

f 439 

* JR8 

45, 000±19. 410 

77.242 

357 

a JF21 

1.000 

40, 000±28. 880 

3.824 

17.7 

a JL20 

40, 0C0±27, 380 

6. 993 

32.4 

a JJ20 

40. 000 ±26. 380 

* 316. 761 

f 1,460 

a JE23 

40, 000 ±25,  380 

203. 402 

980 

JE11 

1.350 

28, 000 ±24, 000 

(■) 

JGll 

Jill 

28, 000±24.000 
28. 000±19, 080 

(h) 
12. 844 

59.5 

JC8 

28, 000±15, 039 

11.667 

54 

JD11 

28. 000 ± 7.469 

33. 878 

157 

JHS 

2S.  000 ± 7,469 

25.751 

119 

JF10 

2S,  000 ± 3,969 

46. 938 

217 

a Tests  run  after  reducing  eccentricity  of  grips. 
b Specimen  machined  by  Elliott  Company. 

c Test  considered  probably  to  be  untrustworthy;  only  known  difficulty  was  slight  redu 
tions  of  alternating  stress  for  2 hr  due  to  slippage  in  a flexible  coupling. 
d Temperature  found  00°  F low  just  prior  to  fracture. 

* Tests  interrupted  two  or  three  times  because  of  power  failures  or  machine  shut-down 
r Discontinued, 
e Broke  upon  starting. 

Excessive  creep  upon  starting. 

TABLE  VII— STRESS-RUPTURE  TESTS  WITH  SUPER- 
IMPOSED ROTATING  BENDING  STRESS 


[Research  Laboratories  Division,  General  Motors  Corporation,  machine  and  data] 


Specimen 

Test 

temp., 

° f 

Steady 

axial 

stress, 

psi 

10,800-cpm 

bending 

stress, 

psi 

Cycles  to 
fracture 

Time  to 
fracture, 
hr 

Elonga- 

tion, 

percent 

JV17 

1,350 

28.000 

±19, 250 

24.6X10« 

ft  38. 0 

6. 78 

JX14 

28.000 

±12, 800 

35.3 

b 54. 5 

117.5 

JW12 

28.000 

±5,100 

34 

c 52. 5 

130.5 

JOll 

23.000 

±7.250 

33 

b5l.O 

139,5 

JW14 

28.000 

±0 

0 

d (>180) 

153.  7 

a Fatigue  failure  at  point  of  maximum  stress  0s  in.  above  lower  shoulder  of  specimen). 
b Rupture  failure  at  thermocouple  strap  weld  remote  from  point  of  maximum  stress  00 
in.  from  upper  shoulder  of  specimen). 

c Rupture  failure  remote  from  point  of  maximum  stress  and  thermocouple  welds. 
d Specimen  deformation  reached  limit  of  machine  at  180  hr;  creep  data  indicated  failu 
before  200  hr. 
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TABLE  VIII—  REVERSED  BENDING  FATIGUE  DATA 
FROM  WESTINGHOUSE  7,200-CPM  MACHINE 


["Westinghouse  data  for  0-550-in.-diam.  specimens} 


Test 
temp.,  - 
°F 

Alternating 
psi  ' 

Cy eles  to  fracture 

Time  to 
fracture, 
iir  - 

Room 

±69,  000 

0.  195  X106 

0.  45 

±64,  000 

. 37 

. 86 

± 59,  500 

1.  1 

2.  55 

±57.  000 

1.  1 

2.  55 

± 56,  000 

. 69 

1.  6 

±55,  500 

a 711 

a 1,  645 

±54,  500 

* 150 

a 347 

1 , 000 

±59,000 

. 19 

. 44 

±51,000 

. S5 

1.  97 

±50,  500 

. 90 

2.  08 

±49,  000 

1.  22 

2.  82 

± 48,  500 

a 210 

a 487 

1,  200 

±51,  000 

. 55 

1.  27 

±47,  000 

2.  35 

5.  44 

±46,  500 

. 79 

1.  8 

±46,  000 

200 

463 

b ±48,  500 

1.  77 

4.  1 

b ±46,  500 

2.  05 

4.  75 

b ± 45,  000 

a 508 

a 1,  175 

1,350 

±46,  000 

1.  5 

3.  47 

±44,  000 

1.  75 

4.  05 

±48,  500 

1.  SS 

±41,  500 

4.  4 

10.  17 

±39,  500 

64 

148 

±39,  500 

a 430 

a 994 

±39,  000 

115.  8 

268 

± 38,  500 

52 

120 

1,  500 

±35,  000 

. 43 

. 99 

±33,  500 

5.  9 

13.  7 

±31,  500 

4.  9 

11.  3 

±30,  500 

20.  5 

47.  5 

±28,  000 

12.  8 

29.  6 

±26,  500 

109 

252 

±25,  500 

190 

440 

b ±30,  500 

7.  2 

16.  7 

b ±27,  000 

13S 

320 

b ±26,  000 

33.  45 

77.  4 

* Discontinued. 

b Specimens  machined  by  ordinary  shop  practice. 


TABLE  IX— EFFECT  OF  SURFACE  FINISH  ON  REVERSED 
BENDING  FATIGUE  DATA  FROM  WESTINGHOUSE  7,200- 
CPM  MACHINE 


[Lewis  Laboratory,  NACA,  data  for  0. 333-in. -diam.  specimen] 


Specimen 

Test  temp., 
°F 

Alternating 
stress,  psi 

Cycles  to 
fracture 

Time  to, 
fracture,  hr 

Polished  finish:  4-5  microin.  rms 

JB20 

Room 

±65,000 

0. 39X105 

0.90 

JS20 

±58.800 

2.  76 

6.4 

JC19 

±57, 100 

1.60 

3.7 

JK21 

±55,  700 

1.64 

3.  S 

JI10 

±54,  100 

1.25 

3.0 

±52,  700 

IS.  14 

42.6 

±52,500 

6.0 

13.9 

JT20 

1,350 

±46, 400 

. 17 

.4 

JI20 

±44,  100 

1.  77 

4.  1 

JL17 

±42,200 

4.30 

10. 1 

JE20 

±40,  700 

43.3 

100.2 

±39,500 

13.0 

30.  1 

±39,500 

a 92 

212 

Ground  finish:  20-25  microin.  rms 

Room 

±58,500 

0.31X10® 

0.72 

±49,  700 

1.92 

4.45 

±47,500 

40.0 

92.5 

1,350 

±43,  500 

. 13 

.3 

±41,300 

1.07 

2.47 

±39, 800 

40.0 

92.5 

±39,500 

*82 

190 

Rough  finish;  70-80  microin.  rms 

Room 

±62, 000 

1.08X106 

2.5 

±58,200 

1.  55 

3.6 

±57, 000 

1.60 

3.7 

±55,  700 

30.0 

69.4 

±52,  800 

30.0 

69.4 

1,350 

±43,000 

.215 

. 2S 

±42,000 

. 77 

.41 

±39,200 

7.  1 

16.4 

±38,200 

8.0 

18.5 

±36,200 

55.0 

115.5 

Specimens  turned  to  shape  and  polished 

JY11 

1,350 

±49,  700 

0. 10SX108 

0.25 

JK14 

±45,000 

.95 

2.2 

JUG 

±44,000 

1.21 

2.  S 

.TWU 

±41,500 

5.  57 

12.  S 

JO10 

±41,  700 

17.  58 

40.7 

JP17 

±40,600 

22. 12 

51.2 

JU16 

±39,  700 

30.  15 

69.  S 

JV16 

±38,900 

24.  62 

57.0 

JJ 13 

±3S,  100 

*123.  So 

286.7 

Polished  and  stress-relieved  for  4 hr  at  1,400° 

F 

Room 

±62,  700 

1.25X109 

2.  9 

±60,600 

1.20 

2.  S 

±58,900 

-SS 

2.0 

±55,  500 

6.4 

14.  S 

±52,900 

13 

30.  1 

±52,900 

*52 

120 

Polished,  stress-relieved  for  4 hr  at  1,4C0°  F,  and  repolished 

Room 

±60,000 

1.45X106 

3.35 

±55,  500 

3.  55 

7.  75 

±53,700 

5.2 

12.  C 

±51,  700 

24.5 

56.  S 

850 
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TABLE  IX— EFFECT  OF  SURFACE  FINISH  ON  REVERSED 
BENDING  FATIGUE  DATA  FROM  WESTINGHOUSE  7,200- 
CPM  MACHINE— Continued 


Specimen 

Test  temp., 
°F 

Alternating 
stress,  psi 

Cycles  to 
fracture 

Time  to, 
fracture,  hr 

Ground  and  stress-relieved  for  4 hr  at  1,400°  F 

Room 

±52,  700 

1.45X105 

3. 35 

±48,500 

6.9 

16.0 

±47,000 

44 

102 

j Roughened  and  stress-relieved  after  4 hr  at  1,400°  F 

Room 

±54,000 

• 

0.  82X10® 

1.9 

±52,500 

1.65 

3.8 

±50,500 

2.1 

4.8 

±47,  300 

19 

44 

±44,  500 

*83 

192 

» Unbroken. 


TABLE  X.— FATIGUE  DATA  FROM  VARIABLE-SPEED  RO- 
TATING CANTILEVER  BEAM  TESTS  ON  UNNOTCHED 
AND  NOTCHED  SPECIMENS 


[Materials  Laboratory,  WADO,  data  from  University  of  Minnesota] 


Specimen 

Test  temp., 
o F 

Alternating 
stress,  psi 

Cycles  to 
fracture 

Time  to 
fracture,  hr 

Average 
cyclic  speed, 
cpm 

Unnotched  specimens 

JI19 

Room 

* ±76, 600 

3,650 

JE15 

±73,500 

62,000 

18 

5.73 

JH19 

±64, 600 

386, 500 

50 

122.5 

JJ15 

±59,  500 

761,500 

62 

205 

JE17 

±54, 900 

2, 028,000 

90 

451 

JT18 

±51,400 

b 46,000,000 

b 1,032 

7,500 

JY16 

1,350 

±47, 400 

9,  750 

9 

18 

JY17 

±44, 100 

890,000 

64 

241.5 

JT17 

±41,250 

8 296,000 

26 

190 

JW18 

±37, 200 

8 6, 470, 000 

288 

375 

JX20 

±34, 450 

8, 500, 000 

287 

493 

JP16 

1,500 

±35,600 

d 43,  950 

9 

81.7 

JI19 

±32,  700 

945,000 

123 

127.5 

JF17 

±29,500 

781,000 

48 

272 

JS17 

* ±29, 800 

172,000 

216 

133 

Notched  specimens 

JH20 

Room 

±55,  700 

55, 850 

29 

32.1 

JC16 

±47, 400 

84,500 

14 

100.5 

J FI  6(2) 

* ±45,  900 

114, 900 

22 

87 

J015 

* ±39,  700 

213, 500 

76 

46.8 

JL15 

±36, 100 

342,500 

23  • 

248 

JV19 

±30,000 

2,112.000 

121 

291 

JX21 

±28, 600 

1,926,000 

80 

400 

JC17 

±26,  500 

1,656,000 

95 

291 

JFlO(l) 

±22,  COO 

b 20, 300, 000 

b 358 

945 

JI18 

1,350 

±35, 100 

6,600 

3 

36.7 

JU21 

±30,000 

15, 500 

6 

43 

JN10 

±25,000 

218,000 

27 

135 

JE16 

±22, 500 

4,970,000 

548 

151.5 

JO10 

±19, 960 

o 1,086,000 

163 

111 

JF15 

1.500 

±29, 900 

9,  700 

5 

32.3 

JL1G 

±25,000 

52, 200 

13 

66.8 

JL15 

±19, 960 

4,166,000 

311 

223 

TABLE  XI.— ROTATING  CANTILEVER  BEAM  FATIGUI 
DATA  FROM  ROLLS-ROYCE  5,500-CPM  MACHINE 

[Rolls-Royce  data  for  0.160-in.-diam.  ground  specimens  from  quartered  l-in.-diam.  bars] 


Specimen 

Test 
temp., 
° F(*) 

Alternat- 
ing stress, 
psi 

Cycles  to 
fracture 

Time  to 
fracture, 
hr 

JX15 

1,203 

±49,200 

«0. 062X10® 

0.79 

JX15 

1,203 

±48,600 

b.  086 

.26 

JS15 

1,203 

±48, 100 

4.60 

13.9 

JX15 

1,203 

±47,000 

b 040 

.12 

JX15 

1,203 

±47,000 

b.  024 

.07 

JX15 

1,203 

±45,200 

.740 

2. 24 

JX15 

1,203 

±44,  700 

* 34. 24 

104 

JX15 

1,203 

±44.700 

e 145.  97 

441 

JX15 

1,203 

±43,  600 

8 11.56 

35 

JX15 

1,203 

±38.600 

0 24.00 

73 

JP14 

1,355 

±42, 500 

.47 

1.42 

JR16 

1,355 

±42,500 

.77 

2. 33 

JR16 

1,355 

±40.200 

1.68 

5. 09 

JP14 

1,355 

±40, 200 

2.15 

6.51 

JR16 

1,355 

±39, 100 

3.  43 

10.4 

JS15 

1,355 

±38, 600 

2.23 

6.  76 

JR16 

1,355 

±38,000 

2.  73 

8. 27 

JP14 

1,355 

±38,000 

96. 27 

292 

JR16 

1,355 

±35,  75C 

0 24. 2 

‘ 73 

JP14 

1,355 

±35,  750 

* 34.00 

103 

JP14 

1,504 

±35,  750 

1.15 

3.48 

JP14 

1,504 

±35,  750 

.80 

2. 42 

JP14 

1,504 

±33,500 

.96 

2.91 

JP14 

1,504 

±32, 400 

9.24 

28 

JS15 

1,504 

±31,800 

19.27 

64 

JR16 

1,504 

±31,400 

2.45 

7.45 

JS15 

1,504 

±31,  300 

21.35 

61 

JPI4 

1,504 

±31,300 

1.93 

5.85 

JP14 

1,504 

±31,300 

8 11.72 

35 

JS15 

1,504 

±30,  700 

41.0 

124 

JS15 

1,504 

±30,200 

2.41 

7.3 

JS15 

1,504 

±30, 200 

33.12 

100 

.TRIG 

1,504 

±29, 600 

7.  63 

23 

JR16 

1,504 

±27, 900 

15.02 

46 

JR16 

1,504 

±26, 800 

71:36 

216 

a 1,203°±3°  F;  1,355°±3°  F;  1,504°±3°  F. 

b Prelim  inary  tests;  endurances  only  approximate  because  of  motor  overrun  at  failure 
c Specimen  unfractured. 

TABLE  XII.— NEES  ROTATING  CANTILEVER  BEAM 
FATIGUE  TEST  DATA 


[V.  S.  Naval  Engineering  Experiment  Station  1,700-cptn  machine  and  data] 


Specimen 

Test 

temp., 

o -p 

Alternating 

stress, 

psi 

Cycles  to 
fracture 

Time  to 
fracture, 
hr 

JX12 

1,  350 

±43,  000 

0.  09X106 

0.  88 

JJ15 

±40,  000 

37.  69 

369 

JY13 

± 38,  000 

7.  79 

76.  3 

JW12 

±37,000 

5.  22 

51.  1 

JX13 

± 35,  000 

56.  75 

556.  4 

» Previously  run  at  lower  stresses. 
b Test  discontinued. 

8 Test  difficulties, 
d Bent  suddenly. 
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ABLE  XIII.— COMPARATIVE  STRESSES  FOR  FRACTURE  IN  FIXED  TIMES  OR  AFTER  FIXED  NUMBERS  OF  CYCLES  FOR 

VARIOUS  TESTS 


Type  of  test 


Test  machine 


Axial 3, 600-cpm  dynamic  creep 

Reverse  bending 7,200-cpm  Westinghouse 

Reverse  bending 7,200-cpm  N AC  A- Westinghouse-. 

Rotating  beam Variable-speed 

Axial 3,600-cpm  dynamic  creep 

Axial 3,600-cpm  Sonntag 

Rupture. 

Axial 3,600-cpm  dynamic  creep.. 

Reverse  bending 7,200-cpm  Westinghouse 

Axial 3,600-cpm  dynamic  creep 


Axial 3,600-cpm  Sonntag. 


Rupture 

Reverse  bending 7,200-cpm  Westinghouse.. 

Rotating  beam 5,500-cpm 


1, 600-cpm  Krouse. 


Axial 3,600-cpm  dynamic  creep 

Axial 1,500-cpm  Krouse 

Reverse  bending 7,200-cpm  Westinghouse 

Reverse  bending 7,200-cpm  NACA-AVestinghouse.. 

Rotating  beam Variable-speed 

Rotating  beam 5,500-cpm 

Rotating  beam 1, 700-cpm 


Axial.. 3,600-cpm  dynamic  creep.. 

Axial 3,600-cpm  Sonntag 


Axial I 1,500-cpm  Krouse. 


Axial 3,600-cpm  dynamic  creep.. 

Axial 1,500-cpm  Krouse 

Reverse 7,200-cpm  Westinghouse.. 

Rotating  beam 5,500-cpm 

Rotating  beam A7ariable-speed 


Axial 3,600-cpm  dynamic  creep. 


1,500-cpm  Krouse. 


S tress,  psi,  for  fracture  in— 


±46,500 
±55,500 
±54,800 
±62,500 
21, 200±42, 400 
75,  G00±25, 000 

82,500 
±45,000 
±49,500 
19,  700±39, 300 
75, 000±12, 000 
60,  000±22, 000 
45, 000±25,  500 
40, 000±28, 000 

54.000 
±47, 000 
±45,000 

49, 000±  7,500 
44,  S00±15, 000 
36, 800±25, 000 

32.000 

32.000 
±35,000 
±35,000 
±40,000 
±43,600 
±42, 300 
±38,000 
±36,  000 

31, 250±  7,800 
26,  500±17,  700 
17, 000±28,  000 
28,  000±17,  500 
33, 100±  7,500 
30, 000 ±15, 000 
25, 900±25, 000 
12, 000±35, 000 

20. 000 

19, 000 

±25, 900 
±30, 500 
±29,500 
±31,200 
±28, 100 
±31,500 
19,  750±  4,900 

18,  500±12, 300 
13, 1 00±  2 1 , 400 

19,  750±  7,500 
18,  500±15,  000 
17, 000±22,  500 


±46,500 
±55,500 
±52,900 
±54,300 
21, 200±42, 400 
75, 000±25, 000 

74.000 
±45,000 
±49,200 

19, 700  ±39, 300 
75, 000±10, 000 
60, 000±19, 000 
45, 000±23,  500 
40, 000±27, 000 

44.000 
±46,900 
±45,000 

45, 000±  7,500 
41, 000±15, 000 
33, 400±25, 000 
28, 500 

28.000 
±34,000 
±35,000 
±39, 800 
±42, 500 
±39, 700 
±38,000 
±36,000 

28, 000±  7,000 
24,  500±16, 400 
16,  500±27, 000 
28,  000±  5,000 
28,900±  7,500 
26,  500±15, 000 
23,  200±25, 000 
10, 300±35, 000 
17, 000 
16,250 
±25,  500 
±28, 900 
±28, 000 
±30, 400 
±27,400 
±30,000 
17, 250±  4,300 

15,  500±10, 400 

12,  000±19, 600 

16,  500±  7,500 
15,  500±15, 000 

13,  000±22,  500 


±46,500 
±55,  500 
±52,500 
±52,600 
21, 200 ±4 2, 400 
75, 000±25, 000 

67.000 
±45,000 
±49,000 

19, 700±39, 300 

60, 000±  16,000 
45, 000±22, 000 
40, 000±27, 000 

41.000 
±46, 800 
±45,000 

40,  600±  7, 500 
36, 900±15,  000 
29, 900±25, 000 

25.000 
23,  750 

±33,000 
±35,000 
±39,  500 
±41,300 
±37,000 
±38, 000 
±36,000 
24,  000±  6, 000 

22,  000±14,  700 
16,  000±26, 000 

24, 400±  7,500 

23,  000±15, 000 
20,  200±25,  000 

8,  300±35, 000 
14,500 
12,  750 
±25,500 
±28, 000 
±26,000 
±30,000 
±27,000 

14, 500±  3, 600 
13, 000±  8,700 
10,  500±17, 100 
14, 300±  7,  500 
13,  500±15,  000 
11. 000±22,  500 


Stress,  psi,  for  fracture  in— 

107  cycles 

3— 107  cycles 

10?  cycles 

— _ 

±46,500 

±46,500 

±46, 500  ~ 

±55,500 

±55, 500 

±55, 500 

±52,600 

±52,500 

±52, 400 

±53,000 

±53,000 

±53,000 

21,  200±42, 400 

21, 200±42, 400 

21, 200±42, 400 

75, 000±25, 000 

±45,000 

±45,000 

±45,000 

±49,500 

±49. 300 

±49.  200 

19,  700±39, 300 

19,  700±39.300 

19,  700±39, 300 

75, 000±13, 000 

75, 000±1 0,500 

60, 000±22,  000 

60, 000±19,  500 

oo;  000±16, 000 

45, 000±25,  500 

45, 000±24, 000 

45, 000±22, 000 

40, 000±28, 000 

40, 000±27, 000 

40, 000 ±26, 000 

±47,000 

±47,000 

±46,800 

±45,000 

±45,000 

±45,000 

46, 400±  7,500 

42, 000±  7,500 

37,  700±  7,  500 

41, 900±15, 000 

38, 100±15, 000 

33,  900±15,  000 

34, 500±25, 000 

31, 000±25,  000 

27, 500±25, 000 

±35,000 

±34,  500 

±33,500 

±35,000 

±35,000 

±35,000 

±40, 000 

±39, 800 

±39,  700 

±42,000 

±41,000 

±39,  500 

±40, 400 

±40,000 

±38,000 

±38,000 

±38,000 

±36,000 

±36,000 

±36, 000 

31, 200 ± 7,800 

28,  000±  7, 000 

24, 000±  6,000 

26,  500±17,  750 

24,  500±16, 400 

22, 000±14,  750 

17,  200±2S,  200 

16,  700±27,  300 

15, 900±26, 100 

28,  000±18, 000 

28, 000±  7,500 

30, 000±  7,500 

26, 000±  7,  500 

21, 000±  7,  500 

27,  500±15, 000 

24, 300±15, 000 

20,  600±15, 000 

24, 100±25, 000 

21 , 200±25, 000 

18, 000±25, 000 

11, 000±35, 000 

. 9, 000±35, 000 

7,  200  ±35, 000 

±25, 500 

±25,500 

±24, 800 

±29, 500 

±28,  400 

±27,500 

±31,000 

±29,000 

±27, 000 

±31,700 

±30,  700 

±29, 900 

±28,  500 

±27,700 

±27,000 

±29,  300 

20, 000±  5,000 

17,  500±  4,400 

14,  500±  3,600 

18,  500±12, 300 

16, 000±10,  700 

13, 000±  8,  700 

13, 200±2I,  600 

11, 900±19, 600 

10,  600±17, 400 

18, 000±  7,500 

15, 200±  7,500 

14, 000±  7,500 

17, 000±15, 000 

14, 400±15, 000 

13, 300±15, 000 

15, 100±22,  500 

1 1 , 800±22,  500 

10, 300±22,  500 
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CONTRIBUTIONS  ON  THE  MECHANICS  OF  BOUNDARY-LAYER  TRANSITION1 

tty  G.  B.  Schubauer  and  P.  S.  K reran  off 


SUMMARY 

The  manner  in  which  flow  in  a boundary  layer  becomes 
irbulent  was  investigated  on  a flat  plate  at  wind  speeds 
inerally  below  100  feet  per  second.  Hot-wire  techniques 
ere  used , and  many  of  the  results  are  derived  from  oscillo- 
*ams  of  velocity  fluctuations  in  the  transition  region.  Fol- 
wing  a presentation  of  the  more  familiar  aspects  of  transition , 
ere  are  presented  the  very  revealing  facts  discovered  while 
udying  the  characteristics  of  artificially  produced  turbulent 
oots.  These  are:  (1)  Oscillograms  of  natural  transition  are 
lentical  to  oscillograms  of  spot  passage.  (2)  Transition 
arts  from  perturbations  in  the  laminar  flow  as  spots  which 
,en  grow  in  accordance  with  the  general  concept  proposed 
/ Emmons.  ( 8 ) Turbulence  always  moves  downstream 
Mowed  by  laminar  flow,  (f)  The  following  flow  is  in  a 
ate  of  calm  for  a period  during  which  transition  will  not 
icur. 

INTRODUCTION 

The  present  paper  presents  the  principal  results  of  an 
cperimental  investigation  performed  in  the  boundary  layer 
' a flat  plate  in  an  attempt  to  supply  much-needed  informa- 
on  about  the  process  of  transition  from  laminar  to  turbulent 
3w.  In  spite  of  the  fact  that  a great  deal  was  known 
bout  stability  and  the  general  circumstances  surrounding 
ansition,  little  was  known  about  the  actual  mechanics  of 
■ansition  and  its  immediate  cause.  Consequently,  it  has 
3en  difficult  to  explain  why  flows  known  to  be  unstable  do 
3t  necessarily  become  turbulent  and  flows  calculated  to 
3 stable  do  not  always  remain  laminar.  The  engineer 
as  had  disappointing  results  in  his  attempts  to  maintain 
niinar  flow,  and  he  has  often  been  unable  to  locate  the 
mrce  of  the  trouble.  The  theorist  has  not  been  able  to 
>me  to  grips  with  the  problem  for  want  of  a phj-sical 
Lodel. 

Experiments  have  failed  to  agree  on  a consistent  picture 
■ transition.  The  water-table  experiment  of  Emmons 
lowed  isolated  patches  of  turbulence  which  suggested  to 
m the  theory  of  transition  by  formation  and  growth  of 
irbulent  spots,  as  described  in  references  1 and  2.  Hot- 
ire  probes  used  in  boundar}7  layers  in  air  generally  could 
)t  confirm  this  picture.  The  same  was  generally  true  of 
tort-exposure  schlieren  and  shadowgraph  observations, 
or  example,  in  the  recent  experiments  of  Evvard,  Tucker, 
id  Burgess  on  a 10°  cone  at  supersonic  speeds  (ref.  3), 


evidence  for  the  growth  of  turbulent  spots  was  seldom  seen. 
While  their  results  did  not  preclude  a mechanism  of  transi- 
tion involving  turbulent  spots,  they  indicated  transition  to 
be  abrupt  and  fluctuating  and 'followed  by  flow  that  was 
predominantly  turbulent.  One  might  even  suspect  that 
nature  lias  confused  the  issue  by  providing  more  than  one 
transition  pattern. 

The  present  investigation  employed  the  same  flat  plate 
and  wind  tunnel  as  were  used  for  the  investigation  of  lam- 
in ar-b o u n d ary-1  ay er  oscillations  described  in  reference  4. 
The  plate,  which  was  a X-inch  rolled  aluminum  sheet  with 
a sharpened  leading  edge,  was  12  feet  long  and  completely 
spanned  the  4^-foot  distance  across  the  test  section  of  the 
tunnel.  The  top  speed  of  the  tunnel  was  around  140  feet 
per  second,  but  most  of  the  work  was  done  below  100  feet 
per  second  in  order  to  place  the  transition  region  at  a 
convenient  location  on  the  plate.  The  pressure  gradient 
was  adjustable  between  moderate  limits  and,  unless  other- 
wise specified,  was  zero. 

Except  for  the  measurement  of  pressures  and  mean- 
velocity  profiles,  for  which  static-  and  total-head  tubes  were 
used,  all  measurements  were  made  with  hot-wire  probes  and 
the  associated  amplifying  and  recording  equipment.  Only 
hot-wire  arrangements  sensitive  to  the  longitudinal  com- 
ponent of  the  fluctuations  were  employed,  but  in  many 
cases  the  signals  from  two  wires  or  two  probes  were  observed 
simultaneously.  While  certain  mean  quantities,  such  as 
the  root-mean-square  value  of  the  fluctuations,  were  useful, 
records  of  the  actual  wave  form  of  the  fluctuations  turned 
out  to  be  by  far  the  more  meaningful;  hence  film  recording 
from  a cathode-ray  oscilloscope  yielded  most  of  the  significant 
information. 

The  cases  studied  included  free  transition  with  various 
amounts  of  free-stream  turbulence,  transition  induced  by 
the  so-called  trip  wire,  the  turbulence  wedge  behind  a three- 
dimensional  roughness  element,  and  spark-initiated  transi- 
tion and  subsequent  growth  of  the  turbulent  spot.  Only 
after  the  last  of  these  was  it  possible  to  appreciate  the  real 
significance  of  what  had  been  observed  in  all  previous  cases. 
In  short,  a transition  region  was  found  to  be  a region  of 
spot  growth  as  had  been  concluded  by  Emmons  from  his 
water-table  observations.  The  seemingly  futile  attempts 
to  reach  and  study  phenomena  at  a transition  point,  all 
of  which  turned  out  to  be  steps  toward  a final  picture,  to- 
gether with  the  confirming  experiments  are  described  in 
the  following  sections. 


1 Supersedes  NACA  TN  3489,  “Contributions  on  the  Mechanics  of  Boundary- Layer  Transition,’'  by  G.  B.  Schubauer  and  P.  S.  Klebanoff,  1955. 
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SYMBOLS 

c velocity  of  spot  growth 

cT  velocity  of  laminar-boundary-layer  wave 

R6*  Reynolds  number,  Ui5*/v 

U-  mean  velocity  in  ^-direction  at  any  point 

Ui  mean  velocity  of  free  stream 

u ^-component  of  velocity  fluctuation 

uf  root-mean-square  value  of  u 

x distance  from  leading  edge  of  plate 

y distance  from  surface 

£ coordinate  normal  to  x?/-plane 

a half-angle  of  turbulent  spot-growth  envelope 

7 intermittency  factor 

6 boundary-layer  thickness 

5*  displacement  thickness 

9 half-angle  for  leading  edge  of  turbulent  spot 

v kinematic  viscosity 

<7  standard  deviation  in  Gaussian  distribution 

NONSTATIONARY  CHARACTER  OF  TRANSITION 

If  a hot-wire  probe  sensitive  to  the  velocity  fluctuation  u is 
placed  sufficiently  close  to  the  surface  in  a transition  region, 
the  wave  form  of  the  output  signal  appears  as  shown  in 
figure  1.  This  figure  shows  sample  records  made  by  photo- 
graphing the  screen  of  a cathode-ray  oscilloscope  with  a 
continuously  moving  film.  The  film  speed  in  these  cases  is 
about  5 feet  per  second  and  the  progression  of  events  is  from 
right  to  left.  Upward  displacement  of  the  trace  corresponds 
to  an  increase  in  velocity  at  the  location  of  the  probe.  The 
wire  length  and  diameter  were,  respectively,  0.03  inch  and 
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Ux  - 80  f ps  x = 5.6  ft  Free- stream  turbulence  = 0.03  percent 
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U\  = 80  fps  x = 6.5  ft  Free -stream  turbulence  = 0.03  percent 


Uy  - 35  fps  x ~ 5.3  ft  Free -stream  turbulence  = 1.0  percent 


I -mm  wire  along  surface  at-  2 ft  from  leading  edge 
Uy  = 33  fps  x - 5.3  ft  Free -stream  turbulence  = 0.02  percent 


Figure  1. — Oscillograms  of  w-fluctuation  in  transition  regions  with 
hot-wire  probe  0.013  inch  from  surface.  Time  interval  between 
dots,  1/60  second. 


0.0001  inch.  Since  the  lag  was  too  small  to  be  of  concern 
here,  the  lag  compensation,  usually  introduced  during 
amplification,  was  omitted  in  obtaining  these  records.  The 
distance  of  the  wire  from  the  surface  was  about  0.013  inch 
in  these  cases. 

The  top  record  was  made  5.6  feet  from  the  leading  edge 
of  the  plate  which  was  near  the  beginning  of  the  transition 
region  when  the  free-stream  turbulence  was  low  (w'/Ui=0.02 
percent)  and  the  velocity  of  the  free  stream  was  80  feet  pei 
second.  Here  the  regular  laminar-boundary-layer  oscilla- 
tions are  followed  by  a burst  of  turbulence  and  this  in  turn  is 
followed  by  laminar  flow.  The  flat-topped  character  of  the 
turbulent  section  is  caused  by  overloading  of  the  amplifier 
The  second  record  was  made  farther  into  the  transition  regior 
where  the  flow  was  turbulent  about  70  percent  of  the  time 
In  the  third  and  fourth  records  the  position  was  selectee 
so  that  the  flow  was  again  turbulent  about  70  percent  of  tin 
time,  but  in  these  cases  the  disturbance  level  was  raised,  ii 
the  third  case  by  increasing  the  free-stream  turbulence  tc 
1.0  percent  and  in  the  fourth  case  by  placing  a 1-millimetei 
wire  along  the  surface  2 feet  from  the  leading  edge. 

In  all  cases  the  flow  was  laminar  for  some  distance  (ever 
downstream  from  the  1-millimeter  wire)  but  contained  low 
frequency  fluctuations,  generally  consisting  of  amplifiec 
sinusoidal  waves  when  the  stream  turbulence  was  low  oi 
fluctuations  of  a less  regular  nature  when  the  disturbance 
level  was  high.  This  was  followed  by  the  transition  region 
usually  around  2 feet  in  length,  in  which  increasing  amount: 
of  turbulence  were  observed  and  finally  by  the  completely 
turbulent  regime.  Throughout  the  transition  region  tin 
mean  characteristics  of  the  layer  change  gradually  from  thos< 
characterizing  laminar  flow  to  those  characterizing  fully 
developed  turbulent  flow. 

Records  similar  to  those  shown  in  figure  1 have  often  beei 
used  in  the  past  as  proof  that  transition  occurs  suddenly  am 
that  the  observed  gradual  change  in  mean  flow  through  s 
transition  region  is  due  to  the  varying  position  of  the  suddei 
change.  The  concept  most  commonly  held  was  that  transi 
tion  occurred  abruptly  along  an  irregular  line  which  separatee 
the  laminar  flow  ahead  from  turbulent  flow  behind  and  tha 
this  line  surged  upsream  and  downstream.  In  1951  Emmon 
(refs.  1 and  2)  introduced  the  idea  of  turbulent  spots  whicl 
formed  at  random  and  grew  while  moving  downstream  unti 
they  finally  encompassed  the  entire  field.  There  is  a ver 
basic  difference  between  these  two  points  of  view  and  on 
on  which  much  of  the  mechanics  of  transition  hangs.  Th 
true  state  of  affairs  proved  to  be  ver}7  illusive,  but  once  th 
key  to  the  mystery  was  found  the  answer  was  clearly  dis 
played  in  all  records.  Figure  1 therefore  contains  much  mor 
significant  information  about  transition  than  had  previous! 
been  supposed.  This  information  is  the  manner  in  which 
turbulent  section  begins  and  ends.  This  feature  will  b 
referred  to  repeatedly  in  subsequent  sections. 

From  numerous  records  such  as  those  shown  in  figure 
it  is  possible  to  determine  the  fraction  of  the  total  time  tha 
the  flow  is  turbulent  at  any  point  in  the  transition  regior 
This  fraction,  defined  as  an  intermittency  factor  7,  is  show: 
in  figure  2 for  several  cases  where  conditions  leading  t 
transition  were  varied.  The  length  of  the  region  was  differen 


CONTRIBUTIONS  ON  THE  MECHANICS  OF  BOUNDARY-LAYER  TRANSITION 


855 


U I.fps  jj  ( Free  stre< 

o 80  0.0003 

o 104  .0004 

O 33  .0002(1- mm 

* 35  .010  (Grid) 

3m) 

wire) 

i/ 

r 

: 

/ 

^.'Gaussior 

/ 

i 

0 1 i i i i ! 

-4-3-2-10  I 2 3 


x-x 

cr 

Figure  2. — Intermittency  factor  y in  transition  regions.  Range  of 
standard  deviation  cr,  0.3  to  0.8  foot.  Curve  is  Gaussian  integral 
curve  matched  at  y — 0.5. 

in  all  of  these  cases,  but  the  distributions  were  similar.  In 
order  to  obtain  a common  basis  of  comparison,  Gaussian 
integral  curves  were  fitted  to  the  cases  separately  and  the 
standard  deviation  a was  determined  for  each  case.  All 
could  then  be  represented  to  a common  scale  in  units  of  a 
and,  when  superimposed  at  the  point  7=0.5,  the}7  appear 
as  shown  in  figure  2.  Here  x is  the  distance  from  the  leading 
edge  of  the  plate,  x being  the  distance  to  the  point  where 
7=0.5.  The  curve  is  a Gaussian  integral  curve.  Values  of 
cr  ranged  from  0.3  to  0.8  foot. 

It  is  probably  of  some  significance  that  transition  regions 
are  statistically  similar  whether  long  or  short  and  whether 
disturbances  are  strong  or  weak  and  irrespective  of  whether 
they  are  introduced  from  the  free  stream  or  from  a rough- 
ness element  on  the  surface.  It  does  not  follow  that  transi- 
tion regions  would  show  the  same  distribution  of  y in  the 
presence  of  a pressure  gradient.  The  close  resemblance  to  a 
Gaussian  integral  curve  would  seem  to  indicate  a near 
randomness,  which  may  indicate  that  transition  depends  on 
random  perturbations  superimposed  on  the  more  or  less 
regular  amplified  oscillations  in  the  boundary  layer.  The 
skewness  evidenced  by  the  departure  from  the  curve  at  the 
downstream  end  of  the  region  may  be  related  in  some  way  to 
the  structure  of  a transition  region  as  discussed  in  the 
section  “Structure  of  Transition  Region  and  Nature  of 
Transition.” 

CHANGES  IN  MEAN  CHARACTERISTICS  THROUGH 
TRANSITION  REGION 

Some  of  the  more  familiar  progressive  changes  occurring 
through  a transition  region  are  examined  next.  The  first 
and  best  known  is  the  gradual  change  in  mean-velocity 
profile  which  is  shown  in  figure  3.  Here  the  transition 
region  begins  at  5.25  feet  from  the  leading  edge  of  the  plate 
and  ends  at  8 feet.  The  profiles  up  to  the  5.25-foot  position 
are  of  the  Blasius  type  characteristic  of  the  laminar  boundary 
layer  with  zero  pressure  gradient.  From  this  point  on  the 
profiles  change  progressively  and  reach  that  characteristic 
of  a full}7  developed  boundary  layer  at  8 feet.  These 
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Figure  3. — Mean-velocity  profiles  through  transition  region.  U i = 80 
feet  per  second;  free-stream  turbulence,  0.03  percent. 

measurements  were  made  in  the  conventional  manner  with 
a small  total-head  tube.  The  free-stream  velocity  was  80 
feet  per  second,  and  the  stream  turbulence  level  was  about 
0.03  percent.  It  should  be  remarked  that  the  position  of 
transition  would  shift  somewhat  from  da}7  to  day,  and 
check  runs  had  to  be  made  to  be  sure  that  this  did  not  occur 
during  a set. 

Observe  next  the  change  in  the  fluctuation  profiles  shown 
in  figure  4.  Here  u'  is  the  root-mean-square  value  of  the 
z-component  of  the  velocity  fluctuations,  measured  by  con- 
ventional hot-wire  techniques  employing  a wire  0.0001  inch 
in  diameter  and  0.03  inch  long.  In  this  case  the  turbulence 
level  of  the  free  stream  was  again  about  0.03  percent,  and 
under  this  condition  fluctuations  in  the  laminar  layer  near 
the  beginning  of  the  transition  region  consist  mainly  of  the 
strongly  amplified  oscillations.  These  account  for  the 
fluctuation  level  at  the  5-  and  5.25-foot  positions.  As  the 
transition  region  is  entered  the  fluctuation  level  increases 
markedly  near  the  surface  and  develops  a strong  maximum 
around  y~ 0.03  inch.  Referring  to  figure  1,  it  is  noticed 
that  there  is  an  abrupt  step-up  in  velocity  from  a laminar 
region  to  a turbulent  region,  indicating  that  the  transition 
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Figure  4. — Profiles  of  u'/Ui  through  transition  region.  t/,  = 80  feet 
per  second;  free-stream  turbulence,  0.03  percent. 
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region  contains  a mixture  of  the  two  distinct  mean-velocity 
profiles,  one  pertaining  to  the  laminar  flow  and  the  other 
pertaining  to  the  turbulent  flow.  The  steps  from  the  one 
to  the  other  register  on  the  hot-wire  as  fluctuations  and 
account  largely  for  the  high  fluctuation  level  in  the  vicinity 
of  the  maximum.  Referring  to  figure  3,  it  is  seen  that  the 
step  between  laminar  and  turbulent  profiles  disappears 
around  0.1  inch  and  is  small  percentagewise  at  greater  dis- 
tances. This  is  about  the  location  of  the  foot  of  the  peak  in 
figure  4.  It  is  seen  also  that  the  peak  subsides  as  the  down- 
stream end  of  the  transition  region  is  approached.  The 
fluctuation  profile  at  8 feet  is  similar  to  that  observed  for 
fully  developed  turbulent  flow. 

It  is  clear  that  turbulent  characteristics  are  fully  developed 
at  the  end  of  the  transition  region.  This  is  perhaps  not 
surprising  since  this  is  already  far  from  many  points  of  initial 
transition.  An  interesting  question  is,  how  close  to  the  point 
of  actual  breakdown  are  the  steady-state  characteristics  of 
turbulent  profiles  to  be  found?  At  this  stage  of  the  investi- 
gation it  appeared  that  the  real  obstacle  to  obtaining  the 
answer  to  this  question,  as  well  as  to  studying  the  mechanism 
of  transition  itself,  was  the  fluctuating  character  of  transi- 
tion which  made  measurements  at  a transition  point  prac- 
tically impossible.  Since  the  well-known  wedge  of  turbu- 
lence behind  a single  roughness  element  appeared  to  offer 
the  possibility  of  a sharp  line  of  transition  well  away  from 
the  disturbing  element,  attention  was  turned  to  this  case. 

TURBULENCE  WEDGE 

If  a particle  of  sufficient  size  is  placed  on  the  surface  in  a 
region  of  laminar  flow,  transition  occurs  at  the  particle,  and 
a wedge-shaped  region  of  turbulent  flow  extends  down- 
stream. Such  wedges  have  frequently  been  observed  on 
airfoils  starting  from  particles  of  dirt  or  similar  surface 
irregularities.  It  has  also  been  observed  that  when  the 
particle  size  or  the  velocity  is  reduced,  the  wedge  may  begin 
some  distance  downstream  from  the  particle.  In  any  case 
the  particle  introduces  disturbances  which  cause  breakdown 
of  the  laminar  flow. 

It  appears  that  various  observers  agree  on  nearly  the  same 
value  for  the  half-angle  of  the  wedge  and  report  values  in 
the  neighborhood  of  10°.  Thus,  the  width  of  the  turbulent 
region  increases  more  rapidly  and  is  always  much  wider  than 
the  wake  of  the  object  initiating  the  wedge.  Charters  (ref. 
5)  appears  to  have  been  the  first  to  call  attention  to  this 
more  rapid  spreading  and  termed  the  effect  “transverse 
contamination.” 

The  wedge  was  introduced  into  the  present  investigation 
mainly  in  the  hope  that  it  would  provide  a reasonably  sharp, 
stationary  line  of  demarcation  between  laminar  and  turbu- 
lent flow  at  which  phenomena  at  the  position  of  changeover 
could  be  studied.  However,  it  was  soon  discovered  that  the 
previously  reported  sharp  outline  was  only  an  average  con- 
dition and  that  the  wedge  was  in  reality  bounded  by  an 
intermittent  region  as  shown  in  figure  5.  It  was  further 
found  that  only  when  the  particle  was  sufficiently  large  or 
the  velocity  was  sufficiently  high  did  the  sides  become 
straight  and  the  angle  attain  a constant  value.  When  these 
conditions  were  not  met,  even  though  transition  occurred  at 


Figure  5. — Turbulence  wedge  produced  by  three-dimensional  rough- 
ness element  04-inch  sphere)  on  surface.  Time  interval  between 

dots,  1/60  second;  Ui  — 80  feet  per  second. 

the  particle,  the  sides  initially  curved  outward,  approaching 
the  proper  angle  asymptotically. 

Figure  5 shows  a fully  established  wedge  produced  at  a 
free-stream  velocity  of  80  feet  per  second  by  a ]4-inch  sphere 
cemented  on  the  surface  of  the  plate  2 feet  from  the  leading 
edge.  This  case  was  investigated  in  some  detail  with  a hot- 
wire probe  and  a total-head  tube.  Beyond  a full}7  turbulent 
core,  subtending  a half-angle  of  6.4°,  was  a region  in  which 
the  turbulence  was  intermittent,  as  illustrated  by  the  oscillo- 
grams in  the  figure.  -The  outer  limit  of  the  intermittent 
region  subtended  a half-angle  of  10.6°.  It  is  interesting  to 
note  that  this  value  agrees  reasonably  well  with  the  value  of 
9K°  found  by  Charters  to  be  the  angle  of  transverse  con- 
tamination. 

Since  one  purpose  in  using  the  wedge  was  to  learn  how  soon 
after  abrupt  transition  the  fully  developed,  steady-state 
condition  would  be  found,  mean-velocity  profiles  were 
determined  with  a total-head  tube.  Within  the  turbulent 
core  the  profiles  were  those  characteristic  of  a full}7  developed 
turbulent  boundary  layer.  While  the  so-called  transition 
in  this  case  was  not  sharp,  the  intermittent  region  was  short 
compared  with  that  found  in  free  transition  on  a flat  plate. 
Thus  it  appeal's  that  the  only  requirement  for  the  existence 
of  the  fully  developed  character  is  that  the  flow  be  turbulent 
all  of  the  time. 

The  oscillograms  in  figure  5 show  typical  conditions  at 
several  points.  Here,  as  in  figure  1,  the  time  scale  runs  from 
right  to  left,  and  the  interval  between  timing  dots  is  %o 
second.  The  top  record  shows  the  sudden  velocity  step-up 
at  the  beginning  of  a turbulent  region  and  the  ending  followed 
by  a slow  fall  in  velocity  which  was  always  characteristic 
of  a record  obtained  with  a hot-wire  close  to  the  surface. 
A possible  explanation  of  the  regular  repetition  of  turbulent 
bursts  is  given  in  the  section  “Artificially  Initiated  Turbulent 
Spot.”  The  second  record  shows  a very  short  pulse  near 
the  outer  limit  having  a suggestion  of  the  characteristic 
shape.  The  third  record  obtained  near  the  apex  of  the 
wedge,  although  giving  the  appearance  of  being  composed 
largely  of  spikes  jutting  upward,  has  traces  of  the  character- 
istic shape.  The  fourth  record  shows  disturbances  in  the 
laminar  layer  caused  by  the  presence  of  the  wedges.  With- 
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>ut  the  wedge  no  visible  disturbance  would  have  appeared 
tere  for  the  same  signal  amplification. 

At  this  stage  two  facts  had  become  clear.  One  was  that 
he  so-called  transition  point  could  not  be  made  stationary, 
^he  other  was  that*  all  records  in  a transition  region,  except 
hose  pertaining  to  the  intermittent  region  very  near  the 
pex  of  the  wedge,  showed  two  very  distinct  features, 
tamely,  the  beginning  of  a turbulent  section  with  an  abrupt 
relocitv  increase  and  the  ending  followed  by  a slow,  expo- 
lential-like  velocity  decrease.  The  reason  for  these  facts 
iras  unknown.  It  was,  of  course,  not  unreasonable  that  a 
ransition  point  should  be  bobbing  about,  but  the  character- 
stic  features  of  the  records  were  very  puzzling.  It  was 
onjectured  that  the  abrupt  rise  might  mean  that  the  flow 
omehow  tumbled  and  that  the  turbulence  was  the  result  of 
he  tumbling.  However,  there  was  no  definite  evidence  of  a 
nomentarily  large  disturbance  in  the  laminar  flow  to  cause 
he  tumbling.  In  particular,  it  was  noted  that  deep  in  a 
ransition  region,  where  the  flow  was  turbulent  for  a large 
percentage  of  the  time,  oscillations  in  the  remaining  laminar 
egions  were  conspicuously  absent. 

Much  time  was  spent  in  attempts  to  find  evidence  of 
momentary  flow  separation  in  transition  regions.  The  most 
rustworthy  method  consisted  of  emitting  iodine  vapor  from 
- small  hole  in  the  plate  and  noting  by  the  discoloration  of  a 
tarcli  film  on  the  surface  whether  vapors  ever  traveled 
pstream.  No  evidence  of  separation  could  be  found  in  any 
•art  of  a transition  region. 

Bits  of  information  like  this,  while  so  far  not  proving  any- 
hing,  aroused  the  suspicion  that  all  was  not  well  with  the 
oncept  of  breakdown  along  a wobbly  line  which  fluctuated 
andomly  upstream  and  downstream.  Perhaps  patches  of 
urbulence  like  those  observed  on  a water  table  by  Emmons 
ref.  1)  and  later  by  Mitch ner  (ref.  6)  were  actually  being 
n countered.  This  would  at  least  explain  why  a transition 
oint  could  never  be  held  stationary. 

Early  in  the  investigation  a number  of  film  records  had 
een  obtained  of  the  simultaneous  response  of  two  hot-wire 
robes  placed  one  behind  the  other  with  a spacing  of  from  3 
o 5 inches.  Some  offsetting  was  necessary  to  avoid  inter- 
arence.  Inspection  of  a large  number  of  records  showed 
hat  only  very  rarely  was  turbulence  absent  at  the  down- 
tream  station  when  it  was  present  at  the  upstream  station, 
n these  few  cases  it  appeared  as  though  turbulent  patches 
light  have  moved  across  the  probes,  striking  the  upstream 
ne  first  and  the  downstream  one  second;  but,  because  of  the 
arit}-  of  this  occurrence,  turbulent  patches  seemed  to  be  the 
xception  rather  than  the  rule.  As  previously  mentioned, 
similar  condition  was  found  by  Eward,  Tucker,  and  Bur- 
ess  (ref.  3)  in  their  studies  of  transition  on  a 10°  cone  at 
upersonic  speeds.  In  a few  cases  their  short-exposure 
chlieren  photographs  showed  regions  of  turbulent  boundary 
lyer  followed  downstream  by  laminar  flow.  As  a rule 
ransition  appeared  to  occur  abruptly  at  various  points, 
ill  owed  downstream  by  flow  that  was  predominate^7 
urbulent. 

While  these  experiments  showed  that  isolated  turbulent 
pots  could  exist,  the}7  were  interpreted  as  evidence  against  a 
lechanics  of  transition  involving  the  growth  of  spots. 


This  interpretation,  in  addition  to  being  wrong,  had  the  un- 
fortunate effect  of  delaying  the  crucial  experiment  described 
in  the  next  section. 

ARTIFICIALLY  INITIATED  TURBULENT  SPOT 

xi  ii  }j article  which  prod"',e.s  a turbulence  wedge  is  suddenly 
removed,  the  turbulence  will  recede  downstream  followed  by 
laminar  flow.  If  a particle  or  equivalent  disturbance 
appears  onh7  for  a brief  instant,  a turbulent  spot  is  produced 
which  moves  downstream.  Both  Emmons  and  Mitchner 
had  shown  that  spots  could  readily  be  produced  in  their 
water-table  experiments  by  allowing,  say,  a drop  of  water  to 
strike  the  surface.  Mitchner  (ref.  7)  had  also  shown  that  a 
spot  could  be  initiated  in  a boundary  layer  by  an  electric 
spark,  and  he  was  able  to  study  its  form  and  rate  of  propaga- 
tion. He  commented,  however,  that  the  ability  to  produce 
a spot  artificially  did  not  offer  a complete  verification  of 
Emmon’s  theory  by  any  means  and  that  considerable  work 
remained  to  be  done.  The  investigation  of  the  spot  was 
undertaken  here  with  the  feeling  that,  whether  or  not  it  had 
any  significant  connection  with  natural  transition,  it  was 
unquestionably  a phenomenon  of  intrinsic  interest.  Fortu- 
nately, it  turned  out  to  be  most  fruitful. 

A spark  was  made  to  jump  to  the  flat  plate  from  a fine 
needle  placed  % inch  or  less  from  the  surface.  Short  duration 
was  obtained  by  discharging  a condenser  previously  charged 
from  a high-voltage  source.  Sparks  were  produced  one  at  a 
time  while  a hot-wire  probe  was  placed  in  various  locations 
to  detect  the  passage  of  the  spot.  From  film  records  con- 
taining /eo-second  timing  marks,  the  times  for  the  spot  to 
reach  and  pass  over  the  probe  were  readily  determined. 
Figure  6 shows  the  velocities  and  shape  of  the  spot  as  derived 
from  such  records.  Included  in  the  figure  is  a sample  record 
of  the  passage  of  a spot  over  a hot-wire  0.015  inch  from  the 
surface.  The  electrical  disturbance  from  the  spark  picked 
up  by  the  circuit  showed  on  the  trace  in  all  cases  and  served 
as  a convenient  and  accurate  means  of  indicating  the  time  of 
discharge. 
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— Time— 
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Figure  6. — Turbulent  spot  initiated  by  electric  spark  between  needle 
electrode  and  surface.  Oscillograms  with  1/60-second  timing  dots 
shown  at  top  of  figure;  time  progression  from  right  to  left;  upper 
record  shows  spark  discharge  on  right  and  spot  passage  on  left; 
lower  record  shows  natural  transition;  a=11.3°;  0=15.3°. 
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The  records  were  at  once  seen  to  contain  much  more 
information  than  the  time  of  passage  of  a spot.  The  first 
significant  fact  recognized  was  that  these  records  had  the 
same  features  as  all  records  previously  obtained  in  transition 
regions,  namely,  the  start  of  the  turbulent  section  with  an 
abrupt  set-up  in  velocity  and  the  ending  of  the  section  with 
a slow  exponential -like  fall.  For  comparison  a typical  record 
of  natural  transition  is  included  in  figure  6.  This  feature  was 
characteristic  of  the  passage  of  a spot.  The  abrupt  rise 
occurred  when  the  spot  met  the  wire,  and  the  slow  fall 
occurred  when  it  left.  This  was  not  proof  that  all  turbulence 
actually  originated  at  points  and  grew  into  spots,  as  did  the 
spark-initiated  spot  of  figure  6,  but  it  was  almost  indisputable 
evidence  that  what  had  been  observed  in  transition  regions 
was  the  passage  of  turbulent  patches  as  they  moved  down- 
stream. This  subject  will  again  be  considered  in  the  section 
“Structure  of  Transition  Region  and  Nature  of  Transition” 
where  experiments  will  be  described  that  completely 
confirmed  this  evidence. 

The  characteristics  of  the  spot  shown  in  figure  6 were 
derived  from  detailed  observations  at  free-stream  velocities 
of  30  feet  per  second  and  at  positions  2.7  and  4.7  feet  down- 
stream from  the  spark  with  the  spark  2.3  feet  from  the 
leading  edge.  Measurements  at  a free-stream  velocity  of 
50  feet  per  second  showed  the  same  behavior.  Additional 
information  was  obtained  on  the  velocity  of  propagation  at 
various  distances  along  the  center  line  and  on  the  angle  a 
when  the  spark  was  3 inches  from  the  leading  edge. 

The  center-line  observations  showed  that  the  stream  wise 
propagation  velocity  of  the  leading  end  of  the  spot  (down- 
stream end)  was  independent  of  distance  from  the  spark  but 
that  the  velocity  of  the  trailing  end  (upstream  end) 
apparently  decreased  somewhat  for  distances  less  than  1.7 
feet.  However,  the  accuracy  was  low  within  1 foot  because 
of  the  shortness  of  the  time  interval  and  the  uncertainty  in 
defining  the  beginning  and  ending  of  a spot.  Furthermore, 
a duration  of  the  effect  of  the  spark  of  only  0.005  second, 
such  as  might  have  arisen  from  the  size  of  the  initial  dis- 
turbance, would  have  produced  an  apparent  reduction  in 
velocity  of  the  trailing  end  at  short  distances  of  the  amount 
observed.  Accordingly,  it  was  concluded  that  the  reduction 
was  apparent  rather  than  real.  The  velocities  were  further 
found  to  be  directly  proportional  to  the  free-stream  velocity 
XJ\,  The  values  at  the  surface  were:  At  the  trailing  end, 
(0.50±0.01) U\  and,  at  the  leading  end,  (0.88 ± 0.02) U\. 

As  indicated  by  the  shape  of  the  trailing  end  shown  in  the 
elevation  view  of  figure  6,  the  velocity  of  this  end  was  in- 
dependent of  y out  to  about  the  normal  thickness  of  the 
laminar  layer  ty  The  velocity  of  the  leading  end  was  at 
first  thought  to  be  about  the  same  as  Uu  but  more  detailed 
observations  revealed  that  it  varied  from  a value  of  0.88 Ui 
at  the  surface  to  Ui  at  the  end  of  the  overhanging  tip  shown 
in  figure  6.  The  turbulence  is,  in  fact,  transported  down- 
stream with  the  free-stream  velocity,  and  the  lag  at  the 
surface  is  due  to  the  time  required  for  propagation  inward 
through  the  slower  moving  air  of  the  laminar  la37er.  Prob- 
ably the  chief  significance  of  the  slower  progress  near  the 
surface  is  that  it  gives  rise  to  an  overhanging  leading  edge. 
Since  the  velocity  at  the  surface  evidently  depends  on  the 


time  required  to  reach  the  surface,  it  is  not  clear  that  it 
should  bear  a constant  ratio  to  U\  nor,  correspondingly,  that 
the  overhang  should  remain  proportional  to  the  length  of  the 
spot.  Dependence  on  the  thickness  of  the  laminar  la3rer 
would  also  be  expected.  Nevertheless,  the  ratio  was  con- 
stant and  proportions  were  preserved  as  far  as  could  be 
ascertained  for  the  limited  range  covered  in  the  investigation. 

Onh7  on  the  center  line  were  sufficient  data  taken  to  define 
the  thickness  distribution  of  the  spot.  The  position  of  the 
outer  edge  was  determined  from  the  known  positions  of  the 
hot-wire  and  spark  and  the  time  required  for  the  spot  to 
meet  and  pass  over  the  wire  for  different  values  of  y.  In 
this  wa3r  rates  of  propagation  of  the  edges  were  determined, 
and  from  the  rates  the  relative  positions  could  be  found.  As 
far  as  could  be  determined  from  the  measurements,  the 
general  shape  shown  in  the  elevation  view  of  figure  6 was 
preserved  as  the  spot  grew.  So  far  there  is  no  read3r  ex- 
planation for  the  existence  of  the  hump;  but,  using  the  top 
of  the  hump  as  a measure  of  the  thickness  of  the  spot,  it  was 
found  that  the  thickness  increased  with  distance  like  a fulh7 
developed  turbulent  boundan7  layer  with  an  initial  thickness 
equal  to  that  of  the  laminar  la37er  at  the  position  of  the  spark. 

The  plan  form  of  the  spot  was  determined  in  detail  b37 
placing  the  hot-wire  at  different  distances  2 from  the  center 
line.  A fixed  distance,  y= 0.015  inch,  was  chosen  as  being 
sufficienth7  close  to  the  surface  to  give  results  indicative  of 
the  condition  at  the  surface.  As  far  as  could  be  ascertained, 
the  shape  remained  similar  as  the  spot  grew.  Except  for 
some  degree  of  bluntness  near  the  center  line,  the  leading 
sides  (or  edges)  were  on  the  average  straight  lines  extending 
to  about  the  maximum  width,  and  the  angle  6 had  a constant 
value  of  15.3°.  The  downstream  propagation  velocity  was 
eveiywhere  the  same  along  these  sides  and  equal  to  the 
velocity  at  the  center.  The  trailing  edge  was  found  to 
preserve  the  somewhat  indented  appearance  shown  in  figure 
6;  and,  except  for  a slight  variation  in  velocity  to  account  for 
this  shape,  the  velocity  was  essential^7  constant  along  the 
trailing  edge  and  equal  to  0.5  Ui}  the  value  on  the  center  line. 
The  shape  of  the  spot  shown  here  is  qualitatively  like  that 
found  b37  Mitchner  (ref.  7).  With  respect  to  the  velocity  of 
propagation,  it  is  interesting  to  note  in  reference  8 that 
turbulent  bursts,  which  were  attributed  to  surface  roughness, 
were  observed  on  a bod37  of  revolution  at  a Mach  number  of 
3.5.  The  velocity  was  estimated  from  the  shock  wave 
emanating  from  the  upstream  edge  of  the  burst  and  reported 
to  be  60  percent  of  the  free-stream  velocity: 

In  discussing  this  problem  with  Dr.  Hugh  L.  Dr37den,  he 
suggested  that  it  would  be  interesting  to  find  out  whether  a 
spot  would  grow  lateralh7  when  the  Remolds  number  based 
on  the  displacement  thickness  of  the  laminar  la37er  was 
below  the  critical  value  of  about  450,  for  which  complete 
stability  is  predicted  on  the  basis  of  small -perturbation 
theory^  Accordingly,  the  growth  envelope,  corresponding 
to  the  wedge  of  angle  a in  figure  6,  was  investigated  when 
the  spark  was  fired  3 inches  from  the  leading  edge  of  the 
plate  at  free-stream  velocities  of  10  and  30  feet  per  second. 
At  10  feet  per  second  the  Re37nolds  number  was  below  critical 
for  a distance  of  about  1 foot  from  the  spark.  There  was, 
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Figure  7. — Envelopes  of  spot  growth.  R^}  Reynolds  number  based 
on  laminar-boundary-layer  displacement  thickness. 


lowever,  a small  favorable  pressure  gradient  in  this  region 
vhich  probably  extended  the  stable  range. 

The  envelopes  corresponding  to  10  and  30  feet  per  second 
ire  shown  in  figure  7.  Beginning  from  the  initial  size  of  the 
listurbance,  the  growth  is  at  first  slow  but  approaches  a 
inear  increase  in  both  cases  with  inclinations  10°  and  8.6°, 
•espectively,  for  30  and  10  feet  per  second.  If  the  8.6°  line 
s extrapolated  to  the  axis,  the  apparent  origin  is  at  a position 
corresponding  to  a Reynolds  number  of  480.  This  is  better 
igreement  with  stability  theoiy  than  could  have  been  ex- 
acted under  the  circumstances  and  may  be  partly  fortuitous, 
lowever,  there  is  definitely  a lag  in  growth  for  the  extent  of 
he  stable  range. 

The  difference  between  c*=10°  in  figure  7 and  a=11.3°  in 
igure  6 may  be  accounted  for  by  the  fact  that  in  the  latter 
he  initial  size  of  the  spot  was  neglected.  However,  the 
lifference  between  a at  30  and  10  feet  per  second  probably 
effects  the  effect  of  Reynolds  number.  Mitchner’s  value  of 
*.  which  was  found  at  a Reynolds  number  in  this  low  range, 
vas  8.6°. 

The  remarkable  similarity  between  the  growth  envelope 
>f  a spot  and  the  turbulence  wedge  and  the  agreement 
>etween  the  angles  in  the  two  cases  is  evidently  far  more 
han  mere  coincidence.  It  will  be  noted  in  figure  5 that  the 
>ccurrence  of  alternately  turbulent  and  laminar  flow  has  a 
triking  regularity.  It  is  known,  furthermore,  that  the 
nanner  of  beginning  and  ending  of  turbulent  sections  sig- 
lifies  passage  downstream  of  turbulent  regions.  These  facts 
mggest  that  the  turbulence  wedge  may  be  something  on  the 
>rder  of  a succession  of  turbulent  spots  telescoped  one  into 
he  other  just  far  enough  to  form  the  full}7  turbulent  core. 

A more  plausible  connection  with  spots  may  be  found  in 
m important  phenomenon  associated  with  receding  tur- 
mlence.  This  is  the  stable  state  left  in  the  laminar  flow 
ollowing  the  passage  of  turbulence.  The  existence  of  this 
ihenomenon  was  suspected  when  it  was  noted  from  the 
sliding  of  turbulent  records  that  the  velocity  near  the  surface 
\7as  left  high  after  the  passage  of  turbulence  and  then  de- 
sreased  to  its  normal  value.  It  was  concluded  that  this 
neant  that  the  entire  velocity  profile  of  the  laminar  layer  was 
eft  turbulentlike  and  then  gradually  changed  back  to  a 
lormal  type  of  profile.  While  the  layer  was  in  this  state,  it 


was  highly  stable  and  no  breakdown  was  likely  to  occur. 
This  interval  will  be  termed  “the  recovery  trail.”  The 
remarkable  calm  following  this  trail  and  some  of  the  conse- 
quences of  it  will  be  discussed  in  the  section  “Calming 
Effect.”  For  the  present  it  is  merely  noted  that  receding 
turbulence  is  automatically  followed  by  mini  mu  flow  at  least 
in  this  trail  unless  overtaken  by  another  spot.  Applying 
this  to  the  turbulence  wedge  and  realizing  that  the  sides  will 
move  downstream  unless  held  by  transverse  spreading,  it 
appears  that  any  irregularity  will  grow  into  a sequence  of 
turbulent  protuberances  moving  downstream  and  separated 
from  one  another  by  the  length  of  the  recovery  trail.  The 
record  of  figure  5 would  certainly  support  this  conclusion. 

Returning  to  a consideration  of  the  spot,  the  streamwise 
propagation  may  be  rationalized  as  follows:  The  leading  end 
is  projected  downstream  with  the  free-stream  velocity  and 
the  turbulent  state  penetrates  the  slower  moving  air  of  the 
laminar  layer  causing  the  lag  of  increasing  amounts  toward 
the  surface.  The  movement  of  the  trailing  end  may  be 
visualized  as  just  the  reverse,  namely,  a blowing  away  of  the 
turbulence  by  the  outer  stream  and  a lagging  behind  of  the 
turbulence  in  the  slower  moving  air  near  the  surface.  The 
mean-velocity  profile  here  is  such  that  air  traveling  slower 
than  the  trailing  edge  constitutes  a very  thin  layer  near  the 
surface  in  which  turbulence  is  not  self-sustained.  In  other 
words,  it  dissipates  rapidly  because  of  both  viscosity  and 
diffusion  outward.  Because  of  the  stability  of  the  profile, 
the  turbulence  diffused  outward  cannot  sustain  itself  in  the 
outer  strata.  If  this  were  not  the  case,  the  velocity  of  the 
trailing  end  would  be  fixed  by  the  velocity  of  air  which  was 
never  turbulent,  namely,  the  velocity  at  the  height  of  the 
laminar  sublayer,  which  is  about  0.3 U\. 

The  triangular  shape  of  the  spot  with  vertex  pointing  down- 
stream may  be  accounted  for  by  the  fact  that  the  down- 
stream end  does  not  have  the  time  that  the  upstream  end  has 
in  which  to  grow  laterally.  It  was  noted  by  Dr.  Dryden 
that  a rate  of  spot  expansion  could  be  estimated  in  the  fol- 
lowing way:  Assuming  a mean  velocity  of  the  spot  to  be  the 
average  of  0.50 U\  and  0.94  Uu  where  0.94 U\  is  the  mean  of 
0.88 U\  and U\,  a value  of  0.72 1/ 1 is  obtained.  Denoting  a veloc- 
ity of  spot  growth  by  cU\,  the  value  of  c upstream  and  down- 
stream becomes  the  difference  between  the  value  0.72  and 
that  of  the  two  ends,  or  c = 0.22.  Since  the  vertex  angle  of 
the  leading  edge  is  15.3°,  one  should  find  c = 0.72  sin  15.3°= 
0.19.  While  these  values  are  in  reasonable  agreement,  the 
meaning  of  the  first  value  of  c is  vague  because  of  the  differ- 
ent conditions  at  the  leading  and  trailing  edges.  It  is  felt 
that  more  information  must  be  obtained  on  the  factors  con- 
trolling spot  growth  before  this  problem  is  understood. 

By  this  time  there  seemed  to  be  little  doubt  that  a transi- 
tion region  consisted  of  turbulent  patches  going  downstream 
and  finally  merging  to  form  the  completely  turbulent  region. 
It  was  pertinent  therefore  to  inquire  whether  two  spots  side 
by  side  would  merge  at  their  normal  rate  of  growth  or  whether 
they  would  close  in  more  rapidly  because  of  a mutual  effect 
on  the  flow  between  them.  Accordingly,  two  sparks  sepa- 
rated in  the  ^-direction  were  set  off  simultaneously  and  spot 
growth  was  studied.  As  far  as  could  be  detected,  the  two 
behaved  independently,  and  the  mutual  effect,  if  any,  was 
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small.  Evidence  of  this  fact  had  been  obtained  earlier  by 
observing  that,  two  intersecting  turbulence  wedges  showed 
little  tendency  to  affect  one  another. 

STRUCTURE  OF  TRANSITION  REGION  AND  NATURE  OF 
TRANSITION 

Before  concluding  that  a transition  region  consists  of 
patches  of  turbulence  going  downstream,  one  item  of  contra- 
dictory evidence  must  be  disposed  of.  Why  had  it  been 
inferred  from  earlier  experiments  that  laminar  flow  was 
rarely  to  be  found  downstream  from  turbulent  flow?  If 
present  ideas  are  right,  just  the  opposite  is  the  rule  in  a transi- 
tion region.  In  order,  therefore,  to  confirm  these  ideas,  it 
must  be  possible  to  detect  turbulence  at  an  upstream  point 
before  it  arrives  at  a downstream  point. 

In  the  earlier  experiments  the  hot-wire  probes  were  sepa- 
rated longitudinally  from  3 to  5 inches  and  displaced  in  the 
s-direction  about  % inch  to  avoid  interference.  Conse- 
quently, much  could  happen  in  the  space  between  them. 
Accordingly,  new  experiments  were  arranged  in  which  the 
separation  was  1 inch  with  one  wire  directly  behind  the  other. 
In  this  case  interference  was  avoided  by  making  the  leading 
wire  longer  than  the  rear  wire  and  using  very  fine  prongs. 
Both  wires  were  0.016  inch  from  the  surface.  Runs  in  which 
the  signals  from  the  two  wires  were  recorded  simultaneously 
by  photographing  the  screen  of  a dual-beam  oscilloscope 
were  made  in  a natural  transition  region.  Since  the  time  to 
travel  1 inch  was  short  and  the  film  speed  was  limited  to 
about  8 feet  per  second,  the  spacing  between  events  was 
small.  A representative  sample  of  the  record  obtained  at  a 
free-stream  velocity  of  80  feet  per  second  is  shown  in  figure  8. 
Turbulence  is  seen  to  arrive  fu  st  at  the  upstream  wire  and  a 
short  time  later  at  the  downstream  wire  and  to  leave  first  at 
the  upstream  wire  and  later  at  the  downstream  wire.  Many 
such  records  were  inspected.  Except  for  a few  cases  where 
terminations  were  poorly  defined,  all  showed  the  same  phe- 
nomenon. Furthermore,  the  velocities  for  the  leading  and 
trailing  edges  calculated  from  the  time  delay  checked  those 
for  the  spot  to  about  10  percent.  No  better  accuracy  would 
be  expected  with  such  small  time  resolutions. 

While  this  completely  confirmed  the  passage  of  turbulent 
patches,  a further  experiment  was  performed  to  see  whether 
spot  characteristics  in  the  {/-direction  could  be  detected. 


- — Time- 


A*  = 1 in.  y = 0.0!6  in.  Lower  trace  - upstream  wire 


Upper  trace  — y = O.OI3  in. 




Ax  = 0 Ay  s 0.13  in. 

Figure  8. — Simultaneous  signals  from  two  hot-wires  in  region  of 
natural  transition.  Time  progression  from  right  to  left;  time  inter- 
val between  dots,  1/60  second;  upper  record,  1-inch  separation  in  x; 
lower  record,  0.13-inch  separation  in  y. 


Two  wires  were  placed  at  the  same  ^-position  but  at  distances 
of  0.013  and  0.143  inch  from  the  surface.  The  simultaneous 
records  are  shown  by  the  second  sample  in  figure  8.  It  is 
clearly  seen  that  the  turbulence  arrives  first  and  leaves  firs! 
at  the  outermost  wire.  This  was  all  around  confirmatior 
not  only  that  a transition  region  consists  of  patches  of  turbu- 
lence moving  downstream  but  that  the  patches  behave  as  dc 
artificially  produced  spots.  This  statement  does  not  infei 
that  the  patches  have  the  shapes  shown  in  figure  6;  for 
granted  that  they  may  have  liad  this  shape  early  in  then 
history,  they  would  sooner  or  later  merge  and  give  a resultan! 
of  almost  any  shape. 

It  now  becomes  completely  clear  that  what  were  always 
seen  in  a transition  region  were  patches  of  turbulence  moving 
downstream.  Points  of  initial  breakdown  were  rarely  ii 
ever  seen.  The  term  “transition,”  meaning  the  change  fron 
the  laminar  to  turbulent  state,  may  be  retained,  but  it  musi 
now  be  recognized  that  it  has  two  parts:  (1)  The  initia 
breakdown  of  laminar  flow  due  to  a perturbation  and  (2)  tin 
growth  of  turbulence  into  the  surrounding  laminar  region. 

Since  the  first  part  was  universally  missed  in  surveying  i 
transition  region,  one  can  so  far  only  infer  something  aboui 
it  from  circumstantial  evidence.  First,  the  mere  fact  thai 
it  was  missed  means  that  the  probability  of  having  a probe 
at  the  point  where  the  event  occurred  was  small.  This  is 
evidence  that  the  breakdown  is  pointlike  as  opposed  to  i 
simultaneous  breakdown  along  a line  or  over  a considerable 
area.  If  the  breakdown  is  pointlike,  then  there  exists  the 
opportunity  for  lateral  growth.  Of  this  there  is  ample 
evidence.  For  example,  observed  times  of  arrival  of  large 
patches  at  two  points  separated  laterally  by  as  little  as  ? 
inch  were  markedly  different,  and  the  same  was  true  o 
times  of  leaving.  This  indicates  that  patches  have  edge: 
at  least  as  sloping  as  those  of  the  single  spot  of  figure  6 
Sloping  sides  automatically  mean  the  occurrence  of  latera 
spreading.  The  existence  of  lateral  spreading  also  explains 
why,  when  two  probes  were  separated  longitudinally  b] 
several  inches,  the  downstream  probe  so  rarely  showee 
laminar  flow  when  the  upstream  probe  showed  turbulen 
flow.  The  opportunity  for  conditions  to  be  otherwise  wa: 
simply  made  small  by  the  cross  feeding  of  turbulence  into  th< 
space  between  the  two  probes.  The  same  explanation  cai 
be  applied  to  the  appearance  of  schlieren  photographs  o 
transition  on  a body  of  - revolution  at  supersonic  speeds 
Here  the  silhouette  view  of  phenomena  along  only  on 
generator  of  the  body  would  rarely  show  the  result  of  lamina 
breakdown  along  this  generator  but,  in  general,  the  turbu 
lence  that  reached  this  generator  from  the  sides.  If  th 
breakdown  had  occurred  in  the  form  of  a line,  say  a ring  o 
partial  ring  around  the  body,  the  chances  for  observin: 
gaps  of  laminar  flow  would  have  been  increased. 

The  concept  of  transition  along  a continuous  line  stem 
from  the  old  idea  of  a front  dividing  the  laminar  and  turbu 
lent  regimes.  ' The  argument  was  that,  if  the  flow  wa 
sufficiently  unstable  to  break  down  at  a given  value  of  a 
it  would  be  even  more  unstable  at  a greater  value  of  x an< 
therefore  would  be  completely  turbulent  up  to  the  firs 
point.  It  has  now  been  shown  that  this  argument  is  false 
It  is  nevertheless  true  that  the  amplitude  of  amplified  wave 
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is  on  the  average  greater  at  the  greater  values  of  x\  and, 
therefore,  if  these  cause  the  breakdown,  it  should  generally 
have  occurred  at  the  downstream  point.  The  explanation 
of  this  apparent  inconsistency  is  to  be  found  in  the  observed 
interference  patterns  which  produce  trains  of  high  and  lew 
amplitude  advancing  in  the  2>direction.  In  regions  of  high 
amplitude  isolated  peaks  are  found,  usually  jutting  toward 
the  higher  velocities.  From  observations  made  with  two 
wires  spaced  % inch  in  the  2-direction,  it  appears  that  these 
irregularities  occur  in  a spott}7  fashion  over  the  ?2-plane. 
Local  breakdown,  probably  at  the  peaks,  would  be  expected 
to  be  equally  spotty. 

Peaks  are  observed  when  the  hot-wire  is  close  to  the  sur- 
face, say  0.01  or  0.02  inch  awa}7,  and  indicate  a momentary 
increase  in  velocity  near  the  surface.  Closely  spaced  peaks 
found  near  the  apex  of  a turbulence  wedge  give  the  records 
a one-sided,  spiked  appearance.  Some  interesting  observa- 
tions were  made  in  an  adverse  pressure  gradient  strong 
enough  to  shorten  the  transition  region  to  a few  inches. 
Here  amplitudes  increased  rapidly  with  x and  developed 
short  trains  in  which  the  frequency  was  approximately 
doubled  and  the  mean  level  of  the  group  was  shifted  toward 
the  higher  velocity.  This  shift,  whether  accompanying  a 
pulse  or  a train,  evidently  means  that  shearing  stresses  are 
brought  into  play  which  increase  the  velocity  near  the  surface 
much  as  do  the  stresses  in  turbulent  flow.  Not  only  must 
such  phenomena  be  out  of  the  linear  range,  but  one  would 
suppose  that  they  would  be  three  dimensional  as  well. 
The  next  step  is  the  appearance  of  turbulence,  but  what  is 
involved  in  this  step  is  still  unknown. 

It  may  be  remarked  that  momentary  flow  separation, 
which  has  been  postulated  as  a prelude  to  transition,  is 
ruled  out  by  the  evidence  available  in  these  cases.  While 
it  is  true  that  the  velocity  near  the  surface  could  reverse 
during  part  of  a c}7cle  when  the  amplitude  is  high,  this 
apparently  is  prevented  by  the  action  of  the  shearing  stresses 
which  become  high  at  the  same  time. 

Since  the  present  evidence  for  point-like  breakdown  is 
circumstantial,  this  must  be  left  an  open  question.  The 
possibility  that  conditions  for  breakdown  may  be  met  prac- 
tically simultaneously  over  a region  of  some  extent  cannot 
be  ruled  out.  Cases  may  differ  in  this  respect.  It  is  hoped 
that  further  experiments  will  provide  a definite  answer  to 
this  question.  It  is  known,  however,  that  the  breakdown  is 
moving  downstream  as  it  is  occurring.  In  short,  all  parts 
of  the  process,  the  wave  and  the  breakdown  as  well  as  the 
resulting  spot  or  patch,  are  moving  downstream. 

Having  disposed  of  the  mechanism  of  initial  breakdown 
as  best  as  can  be  done  with  the  meager  information  at  hand, 
attention  is  now  turned  to  the  structure  of  the  transition 
region.  At  a given  value  of  zi}  defined  as  the  beginning  of 
the  transition  region,  points  of  breakdown  begin.  While 
this  position  may  vary  somewhat,  it  is  fairly  definite.  From 
here  on  spots  form,  grow,  and  merge  with  one  another. 
At  the  position  x}  waves  and  irregular  disturbances  in  the 
laminar  flow  are  much  in  evidence.  After  xx  waves  and 
general  perturbations  in  the  laminar  regions  are  less  in 
evidence,  and  finally  in  about,  the  last  half  of  the  transition 
region  they  are  nearly  absent  in  what  is  left  of  laminar  flow. 


The  beginnning  of  the  disappearances  can  be  attributed  to 
the  spotty  nature  of  waves,  regions  of  high  amplitude  having 
been  taken  out  by  breakdowns.  The  more  complete  dis- 
appearance in  the  later  stages  is  the  result  of  a calming 
effect  which  will  be  discussed  more  full}7  in  the  next  section. 
This  effect  has  already  been  mentioned  in  connection  with 
the  outline  of  the  turbulence  wedge.  It  will  be  found  that 
trailing  each  turbulent  patch  is  a region  of  calm  by  virtue 
of  which  the  patch  prohibits  a fresh  breakdown  behind  it. 

Thus  finalh7  a transition  region  is  found  divided  roughly 
into  two  parts:  (1)  An  initial  stage  where  initial  breakdowns 
occur  and  spots  form  and  begin  to  grow;  (2)  a final  stage 
consisting  primarily  of  spot  growth  with  new  breakdowns 
prohibited.  The  change  from  one  to  the  other  is,  of  course, 
progressive.  Patches  of  irregular  shape  form  from  the  merg- 
ing of  spots.  The  stable  trail  of  a patch  does  not  prevent 
the  leading  edge  of  a following  patch  from  overtaking  it. 
Finally,  all  patches  close  and  the  transition  region  is  ended. 

The  striking  fact  is  that  turbulence  is  always  moving 
downstream  and  in  a very  real  sense  tends  to  blow  away. 
In  a manner  of  speaking,  it  experiences  a struggle  for  sur- 
vival and  can  only  maintain  itself  by  fresh  breakdowns  in 
the  following  laminar  flow.  It  will  be  seen  in  the  next 
section  that  it  does  not  maintain  itself  when  one  interferes 
with  the  struggle  for  survival. 

CALMING  EFFECT 

The  brief  reference  to  the  recovery  trail  and  the  attention 
called  to  trailing  effects  in  the  two  preceding  sections  have 
perhaps  given  some  hint  that  this  subject  deserves  further 
attention.  Its  importance  stems  from  the  fact  that  a 
boundary  layer  passed  over  b}7  a recovery  trail  is  left  in  a 
state  of  calm  for  a period  until  the  disturbed  condition  again 
sets  in.  Transition  will  not  occur  within  this  period. 

The  possible  existence  of  such  an  effect  was  anticipated 
because  of  the  highly  stable  condition  of  the  recovery  trail. 
A probably  more  logical  argument  runs  as  follows:  At  the 
trailing  edge  of  receding  turbulence  the  flow  becomes  laminar, 
but  the  velocity  near  the  surface  is  higher  than  it  would  be 
for  a boundary  layer  in  its  normal  state.  The  normal 
state  returns  in  a relatively  short  interval  termed  the  re- 
covery trail.  The  normal  layer  that  results  is  a recon- 
structed layer,  built  for  the  most  part  of  old  properties  con- 
tributed by  the  oncoming  flow  but  of  only  those  old  proper- 
ties that  have  arrived.  Since  the  reconstructed  layer  is  laid 
down  at  the  rate  of  one-half  the  free-stream  velocity  and  the 
disturbances  travel  at  a slower  rate,  there  is  a progressively 
widening  interval  in  which  the  layer  lacks  the  disturbances. 
According  to  stability  theory  and  experiment  (ref.  4)  two- 
dimensional  waves  travel  downstream  at  a velocity  around 
one- third  the  free-stream  velocity,  the  exact  value  depending 
on  the  Reynolds  number,  boundary-layer  thickness,  and 
wave  length. 

Having  made  the  foregoing  prediction,  it  was  decided  to 
try  an  experiment  in  which  a recovery  trail  would  be  made  to 
pass  through  a region  of  natural  transition.  What  was 
desired  was  an  instantaneous  line  source  of  turbulence 
which  would  span  a considerable  distance  z and  so  sweep 
over  a considerable  width  of  the  layer.  Presumably  a row 
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of  simultaneously  fired  sparks  would  have  produced  this 
result;  but,  since  the  necessary  equipment  was  not  at  hand, 
a single  spark  was  fired  sufficiently  far  upstream  to  grow 
into  a large  spot  by  the  time  it  reached  the  transition  region. 
The  conditions  were  free-stream  turbulence,  0.03  percent; 
Ui=80  feet  per  second;  beginning  of  transition,  5.5  feet; 
and  spark,  0.25  feet  from  the  leading  edge.  The  maximum 
lateral  width  of  the  spot  was  calculated  to  be  2 feet  at  the 
5.5-foot  position. 

Oscillograph  records  were  obtained  with  a hot-wire  about 
0.015  inch  from  the  surface  on  the  center  line  at  5.5,  7,  8, 
and  8.5  feet  from  the  leading  edge.  Examples  are  shown  in 
figure  9.  The  first  record  of  each  set  shows  the  natural 
condition;  the  second  shows  the  passage  of  the  trail.  The 
record  pertaining  to  5.5  feet  shows  the  period  of  calm  fol- 
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Figure  9. — Oscillograms  comparing  natural  and  calmed  conditions. 

Time  progression  from  right  to  left;  time  interval  between  dots,  1/60 

second;  U x — 80  feet  per  second. 

lowing  the  recovery  trail.  The  other  records  show  how 
laminar  flow  is  brought  to  7,  8,  and  8.5  feet.  The  laminar 
condition  lasts  until  the  flow  again  breaks  down  at  some 
upstream  position  and  the  leading  edge  of  the  resulting 
turbulence  reaches  the  point  under  observation.  The 
position  is  assumed  to  be  that  for  the  beginning  of  natural 
transition,  which  in  this  case  is  5.5  feet.  Since  the  leading 
edge  is  traveling  with  a velocity  1.76  times  that  of  the  trail 
it  catches  up  and  progressively  shortens  the  laminar  section. 

From  the  length  of  the  laminar  sections  at  7,  8,  and  8.5 
feet  the  period  of  calm  at  5.5  feet  during  which  transition  did 
not  occur  was  estimated  on  the  basis  of  the  velocities  of 
trailing  and  leading  edges  of  a spot  as  given  in  figure  6. 
These  came  out  to  be  0.122  second  from  7 feet,  0.098  second 
from  8 feet,  and  0.078  second  from  8.5  feet.  The  progres- 
sively decreasing  time  is  an  indication  of  S37stematic  error 
or  is  evidence  of  edge  effects  from  the  turbulent  field  about 


the  relatively  narrow  laminar  strip.  Judging  by  the  record 
at  5.5  feet,  the  period  of  calm  was  probably  around  0.1 
second. 

If  the  starting  point  for  the  wave  reaching  the  5.5-foot 
position  were  known,  its  velocity  could  be  calculated. 
One  needs  to  know  the  nearest  upstream  point  outside  of 
the  growth  envelope  of  the  spot  from  which  a wave  can 
arrive  at  the  center  line  at  the  5.5-foot  position.  If  it  is 
assumed  that  a wave  cannot  travel  on  a diagonal  course 
and  therefore  had  to  start  at  the  origin  of  the  spot,  it  would 
be  required  to  travel  a distance  of  5.25  feet.  If  it  started  to 
follow  the  spot  immediately,  its  time  of  travel  would  be  the 
time  for  the  trailing  edge  of  the  spot  to  reach  the  5.5-foot 
position  plus  the  0.1-second  period  of  calm.  The  time  is 
found  to  be  0.231  second.  The  wave  velocity  cr  is  found  to 
be  23  feet  per  second,  or  cr/ C7i  =0.29.  If,  on  the  other  hand, 
a wave  does  travel  on  a diagonal,  say  10°  to  the  mean  flow, 
or  about  as  the  half-angle  of  a turbulence  wedge,  then  it 
would  be  required  to  travel  only  3 feet  in  a time  of  0.175 
second;  cT/Ui  is  then  found  to  be  0.21.  While  the  present 
conditions  differed  considerably,  the  results  are  of  the  same 
order. 

Because  of  the  foregoing  uncertainties  an  attempt  was 
made  to  produce  a breakdown  of  short  duration  along  a 
line  and  to  obtain  a trail  of  considerable  extent  in  the  in- 
direction. A piece  of  twine  about  0.03  inch  in  diameter 
was  attached  at  the  floor  and  ceiling  of  the  tunnel  by  rubber 
bands  and  was  thus  held  under  tension  about  an  inch  from 
the  plate.  This  was  drawn  out  like  the  string  of  a bow  and 
allowed  to  slap  the  plate.  The  object  was  to  make  the  twine 
enter  the  boundary  layer,  disrupt  the  flow,  and  then  leave. 
Since  the  twine  would  vibrate  like  any  plucked  string, 
damping  was  required. 

A position  about  4 feet  from  the  leading  edge  was  chosen. 
At  a free-stream  velocity  of  78  feet  per  second  the  twine 
contacted  the  surface  at  4.17  feet  along  a line  of  about  2 feet 
in  extent  in  the  z-direction.  At  this  position  and  this  velocity 
waves  were  already  well  developed.  On  this  particular  oc- 
casion the  beginning  of  natural  transition  appeared  to  be  at 
6 feet.  Two  observations  were  made  with  the  hot-wire  at 
5 feet  and  three  were  made  at  9 feet  where  the  layer  was 
completely  turbulent.  Some  calming  was  noted  at  5 feet, 
but  the  duration  was  uncertain.  A period  of  laminar  flow 
was  observed  at  9 feet  for  each  of  the  three  trials.  From 
these  the  times  that  the  flow  remained  calm  at  6 feet  without 
transition  were  0.067,  0.06,  and  0.05  second. 

Since  the  wave  was  already  present  at  the  4.17-foot  po- 
sition, it  was  assumed  that  the  wave  continued  to  progress 
from  this  point  and  that  it  approached  the  6-foot  position 
during  the  time  that  the  trailing  end  of  the  receding  turbu- 
lence traveled  from  4.17  feet  to  6 feet  plus  the  estimated  calm 
period  at  6 feet.  The  values  of  cr/f/i  were  calculated  from 
the  three  trials  to  be  0.21,  0.22,  and  0.24. 

These  values  agree  fairly  well  with  those  obtained  with  the 
spot.  The  mean  of  all  is  0.23  with  a maximum  deviation  of 
13  percent.  While  this  value  seems  rather  definite,  it  should 
be  remembered  that  it  depends  on  assumptions  that  may  be 
questionable.  If  the  value  0.23  represents  a wave  velocity, 
it  is  apparently  lower  than  that  of  the  two-dimensional  wave 
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calculated  in  stability  theory.  Furthermore,  one  should  prob- 
ably be  comparing  group  velocity  which  for  boundaiy-laj'er 
waves  should  be  somewhat  higher  than  that  for  a single  wave. 
There  exists  also  the  possibility  that  the  calming  may  have 
other  effects  which  lengthen  the  period  before  breakdown  is 
resumed.  - ' - • 

Obviously  much  more  study  is  required  in  order  to  clarify 
this  subject.  The  properties  of  three-dimensional  waves 
about  which  little  is  known  should  be  examined.  The  waves 
may  be  required  to  be  three  dimensional,  or  to  have  a three- 
dimensional  perturbation  superposed  on  them,  to  produce 
breakdown.  There  also  remains  the  question  of  the  extent 
of  calming  when  the  impressed  disturbances  are  already 
large,  as  occurs  when  the  free-stream  turbulence  is  high  or 
when  roughness  elements  are  present  on  the  surface.  Cases 
where  pressure  gradients  exist  also  need  to  be  investigated. 

The  calming  effect  interrupts  the  formation  of  spots  and 
thus  allows  established  turbulence  to  pass  on  downstream. 
The  results  can  be  an  extension  of  laminar  flow.  It  has 
already  been  noted  in  the  preceding  section  that  breakdowns 
are  prohibited  by  this  effect  in  the  latter  part  of  the  transition 
region.  This  results  in  a lengthening  of  the  transition  region. 
The  action  here,  however,  is  reduced  to  a minor  role  because 
of  the  rapidity  with  which  upstream  patches  overrun  the 
regions  of  calm.  If  turbulence,  initially  in  the  form  of  a line, 
were  made  to  sweep  over  the  transition  region  from  its  begin- 
ning, then  the  calming  effect  would  be  fully  effective.  Obvi- 
ously the  extent  of  laminar  regime  following  the  line  depends 
on  the  length  of  time  during  which  a state  of  calm  exists. 
This  in  turn  depends  on  where  one  chooses  to  initiate  the  line 
and  on  the  difference  between  the  velocity  of  the  trailing 
edge  of  the  resulting  turbulent  strip  (0.5 Ux)  and  that  of  the 
following  wave. 

When  the  velocity  of  the  wave  is  sufficiently  small,  say  of 
the  order  of  0.25 U\,  it  appears  to  be  possible  to  derive  a net 
gain  in  the  average  extent  of  laminar  flow  by  artificially 
starting  turbulence  along  a line  somewhere  ahead  of  a region 
of  natural  transition,  provided  the  turbulence  so  introduced 


begins  as  a line  (negligible  width  at  the  start)  and  passes 
downstream  with  velocities  of  leading  and  trailing  edges  as 
given  for  the  spot.  However,  until  more  is  known  about  this 
effect,  any  attempt  to  assess  potential  benefits  is  purety  in 
the  realm  of  speculation.  It  is  interesting  to  note,  however, 
that  turbulence  property  injected  at  proper  time  intervals 
can  in  principle  aiieviaie  the  severity— of-  t-bp  turbulence 
“disease.”  The  parallel  to  medical  practice  is  obvious.  The 
difficulty  here  is  that  the  patient  will  suffer  just  as  much  from 
the  mild  cases  as  from  the  disease  proper  if  the  periods  of 
immunity  are  too  short. 

National  Bureau  of  Standards, 

Washington,  D.  C.,  February  28 , 1955. 
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DEVELOPMENT  OF  CRAZE  AND  IMPACT  RESISTANCE  IN  GLAZING  PLASTICS 

BY  MULTIAXIAL  STRETCHING 

By  G.  M.  Ivline,  I.  Wolock,  B.  M.  Axilrod,  M.  A.  Sherman,  D.  A.  George,  and  V.  Cohen 


SUMMARY 

The  loss  oj  strength  of  cast  polymethyl  methacrylate  plastic 
as  a result  of  crazing  is  of  considerable  importance  to  the  air- 
craft industry.  Because  oj  the  critical  need  for  basic  informa- 
tion on  the  nature  oj  crazing  and  the  effects  of  various  treatments 
and  environmental  conditions  on  its  incidence  and  magnitude , 
an  investigation  oj  this  phenomenon  was  undertaken . 

In  the  course  oj  this  study  oj  crazing  the  following  factors 
were  examined:  ( 1 ) The  effect  of  stress-solvent  crazing  on 
tensile  strength  of  polymethyl  methacrylate;  (2)  the  critical 
stress  and  strain  for  onset  oj  crazing  at  various  temperatures; 
(3)  the  effect  oj  molecular  weight  on  crazing;  and  (4)  the  effect 
of  multiaxial  stretching  on  crazing  oj  polymethyl  methacrylate 
and  other  acrylic  glazing  materials . 

It  was  found  that  moderate  stress-solvent  crazing  oj  poly- 
methyl  methacrylate  results  in  a loss  in  tensile  strength  of 
approximately  30  percent.  Stress  crazing  develops  at  80  to 
95  percent  of  the  tensile  strength  in  the  standard  tensile  test 
in  the  temperature  range  oj  23°  to  70°  C.  Craze  resistance 
increases  slightly  with  increasing  molecular  weight  oj  the 
polymer.  Multiaxial  stretching  of  poly  methyl  methacrylate 
markedly  increased  its  craze  resistance . Material  stretched  150 
qeicent  did  not  craze  in  short-time  tensile  tests  and  the  crazing 
\hr es hold  was  increased  several  fold  in  stress-solvent  crazing 
ests.  The  strain  at  failure  was  increased  several  fold  {up  to 
30  percent  strain),  thus  imparting  toughness  to  the  stretched 
sheets.  The  orientation  oj  the  large  molecules  oj  this  high- 
oolymeric  material  transforms  the  amorphous,  brittle  cast  sheets 
Into  laminar . tough  products  that  are  resistant  to  shattering  under 
Impact  loads.  Multiaxial  stretching  oj  other  acrylic  plastics, 
Including  poly  methyl  alpha-chloroacrylate,  gave  comparable 
'esults. 

The  improvement  in  the  crazing  resistance  oj  acrylic  plastic 
sheets  produced  by  multiaxial  stretching  indicates  that  en- 
closures made  from  stretched  sheets  have  crazing  and  strength 
properties  superior  to  those  oj  enclosures  formed  with  little  or  no 
dretching.  As  an  alternative  to  the  use  oj  prestretched  material 
o achieve  improved  craze  resistance  and  toughness  in  acrylic 
enclosures,  there  is  the  possibility  oj  preparing  a more  highly 
stretched  enclosure  directly,  such  as  by  forming  a larger  and 
nore  deeply  drawn  enclosure  than  required  and  then  using  only 
he  central  portion  oj  the  formed  piece.  Either  method  would 
mprove  the  craze  resistance , particularly  at  the  rim,  where  there 


is  likely  to  be  stress  concentration  and  where  contact  with 
solvents  oj  adhesives  used  to  seal  the  enclosure  is  quite  likely; 
in  a normally  formed  enclosure,  the  craze  resistance  is  a mini- 
mum at  the  rim.  The  laminar  structure  oj  the  stretched  acrylic 
sheets  also  offers  the  possibility  oj  obtaining  resistance  to 
shattering  oj  pressurized  acrylic  canopies  by  shrapnel  without 
the  necessity  oj  employing  the  heavier  and  more  expensive 
acrylic  laminate  made  with  a safety-glass  type  oj  vinyl 
interlayer. 

INTRODUCTION 

Acrylic-plastic  glazing  has  been  used  for  many  years  in 
astrodomes,  gun  turrets,  antenna  covers,  and  other  trans- 
parent curved  enclosures  in  military  aircraft.  However,  in 
spite  of  its  good  weathering  and  optical  properties  and  the 
ease  with  which  it  can  be  formed  into  shapes  with  compound 
curvature,  this  material  has  several  disadvantages  such  as 
low  impact  strength  and  craze  cracking.  Perhaps  the  most 
serious  of  these  is  its  tendency  to  craze  under  stress,  espe- 
cially in  the  presence  of  organic  solvents.  This  results  not 
only  in  reduced  visibility  but  also  in  lowered  resistance  to 
both  steady  and  impact  loads.  Because  of  the  critical  need 
for  basic  information  on  the  nature  of  crazing  and  the  effects 
of  various  treatments  and  environmental  conditions  on  its 
incidence  and  magnitude,  an  investigation  of  this  phe- 
nomenon was  conducted  at  the  National  Bureau  of  Stand- 
ards under  the  sponsorship  and  with  the  financial  assistance 
of  the  National  Advisory  Committee  for  Aeronautics. 

In  the  course  of  this  study  of  crazing  the  following  factors 
were  examined:  (1)  The  effect  of  stress-solvent  crazing  on 
tensile  strength  of  polymethyl  methacrylate;  (2)  the  critical 
stress  and  strain  for  onset  of  crazing  at  various  temperatures; 
(3)  the  effect  of  molecular  weight  on  crazing;  and  (4)  the 
effect  of  multiaxial  stretching  on  crazing  of  polymethyl 
methacrylate  and  other  acrylic  glazing  materials.  It  was 
found  that  craze-resistant  glazing  materials  could  be  pro- 
duced by  the  multiaxial-stretching  process;  furthermore,  the 
orientation  of  the  large  molecules  of  these  high  polymeric 
materials  transforms  the  amorphous,  brittle,  cast  sheets  into 
laminar,  tough  products  that  are  resistant  to  shattering 
when  subjected  to  gunfire. 

The  results  obtained  in  the  various  phases  of  the  investiga- 
tion of  crazing  are  presented  in  this  report. 
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EFFECT  OF  STRESS-SOLVENT  CRAZING  ON  TENSILE 
STRENGTH  OF  POLYMETHYL  METHACRYLATE 

The  loss  of  strength  of  tensile  specimens  of  potymethyl 
methacrylate  as  a result  of  stress-solvent  crazing  at  23°  C 
and  50-percent  relative  humidit}^  was  investigated  (ref.  1). 
The  materials  tested  were  commercial  cast  polymethyl 
methacrylate  sheets  of  both  heat-resistant  and  general-pur- 
pose grades  from  each  of  two  manufacturers.  Most  of  the 
tests  were  made  on  samples  0.15  inch  thick  and  covered  with 
masking  paper  on  one  side  only.  The  tensile  specimens 
were  artificial^  crazed  by  applying  benzene  to  the  central 
portion  of  the  reduced  section  while  under  stress,  as  de- 
scribed in  footnotes  c and  e of  table  I and  in  appendix  A, 
and  were  subsequently  broken.  Specimens  for  controls  were 
treated  identically  except  that  no  benzene  was  applied. 
Among  the  factors  studied  were  the  effect  of  the  masking 
paper  on  the  crazing  and  the  relative  effect  on  tensile  strength 
of  a few  large  craze  cracks  compared  with  that  of  more 
numerous  finer  cracks.  The  coarse  crazing  was  produced 
by  applying  a larger  amount  of  benzene  and  a smaller 
stress  than  were  used  to  create  the  fine  crazing.  The  results 
are  summarized  in  table  I. 

The  crazing  treatment  that  produced  up  to  two  coarse 
cracks  per  square  millimeter  with  a crack  length  and  depth 
of  roughly  1 and  0.15  millimeter,  respectively,  caused  a loss 
of  strength  that  averaged  approximately  35  percent  for  all 
materials.  The  loss  in  strength  produced  by  the  fine  crazing 
averaged  roughly  27  percent  for  all  materials.  It  should  be 
noted  that,  in  order  to  produce  this  loss  in  strength,  a higher 
stress  was  used  in  crazing  the  heat-resistant  grade  than  was 
used  in  crazing  the  general-purpose  material.  This  result 
agrees  with  the  well-known  fact  that  the  threshold  stress  for 


Figure  1. — Variation  of  tensile  strength  <rmax  and  stress  at  onset  of 
crazing  <rc  with  temperature  for  acrylic' plastics. 


Figure  2. — -Variation  of  tensile  secant  modulus  of  elasticity  with 
temperature  for  acrylic  plastics.  Stress  range  is  zero  to  about  one- 
half  of  tensile  strength. 


solvent  crazing  is  higher  for  the  heat-resistant  than  for  the 
general-purpose  cast  material.  The  masking  paper  had  no 
statistically  significant  effect  on  the  loss  of  strength  result- 
ing from  crazing. 

The  crazed  specimens  were  more  variable  than  the  con- 
trols, the  coefficients  of  variation  for  tensile  strength  aver- 
aging about  15  and  5 percent,  respectively,  for  all  samples. 
In  addition,  although  the  crazing  treatment  was  done  in  a 
controlled  manner,  there  was  a significant  daily  variation  in 
treatment  that  contributed  an  additional  15  percent  to  the 
coefficient  of  variation  for  the  crazed  specimens.  It  was  not 
found  possible  to  predict  the  tensile  strength  of  a crazed 
specimen  from  its  appearance. 

STRESS  AND  STRAIN  AT  ONSET  OF  CRAZING  OF  POLY- 
METHYL METHACRYLATE  AT  VARIOUS  TEMPERATURES 

The  stress  and  strain  at  the  onset  of  crazing  of  polymethyl 
methacrylate  were  determined  at  23°,  50°,  and  70°  C (ref.  2). 
The  materials  tested  were  commercial  cast  polymethyl  meth- 
acrylate sheets  of  both  general-purpose  and  heat-resistant 
grades.  Most  of  the  tests  were  made  on  samples  0.15  inch 
thick.  The  standard  tensile  test  described  in  appendix  A 
was  used  with  the  exception  that  when  the  strain  gage  was 
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Figure  3. — Variation  of  strain  at  onset  of  crazing  and  permanent  set 
with  temperature  for  acrylic  plastics. 


emovecl  the  testing  speed  was  increased  to  about  0.6  inch 
>er  minute. 

The  average  values  of  tensile  strength  and  of  stress  at  the 
►nset  of  crazing  for  the  four  materials  tested  are  shown 
graphically  in  figure  1,  the  secant  modulus  values,  in  figure 
5,  and  the  values  of  the  strain  at  the  onset  of  crazing  and 
>f  permanent  set,  in  figure  3. 

Polymethyl  methacrylate  did  not  begin  to  craze  at  the 
ame  strain  for  all  temperatures;  in  general,  the  strain  de- 
creased with  increase  in  temperature.  For  three  of  the  four 
amples  tested  the  strain  at  crazing  was  statistically  signifi- 
cantly lower  at  50°  C,  when  the  samples  were  still  well 
>elow  the  glass  transition  point,  than  it  was  at  23°  C.  No 
consistent  trend  is  evident  between  50°  and  70°  C. 

The  ratio  of  stress  at  the  threshold  of  crazing  to  the 
naximum  stress  was,  in  general,  between  SO  and  95  percent 
or  all  the  samples  tested  at  23°,  50°,  and  70°  C. 

The  tensile  strength  and  secant  modulus  of  elasticity 
lecrease  approximately  linearly  with  increase  in  tempera- 
ure.  The  strengths  at  70°  C of  the  general-purpose  and 
leat-resistant  grades  of  polymethyl  methaciylate  were  re- 
luced  to  about  30  and  50  percent,  respectively,  of  the 
trengths  at  23°  C.  The  modulus  values  at  70°  C were 
orrespondingly  reduced  to  about  40  and  70  percent  of  the 
alues  at  23°  C. 

EFFECT  OF  MOLECULAR  WEIGHT  ON  CRAZING  OF 
POLYMETHYL  METHACRYLATE 

Tensile  and  crazing  properties  were  determined  for  five 
ast  polymethyl  methacrylate  sheets  in  which  the  viscosity- 


Figure  4. — Variation  of  tensile  strength  and  stress  at  onset  of  crazing 
with  molecular  weight. 


average  molecular  weights  of  the  resin  were  90,000,  120,000, 
200,000,  490,000,  and  3,160,000,  respectively  (ref.  3).  Both 
stress  crazing  and  stress-solvent  crazing  tests  were  conducted 
by  the  methods  described  in  appendix  A.  The  results  are 
shown  in  figures  4 and  5.  In  the  first  set  of  stress-solvent 
crazing  tests  the  solvent  was  applied  by  the  blotter  method 
with  benzene  as  the  solvent.  In  the  second  set  of  tests, 
both  the  brush  and  blotter  methods  were  used  with  both 
benzene  and  isopropanol  as  solvents.  For  a given  molec- 
ular weight,  no  significant  differences  in  threshold  values 
were  observed  among  the  various  methods  used  in  the 
second  set  of  tests. 

It  was  found  that  the  tensile  strength  and  strain  at  failure 
increase  rapidly  with  increasing  molecular  weight  at  the 
lower  molecular  weights  and  begin  to  level  off  at  molecular 
weights  of  approximately  200,000  and  500,000,  respectively. 
There  was  no  change  in  the  modulus  of  elasticity  over  the 
range  of  molecular  weights  studied.  The  specimens  with 
molecular  weights  of  90,000  and  120,000  broke  at  low  strains 
without  crazing.  For  the  higher  molecular  weights,  the 
stress  and  the  strain  at  which  crazing  occurred  increased 
with  increasing  molecular  weights.  In  the  stress-solvent 


Figure  5. — Variation  of  strain  at  failure  and  strain  at  onset  of  crazing 
with  molecular  weight. 
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crazing*  tests,  the  materials  with  t-lie  three  lowest  molecular 
weights  broke  immediately  upon  crazing,  usually  at  an  ob- 
served craze  crack.  For  the  materials  with  the  two  highest 
molecular  weights  the  craze  resistance  increased  slightly 
with  increase  in  molecular  weight. 

EFFECTS  OF  MULTIAXIAL  STRETCHING  ON  CRAZING  AND 
OTHER  PROPERTIES  OF  TRANSPARENT  PLASTICS 

Improvement  in  the  resistance  of  transparent  plastics  to 
crazing  was  sought  by  multiaxial  stretch  forming.  The 
initial  tests  were  conducted  with  general-purpose  and  heat- 
resistant  grades  of  polymethvl  methacrylate  stretched  50 
percent  (ref.  4).  A marked  increase  in  the  strain  at  the 
onset  of  crazing  was  noted  in  the  standard  short-time 
tensile  test;  in  fact,  most  of  the  stretched  specimens  tested 
showed  no  crazing.  The  threshold  stress  for  stress-solvent 
crazing  with  benzene  applied  by  brush  increased  70  to  80 
percent.  In  long-time  tensile  tests  (7  days),  the  threshold 
stress  for  stress  crazing  increased  40  to  50  percent.  The 
tensile  strength  was  unaffected,  but  the  strain  at  failure 
was  increased  from  10  percent  to  about  60  percent.  This 
considerable  increase  in  strain  at  failure  suggested  that 
enclosures  made  from  multiaxially  stretched  acrylic  sheets 
might  have  not  only  greatly  improved  crazing  resistance 
but  also  sufficient  toughness  and  resistance  to  gunfire  to 
obviate  the  need  for  the  use  of  the  heavier  laminated  acrylic 
materials. 
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Figure  6. — Effect  of  multiaxial  stretching  on  tensile  properties  of  heat- 
resistant  polymethyl  methacrylate  at  23°  C.  None  of  stretched 
specimens  crazed  in  the  stress-crazing  test. 


In  view  of  these  favorable  results  with  polymethvl  metha- 
crylate stretched  50  percent,  the  effects  of  100-  and  150- 
percent  multiaxial  stretching  were  investigated  (ref.  5). 
The  tests  were  conducted  with  both  general-purpose  and 
heat-resistant  grades  of  the  aciylic  plastic  and  the  results 
are  shown  in  figure  6.  The  tensile  strength  did  not  change 
for  the  100-percent-stretched  material  but  increased  6 to 
12  percent  for  the  150-percent-stretched  material.  The 
strain  at  failure  increased  from  approximately  7 percent 
for  the  unstretched  material  to  50  and  25  percent  for  the 
100-  and  150-percent-stretched  materials,  respectively. 
None  of  the  stretched  specimens  crazed  in  the  short-time 
tensile  test.  The  threshold  stress  for  stress-solvent-  crazing 
with  benzene  applied  by  blotter  increased  from  approxi- 
mately one-fourth  of  the  strength  for  the  unstretched 
material  to  approximately  three-fourths  for  the  100- 
percent-stretched  material.  Most  of  the  150-percent- 
stretched  specimens  did  not  solvent  craze  even  at  tensile 
stresses  very  close  to  the  ultimate  strength.  These  obser- 
vations indicate  that  the  resistance  to  crazing  increases 
markedty  with  increasing  degrees  of  multiaxial  stretching. 

Tests  were  then  conducted  to  determine  the  effects  of 
multiaxial  stretching  on  various  properties  of  three  heat- 
resistant  transparent  plastics,  namely,  polymethvl  metha- 
crylate (Lucite  HC-222),  modified  polymethvl  methacrylate 
(Plexiglas  55),  and  polymethyl  alpha-chloroacrylate  (Gafite 
and  resin  C).  The  properties  measured  for  samples  of  these 
materials  unstretched  and  multiaxially  stretched  approxi- 
mately 50,  100,  and  150  percent,  depending  upon  the  stretch- 
ing limitations  of  the  particular  material,  were  as  follows: 
Tensile  strength  including  crazing  threshold  stress,  strain  at 
failure,  secant  modulus  of  elasticity,  stress-solvent-  crazing 
with  ethylene  dichloride  applied  by  blotter,  dimensional 
stability  at  elevated  temperatures,  and  resistance  to  abrasion. 
The  method  of  stretching  the  samples  and  the  testing  pro- 
cedures are  described  in  appendices  A and  B. 

These  tests,  discussed  in  reference  6,  showed  that  polv- 
methyl  methacrylate  and  polymethyl  alpha-chloroacrylate 
can  be  multiaxially  stretched  at  least  150  percent,  whereas 
Plexiglas  55  (modified  polymethyl  methacrylate)  cannot  be 
stretched  more  than  85  percent  with  the  apparatus  used. 

Multiaxial  stretching  causes  the  following  general  effects 
on  the  properties  of  the  transparent  plastics  studied: 

(1)  Large  increases  in  resistance  to  stress  crazing  and  to 
stress-solvent  crazing.  This  resistance  increases  with  increas- 
ing degrees  of  stretching  (table  II). 

(2)  A slight  increase  in  tensile  strength  (table  II). 

(3)  A large  increase  in  strain  at  failure  (table  II) . 

(4)  Little  effect  on  the  tensile  secant  modulus  of  elasticity 
(table  II). 

(5)  A decrease  in  the  resistance  to  surface  abrasion  (table 
III). 

Annealing  increases  the  tensile  strength  of  the  stretched 
materials  slightly  and  has  the  same  effect  for  some  of  the 
unstretched  materials.  The  resistance  of  both  unst-retched 
and  stretched  materials  to  stress-solvent  crazing  is  usually 
increased  markedly  by  annealing.  However,  the  stress- 
crazing  behavior  of  the  unstretched  materials  is  not  affected 


DEVELOPMENT  OF  CRAZE  AND  IMPACT  RESISTANCE 

by  annealing  in  most  cases.  Resistance  of  the  stretched 
materials  to  surface  abrasion  is  not  affected  by  annealing. 

As  an  alternative  to  the  use  of  prestretched  material  to 
achieve  improved  craze  resistance  and  toughness  in  acrylic 
enclosures,  there  is  the  possibility  of  preparing  a more 
highly  stretched  enclosure  directly,  such  as  by  forming  a 
larger  and  more  deeply  drawn  enclosure  than  required  and 
then  using  only  the  central  portion  of  the  formed  piece. 
Either  method  would  improve  the  craze  resistance,  particu- 
larly at  the  rim,  where  there  is  likely  to  be  stress  concen- 
tration and  where  contact  with  solvents  of  adhesives  used 
to  seal  the  enclosure  is  quite  likely;  in  a normally  formed 
enclosure,  the  craze  resistance  is  a minimum  at-  the  rim. 

STRESS-STRAIN  BEHAVIOR  OF  STRETCHED  ACRYLICS 

Typical  stress-strain  diagrams  for  unstretched  and  stretch- 
ed heat-resistant  polvmethyl  methacrylate  and  poly  methyl 
alpha-chloroacrylate  are  presented  in  figures  7 and  8.  The 
shape  of  the  stress-strain  curve  of  poly  methyl  methacrylate 
is  not  appreciably  altered  by  the  stretching,  but  that  of 
polymethyl  alpha-chloroacrylate  is  markedly  affected.  The 
unstretched  polymethyl  alpha-chloroacrylate  failed  before 
reaching  a yield  point;  the  stretched  materials,  however, 
show  yield  points. 

In  the  tests  conducted  on  stretched  polvmethyl  meth- 
acrylate, very  little  increase  in  tensile  strength  was  observed 
for  the  stretched  materials  over  that  of  the  unstretched. 
However,  there  was  a marked  decrease  in  the  cross  section  of 
tensile  specimens  of  the  stretched  material  prior  to  failure 
at  high  strains,  whereas  the  unstretched  material  broke  at 
low  strains  with  little  change  in  cross  section.  Thus,  the 
true  stress  at  failure  was  probably  much  greater  for  the 
stretched  specimens  than  that  based  on  the  original  area. 

For  this  reason,  several  tests  were  conducted  on  specimens 
of  stretched  heat-resistant  polvmethyl  methacrylate  without 
increasing  the  speed  of  testing  when  the  strain  reached 
10  percent  and  the  strain  gage  was  removed.  A speed  of 
0.05  inch  per  minute  was  used  up  to  failure.  Starting  at 
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Figure  7. — Stress-strain  diagrams  of  heat-resistant  poly inethvl 

methacrylate. 
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Figure  8. — Stress-strain  diagrams  of  polvmethyl  alpha-chloroacrylate. 


10-percent-  strain  and  continuing  at  intervals  of  10-percent 
strain  until  failure,  the  width  and  thickness  of  the  test  speci- 
mens were  measured  with  micrometer  calipers  to  the  nearest 
thousandth  of  an  inch.  The  load  was  observed  at  each 
reading.  From  these  data,  the  true  stress  at  various  strains 
could  be  calculated.  Since  most  of  the  specimens  of  the 
stretched  chloroacrylate  materials  broke  at  strains  of  20  per- 
cent or  less  with  little  decrease  in  cross  section,  no  measure- 
ments of  this  type  were  made  on  these  specimens. 

A typical  true  stress-strain  diagram  for  the  stretched 
poly  methyl  methacrylate  is  shown  in  figure  9.  The  results 
show  that  the  true  stress  at  the  yield  point  is  approximately 
10  percent  greater  than  the  tensile  strength  because  of  the 
reduction  in  the  cross-sectional  area.  The  materials  with  the 
highest  tensile  strength  did  not  have  the  highest  true  stress 
at  failure.  The  50-percent-stretched  materials,  which 
elongated  the  most  and  thus  decreased  the  most  in  area, 
had  the  highest  values  for  true  stress  at  failure.  That  is,  for 
each  material,  the  true  stress  at  failure  was  related  to  the 
strain  at  failure.  The  true  stress  at  failure  varied  from 
approximately  25  to  50  percent  greater  than  the  tensile 
strength. 

From  the  measurements  made  in  the  above  tests  of  the 
changes  in  dimensions  of  the  tensile  specimens  of  the  stretched 
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Figure  9. — Stress-strain  diagram  of  heat-resistant  polvmethyl  meth- 
acrylate multiaxially  stretched  50  percent. 
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materials,  it  was  possible  to  calculate  values  for  Poisson’s 
ratio.  This  is  the  ratio  of  lateral  strain  to  axial  strain. 
These  values  were  calculated  from  changes  in  width  and 
changes  in  thickness  for  each  specimen,  starting  at  10  percent 
axial  strain,  at  intervals  of  10  percent  strain  to  failure.  The 
results  show  that  Poisson’s  ratio  is  initially  approximately 
0.4  to  0.5  and  decreases  to  approximately  0.3  to  0.4  as  the 
strain  increases.  The  reported  value  for  Poisson’s  ratio  for 
unstretched  polymethyl  methaciwlate  is  0.35. 

RETENTION  OF  STRUCTURE  ON  HEATING  OF  STRETCHED 

ACRYLICS 

The  stretched  materials  will  recover  gradually  if  heated 
to  a high  enough  temperature.  The  higher  the  heat-distor- 
tion point  of  the  unstretched  material,  the  lower  is  the  extent 
of  recovery  of  the  stretched  material  at  any  given  temperature 
within  the  range  investigated.  For  any  material,  the  higher 
the  degree  of  stretching,  the  greater  is  the  extent  of  recovery 
at  a given  temperature.  Most  of  the  recovery  occurs  in  the 
first  2 hours  (table  IV) . 

The  retention  of  the  structure  of  stretched  acrylic  plastics 
when  heated  while  restrained  was  also  investigated  by  con- 
ducting stress-solvent  crazing  tests  on  tapered  tensile  speci- 
mens of  heat-resistant  polymethyl  methacrylate  that  had 
been  multiaxially  stretched  and  then  heated  while  restrained. 
Three  disks  were  prepared  at  50-percent,  100-percent,  and 
150-percent  stretch.  One  disk  at  each  degree  of  stretch  was 
heated  for  17  hours  at  90°  C,  one  for  6 hours  at  115°  C,  and 
one  for  % hour  at  130°  C.  The  heating  period  at  each 
temperature  was  determined  experimentally  as  the  maximum 
period  that  the  formed  pieces  could  be  heated  without 
tearing. 

The  results  of  these  tests  are  presented  in  table  V.  The 
data  indicate  that  heating  while  restrained  does  not  affect 
the  structure  of  multiaxially  stretched  acrylic  plastic  appre- 
ciably, as  measured  by  crazing  resistance. 

In  addition,  the  degree  of  stretch  of  each  formed  disk 
was  observed  by  measuring  the  distance  between  points 
drawn  on  each  sheet  prior  to  forming.  There  was  no  sig- 
nificant change  in  these  distances  during  the  heating  periods, 
indicating  that  the  degree  of  stretching  was  not  changing. 

Thus,  there  is  no  apparent  reorientation  of  the  polymer 
chains  if  the  stretched  material  is  restrained  while  it  is 
heated  above  the  glass  transition  temperature  for  the  times 
and  temperatures  investigated.  From  a practical  point  of 
view,  this  means  that  multiaxially  stretched  material  can 
be  heated  for  forming  without  a change  in  its  structure  or 
loss  of  orientation  if  it  is  restrained  at  the  edges. 

APPEARANCE  OF  CRAZED  SPECIMENS 

The  patterns  of  crazing  appearing  on  stress-crazed  and 
stress-solvent-crazed  specimens  of  polymethyl  methacrylate 
are  shown  in  figure  10.  The  stress  crazing  of  polymethyl 
methacrylate  is  apparent  in  figure  11  as  a rather  uniform 
blushing  of  the  surface,  which  is  common  for  this  material. 
The  crazing  of  the  modified  polymethyl  methacrylate,  al- 
though not  nearly  so  uniform  nor  so  dense,  also  appeared 
on  the  surface  only.  The  stress  crazing  of  the  polymethyl 
alpha-chloroacrylate  specimens  was  rather  uniform  and 
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Figure  10. — Crazed  tensile  specimens  of  polymethyl  methacrylate. 
A,  unstretched,  crazed  during  short-time  tensile  test;  B,  unstretched, 
stress-solvent  crazed  with  benzene,  maximum  stress,  2,400  psi;  C, 
multiaxially  stretched  100  percent,  stress-solvent  crazed  with  ben- 
zene, maximum  stress,  7,000  psi;  and  D,  multiaxially  stretched  15C 
percent,  stress-solvent  crazed  with  benzene,  maximum  stress,  10,00C 
psi. 


Figure  11. — Stress-crazed  specimens  of  heat-resistant  polymethy 
methacrylate  (A  and  B)  and  polymethyl  alpha-chloroacrylate  (C 
and  D).  Note  internal  crazing  apparent  in  side  view  D of  poly- 
methyl  alpha-chloroacrylate  but  not  in  side  view  B of  polymethy 
methacrylate. 
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uite  dense  and  was  apparent  in  the  interior  of  the  specimens 
3 well  as  on  the  surface  (fig.  11). 

FRACTURE  BEHAVIOR 

The  fracture  sunWo  of  the  polvmethyl  meth- 

crvlate  and  modified  polymethyl  methacrylate  specimens 
ere  flat  and  relatively  smooth  and  were  perpendicular  to 
he  cast  faces.  A smooth  mirrorlike  area  was  apparent  on 
ach  fracture  surface  and  was  probably  the  point  at  which 
•acture  initiated.  The  fracture  surfaces  of  the  polymethyl 
Ipha-chloroacrylate  specimens  were  very  rough  and  uneven 
nd  usually  slightly  rounded.  Numerous  small  pieces  broke 
ut  of  the  fracture  surfaces  of  the  chloroacrylate  specimens 
t failure.  It  was  very  difficult  to  detect  a mirrorlike  area 
n most  of  these  specimens.  Examples  of  the  fracture 
nrfaces  are  shown  in  figure  12. 

The  fracture  surfaces  of  the  stretched  materials  showed 
tminar  structure.  This  structure  is  probably  due  to  the 
rientation  of  the  molecular  chains  in  layers  parallel  to  the 
lane  of  the  sheet.  The  higher  the  degree  of  stretching, 
tie  more  apparent  was  this  layerlike  orientation.  The 
laterial  thus  tends  to  act  as  an  assembly  of  independent 
iminae  in  resisting  impact  loads.  The  laminar  structure 
f the  stretched  acrylic  sheets  also  offers  the  possibility  of 
btaining  resistance  to  shattering  of  pressurized  acrylic 
anopies  by  shrapnel  without  the  necessity  of  employing 
he  heavier  and  more  expensive  acrylic  laminate  made  with 
safety-glass  type  of  vinyl  interlayer. 

In  many  cases,  a triangular-shaped  piece  split  out  of  a 
ensile  specimen  of  stretched  material  at  the  point  of  failure. 


•Tgure  12. — Fracture  surfaces  of  unstretched  and  multiaxially 
stretched  acrylic  plastics.  A,  unstretched  polymethyl  methacrylate; 
B,  unstretched  poly  methyl  alpha-chloroacrylate;  C,  modified  poly- 
methyl methacrylate  stretched  45  percent;  and  D,  polymethyl  alpha- 
chloroacrylate  stretched  100  percent.  Note  third  piece  broken  out 
of  specimen  C (turned  over).  Specimen  D broke  into  only  two 
pieces  (top  piece  is  turned  over). 
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Figure  13. — Side  view  of  fracture  surfaces  of  polymethvl  methacrvlat, 
tensile  specimens  with  varying  degrees  of  multiaxial  stretching.  A 
unstretcfied;  B,  stretched  50  percent;  C,  stretched  100  percent;  and 
D,  stretched  140  percent. 

This  phenomenon,  shown  in  figure  12,  probably  represents 
a combination  of  tensile  failure  and  shear  failure.  Further 
examples  of  the  fracture  behavior  of  multiaxially  stretched 
polymethyl  methacrylate  are  shown  in  figure  13. 

X-RAY  DIFFRACTION  PATTERNS 

X-ray  diffraction  patterns  were  obtained  on  both  stretched 
and  unstretched  polymethyl  methacrylate,  using  a recording 
Geiger  counter  spectrometer  with  a copper  target  and  nickel 
filter.  The  patterns  were  similar  to  those  obtained  by 
Krimm  and  Tobolskv  (ref.  7),  with  halos  at  Bragg  spacings 
of  6.5  and  3.0A  for  both  the  unstretched  and  the  stretched 
materials,  instead  of  6.60  and  2.92A  as  reported  by  the 
above  authors.  They  attributed  the  former  spacing  to  inter- 
chain interferences  and  the  latter,  to  intramolecular  inter- 
ferences. The  height  of  the  6.5A  peak  was  approximately 
30  percent  higher  for  the  stretched  material  than  for  the 
unstretched.  This  would  indicate  increased  orientation  in 
the  stretched  polymer,  which  is  expected  from  the  nature  of 
the  stretching  operation.  There  was  a slight  decrease  noted 
in  height  of  the  3.0A  peak  of  the  stretched  samples,  but  it  is 
questionable  whether  this  change  is  significant. 

MECHANISM  OF  CRAZING 

The  following  mechanism  of  crazing,  somewhat  similar  to 
that  proposed  by  Maxwell  and  Rahm  (ref.  8),  is  postulated. 
The  crazing  is  assumed  to  start  at  submicroscopic  flaws  or 
weak  points.  Such  weak  points  may  be  submicroscopic  re- 
gions in  which  by  chance  the  polymer  chain  segments  are 
oriented  normal  to  the  applied  tensile  stress.  With  suffi- 
cient stress  a separation  between  portions  of  adjacent  chains 
occurs;  a stress  concentration  exists  at  the  apex  of  the  crack 
and  the  latter  grows  until  it  reaches  a region  in  which  the 
polymer  chain  segments  are  oriented  approximately  in  the 
direction  of  the  tensile  stress.  The  crack  either  does  not 
grow  or  grows  slowly  unless  the  tensile  stress  is  greatly  in- 
creased. Subsequent  crack  growth  may  involve  rupture  of 
primary  valence  bonds,  especially  if  the  stress  is  relatively 
high,  of  the  order  of  the  tensile  strength. 

In  multiaxial  stretching,  the  chain  segments  turn  into  a 
position  more  nearly  parallel  to  the  surface,  and  this  angular 
change  is  dependent  on  the  degree  of  stretching.  The  chain 
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segments  clo  not,  on  the  average,  change  the  angle  of  their 
projections  on  the  plane  of  the  sheet  with  respect  to  the 
length  or  width  of  the  sheet.  Bailey  (ref.  9)  previously 
made  similar  statements  for  polymer  chains.  As  the  orien- 
tation increases,  it  may  become  more  difficult  for  a submi- 
croscopic  crack  to  propagate  through  the  thickness  of  the 
sheet  because  of  the  development  of  “cleavage”  planes.  It 
is  then  possible  that,  in  highly  formed  polymethyl  metha- 
crylate, submicroscopic  cracks  form  on  the  surface  of  a 
specimen  when  a tensile  load  is  applied.  The  growth  of 
cracks  through  the  sheet  is  retarded  by  the  planar  orienta- 
tion, however,  and  the  specimen  fails  before  the  cracks  be- 
come visible.  In  long-time  tensile  tests  on  polymethvl 
methacrylate  stretched  50  percent,  the  crazing  cracks,  after 
becoming  visible,  grew  more  slowly  as  compared  with  those 
on  the  corresponding  unstretched  specimens. 

The  initiation  of  crazing  may  also  be  associated  with  re- 
sidual stresses  leading  to  local  tensile  failures,  as  postulated 
by  Russell  (ref.  10),  or  may  occur  at  other  types  of  flaws 
which  would  be  points  of  localized  stress  concentration. 
These  flaws  might  be  inhomogeneities  in  chemical  composi- 
tion, such  as  residual  catalyst,  or  physical  surface  defects 
resulting  from  the  casting  operation.  The  importance  of 
flaws  in  effecting  the  fracture  of  other  materials  has  been 
recognized.  Griffith  (ref.  11)  has  proposed  a theory  of  the 
strength  of  glass  based  on  the  presence  of  surface  cracks. 
The  importance  of  structural  inhomogeneities  in  the  failure 
of  metals  has  been  reported  by  Epremian  and  Mehl  (ref. 
12).  They  found  that  inclusions  play,  by  far,  the  dominant 
role  in  the  fatigue  behavior  of  metals.  Multiaxial  stretch- 
ing probably  would  alleviate  the  effects  of  some  types  of 
submicroscopic  flaws  in  cast  acrylic  sheet,  since  the  material 
is  heated  to  the  rubbery  state  and  then  stretched.  This 
would  delay  the  formation  of  cracks  in  stretched  material. 

The  orientation  of  the  biaxially  stretched  material  is 
apparent  not  only  from  the  previously  mentioned  X-ray 
diffraction  measurements  but  also  from  the  laminar  structure 
of  the  fracture  surface  of  a stretched  specimen,  as  compared 
with  the  amorphous  appearance  of  an  unstretched  specimen 
(figs.  12  and  13).  This  change  from  an  amorphous  to  a 
laminar  structure  could  account  for  the  increase  in  tensile 
strength  noted  for  the  material  stretched  140  percent  and 
more.  When  the  degree  of  orientation  is  high  enough,  the 
material  might  act  as  an  assembly  of  independent  laminae 
parallel  to  the  plane  of  the  sheet,  and  the  force  required  to 
rupture  a series  of  such  layers  would  be  greater  than  that 
required  to  rupture  a single  layer  of  material  of  the  same 
total  thickness.  The  latter  would  be  typical  of  the  structure 
of  unstretched  material. 

In  regard  to  stress-solvent  crazing,  mechanisms  have  been 
suggested  by  various  authors  (refs.  10,  13,  and  14)  which 
while  differing  in  some  aspects  include  as  a factor  the  con- 
cept of  the  solvent  acting  as  a plasticizer.  By  using  this 
concept  the  mechanism  suggested  above  for  stress  crazing 
may  be  modified  to  include  the  influence  of  solvents  as 
follows:  The  solvent  molecules  penetrating  the  surface  of 
the  polymer  tend  to  surround  portions  of  the  polymer 
chains  and  reduce  the  forces  required  to  separate  them. 
Because  of  this  weakening  influence  of  the  solvent  molecules 
at  a surface  flaw  such  as  a region  of  normal  orientation  of 


the  polymer  chains,  the  stress  concentration  that  can  b 
withstood  is  reduced  and  a tiny  crack  develops  at  a lowe 
applied  stress  than  in  the  absence  of  solvent.  The  solven 
molecules  probably  fill  the  crack  by  capillarity  as  it  grow 
and  continue  to  exert  a weakening  influence  at  the  ape> 
In  this  connection  it  has  been  suggested  by  Hopkins,  Bakei 
and  Howard  (ref.  14)  that  another  weakening  influence  a 
the  apex  of  a crack  is  the  film-spreading  pressure  of  th 
crazing  liquid. 

The  effect  of  stretching  on  stress-solvent  crazing  migh 
be  expected  to  be  similar  to  that  for  stress  crazing.  Th 
reduction  in  the  number  and  size  of  the  regions  of  norma 
orientation  and  the  increase  in  the  regions  of  parallel  orien 
tation  should  result  in  higher  threshold  stresses  for  th 
stretched  material.  Also,  for  stretched  material  as  fo 
unstretched,  the  crazing  stress  should  be  lower  in  the  pres 
ence  of  than  in  the  absence  of  solvent  owing  to  the  weaken  in 
influence  of  the  solvent. 

The  decrease  in  abrasion  resistance  of  the  stretched  ma 
terial  may  also  be  due  to  its  laminar  structure.  The  oriente* 
chains  that  are  essentially  parallel  to  the  surface  may  offe 
less  resistance  to  abrasion  than  that  offered  by  the  random! 
oriented  chains  of  the  unstretched  material. 

CONCLUSIONS 

Tests  were  conducted  to  determine  the  crazing  behavio 
of  various  types  of  transparent  plastics  and  the  effect  o 
multiaxial  stretching  of  the  plastics  on  their  crazing  resist 
ance  and  various  physical  properties.  The  results  an( 
conclusions  ma}7  be  summarized  as  follows : 

1 . Moderate  stress-solvent  crazing  of  both  general-purpose 
and  heat-resistant  grades  of  polymethyl  methacrylate  resultec 
in  a loss  of  tensile  strength  of  approximately  30  percent.  This 
order  of  loss  in  strength  was  observed  in  the  presence  of  eithei 
a few  large  craze  cracks  or  more  numerous  fine  cracks. 

2.  In  stress-crazing  tests  at  23°,  50°,  and  70°  C with  tin 
same  materials,  the  ratio  of  the  stress  at  the  threshold  ol 
crazing  to  the  maximum  stress  was,  in  general,  between  8C 
and  95  percent  for  all  the  samples. 

3.  The  strain  at  which  polymethyl  metliaciylate  crazes 
shows,  in  general,  a tendency  to  decrease  with  increase  in 
temperature. 

4.  Polymetlnd  methacrylates  with  viscosity-average  mo- 
lecular weights  of  90,000  and  120,000  broke  at  low  strains 
without  crazing;  for  samples  having  molecular  weights  ol 
200,000,  490,000  and  3,160,000,  the  stress  and  strain  at  which 
crazing  occurred  increased  with  increasing  molecular  weight. 

5.  In  stress-solvent  crazing  tests,  the  materials  with  the 
three  lowest  molecular  weights  broke  immediately  upon 
crazing,  usually  at  an  observed  craze  crack.  For  the  ma- 
terials with  the  two  highest  molecular  weights,  the  craze 
resistance  increased  slightly  with  increase  in  molecular 
weight. 

6.  Multiaxial  stretching  of  polymethyl  methacrylate  had 
the  following  effects  on  crazing  behavior  and  physical 
properties : 

a.  The  specimens  stretched  100  and  150  percent  did  not 

craze  in  the  short-time  tensile  test. 

b.  The  threshold  stress  for  stress-solvent  crazing  with 

benzene  increased  from  approximately  one-fourth  of  the 
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tensile  strength  for  the  imstretched  material  to  approxi- 
mately three-fourths  for  the  100-percent-stretehed  ma- 
terial. Most  of  the  150-percent-stretched  specimens  did 
not  solvent  craze  even  at  stresses  very  close  to  the  tensile 
strength.  These  results  indicate  that  the  resistance  to 
crazing  increases  markedly  with  increasing  degree  of 
multiaxial  stretching. 

c.  The  tensile  strength  and  modulus  of  elasticity  of  the 
pohmieth}7!  methacrylates  were  affected  onhr  slightly  by 
the  multiaxial  stretching. 

d.  The  strain  at  failure  of  the  pohrm ethyl  methacrylates 
was  increased  several  fold  (up  to  60-percent  strain)  by 
multiaxial  stretching,  thus  imparting  toughness  to  the 
stretched  sheets. 

7.  Multiaxial  stretching  of  modified  polymetliyl  meth- 
icrylate  and  polymethyl  alpha-chloroaciylate  gave  compara- 
ble results. 

S.  Some  decrease  in  the  resistance  to  surface  abrasion  was 
observed  when  the  materials  were  stretched  multiaxially. 

9.  X-ray  diffraction  patterns  and  the  laminar  structure  of 
the  fracture  surfaces  of  the  stretched  acrylic  plastics  indi- 
cated orientation  of  the  molecular  chains  in  layers  parallel 


to  the  plane  of  the  sheet.  The  material  thus  tends  to  act  as 
an  assembly  of  independent  laminae  in  resisting  impact 
loads. 

10.  It  is  postulated  that,  in  highly  stretched  acrylic  sheets, 
the  growth  of  submicroseopic  surface  cracks  through  the 
sheet  is  retarded  oy  the  planar  eiientati on  and  the  specimen 
fails  before  craze  cracks  become  visible.  Likewise,  the 
stretched  acrylic  material  is  resistant  to  stress-solvent  crazing 
because  the  weakening  influence  of  either  the  solvent  mole- 
cules or  a crack  caused  by  their  presence  is  not  readily 
transmitted  through  the  layers  of  parallel^  oriented  pomner 
molecules. 

11.  The  considerable  increase  in  strain  at  failure  suggested 
that  enclosures  made  from  multiaxially  stretched  acrylic 
sheets  might  have  not  only  greatly  improved  crazing  resist- 
ance but  also  sufficient  toughness  and  resistance  to  gunfire 
to  obviate  the  need  for  the  use  of  the  heavier  laminated 
acrylic  materials. 

National  Bureau  of  Standards 

Washington,  D.  C.,  December  28,  1955. 


APPENDIX  A 


METHODS  OF  TESTING 


STANDARD  TENSILE  TESTS 

The  standard  tensile  tests  were  made  in  accordance  with 
'Method  101 1 of  reference  15  using  the  type  1 specimen.  The 
tests  were  conducted  on  a 2,400-pound-capacity  hydraulic 
universal  testing  machine.  Load-extension  data  were 
recorded  graphically  using  a Southwark-Peters  extensometer 
and  recorder.  A testing  speed  of  0.05  inch  per  minute  was 
used  up  to  10-percent  strain;  at  this  point  the  gage  was  re- 
moved and  the  speed  increased  to  approximate!}7  0.25  inch 
per  minute.  Strains  greater  than  10  percent  were  measured 
with  dividers. 

STRESS-SOLVENT  CRAZING  TESTS 

The  stress-solvent  crazing  tests  were  conducted  at  23°  C 
and  50-percent  relative  humidity  on  tensile  specimens  taper- 
ing in  width  from  0.500  to  0.333  inch  over  a 3-inch  reduced 
section.  Thus,  for  a given  applied  load  the  stress  varied  over 
the  length  of  a specimen  from  a value  S at  the  maximum 
cross  section  to  1.5S  at  the  minimum.  Two  methods  of 
preparing,  and  testing  the  specimens  were  used : 

(1)  Brush  method.  Solvent  was  applied  to  the  specimen 
under  load  as  follows:  A controlled  amount  of  solvent,  0.03  to 
0.04  gram,  was  put  on  a No.  1 camel's  hair  brush  (about  0.1 
inch  in  diameter  and  0.5  inch  long)  from  a marked  glass 
dropper.  The  central  by  3-inch  portion  of  the  specimen 
was  stroked  with  the  brush  until  the  latter  was  dry.  The 
load  was  maintained  for  4 minutes.  The  solvent-crazed 
specimens  were  examined  under  suitable  lighting  and  the 
threshold  of  crazing  noted. 

(2)  Blotter  method.  A predetermined  load  was  applied  to 
the  specimen,  and  a solvent-saturated  blotter,  backed  with  a 
block  of  polyethylene  for  rigidity,  was  held  against  one  face 
of  the  specimen  for  10  seconds.  The  load  was  removed  after 
30  seconds,  and  the  stress  at  the  point  at  which  crazing  ter- 
minated was  calculated  as  the  threshold  stress  for  stress- 
solvent  crazing.  For  a given  material,  this  stress  will  usually 
vary  with  the  solvent  used. 

DIMENSIONAL-STABILITY  TESTS 

Dimensional-stability  tests  were  conducted  to  provide 
thermal-recovery  data  and  to  provide  data  from  which  an- 
nealing conditions  for  the  stretched  materials  could  be  deter- 
mined. The  specimens  were  small  irregular  pieces  remaining 
after  tensile  and  abrasion  specimens  were  cut  from  the 
stretched  disks  and  were  approximately  1 inch  by  2.5  inches 
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in  size.  Two  lines  approximately  1.5  inches  apart,  were 
scribed  on  the  surface  of  the  specimens  with  a razor  blade 
and  the  exact  distance  between  the  lines  read  to  the  nearest 
hundredth  of  an  inch  using  a steel  scale  graduated  in  hun- 
dredths of  an  inch  and  a magnifying  glass.  The  specimens 
were  then  laid  on  a sheet  of  plate  glass  and  placed  in  an  air- 
circulating  oven  at  the  test  temperature.  At  the  end  of  2 
hours,  the  specimens  were  removed  from  the  oven  and 
allowed  to  cool  for  5 minutes,  and  the  distance  between  the 
lines  was  measured.  The  specimens  were  then  replaced  in 
the  oven  and  the  readings  repeated,  in  most  cases,  at  the  end 
of  6 hours,  1 day,  2 days,  and  3 days.  Several  specimens  were 
measured  after  they  had  cooled  to  room  temperature,  and  no 
significant  difference  was  found  in  the  measurements  made 
while  the  specimens  were  hot  and  those  made  after  they  had 
completely  cooled.  Four  specimens  of  each  degree  of  stretch 
of  each  material  were  tested  at  each  temperature. 

TESTS  FOR  ABRASION  RESISTANCE 

The  resistance  to  abrasion  was  determined  for  unstretched 
and  stretched  materials,  following  Method  1092.1  of  reference 
15.  A Taber  abraser  was  used  with  CS-10  Calibrase  wheels 
and  a load  of  1,000  grams  on  each  wheel.  Haze  and  light- 
transmission  measurements  were  made  in  accordance  with 
Method  3022  of  reference  15,  using  an  integrating-sphere 
haze  meter.  These  measurements  were  made  after  0,  10,  25, 
50,  75,  100,  150,  200,  and  250  revolutions  of  the  abrader. 

TESTS  ON  HEAT-TREATED  AND  ANNEALED  SPECIMENS 

Unstretched  tensile  specimens  of  each  material  were  sub- 
jected to  the  same  heating  and  rapid  cooling  cycle  as  that 
used  in  stretching  to  determine  the  effect  of  this  cycle  on  the 
tensile  properties.  In  addition,  unheated  and  heated  un- 
stretched tensile  specimens  as  well  as  stretched  tensile  speci- 
mens were  annealed  prior  to  testing.  The  annealing  tem- 
perature for  each  material  was  selected  from  the  results  of  the 
dimensional-stability  tests  and  was  the  maximum  tempera- 
ture at  which  the  stretched  material  could  be  heated  for  6 
hours  with  less  than  5-percent  relaxation.  The  temperatures 
selected  were  90°  C for  the  heat-resistant  poly  methyl 
methacrylate,  100°  C for  the  modified  polymethyl  metha- 
crylate, and  110°  C for  the  polymethyl  alpha-chloroacrylate. 
The  specimens  were  allowed  to  cool  slowly  to  room  temper- 
ature in  the  oven  after  the  heat  and  the  fan  were  turned  off. 


APPENDIX  B 

STRETCHING  PROCESS 


EQUIPMENT  AND  PROCEDURE 

A vacuum  stretching  apparatus  which  would  produce  flat 
Lidtiaxially  stretched  disks  about  10  inches  in  diameter  was 
[^signed  following  suggestions  offered  by  Mr.  W.  F.  Bartoe 
f the  Rohm  & Haas  Co.,  Inc.  A schematic  diagram  of  the 
retelling  equipment  is  shown  in  figure  14  and  a photograph, 
i figure  15.  In  this  apparatus  a sheet  of  acrylic  material 
, heated  to  the  rubbery  state,  is  clamped  to  the  flange  of 
le  cylindrical  forming  vessel  B.  A partial  vacuum  is 
•eated  in  the  vessel  by  connecting  the  latter  to  a vacuum 
rstem.  The  pressure  differential,  controlled  by  the  plug 
alve  C,  draws  the  undamped  part  of  the  sheet  into  the 
essel.  The  form  D,  an  open-end  cylindrical  tube  a little 
nailer  in  diameter  than  the  forming  vessel  and  constrained 
y the  guide  E,  is  inserted  into  the  vessel.  The  pressure 
ifferential  is  then  removed  quickly  by  admitting  air  through 
le  plug  valve  F,  so  that  the  stretched  acrylic  sheet  shrinks 
bout  the  end  of  the  form.  The  sheet  cannot  retract  com- 
letely;  the  central  portion  remains  uniformly  stretched 
[•ross  the  open  end  of  the  form.  The  stretched  acrylic 
leet,  shaped  like  a top  hat,  is  cooled  to  room  temperature 
l the  vessel  before  removal. 


To  vacuum  system 


In  practice,  the  stretching  operation  is  done  as  quickly  as 
possible  so  that  the  acrylic  sheet  will  still  be  in  the  rubbery 
slate  when  the  pressure  differential  is  removed;  the  time 
from  removal  of  the  sheet  from  the  oven  until  stretching  is 
complete  is  less  than  1 minute. 

UNIFORMITY  OF  STRETCHING  AND  EQUATION  FOR  ELONGATION 

In  order  to  determine  whether  the  amount  of  stretching  is 
uniform  over  the  face  of  the  multiaxially  stretched  pieces, 
the  following  experiments  were  made:  A 10-inch  disk  of 
polymethyl  methacrylate,  which  had  been  multiaxially 
stretched  150  percent  after  heating  to  140°  C,  was  marked 
off  in  1-inch  squares,  then  heated  to  140°  C,  and  allowed  to 
assume  its  original  size.  The  lines  on  the  resulting  disk 
were  still  equidistant  within  ±5  percent.  Since  the  stand- 
ard deviation  of  the  measurement  and  marking  errors  was 


L- 95034 


igure  14. — Schematic  drawing  of  vacuum  stretching  apparatus.  A, 
plastic  sheet  to  be  stretched;  B,  forming  vessel;  C,  valve  to  vacuum 
system;  D,  form;  E,  guide;  and  F,  valve  to  atmosphere. 


Figure  15. — Vacuum  stretching  apparatus  partly  disassembled  after 
stretching  a sheet  of  acrylic  plastic.  Stretched  piece  is  on  end  of 
form  which  is  held  by  operator. 
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Figure  16. — Sample  of  stretched  polymethyl  methacrylate  as  removed 
from  stretching  apparatus.  Large  squares  are  on  surface  of  flat 
top  of  hat-shaped  piece. 


also  of  this  order  of  magnitude,  this  indicates  that  the 
amount  of  stretching  was  reasonably  uniform  over  t he  face 
of  the  disk.  Next,  another  piece  of  polymethyl  methacrylate 
was  marked  with  a square  grid  having  a spacing  of  15 
millimeters;  the  piece  was  then  multiaxially  hot-stretched 
to  an  elongation  of  150  percent.  The  lines  on  the  flat  top 
of  the  stretched  plastic  were  still  equidistant  to  within  ±5 
percent,  the  experimental  accuracy,  verifying  that  the 
stretching  was  reasonably  uniform  (fig.  16).  The  length 
of  the  squares  on  the  flat  top  when  compared  with  the 
original  length  of  the  squares  on  the  bottom  rim  indicates 
the  degree  of  stretching.  Test  specimens  are  taken  from 
the  10-inch-diameter  flat  top  of  the  stretched  piece. 

The  formula  used  for  calculating  the  amount  of  multi- 
axial  stretching  in  a stretched  disk  is 


e=l00\ti/tf—l 


(1) 


where  e is  the  elongation  in  percent  and  tt  and  tf  are  the 
initial  and  final  thicknesses,  respectively.  This  formula  is 
based  on  the  fact  that  the  volume  of  the  material  remains 
essentially  constant  on  stretching. 


This  property  of  the  materials  was  verified  by  measurin' 
t he  density  of  both  160-percent-stretched  and  unstretche< 
materials.  One  sample  of  polymethyl  methacrylate  showei 
a decrease  in  density  of  0.8  percent  as  a result  of  stretchinj 
to  160  percent  strain.  Three  other  samples  of  polymethy 
methacrylate  showed  density  changes  of  less  than  0.2  percen 
as  a result  of  this  amount  of  stretching. 
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TABLE  I. — TENSILE  STRENGTH  OF  STRESS-SOLVENT-CRAZED  POLY"METHYrL  METHACRYLATE 

aecimens  were  taken  from  three  sheets  representing  three  production  runs.  Tests  were  made  on  standard  tensile  specimens  of  type  I by  Method 
1011  of  reference  15.  Specimens  were  conditioned  at  least  3 weeks  at  23°  C and  50-percent  relative  humidity  and  tested  2 days  after  they  were 
solvent  crazed.  Speed  of  testing  was  0.05  in. /min.] 


Material 

Stress  used 
for  crazing, 
psi 
(a) 

1 

Tensile  siren 
- sp  e c 

Average, 

psi 

gth  of  crazed 

Percent  of 
control  aver- 
age 

Averaee  ten- 
sile strength  of 
uncrazed  con- 
trol specimens, 
psi 

(■)  (b> 

Treatment  I c . 

Lucite  HC201.  

2,  000 

5,  000 

63 

8,  000 

Lucite  HC202_ 

3,  000 

6,  000 

62 

9,  700 

Plexiglas  I- A 

2,  400 

4,  800 

59 

8,  100 

Plexiglas  II 

3,  000 

d 7,  600 

76 

30,  000 

Treatment  11  e 

Lucite  HC201_  __  

3,  000 

f 6,  200 

78 

7,  900 

Lucite  HC202__  _ _ 

4,  000 

6,  900 

71 

9,  700 

Plexiglas  I-A  _ _ _ 

3,  200 

5,  400 

67 

8,  100 

Plexiglas  II__- 

4,  000 

7,  800 

76 

10,  300 

8 Stress  was  maintained  for  5 min.  after  benzene  was  applied.  Control  specimens  were  also  subjected  to  this  stress  for  5 min. 

b Control  specimens  were  tested  2 days  after  they  were  loaded. 

0 Treatment  I:  No.  1 camel's  hair  brush  (about  0.1-in.  diameter,  0.5-in.  length)  was  dipped  in  benzene  and  wiped  against  side 
of  container  so  as  not  to  drip.  Then  central  H-  by  2-in.  portion  of  specimen  was  stroked  twice  with  brush.  This  process  was  repeated 
nine  times.  Treatment  I is  designed  to  produce  a few  large  crazing  cracks.  Each  value  is  average  of  results  for  12  specimens,  unless 
otherwise  noted. 

d Average  of  results  for  10  specimens. 

8 Treatment  II:  Benzene  in  amount  of  0.03  to  0.04  g was  put  on  No.  1 camel’s  hair  brush.  Then  central  M-  by  2-in.  portion  of 
specimen  was  stroked  repeatedly  with  brush.  Treatment  II  is  designed  to  produce  numerous  fine  crazing  cracks.  Each  value  is 
average  of  results  for  24  specimens,  unless  otherwise  noted. 

1 Average  of  results  for  23  specimens. 


I 


878 


REPORT  1290 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


TABLE  II.— EFFECT  OF  MULTIAXIAL  STRETCHING  ON  TENSILE  AND  CRAZING  PROPERTIES  OF  ACRYLIC  PLASTICS 
[Tests  were  conducted  at  23°  C and  50-percent  relative  humidity;  each  result  is  average  of  results  for  eight  specimens  unless  otherwise  noted 


Degree  of 
stretching, 
percent 

Tensile 

strength, 

GmaX)  PSi 

Strain  at 
failure, 
percent 

Secant  modulus, 
psi  a 

Stress  and  strain  at  onset  of  crazing 

Solvent- 
crazing 
stress,  psi  b 

Stress,  <rC} 
psi 

Strain, 

percent 

O clffmax 

Poly  methyl  methacrylate  (Lucite  HC-222) 

0 

c 9,  720 

d 7.  4 

e 4.  6X  105 

• 9,  070 

c3.  3 

0.  93 

e 910 

50 

9,  730 

c 29 

f 4.  3 

(h) 

CO 

CO 

e 1,  680 

100 

10,  100 

c 37 

f 4.  7 

(•*) 

CO 

CO 

•2,  710 

150 

10,  530 

• 16 

f 5.  0 

(h) 

CO 

(h) 

e 3,  910 

Modified  polymethyl  methacrylate  (Plexiglas  55) 

1 

0 

10,  240 

6.  7 

4.  8X10’ 

9,  580 

3.  4 

0.  94 

2,  420 

45 

10,  660 

*42 

f 4.  8 

CO 

CO 

CO 

4,  060 

85 

10,  990 

*45 

f 5.  1 

CO 

(h) 

CO 

5,  660 

Polymethyl  alpha-chloroacrylate  (Resin  C) 

0 

16,  170 

3.  1 

7.  4X105 

13,  300 

2.  2 

0.  82 

2,  850 

50 

17,  720 

*23 

*7.  6 

CO 

CO 

CO 

6,  430 

100 

18,  310 

5 12 

* 8.  2 

CO 

CO 

CO 

12,  950 

150 

18,  510 

* 9 

*8.  0 

CO 

CO 

CO 

>18,  140 

B Secant  modulus  of  elasticity  was  calculated  for  stress  range  of  0 to  2,500  psi. 

b Solvent-crazing  stress  is  minimum  stress  required  to  cause  crazing  upon  application  of  ethylene  dichloride. 
« Average  of  results  for  five  specimens. 
d Average  of  results  for  three  specimens, 
o Average  of  results  for  seven  specimens. 
t Average  of  results  for  four  specimens. 

« Average  of  results  for  six  specimens. 
b Did  not  craze. 

' Average  of  results  for  two  specimens. 
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TABLE  III.— EFFECT  OF  MULTIAXIAL  STRETCHING  ON  SURFACE  ABRASION  OF  ACRYLIC  PLASTICS  AT  23°  C 


- - . . - 

Degree  of 
r stretching, 
percent 

Light  transmission,  percent 
(a) 

Haze,  percent 
(*) 

Initial  slope  of 
abrasion  curve, 

percent  haze 

- - - - . 

number  of 
revuiutiorio  — 

Original 

Final 

Original 

Viimi  • - • 

Lucite  HC-222  h 

0 

92.  1 ± 0.  1 

88.  4±0.  2 

0.  3±0.  1 

24.  7i0.  6 

0.  21 

50 

92.  0±0.  1 

87.  6±0.  2 

. 4±0.  1 

30.  4±0.  7 

. 38 

100 

' 91.  9±0.  1 

' 87.  2±0.  2 

' . o±0.  1 

• 30.  6±1.  0 

. 43 

150 

91.  8d=  0.  2 

86.  8±0.  2 

. 4±0.  1 

32.  0±1.  3 

. 45 

Plexiglas  55  b_  - _ _ 

0 

91.  4±0.  1 

88.  liO.  1 

. 5±0.  1 

21.  S±0.  3 

. 19 

45 

c 91.  7±0.  1 

- 88.  0±0.  2 

c.  6±0.  1 

« 25.  1±0.  6 

. 26 

85 

91.  5±0.  1 

8/.  / dh  0.  1 

. 6±0.  1 

26.  6±0.  4 

. 33 

Gafite  d 

0 

90.  0±0.  2 

8c.  5 i 0.  3 

. 4±0.  1 

21.  6±0.  7 

. 17 

50 

90.  6±0.  1 

86.  8±0.  2 

. 6±0.  2 

25.  4±0.  6 

. 33 

100 

90.  5±0.  2 

87.  4±0.  2 

. 2d=0.  1 

23.  8±0.  8 

. 31 

150 

e 90.  6±0.  3 

' 86.  8 ±2.  8 

e . 2±0.  0 

e 25.  2 dh  1.  2 

o 

CO 

Resin  C d__  _ __  

0 

91.  0±0.  2 

87.  9±0.  1 

. 7 ± 0.  1 

19.  4±0.  4 

. 14 

50 

e 90.  9±0.  1 

« 87.  6±0.  2 

e . 2±0.  1 

e 24.  2±0.  4 

. 26 

100 

91.  3±0.  1 

87.  0±0.  2 

. 2±0.  1 

26.  9±1.  0 

. 30 

150 

' 90.  3±0.  4 

• 87.  1±0.  1 

e . 6±0.  1 

e 28.  2±2.  1 

. 30 

a Final  measurements  were  made  after  250  revolutions. 

b Average  of  results  for  12  specimens  unless  otherwise  noted,  plus  or  minus  standard  error. 
c Average  of  results  for  11  specimens. 

d Average  of  results  for  six  specimens  unless  otherwise  noted,  plus  or  minus  standard  error. 
* Average  of  results  for  five  specimens. 
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TABLE  IV.— DIMENSIONAL  STABILITY  OF  MULTIAXIALLY 
STRETCHED  ACRYLIC  PLASTICS  AT  ELEVATED  TEM- 
PERATURES 

[Each  result  is  the  average  of  results  for  four  specimens] 


(a)  Polymethvl  methacrylate  (Lucite  HC-222) 


Temperature, 

°C 

Time, 

hr 

Multiaxial  stretch,  percent 

0 

50 

100 

150 

Decrease  in  length,  percent 

80 

2 

0 

0.  1 

0.  5 

0.  8 

6 

0 

. 1 

. 4 

. 9 

24 

0 

. 2 

. 7 

1.  1 

72 

0 

. 2 

1.  0 

1.  1 

90 

2 

0 

1.  2 

1.  9 

2.  5 

6 

0 

1.  3 

1.  9 

2.  6 

24 

0 

1.  6 

2.  4 

3.  0 

72 

0 

1.  5 

2.  6 

3.  5 

100 

2 

0 

8.  8 

15.  6 

17.  5 

6 : 

0 

12.  1 

19.  1 

20.  2 

24 

0 

15.  0 

22.  9 

25.  7 

•48 

0 

15.  8 

24.  2 

28.  0 

72 

0 

16.  1 

24.  6 

28.  6 

144 

0 

16.  4 

25.  3 

29.  7 

Average  initial  thickness,  in. 

0.  26 

0.  10 

0.  06 

0.  04 

(b)  Modified  polymethyl  methacrylate  (Plexiglas  55) 


Temperature, 

°C 

Time, 

hr 

Multiaxial  stretch,  percent 

* 0 

45 

85 

Decrease  in  length, 

percent 

90 

2 

0 

0.  4 

0.  8 

6 

0 

. 6 

1.  0 

24 

0 

. 8 

1.  0 

48 

. 1 

1.  0 

1.  1 

72 

. 1 

. 9 

1.  1 

100 

2 

0 

1.  4 

1.  6 

6 

0 

1.  3 

1.  9 

24 

. 2 

1: 5 

2.  1 

48 

. 2 

1.  5 

1.  9 

72 

. 2 

1.  5 

2.  1 

110 

2 

0 

10.  2 

13.  0 

6 

0 

11.  7 

14.  4 

24 

. 2 

13.  4 

15.  4 

48 

. 3 

13.  5 

15.  8 

72 

. 3 

13.  9 

16.  1 

Average  initial  thickness,  in. 

0.  25 

0.  12 

0.  07 

TABLE  IV.— DIMENSIONAL  STABILITY  OF  MULTIAXIALI 
STRETCHED  ACRYLIC  PLASTICS  AT  ELEVATED  TE! 
PERATURES— Concluded 


(e)  Polvnicthyl  alpha-cliloroacrylate  (Resin  C) 


Temperature, 

°C 

Time, 

hr 

Multiaxial  stretch,  percent 

0 

50 

100 

150 

Decrease  in  length,  percent 

110 

2 

0.  1 

0.  4 

1.  0 

1.  1 

6 

0 

. 4 

. 8 

. 9 

24 

0 

. 8 

. 9 

1.  2 

48 

0 

. 6 

.9 

1.  2 

72 

. 1 

. 9 

1.  1 

1.  3 

120 

2 

. 2 

2.  0 

3.  2 

4.  1 

6 

. 1 

2.  6 

3.  6 

4.  1 

24 

. 1 

2.  7 

3.  7 

4.  4 

48 

. 1 

3.  0 

4.  2 

4.  6 

72 

. 4 

3.  4 

4.  2 

5.  0 

130 

2 

1.  4 

32.  2 

45.  0 

51.  5 

6 

1.  4 

34.  3 

47.  8 

55.  5 

24 

1,  9 

35.  8 

49.  5 

58.  8 

48 

1.  6 

35.  9 

50.  4 

59.  1 

72 

2.  2 

36.  2 

50.  8 

59.  7 

Average  initial  thickness,  in. 

0.  27 

0.  10 

0.  06 

0.  04 

TABLE  V.— EFFECT  OF  HEATING  WHILE  RESTRAINED  ( 
CRAZING  BEHAVIOR  OF  MULTIAXIALLY  STRETCH! 
HEAT-RESISTANT  POLYMETHYL  METHACRYLATE 


Percent 

Heating  conditions 

Stress-solvent 

Standard 

stretch 

Temperature. 

°C 

Time, 

hr 

crazing  thres- 
hold, psi 
(a) 

error, 

psi 

50 

Unheated 

1,  500 

40 

90 

17 

1,  210 

40 

115 

6 

1,  270 

80 

130 

% 

1,480 

50 

100 

Unheated 

2,  170 

40 

90 

17 

2,  160 

80 

115 

6 

2,  060 

50 

130 

% 

2,  720 

70 

150 

Unheated 

5,  420 

240 

90 

17 

5,  420 

20 

115 

6 

4,  200 

40 

130 

% 

5,  420 

150 

* Ethylene  dichloride  was  used  as  solvent  for  these  crazing  tests.  Each  result  is  avcrag 
results  for  five  specimens. 
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LIFT  HYSTERESIS  AT  STALL  AS  AN  UNSTEADY  BOUNDARY-LAYER  PHENOMENON  1 


By  Franklin  K.  Moore 


SUMMARY 

Analysis  of  rotating  stall  of  compressor  blade  rows  requires 
specification  of  a dynamic  lift  curve  for  the  airfoil  section  at  or 
near  stall , presumably  including  the  effect  of  lift  hysteresis. 
Consideration  of  the  Magnus  lift  of  a rotating  cylinder  suggests 
performing  an  unsteady  boundary-layer  calculation  to  find  the 
movement  of  the  separation  points  of  an  airfoil  fixed  in  a stream 
if  variable  incidence.  Then  consideration  of  the  shedding  of 
mticity  into  the  wake  should  yield  an  estimate  of  lift  increment 
proportional  to  time  rate  of  change  of  angle  of  attack.  This 
increment  is  the  amplitude  of  the  hysteresis  loop. 

An  approximate  analysis  is  carried  out  according  to  the 
foregoing  ideas  for  a 6:1  elliptic  airfoil  at  the  angle  of  attack 
for  maximum  lift.  The  assumption  of  small  perturbations 
from  maximum  lift  is  made , permitting  neglect  of  distributed 
vorticity  in  the  wake.  The  calculated  hysteresis  loop  is  counter- 
clockwise. The  computed  increment  of  lift  coefficient  is  quite 
large , indicating  appreciable  unsteady  lift  hysteresis  for  a very 
wiall  reduced  f requency  of  the  flow  oscillation.  It  is  assumed 
lhat  to  the  order  of  this  analysis , the  wake  begins  at  the  separation 
point  defined  by  zero  shear.  This  assumption  is  questionable 
for  unsteady  flow. 

Finally , a discussion  of  the  forms  of  hysteresis  loops  is 
presented;  aiul,  for  small  reduced  frequency  of  oscillation , it  is 
concluded  that  the  concept  of  a viscous  Utime  lag})  is  appropriate 
only  for  harmonic  variation  of  angle  of  attack  with  time  at 
mean  conditions  other  than  maximum  lift. 

INTRODUCTION 

The  phenomena  of  “stall  flutter”  and  “rotating  stall,” 
which  may  appear  in  an  axial-flow  compressor,  both  involve 
fluctuations  in  flow  about  blades  operating  near  their  aero- 
dynamic stall  point;  that  is,  at  an  average  flow  incidence 
angle  near  that  corresponding  to  maximum  blade  lift. 

The  analysis  of  stall  flutter  has  been  held  back  by  uncer- 
tainty as  to  the  dependence  of  airfoil  lift  and  moment  on  a 
fluctuating  incidence  angle  near  stall.  In  reference  1 there 
was  proposed  an  assumption  of  the  linear  aerodynamic  force 
and  moment  relations  appropriate  to  steady  flow  at  a small 
angle  of  incidence,  modified  by  the  further  assumption  that, 
as  the  airfoil  oscillates,  the  forces  and  moments  lag  behind 
the  angular  displacement  of  the  airfoil,  owing  to  viscous 
effects.  Such  a time  lag  represents  an  unsteady  hysteresis 


which  may  provide  cyclic  work  to  amplify  or  maintain 
flutter.  Perhaps  the  first  experimental  study  of  lift  hysteresis 
was  that  of  Farren  (ref.  2).  Halfman,  Johnson,  and  Haley 
(ref.  3)  and  Schnittger  (ref.  4)  have  more  recently  studied 
aerodynamic  hysteresis  experimentally  and  have  presented 
empirical  analyses  of  their  results. 

An  analysis  of  rotating  stall  (e.  g.,  that  of  Sears,  ref.  5) 
also  requires  specification  of  a dynamic  lift-incidence  relation 
(or  the  equivalent,  as  in  the  study  of  Emmons,  Pearson,  and 
Grant,  ref.  6,  and  in  Marble’s  analysis,  ref.  7).  Sears  has 
adopted  Mendelson’s  phase-lag  hypothesis,  and  this  phase 
angle  is  an  undetermined  parameter  of  his  analysis. 

The  concept  of  viscous  time  lag  is  not  entirely  satisfactory, 
however,  partly  because  the  phenomenon  itself  is  un- 
explained, but  chiefly  because  the  concept  obviously  cannot 
describe  a lift-hysteresis  loop  which  might  occur  at  a nominal 
condition  of  maximum  lift. 

The  phenomenon  of  aerodynamic  hysteresis  presumably 
depends,  at  least  in  part,  on  the  airfoil  boundary  layer. 
Also,  in  this  study,  hysteresis  is  taken  to  be  a fundamentally 
unsteady  phenomenon,  not  explainable  by  consideration  of 
the  steady  or  quasi-steady  boundary  layer.2  In  the  present 
report,  consideration  is  given  to  the  incompressible  flow  field 
about  a single  airfoil  fixed  in  a flow  of  oscillating  incidence, 
under  the  assumption  of  an  unsteady  but  nearly  quasi- 
steadv  3 laminar  boundary  layer.  (This  sort  of  boundary 
layer  is  analyzed  in  ref.  8.)  The  analysis  of  this  flow  field 
is  undertaken  in  order  to  gain  an  understanding  of  the  cause 
of  lift  hysteresis  and  to  describe  its  form  and  (crudely)  its 
magnitude  for  a special  airfoil  at  maximum  lift. 

The  basic  quasi-steady  flow  to  be  used  in  the  present 
analysis  is  provided  by  Howarth’s  analysis  (ref.  9)  of  the 
way  the  laminar  boundary  layer  (and,  hence,  circulation) 
about  an  infinite  elliptic  cylinder  depends  on  angle  of  attack, 
applied  at  a condition  of  maximum  lift.  In  reference  9, 
assumptions  are  made  under  which  the  result  becomes 
quantitatively  inaccurate,  though  both  the  approach  and 
the  result  are  qualitatively  instructive.  The  same  limita- 
tions affect  the  present  analysis. 

Holding  the  airfoil  fixed  while  the  flow  direction  oscillates, 
simulates  the  accepted  picture  of  rotating  stall,  in  which 
successive  blade  passages  stall  progressively  along  a per- 
fectly rigid  cascade.  The  somewhat  different  case  of  an 


i Supersedes  NACA  TN  3571,  “Lift  Hysteresis  at  Stall  as  an  Unsteady  Boundary-Layer  Phenomenon, “ by  Franklin  K.  Moore,  1955. 

- Airfoils  with  lift  curves  that  break  sharply  at  stall  may  show  lift  hysteresis  in  steady  flow,  a phenomen  distinct  from  that  under  study  herein. 

j In  a quasi-steady  flow,  quantities  vary  slowly  enough  so  that  steady-state  results  apply  at  each  instant  of  time  although  slisht  variations  are  permitted  from  one  instant  to  the  next. 
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oscillating  airfoil  in  a uniform  stream,  which  is  appropriate 
to  the  stall  flutter  problem,  is  not  analyzed  in  this  report. 
However,  there  is  an  example  in  the  “oscillating  airfoil” 
categoiy  which  illustrates  the  considerations  underlying  the 
present  study;  namely,  the  rotating  circular  cylinder  in  a 
uniform  stream.  If  a circular  cylinder  is  fixed  in  a uniform 
stream,  it,  of  course,  experiences  no  lift.  Further,  if  it  is 
given  an  angular  displacement,  its  lift  does  not  change,  but 
remains  zero.  Thus,  this  degenerate  “airfoil”  may  be  said 
to  be  in  a stall  condition,  at  maximum  lift,  in  fact.  Now,  if 
the  circular  cjdinder  is  given  a constant  angular  velocity  of 
rotation  about  its  axis,  then  a circulation  develops  and  an 
aerodynamic  force  (Magnus  force)  transverse  to  the  flow 
direction  is  exerted.  If  the  stream  velocity  is  from  left  to 
right  and  the  rotation  is  clockwise,  then  the  force  is  upward 
(lift).  If  the  rotation  is  counterclockwise,  the  force  is 
downward. 

This  phenomenon  is  explained  (ref.  10,  par.  27)  by  con- 
sideration of  the  boundary  layer.  In  the  case  of  clockwise 
rotation,  the  upper  surface  of  the  cylinder  is  moving  with, 
and  the  bottom  surface  against,  the  flow.  Consequently, 
if  circulation  remains  zero,  the  boundary  layer  separates 
later  on  the  top  and  sooner  on  the  bottom  than  is  the  case 
when  the  cylinder  is  not  rotating.  On  the  top,  later  separa- 
tion means  that  the  velocity  outside  the  boundary  layer  is 
lower  at  separation.  Now,  the  separation  point  signifies 
the  beginning  of  a wake.  Therefore,  the  clockwise  vorticity 
shed  into  the  wake,  being  proportional  to  the  local  outer 
velocity,  is  less  on  the  top,  and  the  counterclockwise  vorticity 
shed  at  the  bottom  separation  is  greater,  than  in  the  case  of 
no  rotation. 

Therefore,  owing  to  clockwise  rotation,  a net  increase  of 
counterclockwise  vorticity  is  shed.  By  the  law  of  con- 
servation of  circulation,  the  circulation  therefore  cannot  be 
zero,  and  a clockwise  circulation  must  develop  about  the 
airfoil  to  compensate  for  the  shed  vorticity.  According  to 
classical  hydrodynamics,  this  circulation  results  in  lift. 

If,  instead  of  rotating  steadih7,  the  cylinder  undergoes 
a rotational  oscillation,  the  same  considerations  apply,  if  the 
reduced  frequency  of  oscillation  is  small.  In  that  case,  the 
oscillating  lift  is  proportional  to  the  instantaneous  velocity 
of  rotation.  Thus,  when  the  “angle  of  attack”  of  the  cylinder 
is  increasing,  there  is  positive  lift,  and  when  the  angle  is 
decreasing,  there  is  negative  lift;  over  a complete  cycle, 
the  curve  of  lift  against  angle  of  attack  would  be  a loop. 

Therefore,  the  circular  cylinder  undergoing  a rotational 
oscillation  exhibits  lift  hysteresis,  by  reason  of  the  response 
of  the  boundary  layer  to  the  movement  of  the  surface. 
In  the  more  complicated  problem  of  a noncircular  cylinder, 
or  airfoil,  similar  considerations  may  be  expected  to  apply. 
01  course,  in  the  airfoil  problem  contemplated  in  the  present 
study,  the  acceleration  of  the  flow  field  may  be  expected 
to  provide  an  additional  component  of  pressure  lift,  de- 
rivable from  consideration  of  Kelvin's  impulse. 

PRELIMINARY  CONSIDERATIONS 

STATEMENT  OF  PROBLEM 

Consideration  is  given  to  the  lift  of  an  isolated  airfoil  in 
the  form  of  an  infinite  elliptic  cylinder  with  a semichord 


l and  a thickness  ratio  /3,  at  a stalling  angle  of  attack  a t< 
a stream  of  velocity  U (see  fig.  1).  A full  list  of  notatioi 
is  provided  in  the  appendix. 

While  the  airfoil  position  and  the  magnitude  of  U ar 
held  fixed,  the  angle  of  attack  a is  permitted  to  vary  wit! 
time.  Such  a flow  m&y  be  constructed  by  allowing  a movini 
source  Q to  approach  an  airfoil  fixed  in  an  otherwise  uniforn 


Figure  1. — Notation  and  coordinate  system  for  elliptic  airfoil  a 
angle  of  attack. 


(a ) 

Sketch  (a)  Airfoil  and  source. 


stream,  the  direction  of  approach  being  normal  to  the  strean 
direction,  as  in  sketch  (a) : 

As  long  as  h,  the  instantaneous  distance  from  Q to  the  airfoil 
is  much  greater  than  l , the  airfoil  finds  itself  effectively  ir 
a uniform  stream  of  incidence 


and  of  magnitude  differing  from  U only  to  second  order  ii 
Q/2TrhU.  The  rate  of  change  of  angle  of  attack  is 

a=2 WU  (-/l) 

where  the  dot  signifies  differentiation  with  respect  to  time 
The  foregoing  model  applies  qualitatively  to  the  phenomenoi 
of  rotating  compressor  stall,  if  the  moving  source  Q is  taker 
to  represent  the  approach  of  a flow  blockage  propagating 
along  a cascade. 

The  present  analysis  will  be  carried  out  as  though  a ii 
a small  constant.  Actual^,  if  a is  quite  small,  and  highe: 
derivatives  such  as  a are  negligibly  small,  the  analysis  wil 
be  correct  at  each  instant  using  the  appropriate  instantan 
eous  value  of  a.  (This  is  the  first  refinement  over  the  quasi 
steady  assumption  which  uses  instantaneous  values  of  < 
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self;  or  for  oscillatoiy  a , the  linear  term  of  a Taylor  series 
i reduced  frequency.)  It  is  clear  that  the  solution  of  the 
roblem  to  order  a provides  a measure  of  hysteresis:  Suppose 
n expression  for  lift  is  obtained  in  the  form 

- - - ... 

'he  first  two  terms  are  the  quasi-steady  contributions, 
he  term  in  a provides  that,  if  a is  in  the  process  of  in- 
leasing  with  time,  then  the  lift  is  higher  (assuming  CLit  posi- 
ve)  than  the  quasi-steady  value.  The  converse  is  true  if  a 
decreasing.  Thus,  if  a performs  an  harmonic  oscillation, 
le  lift  curve  is  a loop  lying  to  either  side  of  the  quasi-steady 
urve  of  width  proportional  to  the  frequenc}7  of  oscillation. 

In  order  that  the  present  analysis  bear  on  the  question  of 
stating  stall,  nominal  angle  of  attack  must  be  selected  for 
hich  the  airfoil  is  in  a stalled  condition.  Maximum  lift  is 
le  most  simply  described  stall  condition.  Accordingly, 
le  nominal  angle  of  attack  is  chosen  as  that  for  which  the 
ft  is  a maximum.  This  selection  is  made  for  two  more 
mipelling  reasons: 

(1)  The  result  will  tend  to  isolate  the  effect  of  Iwsteresis, 
lasmuch  as  no  quasi-steady  change  in  lift  results  from  change 
i a about  the  maximum  lift  value.  Of  course,  if  lift  hy- 
.eresis  is  found  under  a mean  condition  of  maximum  lift, 
len  the  idea  of  viscous  time  lag  will  thereby  be  shown  to 
e inappropriate. 

(2)  Any  other  assumption  would  lead  to  great  theoretical 
Dmplication.  The  analysis  is  to  be  a perturbation  of  quasi- 
eady  flow.  If,  at  the  nominal  angle  of  attack,  change  in  a 
^suited  in  a quasi-steady  change  in  circulation,  then,  to 
le  order  of  the  present  analysis,  induced  wake  effects  would 
squire  consideration. 


POTENTIAL  FLOW 

Outside  the  boundary  layer  of  the  ellipse,  irrotational 
icompressible  flow  is  assumed.  At  each  instant,4  the  ve-. 
>city  potential  on  the  surface  of  the  ellipse  is  (ref.  11,  par. 
1)  - 

<P=IU(1+P)  COS  (»/— a)— ^ (1) 

n r 

here  the  surface  is  defined  by 


The  foregoing  description  of  the  potential  velocit}7  dis- 
tribution is  made  on  the  assumption  that  the  boundary  layer 
is  negligibly  thin  everywhere  on  the  ellipse.  This  assumption 
is  usually  quite  proper  ahead  of  the  separation  points.  The 
assumption  that  the  wake  aft  of  separation  does  not  import- 
_ an tlv  affect  the  potential  flow  is  not  proper;  certainly,  this 
assumption  is  quantitatively  poor  at  maximum  lift,  especR 
alh7  if  the  potential  flow  is  used  to  compute  separation  point. 
However,  the  results  obtained  on  the  basis  of  this  assumption 
are  expected  to  have  qualitative  validity. 


BOUNDARY-LAYER  ANALYSIS 

QUASI-STEADY  BOUNDARY  LAYER 

As  a basis  for  subsequent  calculation  of  unsteady  effects, 
the  quasi-steady  laminar  boundaiy  la}7er  on  the  ellipse  may  be 
approximately  determined  by  the  Karman-Pohlhausen  inte- 
gral method,  as  improved  by  Holstein  and  Bohlen  (see  ref. 
12,  ch.  XII).  The  differential  equation  is 


dZ  F(k).  „>dq 

-y~= ' k=Z  -r1 

ds  q ds 


(5a) 


subject  to  the  initial  condition  at  the  stagnation  point 
(2=0): 

Ko=0.0770  (5b) 


where  Z=d2U/vl,  6 being  the  momentum  thickness.  The 
function  F (k)  is  tabulated  in  reference  12. 

Determination  of  Z and  T at  maximum  lift. — Given  the 
velocity  distribution  q,  the  growth  of  the  boundary  layer  may 
be  computed  from  equations  (5),  the  calculation  proceeding 
until  both  the  separation  points  ( s and  s,  fig.  1)  are  reached, 
for  which  (k)s  = (/c)j=~ 0.1567. 

In  the  present  problem  the  potential  velocity  distribution 
has  not  yet  been  fully  prescribed,  since  T remains  unknown. 
Suppose  that,  for  a given  a,  a value  of  r is  assumed,  and  the 
boundary-layer  calculation  is  carried  out  (ref.  9).  Then,  at 
the  top  separation  point,  clockwise  vorticity  is  shed  into  the 
wake  at  the  rate 


bu  , 

u — dn= 
on 


(6) 


x = l cos  r} ; y = fil  sin  rj  (2) 

long  the  surface,  measuring  s clockwise, 

dp d<p  C>  TJ 

Ul~ bs~ drj  ds 

-(sin2  ,+18*  cos2  v)-»  - (3) 

gmu=h  [(1+/3)  sin  {l,~a)+2^m\  (4) 

t this  juncture,  the  condition  of  maximum  lift  has  not  been 
nposed,  and  the  circulation  r is  left  unspecified.  Of 
Mirse,  both  a and  T may  vary  with  time. 


while  at  s , counterclockwise  vorticity  is  shed  at  the  rate 

\ (u?)5.  Now,  if  (^i)?  differs  from  ( ux)-S)  there  is  a net  change 

of  circulation  in  the  wake,  which  is  impossible  in  steady  flow. 
Therefore,  new  trial  values  of  Y must  be  assumed  until  the 
particular  value  of  T is  determined  for  which  the  solution  of 
equations  (5)  yields  separation  points  for  which  (wi)*  = (uOl 
The  foregoing  procedure  must  be  carried  out  for  each  of  a 
number  of  angles  of  attack  in  order  to  determine  the  values  of 
a and  T at  maximum  lift.  In  reference  9,  Howarth  per- 
formed these  calculations  for  1/6  and  determined  a the- 
oretical lift  curve.  The  maximum  value  of  Y/2TrUl  was  found 
to  be  0.0761  at  an  angle  of  attack  a=7°.  His  complete  dis- 
tribution of  Z at  this  condition  is  not  presented  in  reference  9. 


<The  quasi-steady  assumption  applies  precisely  for  the  calculation  of  the  unsteady  velocity  potential. 
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Accordingly,  the  calculation  has  been  repeated  by  integrat- 
ing equation  (5a)  in  the  form 


-j-=A(rj)F(K);  n=a(rj)Z  (7  a) 


A{r})  = — a (77)  = —^  (7b) 

and,  from  equation  (4), 

2=-^  [jj  sin  (>j— 7°)+0.076lJ  (8) 

At  the  forward  stagnation  point  where  q= 0,  770=  190.74°, 
and  the  initial  condition  is,  from  equations  (5),  (6),  and  (7a), 


Differentiating  equation  (7a)  yields 


(IZa 

dr] 


tt{7])Za-\-b(r}) 


(9a 


where 


(9f 


The  initial  condition  for  Za  at  770  is  determined  by  specifyin 
that  dZJdrj  must  be  finite  there;  from  equations  (9a)  an< 
(9b), 


Zo=O.O770/a0= 0.00407  (7c) 

The  solution  was  obtained  using  a step-by-step  method  in 
which  a parabola  is  passed  through  two  known  values  and  the 


Figure  2. — Distribution  of  thickness  parameter  Z around  ellipse. 


(Za)  0 — ( 


Zr)(Ja  ZqavF 


9*?' 


■V 


-0.00660 


(9c 


In  equations  (9)  all  quantities  are  to  be  evaluated  at  th 
condition  of  maximum  lift;  the  appropriate  superscript  (0 


Figure  3. — Distribution  of  derivative  Za  around  ellipse. 


next  unknown  value  of  dZ/drj,  integrating  to  find  Z in  terms  of 
the  unknown  rfZ/t/77,  then  applying  equation  (7a)  at  the  un- 
known point  to  solve  for  dZ/drj.  Two  starting  values  were 
found  from  a Taylor  series  about  rj0.  The  step  size  in  77  was  10° 
except  near  the  stagnation  and  separation  point  where  finer 
spacing  was  used.  The  solution  of  Z is  shown  in  figure  2 and 
in  table  I.  The  separation  points,  for  which  k=  — 0.1567, 
occurred  at  77=80.0°  and  340.83°.  Of  course,  q should  be 
the  same  at  s and  s.  The  difference  cited  in  the  table  indi- 
cates the  degree  of  error  present  in  the  calculations. 

Determination  of  dZ/da. — For  subsequent  use  in  the 
unsteady  equations,  it  is  necessary  to  know  the  rate  of 
change  of  Z with  a in  quasi-steady  flow.  At  maximum  lift, 
when  a is  changed,  the  quasi-steady  boundary  layer  changes, 
and  the  locations  of  the  separation  points  are  changed.  Of 
course,  the  velocities  at  s and  s must  remain  equal,  because 
dr/da=0  at  maximum  lift,  by  definition. 


is  omitted  for  brevity.  Of  course,  for  purposes  of  findin 
qa  and  qar,  in  equations  (9),  the  angle  of  attack  of  7°  shoul 
be  replaced  by  a in  equation  (8)  and  set  equal  to  7°  agaii 
subsequent  to  differentiation.  Equations  (9)  have  bee 
integrated  to  yield  Za,  by  the  same  method  as  described  fc 
finding  Z,  and  the  result  is  shown  in  figure  3 and  in  table  ] 

UNSTEADY  BOUNDARY  LAYER 

The  next  step  in  the  analysis  is  to  determine  the  depenc 
ence  of  the  boundary  layer  on  the  angular  velocity  a,  as 
sumed  small.  To  this  order  of  approximation,  equation  (8 
describing  the  potential  flow  must  be  modified  to  include  th 
possibility  of  a contribution  to  circulation  in  proportion  t 
a (or,  in  dimensionless  form,  e = aI/U)y  as  follows: 

2=^=^|j;sin  (ij— 7°)+0.0761+7*]  (1C 
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‘ coefficient  of  circulation  hysteresis  y must  be  found  from 
mdition  of  vorticity  shedding  at  the  separation  points  of 
unsteady  boundary  layer.  The  contribution  to  lift 
portional  to  a then  follows.  Determination  of  the  proper 
tieity-shedding  condition  will  be  discussed  in  a subse- 
nt section. 

"lie  unsteady  form  of  the  Karman  momentum  equation 
‘ ref.  12)  is 


(11) 


tidy  equations  (5a)  and  (7a)  are  obtained  from  equation 
) by  omitting  the  term  on  the  right  side.  An  iteration 
cedure  might  then  be  adopted:  The  quasi-steadv  5*  can 
substituted  into  the  right  side  of  equation  (11),  and  a 
7 solution  obtained,  to  include  first-order  unsteady 
cts.  Using  the  definitions  of  reference  12,  and  writing 
time  derivative  in  equation  (11)  as 


~ (u,5*)=i  A («,«*) 


re  is  found,  corresponding  to  equation  (5a), 


dZJFjn) 

ds  q 


2 -^(t+s  #+£*•) 


(12) 


(13) 


‘ function /x(k)  is  tabulated  in  reference  12,  and  q is  given 
equation  (10).  Again,  for  purposes  of  finding  qa  and 
the  angle  7°  in  equation  (10)  should  temporarily  be 
aced  by  a. 

nstead  of  the  indicated  iteration,  in  the  present  study 
equivalent  procedure  is  adopted  of  finding  the  coeffi- 
its  of  the  expansion 


Therefore,  the  definition  of  momentum  thickness 


r*( 

Jo  Wl\ 

uj 

shows  that,  if  the  velocity  u in  the  boundary  layer  has  a 
part  proportional  to  ux  and  a part  proportional  to  e,  then 
the  part  of  6 (and  hence  of  Z=$2U/vl ) which  is  proportional 
to  e must  have  a simple  pole  in  U\.  Actually,  of  course,  the 
quantity  6 is  inappropriate  for  defining  a thickness  of  a 
profile  of  the  type  shown  in  sketch  (b),  and  the  appearance 
of  a pole  in  0 simply  indicates  this  lack  of  physical  significance. 


/ 


The  foregoing  considerations  suggest  that  a new  variable 
W be  defined  to  replace  Z«: 


W=qZ, 


(15) 


Z=Z(0)  + &aZa+tZl+  . . . 

■ coefficients  Z<0)  and  Z„  have  already  been  found  (eqs.  (7) 
(9)  and  figs.  2 and  3).  The  derivative  Z,  remains  to 
found.  Differentiating  equation  (13)  and  noting  that 

QsZa  ([a  - Z , 


Substituting  equation  (15)  into  equation  (14)  yields 

(l  + F')W+ZF'q„-F^- 
as  q 2 

2/,Z[f +^2+fi(9.Za+qa.Z)j  (16) 


=F'(k)  Si  Z.+F'  Sii  Z-FSi- 
q i i 

2T[^+k+f,(9‘z-+t"Z)]  <14) 

equation  (14)  and  hereinafter,  evaluation  of  quantities 
he  steady  state  at  maximum  lift  is  to  be  understood,  and 
superscript  (0)  is  omitted  for  brevity. 

: is  impossible  to  ensure  a finite  value  of  dZJds  at  the 
;nation  point  because  of  the  second-order  pole 
^Zqjq2.  The  physical  reason  for  this  result  is  the 
that,  at  the  stagnation  point  of  a certain  instant,  the 
ndary-layer  velocity  profile  will  not  vanish,  as  in  steady 
, but  rather  will  respond  to  the  instantaneous  acceleration 
ore  promptly  than  the  outer  potential  flow.  A profile 
lagnitude  € may  thus  be  expected,  vanishing  in  the  outer 
am  as  well  as  the  wrall  as  showrn  in  sketch  (b) : 


In  order  that  dW/ds  be  finite  at  the  stagnation  point,  the 
twro  poles  on  the  right  side  of  equation  (16)  must  cancel, 
yielding  the  initial  condition 

M'"=[o+r%.l— 0001015  (,7> 

wdiere  the  numerical  value  is  obtained  using  equations  (3), 
(7c),  and  (10),  and  the  tables  of  reference  2.  Inasmuch  as 
q€=y/R  (eq.  (10)),  the  function  W may  be  split  into  two 
parts,  as  follows: 

W^X+yY  (18) 

so  that  (changing  to  rj  as  independent  variable)  equations 
(16)  and  (17)  provide 

^=C(v)X+c(v) 


(19a) 
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where 


1 \ 

^ (19b) 

c(rj)=2fJ{Z  (3,Z«+<Z«^)] 

I 

and 

A’0= -0.001015 

(19c) 

^C(v)Y+d(v) 

(20a) 

where 

(20b) 

F R 

d{n)^--ZF'  ^ 

and 

F0=0 

(20c) 

Equations  (19b)  and  (20b)  are  evaluated  using  the  solutions 
for  Z and  Za,  the  tables  of  reference  12,  and  equations  (3) 
and  (10). 

Solutions  of  equations  (19)  and  (20),  obtained  by  the 
method  used  to  find  Z,  are  presented  in  figures  4 and  5 and 
table  I. 


Figure  5. — Distribution  of  parameter  Y of  unsteady  boundary  layer. 


DETERMINATION  OF  LIFT 

UNSTEADY  BALANCE  OF  SHED  VORTICITY 

In  order  to  determine  the  unsteady  pressure  lift,  tl 
coefficient  y (eq.  (10))  must  be  determined.  In  steady  flo 
(see  the  discussion  accompanying  eq.  (6)),  the  circulatic 
T was  obtained  by  requiring  that  vorticity  be  shed  in  equ 
and  opposite  amounts  at  the  two  separation  points. 

In  the  present  unsteady  problem,  the  net  rate  of  vorticit 
appearance  in  the  wake  must  vanish,  not  only  in  the  quas 
steady  approximation,  but  to  order  a as  well,  in  view  of  tl 
assumption  that  the  quasi-steady  circulation  is  maximur 
By  the  classical  theorem  concerning  constancy  of  circul 
tion,  any  net  rate  of  discharge  of  vorticity  into  the  wal 
must  be  balanced  by  a rate  of  increase  of  circulation  aboi 
the  body.  If  the  airfoil  is  nominally  at  maximum  lii 
then  the  circulation  terms  (eq.  (10)),  to  order  e = al/U,  a 

0.0761  +ye 

The  rate  of  increase  of  this  expression  is  at  most  of  ord 
a , and  therefore  there  cannot  be  any  net  discharge  of  vo 
ticity  to  order  a. 

If  the  airfoil  were  not  at  maximum  lift,  then  the  expressic 
for  circulation  would  contain  a term  proportional  to  A 
which  would  change  at  the  rate  a,  and  would  have  to  1 
balanced  by  a net  rate  of  vorticity  discharge  of  order 
In  turn,  this  distribution  of  circulation  in  the  wake  wou 
induce  further  modifications  of  the  potential  flow.  Therefor 
the  assumption  of  maximum  lift  permits  the  neglect  of  tl 
induced  effects  of  distributed  circulation  in  the  wake. 

Movement  of  separation  points. — In  order  to  effect 
balance  (to  order  a)  of  vorticity  shed  at  the  separate 
points,  the  movements  of  the  separation  points  must  1 
taken  into  account.  The  position  of  the  top  separation  poii 
s may  be  written 

U=(Tj);  + A«  (g)_+<  (|J).+*  • ' (2 


The  coefficient 


is  obtained  from  the  quasi-stea< 


solution: 

At  separation  (*=  — 0.1567), 


/d7j\  _ /d*/da\ 

\da/j  \dK/dri/s 

From  equations  (7), 

!=-i(Z5-+z',<+issin2’’) 


g— I(ZS„+Z.{.) 


whence,  holding  k fixed  at  —0.1567, 

Zqva+Zaqv 


(©.-( 


Z«fr,+Z,g,+-|^  sin  2V 


), 


(22 


(22 
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vhere  Z and  Za  may  be  obtained  from  table  I. 

The  coefficient  (dlj/de)s  comes  from  the  unsteady  solution: 


/ ck/deV 

\deJ-$  \^K/dT]Js 


Vo m. equations  (7). 


In  the  quasi-steadv  flow,  (u1);=(^1)ifJ  and  the  coefficient  of 
Aa  must  be  zero.  Therefore,  the  coefficient  of  e in  equation 
(29)  must  vanish: 


*f.=— tj  (Z(qv+Zqv() 


Hiich,  upon  substitution  of  equations  (10),  (15),  and  (IS), 


1 / y t - v/\  Qif  . 35Zt  . ~ 

«'=-T?{X+yY)f+j2msm2r’ 


Equations  (22a)  and  (24)  thus  provide  that 


v i „ / v 35Z  . 0 

{rj- 

22„+2,2,+^  sin  2, 


At  the  bottom  stagnation  point,  equations  (21),  (23), 
Hid  (25)  apply,  with  subscript  s replacing  subscript  ~s. 

Equation  of  vorticity  shed  at  separation  points. — Taking 
nto  account  the  motion  of  the  separation  point,  the  rate  of 
rorticitv  shedding  at  the  top  is  given  by  the  following 
quation,  which  replaces  equation  (6) : 


J!(- 


, ds\  £>u  1 _ .ds~ 

lTt)^dn=2u~lTtu' 


Vom  equations  (3)  and  (21), 


li'”<“,)i+(|j)I[a<,(i;)i+<®)5]+  ' ' 


equations  (27)  yield  the  following  expression  for  the  right 
ide  of  equation  (26) : 

expression  (28)  represents  clockwise  vorticity  shed  at  the 
op  separation  point.  At  the  bottom  separation  point,  the 
mount  of  counterclockwise  vorticity  shed  is  also  represented 
equation  (28),  if  subscripts  s are  replaced  by  s. 
Therefore,  equating  the  net  discharge  of  vorticity  to  zero, 

-5  im>5-m>  J+!  [(M  S):-(S  §).]+' 

MJP  • ■ 


(dq/dt)  dy/de\  /dg/frA  /dV/de\  1 (E  dv/da)s 

\ R drj/doc  )-  L \drj/de  )j  \dv/dajs_  J (R  drj/doc)-~ 

(30) 

Equations  (23),  (25),  and  (30)  and  table  1 suffice  to  deter- 
mine Y (which  appears  in  eq.  (25)).  The  result  is, 

y~  — 6.1  (31) 

Definition  of  separation  point. — In  effect,  it  has  been 
assumed  that,  during  the  unsteady  motion,  separation  is 
defined  by  the  condition. of  zero  shear  (k=—  0.1567)  and 
the  subsequent  appearance  of  reverse  flow  relative  to  the 
surface,  just  as  in  steady  flow.  This  assumption  is  open  to 
question.  The  question  is  how  (or  whether)  local  velocity- 
profile  characteristics  may  be  interpreted  to  identify  the 
leading  edge  of  a wake. 

The  usual  steady  criterion,  which  notes  the  appearance 
of  reverse  flow  downstream  of  the  point  of  zero  shear,  implies 
that  the  fluid  in  the  wake  is  fixed  relative  to  the  body.  If, 
in  the  unsteady  case,  the  wake  may  still  be  regarded  as 
fixed  to  the  body,  then  it  may  be  that  the  steady  criterion  is 
still  applicable. 

However,  tiie  present  assumption  of  the  steady  definition 
of  separation  is  not  advanced  with  complete  confidence. 
Rather,  it  is  felt  that  only  a suitable  experiment  can  settle 
this  point. 

LIFT  OF  AIRFOIL 

The  steady  lift  coefficient  of  the  airfoil  of  figure  1 is  deter- 
mined from  the  steady  circulation: 

CP=-£lE—  = fj- =2tt(0.0761)=0.48  (32) 

^pU\2L)  Ul 

There  are  two  contributions  to  lift  proportional  to  e.  From 
the  unsteady  circulation, 

Cl]  = 27rY=  — 38.6  (33) 

and  a further  contribution  is  found  by  consideration  of  the 
remainder  of  the  potential  flow.  The  two  components  of 
Kelvin's  impulse  for  the  flow  illustrated  in  figure  1 (leaving 
circulation  out  of  account)  are 

Iz,  Iv—^p  Ul2{0r  cos  a,  sin  a) 

(See  pars.  71  and  123  of  ref.  11.)  Whence,  the  corresponding 
components  of  vector  force  are 

Fx , Fy=  a -^^=TrpUl2d(— 02  sin  or,  cos  a) 


and  the  lift  is 


L=FV  cos  oc — Fx  sin  ct—TpUl2a 


; COS  2 a 


4358  i 5 — 5T 57 
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The  following  lift  coefficient  results: 

C%=  f (1+02)  cos  2a)=3.09  (34) 

The  final  expression  for  lift  combines  equations  (32),  (33), 
and  (34) : 


CL=Cg>  + *{C%+C%) 


=0.4S— 36  — (35) 

The  sign  of  the  second  term  of  the  resiilt  of  equation  (35) 
indicates  that,  while  angle  of  attack  is  increasing,  the  lift 
is  lower  than  the  quasi-steady  value,  and  higher  if  the  angle 
of  attack  is  decreasing.  Thus,  near  maximum  lift,  the  lift 
curve  would  exhibit  a counterclockwise  hysteresis  loop 
enclosing  the  stall  point.  This  result  is  perhaps  counter  to 
expectations,  because  clockwise  hysteresis  is  found  experi- 
mentally for  oscillating  airfoils.  It  may  be  that  different 
directions  of  hysteresis  should  be  expected  when  the  airfoil 
oscillates  and  when,  as  in  the  present  study,  the  stream  direc- 
tion oscillates. 

In  any  case,  it  may  be  shown  that  the  overriding  effect 
producing  counterclockwise  hysteresis  in  the  present  prob- 
lem is  the  quasi-steadv  movement  of  the  separation  point 
over  the  top  surface.  As  this  separation  point  moves  forward 
under  increasing  angle  of  attack,  clockwise  vorticity  in  the 
boundary  layer  joins  the  wake  as  the  separation  point  passes. 
Accordingly,  a counterclockwise  airfoil  circulation  (negative 
y)  is  required  to  balance  this  effect.  The  term  of  equation 
(26)  that  is  concerned  with  this  movement  is  the  one  in- 
volving dsfdt. 

For  the  elliptic  airfoil  problem  treated  herein,  the  quasi- 
steadv  movement  of  the  upper  separation  point  is  quite 
extensive;  numerically,  d^/5a=13.9,  indicating  that  the 
separation  point  is  very  loosely  fixed  to  the  airfoil  suface. 
By  way  of  contrast,  in  the  case  of  the  rotating  circular  cy- 
linder, there  is  no  effect  of  this  sort,  because  a change  in 
angle  of  attack  produces  no  quasi-steady  movement  of  the 
separation  point  at  all.  Other  contributions  to  the  shedding 
of  vorticity  then  lead  to  the  result  of  clockwise  hysteresis 
for  the  circular  cylinder. 

LIFT  HYSTERESIS 

The  foregoing  analysis  does  not  provide  a complete  theory 
of  unstead}7  flow  about  a stalled  airfoil.  Rather,  the  analysis 
illustrates  the  considerations  that  would  underlie  such  a 
theory  and  further  make  plausible  the  general  assumption  of 
an  expansion  of  lift  coefficient  in  the  form  of  equation  (35). 
This  expansion  would  be  valid  for  nearly  quasi-steady  condi- 
tions. Also,  it  has  been  shown  that  a counterclockwise 
hysteresis  loop  may  be  expected  at  a nominal  condition  of 
maximum  lift  with,  apparently,  a large  amplitude. 

If  the  foregoing  conditions  are  met,  and  Aa  is  simple 
harmonic, 

Aa  oc  sin  2-iro. )t  (36a) 

then 

a oc—  2?rcosin  (2ro)t— 90°)  (36b) 


Use  of  relation  (36b)  in  the  lift  formula  (35)  may  be  said  to 
correspond  to  the  assumption  (ref.  5)  of  a positive  lift- 
curve  slope  and  a phase  lag,  90°  in  this  case,  though  the 
positive  slope  would  not  correspond  to  the  steady  lift  curve. 
The  hysteresis  loop  for  this  case  appeals  as  an  ellipse  on  the 
lift  curve  of  figure  6 (a).  The  amplitude  and  width  of  the 
loop  are  assumed  small  in  the  present  discussion  and  are 
exaggerated  in  figure  6. 

If  a is  not  simple  harmonic,  then  the  concept  of  phase  lag 
is  altogether  inappropriate.  For  example,  if  a is  more 
nearly  a “saw-tooth”  function  of  time  (fig.  6 (b)),  then  the 
lift  increment  is  nearly  a “battlement”  function.  The 
corresponding  hysteresis  loop  is  nearly  rectangular.  If  a 
changes  according  to  an  exponential  pulse  (illustrated  by  a 
Gaussian  curve  in  fig.  6 (c)),  then  the  hysteresis  loop  is 
egg-shaped,  with  the  broad  end  to  the  right. 


(a) 

(a)  Harmonic  a(t ). 


(b) 

(b)  “Saw-tooth”  function  a(t). 


(c) 

(c)  Exponential  pulse  a(t). 


Figure  6.— Variation  of  lift  coefficient  and  angle  of  attack  with  time 
and  with  each  other. 
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CONCLUSIONS 

The  analysis  of  rotating  stall  in  an  axial-flow  compressor 
equires  specification  of  a dynamic  lift  curve  applicable 
i ear  stall.  It  has  previously  been  suggested  that  unsteady 
ift  hysteresis  is  an  important  characteristic  of  such  a curve. 

Consideration  of  the  familiar  experimental  fact  of  Magnus 
ift  on  a rotating  cylinder  indicates  a theoretical  approach 
o the  question  of  aerodynamic  hysteresis  which,  though 
ertainlv  not  definitive,  may  prove  helpful.  The  accepted 
xpla nation  of  Magnus  lift  is  that,  if  the  cylinder  is  in  motion 
oward  the  left  and  rotates  clockwise,  the  movement  of  the 
urface  delays  boundary-layer  separation  on  the  top  and 
idvances  it  on  the  bottom.  In  steady  flow,  considerations 
»f  constancy  of  wake  circulation  require  that  the  outer 
elocitv  at  the  two  separation  points  be  equal.  The  de- 
rived separation  at  the  top  implies  a lower  velocity  (vice 
ersa  on  the  bottom),  and  a compensatory  clockwise  circu- 
ation  must  therefore  occur. 

The  foregoing  reasoning  is  extended  to  apply  to  the  prob- 
em  of  an  airfoil  of  elliptic  section  in  a stream  of  constant 
elocitv  but  of  (slightly)  oscillating  direction.  The  airfoil 
3 considered  to  be  nominall\r  at  maximum  lift.  This 
ssumption,  reasonable  for  unsteady  problems  at  nearly- 
tailed  conditions,  provides  an  essential  simplification.  To 
Lrst  order  in  small  quantities,  the  lift  (circulation)  increment 
lue  to  the  oscillation  can  depend  only  on  rate  of  change  of 
ngle  of  attack;  and,  just  as  in  the  cylinder  case,  all  induced 
fake  effects  may  be  ignored. 


For  purposes  of  computing  the  amount  of  vorticity  shed 
into  the  wake,  the  separation  point  is  identified  as  the  point 
of  vanishing  shear,  just  as  in  steady  flow.  It  is  not  clear, 
however,  that  t his  assumption  is  proper. 

Under  these  various  assumptions,  the  unsteady  increment 
in  lift  coefficient  of  the  ellipse  is  found  to  be  —36  «//{/,  of 
which  about  92  percent  is  due  to  the  unsteady  movement 
of  the  separation  points  and  the  remainder  is  due  to  impulsive 
pressure.  This  lift  increment  gives  the  amplitude  of  a lift- 
hysteresis  loop  at  maximum  lift.  The  loop  is  counterclock- 
wise, a result  that  can  be  related  to  the  extremely  migratory 
tendency  of  the  separation  point  on  the  upper  surface  of  the 
ellipse  under  a change  in  angle  of  attack  in  steady  flow. 

Finally,  assuming  oscillations  of  low  reduced  frequency, 
certain  observations  may  be  made  concerning  the  shapes  of 
hysteresis  loops,  and  the  validity  of  the  idea  of  a viscous 
time  lag  in  connection  with  unsteady  lift:  If  the  angle  of 
attack  undergoes  harmonic  oscillation,  then  the  lift  incre- 
ment is  also  harmonic  with  a 90°  phase  lead  or  lag,  depending 
on  the  sign  used  in  the  definition  of  Clt . In  this  case,  the 
hysteresis  loop  is  elliptic.  If  the  angle  of  attack  varies  in  a 
nonharmonic  manner,  then  the  variation  of  lift  does  not 
have  the  same  dependence  on  time,  and  the  idea  oFtime  lag 
is  inappropriate.  'ri 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  August  17 , 1955 
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APPENDIX 


SYMBOLS 


The  following  symbols  are  used  in  this  report: 

A,  a functions  of  77  (eqs.  (7)) 

B , b functions  of  77  (eqs.  (9)) 

C , c functions  of  77  (eqs.  (19b)) 

CL  lift  coefficient 

Ch<x  rate  of  change  of  lift  coefficient  with  angle  of  attack  « 

CL.  rate  of  change  of  lift  coefficient  with  a 

d function  of  77  (eq.  (20b)) 

F universal  function  for  boundary-layer  calculation 

(eq.  (5a)) 

fx  universal  function  for  boundary-layer  calculation 

(eq.  (13)) 

L lift 

l semi  chord  of  elliptic  cylinder  (fig.  1) 

n coordinate  measured  normal  to  surface  (eqs.  (6),  (36)) 
g dimensionless  outer  velocity,  =ux/U 

R function  of  77  (eq.  (3)) 

s dimensionless  coordinate  measured  along  surface  of 

ellipse  (fig.  1) 
t time 

U stream  velocity  (a  constant) 

u velocity  parallel  to  surface 

W function  related  to  unsteady  boundary  layer  (eq. 

(15)),  =2  Ze 

X function  related  to  unsteady  boundary  layer  (eq.  (18)) 
x Cartesian  coordinate  of  surface  of  ellipse 
Y function  related  to  unsteady  boundary  layer  (eq.  (18)) 

y Cartesian  coordinate  of  surface  of  ellipse 
Z function  related  to  momentum  thickness  of  boundary 

layer  (eq.  (5a)),=^~ 

a angle  of  attack 

a time  rate  of  change  of  a 

A a increment  in  angle  of  attack,  a(0) 

P thickness  ratio  of  elliptic  cylinder 

T circulation  in  outer  flow 

7 coefficient  of  hysteresis  in  circulation  (eq.  (10)) 

5 over-all  thickness  of  boundary  layer 

5*  displacement  thickness  of  boundary  layer 
e dimensionless  angular  velocity,  s= 6lI/U 
77  coordinate  on  surface  of  ellipse  (fig.  1,  eq.  (2)) 

6 momentum  thickness  of  boundary  layer 

k function  for  boundary-layer  calculation  (eq.  (5a)) 

v kinematic  viscosit\r  coefficient 

p density 

r skin-friction  coefficient 

<p  velocity  potential 

co  frequency 

Subscripts: 

s,  s evaluation  at  top  or  bottom  separation  point,  respec- 
tively, of  steady  flow  at  maximum  lift  (a=a(0>, 
6 = 0) 

evaluation  at  forward  stagnation  point,  where.  0 


1 evaluation  at  outer  edge  of  boundary  layer 
evaluation  at  lower  separation  point 
Subscript  notation  is  used  for  partial  differentiation  where 
convenient. 

Superscripts: 

(0)  steady  conditions  at  maximum  lift 

(1)  unsteady  contribution  due  to  movement  of  separa- 

tion points 

(2)  unsteady  contribution  due  to  impulsive  pressure 
evaluation  at  upper  separation  point 

7 denotes  ordinary  derivatives 
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TABLE  I.— RESULTS  AT  SEPARATION  POINTS 


Quantity 

Separation  point  (*.——0.1567) 

Top  C5) 

Bottom  (s) 

V 

80.  0° 

340.  83° 

R 

0.  985 

0.  364 

q 

1.  210 

-1.  204 

Qn 

0.  139 

0.  137 

Qi ja 

1.  192 

- 7.  95 

Qw 

-0.  0062 

1.  49 

Z 

1.  11 

0.  41 

Za 

13.  3 

-5.  6 

Z, 

- 1.  405 

0.  52 

X 

— 55.  6 

— 5.  4 

Y 

4.  9 

-4.  2 
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INTENSITY,  SCALE,  AND  SPECTRA  OF  TURBULENCE  IN  MIXING 
REGION  OF  FREE  SUBSONIC  JET  1 

By  James  C.  Laurence 


SUMMARY 

The  intensity  of  turbulence,  the  longitudinal  and  lateral  corre- 
lation coefficients,  and  the  spectra  of  turbulence  in  a 3. 5 -inch- 
diameter  free  jet  were  measured  with  hot-wire  anemometers  at 
exit  Mach  numbers  from  0.2  to  0.7  and  Reynolds  numbers  from 
192,000  to  725,000. 

The  results  of  these  measurements  show  the  following:  ( 1 ) 
Near  the  nozzle  (distances  less  than  4 or  5 jet  diam  downstream 
of  the  nozzle)  the  intensity  of  turbulence,  expressed  as  percent 
of  core  velocity , is  a maximum  at  a distance  of  approximately 
1 jet  radius  from  the  centerline  and  decreases  slightly  with 
increasing  Mach  and/or  Reynolds  number.  At  distances  greater 
than  8 jet  diameters  downstream  of  the  nozzle,  however.,  the 
maximum  intensity  moves  out  and  decreases  in  magnitude  until 
the  turbulence-intensity  profiles  are  quite  fiat  and  approaching 
similarity.  (2)  The  lateral  and  longitudinal  scales  of  turbu- 
lence are  nearly  independent  of  Mach  and/or  Reynolds  number 
and  in  the  mixing  zone  near  the  jet  vary  proportionally  with 
distance  from  the  jet  nozzle.  (3)  Farther  downstream  of  the 
jet  the  longitudinal  scale  reaches  a maximum  and  then  decreases 
approximately  linearly  with  distance.  (4)  Near  the  nozzle  the 
lateral  scale  is  much  smaller  than  the  longitudinal  and  does  not 
vary  with  distance  from  the  centerline,  while  the  longitudinal 
scale  is  a maximum  at  a distance  from  the  centerline  of  about 
0.7  to  0.8  of  the  jet  radius.  (5)  Farther  downstream  this  maxi- 
mum moves  out  from  the  centerline.  (6)  A statistical  analysis 
of  the  correlograms  and  spectra  yields  a “ scale11  which , although 
different  in  magnitude  from  the  conventional,  varies  similarly 
to  the  ordinary  scale  and  is  easier  to  evaluate. 

INTRODUCTION 

Recent  analyses  by  Ligh thill  (ref.  1)  and  by  others  (refs.  2 
and  3)  show  that  turbulence  may  be  chiefly  responsible  for 
the  noise  from  high-speed  jets.  However,  a complete  analy- 
sis relating  turbulence  to  noise  has  not  yet  been  made. 
Consequently,  it  is  not  known  where  the  noise  originates  in 
the  jet  or  which  of  the  turbulence  parameters,  intensity, 
scale,  or  spectral  distribution,  is  best  suited  to  noise  studies. 
Ligh  thill  has  suggested  that  each  turbulent  eddy  might  be 
considered  as  a single  concentrated  sound  radiator.  If 
Ligh  thill’s  suggestion  is  valid,  it  will  be  necessary  to  know 
the  turbulence  characteristics  throughout  the  jet.  The 
intensity  of  sound  radiation  will  surely  be  related  to  the  - 
intensity  of  turbulence.  Furthermore,  the  spectral  distribu- 


tion of  turbulent  energy  might-  reasonably  be  expected  to 
give  information  about  the  spectral  distribution  of  sound 
energy. 

Three  regions  of  the  jet  need  to  be  investigated  (see  fig.  1): 


(1)  the  central  core,  where  the  velocity  profiles  are  flat  and 
the  intensity  of  the  turbulent  fluctuations  is  low;  (2)  the 
mixing  region,  which  lies  between  the  central  core  and  the 
undisturbed  air  of  the  surroundings,  where  the  velocity 
gradients  are  large  and  the  intensity  of  turbulence  is  high; 
and  (3)  the  region  farther  downstream  where  the  central  core 
and  the  mixing  region  blend  into  a completely  turbulent  air- 
stream.  The  purpose  of  experiments  in  these  regions  is  to 
measure  the  statistical  parameters  of  the  turbulence  in  the 
mixing  zone  and  in  the  completely  turbulent  region  of  the  jet. 

Several  investigators  have  reported  the  results  of  work  in 
these  regions  (refs.  4 to  8).  Reference  4 has  only  a limited 
amount  of  hot-wire  data  in  the  mixing  zone,  along  with 
velocity-profile  and  turbulence-level  measurements  near  the 
axis  of  the  jet.  Corrsin  has  made  or  has  collaborated  in 
making  the  most  complete  measurements  in  jets  to  be  found 
in  the  literature  (refs.  5 to  7).  These  investigations  are  of 
great  interest  and  of  much  use,  but  the  velocities  investigated 
are  small  (<C  1 00  ft/sec).  Hot-wire  measurements  in  a 
unique  form  of  a half-jet  in  which  a solid  wall  replaces  one 
side  of  the  free  mixing  region  are  reported  in  reference  8. 

In  order  to  obtain  data  in  speed  ranges  that  are  of  more 
interest  in  jet  noise  research,  a S3rstematic  investigation  of 
the  turbulent  mixing  region  of  a free  jet  was  undertaken  as 
part  of  the  jet  noise  program  at  the  NACA  Lewis  laboratory. 


» Supersedes  N A CA  Technical  Notes  3561,  “Intensity,  Scale,  and  Spectra  of  Turbulence  in  Mixing  Region  of  Free  Subsonic  Jet,”  by  James  C.  Laurence,  1955:  and  3576,  “Further  Measure- 
ments of  Intensity,  Scale,  and  Spectra  of  Turbulence  in  a Subsonic  Jet,”  by  James  C.  Laurence  and  Truman  M.  Stickney,  1956. 
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Principal  interest  was  placed  on  measurements  with  the  hot- 
wire anemometer  of  the  statistical  parameters  of  turbulence 
in  the  exit  Mach  number  range  from  0.2  to  0.7  and  Reynolds 
numbers  (based  on  jet  radius)  from  192,000  to  725,000. 
Since  it  was  impossible  to  vary  Mach  numbers  and  Reynolds 
numbers  independently,  their  combined  effects  are  called 
Mach  and/or  Reynolds  number  effects  herein. 

The  analysis  of  the  results  of  these  turbulence  studies 
follows  the  statistical  approach  first  introduced  by  Taylor 
(ref.  9).  Dryden  reviews  this  method  in  reference  10  and 
shows  the  success  of  this  type  of  approach  in  dealing  with 
isotropic  turbulence.  Similar  approaches  to  the  analysis  of 
the  results  of  studies  of  jet  turbulence  have  been  made  also. 
But  the  results  have  not  been  very  successful,  especially  in 
the  mixing  region  of  the  jet.  Hence,  a statistical  analysis  is 
presented  in  t his  report  which  uses  a different  value  of  the 
“scale”  or  eddy  size  based  on  the  energy  spectrum  of  the 
turbulence. 


INSTRUMENTATION  AND  TEST  FACILITIES 

HOT-WIRE  ANEMOMETERS 

The  hot-wire  anemometers  used  in  this  test  were  tin 
const  ant -temperature  anemometers  described  in  reference  1 1 
Constant-temperature  anemometers  were  chosen  instead  oi 
constant-current  anemometers  because  of  certain  advantages 
(1)  The  wire  current  is  controlled  by  an  electronic  servosys- 
tem  that  protects  against  accidental  wire  burnout  when  the 
flow  is  suddenly  reduced.  (2)  Since  the  bridge  balance  is 
maintained  during  flow  changes,  there  are  no  eompensatior 
controls  to  set  and  no  testing  to  determine  whether  the  com- 
pensation is  effective.  (3)  Finally,  this  instrument  can  fol 
low  large  fluctuations  in  flow  without  appreciable  error. 

The  hot-wire  anemometer  and  the  auxiliary  equipment 
have  been  improved  in  several  respects  (see  refs.  1 1 and  12) 
The  direct -coupled  amplifier  has  an  improved  frequency  re- 
sponse, and  its  equivalent  input  noise  has  been  decreased  tc 


(a)  Longitudinal  correlation  of  velocity  components  in  x-direction. 


(b)  Lateral  correlation  of  velocity  com-  (c)  Intensities  and  autocorrelations  of  (d)  Velocity  co  lponents  in //-direction, 

ponents  in  x-direction.  velocity  in  x-direction. 


Figure  2. — Hot-wire-anemometer  probes. 


INTENSITY,  SCALE,  AND  SPECTRA  OF  TURBULENCE  IN  MIXING  REGION  OF  FREE  SUBSONIC  JET 


893 


a value  comparable  with  that  of  other  hot-wire  instruments 
(less  than  100  microvolts).  Frequency-response  measure- 
ments made  according  to  the  methods  described  in  reference 
11  show  an  over-all  response  (amplifier,  bridge,  wire,  and 
cables)  of  about  100  kilocycles. 

HOT-WIRE  PROBES 

The  hot-wire  probes  (fig.  2)  were  single-  and  double-wire 
probes.  The  double-wire  probes  were  arranged  in  parallel 
and  X -array.  The  parallel  arrays  (figs.  2(a)  and  (b))  were 
used  to  measure  the  longitudinal  and  lateral  u velocity  cor- 
relation coefficients,  respectively.  For  the  longitudinal  cor- 
relations one  wire  was  held  fixed  and  the  other  was  moved 
downstream.  This  wire  was  displaced  not  more  than  0.005 
inch  towards  the  centerline  of  the  jet  to  avoid  interference 
from  the  flow  over  the  first  wire.  A similar  arrangement  was 
used  for  the  lateral  correlations.  Practical  limitations  on  the 
separability  of  the  wires  limited  the  number  of  points  for 
which  measurements  could  be  obtained.  The  measured  cor- 
relations were  assumed  to  be  those  at  the  position  of  the 
fixed  wire.  The  X-array  (fig.  2(c))  was  employed  to  meas- 
ure the  ^-component  of  the  velocity  fluctuations.  The 
single-wire  probe  (fig.  2(d))  measured  the  u velocity  in- 
tensities and  all  autocorrelations. 

The  wire  material  used  in  the  tests  was  the  0.0002-inch 
tungsten  wire  evaluated  in  reference  11.  The  mounting 
procedure  is  an  adaptation  of  the  plating-soldering  technique 
that  was  first  used  by  the  National  Bureau  of  Standards 
(ref.  13). 

SPECTRUM  ANALYZERS 

Two  spectrum  analyzers  were  used  in  obtaining  the  spectral 
density  data.  One  of  these  has  a constant  narrow  band  pass 
(5  cps)  with  a frequency  response  from  20  to  16,  000  cps; 
the  other  is  a constant-percentage  band-pass  instrument 
with  about  the  same  frequency  response.  The  filter  char- 
acteristics of  the  two  instruments  are  given  in  figure  3.  The 
two  analyzers  give  comparable  spectral  density  curves  within 
the  general  accuracy  of  the  experiments. 

TAPE  RECORDER 

A dual-channel  tape  recorder  was  used  to  record  the  signals 
from  a single  hot-wire-anemometer  probe  located  in  the 
airstream.  These  recordings  were  later  used  to  obtain  the 
autocorrelation  coefficients. 

ACTUATORS 

The  lateral  positions  of  the  probe  were  controlled  by  screw- 
type  actuators.  The  longitudinal  positions,  however,  were 
set  by  adjustments  of  a lathe  carriage.  The  probes  were 
alined  in  the  stream  with  reference  to  the  centerline  of  the 
jet.  This  aerodynamic  centerline  was  determined  from 
total-pressure  measurements  in  the  jet.  A plug  was  ma- 
chined to  fit  the  exit  nozzle  of  the  jet,  and  a steel  wire  was 
stretched  along  the  centerline  to  a point  on  the  centerline 
far  downstream  in  the  jet  (approx.  12  ft).  A telescope 
mounted  at  this  point  helped  in  relocating  the  probes  after 
a probe  failure  without  rest  ringing  the  steel  wire. 


TEST  FACILITIES 

The  subsonic  jet  and  associated  plenum  chamber  used  in 
these  experiments  are  shown  schematically  in  figure  4. 
The  jet  has  a 3.5-inch-diameter  nozzle  at  the  end  of  a bell- 

I Compressed-oir 
1 supply 


Figure  4. — Schematic  diagram  of  subsonic  jet,  plenum  chamber, 
filters,  and  location  of  pressure-  and  temperature-measuring  in- 
struments. 
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mouth  which  is  attached  to  a large  plenum  chamber.  The 
turbulence  intensity  in  the  plenum  chamber  varied  from  4 
to  5 percent  over  the  range  of  the  test  conditions.  The 
whole  is  connected  to  a compressed-air  supply.  A filter  is 
included  as  an  integral  part  of  the  plenum  chamber.  It 
successfully  removes  a large  part  of  the  dust  and  pipe  scale 
sometimes  found  in  similar  ahstr earns.  The  flow  is  adjusted 
by  means  of  electrically  controlled  valves  throughout  the 
subsonic  range  of  Mach  numbers.  The  instruments  for 
measuring  total  pressure  and  temperature  are  placed  in  the 
plenum  chamber  and  read  remotely.  Figure  1 shows  the 
approximate  location  of  the  testing  points  in  the  jet,  and 
table  I gives  the  exact  coordinates. 


TABLE  I.— LOCATION  OF  TEST  POINTS  IN  SUBSONIC  JET 


Distance 
from  jet 
nozzle, 
xfr 

Distance  from  jet  centerline,  yfr 

1. 14 

1.206 

1. 154 

1. 103 

1.051 

1.00 

0.  949 

0. 846 

0.  794 

0.  743 

2.29 

1.308 

1.206 

1.103 

1.00 

.897 

.794 

.692 



4.58 

1.411 

1.206 

1.00 

.794 

.589 

.383 



7.6 

1.686 

1.500 

1.343 

1.00 

.657 

.314 

-.029 



8 

2.000 

1.714 

1.286 

1.00 

.714 

.286 

0 



12 

2.  00 

1.714 

1.286 

1.00 

.714 

.286 

0 



16 

2. 00 

1.714 

1.286 

1.00 

.714 

.286 

0 



24 

5.143 

4.  460 

3.  772 

3.088 

2.  400 

1.715 

1.028 

.343 

0 

32 

5.143 

4.  460 

3.  772 

3.  088 

2.  400 

1.715 

1.028 

.343 

0 

40 

5. 143 

4.460 

3. 772 

3. 088 

2. 400 

1.715 

1.028 

.343 

0 

EXPERIMENTAL  PROCEDURE 

INTENSITY  MEASUREMENTS 

A single  hot  wire  was  used  to  measure  the  ^-component 
of  the  turbulent  intensity.  An  X-wire  probe  was  used  to 
measure  the  ^-component.  The  hot-wire  signal  (or  the 
instantaneous  difference  between  the  two  X -wires)  was  meas- 
ured directly  by  a root-mean-square  voltmeter.  Reference 
11  describes  the  root-mean-square  voltmeter  (average- 
square  computer)  which  was  used  in  an  improved  form  for 
the  first  half  of  the  intensity  surveys  made.  A true  rms 
voltmeter  was  used  for  the  remainder  of  the  data.  It  gives 
a precise  wide-band  squaring  action  that  is  unaffected  by 
normal  ambient  temperature  variations  and,  in  general,  is 
more  satisfactory  than  the  other  instrument. 

The  turbulence  intensity  was  calculated  by  methods 
outlined  in  references  11,  13,  and  14. 

CORRELATION  MEASUREMENTS 

Velocity  correlations  in  space  and  in  time  are  of  interest 
in  the  noise  problem.  Two  hot  wires  can  be  used  to  obtain 
the  lateral  and  longitudinal  correlations.  The  wires  are 
mounted  on  telescoping  tubes  that  can  be  displaced  either 
laterally  or  longitudinally  with  respect  to  each  other  by 
actuators.  During  the  actual  measurements,  the  fluctuating 
components  of  the  two  hot-wire  signals,  say  ex  and  e2,  are 
led  to  a correlator  that  measures  ex  e2,  e2x,  and  e|. 

If  a linear  relation  between  the  velocity  fluctuation  and 
the  hot-wire  voltage  is  assumed,  that  is, 


V «i  V 4 


(3) 

(4) 


(All  symbols  are  defined  in  appendix  A.) 

The  displacement  of  the  wires  in  the  lateral  direction 
gives  the  lateral  correlation  coefficient;  in  the  longitudinal, 
the  longitudinal  correlation  coefficient. 

An  autocorrelation  coefficient,  that  is,  the  correlation 
between  two  segments  of  the  same  signal  separated  in  time, 
can  be  obtained  if  some  method  is  devised  to  obtain  from  the 
signal  of  a single  hot  wire  another  signal  delayed  in  time 
with  respect  to  the  first.  An  instrument  that  provides  time 
delays  of  this  nature  (described  in  refs.  16  and  17)  was 
designed  and  built  at  the  NACA  Lewis  laboratory  (ref.  18). 
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Figure  5. — Block  diagram  of  correlation  computer. 


In  general,  this  correlator  (see  fig.  5)  works  as  follows 
The  signal  from  a single  hot  wire  is  recorded  simultaneously 
on  two  channels  of  a dual-channel  tape  recorder.  A specia 
playback  instrument  uses  two  pickup  heads,  one  of  whicL 
can  be  displaced  with  respect  to  the  other  by  means  of 
micrometer  screw.  When  the  two  heads  are  in  such  a posi 
tion  that  they  are  picking  up  identical  signals,  the  correla 
tion  between  these  signals  is  necessarily  unity.  But  if  thi 
movable  head  is  displaced  so  that  it  is  picking  up  a signa 
recorded  a short  time  earlier  or  later,  the  two  signals  are 
of  course,  different.  These  two  signals  are  the  two  voltages 
€X  and  €2  considered  in  equation  (1).  The  correla tior 
coefficient  2^  is  then  the  autocorrelation  coefficient  7*^. 

The  value  of  the  time  interval  At  is  ob tamed  from  th< 
actual  displacement  of  the  head  and  the  constant  tape  speed 

(5 


(1) 


as  is  done  in  reference  15,  there  results,  upon  combining  the 
signals,  __ 


uxu2 


(2) 


It  is  rather  obvious  that  there  should  be  a relation  betweei 
the  autocorrelation  and  the  longitudinal  correlation  coeffici 
ents  involving  the  stream  velocity  U and  the  head  separatioi 
(ref.  19). 

An  extension  of  this  method  can  be  made  to  measure  th 
autocorrelation  of  the  ^-components  of  the  turbulence.  Ii 
this  method  the  difference  signal  from  an  X-wire  prob 
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located  in  the  stream  is  recorded  simultaneously  on  both 
channels  of  the  recorder  and  played  back  in  the  usual  way. 

The  double  correlator  of  reference  11  was  used  to  obtain 
correlations  of  the  hot-wire  signals  for  the  first  half  of  the 
program.  The  ratios  were  calculated  numerically,  because 
the  ratio  meters  that  are  sometimes  used  are  unreliable. 
Inaccuracy  results  from  the  use  of  an  average-square  com- 
puter, which  depends  upon  the  operating  characteristics  of  a 
vacuum  tube  to  obtain  the  square  of  the  sum  and  of  the 
difference  of  two  voltages  in  order  to  apply  the  quarter- 
square  principle  of  multiplication. 

After  about  half  the  data  were  obtained,  an  electronic 
multiplier  replaced  the  double  correlator.  This  multiplier 
(described  in  ref.  18)  does  not  use  the  quarter-square  principle 
of  multiplication.  The  multiplier  operates  from  d.c.  to  50 
kilocycles  (3-db  point)  and  is  useful  in  obtaining  correlation 
coefficients.  Two  channels  are  available  to  give  the  average 
product  of  two  input  voltages  as  well  as  their  average  squares. 
The  outputs  can  be  read  on  any  high-impedance  d-c  volt- 
meter. By  properly  adjusting  the  level  of  the  inputs,  the 
correlation  coefficients  can  be  read  directly. 

SPECTRUM  OF  TURBULENCE 

If  the  hot-wire  signal  is  analyzed  by  means  of  a series  of 
band-pass  filters,  a spectrum  results.  The  relative  energy 
spectrum  is  more  fully  discussed  in  references  10  and  20. 
Most  of  the  spectra  presented  here  were  recorded  on  a paper 
strip  chart  by  an  analyzer  of  constant  percentage  (1/10- 
decade)  band  width.  The  switching  from  one  filter  to  the 
next  is  done  automatically  and  in  synchronization  with  the 
movement  of  the  chart.  The  spectrum  recordings  are  made 
rapidl}7  (about  1 per  min)  and  with  little  attention  by  the 
operator. 

The  chart  recordings  are  in  decibels  above  any  practical 
reference  voltage,  and  at  one  point  on  the  chart  the  total 
voltage  level  for  the  entire  range  of  frequencies  is  recorded. 
The  conversion  to  spectral  density  is  as  follows : By  definition, 


Nb=  20  log^-6 

tref 


N *oi  = 20  log  ■ 


^1= antilog : 


Hence,  the  spectral  density  function 

antilog  yx 

7</>-i w~  (8) 

antilog  ^ 

where  B is  the  band-pass  width  of  the  filters. 

The  resulting  display  of  the  spectral  density  function  with 
frequency  shows  the  content  of  the  signal  in  each  individual 
frequency  band.  This  method  of  analysis  is  important  for 
two  reasons:  (1)  It  tells  the  experimenter  the  frequency  bands 

435875 — 57 58 


in  which  most  of  the  energy  is  concentrated,  and  (2)  the 
spectrum  can  be  used  to  obtain  the  average  eddy  size. 

SCALE  OF  TURBULENCE 

The  scales  of  turbulence  (ref.  21)  are  defined  in  many 
applications  as  follows : 

Longitudinal: 

-C=J0  ‘Rdx  (9a) 

Lateral : 

■C=Jo  (9b) 

■C=Jo  %dz  (9c) 

If 


These  scales  are  generally  regarded  as  the  physical  dimen- 
sions in  the  x - (longitudinal),  y-  (radial),  arid  z-  (tangential) 
directions  of  the  average  edd}7  in  the  flow.  The  three  scales, 
as  defined  in  equations  (9),  are  all  important  in  a stud}7  of  jet 
noise.  However,  variations  in  the  tangential  direction  are 
not  included  in  this  report.  Reference  21  shows  that  the 
correlation  coefficient  5^  is  related  to  the  spectral  density  as 
follows: 

7^=Jo  y (/)  cos  cl/  (10) 

and,  inversely, 

J(/)=^Jo  cos  dx  (11) 

Thus,  there  are  two  possible  ways  to  obtain  the  longitudinal 
correlation  coefficient.  One  is  to  measure  it  directly;  the 
other  is  to  obtain  it  from  the  turbulence  spectrum  and 
equation  (10).  If  the  longitudinal  correlation  coefficient 
is  assumed  to  be  exponential  in  form,  that  is, 

(12) 

then  the  transform  (eq.  (11))  can  be  readily  worked  out  as 
(ref.  10) 


Analogous  relations  are  available  for  the  transverse  correla- 
tions. 
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The  methods  just  outlined  have  been  used  to  great  ad- 
vantage in  the  analysis  of  turbulence  induced  by  grids  in 
wind  tunnels  (ref.  21).  Similar  application  to  the  flow  in 
subsonic  jets  does  not  prove  to  be  so  successful,  however, 
particularly  in  the  mixing  region  close  to  the  nozzle  of  the 
jet,  since  the  definitions  do  not  apply  to  shear  flows. 

In  particular,  the  correlograms  that  resulted  from  the  two- 
wire  measurements  and  the  autocorrelation  measurements  in 
the  jet  are  not  fitted  very  well  by  a single  exponential.  A 
t\rpical  correlogram  is  shown  in  figure  6(a).  It  is  apparent 
that  the  shape  of  this  curve  is  different  from  a pure  ex- 
ponential. In  order  to  find  a curve  of  best  fit  for  this  data,  a 
function  was  built  up  which  is  the  algebraic  sum  of  two  ex- 
ponentials, as  shown  in  figure  6(b).  The  correlation  fitting 
function  is  then  of  the  following  form  (see  appendix  B): 


e-v^—pe-P'K 

1-/3 

(14a) 

e~uH  — 
1-/3 

(14b) 

In  these  equations  the  constants  /3,  A*,  and  c o*  have  special- 
ized meanings.  The  Ax  is  a characteristic  eddy  size  that  is 
different  in  magnitude  from  the  longitudinal  scale  of  the  tur- 
bulence =Cc,  and  w*  is  related  to  this  eddy  size  by  o>*=  U/Ax . 
The  parameter  0 is  related  to  the  cut-off  frequencies  (upper 
and  lower)  of  the  spectral  density  curves  by  the  relation 


(a)  Typical  autocorrclograin. 

(b)  Method  used  to  approximate  autocorrelograms. 

Figure  6. — Autocorrelograms;  0=0.2;  «*  = 6283  radians  per  second. 


/*_  fl 
fu  (1+0)2 

The  cut-off  frequency  is  defined  in  the  usual  electronic  sense 
as  the  intersection  of  the  asymptotes  of  the  spectral  density 
curve  with  a horizontal  line  through  the  maximum  point  of 
the  spectral  density  curve.  The  relation  between  the  distance 
x and  the  time  t in  these  experiments  is  the  velocity  of  the 
stream;  that  is  (ref.  20), 

x—  ua  (io) 

Equations  (14)  can  be  adjusted  by  means  of  the  quantities 
Ax,0,  and  co*to  fit  the  correlograms  obtained  experimentally. 

It  is  now  obvious  that  the  conventional  definition  of  the 
scales  of  the  turbulence  (eqs.  (9))  is  no  longer  valid,  since  the 
integral  is  always  zero  if  7^  has  the  form  of  equations  (14). 
The  parameter  0,  however,  is  useful  in  obtaining  a measure  of 
the  eddy  size,  which,  after  all,  is  what  is  meant  by  the  scale 
of  the  turbulence.  In  equation  (14a),  if  7^x=0, 


zo(0--l) 
In  0 


(16) 


where  x0  is  tiie  value  of  the  wire  separation  when  7\JX  is  first 
equal  to  zero.  This  definition  of  scale  is  related  to  two  quan- 
tities that  are  quite  easy  to  evaluate  from  the  experimental 
correlograms  and  spectra:  (1)  the  first  crossing  of  the  abscissa 
by  the  correlation  curve,  and  (2)  the  parameter  0,  which  is 
related  to  the  ratio  of  the  low-  to  the  high-frequency  cut-off 
of  the  spectral  density  curves. 
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The  transform  of  equation  (14a)  can  be  obtained  with  the 
following  result: 


where  & is  the  same  as  in  equations  (14),  and 

f*=£  (18) 

Figure  7 shows  a typical  spectral  density  curve  obtained  in 
the  completely  turbulent  region  of  a subsonic  jet.  It  repre- 
sents data  obtained  at  the  same  time  and  at  the  same  location 
in  the  same  jet  as  the  correlogram  of  figure  6(a).  A spectrum 
fitting  function  of  the  type  of  equation  (17)  was  calculated  by 
the  methods  described  in  appendix  B from  the  correlation 
curve.  These  calculated  points  are  shown  for  comparison 
with  the  experimental^  obtained  spectrum. 

ACCURACY  OF  MEASUREMENTS 

The  accuracy  of  the  hot-wire  measurements  made  with  the 
constant-temperature  instrument  is  discussed  in  references  11 
and  12.  It  is  sufficient  to  say  here  that  these  measurements 


are  made  as  accurately  as  the  usual  hot-wire  measurements. 
In  measuring  quantities  that  vary  randomly  with  time,  a 
certain  amount  of  discretion  must  be  used  in  obtaining  aver- 
aged readings  of  meter  pointers  that  are  jumping  about. 
Reference  12  includes  an  evaluation  of  the  NACA  Lewis 
laboratoiy  hot-wire  equipment  and  experimental  techniques 
and  compares  them  with  other  systems. 

No  corrections  have  been  made  to  any  of  the  hot-wire  re- 
sults for  the  finite  length  of  the  wire.  In  these  measurements, 
the  scales  of  turbulence  were  much  greater  than  the  length 
of  the  hot  wires  (0.080  and  0.040  in.). 

Some  of  the  intensities  measured  were  large  compared  with 
the  local  mean  flow.  In  the  constant-temperature  method  of 
ancmomctry,  these  large  intensities  can  be  evaluated  (see  ap- 
pendix F,  ref.  11).  In  the  usual  method  and  in  the  method 
used  herein,  however,  the  root  mean  square  of  the  voltage 
fluctuations  is  used  in  place  of  their  instantaneous  values. 
This  approximation  is  valid  only  for  small  values  of  the  fluctu- 
ations. Nevertheless,  vibration  studies  (e.  g.,  ref.  5)  have 
shown  that  the  hot-wire  anemometer  itself  is  capable  of  fol- 
lowing fluctuations  in  a single  direction  faithfully  up  to  60 
to  70  percent. 

When  the  fluctuations  in  U become  large,  errors  will  be 
introduced  because  of  the  interaction  of  the  components  of 
the  turbulence;  that  is,  the  effect  of  u,  v , and  w on  U and  on 


Distance  from  jet  centerline,  y/r 


(a)  Distance  from  jet  nozzle  xfr}  (b)  Distance  from  jet  nozzle  x/r,  (c)  Distance  from  jet  nozzle  z/r,  (cl)  Distance  from  jet  nozzle  xfr} 
1.14.  2.29.  4.58.  7.60. 

(e)  Distance  from  jet  nozzle  x/r , 7.60,8,  and  12.  Exit  Mach  number,  (f)  Distance  from  jet  nozzle  z/r,  16  to  40.  Exit  Mach  number,  0.3; 
0.3;  Reynolds  number,  300,000.  Reynolds  number,  300,000. 

Figure  8. — Intensity  of  turbulence  in  percent  of  core  velocity  at  various  exit  Mach  and/or  Reynolds  numbers. 
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each  other.  These  errors  are  considered  in  reference  12, 
where  actual  corrections  are  worked  out.  No  such  correc- 
tions have  been  applied  to  the  results  shown  in  this  report. 

Some  of  the  correlations  measured  with  the  average-square 
computer  and  the  sum  and  difference  circuits  (quarter-square 
multiplication)  show  values  greater  than  unity.  This  is,  of 
course,  impossible,  and  such  readings  must  be  the  result  of 
inaccuracies  in  the  multiplication.  In  most  of  these  in- 
stances enough  points  are  available  to  fair  a reasonable  curve 
without  considering  these  points  (2^^>l). 

The  largest  sources  of  error  in  these  experiments  were  (1) 
the  inaccuracy  in  repeating  setups  after  probes  were  changed, 
(2)  the  fluctuations  in  pressure  in  the  air  supply,  which 
caused  fluctuations  in  the  mean  flow  level,  and  (3)  the 
presence  in  the  flow  of  periodic  fluctuations  due  to  sound  or 
pressure  waves  and  floor  vibrations.  It  is  believed  that  the 
measurements  reported  herein  for  turbulence  intensities 
less  than  30  percent  are  not  in  error  by  more  than  ±10 
percent. 

RESULTS  AND  DISCUSSION 

The  results  of  these  hot-wire  measurements  are  presented 
in  a series  of  graphs  and  tables.  In  general,  the  points  for 
which  the  measurements  are  reported  are  shown  in  figure  1 
and  are  tabulated  in  table  I.  However,  for  the  intensity 
surveys  many  more  points  were  used.  For  some  of  the 
correlation  measurements,  physical  limitations  in  the  amount 
of  wire  separation  made  it  impossible  to  obtain  results  at 
all  the  points  indicated  in  figure  1. 

The  order  in  which  the  results  are  presented  has  no  special 
significance.  The  surveys  are  given  for  only  one-half  of  the 
jet,  because  the  jet  was  found  to  be  essentially  axisvmmetric. 


Distance  from  jet  centerline  y/r  =0,  percent  of  mixing-zone  radius 

(a)  Distances  from  jet  nozzle  less  than  12  jet  radii. 

(b)  Distances  from  jet  nozzle  greater  than  24  jet  radii. 

Figure  9. — Similarity  of  turbulence-intensity  profiles.  Exit  Mach 
number,  0.3;  Reynolds  number,  300,000. 


INTENSITY  OF  TURBULENCE 

The  intensity  measurements  were  made  at  values  of  the 
nondimensional  radius  y\r  distributed  across  the  mixing 
zone  for  several  positions  downstream  of  the  jet  nozzle. 
The  results  of  these  measurements  are  shown  in  figures  8 to 
10.  In  figures  8(a),  (b),  (c),  and  (d),  the  turbulence  in- 
tensity in  percent  of  central-core  velocity  is  presented  for 
xjr  values  of  1.14,  2.29,  4.58,  and  7.60,  respectively,  for  four 
Mach  n umbers  (0.2,  0.3,  0.5,  and  0.7).  In  figures  8(e)  and 
(f),  the  intensity  is  shown  only  for  a Mach  number  of  0.3  at 
xjr  values  of  7.60,  8,  12,  16,  24,  32,  and  40. 

One  point  of  particular  interest  is  shown  by  figure  9. 
Figure  9(a)  shows  that  the  turbulence-intensity  profiles  near 
the  jet  nozzle  (where  the  potential  core  is  still  present)  are 
similar  in  shape  and  little  different  in  actual  magnitude  of 
the  intensity  of  turbulence.  As  the  distance  from  the  nozzle 
increases,  however,  this  similarity  disappears  only  to  de- 
velop again  in  a different  form  far  downstream.  Figure  9(b) 
shows  the  reappearance  of  a degree  of  similarity,  especially 
at  points  removed  from  the  centerline  of  the  jet.  Here  the 
turbulent  velocity  profiles  are  becoming  quite  flat  for  a 
large  part  of  the  mixing  zone,  the  maximum  value  of  the 
intensity  moving  out  from  the  jet  centerline.  Figures  10(a) 
to  (d)  show  the  intensity  of  turbulence  in  percent  of  local 
mean  velocity  for  the  same  Mach  numbers  and  the  same 
xjr  values  as  figures  8(a)  to  (d). 


1.14.  4.58. 

(b)  Distance  from  jet  nozzle  x/r,  (d)  Distance  from  jet  nozzle  x/r, 
2.29.  7.60. 


Figure  10. — Intensity  of  turbulance  in  percent  of  local  velocity  at 
various  exit  Mach  and/or  Reynolds  mumbers. 
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The  mean,  velocity  profiles  (obtained  from  total-pressure  surveys)  are  shown  in  figure  11.  The  local  mean  velocity 
in  terms  of  central-core  velocity  is  plotted  against  the  nondimensional  radius  yfv  for  the  entire  range  of  Mach  numbers 
and  x/r  values  up  to  40. 


Distance  from  jet  centerline, y/r 


(a)  Distance  from  jet  nozzle  x/r,  1.14.  (b)  Distance  from  jet  nozzle  x/r,  2.29 

(c)  Distance  from  jet  nozzle  x/r,  4.58.  (d)  Distance  from  jet  nozzle  x/r,  7.60. 

(e)  Distance  from  jet  nozzle  x/r,  8.  (f)  Distance  from  jet  nozzle  x/r,  12. 

(g)  Distance  from  jet  nozzle  x/r,  16.  (h)  Distance  from  jet  nozzle  x/r,  24. 

'0  Distance  from  jet  nozzle  x/r,  32.  (j)  Distance  from  jet  nozzle  x/r,  40. 

Figure  11. — Mean  velocity  profiles. 
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Figure  12. — Similarity  of  velocity  profiles  in  region  of  fully  developed 
flow.  (y\n  is  distance  from  axis  where  UioC=7>  Umax 


Figure  13. — Effect  of  potential-core  Mach  number  on  boundaries  of 
3.5-inch-diameter  jet. 


Figure  14. — Variation  of  intensity  of  turbulence  with  airspeed  for 
circular  nozzle.  Distance  from  nozzle  xjr,  4.58. 


The  mean  velocity  profiles  are  also  similar,  as  is  shown  in 
figure  12,  where  the  ratio  of  the  local  mean  velocity  to  the 
maximum  mean  velocity  is  plotted  against  a nondimensional 
mixing-zone  width.  This  width  is  defined  as  the  ratio  of 
the  distance  from  the  jet  centerline  to  the  point  where  the 
local  velocity  is  half  the  maximum  velocity.  The  figure 
shows  veiy  well  the  degree  of  similarity  for  all  distances 
from  the  jet  nozzle  as  well  as  for  the  different  Mach  numbers. 
Also  shown  is  a comparison  with  the  theoretical  momentum- 
transfer  results  as  given  by  reference  22. 

The  result  of  these  mean  velocity  studies  is  shown  in 
figure  13,  where  the  approximate  jet  boundaries  are  shown 
for  the  different  Mach  numbers.  The  positions  of  the  zero 
velocity,  the  one-half  maximum,  and  the  core  velocity  are 
shown . 

A comparison  of  figures  8 and  1 1 shows  that  the  maximum 
intensity  occurs  near  the  points  of  inflection  of  the  velocity 
profiles  at  approximately  1 jet  radius  from  the  centerline 
for  distances  from  the  jet  nozzle  up  to  about  10  jet  radii. 
As  the  distance  from  the  nozzle  increases,  however,  this  posi- 
tion of  the  maximum  intensity  begins  to  move  out  from  the 
jet  centerline,  and  similarity  of  the  profiles  tends  to  develop 
far  downstream  from  the  nozzle.  The  curves  show  that  the 
line  of  maximum  shear  moves  out  from  the  centerline  as  the 
distance  downstream  of  the  jet  nozzle  increases. 

The  observed  turbulence  levels  decreased  with  increasing 
Mach  and/or  Reynolds  number  tlrroughout  the  jet.  Figure 
14  shows  that  the  level  of  turbulence  in  the  central  core  and 
at  the  position  of  maximum  intensity  decreased  with  increas- 
ing exit  Mach  and/or  Reynolds  number.  It  is  not  clear, 
however,  that  the  turbulence  which  is  generated  in  the  jet 
mixing  process  would  change  with  jet  Mach  number  if  there 
were  no  initial  turbulence  in  the  jet.  The  decrease  in  inten- 
sity shown  for  the  core  may  possibly  explain  the  decrease 
noted  in  the  mixing  zone.  If  this  explanation  is  accepted, 
the  results  of  the  intensity  surveys  are  in  a fail1  agreement 
with  those  reported  in  references  5 and  8. 

The  turbulence  intensity  of  the  ^-component  of  the  veloc- 
ity fluctuations  was  measured  at  four  points  in  the  jet. 
These  measurements,  along  with  the  corresponding  u inten- 
sities, are  included  in  table  II.  This  table  shows  that  the 
u and  v intensities  are  not  equal  but  may  differ  by  about 
as  much  as  17  percent. 

TABLE  II. — COMPARISON  OF  u AND  v INTENSITY 
MEASUREMENTS 


x/r 

y/r 

"\/u2 
^ loc 

y v2 

Difference  a, 
percent 

6 

1.00 

0. 241 

0.  242 

0.4 

f> 

0 

. 101 

.118 

16.8 

8 

1.00 

.266 

.241 

-10.4 

S 

0 

.148 

. 134 

-10.4 

a Difference  is  in  percent  of  smaller  intensity. 
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Wire  separation,  t>,  in. 

(a)  Distance  from  jet  centerline  y/r,  1.065. 

(b)  Distance  from  jet  centerline  y/r,  1.00. 

(c)  Distance  from  jet  centerline  y/r,  0.035. 

Figure  15. — Lateral  velocity  correlations.  Distance  from  jet  nozzle 
z/r,  1.14;  exit  Mach  number,  0.3;  Reynolds  number,  300,000. 

LATERAL  CORRELATION  COEFFICIENTS 

For  each  distance  from  the  jet  nozzle  z/r,  three  different 
distances  from  the  jet  centerline  y/r  were  used  in  the  meas- 
urement of  lateral  correlation  coefficients  for  all  the  Mach 
numbers  investigated  At  positions  downstream  greate  * than 
approximately  1 jet  diameter,  the  wires  on  the  probes  could 
not  be  separated  far  enough  to  reach  zero  correlation.  Fig- 
ures 15  and  16  are  typical  of  the  results  for  the  lateral  cor- 
relation coefficients.  Figure  15  shows  the  variation  of  the 
lateral  correlation  for  x/r  of  1.14  and  for  three  y/r  values. 
Figure  16  shows  the  lateral  correlation  for  y/r  of  1.00  at 
several  xjr  values.  Also  shown  on  the  curves  of  figure  16 
are  exponential  curves  that  have  been  fitted  to  the  data. 
The  agreement  is  good  for  x/r  values  of  7.60  and  4.58  but 
only  fair  for  xjr  of  2.29  and  1.14.  In  some  cases,  however, 
this  agreement  justifies  the  use  of  equation  (12)  to  obtain 
equation  (13)  for  the  spectral  density  function. 


Wire  seporotion,  17,.  in. 


Figure  16.  Lateral  velocity  correlations.  Distance  from  jet  center- 
line  y/r,  1.00;  exit  Mach  number,  0.3;  Reynolds  number,  300,000. 


Figure  17. — Variation  of  lateral  scale  with  distance  from  jet  nozzle. 
Distance  from  jet  centerline  y/r,  1.00;  exit  Mach  number,  0.3; 
Reynolds  number,  300,000. 
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Figure  18. — Effect  of  exit  Mach  and/or  Reynolds  number  on  lateral  velocity  correlations.  Distance  from 
jet  nozzle  x/r , 0.57;  distance  from  jet  centerline  yjr,  1.00. 


Figure  19. — Effect  of  exit  Mach  and/or  Reynolds  number  on  lateral 
scale  of  turbulence.  Distance  from  jet  centerline  t//r,  1.00. 

LATERAL  SCALE  OF  TURBULENCE 

The  lateral  correlation  data  of  figures  15  and  16  for 
yjr=  1.00  are  compared  in  figure  17,  where  the  lateral  scale 
of  turbulence  is  shown  as  a function  of  distance  downstream 
of  the  nozzle.  An  exponential  curve  was  faired  through  the 
data  points  of  the  correlation  curves  (fig.  16),  and  a repre- 
sentative value  of  the  scale  was  obtained.  The  results  show 
an  approximately  proportional  increase  of  lateral  scale  with 
distance  from  the  jet  nozzle.  The  least-square  line  gives 
the  relation 

-C=0.036a;+0.043  . (19) 

which  compares  with 

*C„= 0.028a: 


given  in  reference  8.  Little,  if  any,  variation  of  the  lateral 
scale  was  found  with  distance  from  the  jet  centerline. 

MACH  AND/OR  REYNOLDS  NUMBER  EFFECTS 

In  figure  18  are  shown  the  effects  of  exit  Mach  and/or 
Reynolds  number  on  the  lateral  correlation  coefficient  ^ as 
a function  of  wire  separation  for  Mach  numbers  of  0.2,  0.3, 
0.5,  and  0.7.  These  curves  show  no  variation  of  lateral  cor- 
relation coefficient  with  Mach  and/or  Reynolds  number  and 
show  clearly  that  there  is  little  or  no  effect  of  Mach  and/or 
Reynolds  number  on  the  lateral  scale.  Figure  19  summa- 
rizes the  data  of  figure  18  and  similar  data  for  xjr  of  0.57 
and  1.14  at  a fixed  yjr  of  1.00. 

LONGITUDINAL  CORRELATION  COEFFICIENTS 

The  longitudinal  correlations  measured  with  two  wires  are 
given  in  figures  20  and  21.  Figure  20  shows  the  variation 
of  the  longitudinal  correlation  coefficient  with  distance 
across  the  mixing  zone  for  xjr  of  1 .14.  At  the  points  near  the 
core  of  the  jet  (?//r<l),  strong  periodic  signals  of  approxi- 
mately 8000  cps  were  encountered.  Their  presence  causes 
the  apparent  scatter  in  the  data  of  figures  20(g)  to  (i).  The 
source  of  these  disturbances  is  unknown,  but  the  wavelength 
of  the  disturbance  is  approximately  half  the  diameter  of  the 
jet  nozzle.  Perhaps  transverse  oscillations  are  responsible. 
Figure  21  shows  the  variation  of  the  longitudinal  correlation 
coefficient  with  distances  from  the  jet  nozzle  of  1.14,  2.29, 
and  4.58. 


(20) 


Longitudinal  correlation  coefficient,  9tx  Longidinal  correlation  coefficient,  ax 
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(a)  Distance  from  jet  centerline  y/r , 1.20  (b)  Distance  from  jet  centerline  y/r,  1.154.  (c)  Distance  from  jet  centerline  y/r,  1.103. 

(d)  Distance  from  jet  centerline  y/r,  1.051.  (e)  Distance  from  jet  centerline  y/r,  1.00.  (f)  Distance  from  jet  centerline  y/r,  0.949. 

(g)  Distance  from  jet  centerline  y/r,  0.897.  (h)  Distance  from  jet  centerline  y/r,  0.846.  (i)  Distance  from  jet  centerline  y/r,  0.794. 

Figure  20. — Longitudinal  velocity  correlations.  Distance  from  jet  nozzle  x(r  1.14;  exit  Mach  number,  0.3;  Reynolds  number,  300,000, 


Inspection  of  figures  20  and  21  shows  that  the  longitudinal 
correlation  is  affected  by  varying  xjr  and  y/r.  This  effect 
will  become  more  apparent  when  the  longitudinal  scale  is 
evaluated  from  the  area  under  the  correlation  curves;  the 
variation  is  discussed  in  the  section  Longitudinal  Scale 
of  Turbulence. 

AUTOCORRELATIONS 

The  autocorrelation  functions  are  presented  in  figures  22 
and  23.  Figure  22  shows  the  autocorrelation  coefficient  as 
a function  of  delay  time* in  milliseconds  for  a fixed  xjr  value  of 
1.14  and  for  yjr  values  distributed  as  shown  in  figure  1. 
Figure  23  shows  curves  of  autocorrelation  coefficient  against 
delay  time  for  a fixed  yjr  of  about  1.00  for  several  xjr  values. 
Again,  the  effect  of  varying  xjr  and  yjr  will  become  apparent 
when  the  scale  of  turbulence  is  discussed.  In  figures  22  and 
23  the  influence  of  the  periodic  disturbances  is  exaggerated 
because  of  the  size  of  the  time-delay  intervals.  The  8000-cps 
sound  wave  is  especially  prominent,  as  well  as  another  type 
of  extraneous  signal  that  resulted  from  floor  vibrations  due 
to  heavy  machinery  in  the  building.  For  example,  figures 
22(g)  and  (h)  show  both  types  of  interference.  These 
wiggles  are  not  present  in  figure  23,  where  the  distribution 
with  distance  downstream  of  the  nozzle  of  the  jet  is  shown. 

As  has  been  pointed  out,  the  autocorrelations  can  be  con- 
verted to  longitudinal  correlations  by  certain  relations  of 
the  mean  flow.  Figure  24  shows  a comparison  of  the  two 
measurements  of  the  longitudinal  correlation  coefficient. 
The  agreement  is  quite  good,  and  the  curves  shown  are 
typical  of  the  measurements.  The  two-wire  correlations 


Figure  21. — Longitudinal  velocity  correlations.  Distance  from  jet 
centerline  y/r,  1.00;  exit  Mach  number,  0.3;  Reynolds  number, 
300,000. 


Longitudinal  correlation  coefficient,  stx  Autocorrelation  coefficient, 


904 


REPORT  1292 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Delay  time,  A/,  millisec 

(a)  Distance  from  jet  centerline  y/r,  1.206.  (d)  Distance  from  jet  centerline  yfr,  1.051.  (g)  Distance  from  jet  centerline  y/r , 0.897. 

(b)  Distance  from  jet  centerline  y/r,  1.154.  (e)  Distance  from  jet  centerline  y/r,  1.00.  (h)  Distance  from  jet  centerline  y/r,  0.846. 

(c)  Distance  from  jet  centerline  y/r,  D103.  (f)  Distance  from  jet  centerline  y/r,  0.949.  (i)  Distance  from  jet  centerline  y/r , 0.794. 

Figure  22. — Autocorrelations.  Distance  from  jet  nozzle  x/r , 1.14;  exit  Mach  number,  0.3;  Reynolds  number,  300,000. 


were  measured  with  the  quarter-square  method  of  multipli- 
cation using  the  average-square  computer.  The  one-wire 
results  were  measured  with  the  analog  multiplier.  If  both 
measurements  had  been  made  with  the  analog  multiplier, 
the  agreement  would  probably  be  even  better. 

SPECTRA  OF  TURBULENCE 

The  spectra  of  the  w-component  of  the  turbulent  velocity 
are  shown  in  figures  25  and  26.  Figure  25  shows  the  spectra 
for  a fixed  x/r  value  of  1.14  and  a series  of  y/r  values  dis- 
tributed as  shown  in  figure  1.  On  the  other  hand,  figure  26 
presents  the  spectra  for  a fixed  y/r  value  of  approximately 
1.00  and  a series  of  x/r  values.  The  change  in  the  spectra 
with  distance  from  the  nozzle  of  the  jet  is  primarily  a shift 
of  energy  to  lower  frequencies  as  x/r  increases.  The  effect  of 
this  increase  will  be  discussed  at  the  time  the  longitudinal 
scale  of  turbulence  is  considered. 

(a)  Distance  from  jet  centerline  y/r,  1.103. 

(b)  Distance  from  jet  centerline  y/r,  1 .00. 

Figure  24. — Comparison  of  longitudinal  velocity  correlations  from 
one-  and  two-wire  methods. 
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(a)  Distance  from  jet  centerline  yjr , 1.206.  (b)  Distance  from  jet  centerline  y/r,  1.154.  (c)  Distance  from  jet  centerline  y/r,  1.103. 

(d)  Distance  from  jet  centerline  yjr , 1.051.  (e)  Distance  from  jet  centerline  i y/r,  1.00.  (f)  Distance  from  jet  centerline  y/r,  0.949. 

(g)  Distance  from  jet  centerline  y/r,  0.846.  (h)  Distance  from  jet  centerline  y/r , 0.794.  (i)  Distance  from  jet  centerline  y/r,  0.743. 

Figure  25.— Spectral  density  curves.  Distance  from  jet  nozzle  x/r,  1.14;  exit  Mach  number,  0.3;  Reynolds  number,  300,000. 
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(a)  Distance  from  jet  nozzle  x/r,  4.58. 

(b)  Distance  from  jet  nozzle  x/r,  7.60. 

Figure  27. — Comparison  of  spectra  obtained  from  a hot-wire  anemom- 
eter and  a microphone.  Distance  from  jet  centerline  y/r,  1.00;  exit 
Mach  number,  0.3;  Reynolds  number,  300,000. 

There  is  a marked  change  in  the  u spectra  as  the  distance 
from  the  jet  centerline  y/r  is  changed.  As  the  core  of  the 
jet  is  approached,  a signal  at  approximately  8000  cps  in- 
creases by  more  than  an  order  of  magnitude.  This  signal 
was  believed  to  originate  from  a sound  wave  of  that  fre- 
quency. 

In  figure  27  are  compared  microphone  spectra  and  hot-wire 
spectra  recorded  for  two  different  values  of  x/r  with  the 
microphone  displaced  in  the  2-direction  to  remove  it  from 
the  airstream.  The  presence  of  a strong  signal  at  approxi- 
mately 8000  cps,  which  can  be  seen  on  both  sets  of  records, 
shows  that  a sound  wave  is  indeed  the  source  of  the  extra- 
neous disturbance. 

LONGITUDINAL  SCALE  OF  TURBULENCE 
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(a)  Various  methods. 

(b)  Various  distances  from  jet  centerline. 

Fjgure  28. — Variation  of  longitudinal  scale  with  distance  from  jet 
nozzle.  Distance  from  jet  centerline  y/r,  1.00:  exit  Mach  number. 
0.3;  Reynolds  number,  300,000. 


curves.  The  results  are  shown  in  figure  28.  A straight  line 
has  been  fitted  to  the  data  by  the  method  of  least  squares 
(fig.  28(a)).  This  straight  line  represents  the  variation  of 
the  longitudinal  scale  quite  well  for  distances  from  the  jet 
nozzle  less  than  16  radii.  In  figure  28(b)  the  results  are 
plotted  for  downstream  distances  as  great  as  40  jet  radii  and 
show  clearly  the  decrease  in  longitudinal  scale  as  the  distance 
from  the  jet  nozzle  is  increased  beyond  16  radii. 

The  longitudinal  scale  of  turbulence  was  evaluated  by 
means  of  equation  (13)  and  the  spectral  density  curves  of 
figures  25  and  26.  It  is  obvious  from  equation  (13)  that 


Jmhoc 

4 


(21; 


Several  schemes  have  been  suggested  to  evaluate  J (O'),  the 
spectral  density  function  for  zero  frequency.  For  example, 
von  Karman  (ref.  23)  suggests  that  for  small  values  of  / an 
expression  of  the  type 


7u)= 


k 

(l  + T^/2)5'0 


The  longitudinal  scale  of  turbulence  <£x  was  determined 
by  integrating  the  area  under  the  longitudinal  correlation 


(22; 
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Figure  29. — Fitting  spectral  density  data  to  empirical  formula  (ref.  23). 


Tgurb  30. — Variation  of  longitudinal  scale  of  turbulence  across  mixing 
zone.  Exit  Mach  number,  0.3;  Reynolds  number,  300,000. 
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'igure  31. — Variation  of  eddv  size  with  distance  from  jet  nozzle 

(eq.  (23)). 


can  be  used  to  extrapolate  to  zero  frequency.  Corrsin  and 
Uberoi  (ref.  6)  used  this  method  to  obtain  the  scale  of  tur- 
bulence. Figure  29  shows  the  result  of  fitting  the  data  with 
a curve  of  the  form  of  equation  (22)  for  frequencies  of  500  cps 
or  less.  It  is  seen  that  this  method  gives  somewhat  better 
results  than  equation  (13). 

If  this  method  of  extrapolation  is  used,  a value  of  the  scale 
of  turbulence  can  be  obtained.  It  is  emphasized,  however, 
that  the  two  values  of  the  scale  obtained  (b}7  fitting  the  corre- 
lation curve  with  the  best  exponential  and  by  finding  the  best 
fit  for  the  spectral  density  curve  according  to  equation  (22)) 
are  not  necessarily  the  same.  This  particular  example  shows 
the  relative  inadequacy  of  the  method  of  equation  (21)  for 
obtaining  the  scale  of  turbulence. 

The  method  used  in  this  report  was  simply  to  fail*  the  best 
curve  through  the  experimental  data  and  estimate  the  maxi- 
mum value  of  y (/).  This  value  of  J(j)  is  called  the  y(0) 
used  in  equation  (21).  This  method  gives  values  of  that 
agree  well  with  the  values  obtained  by  integration  of  the 
correlograms,  as  is  shown  in  figure  28(a),  thus  validating  this 

method  of  selecting  J (% 0).  The  values  of  °QX  are  plotted  in 
figure  30. 

Examination  of  figures  17  and  28(a)  shows  that  J^x  is 
somewhat  more  than  twice  as  large  as  at  x/r— 8.  In  both 
figures,  the  values  of  °CV  and  for  x/r— 1.14  fall  below  the 
least-squares  lines.  The  scatter  about  that  line  is  small  ex- 
cept for  this  point.  Inspection  of  figures  28(a)  and  (b)  shows 
that  it  may  be  possible  to  fit  the  data  with  some  combination 
of  a parabola  up  to  x/r— 16  and  a straight  line  thereafter. 
This  possibility  suggests  that  the  character  of  the  turbulence 
changes  at  about  that  distance  from  the  nozzle  of  the  jet. 
In  the  mixing  zone,  the  scale  of  turbulence  is  given  by  one 
relation,  while  the  disappearance  of  the  core  results  in  an 
entirely  different  one. 

This  fact  is  also  shown  by  figure  30,  which  gives  the  relation 
of  the  longitudinal  scale  to  the  distance  from  the  centerline 
of  the  jet.  As  long  as  there  is  a core,  the  relation  is  definitely 
one  type,  which  changes  markedly  upon  the  disappearance 
of  the  core.  This  change,  however  marked  it  may  be,  does 
not  influence  the  position  of  the  largest  eddies  (*0,  rnax)  near 
the  yjr  value  of  0.7  to  0.8  for  values  of  x/r<  16. 

An  analysis  of  the  correlograms  and  spectrograms  was 
made  using  the  equation 


z0(l—  P) 
x~  In  0 


(23) 


The  A scale  of  the  turbulence  was  calculated  by  the  methods 
outlined  in  appendix  B.  This  A scale  is  different  from  that 
of  the  conventional  scale  £x,  but  the  over-all  picture  is  much 
the  same.  Figure  31  shows  the  variation  of  this  A scale 
with  distance  from  the  jet  nozzle.  Here  the  variation  is 
linear  with  x/r,  as  was  shown  in  figure  2S(a). 


Spectral  density,  .?“(/),  sec 
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Frequency,  /,  cps 

(a)  Distance  from  jet  centerline  y/r,  0. 

(b)  Distance  from  jet  centerline  y/r,  1.00. 

Figure  32. — Spectral  density  curves  for  v-component.  Exit  Mach  number,  0.3;  Reynolds  number,  300,000. 
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(a)  Distance  from  jet  centerline  y/r,  0. 

(b)  Distance  from  jet  centerline  ?//r,  1.00. 

Figure  33. — Velocity  autocorrelations  of  u-  and  ^-components.  Exit  Mach  number,  0.3;  Reynolds  number,  300,000. 


CORRELATIONS  AND  SPECTRA  OF  d-COMPONENT  OF 
TURBULENT  VELOCITY 

The  correlations  and  spectra  of  the  ^-components  of  tur- 
bulence were  obtained  in  order  to  compare  them  with  those 
of  the  ^-component.  The  spectra  of  the  ^-component  of 
turbulence  at  four  points  in  the  jet  are  shown  in  figure  32. 
rhe  spectra  of  the  ^-component  of  turbulence  are  different 
from  the  w-component  in  shape  as  well  as  in  magnitude  and 
Frequency  distribution.  Figure  33  shows  the  autocorrela- 
tions of  the  v and  the  u velocity  components  at  the  same  four 
points.  These  four  curves  indicate  also  the  differences  be- 
tween the  u-  and  ^-components : 


t'2 


(b) 


If  the  values  of  w and  %y  v are  related  by  the  following 
equation  (ref.  10) 


'K  +K 

XZ,  ti  I n2/,  0 « 


2 dx 


(24) 


then  the  turbulence  is  said  to  be  isotropic.  These  u and  v 
measurements,  together  with  the  v intensity  measurements 
already  discussed,  show  that  the  turbulence  is  not  isotropic 
at  distances  from  the  jet  less  than  16  radii. 


(a)  Band-pass  width,  4200  to  5S00  (b)  Band-pass  width,  4S00  to  5200 

cps;  center  frequency,  5000  cps.  cps;  center  frequency,  5000  cps. 
(c)  Band-pass  width,  900  to  1100  cps;  center  frequency,  100  cps. 

Figure  34. — Longitudinal  velocity  correlations.  Distance  from  jet 
nozzle  xjr,  1.14;  distance  from  jet  centerline  yfr , 1.00;  exit  Mach 
lum  ber,  0.3;  Reynolds  number,  300,000. 


Delay  time,  A/,  millisec 

(a)  No  filter.  (d)  Band-pass  width,  900  to  1100  cps. 

(b)  Band:pass  width,  4800  to  5200  cps.  (e)  Band-pass  width,  480  to  520  cps. 

(c)  Band-pass  width,  2900  to  3100  cps.  (f)  Band-pass  width,  190  to  210  cps. 

Figure  35. — Autocorrelations  for  specific  band-pass  frequencies.  Distance  from  jet  nozzle  x/r,  4.58;  distance  from  jet  centerline  y/r,  1.206;  ex 

Mach  number,  0.3;  Reynolds  number,  300,000. 


Frequency,  /,  cps 


Figure  36. — Zero  autocorrelation  as  function  of  frequency.  Distance 
from  jet  nozzle  x/r,  4.58;  exit  Mach  number,  0.3;  Reynolds  number, 
300,000. 


CORRELATION  WITH  SPECIFIC  BAND-PASS  INPUTS 

As  an  additional  test  of  the  autocorrelation  technique  f< 
obtaining  longitudinal  correlation  coefficients,  the  hot-wi; 
signals  were  passed  through  electronic  filters  set  to  pass  on! 
specific  bands  of  frequencies  before  they  were  fed  to  tl 
correlation  computers.  Figures  34(a)  and  (b)  show  tl 
effect  of  varying  the  band-pass  width.  The  correlations  c 
not  change  materially  as  the  width  of  the  band  pass 
changed  by  a factor  of  4,  except  that  the  narrow  band  pa 
produces  a greater  negative  correlation  (ref.  21).  Figu 
34(c)  shows  the  effect  of  changing  the  center  frequency  < 
the  band  pass. 

In  figure  35  are  shown  the  autocorrelations  for  the  expei 
ments  where  the  hot-wire  signals  were  passed  throus 
electronic  filters  before  being  fed  to  the  correlation  compute 
This  figure  illustrates  the  effect  of  varying  the  center  fr 
quency  of  the  band  pass,  as  did  figure  34(c),  and  also  shov 
clearly  how  the  presence  of  the  filters  changes  the  correL 
tions  as  measured  (e.g.,  cf.  fig.  35(a),  for  which  no  filt 
was  used,  with  the  other  parts  of  fig.  35,  for  which  the  filte 
were  used). 
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(a)  Distance  from  jet  nozzle  x/r,  1.14.  (b)  Distance  from  jet  nozzle  xfr.  2.20.  (c)  Distance  from  jet  nozzle  x/r,  4. 58. 

Figure  37. — Zero  longitudinal  correlation  distance  as  function  of  frequency.  Exit  Mach  number,  0.3;  Reynolds  number,  300,000. 


If  the  logarithm  of  the  delay  time  for  the  first  zero  crossing 
of  the  filtered  autocorrelation  curve  is  plotted  against  the 
logarithm  of  the  center  frequency  of  the  band  pass  (fig.  36), 
a straight  line  with  a slope  of  —1  results.  If  the  logarithm 
of  the  wire  separation  for  zero  longitudinal  correlation  is 
plotted  against  the  logarithm  of  the  center  frequency  of  the 
band  pass,  a similar  result  should  be  obtained  if  the  turbu- 
lent eddy  has  remained  unchanged  while  passing  the  hot 
wires.  That  is,  the  eddy  has  been  swept  along  unchanged 
with  the  velocity  of  the  stream.  Observation  of  figure  37 
shows  that  these  curves  are  nearly  straight  lines  with  a 
slope  of  —1.  This  is  additional  evidence  that  the  relation 
x=Uioet  holds  very  well  for  the  turbulence  patterns  in  the 
subsonic  jet.  Thus,  the  autocorrelation  technique  is  a satis- 
factory one  for  studying  the  longitudinal  correlations. 

VARIATION  OF  SCALE  OF  TURBULENCE  WITH  MACH  AND/OR  REYNOLDS 

NUMBER 

The  effect  of  exit  Mach  and/or  Reynolds  number  on  the 
longitudinal  scale  was  also  investigated  (fig.  38).  As  with 
the  lateral  scale  (fig.  19),  there  was  no  variation  of  the 
longitudinal  scale  with  Mach  and/or  Reynolds  number. 


Figure  38. — Effect  of  exit  Mach  and/or  Reynolds  number  on  longi- 
tudinal scale  of  turbulence.  Distance  from  jet  nozzle  x/r,  4.58; 
distance  from  jet  centerline  y/r}  1.00. 


SUMMARY  OF  RESULTS 

Hot-wire-anemometer  measurements  of  the  turbulence 
parameters — intensity,  scale,  correlation,  and  spectra — in  a 


subsonic  jet  have  been  reported  for  a range  of  exit  Mach 
numbers  from  0.2  to  0.7  and  for  Reynolds  numbers  from 
192,000  to  725,000,  with  the  following  results: 

1.  Near  the  nozzle  of  the  jet  (distances  less  than  4 or  5 
jet  diam  downstream  of  the  nozzle)  the  intensity  of  turbu- 
lence, expressed  as  a percent  of  core  velocity,  is  a maximum 
at  a distance  of  approximately  1 jet  radius  from  the  center- 
line  and  decreases  slightly  with  increasing  Mach  and/or 
Reynolds  number.  At  distances  greater  than  S diameters, 
however,  the  maximum  intensity  moves  out  and  decreases 
in  magnitude  until  the  turbulence-intensity  profiles  are  quite 
flat  and  approaching  similarity. 

2.  The  lateral  and  longitudinal  scales  of  turbulence  are 
nearly  independent  of  Mach  and/or  Reynolds  number  and, 
in  the  mixing  zone  near  the  jet,  vary  proportionally  with 
distance  from  the  jet  nozzle.  Farther  downstream  of  the 
jet  nozzle  the  longitudinal  scale  reaches  a maximum  and 
then  decreases  approximately  linearly  with  distance.  Near 
the  nozzle  the  lateral  scale  is  much  smaller  than  the  longi- 
tudinal and  does  not  vary  with  distance  from  the  centerline, 
while  the  longitudinal  scale  is  a maximum  at  a distance  from 
the  centerline  of  about  0.7  to  0.S  of  the  jet  radius.  Farther 
downstream  this  maximum  moves  out  from  the  centerline. 

3.  An  analysis  of  the  correlo grams  and  spectra,  which 
differs  from  the  ordinary  statistical  approach,  yields  a 
“scale”  which,  while  different  in  magnitude  from  the  con- 
ventional, varies  similarly  to  the  ordinary  scale  and  is 
easier  to  evaluate. 

4.  An  autocorrelator  using  a magnetic  tape  recorder  and 
a special  playback  instrument  was  used  to  measure  the 
velocit}7  autocorrelations.  These  autocorrelations  were  con- 
verted to  longitudinal  correlations  that  agreed  well  with  the 
directly  measured  longitudinal  correlations. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  April  24,  1956 
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APPENDIX  A 

SYMBOLS 


effective  power  band  width 

displacement  of  heeds  of  playback  instrument 

spectral  density  function  of  u2 

frequency 

calibration  constant 

scale  of  turbulence 

exit  Mach  number 

number  of  db  taken  from  strip  chart 

correlation  coefficien  t 

Reynolds  number 

jet  radius 

tape  speed 

time 

delay  time 

mean  stream  velocity 

fluctuating,  components  of  velocity  in  x-,  y-,  and 
^-directions,  respectively 

right-hand  coordinate  system  with  a;- ax  is  coincid- 
ing with  jet  centerline 

nondimensionai  parameter  related  to  cut-off  fre- 
quencies of  spectrum  by  eq.  (B5) 
fluctuating  component  of  hot-wire  voltage 
wire  separation  in  x-  and  y-directions,  respectively 
characteristic  eddy  size 
angular  frequency 


Subscripts: 

b band  of  frequencies 

c core 

f frequency 

l lower  cut-off 

loe  local 

max  maximum 

min  minimum 

p peak 

ref  reference 

t time 

tot  total  spectrum  of  all  frequencies 

u upper  cut-off 

w wire 

x longitudinal 

y lateral 

0 lateral 

1,2  points  in  stream 

Superscripts: 

— average 

' ro  o t-mean  -square 

* characteristic  value 
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APPENDIX  B 

ANALYSIS  OF  TURBULENCE  SPECTRA  AND  AUTOCORRELOGRAMS 


The  analysis  of  the  data  from  the  hot-wire  anemometers 
most  easily  accomplished  by  means  of  the  power  spectrum 
? the  turbulence  and  the  autocorrelation  technique,  as 
^plained  in  the  EXPERIMENTAL  PROCEDURE  section, 
he  details  of  this  analysis  are  interesting  also.  The 
>rrelation  fitting  function 

e Tf\X  — fie  P*/\z 

^ 1-/3 

(14a) 

r 

a?  e-"*'— /3e-'s"*‘ 

1-/3 

(14b) 

m be  transformed  to  the  spectral  density  function  Jif)  as 
dlows: 

JU)=TJ  f %r  COS  fJ  C\X 

U UlocJ  0 u loc 

r 

(Bla) 

y(J)= ^[COs27r/<cU 

(Bib) 

The  resulting  expression  for  J (/)  is 

jfj^i+D  (f) 

7 

(17) 

'his  equation  for  J (J)  has  many  interesting  features.  Con- 
ider,  for  instance,  sketches  (c)  and  (d).  The  typical  cor- 
dogram  shows  a zero  crossing  (t0)  and  a minimum  value, 
'hese  two  quantities  and  the  following  equations  for 
and  co 

1 + 3 

(B2) 

* ln  p 
<o05— lj 

m 

ive  values  for  /3  and  co*  from  the  experimental  correlogram. 
Vith  these  values  the  spectral  density  curve  can  be  calcu- 
ited  from  equation  (17). 

An  alternate  procedure  is  to  work  with  the  experimental 
pectral  density  curve.  If  the  low-frequency  part  of  the 
urve  has  been  obtained  with  sufficient  accuracy,  the  values 
f the  low-  and  high-frequency  cut-off’s  (ft  and  Ju)  can  be 
btained  from  the  spectrum.  These  two  values  with  the 
qu  at  ions 


f,  P 
U (1 +/3)2 

(B4) 

, (i+0)“* 

Ju  2t r 

(Bo) 

give  values  for  ft  and  co*  from  the  experimental  spectrum. 
With  these  values  the  correlogram  can  be  calculated  from 
equation  (14a)  or  (14b). 

In  actual  practice  the  low-frequency  part  of  the  spectrum 
is  seldom  defined  with  sufficient  accuracy  to  use  the  alternate 
method  proposed  here.  But  the  correlograms  are  generally 
well  defined  and  are  easily  used  as  outlined. 

If  a family  of  curves  of  J (J)  for  a series  of  values  of  /3  is 
plotted  as  shown  in  figure  39,  spectrum  fitting  curves  result 
that  differ  from  experimental  curves  only  by  multiplicative 
constants.  This  family  of  curves  can  be  used  as  a grid  and 
placed  over  the  experimental  data  and  a best  fit  obtained. 
The  value  of  0,  therefore,  is  easily  determined.  With  this 
value  of  ft  and  the  zero  crossing  of  the  correlogram  t0 , the 
value  of  co*  can  be  obtained  from  equation  (B3). 

With  the  values  of  /3  and  co*  the  spectrum  can  be  calcu- 
lated by  means  of  equation  (17),  or  Ax  can  be  evaluated  by 
means  of  equation  (16). 


(c) 


(d) 


Proportional  to  spectral  density,  sec 
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Figure  39. — Spectrum  fitting  curves  (eq.  (B2)). 
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SIMILAR  SOLUTIONS  FOR  THE  COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER  WITH  HEAT 

TRANSFER  AND  PRESSURE  GRADIENT  >•* 


By  Clarence  B.  Cohen  and  Eli  Reshotko 


SUMMARY 

Stewartson^  transformation  is  applied  to  the  laminar  com- 
pressible boundary-layer  equations  and  the  requirement  of 
similarity  is  introduced , resulting  in  a set  of  ordinary  nonlinear 
differential  equations  previously  quoted  by  Stewartson,  but 
unsolved . The  requirements  of  the  system  are  Prandtl  number 
of  1.0,  linear  viscosity-temperature  relation  across  the  boundary 
layer,  an  isothermal  surface,  and  the  particular  distributions 
of  free-stream  velocity  consistent  with  similar  solutions.  This 
system  admits  axial  pressure  gradients  of  arbitrary  magnitude , 
heat  flux  normal  to  the  surface,  and  arbitrary  Mach  numbers. 

The  system  of  differential  equations  is  transformed  to  an 
integral  system,  with  the  velocity  ratio  as  the  independent 
variable.  For  this  system,  solutions  are  found  by  digital  com- 
putation for  pressure  gradients  varying  from  that  causing 
separation  to  the  infinitely  favorable  gradient  and.  for  wall 
temperatures  from  absolute  zero  to  twice  the  free-stream  stagna- 
tion temperature.  Some  solutions  for  separated  flows  are  also 
presented. 

For  favorable  pressure  gradients,  the  solutions  are  unique. 
For  adverse  pressure  gradients,  where  the  solutions  are  not 
unique,  two  of  the  infinite  family  of  possible  solutions  are 
identified  as  the  only  solutions  yielding  finite  displacement 
thicknesses.  For  the  case  of  favorable  pressure  gradients  with 
heated  walls,  the  velocity  unthin  a portion  of  the  boundary 
layer  is  shown  to  exceed  the  local  external  velocity.  The  varia- 
tion of  a Reynolds  analogy  parameter,  which  indicates  the 
ratio  of  skin  friction  to  heat  transfer,  is  from  zero  to  7.4  for  a 
surface  of  temperature  twice  the  free-stream  stagnation  temper- 
ature, and  from  zero  to  2.8  for  a surface  held  at  absolute  zero, 
where  the  value  2 applies  to  a flat  plate . 

INTRODUCTION 

Factors  that  affect  the  development  of  laminar  boundary 
layers  are  pressure  gradient,  Mach  number,  and  heat  trans- 
fer, plus  the  properties  of  the  fluid  under  consideration. 
Since  mathematical  complexities  preclude  solutions  of  this 
problem  in  a completely7  general  fashion,  the  literature  con- 
sists largely7  of  solutions  treating  particular  combinations  of 


these  factors.  For  the  flow  of  an  ideal  gas  over  a surface 
without  pressure  gradient,  the  remaining  factors  have  been 
taken  into  account  completely7  by7  Crocco  (ref.  2)  and  Chap- 
man and  Rubesin  (ref.  3).  For  small  pressure  gradients, 
Low  (ref.  4)  has,  by7  a perturbation  analysis,  treated  the  gen- 
eral problem  of  the  isothermal  surface.  With  the  introduc- 
tion of  pressure  gradients  of  arbitrary7  magnitude,  other 
restrictions  become  necessary7.  The  assumption  of  constant 
fluid  properties  (densityr,  viscosity7,  etc.),  for  example,  leads 
to  the  greatest  simplification — the  separation  of  the  mo- 
mentum and  energy7  equations.  With  this  assumption,  for  a 
special  case  of  a decelerating  stream,  Howarth  (ref.  5)  has 
obtained  a series  solution  to  the  momentum  equation.  The 
introduction  of  a similarity7  concept  (that  the  velocity7  or 
temperature  profiles  may7  always  be  expressed  in  terms  of  a 
single  parameter)  leads  to  a power-law  free-stream  velocity 
distribution.  The  momentum  equation  of  this  problem  was 
first  solved  by  Falkner  and  Skan  (ref.  6),  whose  calculations 
were  then  improved  by7  Hartree  (ref.  7);  the  energy7  equation 
was  later  treated  by7  Eckert  (ref.  8)  and  others  (refs.  9 and 
10).  For  the  same  problem  the  restriction  of  constant  fluid 
properties  may7  be  removed  by7  alternatively7  requiring  that 
the  Mach  number  be  essentially7  zero  (ref.  11)  or  that  the 
Mach  number  ancl  the  heat  transfer  be  limited  to  small 
values  (ref.  12). 

Illingworth  (ref.  13)  and  Stewartson  (ref.  14)  have  dem- 
onstrated that,  lor  an  insulated  surface  in  a fluid  with  a 
Prandtl  number  of  1.0,  any7  compressible  boundaiy-lay7er 
problem  may7  be  transformed  to  a corresponding  problem  in 
an  incompressible  fluid;  the  earlier  solutions  thus  become 
applicable  to  certain  compressible  problems.  For  the  case  of 
heat  flux  across  the  surface,  the  transformation  of  Stewartson 
(ref.  14)  with  the  concept  of  similarity7  introduced  leads  to  a 
set  of  nonlinear  ordinary  differential  equations  previously 
quoted  (ref.  14),  but  unsolved.  Solutions  to  this  set  of 
equations,  which  are  presented  herein,  are  applicable  to 
flows  at  arbitrary  Mach  number,  pressure  gradients  of  arbi- 
trary7 magnitude  (but  of  a form  consistent  with  the  require- 
ments of  similarity7),  and  arbitrary7  but  constant  wall  tem- 
perature.3 


1 Supersedes  NAG  A TN  3325,  “Similar  Solutions  for  the  Compressible  Laminar  Boundary  Layer  with  Heat  Transfer  and  Pressure  Gradient,"  by  Clarence  B.  Cohen  and  Eli  Reshotko,  1955. 

* The  principal  developments  of  this  paper,  which  is  part  of  the  doctoral  dissertation  of  the  senior  author  (ref.  1),  were  carried  out  under  the  stimulus  and  guidance  of  Professor  Luigi  Crocco 
and  the  sponsorship  of  the  Daniel  and  Florence  Guggenheim  Foundation.  The  final  analysis  and  the  computations  were  completed  at  the  NAG  A Lewis  laboratory  during  the  spring  oi  1954. 

> Further  solutions  to  these  equations  have  been  published  recently  by  Levy  (ref.  15)  and  by  Li  and  Nagamatsu  (ref.  16).  The  relation  between  these  and  the  present  solutions  is  de- 
scribed herein.  The  present  investigation  includes  ranges  of  variables  not  treated  in  these  references;  for  example,  favorable  pressure  gradients  applicable  to  supersonic  nozzles  and  values  of 
adverse  pressure  gradients  including  that  causing  separation.  For  adverse  pressure  gradients,  the  problems  of  uniqueness  and  multiple  solutions  are  also  considered  in  some  detail.  The  solu- 
tions of  refs.  15  and  16  were  obtained  by  means  of  a differential  analyzer,  whereas  the  present  solutions  were  obtained  by  digital  calculation  and  are  presented  in  tabular  form. 

435875 — 57 59  * 919 

Preceding  Page  Blank 


920 


REPORT  1293 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Since  free-stream  velocity  distributions  of  the  form  re- 
quired by  similarity  are  not  generally  encountered  in  prac- 
tice, the  utility  of  these  solutions  is  principally  as  follows: 
(1)  The  effects  of  pressure  gradient,  wall  tempera t-ure,  and 
Mach  number  may  be  viewed  qualitatively;  (2)  the  results 
may  be  used  as  a check  on  any  approximate  method  (such  as 
a Karman-Pohlhausen  method)  for  reliability;  (3)  the  flow 
to  be  solved  may  be  divided  intuitively  into  segments,  and 
the  solution  for  each  segment  may  be  matched  by  some 
arbitrary  technique;  or  (4)  the  results  may  be  used  to  con- 
struct a new  simple  method  (of  the  integral  type)  for  the 
calculation  of  the  laminar  compressible  boundary  layer  with 
heat  transfer.  This  latter  analysis  has  been  carried  out, 
utilizing  the  solutions  herein  given,  and  is  presented  in 
reference  17. 

STEWARTSON’S  EQUATIONS 


BOUNDARY-LAYER  EQUATIONS 


The  equations  of  the  steady  two-dimensional  compressible 
laminar  boundary  layer  for  perfect  fluids  are: 

Continuity: 


Momentum: 


bu  t bu  bp  . b / bu\ 

pU  bx  pV  by  bx  by  \ by) 


by 

bp 

by 


Jp=0 


Eii  erg}7: 


(1) 


(2) 


bh  , bh  bp  . b / m bh\  . ( bu\ 2 ... 


pW  1 
Po 


(6a) 


If  the  quantity  X is  introduced  from  equation  (4),  a slight 
modification  of  Stewartson's  transformation  may  be  written 


(6b) 


The  transformed  coordinates  are  now  represented  by  upper- 
case letters  (X,Y)}  and  the  subscript  e refers  to  local  condi- 
tions at  the  outer  edge  of  the  boundary  layer  (external). 
The  subscript  0 refers  to  free-stream  stagnation  values. 

Applying  equations  (4)  and  (6)  to  the  boundary-layer 
equations  (1),  (2),  and  (3)  and  assuming  that  Pr  and  cp  are 
constant  (but  not  yet  requiring  that  Pr=l)  result  in  the 
following  equations: 


Ux+Vy= 0 (7) 

UUx+VUy=  Ue  Uex(l+S)+V0Uyy  (8) 


(All  symbols  are  defined  in  appendix  A.) 

The  viscosity  law  to  be  assumed  is 

— =Xr  (4) 

Mo  t0 

Equation  (4)  is  of  the  form  taken  by  Chapman  and  Rubesin 
(ref.  3),  except  that  the  reference  conditions  (mo,*o)  are  free- 
stream  stagnation  values,  since  in  the  presence  of  pressure 
gradient  the  local  “external”  values  are  not  constant  along 
the  outer  edge  of  the  boundary  layer.  The  constant  X is 
used  to  match  the  viscosity  with  the  Sutherland  value  at  a 
desired  station.  If  this  station  is  taken  to  be  the  surface, 
assumed  to  be  at  constant  temperature,  the  result  is 


where  /^^Sutherland's  constant  (for  air,  ksu=  198.6°  R). 
The  viscosity  law  of  equations  (4)  and  (5)  was  demon- 
strated to  be  adequate  for  a flat  plate  (ref.  3)  by  compari- 
son with  the  more  exact  calculations  of  reference  2.  In 
the  present  case  no  such  comparison  is  available. 

STEWARTSON’S  TRANSFORMATION 

The  velocities  in  the  equations  of  motion  (1)  to  (3)  can  be 
replaced  through  the  definition  of  a stream  function: 


where  the  enthalpy  function  S is  defined  for  convenience  as 

S=A-1  (10) 

ho 

and  hs  is  the  local  stagnation  enthalpy.  The  stream  function 
has  been  replaced  by  the  transformed  velocities  ( U,V ) 
through  the  relations 


U = \f/y 
V = —ypx 


The  resulting  relation  between  the  transformed  and  physical 

longitudinal  velocities  is  u. 

The  boundary  conditions  applicable  to  the  system  (7)  to 
(9)  are: 

U(X,  0)=0 
V(Xfl)=0 


S(Xfi)=Sw  or 


lira  S— 0 

CO 


Urn  U=Ue(X) 

y->»  J 
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rhe  solution  S=  0 and  the  resultant  continuity  and  mo- 
il en  turn  equations  (7)  and  (8)  make  up  the  extremely  useful 
orrelation  developed  by  Stewartson  between  compressible 
nd  incompressible  boundary  layers  on  insulated  surfaces 
ntli  Pr=  1.  Another  special  case  is  that  of  Uex=0.  Then, 

[ Pr=l,  the  relation  S=Sw^l-^-^  satisfies  equation  (9); 

his  is  Crocco’s  integral  of  the  energy  equation  for  the  flat 
late  (ref.  2). 

SIMILARITY  REQUIREMENTS 

When  a pressure  gradient  exists  and  the  surface  is  not  in- 
ulated,  it  is  necessary  to  find  a means  of  solving  the  system 
7)  to  (9)  subject  to  the  boundary  conditions  (11).  To  this 
nd,  the  question  will  be  asked:  Under  what  conditions  can 
bis  system  be  reduced  to  a system  of  ordinary  differential 
quations  by  the  assumption  that  the  boundary -layer  pro- 
les are  functions  of  a similarity  variable  y and  that  the  wall 
emperature  is  constant?  This  question  may  be  resolved 
y inserting  the  following  assumed  relations  into  the  system 
7)  to  (9)  and  observing  the  conditions  required  for  obtaining 
rdinary  differential  equations: 


^AX«Wf(vY 
Y=BXhUU  ► 
S=S(v) 


(12) 


rhere  A , B , a,  b,  p,  and  q are  undetermined  constants.  This 
rocedure  has  been  carried  out  by  Li  and  Nagamatsu  (ref.  18) 
)r  Pr—  1.  In  that  analysis  it  was  concluded  that  four 
[asses  of  similar  solutions  are  possible.  It  has  been  pointed 
ut  (ref.  19)  that  three  of  these  four  classes  can  be  reduced 
lentically  to  the  case  which  requires  that 

Ue=CXm  (13) 

rhile  the  remaining  case  requires  that 

Ue=Ci  exp  (C2X)  (14) 4 


Corresponding  analyses  for  incompressible  flow,  including 
snditions  for  similarity  and  the  case  of  the  exponential  free- 
t-ream  velocity,  have  been  made  by  Mangier  (ref.  20)  and 
roldstein  (ref.  21),  respectively. 

When  equations  (12)  are  used  in  the  form 


2v0UeX 
m + 1 


y=r 


/m+1  Ue 

V 2 Voxj 


(15) 


le  system  of  ordinary  differential  equations  corresponding 
) the  power -law  velocity  distribution  of  equation  (13)  may 
e written 


/'"+//"=ftp-l_S) 
S''+PrfS'=(l-Pr ) 


S) 

(7-1  )Ml  1 

\+Yrm 

or" +/"2)  - 

j 

Y (16) 


The  pressure-gradient  parameter  0 is  defined  as  j m-, 

m+1 

and  the  velocity  ratio  is  U j U e=ujue—1f } where  primes 
denote  differentiation  with  respect  to  m 
The  boundary  conditions  are 


/(0)=/'(0)=(T 
S(0)=Sw 
lim  /'=1 

r?— >oo 

lim  S—0 


(17) 


Since  Me  may,  in  general,  depend  on  x , the  right  member  of 
the  energy  equation  is  not  yet  functionally  consistent  with 
the  left  member  for  arbitrary  Me  and  Pr.  Thus,  the  right 
member  of  the  energy  equation  (16)  must  be  zero  or  a func- 
tion of  tj  to  be  consistent  with  the  left  member.  This  may 
be  achieved  in  the  following  ways:  (1)  The  external  Mach 
number  may  be  a constant  other  than  zero;  (2)  the  external 
Mach  number  may  be  zero;  (3)  the  Prandtl  number  may 
equal  1 ; (4)  the  factor 


(7—1  )Ml  ~ 
l+~  Ml 

may  be  approximately  2 corresponding  to  hypersonic  flow; 
or  (5)  the  ratio  of  specific  heats  y may  equal  1. 

The  case  of  constant  external  Mach  number  is  the  flat- 
plate  problem  (j8— 0)  and,  the  solution  to  the  momentum 
equation  being  known,  the  energy  equation  could  be  inte- 
grated directly.  The  flat-plate  problem  has  already  been 
solved  with  great  accuracy  and  completeness  by  Croceo 
(ref.  2).  If  the  pressure  gradient  is  small  enough,  it  may 
be  reasonable  to  consider  Ade  constant  in  the  energy  equation 
in  spite  of  the  gradient,  but  to  retain  the  pressure-gradient 
parameter  in  the  momentum  equation.  However,  this 
problem  is  treated  more  completely  by  the  analysis  of  refer- 
ence 4. 

The  case  Ade—0  (with  arbitrary  0)  produces  the  equations 
of  Levy  and  Seban  (ref.  22).  In  that  analysis  approximate 
solutions  were  obtained  by  the  assumption  of  simple  forms 
for  the  velocity  and  temperature  profiles  that  contained 
undetermined  coefficients.  These  coefficients  were  then 
evaluated  by  use  of  the  boundary  conditions.  Because  the 
actual  profiles  cannot  be  simply  represented,  this  method 
is  not  reliable  in  some  ranges  even  if  the  Mach  number  is 
nearly  zero.  Brown  and  Donoughe  (ref.  11)  also  considered 
the  low  Mach  number  problem  with  variable  fluid  properties 
and  Prw— 0.7.  The  system  of  equations  encountered  in  that 
analysis  is  much  more  complicated  than  the  present  system 
because  of  the  power-law  viscosity,  conductivity,  and  specific- 
heat  relations  used.  These  refinements  do  not  alter  the 
effects  of  omitting  the  viscous-dissipation  and  compressive- 
work  terms,  which  may  be  significant  at  higher  Mach 
numbers. 


4 It  was  shown  in  reference  19  that,  for  the  exponential  case  (eq.  (14))  with  C*>0,  the  system  (7)  to  (9)  can  be  reduced  to  the  ordinary  differential  equations  (16),  but  with  0=2.  For  Cj<0, 
e/'"  term  in  equations  (16)  is  replaced  by  -f".  In  this  case,  with  S=0,  it  can  be  shown  that,  because  of  the  sign  of  the/"'  term,  no  solution  is  possible  in  which  the  velocity  ratio  approaches 
boundary  condition  smoothly.  A question  is  thus  raised  as  to  the  validity  of  any  possible  solution  for  Cj<0  regardless  of  the  value  of  S.  For  the  remainder  of  this  paper,  this  class  will 
omitted  from  consideration. 
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The  case  of  hypersonic  flow  requires  the  introduction  of 
the  effects  of  displacement  thickness  upon  pressure  gradient. 
For  example,  for  the  flat  plate,  Lees  (ref.  23)  has  shown 
that  the  induced  hypersonic  pressure  gradient  corresponds  to 

fi=- — -•  This  case  is  not  treated  herein. 

7 

The  possibility  of  assuming  y=l  does  not  simplify  the 
equations  more  than  does  the  assumption  of  Mach  number 
zero.  For  most  gases,  the  assumption  of  7=1  is  physically 
unreasonable.  Therefore,  this  case  does  not  appear  to 
warrant  further  consideration. 

If  strong  pressure  gradients  and  reasonably  high  Mach 
numbers  are  to  be  considered,  the  most  inclusive  category 
is  that  of  Pr=  1,  with  the  result  that  equations  (16)  become 

/"'  + jf"=0(/'2-l-S)  (18a) 

S"+fS'= 0 (18b) 

with  the  boundary  conditions  (17).  Equations  (18)  were 
derived  by  Stewartson  by  assigning  similarity  relations 
corresponding  to  (15)  to  the  system  (7)  to  (9)  with  Pr=  1; 
however,  no  solution  was  indicated. 

The  comparison  between  assuming  that  Me=0  or  that 
Pr=  1 may  perhaps  be  indicated  by  examination  of  the 
solutions  to  the  insulated-flat-plate  problem,  which  include 
effects  of  both  Prandtl  number  and  Mach  number  (ref.  2). 
jf  Me=  0,  the  viscous-dissipation  and  compressive-work 
terms  are  omitted  in  equation  (3).  Then  the  predicted 
static- temperature  profile  is  a constant  rather  than  the 
correct  variation  from  free-stream  static  to  recovery  temper- 
ature at  the  wall.  However,  if  Pr=  1 is  assumed,  a constant 
stagnation  temperature  is  predicted  rather  than  the  actual 
slight  variation  in  this  quantity.  The  latter  discrepancy 
is  small  compared  with  the  former. 

METHOD  OF  SOLUTION 

Equations  (18)  with  boundary  conditions  (17)  compose 
the  system  to  be  solved  for  the  dependent  variables  / (y) 
and  S(y).  Because  of  the  nonlinearity  of  the  system,  its 
high  order  (fifth),  and  its  classification  as  a “two-point 
boundary-value  problem,”  no  standard  integration  methods 
will  yield  results  expressible  in  closed  form.  Methods  appli- 
cable to  equations  of  this  type  may  be  classified  as  either  (1) 
forward  integrations  or  (2)  integrations  by  methods  of  suc- 
cessive approximations. 

By  “forward  integration”  is  meant  the  progressive  inte- 
gration of  the  equations  from  one  (initial)  boundary  to  the 
other.  For  this  purpose  several  sets  of  initial  values  of  the 
derivatives  are  assumed.  Then  the  final  boundary  values 
obtained  are  compared  with  those  specified  and,  after  interpo- 
lation of  the  initial  values,  this  trial-and-error  process  is 
repeated  until  the  final  boundary  conditions  are  satisfied. 
The  integrations  may  be  carried  out  by  the  use  of  either  an 
analog  computer  (mechanical  or  electrical)  giving  continuous 
integrals  or  by  digital  computations  involving  finite-differ- 
ence integration.  Although  generally  applicable,  a disad- 
vantage associated  with  forward  integration  of  nonlinear 
equations  is  the  lack  of  any  inherent  convergence  mechanism. 
Thus,  the  approach  to  the  correct  initial  values  depends  al- 


most entirely  on  the  intuition  and  experience  of  the  one 
performing  the  calculations.  This  method  is  particularly 
troublesome  for  a problem  with  more  than  one  dependeni 
variable,  since  evidence  for  the  fitness  of  a given  initial  valu< 
may  be  obscured  by  a poor  selection  of  the  corresponding 
initial  value  of  another  dependent  variable.  Furthermore 
when  an  analog  computer  is  employed,  the  accuracy  ii 
generally  limited,  particularly  for  nonlinear  equations  when 
in  certain  regions  the  results  tend  to  be  highly  sensitive  to  tin 
chosen  initial  values.  If  digital  computation  is  utilized  t< 
obtain  a desired  degree  of  accuracy,  the  procedure  may  be 
come  excessively  tedious. 

Successive  approximation  methods  generally  assume  an  en 
tire  function  for  the  dependent  variables  (satisfying  as  man; 
of  the  boundary  conditions  as  possible)  rather  than  only  th 
initial  derivatives.  Then,  by  use  of  the  differential  equa 
tions,  a procedure  is  developed  for  estimating  the  error  as  i 
function  of  the' independent  variables.  This  error  is  appliei 
to  the  original  choice,  and  the  process  is  repeated  unti 
satisfactory  convergence  occurs.  An  example  of  a method  c 
successive  approximation  is  Picard’s  method. 

A difficulty  shared  by  both  these  methods  arises  when  th 
range  of  integration  is  infinite.  Then  it  is  necessary  to  decid 
upon  a finite  value  of  the  independent  variable  at  which  th 
boundary  conditions  may  be  approximately  satisfied  and  th 
degree  to  which  they  may  be  satisfied.  This  suggests  th 
desirability  of  changing  to  an  independent  variable  so  the 
only  a finite  range  of  integration  is  required.  In  the  presen 
problem  this  change  of  variables  can  be  achieved  by  folio  win 
a method  used  by  Crocco  for  the  solution  of  the  compressibl 
flat-plate  boundary  layer  (ref.  2).  The  concept  is  advance 
that  the  velocity  is  a more  suitable  independent  variabl 
since  it  is  bounded.  This  concept  leads  to  a set  of  equatior 
conveniently  handled  by  a method  of  successive  approxim* 
tions. 

TRANSFORMATION  TO  VELOCITY  PLANE 


To  accomplish  the  transformation  to  the  velocity  ratio  j 
as  the  independent  variable,  the  following  identity  may  t 
used: 


d -C  ft  d 

dy~J  dr 


(p 


This  identity  may  be  applied  to/"  and /as  follows: 


r m 

Jo  /"(© J 


(2 


where  the  dummy  variable  of  integration  is  £,  and  /"(, 
represents  the  functional  relation  between/"  and/',  that  i 
/"(/').  The  primes  continue  to  denote  differentiation  wit 
respect  to  y. 

Inserting  equations  (20)  into  the  momentum  equatic 
(18a)  results  in 


dT_ 

df' 


rji 

Jo  /"(f) 


f'2-l-S 

r 


(2 
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vhich  satisfies  the  folio wing  condition  at/'=0  required  by 
he  momentum  equation 

flT=-fi(l+S9)  (22) 

^ow,  if  equation  (21)  is  integrated  once  with  respect  to  jf 
md  if  the  limits  of  integration  are  chosen  so  that  (/")/' «i= 0, 
he  result  is 


the  upper  limit.  To  evaluate  these  integrals,  closed-form 
expressions  must  be  obtained  for  the  integrands  in  this  range. 
This  requires  knowledge  of  the  solution  of  the  system  (18) 
for  large  y (near  /'=1).  This  “asymptotic  solution”  and 
its  development  are  given  in  appendix  B.  The  results  show 
that  equation  (24)  can  be  used  in  its  present  form,  but  that 
equation  (27)  must  be  modified  to 


r*  p*  frft  » re-i-s® 
f Jr*  Jo  f"(Q  /"(t)  ? 


(23) 


B)7  inverting  the  order  of  integration  (or  by  integrating 
>y  parts)  the  double  integral  may  be  reduced  to  two  single 
titegrals,  resulting  in 


e-ism 


di 

(24) 


Equation  (24)  is  the  form  of  the  momentum  equation  as  it 
rill  be  used  in  this  report.  The  subscript  j is  the  iteration 
lumber  in  the  method  of  successive  approximations. 

A corresponding  form  of  the  energy  equation  is  obtained 
y writing  equation  (18b)  as 


S" 

S' 


nd  integrating  with  respect  to  tj,  to  get 
In  S"=—  jVd?7+ constant 
Equation  (18a)  may  be  written 


fdv=-fdv+,ii^)dv 


dfn , ir-i-s) 

f"  ^ p (f'7 


df’ 


(25) 


g _j  j e«7/l  — «)+f  Jj{£)d% 

Sa  i-o+ 

Jo' 


(28) 


where  e is  an  arbitrary  small  quantity  (e«Cl).  In  this  form 
the  singularity  has  been  removed.  Equations  (24)  and  (28) 
constitute  the  system  used  in  the  present  investigation. 
The  convergence  of  this  system  is  discussed  in  appendix  C, 
and  the  method  of  calculation  by  digital  computer  in 
appendix  D. 

PROPERTIES  OF  SOLUTIONS 


In  the  following  sections  the  solutions  obtained  in  this 
study  are  presented  and  their  properties  are  discussed.  The 
two  parameters  defining  a case  are  Sw  and  0.  The  enthalpy 
function  evaluated  at  the  wall  Sw  determines  the  wall 
temperature  through  the  relation 


tw=to(l-\-Sw)  - (29) 

Thus,  Sw—  — 1 corresponds  to  a wall  temperature  of 
absolute  zero,  and  Sw—  1 corresponds  to  a wall  at  twice  the 
free-stream  stagnation  temperature.  The  case  Sw= 0 cor- 
responds to  a wall  at  the  free-stream  stagnation  temperature, 
which  for  Pr=l  is  the  case  of  an  insulated  surface. 

The  pressure-gradient  parameter  j3  is  related  to  the 
exponent  m of  the  velocity  distribution  in  the  transformed 
plane  Ue  — CXm  through  the  relation 


P 


2m 

m + 1 


ubstitution  of  this  expression  into  equation  (25)  results  in 
In  di+ constant 

v the  equivalent  expression 


S'  = -C*j"J(f)  (26) 

here 

If  this  expression  is  integrated  once  again  and  the  boundary 
mditions  S(0)=SW}  (Sf)//=i=0  are  required,  the  result  is 


s,+l  X,  Jl^)dk 
Sw  JV/D# 


(27) 


Inspection  of  equations  (24)  and  (27)  indicates  that  the 
Ltegr&ls  to  be  evaluated  are  singular,  or  indeterminate,  at 


For  a velocity  distribution  of  this  form,  m can  be  represented 
as 

™=(^)ha^-lLa*‘dz  (30) 

It  is  apparent  that  j3<0  (ra<0)  corresponds  to  an  unfavor- 
able gradient;  j8=0  (ra=0)  corresponds  to  flat-plate  flow; 
and  P=2  (?n=  <*>)  corresponds  to  an  infinitely  favorable 
pressure  gradient.  Stewartson  (ref.  14)  has  shown  that 
p=l  (m=  1)  corresponds  to  flow  in  the  immediate  vicinity 
of  a stagnation  point  for  two-dimensional  flow,  as  in  the 
incompressible  case.  It  can  be  shown  that  the  case  of  a 
stagnation  point  in  axisymmetric  flow  can  be  transformed 
to  the  solution  for  fi=}{  (ref.  24).  An  approximate  method 
for  relating  ft  to  more  general  physical  flows  is  given  in 
reference  17.  In  the  present  investigation,  solutions  are 
found  for  pressure  gradients  ranging  from  that  causing 
separation  to  the  infinitely  favorable  gradient  and  for  wall 
temperatures  from  absolute  zero  to  twice  free-stream 
stagnation  temperature.5 


* It  should  be  noted  that  all  but  one  of  the  presented  solutions  for  S»=0  are  those  first  obtained  by  Hartree  (ref.  7)  for  the  problem  of  Falkner  and  Skan  (ref.  6).  As  a further  check  on  the 
esent  method,  the  solutions  for  0=1.6  and  2.0  with  Sv= 0 were  obtained  independently  in  the  present  investigation;  these  values  agree  very  well  with  those  of  Hartree. 


924 


REPORT  1293 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


All  solutions  are  presented  in  tabular  and  graphic  form. 
Table  I shows  the  values  of  /,  /',  f",  S,  and  S'  tabulated 
against  17.  From  these  values  and  equations  (18),  the 
quantities  /"'  and  S"  can  be  easily  calculated.  Table  II 
presents  a summary  of  the  values  of  fw  (related  to  wall 
shear)  and  S'w  (related  to  heat  transfer)  from  table  I,  as 
well  as  the  Reynolds  analogy  parameter  CfRew/Nu,  which 
represents  the  ratio  of  skin-friction  to  heat-transfer  effects. 
Certain  other  quantities  of  interest  cannot  be  tabulated  in 
general,  but  can  be  easily  calculated  from  the  following 
formulas: 

Static-temperature  ratio : 

£=(l  Ml)  (l  + S)-^Mir  (31) 

or,  with  the  static  temperature  t referred  to  the  free-stream 
stagnation  temperature  to, 


Flux  density: 

£. (33) 

Peue  ^ +1=1^)  (1 + s)-^mi/'2 

UNIQUENESS 

For  /3<0,  Sw= 0,  Hartree  (ref.  7)  first  observed  that  the 
boundaiy  conditions  (17)  are  not  sufficient  to  determine  a 
unique  solution.  Thus,  there  is  not  a unique  value  of 
for  a given  p.  In  studying  the  uniqueness,  it  is  useful  to 
consider  the  following  expression  for  velocity  ratio  (for  any 
Sw)  valid  for  large  77: 

(34) 

where  ax,  a2,  a3,  and  k are  integration  constants  (see  appendix 
B).  For  the  case  of  Sw=0,  a3  is  also  equal  to  zero;  however, 
this  does  not  change  the  uniqueness  problem,  which  is  inde- 
pendent of  wall  temperature.  For  /3>0,  a2  is  necessarily 

zero  in  order  to  satisfy  the  boundary  condition  lim  /'=  1. 

00 

For  continuity  in  p,  Hartree  then  selected  the  asymptotic 
solution  with  a2—-0  for  0< 0 also.  More  importantly,  the 
integral 


related  to  the  displacement  thickness,  can  be  shown  to 
become  infinite  for  c^^O.  This  result  is  contrary  to  the 
concept  of  a thin  layer  outside  of  which  the  viscous  effects 
may  be  neglected.  A further  interpretation  of  the  effect  of 
the  a2  term  on  the  solution  can  be  observed  by  examination 
of  the  dimensionless  quantity  /'"/Jf"  (suggested  by  Pro- 
fessors L.  Crocco  and  L.  Lees),  in  which/"'  represents  the 


net  viscous  forces  acting  on  the  fluid  element  and  /"  is 
proportional  to  the  velocity  gradient  (shearing  flow).  It 
can  be  shown  that  for  a2==0 


while  for  a2  p^O 


Thus,  in  order  to  retain  both  the  viscous  forces  in  the 
asymptotic  region  and  the  shearing  flow  set  up  b\r  then 
action  to  the  same  order  of  magnitude,  a2  should  be  taker 
equal  to  zero. 

Another  feature  of  solutions  with  a2  different  from  zero  is 
the  analytical  result  that  the  velocity  ratio  in  the  outej 
portion  of  the  boundary  layer  may  exceed  unity.  Fo] 
example,  if  a2  is  not  zero,  equation  (34)  shows  that  for  large 
77  the  a2  term  of  the  velocity  ratio  expression  is  dominant 
and  thus  (/'—])  is  necessarily  of  the  same  sign  as  a2.  Tha- 
is, for  positive  a2,  the  velocity  ratio  approaches  unity  fron 
above;  this  phenomenon  will  be  termed  “velocity  over 
shoot.”  Since,  for  a given  p and  Sw  in  this  range,  each  o 
these  various  solutions  has  associated  with  it  a different  se 
of  values  of  f„  and  S'W)  one  of  these  parameters,  for  exampli 
/",  can  be  conveniently  used  in  place  of  a2  to  identify  tin 
various  solutions.  This  infinite  set  of  solutions  can  b< 
represented  as  in  sketch  (a)  for  a typical  (cold  wall)  case 


It  is  seen  that  there  are  a maximum  and  a minimum  shes 
(represented  by  /£)  and  heat  transfer  (represented  by  S'u 
that  can  satisfy  the  equations  without  incurring  velocit 
overshoot.  These  distinct  solutions  (circled  points  i 
sketch  (a))  correspond  to  a2= 06;  that  with  the  lower  she* 
is  designated  the  “lower-branch”  solution.  The  beliavk 


• in  the  evaluation  of  the  singularities  of  the  integrals  required  for  the  method  of  successive  approximations,  a2  was  taken  to  be  zero.  Hence,  solutions  for  a2?*0  were  obtained  by  forwa 
integration  (appendix  D),  although  the  numerical  values  of  aj  were  not  determined. 
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of  the  calculated  family  of  solutions  is  presented  in  figure  1 
for  Sw~  —0.8  and  0= -0.325,  -0.3285,  and  -0.336. 
For  a given  value  of  S„,  as  0 is  decreased,  the  two  solutions 
with  a2= 0 approach  each  other.  At  a value  of  0 to  be  desig- 
nated these  two  solutions  become  identical,  and,  for 

do  solution  with  a2=0  exists.  For  negative  0, 
only  the  solutions  with  finite  displacement  thickness  will  be 
considered  in  the  remainder  of  this  report. 


.WQ  . I W . I c. 

Shear  function  at  wall,  fw 


Figure  1. — Family  of  solutions  for  adverse  pressure  gradient. 

Sw—  —0.8. 

With  regard  to  the  physical  significance  of  the  double 
solution,  it  may  be  noted  that  for  adverse  pressure  gradients 
(0<O)  a real  flow  cannot  completely  reproduce  the  similar 
solution,  because  ?/*(())=  <»  would  be  involved.  However,  a 
pressure  field  can,  in  principle,  be  applied  to  a developing 
boundary  layer  so  that,  after  a phase  of  adjustment,  the 
boundary  layer  would  approach  one  of  the  similar  solutions 
with  0<O  and  stay  quite  close  to  it  thereafter.  It  seems 
reasonable  to  believe  that,  depending  on  the  way  the  pressure 
field  is  applied,  one  solution  or  the  other  corresponding  to 
the  same  0 could  be  approached  after  different  adjustment 
phases.  This  result  is  exactly  what  Clauser  (ref.  25)  has 
found  in  his  experimental  work  on  similar  turbulent 
boundary-layer  flows. 

VELOCITY  AND  TEMPERATURE  PROFILES 

The  velocity  and  enthalpy-function  profiles  obtained 
from  the  tabulated  solutions  are  presented  as  functions  of 
r]  in  figures  2 and  3,  respectively.  The  distance  y normal  to 
the  surface  in  the  physical  plane  is  related  to  the  similarity 


variable  t?  through  equations  (6)  and  (15),  and  may  be 
expressed  as  - - * 


PoOo  I 2 vpX 

Pe&e  V % T"  1 U e 


(35) 


where  t/t0  is  given  by  equation  (32). 

Velocity  overshoot. — The  velocity  profiles  shown  in  figure  2 
indicate  that,  for  a given  wall  temperature,  the  initial  slope 
increases  as  the  pressure  gradient  becomes  more  favorable. 
For  adverse  pressure  gradients  an  inflection  point  occurs 
within  the  boundary  layer  and  moves  outward  as  the  gradi- 
ent becomes  more  adverse.  The  velocity  ratio  varies  mono- 
tonically  from  zero  to  the  final  value  of  1.0  except  for  the 
cases  of  favorable  pressure  gradients  with  heated  walls. 
Then  the  velocity  ratio  in  the  outer  portion  of  the  boundaiy 
layer  reaches  a maximum  value  greater  than  1.0  before 
returning  to  its  final  value  of  1.0.  This  type  of  velocity 
overshoot  was  also  obtained  in  the  investigation  of  reference 
11  for  favorable  pressure  gradients  with  heated  walls  and  is 
to  be  distinguished  from  that  associated  with  the  nonunique 
(a2^0)  solutions  which  occur  only  for  adverse  pressure 
gradients.  When  the  wall  is  heated  in  a favorable-pressure- 
gradient  flow,  the  density  within  certain  layers  of  the 
boundaiy  layer  is  lowered  so  that,  in  spite  of  the  viscous 
retardation,  the  flow  is  accelerated  more  than  the  external 
flow  by'  the  external  pressure  forces.  Thus,  a velocity  greater 
than  the  external  velocity  may  be  obtained. 

This  phenomenon  can  be  established  by  examination  of 
equation  (34)  and  the  corresponding  asymptotic  expression 
for  the  enthalpy  function  (appendix  B): 

S=oc3(t,— k)~1  exp  ^ 2^  J (36) 

For  favorable  pressure  gradients,  qc2—0,  as  previously  men- 
tioned. Then,  the  <*3  term  in  equation  (34)  is  dominant  for 
large  ?/.  Thus,  (/'• — 1)  and  <*3  are  of  the  same  sign.  Hence, 
for  any  case  of  a heated  wall  (a3  positive,  eq.  (36))  with 
favorable  pressure  gradient  the  velocity  ratio  must  final] 3r 
approach  1.0  from  above.  This  is  in  contrast  to  the  results 
of  reference  16  where  “critical”  values  of  Sw  greater  than 
zero  were  said  to  be  required  to  produce  overshoot.  The 
latter  results  are  possibly  due  to  the  inability  to  detect  small 
overshoot  using  an  analog  computer. 

Stagnation-temperature  profiles. — Figure  3 shows  that,  for 
Pr—  1,  the  stagnation  temperature  varies  mono  ton  ically 
across  the  boundary  layer  from  the  wall  value  to  the  free- 
stream  value.  For  favorable  pressure  gradients  with  a cold 
wall,  there  is  small  variation  with  0 of  this  distribution.  The 
variation  becomes  more  pronounced  with  an  increase  in  wall 
temperature. 

Boundary-layer  thickness. — The  velocity  profiles  (fig.  2) 
indicate  that  the  boundary  layer  thickens  as  the  wall  shear 
stress  diminishes.  Also,  for  a given  value  of  the  pressure- 
gradient  parameter  0,  the  boundary  layer,  when  considered 
in  terms  of  jj,  thickens  as  the  wall  temperature  is  lowered. 
However,  in  the  physical  plane  (in  terms  of  y)  because  of  the 
relation  between  y and  rj  (eq.  (35)),  the  trend  is  just  the 
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0 12  3 4 5 6 

1 


(a)  S„=  — 1.0.  (b)  S*=  — 0.8. 

(c)  S„=— 0.4.  (d)  S„=0  (Hartree,  ref.  7). 

(e)  S„=1.0. 

Figure  2. — Velocity  profiles  as  functions  of  similarity  variable  ij.  (Asterisk  denotes  lower-branch  solutions.) 
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-1.0 


(a)  Sw=- 1.0.  (b)  Sw=- 0.8. 

(c)  Sw—  —0.4.  (cl)  Sw=  1.0. 

Figure  3. — Enthalpy  function  profiles.  (Asterisk  denotes  lower-branch  solutions.) 


opposite.  This  emphasizes  the  necessity  for  careful  con- 
sideration of  the  relation  between  the  transformed  quantities 
and  their  physical  counterparts. 

The  thermal  boundary  layer  also  thickens  as  separation  is 
approached.  The  relative  thicknesses  of  the  dynamic  and 
thermal  boundary  layers  may  be  conveniently  observed 
from  a plot  of  S against  /'  (fig.  4).  Then  if  a fixed  fraction  of 
Sw,  say  0.99,  is  chosen  to  define  the  thermal-layer  thickness 
and  if  the  same  value  of  velocity  ratio  is  taken  to  define  the 
dynamic  layer,  it  can  be  seen  that,  regardless  of  wall  tempera- 
ture, the  thermal  layer  is  thicker  than  the  dynamic  layer  for 
favorable  gradients  a ad  thinner  for  adverse  gradients. 

ForPr<T  the  relative  magnitude  of  the  dynamic  thickness 
to  the  thermal  thickness  will  be  decreased,  since  the  Prandtl 
number  represents  the  ratio  of  viscous  to  thermal  effects  in 
the  fluid. 

INTEGRAL  THICKNESSES 

The  boundary-layer  integral  thicknesses  in  the  trans- 
formed plane  are  defined  by  the  following  relations : 
Displacement  thickness: 

(l-/'+S)rfr,=Jol  [1~/y)]  di  (37) 

485875 — 57 -60 


&7r  r 

xY 


m -p  1 UeA. 


*0 


Momentum  thickness : 


i n -«*-r  tw  # <3s> 


2 v0 

Thermal  thickness : 


(39> 


Convection  thickness : 


E 

X 


^m+1Ug_j-sriv=_s." 


(40) 


The  numerical  values  of  these  thickness  parameters  for  the 
solutions  presented  are  given  in  table  II.  The  transformed 
displacement  thickness  is  negative  for  cases  of  favorable  pres- 
sure gradient  with  very  low  wall  temperature.  This  occurs 
because  the  surface  cooling  produces  an  increase  in  density 
near  the  wall  so  that  there  is  more  mass  flow  per  unit  flow 
area  within  the  boundary  layer  than  in  the  external  flow. 

8* 

The  form  factor  7?^=^  is  also  listed  in  table  II. 

VtT 


928 


REPORT  1293 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Figure  4. — Enthalpy  function  representation  in  velocity  plane.  (Asterisk  denotes  lower-branch  solutions.) 


SHEAR  AND  SKIN  FRICTION 


The  shear  distribution  in  the  boundary  layer  is  presented 
in  figure  5,  where/"  is  plotted  as  a function  of  rj.  The  shear 
function  /"  is  related  to  the  shear  stress  r through  the 
expression 


'-<•! HW£),',V2rlS0'"  (41) 


For  |3>0  the  maximum  shear  is  at  the  wall,  whereas  for  /3<0 
the  point  of  maximum  shear  moves  increasingly  outward  as 
the  pressure  gradient  becomes  more  adverse. 

The  quantity  that  is  of  primary  interest  in  boundary-layer 
calculations  is  the  shear  stress  at  the  wall  tw,  which  can  be 
made  dimensionless  through  the  definition  of  a local  skin- 
friction  coefficient.  The  resulting  relation  is 


<7/_iP»«ty“[2X(1+S“)]  V 2~  U, °X  (42a) 

which,  upon  the  introduction  of  a Reynolds  number  based  on 

u HP 

fluid  properties  evaluated  at  the  wall  temperature, 

V ID 

becomes 


Cf\iRew  /m+1  d In  X 

2 2 d\nx 


(42b) 


The  importance  of  evaluating  fluid  properties  at  the  wall 
temperature  can  be  seen  from  the  fact  that  the  right  member 
of  equation  (42b)  is  constant  for  the  case  of  the  flat  plate. 
If  the  skin-friction  coefficient  and  the  Reynolds  number 
were  to  be  based  on  local  free-stream  fluid  properties,  rather 


than  on  wall  values,  a factor  of 


V 


Ml*  U 


Me 


would  appear  in  the 


right  member  of  equation  (42b).  The  range  of  this  factor, 
when  evaluated  using  Sutherland's  viscosity  law,  is  from 

/t  \ 1/4  ft  \-i/4 

a l°w  temperature  level  to  at  high  tempera- 

ture levels. 

The  quantity  jC  is  presented  as  a function  of  and  Sw  in 
figure  6.  It  can  be  seen  that  heating  the  surface  increases 
the  sensitivity  of  the  wall  shear  to  pressure  gradient,  while 
cooling  the  wall  has  the  opposite  effect.  A suggested 
physical  interpretation  for  this  trend  is  related  to  the  effect 
of  wall  temperature  on  the  mean  density  of  the  fluid  within 
the  boundary  layer.  For  the  heated  wall,  the  boundary- 
layer  density  is  less  than  that  for  the  cooled  wall,  rendering 


Shear  function,  / " Shear  function,  f 


SOLUTIONS  FOR  COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER,  HEAT  TRANSFER  AND  PRESSURE  GRADIENT 


929 


(a)  5.= -1.0.  (b)  <$„=  — O.S. 

(c)  >S„=  —0.4.  (d)  »S„=0. 

(e)  <S'„=1.0. 

Figure  5. — Shear-function  profiles.  (Asterisk  denotes  lower-branch  solutions.) 


930 


REPORT  1293 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


Pressure- grodient  parameter,  0 
(b)  Adverse-pressure-gradient  region. 
Figure  6. — Effect  of  pressure  gradient  on  wall  shear. 


the  heated  boundary  layer  more  susceptible  to  free-stream 
acceleration  forces  than  the  cooled  boundary  layer.  Figure 
6 shows  further  that  a linear  extension  of  the  slope  of  the 
curve  against  0 from  0=0  to  large  positive  0 would 
grossly  overemphasize  the  effects  of  favorable  pressure 
gradient;  while  the  same  linear  extension  toward  negative  0 
would  underemphasize  the  effects  of  adverse  gradient. 

In  figure  6(b),  the  two  solutions  with  finite  displacement 


thickness  that  occur  for  adverse  pressure  gradients  for  a 
given  0 and  Sw  are  plotted.  It  is  seen  that  a double  solution 
is  indicated  for  even  the  insulated  surface  (Sw=0),  although 
Hartree  reported  only  one.  In  this  case  the  lower-branch 
solution  corresponds  to  negative  wall  shear  stress  (separated 
flow),  which  was  not  considered  in  reference  7.  For  heated 
walls  (*$«,>  0)  both  solutions  may  indicate  separated  flow 
for  0 near  / 3min)  while  for  cooled  walls  both  solutions  may  be 
unseparated  in  this  region.  The  physical  interpretation  of 
these  double  solutions  has  been  discussed  in  the  section 
Uniqueness. 

HEAT  TRANSFER 


The  variation  of  heat  transfer  across  the  boundary  layer 
is  plotted  in  figure  7 in  terms  of  the  derivative  of  the  enthalpy 
dS 

function  This  quantity  is  related  to  the  stagnation 

enthalpy  derivative  in  the  physical  plane  by  the  expression 


d fk*\  ( M + l Ue  \ pf 
*y  W \PoOo  \ 2 v0xr 


(43) 


These  curves  again  indicate  the  thickening  of  the  thermal 
layer  as  separation  is  approached.  Furthermore,  as  separa- 
tion is  neared,  the  zone  adjacent  to  the  surface  where  S'  is 
essentially  constant  spreads  rapidly.  This  is  a zone  where 
the  heat  transfer  is  primarily  by  conduction  because  of  the 
nearly  zero  velocities  in  the  neighborhood  of  the  surface. 

The  values  of  S'  at  the  surface  ($»)  are  shown  plotted  as  a 
function  of  pressure-gradient  parameter  0 in  figure  8 for 
constant  wall  temperatures.  Two  facts  are  noteworthy: 
(1)  In  the  region  of  favorable  pressure  gradient,  S„  is  nearly 
constant;  (2)  the  heat  transfer  varies  sharply  near  separation. 
From  these  facts  the  additional  conclusion  may  be  drawn 
that,  if  a linear  extension  of  these  curves  is  made  with  the 
slope  at  0=0,  the  result  will  seriously  overemphasize  the 
effects  of  a favorable  pressure  gradient  or  heat  transfer  and 
underestimate  the  effects  for  adverse  pressure  gradients. 
A similar  influence  of  pressure  gradient  on  skin  friction  has 
already  been  noted.  A comparison  of  figures  6 and  8 indi- 
cates that  the  effect  of  pressure  gradient  on  heat  transfer  is 
smaller  than  the  corresponding  effect  upon  wall  shear. 

As  with  the  skin  friction,  it  is  convenient  to  define  a dimen- 
sionless number  from  which  the  heat  transfer  may  be 
determined.  The  Nusselt  number  is 


( S'u\  /p—  lm+l  d In  X 
~ to  —tw  \ SWJ  A 6w\  2 d In  x 


(44) 


The  quantity  (—S'w/Sw)  is  plotted  in  figure  9 for  constant 
wall  temperatures  as  a function  of  the  pressure-gradient 
parameter  0.  The  Reynolds  number  Eew  is  again  defined  in 
terms  of  wall  properties. 

Reynolds  analogy. — From  expressions  (42b)  and  (44), 
a simple  modified  Reynolds  analog}7  parameter  is  evaluated 

by 

CfRew 2 fw 

\ sj 


stagnation  enthalpy  graaieni  qt  wan, 
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in  magnitude  of  S'w/Sw  compared  with  that-  of  fw.  The 
variation  of  CfRew/Nu  is  from  zero  to  7.4  for  a surface  of 
temperature  twice  the  free-stream  stagnation  value  and 
from  zero  to  2.8  for  a surface  held  at  a temperature  of  abso- 
lute zero,  as  shown  in  figure  10.  This  indicates  the  inade- 
quacy of  utilizing  the  flat-plate  value  of  2.0,  as  lias  often  been 
done  for  estimates  of  heat  transfer.  Figure  10  is  of  particu- 
lar use  in  evaluating  the  heat  transfer  for  a problem  when 
used  in  conjunction  with  simple  methods  for  determining 
Cf,  as  proposed,  for  example,  in  reference  17. 


Figure  10. — Variation  of  Reynolds  analogy  parameter  with  pressure 

gradient. 

SUMMARY  OF  RESULTS 

From  an  analysis  of  the  laminar  compressible  boundary 
layer  based  on  Stewart-son's  transformation  and  including 


effects  of  heat  transfer  and  pressure  gradient,  the  following 
results  were  ob tamed: 

1.  If  the  condition  of  similarity  is  required  and  the  Prandtl 
number  is  constant  but  different  from  1.0,  the  external  Mach 
number  must  be  either  zero,  constant,  or  very  large.  If  the 
Prandtl  number  is  taken  as  1.0,  the  Mach  number  may  be 
arbitrary.  The  free-stream  velocity  distributions  consistent 
with  the  similarity  concept  are  either  power-law  or  expo- 
nential distributions  in  the  transformed  coordinates.  Since 
the  exponential  distribution  appeal's  to  be  limited  to  favor- 
able gradients  and  in  this  range  the  problem  may  be  reduced 
to  a special  case  of  the  power-law  distribution,  the  calcula- 
tions have  been  based  on  the  latter  class. 

2.  For  flows  with  adverse  pressure  gradients,  two  classes  of 
solutions  were  obtained.  One  class  is  discarded  because  it 
yields  infinite  displacement  thickness.  The  class  retained 
consists  of  two  solutions  with  finite  displacement  thickness 
for  each  adverse  pressure  gradient. 

3.  For  heated  surfaces  with  favorable  pressure  gradients,  a 
velocity  overshoot,  which  increases  with  increasingly  favorable 
gradient,  results  within  the  boundaiy  layer.  This  excess 
velocity  is  associated  with  the  acceleration  of  a layer  of  fluid 
in  the  outer  portion  of  the  boundary  layer,  with  density  less 
than  the  external  density.  Since  this  layer  is  subject  to  the 
external  pressure  field  and  is  restrained  only  slightly  by  the 
viscous  forces  acting  on  it,  it  is  accelerated  more  than  the 
external  flow. 

4.  For  a Prandtl  number  of  1.0,  when  the  thicknesses  of 
the  dynamic  and  thermal  boundaiy  layers  are  defined  by  a 
fixed  fraction  (say  0.99)  of  the  velocity  ratio  and  stagnation- 
temperature-difference  ratio,  the  thermal  boundary  layer  is 
thicker  than  the  d3rnamic  layer  for  favorable  pressure  gra- 
dients and  thinner  for  adverse  gradients. 

5.  The  boundary-lay er  displacement  thickness  is  negative 
for  cases  of  favorable  pressure  gradient  with  very  low  wall 
temperature.  This  occurs  because  the  surface  cooling  pro- 
duces an  increase  in  density  near  the  wall  so  that  there  is 
more  mass  flow  per  unit  flow  area  within  the  boundaiy  lavei 
than  in  the  external  flow. 

6.  The  variation  of  a Reynolds  analog}7  parameter  is  from 
zero  to  7.4  for  a surface  of  temperature  twice  the  free-stream 
stagnation  value  and  from  zero  to  2.8  for  a surface  held  at  a 
temperature  of  absolute  zero,  with  the  value  2.0  for  the  flat 
plate. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  October  15,  1954 
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APPENDIX  A 


SYMBOLS 


sonic  velocity 
arbitrary  constants 

2 r 

local  skin-friction  coefficient,  Cf= — V 

specific  heat  at  constant  pressure 
boundary-layer  convection  thickness 
boundary -layer  thermal  thickness 
function  related  to  stream  function  by/= 

d,  I m + l 

Y^2v,UeX 

asymptotic  function,  g=fl 
boundary -layer  form  factor, 

V 

enthalpy 

thermal  conductivity 
Sutherland's  constant 

XL 

local  external  Mach  number,  Me=— 

ae 

exponent  from  Ue  = CXm 


transformed  normal  coordinate, 


Nusselt  number,  Nu~ 


V>yj 

to  t y 

PCp 


Prandtl  number,  Pr=-^ 
static  pressure 

Reynolds  number,  Rew—PwUeX 

Pw 

enthalpy  function,  S=j^~  1 
h o 

static  temperature 

transformed  longitudinal  velocity  compo- 

, TJ  UOo  , 
nent,  U= — =\pY 

longitudinal  velocity  component 
transformed  normal  velocity  component, 
V=  —\l/x 

normal  velocity  component 
transformed  longitudinal  coordinate,  X— 

rxfi&A 

Jo  PotLo 

longitudinal  coordinate 


V 

ai,a2,  etc. 


Subscripts: 


rjle  r . 

do  Jo  , 


normal  coordinate 

integration  constants  in  asymptotic  solution 

pressure-gradient  parameter,  pj 

minimum  value  of  /3  corresponding  to  a 
viscid  solution  for  a given  wall  tempera- 
ture 

ratio  of  specific  heats 

boundary -layer  displacement  thickness 

arbitrary  small  quantity  ~ 

similarity  variable, 

A \ 2 vq 

boundary -layer  momentum  thickness 
integration  constant  i nfi  = rj—K 

\ (m/m q) / to+ksu\  itw 

(t/to)  \tw+ksJ\  to 

dynamic  viscosity 
kinematic  viscosity,  v=plp 
mass  density 

shear  stress,  T=p 

stream  function:  xJ/y—U,  \ px=  — V 
oscillation  coefficient,  eq.  (C2) 
damping  coefficient,  eq.  (C3) 


e local  flow  outside  boundary  layer  (external) 

j result  of  jth  iteration 

s stagnation  value 

tr  transformed  quantity 

w wall  or  surface  value 

0 free-stream  stagnation  value 

Other  notations: 

asymptotic  quantity 

Primes  denote  differentiation  with  respect  to  7/. 

A coordinate  used  as  subscript  represents  partial  differen- 
tiation with  respect  to  the  coordinate. 
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APPENDIX  B 


ASYMPTOTIC  SOLUTION 


To  evaluate  the  integrals  in  equations  (24)  and  (27), 
it  is  necessary  to  have  closed-form  expressions  for  the 
integrands  concerned,  in  the  range  of  large  ??.  This  requires 
a solution  of  the  system 

/'''+//''  = 0(/'2-l-S)  (18a) 

S"+fS'= 0 (18b) 

for  large  rj,  which  is  the  asymptotic  solution. 

The  asymptotic  solution  for / (designated/)  is  assumed  to 
consist  of  a sum  of  terms,  each  smaller  than  the  preceding. 
Only  the  first  two  terms  will  be  discussed  herein.  The 

corresponding  solution  for  the  enthalpy  term  S is  also 
obtained. 

Let 

/V1+/2  (Bl) 

where 

3^3 1 
/!«/; 


If  equation  (B4)  is  now  substituted  into  the  momentum 
equation  of  equations  (B3)  with  the  notation 

there  results 

g" +(y—>0  g'—2&g=—a: (Bo) 
A particular  integral  to  equation  (B5)  is 

(B6> 

The  complementary  function  can  be  found  by  noting  that 
the  homogeneous  part  of  equation  (B5)  is  Weber’s  equation. 
Hartree  (ref.  7)  gives  the  general  solution  for  large  values  of 
the  argument  (77— k)  which  can  be  written 

0=«,(n-«)-w+,)  exp  (B7) 


Now,  since  = 1,  let 

y 1 = >7 — k (B2) 

where  k is  an  undetermined  constant.  If/i  is  inserted  into 
equation  (18),  the  corresponding  enthalpy  term  Si  must  be 
identically  zero.  Inserting  equations  (Bl)  and  (B2)  into 
equations  (18)  and  dropping  higher-order  terms  result  in 


S2+(y— k)§2=0 


(B3) 


The  energy  equation  can  be  integrated  directly  to  give 


_ (t?-*)  8 

S'2=Ce~  2 


which  integrates  once  again  to  the  complementary  error 
function  (denoted  cerf) 


or 


where  «i  and  a2  are  undetermined  constants. 

For  /3  >0  it  is  clearly  necessary  to  take  a2=0  if  the  boundary 
condition'  lira  g— 0 is  to  be  applied.  For  /3<0  the  boundary 

17— »00 

condition  does  not  require  a2  = 0;  this  introduces  a lack  of 
uniqueness  in  this  range.  The  significance  of  a2=0  was  more 
fully  discussed  in  the  section  Uniqueness. 

Using  the  first  term  of  the  expansion  for  the  complementary 
error  function 

{[i-(^?+ • ■ •]  (B8> 

and  combining  the  preceding  equations  result  in  the  follow- 
ing expressions: 

f'=  l+[«i(i»-K)-<v+B+f(ij-*)-,]exp[J-^^(,-K)^ 

(34) 

and 

S=«z(v-k)-'  [exp  (36) 
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APPENDIX  C 


CONVERGENCE  AND  EXTRAPOLATION 


The  method  of  successive  approximations  used  in  solving 
equations  (24)  and  (28)  is  as  follows:  Two  functions /"(/') 
ind  Sj(J ')  are  assumed  and  inserted  into  the  right  sides  of 
equations  (24)  and  (28).  This  produces  two  new  functions, 
^j+i(Jf)  and  Sj+i(J '),  on  the  left.  The  question  of  conver- 
gence is  the  first  to  consider.  In  reference  2,  Crocco  treated 
a,  momentum  equation  which  was  essentially  equation  (24) 
with  0=0.  There  it  was  shown  tliat  the  result  might  con- 
verge to  a pair  of  functions  between  which  it  would  oscillate 
ind  of  which  the  geometric  mean  was  the  proper  solution, 
[n  practice,  the  use  of  the  arithmetic  mean  was  demon- 
trated  to  be  adequate.  In  the  same  way  in  the  present 
case,  the  property  of  oscillation  cannot  be  developed  ana- 
lytically; however,  it  has  been  found  by  trial  that,  if 

t'lL+y  is  use(j  in  place  to  obtain  f"j+2,  the  oscillation 

& 

is  reduced  and  a convergence  takes  place.  A typical  result 
is  shown  in  sketch  (b). 


When  the  value  for  0 for  which  a solution  was  sought  was 
sufficiently  positive,  the  enthalpy  function  S also  showed  a 
tendency  to  oscillate.  In  these  cases,  applying  the  same 
averaging  procedure  to  S again  improved  the  convergence. 
It  was  also  found  that  convergence  was  improved  if,  in  the 

initial  assumed  function  for /"(/'),  the  slope  was 

taken  so  that  it  satisfied  equation  (18a);  that  is, 

(df”\  _-p(l+S„) 

\dff ) to  /; 

. When  an  iterative  method  is  used  to  determine  a function, 
it  is  alwa}7s  desirable  to  develop  a method  of  extrapolating 


the  result  to  correspond  to  a larger  number  of  iterations 
than  have  actually  been  carried  out.  This  cannot  be  done 
in  an  exact  fashion  unless  a definite  law  of  convergence  is 
established.  Kecentlj7,  an  extrapolation  method  was  devised 
(ref.  26)  that  required  four  successive  iterants  for  an  arbi- 
trary iterative  computing  scheme.  The  development 
assumed  that  the  remaining  error  after  any  iteration  con- 
sisted essentially  of  two  terms,  both  of  which  damped  by  a 
factor  co  with  each  iteration.  The  sign  of  one  of  these  terms 
was  assumed  to  change  with  each  iteration.  This  method 
extrapolated  a function  by  breaking  it  into  n-1  parts  and 
treating  it  somewhat  like  an  n-dimensional  vector.  The 
method  has  been  demonstrated  for  Laplace’s  equation  for 
which  it  was  quite  adequate.  For  nonlinear  equations, 
however,  the  method  is  not  as  suitable. 

In  reference  1,  a method  requiring  five  successive  iterants 
was  developed  which  combined  the  method  of  reference  26 
and  the  geometric  mean  rule.  The  function  to  be  extra- 
polated is  considered  to  be  made  up  of  a set  of  numbers  Fi} 
where  the  subscript  i identifies  the  particular  component  of 
the  set.  Then,  the  resulting  relations  for  the  ith  component 
of  the  extrapolated  function  F in  terms  of  the  preceding  five 
iterants,  (Fi)j  . . . (F*)/+4,  where  j is  the  iteration  number, 
are: 


bi  ibL  i -*2  J 

where  the  oscillation  coefficient  SL  is  given  by 
o = / ^ 2 

4 V(^+r^+i 

and  the  damping  coefficient  co  is 

j S[(  i)j+4  (^)j+2]Li(fi)J+3-(fi)J 

i=i 

•Application  of  this  system  Avas  extremely  effective.  It 
generally  reduced  the  oscillation  remaining  after  five  itera- 
tions by  a factor  of  10.  A typical  plot  of  the  oscillation  of 
is  indicated  in  figure  11. 
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APPENDIX  D 

CALCULATION  PROCEDURE 


The  successive  approximation  calculations  were  carried 
out  by  means  of  IBM  Type  604  Calculating  Punch  machines. 
The  program  was  coded  for  fixed-point  calculation,  with  the 
standard  Function-Generating  control  panel  used,  plus  a 
control  panel  especially  wired  for  rapid  integration  of  quo- 
tients by  a trapezoidal  rule.  The  step  size  (in  /')  varied 
from  a maximum  value  of  0.050  or  0.025  at/'~0  to  0.00001 
at-/' = 0.9999,  the  total  number  of  intervals  being  122  in  the 
former  case  and  236  in  the  latter.  By  doubling  and  halving 
the  step  size  for  a critical  case,  the  results  are  judged  to  con- 
tain a maximum  error  of  0.0002.  Comparison  with  solutions 
obtained  by  forward  integration,  for  the  same  case,  confirms 
this  accuracy.  A given  iteration  (utilizing  the  0.050  step 
size)  could  be  carried  out  in  approximately  1 ){  hours  by  an 
experienced  machine  operator.  If  the  averaging  and  extra- 
polation techniques  described  in  appendix  C are  used,  ten 
iterations  generally  would  suffice  for  the  accuracy  desired. 
In  contrast  with  forward  integration,  this  number  of  itera- 
tions is  not  a function  of  the  experience  of  the  person  carrying 
out  the  calculations. 

In  the  derivation  of  the  integral  relations  (eqs.  (24)  and 
(27)),  it  was  assumed  that  the  velocity  ratio  varied  smoothly 
and  monotonically  from  zero  at  the  wall  to  1.0  at  infinity. 
However,  in  the  range  0>O  and  Sw^> 0 (favorable  pressure 
gradient  and  hot  wall),  the  solution  involves  an  increasing 
velocity  ratio  to  a value  greater  than  1.0,  followed  by  a 
smooth  decrease  to  1.0.  Under  these  unusual  circumstances, 
the  method  of  successive  approximation  derived  herein 


must  be  considerabh1 2 3 4 5 6 7 8 9  modified  if  it  is  to  be  used  at  all. 

Equations  (18),  together  with  the  boundaiy  conditions 
(17),  constitute  a nonlinear  two-point  boundary -value 
problem.  Cases  of  this  boundary-value  problem  were  solved 
by  forward  integration,  with  the  IBM  Card-Programmed 
Electronic  Calculator  (CPC)  used  to  integrate  with  five- 
point  integration  formulas. 

For  the  cases  where  the  solutions  are  not  unique  (0<O), 
the  solutions  were  obtained  in  two  patterns:  In  one  pattern, 
P and  Sw  were  fixed  and,  for  a set  of  values  of/ the  quantity 
S'w  was  altered  until  boundary  conditions  at  infinity  were 
apparently  satisfied.  In  the  other  pattern, /£  and  Sw  were 
fixed  and,  for  a set  of  values  of  negative  p,  the  quantity 
S'w  was  altered  until  boundary  conditions  at  infinity  were 
apparently  satisfied.  An  attempt  was  made  with  both 
patterns  to  include  the  solution  with  the  minimum  value 
of  the  maximum  velocity  ratio  fmax  within  the  boundary 
layer.  Except  for  those  cases  where  no  solution  existed 
without  velocity  overshoot,  this  minimum  value  was  1.0. 

The  details  of  the  integration  method  used  are  described 
completely  by  Lynn  U.  Albers  in  an  appendix  to  reference 
27.  The  possible  error  contained  in  the  results  is  indicated 
in  the  footnote  to  table  1.  Each  trial  run  of  a case  required 
approximately  30  minutes.  A person  considerably  exper- 
ienced with  the  method  of  obtaining  solutions  by  forward 
integration  generally  achieved  convergence  within  12  trials; 
however,  this  number  is  perhaps  insufficient  by  a factor  of 
the  order  of  2 if  the  person  lacks  experience. 
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TABLE  1.— SIMILAR  SOLUTIONS  OF  LAMINAR  COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS.1 


0=  — 0.326,  Sw=  — 1.0 
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t The  accuracy  of  solutions  obtained  by  the  method  of  successive  approximations  is  believed  to  be  ±G.0002.  Solutions  by  forward  integration  were  obtained  in  two  patterns  (appendix  D). 
Where  0 and  <S*  were  initially  fixed,  the  eigenvalues  are  believed  to  be  correct  to  ±0.0002.  Where /i  and  S*  were  Initially  fixed,  0 and  S'*  are  believed  to  be  correct  to  ±0.0002  (except  in  the 
case  of  0=0.2460,  S*=  -0.4,  where  0 and  S*  are  believed  to  be  correct  to  ±0.002).  The  values  in  the  tables  are  of  comparable  accuracy  except  at  large  v.  where  the  entries  may  contain  errors 
as  large  as  twice  the  above  amounts. 


938 


REPORT  1293 — NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


TABLE  1.— Continued.  SIMILAR  SOLUTIONS  OF  LAMINAR  COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS. 
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0007 

. 0024 

5.  1186 

3.  0443 

. 998 

. 0063 

0005 

. 0016 

5.  3319 

3.  2573 

. 999 

. 0033 

-.  0002 

. 0008 

6.  4255 

4.  3506 

1.  000 

. 0000 

! 

0000 

. 0000 

0=  —0.3, 

00 

© 

1 

II 

s 

Co 

V 

f 

/' 

r 

S 

S' 

0 

0 

0 

0.  2086 

-0.  8000 

0.  3154 

. 2310 

. 0056 

. 050 

. 2248 

-.  7271 

. 3154 

. 4447 

. 0215 

. 100 

. 2435 

6597 

. 3146 

. 6423 

. 0461 

. 150 

. 2629 

-.  5978 

. 3126 

. 8259 

. 0782 

. 200 

. 2819 

-.  5407 

. 3091 

. 9979 

. 1168 

. 250 

. 2995 

4879 

. 3040 

1.  1605 

. 1615 

. 300 

. 3151 

4390 

. 2973 

3.3159 

. 2120 

. 350 

. 3280 

-.  3934 

. 2888 

1.  4660 

. 2682 

. 400 

. 3380 

-.  3507 

. 2786 

1.  6124 

. 3304 

. 450 

. 3445 

-. 3108 

. 2667 

1.  756S 

. 3990 

. 500 

. 3472 

-. 2732 

. 2530 

1.  9010 

. 4747 

. 550 

. 3457 

2378 

. 2376 

2.  0468 

. 5586 

. 600 

. 3395 

2044 

. 2204 

2.  1964 

. 6521 

. 650 

. 3282 

-.  1729 

. 2013 

2.  3526 

. 7576 

. 700 

. 3111 

-.  1431 

. 1804 

2.  5194 

. S786 

. 750 

. 2875 

1149 

. 1574 

2.  7030 

1.  0210 

. 800 

. 2565 

-.  0883 

. 1322 

2.  9142 

1.  1954 

. 850 

. 2166 

0633 

. 1046 

3.  2759 

1.  4246 

. 900 

. 1657 

0400 

. 0743 

3.  2385  j 

1.  4813 

. 910 

. 1538 

0356 

. 0678 

3.  3063 

1.  5433 

. 920 

. 1413 

0312 

. 0612 

3.  3806 

1.  6120 

. 930 

. 1281 

-.  0269 

. 0545 

3.  4631 

1.  6892  | 

. 940 

. 1141 

-.  0227 

. 0475 

3.  5569 

1.  7779 

. 950 

. 0992 

-.  0186 

. 0404 

3.  6094 

1.  8279 

. 955  i 

. 0914 

-.  0166 

. 0367 

3.  6667 

1.  8827  i 

. 960 

. 0833 

-.  0146 

. 0330 

3.  7299 

1.  9436  ! 

. 965  1 

. 0749 

-.  0126 

. 0293 

3.  8010 

2.  0123  ! 

. 970 

. 0661 

0107 

. 0254 

3.  8823  i 

2.  0915 

. 975 

. 0569 

-.  0088 

. 0215 

3.  9784 

2.  1854 

. 980 

. 0473 

0069 

. 0175 

4.  0972  i 

1 

2.  3022 

. 985 

. 0371 

0051 

. 0134 

4.  2562  i 

2.  4592  1 

. 990 

. 0262 

-.  0033 

. 0092 

4.  2961 

2.  4986 

. 991 

. 0239 

-.  0029 

. 0083 

4.  3400 

2.  5422 

. 992 

. 0216 

-.  0026 

. 0074 

4.  3890 

2.  5908 

. 993 

. 0192 

0022 

. 0065 

4.  4446 

2.  6460 

. 994 

. 0167 

-.  0019 

. 0056 

4.  5090 

2.  7101 

. 995 

. 0142 

-.  0016 

. 0047 

4.  5860 

2.  7868 

. 996 

. 0117 

-.  0012 

. 0038 

4.  6827 

2.  8831 

. 997 

. 0090 

0009 

. 0029 

4.  S143 

3.  0144 

. 998 

. 0062 

-.  0006 

. 0020 

5.  0287 

3.  2285 

. 999 

. 0033 

-.  0003 

. 0010 

6.  1270 

4.  3265 

1.  000 

. 0000 

0000 

. 0000 
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TABLE  1.— Continued.  SIMILAR  SOLUTIONS  OF  LAMINAR  COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS. 


0=0.5,  S„=  —0.8 

V 

f 

* /' 

r 

S 

S' 

0 

0 

0 

0.  6546 

-0.  8000 

0.  403 

. 0768 

. 0019 

. 050 

. 6464 

-.  7690 

.403 

. 1547 

. 0077 

. 100 

. 6368 

— . 7375 

.403 

. 2339 

. 0177 

. 150 

. 6258 

-.  7056 

.403 

. 3147 

. 0318 

. 200 

. 6133 

6731 

. 402 

. 3971 

. 0504 

. 250 

. 5993 

-.  6400 

. 401- 

. 4817 

.0737 

. 300 

. 5835 

6063 

. 399 

. 5687 

. 1020 

. 350 

. 5659 

— . 5717 

. 396 

. 6586 

. 1357 

. 400 

. 5463 

5363 

. 391 

. 7520 

. 1755 

. 450 

. 5246 

5000 

. 386 

. 8496 

. 2219 

. 500 

. 5004 

4627 

. 379 

. 9524 

. 2759 

. 550 

. 4737 

-.  4243 

. 369 

1.  0614 

. 3387 

. 600 

. 4441 

-.  3848 

. 357 

1.  1784 

. 4119 

. 650 

. 4111 

-.  3439 

. 342 

I.  3058 

.4979 

. 700 

. 3743 

— . 3016 

. 323 

1.  4472 

. 6006 

. 750 

. 3333 

— . 2577 

. 298 

1.  6086 

. 7258 

. 800 

. 2870 

-.  2119 

. 268 

1.  8010 

. 8848 

. 850 

. 2345 

-.  1641 

. 230 

2.  0469 

1.  1003 

. 900 

. 1737 

— . 1137 

. 180 

2.  1069 

1.  1546 

. 910 

. 1603 

1032 

. 169 

2.  1723 

1.  2144 

. 920 

. 1463 

0926 

. 156 

2.  2444 

1.  2811 

. 930 

. 1318 

-.  0819 

. 143 

2.  3250 

1.  3565 

i 

. 940 

. 1166 

-.  0710 

. 128 

2.  4171 

! 1.  4436 

. 950 

. 1007 

-.  0599 

. 113 

2.  4690 

i 1.  4930 

. 955 

. 0925 

— . 0543 

. 104 

2.  5257 

1 1.  5473 

. 960 

. 0840 

-.  0486 

. 096 

2.  5887 

1.  6079 

. 965 

. 0752 

0429 

. 087 

2.  6596 

1.  6766 

. 970 

. 0662 

-.0371 

. 077 

2.  7410 

1.  7557 

. 975 

. 0568 

-.0312 

. 067 

2.  8375 

1.  8501 

. 980 

. 0470 

0252 

. 057 

2.  9573 

1.  9678 

.985 

. 0367 

-.  0192 

. 045 

3.  1 183 

2.  1268 

. 990 

. 0258 

-.0130 

. 032 

3.  1588 

2.  1669 

. 991 

. 0235 

-.0117 

. 030 

3.  2034 

2.  2111 

. 992 

. 0212 

— . 0105 

. 027 

3.  2532 

2.  2606 

. 993 

. 0189 

-.0092 

. 024 

3.  3098 

2.  3168  i 

. 994 

. 0165 

-.0079 

I 

. 021 

3.  3755 

2.  3821 

. 995 

. 0140 

-.  0066 

.018 

3.  4540 

2.  4603 

. 996 

.0115 

-.0053 

.015 

3.  5526 

2.  5586 

. 997 

.0088 

-.0040  ! 

.012 

3.  6869 

2.  6925 

. 998 

. 0061 

-.  0027  ! 

. 008 

3.  9056 

2.  9109 

. 999 

. 0032 

-.  0013 

.004 

5.  0257 

4.  0307 

1.  000 

. 0000 

.0000 

.000 

0=  —0.14,  SB=  —0.8 

V 

/ 

r 

> 

S 

S' 

0 

0 

0 

0.  3841 

-0.  8000 

0.  3590 

. 1294 

.0032 

.050 

. 3882 

— . 7535 

. 3590 

. 2575 

.0128 

. 100 

. 3926 

— . 7075  . 

. 3590 

. 3841 

. 0286 

. 150 

. 3970 

-.  6622 

. 3580 

. 5094 

. 0505 

. 200 

. 4009 

-.  6174 

. 3560 

. 6337 

. 0784 

. 250 

.4039 

-.  5734 

. 3530 

. 7572 

. 1124 

. 300 

. 405/ 

-.  5300 

. 3490 

. 8804 

. 1524 

. 350 

.4058 

-.  4873 

. 3440 

1.  0039 

. 1987 

. 400 

. 4039 

— . 4453 

. 3360 

1.  1283 

. 2516 

. 450 

. 3996 

-.  4040 

. 3270 

1.  2546 

. 3116 

. 500 

. 3925 

3634 

. 3160 

1.  3837 

. 3795 

. 550 

. 3822 

-.  3235 

. 3020 

1.  5170 

. 4562 

. 600 

. 3682 

-.  2843 

. 2860 

1.  6561 

. 5432 

. 650 

. 3500 

-.  2459 

. 2670 

1.  8038 

. 6429 

. 700 

. 3269 

-.  2081 

. 2440 

1.  9636 

. 7589 

. 750 

. 2984 

-. 1711 

. 2190 

2.  1417 

. 8971 

. 800 

. 2633 

-.  1349 

. 1890 

2.  3489 

1.  0682 

. 850 

. 2202 

-. 0995 

. 1540 

2.  6077 

1. 2950 

. 900 

. 1669 

-.  0650 

. 1140 

2.  6699 

I.  3513 

. 910 

. 1547 

0582 

. 1050 

2.  7375 

1.  4131 

. 920 

. 1419 

— . 0515 

. 0950 

2.  8116 

1.  4817 

. 930 

. 1285 

0448 

. 0860 

2.  8941 

1.  5588 

. 940 

.1143 

I -.0381 

. 0760 

2.  9879 

1.  6475 

. 950 

. 0992 

0316 

. 0650 

3.  0405 

1.  6976 

. 955 

. 0913 

0283 

. 0600 

3.  0979 

1.  7526 

. 960 

. 0831 

-.  0250 

. 0540 

3.  1614 

1.  8138 

. 965 

. 0747 

-.  0218 

. 0480 

3.  2328 

1.  8828 

. 970 

.0659 

0186 

.0420 

3.  3145 

1.  9623 

. 975 

. 0567 

-.  0154 

.0360 

3.  4110 

2.  0566 

. 980 

. 0471 

-.  0122 

.0300 

3.  5305 

2.  1741 

. 985 

. 0369 

0091 

. 0230 

3.  6905 

2.  3320 

. 990 

. 0260 

-.  0060 

. 0160 

3.  7306 

2.3718 

. 991 

. 0237 

-.  0054 

. 0150 

3.  7749 

2.  4158 

. 992 

. 0214 

0047 

. 0130 

3.  8243 

2.  4647 

. 993 

. 0191 

-.  0041 

. 0120 

3.  8803 

2.  5204 

. 994 

. 0166 

-.0035 

. 0100 

3.  9452 

2.  5849 

.995 

. 0142 

-.0029 

. 0090 

4.  0228 

2.  6622 

. 996 

. 0116 

-. 0023 

. 0070 

4.  1201 

2.  7591 

. 997 

. 0090 

-.0017 

. 0050 

4.  2524 

2.  8912 

. 998 

. 0062 

-. 0011 

. 0040 

4.  4678 

3.  1062 

. 999 

. 0033 

-.0005 

.0020 

5.  5574 

4.  1955 

1.  000 

. 0000 

. 0000 

. 0000 
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TABLE  1.— Continued.  SIMILAR  SOLUTIONS  OF  LAMINAR  COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS. 


(3=2.0,  S„=— 0.8 

V 

/ 

r 

r 

S 

S' 

0 

0 

* 0 

0.  9480 

-0.8000 

0.  4331 

. 0533 

. 0013 

. 050 

. 9255 

-.  7768 

. 4331 

. 1081 

. 0054 

. 100 

. 9003 

-.  7531 

.4330 

. 1645 

. 0125 

. 150 

. 8724 

-. 7287 

. 4329 

. 2229 

. 0227 

. 200 

. 8421 

— . 7035 

. 4324 

. 2834 

. 0364 

. 250 

. 8094 

6773 

. 4317 

. 3466 

. 0538 

. 300 

. 7743 

6501 

. 4305 

.4128 

. 0754 

. 350 

. 7370 

6216 

.4287 

.4826 

. 1016 

. 400 

. 6975 

-.  5918 

. 4261 

. 5565 

. 1331 

. 450 

. 6558 

— . 5604 

. 4225 

. 6355 

. 1706 

. 500 

. 6121 

-.  5273 

. 4175 

. 7205 

. 2153 

. 550 

. 5662 

4921 

. 4108 

. 8129 

. 2686 

. 600 

. 5181 

-. 4546 

. 4019 

. 9144 

. 3321 

. 650 

.4678 

-.4144 

. 3898 

1.  0278 

. 4087 

. 700 

. 4152 

-.  3711 

. 3738 

1.  1570 

. 5025 

. 750 

. 3600 

-.  3242 

. 3525 

1.  3086 

. 6202 

. 800 

. 3019 

-.  2729 

. 3239 

1.  4941 

. 7735 

. 850 

. 2401 

-.  2166 

. 2848 

1.  7377 

. 9870 

. 900 

. 1732 

-. 1539 

. 2299 

1.  7980 

1.  0415 

. 910 

. 1590 

-.  1405 

. 2163 

1.  8640 

1.  1020 

. 920 

. 1445 

-.  1267 

. 2016 

1.  9372 

1.  1697 

. 930 

. 1296 

-.  1125 

. 1856 

2.  0193 

1.  2465 

. 940 

. 1142 

0980  ; 

. 1680 

2.  1137 

1.  3357 

. 950 

. 0982 

-.0831 

. 1488 

2.  1670 

1.  3864 

. 955 

.0900 

-.0754 

. 1384 

2.  2254 

1.  4424 

. 960 

. 0815 

-.  0677 

. 1274 

2.  2903 

1.  5048 

. 965 

. 0729 

-.0598  | 

. 1158 

2.  3636 

1.  5758 

. 970 

. 0640 

-.  0518 

. 1035 

2.  4477 

1.  6576 

. 975 

. 0549 

-.  0437 

. 0904 

2.  5476  ! 

1.  7553 

. 980 

. 0454 

-.  0353 

. 0762 

2.  6718  i 

1.  8773 

. 985 

. 0354 

-.  0269 

. 0608 

2.  8387 

2.  0421 

. 990 

. 0249 

-.  0182 

. 0438 

2.  8806 

2.  0837 

. 991  I 

. 0227 

-.  0164 

. 0402 

2.  9269 

2.  1295 

. 992 

. 0205 

-.  0146 

. 0365 

2.  9785 

2.  1808 

. 993 

. 0182 

-.  0129 

. 0326 

3.  0371 

2.  2390 

. 994 

. 0159 

-.  0111 

.0288 

3.  1051 

2.  3066 

. 995 

. 0135 

-.  0093 

. 0246 

3.  1864 

2.  3875 

. 996 

.0111 

1 -.  0074 

. 0203 

3.  2883 

2.  4891 

' . 997 

. 0086 

-.  0056 

. 0158 

3.  4270 

2.  6274 

. 998 

. 0059 

-.  0037 

. 0111 

3.  6526 

2.  8527 

. 999 

. 0031 

-.  0019 

. 0060 

4.  7958 

3.  9956 

1.  000 

. 0000 

. 0000 

. 0000 

0=1.5, 

Sw—  — 0.8 

V 

/ 

r 

r 

S 

S' 

’ 0 

0 

0 

0.  8689 

-0.8000 

0.  4261 

. 0581 

. 0014 

. 050 

. 8504 

— . 7752 

. 4261 

. 1176 

. 0059 

. 100 

.8296 

-.  7498 

. 4260 

. 1788 

. 0136 

. 150 

. 8065 

-. 7238 

.4258 

. 2418 

. 0246 

. 200 

. 7812 

-.  6970 

. 4253 

. 3069 

. 0393 

. 250 

. 7537 

-.  6693 

. 4245 

. 3746 

. 0580 

. 300 

. 7240 

-.  6406 

. 4231 

. 4453 

. 0810 

. 350 

. 6922 

-.  6108 

. 4211 

. 5194 

. 1088 

. 400 

. 6582 

-.  5797 

. 4182 

. 5975 

. 1421 

. 450 

. 6221 

-. 5471 

. 4142 

. 6805 

. 1815 

. 500 

. 5838 

-.  5130 

.4088 

. 7694 

. 2283 

. 550 

. 5432 

— . 4770 

. 4015 

. 8653 

. 2836 

. 600 

. 5003 

-.  4389 

. 3919 

. 9701 

. 3491 

. 650 

. 4547 

-.  3985 

. 3792 

1.  0864 

. 4277 

. 700 

. 4064 

-.  3554 

. 3625 

1.  2179 

. 5232 

. 750 

. . 3549 

-.  3092 

. 3406 

1.  3711 

. 6420 

. 800 

. 2998 

-.  2592 

. 3117 

1.  5572 

. 7958 

. 850 

. 2402 

-.  2049 

. 2729 

1.  7999 

1.0085 

. 900 

. 1744 

-.  1452 

. 2195 

1.  8597 

1.  0627  : 

. 910  ; 

. 1603 

-.  1324 

. 2063 

1.  9252 

1.  1226  s 

. 920 

. 1458 

-.  1194 

. 1921 

1.  9977 

1.  1897  i 

. 930  i 

. 1308 

-.  1061 

. 1767 

2.  0790 

1.  2657 

. 940  ! 

. 1154 

-.  0924 

. 1599 

2.  1724 

1.  3540 

. 950  | 

. 0993 

-.  0784 

. 1416 

2.  2250 

1.  4041 

. 955 

.0910 

-.  0712 

. 1317 

2.  2827 

1.  4594 

. 960 

.0825 

0639 

. 1213 

2.  3469 

1.  5212 

. 965 

. 0738 

-.  0565 

. 1103 

2.  4193 

1.  5912 

. 970 

. 0648 

-.  0489 

. 0986 

2.  5025 

1.  6721 

. 975 

. 0555 

0413 

. 0861 

2.  6013 

1.  7687 

. 980 

. 0459 

-.  0335 

. 0726 

2.  7240 

1.  8893 

. 985 

. 0358 

-.  0255  : 

. 0580 

2.  8891 

2.  0524 

. 990 

. 0252 

-.  0173 

. 0419 

2.  9307 

2.  0935 

. 991 

. 0229 

-.  0156 

. 0385 

2.  9764 

2.  1389 

. 992 

. 0207 

-.  0139 

. 0349 

3.  0276 

2.  1897 

. 993 

. 0184  ; 

-.  0122 

. 0313 

3.  0856 

2.  2473 

. 994 

. 0160  i 

0105 

. 0275 

3.  1530 

2.  3144 

. 995 

. 0136 

-.  0088 

. . 0236 

3.  2336 

2.  3946 

. 996 

. 0112 

0071 

. 0195 

3.  3347 

2.  4953 

. 997 

. 0086 

-.  0054 

. 0152 

3.  4724 

2.  6327 

. 998 

. 0060 

. -.0036 

. 0107 

3.6964 

2.  8564 

. 999 

. 0032 

-.  0018 

. 0058 

4.8362  i 

3.  9959 

1.  000 

. 0000 

. 0000 

. 0000 

i 
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TABLE  1.— Continued.  SIMILAR  SOLUTIONS  OF  LAMINAR  COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS. 


0=-O.  2350,  S„=  - 

0.4 

V 

/ 

/' 

r 

S 

.S' 

0 

0 

0 

-0.  0500 

-0.  4000 

0.  1107 

. 2 

0008 

-.  0071 

0213 

3779 

. 1107 

. 4 

0025 

-.  0084 

. 0085 

— . 3557 

. 1107 

. 6 

-.  0038 

-.  0037 

. 0393 

-.  3336 

. 1108 

. 8 

0035 

0073 

. 0712 

3114 

. 1108 

1.  0 

-.  0004 

. 0249 

. 1041 

-.  2893 

. 1109 

1.  2 

. 0069 

. 0490 

. 1379 

-.  2671 

. 1108 

1.  4 

. 0197 

. 0800 

. 1722 

2449 

. 1106 

1.  6 

. 0393 

. 1179 

. 2067 

2229 

. 1099 

1.  8 

. 0673 

. 1627 

. 2404 

2010 

. 1088 

2.  0 

. 1048 

. 2140 

. 2724 

1794 

. 1069 

2.  2 

. 1533 

. 2714 

. 3013 

— . 1583 

. 1042 

2.  4 

. 2138° 

. 3342 

. 3256 

— . 1378 

. 1005 

2.  6 

. 2873 

. 4012 

. 3434 

— . 1182 

. 0956 

2.  8 

. 3745 

. 4710 

. 3533 

0996 

. 0895 

3.  0 

. 4757 

. 5419 

. 3539 

0825 

. 0822 

3.  2 

. 5912 

. 6119 

. 3445 
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3.  4 

. 7203 

. 6791 

. 3252 

-.  0529 

. 0649 

3.  6 

. 8625 

. 7414 

. 2970 

— . 0409 

. 0554 

3.  8 

1.  0165 

. 7974 

. 2621 

0308 

. 0459 
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. 0369 
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. 0286 
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. 0214 
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. 0547 
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. 0365 
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. 9910 

. 0234 
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. 0029 

5.  6 

2.  6986 

. 9947 

. 0144 

0006 

. 0017 

5.  8 

2.  8978 

. 9969 

. 0085 

0003 

. 0010 

6.  0 

3.  0973 

. 9982 

. 0048 

0002 

. 0005 

6.  2 

3.  2970 

. 9989 

. 0027 
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. 0003 

6.  4 

3.  4969 

. 9993 

. 0014 
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. 9995 
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. 0498 

. 1276 
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. 0259 

. 0787 

. 1618 

-.  2752 

. 1241 

1.  2 

. 0451 

. 1146 
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2504 

. 1233 

1.  4 

. 0721 

. 1573 

. 2305 
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. 1218 
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. 1084 

. 2067 

. 2631 
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. 1197 

1.  8 

. 1552 

. 2623 

. 2929 

1782 

. 1166 

2.  0 
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. 3235 

. 3184 
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. 1124 

2.  2 

. 2849 

. 3893 

. 3379 

-.  1333 
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2.  4 

. 3696 

. 4582 

. 3497 

-.  1126 

. 1002 

2.  6 

. 4683 

. 5285 

. 3524 

-.  0933 

. 0922 

2.  8 

. 5810 

. 5985 

. 3452 
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. 0830 

3.  0 

. 7075 

. 6660 

. 3280  ! 
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. 0730 

3.  2 

. 8471 

. 7291 

. 3017 

0466 

. 0625 

3.  4 

. 9988 

. 7861 

. 2681 

-.0352 

. 0520 

3.  6 

1.  1611 

. 8360 

. 2298 

-.  0258 

. 0419 

3.  8 

1.  3326  • 

. 8780 
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-.0184 

. 0327 

4.  0 

1.  5118 
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. 1504 

0127 

. 0246 

4.  2 

1.  6969 

. 9384 

. 1146 

0084 

. 0178 

4.  4 

1.  8867 

. 9581 

. 0839 

0054 

. 0124 

4.  6 

2.  0798 

. 9723 

. 0589 

0034 

. 0084 

4.  8 

2.  2753 

. 9821 

. 0397 

0020 

. 0054 

5.  0 

2.  4724 

. 9885 

. 0257 

0011 

. 0034 

5.  2 

2.  6705 

. 9926 

. 0160 

-.  0006 

. 0020 

5.  4 i 

2.  8693 

. 9952 

. 0096 

-.  0003 

. 0012 

5.  6 

3.  0685 

. 9967 

. 0056 

-.  0001 

. 0006 

5.8 

3.  2679 

. 9975 

. 0032 
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. 0003 

6.  0 

3.  4675 

. 9980 
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. 0000 
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3447 

. 1460 

. 6490 

. 0284 
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. 2056 

-.  3050 

. 1452 

. 8732 

. 0562 
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. 2409 

2726 

. 1438 

1.  0687 

. 0903 
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. 2707 

-.  2447 

. 1418 

1.  2453 

. 1299 
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. 2956 

2199 

. 1390 

1.  4087 

. 1748 

. 300 

. 3160 
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. 1356 

1.  5628 

. 2248 

.350 

. 3322 

-.  1768 

. 1315 

1.  7106 

. 2802 
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. 3442 

-.  1577 

. 1267 

1.  8541 

. 3412 

. 450 

. 3518 

-.  1399 

. 1212 

1.  9955 

. 4083  . 

. 500 

. 3549 

1232 

. 1150 

2.  1366 

. 4824 

. 550 

. 3533 

-.  1074 

. 1080 

2.  2793 

. 5644 
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. 3466 

-P0926 

. 1002 

2.  4259 

. 6561 
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. 3346 

-. 0785 

. 0916 

2.  5793 

. 7596 
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. 3166 

-. 0651 

. 0822 

2.  7433 

. 8786 
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. 2921 

-. 0525 

. 0719 

2.  9242 

1.  0189 
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. 2600 

0405 

. 0606 

3.  1328 

1.  1912 

. 850 

. . 2191 

-. 0292 

. 0481 

3.  3918 

1.  4181 
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. 1672 

0186 

. 0343 

3.  4538 

1.  4742 

. 910 

. 1552 

0165 

. 0314 

3.  5210 

1.  5357 

. 920 

. 1425 

0145 

. 0283 

3.  5947 

1.  6039 

. 930 

. 1291 

0126 
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3.  6767 
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. 940 

. 1149 

0106 

. 0221 

3.  7698 

1.  7686 
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. 0999 
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. 0188 

3.  8220 

1.  8183 

. 955 

. 0920 

0078 

. 0171 

3.  8789 

1.  8728 

. 960 

. 0838 

-.  0068 

. 0154 

3.  9418 

1.  9333 

. 965 

. 0753 
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. 0136 
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2.  0017 

. 970 

. 0664 

-.  0050 

. 0119 

4.  0934 

2.  0805 

. 975 

. 0572 

-.  0041 

. 0101 

. 4.  1891 

2.  1740 

. 980 

. 0475 

-.  0033 

. 0082 

4.  3074 

2.  2902 

. 985 

. 0372 

-.  0024 

. 0063 

4.  4658 

2.  4467 

. 990 

. 0263 

-.  0016 

. 0043 

4.  5056 

2.  4861 

. 991 

. 0240 

-.  0014 

. 0039 

4.  5493 

2.  5295 

. 992 

.0216  ' 

0012 

. 0035 

4.  5982 

2.  5780 

. 993 

. 0192 

0011 

. 0031 

4.  6536 

2.  6330 

. 994 

. 0168 

-.  0009 

. 0027 

4.  7179 

2.  6970 

. 995 

. 0143 

0008 

. 0022 

4.  7947 

2.  7735 

. 996 

. 0117 

0006 

. 0018 

4.  8912 

2.  8696 

. 997 

. 0090 

-.  0004 

. 0014 

5.  0226 

3.  0006 

. 998 

. 0062 
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.0145 

. 0580 

. 1450 

3184 

. 1357 
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.0293 
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. 1786 

-.  2913 
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. 0511 

. 1294 

. 2J23 

2644 

. 1340 

1.  2 

. 0815 

. 1752 

. 2453 

-.  2378 

. 1323 

1.  4 

. 1216 

. 2274 

. 2765 

2116 

. 1296 

1.  6 

. 1728 

. 2856 

. 3045 

-.  1860 

. 1259 

1.  8 

. 2362 

. 3489 

. 3276 

-.  1613 

. 1209 

2.  0 

. 3126 

. 4162 

. 3441 

-.  1377 
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. 4028 

. 4860 

. 3524 

-.  1156 
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2.  4 

. 5071 

. 5565 
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-.  0952 
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. 3402 
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. 6919 
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3.  0 
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. 8933 

. 1744 
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. 0240 
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1.  7684 

. 9480 
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-.  0082 
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4.  2 

1.  9598 

. 9654 

. 0734 

-.  0054 

. 0118 

4.  4 

2.  1542 

. 9778 

. 0506 
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. 0078 
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2.  3507 

. 9861 

. 0335 

-.  0022 

. 0050 
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2.  5485 

. 9915 

.0213 
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. 9949 

. 0130 
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. 9969 
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-.  0005 

. 0006 

5.  6 

3.  3455 
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. 9991 

. 0013 
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0=  —0.2,  Sa=  —0.4 
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0 

0 

0.  2182 

-0.  4000 

0.  1626 

. 2161 

. 0052 

. 050 

. 2447 

3648 

. 1625 

. 4108 

. 0197 

. 100 

. 2692 

-.  3332 

. 1621 

. 5892 

. 0419 
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. 2914 

3044 

. 1612 

. 7551 

. 0709 
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. 3111 

2778 

. 1597 

. 9115 

. 1060 
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. 3281 

-.  2529 

. 1575 

1.  0606 

. 1470 
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. 3422 

2297 

. 1546 

1.  2044 
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. 350 

. 3531 

2077 

. 1501 

1.  3444 

. 2461 
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. 3607 

-.  I860 

. 1463 

1.  4821 

. 3047 

. 450 

. 3646 

1671 

. 1409 

1.  6191 

. 3697 
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. 3647 

1482 

. 1345 

1.  7569 

. 4421 

. 550 

. 3606 

-.  1302 

. 1272 

1.  8971 

. 5227 
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. 3519 

1129 

. 1189 

2.  0419 

. 6132 

. 650 

. 3381 

0964 

. 1096 

2.  1939 

.7159 

. 700 

. 3188 

-.  0805 

. 0990 

2.  3571 

. . 8343 

. 750 

. 2932 

0653 

. 0873 

2.  5375 

. 9742 

. 800 

. 2604 

0508 

. 0742 

2.  7460 

1.  1464 

. 850 , 

. 2190 

0369 

. 0595 

3.  0054 

1.  3737 

. 900 

. 1668 

0236 

. 0429 

3.  0676 

1.  4300 

. 910 

. 1548 

-.  0211 

. 0393 

3.  1350 

1.  4916 

. 920 

. 1421 

0186 

. 0356 

3.  2089 

1.  5600 

. 930 

. 1287 

0161 

. 0318 

3.  291 1 

1.  6369 

. 940 

. 1146 

0136 

. 0279 

3.  3846 

1.  7253 

. 950 

. 0995 

-.  0112 

. 0239 

3.  4369 

1.  7751 

. 955 

. 0916 

-.  0100 

. 0218 

3.  4941 

1.  8298 

. 960 

. 0835 

0088 

. 0196 

3.  5572 

1.  8906 

. 965 

. 0750 

0077 

. 0175 

3.  6281 

1.  9592 

. 970 

. 0662 

— . 0065 

. 0152 

3.  7094 

2.  0382 

. 975 

. 0570 

0054 

. 0129 

3.  8054 

2.  1321 

. 980 

. 0473 

-.  0042 

. 0106 

3.  9240 

2.  2486 

. 985 

. 0373 

-.0031 

. 0082 

4.  0829 

2.  4056 

. 990 

. 0262 

-.  0020 

. 0057 

4.  1228 

2.  4451 

. 991 

. 0239 

0018 

. 0051 

4.  1668 

2.  4887 

. 992 

. 0216 

0016 

. 0046 

4.  2158 

2.  5373 

. 993 

. 0192 

0014 

. 0041 

4.  2714 

2.  5926 

. 994 

. 0167 

-.  0012 

. 0035 

4.  3358 

2.  6567 

. 995 

. 0142 

0010 

. 0029 

4.  4129 

2.  7334 

. 996 

. 0117 

-.  0008 

. 0024 

4.  5096 

2.  8297 

. 997 

. 0090 

0005 

. 0019 

4.  6411 

2.  9609 

. 998 

. 0062 

-.  0003 

. 0013 

4.  8545 

3.  1740 

. 999 

. 0033 
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. 0007 
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0.  7946 
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. 209 
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. 7116 

3445 
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. 3368 
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. 6881 

-.  3296 

. 208 

. 4108 

. 0635 
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. 6632 

-.  3143 

. 207 

. 4878 

. 0886 

. 350 

. 6369 

2984 

. 206 

. 5681 

.1187 
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. 6090 

2819 

. 204 

. 6523 

. 1546 
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. 5793 

2648 

. 202 

. 7411 

. 1968 

. 500 

. 5477 

2470 

. 199 

. 8354 

. 2464 

. 550 

. 5138 

-.  2284 

. 195 

. 9364 

. 3046 

. 600 

. 4774 

2090 

. 190 

1.  0456 

. 3729 

. 650 

. 4381 

-.  1887 

. 183 

1.  1657 

. 4540 

. 700 

. 3956 

1673 

. 174 

L 3001 

.5516 

1 . 750 

. 3493 

1447 

. 163 

1.  4548 

. 6716 

. 800 

. 2984 

— . 1207 

. 148 

1 . 6406 

. 8252 

. 850 

. 2417 

0950 

. 129 

1.  8804 

1.  0353 

. 900 

. 1775 

0672 

. 103 

1.  9391 

1.  0885 

. 910 

. 1635 

0613 

. 097 

2.  0032 

1.  1471 

. 920 

. 1490 

0554 

. 090 

2.  0741 

1.  2127 

. 930 

. 1339 

0492 

. 083 

2.  1535 

1.  2870 

. 940 

. 1183 

0430 

. 075 

2.  2445 

1.  3730 

. 950 

. 1020 

0365 

. 067 

2.  2957 

1.  4218 

. 955 

. 0935 

0332 

. 062 

2.  3519 

1.4756 

. 960 

. 0848 

0299 

. 057 

2.  4143 

1.  5356 

. 965 

. 0759  ! 

0265 

. 052 

2.  4846 

1.  6037 

. 970 

. 0667  i 

0230 

. 047 

2.  5654 

1.  6823 

. 975 

. 0572 

0195 

. 041 

2.  6614 

1.  7761 

. 980 

. 0472 

0159 

. 035 

2.  7807 

1.  8933 

. 985 

. 0369 

0122 

. 028 

2.9412 

2.  0518 

. 990 

. 0259 

0083 

. 020 

2.  9816 

2.  0918 

. 991 

. 0236 

0075 

. 019 

3.  0261 

2.  1360 

. 992 

. 0213 

0068 

. 017 

3.  0759 

2.  1854 

. 993 

. 0189 

0060 

. 015 

3.  1324 

2.  2416 

. 994 

. 0165 

0051 

. 013 

3.  1980 

2.  3068 

. 995 

. 0140 

-.  0043 

. 012 

3.  2766 

2.  3850 

. 996 

. 0115 

-.  0035 

. 010 

3.  3752 

2.  4833 

. 997 

. 0088 

l -.0026 

. 008 

3.  5097 

2.  6174 

. 998 

. 0061 

-.0018 

. 005 

3.  7288 

2.  8362 

. 999 

. 0032 

-.0009 

. 003 

4.  8386 

i 3.  9458 

1.  000 

. 0000 

. 0000 

. 000 

950 
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0111 
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0019 

0044 

. 0279 
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0020 

. 0051 

. 0669 

. 8 

. 0006 

. 0223 
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1.  0 

. 0075 

. 0474 

. 1446 

1.  2 

. 0201 

. 0801 

. 1829 

1.  4 

. 0400 

. 1205 

. 2203 

1.  6 

. 0688 

. 1681 

. 2559 

1.  8 

. 1077 

. 2226 

. 2885 

2.  0 

. 1582 

. 2833 

. 3169 

2.  2 

. 2214 

. 3490 

. 3395 

2.  4 

. 2981 

. 4186 

. 3547 

2 . 6 

. 3889 

. 4903 

. 3610 

2.  8 

. 4942 

. 5623 

. 3574 

3.  0 

. 6138 

. 6326 

. 3436 

3.  2 

. 7470 

. 6991 

. 3202 

3.  4 

. 8930 

. 7601 

. 2885 

3.  6 

1.  0506 

. 8141 

. 2510 

3.  8 

1.  2182 

. 8602 

. 2104 

4.  0 

1.  3941 

. 8983 

. 1697 

4.  2 

1.  5769 

. 9284 

. 1316 

4.  4 

1.  7650 

. 9512 

. 0980 

4.  6 

1.  9570 

. 9679 

. 0700 

4.  8 

2.  1518 

. 9796 

. 0480 

5.  0 

2.  3486 

. 9875 

. 0315 

5.  2 

2.  5467 

. 9926 

. 0199 

5.  4 

2.  7455 

. 9957 

. 0121 

5.  6 

2.  9448 

. 9976 

. 0070 

5.  8 

3.  1444 

. 9986 

. 0039 

6.  0 

3.  3443 

. 9992 

. 0021 

6.  2 

3.  5442 

. 9995 

. 0011 

6.  4 

3.  7441 

. 9997 

. 0006 

6.  6 

3.  9440 

. 9998 
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6.  8 

4.  1440 

. 9998 
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0 

0 

1.  3329 
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0.  230 

. 0381 

. 0009 

. 050 

1.  2868 

3912 

. 230 

. 0777 

. 0039 
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1.  2386 

3820 

. 230 

. 1190 

. 0091 

. 150 

1.  1884 

3725 

. 230 

. 1620 

. 0166 

. 200 

1.  1360 

3626 

. 230 

. 2071 

. 0268 

. 250 

1.  0816 

3523 

. 230 

. 2546 

. 0399 

. 300 

1.  0252 

3413 

. 229 

. 3049 

. 0563 

. 350 

. 9668 

3356 

. 229 

. 3583 

. 0764 

. 400 

. 9064 

3176 

. 228 

. 4155 

. 1007 

. 450 

. 8440 

3046 

. 227 

. 4772 

. 1301 

. 500 

. 7797 

2906 

. 225 

. 5443 

. 1654 

. 550 

. 7134 

2756 

. 223 

. 6181 

. 2079 

. 600 

. 6450 

2592 
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. 0744 

0477 

. 085 
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1.  000 
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. 3565 
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. 5028 
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. 2741 
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. 3627 
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. 3449 

. 1817 
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. 2828 

. 1095 
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. 2430 
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1.  4456 

. 9708 

. 0708 
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. 0470 

1005 

2.  6 

1.  8382 

. 9897 

. 0288 

. 0377 

-.  0841 

2.  7 

1.  9373 

. 9922 

. 0224 

. 0301 

0696 

2.  8 

2.  0366 

. 9942 

. 0173 

. 0238 

0571 

2.  9 

2.  1361 

. 9957 

. 0132 

. 0186 

-.  0463 

3.  0 

2.  2358 

. 9969 

. 0100 

. 0144 

0372 

3.  1 

2.  3355 

. 9977 

. 0075 

. 0111 

0296 

3.  2 

2.  4353 

. 9984 

. 0055 

. 0085 

0233 

3.  3 

2.  5352 

. 9989 

. 0040 

. 0064 

0182 

3.  4 

2.  6351 

. 9992 

. 0029 

. 0048 

0141 

3.  5 

2.  7350 

. 9995 

. 0021 

. 0036 

0107 

■ 3.  6 

2.  8350 

. 9996 

. 0015 

. 0026 

-. 0081 

3.  7 

2.  9349 

. 9998 

. 0010 

. 0019 

0061 

3.  8 

3.  0349 

. 9998 

. 0007 

. 0014 

0045 

3.  9 

3.  1349 

. 9999 

. 0005 

. 0010 

-. 0033 

4.  0 

3.  2349 

. 9999 

. 0003 

. 0007 

0024 

4.  1 

3.  3349 

1.  0000 

. 0002 

. 0005 

0017 

4.  2 

3.  4349 

1.  0000 

. 0001 

. 0004 

-. 0012 

4.  3 

3.  5349 

1.  0000 

. 0001 

. 0003 

-.  0009 

4.  4 

3.  6349 

1.  0000 

. 0001 

. 0002 

0006 

4.  5 

3.  7349 

1.  0000 

. 0000 

. 0001 

-.  0004 

4.  6 

3.  8349 

1.  0000 

. 0000 

. 0001 

-. 0003 

4.  7 

3.  9349 

1.  0000 

. 0000 

. 0001 

0002 
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TABLE  1— Continued.  SIMILAR  SOLUTIONS  OF  LAMINAR  COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS. 


0= 

1.0,  Sw— 1.0 

V 

/ 

r 

f" 

S 

S' 

0 

0 

0 

1.  7368 

1.  0000 

-0.  6154 

. 1 

. 0084 

. 1638 

1.  5403 

. 9384 

6152 

. 2 

. 0321 

. 3084 

1.  3526 

. 8770 

6140 

. 3 

. 0694 

. 4347 

1.  1758 

. 8157 

6110 

. 4 

. 1185 

. 5439 

1.  0114 

. 7549 

6053 

. 5 

. 1776 

. 6374 

. 8603 

. 6948 

5965 

. 6 

. 2455 

. 7165 

. 7232 

. 6357 

-.  5840 

. 7 

. 3205 

. 7825 

. 6004 

. 5781 

-.  5677 

: 8 

. 4016 

. 8370 

. 4915 

. 5223 

5476 

: 9 

■ . 4876 

. 8812 

. 3965 

. 4687 

5238 

1.  0 

. 5776 

. 9167 

. 3142 

. 4176 

4967 

1.  1 

. 6707 

. 9445 

. 2442 

. 3694 

4666 

1.  2 

. 7663 

. 9659 

. 1857 

. 3243 

4343. 

1.  3 

. 8637 

. 9820 

. 1372 

. 2826 

4003 

1.  4 

. 9625 

. 9936 

. 0979 

. 2444 

3654 

1.  5 

1.0623 

1.  0019 

. 0666 

. 2096 

3302 

1.  6 

1.  1628 

1.  0073 

. 0422 

. 1783 

2954 

1.  7 

1.  2637  ' 

1.  0105  ' 

. 0237 

. 1505 

-.  2617 

1.  8 

1.  3648 

1.  0122 

. 0101 

. 1259 

2294 

1.  9 

1.  4661 

1.  0126 

. 0004 

. 1045 

1992 

2.  0 

1.  5673 

1.  0123 

0061 

. 0860 

1711 

2.  1 

1.  6685 

1.  0115 

0101 

. 0702 

1456 

2.  2 

1.  7696 

1.  0104 

0123 

. 0568 

1226 

2.  3 

1.  8706 

1.  0091 

0131 

. 0456 

1022 

2.  4 

1.  9714 

1.  0078 

0130 

. 0363 

0843 

2.  5 

2.  0722 

1.  0065 

0122 

. 0286 

0689 

2.  6 

2.  1728 

1.  0053 

0111 

. 0224 

0557 

2.  7 

2.  2732 

1.  0043 

0098 

. 0174 

0446 

2.  8 

2.  3736 

1.  0034 

-.0085 

. 0134 

0354 

2.  9 

2.  4739 

i 1.  0026 

0071 

. 0103 

0277 

3.  0 

2.  5741 

i 1.  0020 

' 0059 

. 0078 

0216 

3.  1 

2.  6743 

i 1.  0014 

0049 

.0059 

-.  0166 

3.  2 

2.  7744 

1.  0010 

0040 

. 0045 

-.  0126 

3.  3 

2.  8745 

1.  0006 

0032 

. 0034 

0095 

3.  4 

2.  9746 

1.  0003 

0026 

. 0026 

0071 

3.  5 

3.  0745 

1.  0001 

0020 

. 0019 

0053 

3.  6 

3.  1746 

. 9999 

0016 

. 0015 

0038 

0= 

1.5,  iS„=1.0 

V 

/ 

r 

f" 

s 

S' 

0 

0 

0 

2.  1402 

1.  0000 

-0.  6425 

. 1 

. 0102 

. 1992 

1.  8464 

. 9358 

6423 

. 2 

. 0389 

. 3699 

1.  5697 

. 8716 

-.  6408 

. 3 

. 0833 

. 5139 

1.  3150 

. 8077 

6370 

. 4 

. 1409 

. 6337 

1.  0854 

. 7443 

6300 

. 5 

. 2093 

. 7318 

. 8818 

. 6818 

-.  6191 

. 6 

. 2866 

. 8109 

. 7044 

. 6206 

-.  6040 

. 7 

. 3709 

. 8736 

. 5521 

. 5611 

5845 

. 8 

. 4608 

. 9221 

. 4234 

. 5039 

5607 

. 9 

. 5550 

. 9590 

. 3163 

. 4491 

-.  5329 

1.  0 

. 6523 

. 9861 

. 2287 

. 3974 

5017 

1.  1 

. 7519 

1.  0053 

. 1582 

. 3489 

4677 

1.  2 

. 8531 

1.  0182 

. 1026 

. 3039 

-.  4316 

1.  3 

. 9554 

1.  0262 

. 0598 

. 2626 

3943 

1.  4 

1.  0583 

1.  0305 

. 0277 

. 2251 

-.  3566 

1.  5 

1.  1614 

1.  0321 

. 0044 

. 1913 

-.  3191 

1.  6 

1.  2646 

1.  0316 

0117 

. 1612 

-.  2827 

1.  7 

1.  3677 

1.  0299 

0221 

. 1347 

2478 

1.  8 

1.  4706 

1.  0274 

0282 

. 1116 

2150 

1.  9 

1.  5731 

1.  0244 

0310 

. 0916 

-.  1847 

2.  0 

1.  6754 

1.  0212 

-.0314 

. 0746 

1570 

2.  1 

1.  7774 

1.  0181 

0302 

. 0601 

1321 

2.  2 

1.  8791 

1.  0152 

0279 

. 0480 

-.  1100 

2.  3 

1.  9805 

1.  0126 

0250 

. 0380 

0907 

2.  4 

2.  0816 

1.  0102 

0219 

. 0298 

-.  0740 

2.  5 

2.  1825 

1.  0082 

0188 

. 0231 

-.  0598 

2.  6 

2.  2832 

1.  0065 

-. 0158 

. 0178 

0478 

2.  7 

2.  3838 

1.  0050 

0130 

. 0135 

0379 

2.  8 

2.  4843 

1.  0039 

0106 

. 0101 

0297 

2.  9 

2.  5846 

1.  0029 

0085 

. 0075 

-.  0231 

3.  0 

2.  6849 

1.  0022 

-.  0067 

. 0055 

0177 

3.  1 

2.  7850 

1.  0016 

-. 0052 

. 0039 

-.  0135 

3.  2 

2.  8852 

1.  0011 

0040 

. 0028 

0101 

3.  3 

2.  9853 

1.  0007 

-. 0031 

. 0019 

0076 

3.  4 

3.  0853 

1.  0005 

0023 

. 0012 

0056 

3.  5 

3.  1854 

1.  0003 

0017 

. 0008 

0041 

3.  6 

3.  2854 

1.  0001 

0013 

. 0004 

0030 

3.  7 

3.  3854 

1.  0000 

0009 

. 0002 

0021 

3.  8 

3.  4854 

. 9999 

-. 0007 

. 0000 

0015 
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TABLE  1.— Concluded.  SIMILAR  SOLUTIONS  OF  LAMINAR 
COMPRESSIBLE  BOUNDARY-LAYER  EQUATIONS. 


0= 

2.0,  .S„=1.0 

V 

f 

r 

r 

S 

S' 

0 

0 

0 

2.  4878 

1.  0000 

-0.  6613 

. 1 

. 0118 

. 2291 

2.  0971 

. 9339 

6611 

o 

. tu 

. 0446 

. 4204 

1.  7341 

. 8678 

6593 

. 3 

. 0947 

. 5771 

1.  4072 

. S021 

— . 6548 

. 4 

. 1589 

. 7031 

1.  1204 

. 7370 

6466 

. 5 

. 2344 

. 8025 

. 8743 

. 6729 

6341 

. 6 

. 3187 

. 8793 

. 6671 

. 6103 

6168 

. 7 

. 4097 

. 9372 

. 4958 

. 5497 

5948 

. 8 

. 5056 

. 9795 

. 3566 

. 4915 

5682 

. 9 

. 6052 

1.  0094 

. 2455 

. 4362 

5375 

1.  0 

. 7072 

1.  0294 

. 15S7 

. 3841 

5034 

1.  1 

. 8108 

1.  0418 

. 0921 

. 3356 

— . 4666 

1.  2 

. 9153 

1.  0484 

. 0425 

. 2909 

— . 4280 

1.  3 

1.  0203 

1.  0508 

. 0067 

. 2500 

— . 3885 

1.  4 

1.  1254 

1.  0502 

0180 

. 2132 

3490 

1.  5 

1.  2303 

1.  0475 

0341 

. 1802 

3102 

1.  6 

1.  3349 

1.  0436 

0435 

. 1511 

2729 

1.  7 

1.  4390 

1.  0390 

0478 

. 1256 

2375 

1.  8 

1.  5426 

1.  0341 

0486 

. 1035 

2046 

1.  9 

1.  6458 

1.  0293 

0468 

. 0S46 

1745 

2.  0 

1.  7485 

1.  0248 

0434 

. 0685 

— . 1473 

2.  1 

1.  8508 

1.  0207 

0391 

. 0550 

1230 

2.  2 

1.  9527 

1.  0170 

0344 

. 0438 

— . 1017 

2.  3 

2.  0542 

1.  0138 

0296 

. 0346 

0832 

2.  4 

2.  1554 

1.  0111 

— . 0250 

. 0271 

0674 

2.  5 

2.  2564 

1.  0088 

0208 

. 0210 

0541 

2.  6 

2.  3572 

1.  0069 

— . 0170 

. 0162 

0429 

2.  7 

2.  4578 

1.  0054 

0137 

. 0123 

0338 

2.  8 

2.  5583 

1.  0041 

0109 

. 0094 

0263 

2.  9 

2.  6587 

1.  0032 

0086 

. 0070 

0202 

3.  0 

2.  7589 

1.  0024 

0066 

. 0053 

— . 0154 

3.  1 

2.  8591 

1.  0018 

— . 0051 

. 0039 

0117 

3.  2 

2.  9593 

1.  0014 

0038 

. 0029 

0087 

3.  3 

3.  0594 

1.  0011 

0028 

. 0022 

0064 

3.  4 

3.  1595 

1.  0008 

0021 

. 0016 

0047 

3.  5 

3.  2596 

1.  0006 

0015 

. 0012 

0034 

3.  6 

3.  3596 

1.  0005 

0011 

. 0009 

0025 

3.  7 

3.  4597 

1.  0004 

0007 

. 0007 

0018 

3.  8 

a 5597 

1.  0004 

0005 

. 0006 

0012 

3.  9 

a 6598 

L 0003 

0003 

. 0004 

0009 

4.  0 

a 7598 

1.  0003 

0002 

. 0004 

0006 
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TABLE  II.— SUMMARY  OF  HEAT-TRANSFER  AND  WALL-SHEAR  PARAMETERS 


sw 

P 

/: 

s: 

s: 

s. 

CfRew 
Nu  ' 

-1.0 

-0.  326 

0 

0.  2477 

0.  2477 

0 

3657 

. 0500 

. 2958 

. 295S 

. 3381 

3884 

. 1400 

. 3527 

. 3527 

. 7939 

360 

. 2448 

. 4001 

. 4001 

1.  224 

30 

. 3182 

. 4262 

. 4262 

1.  493 

14 

. 4166 

. 4554 

. 4554 

1.  830 

0 

. 4696 

. 4696 

. 4696 

2.  000 

. 50 

. 5806 

. 4948 

. 4948 

2.  347 

2.  00 

. 7381 

. 5203 

. 5203 

2.  837 

-0.  8 

-0.  10 

-0.  0686 

0.  0447 

0.  0559 

-2.  456 

2685 

0500 

. 1829 

. 2286 

. 4374 

3088 

0 

. 2261 

. 2826 

0 

325 

. 0493 

. 2545 

. 3181 

. 3100 

3285 

. 0693 

. 2644 

. 3305 

. 4194 

3285 

. 1100 

. 2818 

. 3523 

. 6245 

325 

. 1354 

. 2913 

. 3641 

. 7438 

30 

. 2086 

. 3155 

. 3944 

1.  058 

14 

. 3841 

. 359 

. 4488 

1.  712 

0 

. 4696 

. 3757 

. 4696 

2.  000 

. 50 

. 6547 

. 403 

. 5038 

2.  599 

1.  50 

. 8689 

. 4261 

. 5326 

3.  263 

2.  00 

. 9480 

. 4331 

. 5414 

3.  502 

-0.  4 

*-0.  235 

-0.  0500 

0.  0447 

0.  1118 

-0.  8949 

- 246 

0 

. 1249 

. 3123 

0 

2483 

. 0500 

. 1360 

. 3400 

. 2941 

24 

. 1064 

. 1474 

. 3685 

. 5775 

20 

. 2183 

. 1626 

. 4065 

. 1.  074 

0 

. 4696 

. 1878 

. 4696 

2.  000 

. 50 

. 7947 

. 209 

. 5225 

3.  042 

2.  00 

1.  3329 

. 2304 

. 5760 

4.  628 

0 

-0.  1947 

-0.  0500 

0 

(a) 

(a) 

1988 

0 

0 

0.  3265 

0 

16 

. 1905 

0 

. 4023 

. 948 

0 

. 4696 

0 

. 4696 

2.  000 

. 50 

. 9277 

0 

. 5395 

3.  436 

1.  00 

1.  2326 

0 

. 5715 

4.  317 

1.  60 

1.  5213 

0 

. 5940 

5.  122 

2.  00 

1.  6870 

0 

. 6064 

5.  565 

1.  0 

-0.  10 

-0.  1613 

-0.  2076 

0.  2076 

-1.  554 

1305 

0500 

3139 

. 3139 

3186 

1295 

0 

3388 

. 3388 

0 

10 

. 1805 

4033 

. 4033 

. 8956 

0 

. 4696 

4696 

. 4696 

2.  000 

. 30 

. 9829 

5457 

. 5457 

3.  602 

. 50 

1.  2351 

5725 

. 5725 

4.  315 

1.  00 

1.  7368 

6154 

. 6154 

5.  644 

1.  50 

2.  1402 

6425 

. 6425 

6.  662 

2.  00 

2.  4878 

6613 

. 6613 

7.  527 

H,  r 

/ra-}-  1 £/cX 

X V 2 vq 

0tr  bn- f-1  UeX 
X M 2 Xo 

€ 1 UeX 

X V 2 i/0 

1.  3200 

0.  6400 

-2.  1395 

2.  063 

1.0056 

. 6571 

- 1.  8407 

1.  530 

. 6486 

. 6400 

- 1.  5762 

1.  013 

. 3719 

. 5908 

- 1.  4082 

. 630 

. 2222 

. 5498 

- 1.  3289 

. 404 

. 0663 

. 4952 

- 1.  2503 

. 134 

0 

. 4696 

-1.  2168 

0 

-. 1090 

. 4235 

-1.  1625 

-.  257 

-. 2061 

. 3833 

-1.  1107 

-.  538 

(a) 

(*) 

(*) 

C) 

(a) 

c) 

(*) 

(*) 

1.  4052 

0.  6274 

-1.  5211 

2.  240 

1.  1579 

. 6335 

-1.  3757 

1.  828 

1.  0738 

. 6286 

-1.  3309 

1.  708 

. 9298 

. 6193 

— 1:  2589 

1.  501 

. 8524 

. 6107 

-1.  2225 

1.  396 

. 6624 

. 5821 

-1.  1381 

1.  138 

. 3485 

. 5037 

-1.  0134 

. 692 

. 2436 

. 4696 

9744 

. 519 

. 0814 

. 4091 

9136 

. 199 

-.  0304 

. 3659 

8707 

-.  083 

0591 

. 3551 

8590 

166 

(a) 

(a) 

(a) 

(a) 

1.  8383 

0.  6045 

-0.  6942 

3.  041 

1.  6079 

. 6001 

6471 

2.  679 

1.  4076 

. 5868 

6076 

2.  399 

1.  1274 

. 5544 

5534 

2.  034 

. 6308 

. 4696 

4872 

1.  556 

. 4501 

. 3799 

4428 

1.  185 

. 2234 

. 2944 

-.  4089 

. 759 

(a) 

(a) 

0 

(a) 

2.  359 

0.  585 

0 

4.  032 

1.  708 

. 552 

0 

3.  094 

1.  217 

. 4696 

0 

2.  591 

. 8045 

. 3501 

0 

2.  298 

. 6482 

. 2923 

0 

2.  218 

. 545 

. 250 

0 

2.  180 

. 497 

. 231 

0 

2.  152 

(a) 

(a) 

(a) 

(a) 

(a) 

' (a) 

(a) 

(a) 

3.  8162 

0.  5677 

1.  6109 

6.  722 

3.  0765 

. 5425 

1.  3913 

5.  671 

2.  4360 

. 4696 

1.  2168 

5.  187 

1.  8313 

. 3334 

1.  0662 

5.  493 

1.  6472 

. 2740 

1.  0237 

6.  012 

1.  3856 

. 1765 

. 9602 

7.  850 

1.  2382 

. 1113 

. 9236 

11.  125 

1.  1431 

. 06683 

. 9029 

17.  105 

•These  values  were  not  calculated. 
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HE  COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER  WITH  HEAT  TRANSFER  AND  ARBITRARY 

PRESSURE  GRADIENT  12 

By  Clarence  B.  Cohen  and  Eli  Reshotko 


SUMMARY 

An  approximate  method  for  the  calculation  oj  the  com- 
pressible laminar  boundary  layer  with  heat  transfer  and 
rbitrary  pressure  gradient , based  on  Thwaites ’ correlation 
oncept,  is  presented.  The  method  results  from  the  application 
/ Stewartson’s  transformation  to  PrandtVs  equations,  which 
ields  a nonlinear  set  of  two  first-order  differential  equations . 
rhese  equations  are  then  expressed  in  terms  of  dimensionless 
parameters  related  to  the  wall  shear,  t,he  surface  heat  transfer, 
,nd  the  transformed  free-stream  velocity.  Thwaites * concept 
f the  unique  interdependence  of  these  parameters  is  assumed. 
The  evaluation  of  these  quantities  is  then  carried  out  by  utilizing 
xact  solutions  recently  obtained. 

With  the  resulting  relations,  methods  are  derived  for  the 
alculation  of  the  two-dimensional  and  axially  symmetric 
wminar  boundary  layer  with  arbitrary  free-stream  velocity 
listribution , Mach  number,  and  surface  temperature  level. 

The  combined  effect  of  heat  transfer  and  pressure  gradient 
s demonstrated  by  applying  the  method  to  calculate  the  char- 
acteristics of  the  boundary  layer  on  thin  supersonic  surfaces 
\nd  in  a highly  cooled,  convergent-divergent , axially  symmetric 
ocket  nozzle. 

INTRODUCTION 

In  recent  years,  with  the  advent  of  laminar  airfoils  and 
ritli  the  observation  of  laminar  boundary  layers  at  Reynolds 
lumbers  as  high  as  50X106  (ref.  2),  the  ability  to  reliably 
istimate  viscous  flow  and  heat-transfer  effects  for  a laminar 
loundary  layer  has  become  increasingly  important.  More- 
>ver,  with  high-altitude  flight  becoming  more  common,  the 
ubsequent  lower  Reynolds  numbers  encountered  should 
nore  frequently  produce  a laminar  boundary  layer.  Sta- 
>ility  calculations  based  on  the  theory  of  Lees  and  Lin 
ref.  3)  have  also  emphasized  the  possibilities  of  maintaining 
i laminar  boundary  layer  through  cooling  of  aerodynamic 
surfaces.  The  effect  of  favorable  pressure  gradients  in 
ncreasing  the  stability  of  laminar  boundary  layers  may 
tlso  make  solutions  to  the  laminar  problem  applicable  to 
he  design  of  nozzles  and  turbine  blades. 

Solutions  of  the  lam mar-boundary -layer  equations  that 
nclude  effects  of  compressibility,  pressure  gradient,  and 
leat  transfer  have  been  quite  limited  in  number.  Of  the 
ixact  solutions,  most  have  restrictions  of  range  or  applica- 
tion, or  both.  The  solutions  of  references  4 and  5 are  re- 


stricted to  zero  pressure  gradient,  while  those  of  reference  6 
allow  small  pressure  gradients.  The  developments  of  refer- 
ence 7 are  restricted  to  small  heat  transfer  and  low  Mach 
number.  Solutions  obtained  by  assuming  that  fluid  proper- 
ties are  constant  or  that  the  Mach  number  is  essentiall}7  zero 
are  obtained  in  references  8 to  10.  Those  solutions  of 
references  11  to  13  that  are  for  a Prandtl  number  of  1 are 
not  restricted  in  range  of  compressibility,  pressure  gradient, 
or  heat  transfer.  However,  they  apply  to  specific  types  of 
free-stream  velocity  distribution  that  are  inappropriate  for 
general  practical  problems. 

In  1921,  von  Karman  (ref.  14)  recognized  that  to  solve  the 
skin-friction  problem  it  was  not  necessary  to  have  the  exact 
and  complicated  solution,  but  that  it  would  be  quite  satis- 
factory to  evaluate  average  quantities  across  the  layer  if 
they  could  be  related  to  the  surface  values.  The  concepts 
of  displacement  and  momentum  thicknesses  were  introduced, 
thus  considerably  simplifying  the  mathematics  of  the  prob- 
lem. With  this  integral  method,  if  the  form  of  the  velocity 
profile  is  related  to  a single  parameter,  a method  of  calculat- 
ing the  boundary  layer  is  obtained.  Pohlhausen  (ref.  15) 
carried  out  this  method  by  postulating  a quartic  velocity 
profile  depending  upon  the  local  pressure  gradient.  A num- 
ber of  investigators  have  extended  Pohlhausen’s  method  to 
compressible  flows  over  insulated  surfaces. 

With  the  presence  of  heat  transfer  at  the  surface,  the  com- 
pressible problem  becomes  more  complex.  Kalikhman  (ref. 
16)  defined  certain  heat-flow  quantities  analogous  to  the 
displacement  and  momentum  thicknesses  and,  in  a manner 
similar  to  Pohlhausen’s,  developed  a complex  iterative 
procedure  for  the  solution  of  the  general  problem.  More 
recently,  references  17  to  20  have  further  developed  this 
technique.  The  preceding  methods  are  tedious,  since  they 
require  a solution  of  at  least  one  ordinary  differential  equa- 
tion for  any  particular  problem. 

Thwaites’  method  (ref.  21)  does  not  require  the  solution  of 
ordinary  differential  equations.  In  that  formulation,  it  is 
suggested  that  the  basic  goal  of  an  integral  approach  might 
be  achieved  if  the  problem  is  considered  as  that  of  relating 
the  wall  shear,  its  normal  derivative  at  the  wall,  and  the 
form  factor  (ratio  of  displacement  thickness)  to  one  another 
without  specif}fing  a type  of  profile.  To  this  end,  nondimension- 
al  forms  of  these  quantities  were  defined  and  were  evaluated 


1 Supersedes  NACA  TNr  3326,  “The  Compressible  Laminar  Boundary  Layer  with  Heat  Transfer  and  Arbitrary  Pressure  Gradient/’  by  Clarence  B.  Cohen  and  Eli  Reshotko,  1955. 

* The  principal  developments  of  this  paper,  which  is  part  of  the  doctoral  dissertation  of  the  senior  author  (ref.  1),  were  carried  out  under  the  stimulus  and  guidance  of  Professor  Luigi 
^rocco  and  the  sponsorship  of  the  Daniel  and  Florence  Guggenheim  Foundation.  The  final  analysis  and  the  computations  were  completed  at  the  N AC  A Lew  is  laboratory  . 
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by  examining  exact  solutions  for  the  incompressible  laminar 
boundary  layer.  It  developed  that  a nearly  universal 
relation  existed  between  these  quantities  for  favorable 
pressure  gradients,  and  for  adverse  pressure  gradients 
Thwaites  selected  a single  representative  relation.  A unique 
correlation  was  chosen  that  reduced  the  solution  of  an  incom- 
pressible problem  to  the  evaluation  of  a single  integral.3 

Rott  and  Crabtree  (ref.  23)  recognized  that,  in  the  absence 
of  heat  transfer  and  with  a Prandtl  number  of  1,  the  Illing- 
worth-Stewartson  correlation  between  compressible  and 
incompressible  boundary-layer  solutions  (ref.  24)  could  be 
used  to  extend  Thwaites'  method  to  include  effects  of 
compressibility. 

With  the  presence  of  heat  transfer  the  application  of 
Stewar Ison’s  transformation  does  not  correlate  a given  com- 
pressible problem  to  an  equivalent  in  compressible  one. 
Thus,  the  universal  relation  previously  described  is  not 
adequate.  Unfortunately,  there  is  little  possibility  of 
establishing  a family  of  universal  relations  with,  for  example, 
the  wall  temperature  as  the  distinguishing  parameter,  since  a 
variety  of  exact  solutions  to  this  problem  is  not  available. 
However,  one  such  set  of  relations  may  be  obtained  from  the 
solutions  of  references  11  to  13. 

In  the  present  paper,  after  formulation  of  a nonlinear 
system  of  two  first-order  differential  equations  (with  the 
major  restriction  being  a linear  viscosity  law),  methods  of 
solution  are  developed  depending  on  Thwaites’  concept  of 
universal  functions.  The  functions  used  for  this  purpose 
are  evaluated  from  the  solutions  of  reference  12  only. 


BOUNDARY-LAYER  EQUATIONS 

The  equations  of  the  steady,  two-dimensional  compressible 
laminar  boundary  hiyer  for  perfect  fluids  are 
Continuity: 


Momentum: 


pu 


L{pu)+^,{pv)=0 


bu  bu  bp  d / bu\ 
bx  pV  by~  bz+byx  by) 

bp 


Energy: 


by 


=0 


dA,  bh  bp  . b / ix  bh\  . ( bu\ 2 

p bx+P'°  by  U bx+by  \Pr  by)+P  \by) 


(1) 


(2) 


(3) 


flow.  The  constant  X is  used  to  match  the  viscosity  with 
the  Sutherland  value  at  a desired  location.  If  this  location 
is  assumed  to  be  the  surface,  the  result  is 


where 


ksu= Sutherland’s  constant=  198.6°  R (for  air) 
Stewartson’s  transformation. — The  velocities  in  the  equa- 
tions of  motion  (1)  to  (3)  can  be  replaced  through  the 
definition  of  a stream  function: 


(6) 


Introducing  the  quantity  X from  equation  (4),  a slight  modi- 
fication of  Stewartson’s  transformation  (ref.  24)  may  be 
written: 


(7) 


The  transformed  coordinates  are  now  represented  by  upper- 
case letters  (A7,  Y),  and  the  subscript  e refers  to  local  con- 
ditions at  the  outer  edge  of  the  boundary  layer  (external). 
The  subscript  0 refers  to  free-stream  stagnation  values. 

Applying  equations  (4)  to  (7)  to  the  boundary-layer 
equations  (1)  to  (3)  and  assuming  that  Pr  and  cp  are  constant 
(but  not  yet  requiring  that  Pr—  1)  result  in  the  following 
system: 

UxYVy~  0 (8) 

UUx-\~  VUY=  UeUex(l-\-S)-\-voUYY  (9) 


(10) 

where  the  enthalpy  term  S is  defined  for  convenience  as 


(All  symbols  are  defined  in  appendix  A.) 
The  viscosity  law  to  be  assumed  is 


Kg 

h 


(ID 


Equation  (4)  is  of  the  form  taken  by  Chapman  and  Rubesin 
(ref.  5),  except  that  the  reference  conditions  t0)  are  free- 
stream  stagnation  values,  since,  in  the  case  of  pressure 
gradient,  the  local  stream  values  are  not  constant  along  the 


where  hs  is  the  local  stagnation  enthalpy.  The  stream 
function  has  been  replaced  by  the  transformed  velocities 
( U , V)  through  the  relations 


U=\pY 

V=—\px 


(12) 


a Other  approaches,  such  as  that  of  Young  and  Winterbottom  (ref.  22),  have  resulted  in 
expressions  for  the  momentum  thickness  similar  to  that  of  Thwaites.  In  that  analysis, 
however,  the  derivation  was  a modification  of  the  Pohlhausen  technique.  The  application 
of  a correlation  concept  was  not  proposed. 


The  resulting  relation  between  the  transformed  and  physical 
longitudinal  velocities  is  U=~  u. 

dg 
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The  boundary  conditions  applicable  to  the  system  (8)  to 
(10)  for  a specified  wall  temperature  are 


U(X,  0)=0 
V{X,0)=0 
S(X,0)=S„{X) 


(13) 


lim  S' —0 

limU=Ue(X). 

Y-*  ® 


Integral  equations. — An  alternate  form  of  the  momentum 
equation  may  be  obtained'  by  subtracting  the  momentum 
equation  (9)  from  the  product  of  the  continuity  equation 
(S)  and  the  quantity  (Ue — U).  This  results  in 


[17(17.-  U)]x+  [V{U-  U)]Y+  Ue(U-U)  + 


ueuexs=- 


-vqUyy  (14) 


If  equation  (14)  is  integrated  with  respect  to  Y between  the 
limits  Y=  0 and  Y=A,  where  A is  a constant  distance  normal 
to  the  surface  sufficiently  large  that  the  conditions  S=  0 
and  U=  Ue  can  both  be  satisfied,  there  results 


d 

dX 


{0  trU^^U  eU  exb*T  — Vo(U  y)y=0 


(15) 


where  the  transformed  momentum  thickness  6tr  and  the 
transformed  displacement  thickness  8%  are  defined  as 


(16) 


By  carrying  out  the  indicated  differentiation,  equation  (15 
can  be  put  in  the  form 


dX+  U*  (29‘r  + 8*)-^e  (Uy)u 


(17) 


This  equation  has  the  form  of  the  conventional  Karman  mo- 
mentum integral. 

It  should  be  noted  that  because  of  Stewartson’s  trans- 
formation a simple  relation  exists  between  the  parameter 
6lr  and  the  actual  physical  momentum  thickness  6 . This 
relation  is 

•y-H 

Hr 

Ve  &Q  \te/ 


\2(y-D 


(18) 


Following  a procedure  with  the  energy  equation  similar  to 
that  for  the  momentum  equation  results  in 


dE,Uex 

dx+u;  E= 


>'0 


PrU, 


(ZS\ 


Where  the  convection  thickness  is  defined  by 

U 


*-s: 


S~-dY 


(19) 


(20) 


The  method  presented  in  this  report  uses  exact  solutions 
to  the  boundary-layer  equations  including  the  energy  equa- 
tion. Since  both  the  skin -friction  and  heat-transfer  param- 
eters from  the  exact  solutions  are  correlated  with  a parameter 
which  is  evaluated  from  only  the  momentum  integral  equa- 
tion, it  will  not  be  necessary  to  use  equations  (19)  and  (20). 

REDUCED  BOUNDARY-LAYER  EQUATIONS 

At  this  stage,  the  relation  governing  the  bound  ary -layer 
development-  is  equation  (17),  subject  to  the  boundary  condi- 
tions (Ox=o=0  or  (6lr)Sp,  where  the  subscript  sp  indicates 
stagnation -point  values.  The  former  condition  on  9 tT  applies 
when  the  boundary  layer  is  initiated  without  a stagnation 
point  (such  as  in  the  case  of  a supersonic  thin  airfoil).  The 
value  of  ( dtr)SJ}  depends  on  the  value  of  ( Uex)sv  and  on  the 
surface  temperature.  At  a stagnation  point,  ( 0tT)SP=dsp . 
Values  of  6sp  are  presented  in  table  I.  - 

Before  consideration  of  a solution  that  depends  on  a cor- 
relation similar  to  that  of  Tliwaites,  it  is  expedient  to  trans- 
form the  preceding  system  of  equations  to  a system  involving 
dimensionless  parameters.  The  correlation  concept  will 
then  be  introduced  and  methods  of  solution  developed. 

PARAMETRIC  FORM 

The  dimensionless  parameters,  which  are  related  to  terms 
appearing  in  equations  (17)  and  (19),  can  be  defined  and 
evaluated  from  the  following  expressions: 

Shear  parameter,  or  first-derivative  parameter, 

l = e^/bU\_lK(bu\ 

1 ~ Ue\bY/ w ue  te  \s>rj)w  K£y) 

Correlation  number  (related  to  pressure  gradient),  or  second- 
derivative  parameter, 


Vo 


el 


(m\ 

vary. 


u.e2 


(Je  1 + iSjo 


■r  (tAVto) 

;w  \te/ 


(22) 


Heat-transfer  parameter,  or  thud-derivative  parameter, 

-S(wO.-*fe[5(01  (23) 

In  definitions  (22)  and  (23),  use  is  made  of  the  following 
relations,  respectively: 


u.u, 


ex 


V0 


(1 +SW) 


which  is  obtained  from  equation  (9),  and 

(l nj\ 


(*S\ 

\dY/u 


v0 


UJJex  \bY\Ju 


(24) 


(25) 


which  is  obtained  by  differentiating  equation  (9)  with  respect 
to  Y and  evaluating  the  resulting  expression  at  1^=0. 

20  U 

If  equation  (17)  is  multiplied  by  — — — there  results 


Ue  d(92tr) 
vo  dX 

«*r  • 


L 


vo 


■rW„+2)-k 


where  Htr=-L  is  the  form  factor  for  low-speed  flow  (Me 

0lr 


(26) 
= 0). 
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TABLE  I.— INITIAL  VALUES  OF  PARAMETERS 

(a)  Stagnation-point  flow 


& V> 

Cf-j  Re  w 

Nuf-jReZ 

‘••Vs© 

Pr=l 

*V5<» 

Pr  = 1 

Htp 
Pr= 1 

Pr=  1 

Pr =0.7 
(*) 

Pt  = 1 

Pr=0.7 

(b) 

o 

H >S 

4 

Two-dimensional  (0=1) 

-1.0 

* 1.30 

1.21 

'0.  506 

0.  43S 

0. 436 

0 -0.170 

• 0. 400 

C -o.  425 

-.8 

* 1.56 

1.49 

0 . 522 

.452 

.451 

c . 012 

o .384 

o . 031 

-.4 

o 2.  04 

2.00 

0.546 

.474 

.475 

« .345 

o .338 

e 1.021 

0 

2. 46 

2.  46 

.570 

.495 

.495 

.648 

.292 

2.  218 

1.0 

3.47 

3.54 

.615 

.533 

.537 

1.386 

.177 

7.  850 

Axially  symmetric  (0=M) 

-1.0 

1.64 

• 1.56 

0.  700 

0.607 

0.  607 

-0.  0771 

0. 300 

-0.  257 

-.8 

1.85 

1.79 

. 712 

.617 

.621 

. 0576 

. 289 

. 199 

— . 4 

2. 25 

2.  22 

.739 

.639 

.643 

.318 

.269 

1. 185 

0 

2.  62 

2.  62 

.763 

.662 

.662 

.569 

.248 

2.  298 

1.0 

3.  49 

3.  55 

.809 

.701 

.70S 

1. 165 

. 194 

6. 012 

* These  values  are  obtained  when  eqs.  (16)  of  ref.  12  are  solved  for  Pr= 0.7,  M,— 0. 
b These  values  are  obtained  by  multiplying  the  results  for  Pr  = 1 by  (0.7)  °*<. 

• Interpolated  values  from  solutions  of  ref.  12. 

(b)  Sharp  edge  or  pointed  body 


Naf-fRel 

Cf  “y/  Re  i n 

Pr=  1 

Pr= 0.7 
(*) 

Two-dimensional 

0.664 

0.  332 

0.295 

Axially  symmetric 

1.150 

0.  575 

0. 510 

a These  values  are. obtained  by  multiplying 
the  results  for  Pr=  1 by  (0.7)1'3. 


TABLEAU. — SUMMARY  OF  HEAT-TRANSFER  AND  WALL- 
SHEAR  PARAMETERS 


S„ 

0 

n 

l 

N 

T 

/ CfRe  ir\ 

V Nu  ) Pr-> 

Htr 

-1.0 

-0.  326 

0.  1335 

0 

1.0S45 

0.  0212 

0 

2.  063 

-.3657 

.1579 

.0329 

1. 1804 

.0307 

. 33S1 

1.530 

-.3884 

. 1591 

. 0896 

1. 1382 

.0359 

.7939 

1.013 

-.360 

.1257 

. 1446 

.9504 

.0297 

1.224 

.630 

-.30 

.0907 

. 1749 

.7858 

.0212 

1.493 

.404 

-.14 

.0343 

.2063 

. 5590 

. 00774 

1.830 

.134 

0 

0 

.220 

.440 

0 

2.  000 

0 

.50 

-.0897 

.2459 

. 1793 

-.0188 

2.  347 

-.257 

2. 00 

2938 

.2829 

-.2933 

-.0586 

2.  837 

-.538 

-0.8 

-0.  3088 

0. 1215 

0 

1.0305 

0. 0172 

0 

2. 240 

-.325 

. 1304 

.0312 

1.0606 

.0210 

.3100 

1.828 

-.  3285 

. 1298 

.0436 

1.0499 

.0216 

.4194 

1.708 

-.3285 

.1260 

.0681 

1.0185 

.0220 

.6245 

1.501 

-.325 

. 1212 

.0827 

.9885 

.0216 

.7438 

1.396 

-.30 

. 1017 

.1214 

,882 

.0187 

1.058 

1. 138 

-.  14 

.0355 

. 1935 

.5781 

.00642 

1.712 

.692 

0 

0 

. 220 

.44 

0 

2.  000 

.519 

.50 

-.0837 

.2678 

. 1676 

-.0138 

2.  599 

. 199 

1.50 

-.2008 

.3179 

-. 1332 

-.0313 

3. 263 

-.083 

2.00 

-.2522 

.3366 

-.2517 

-.0388 

3.  502 

166 

-0.4 

-0.  246 

0.  0899 

0 

0. 9087 

0. 00679 

0 

3.041 

-.2483 

. 0S94 

.0300 

.8968 

. 00730 

.2941 

2. 679 

-.24 

.0826 

.0624 

.8519 

.00696 

. 5775 

2.399 

-.20 

.0615 

.1210 

.7379 

.00554 

1.074 

2. 034 

0 

0 

.220 

.440 

0 

2.000 

1.556 

.50 

-.0722 

.3019 

. 1442 

-.00573 

3.042 

1.185 

2.00 

-.  1733 

.3924 

-.1713 

-.0118 

4.628 

.759 

0 

-0. 1988 

0. 0681 

0 

0. 822 

0 

0 

4. 032 

-.  16 

.0487 

.1051 

.7068 

0 

.9480 

3. 094 

0 

0 

.220 

.440 

0 

2.000 

2.591 

.50 

-.0602 

.3220 

.1232 

0 

3.  436 

2.298 

1.00 

-.8029 

.3556 

0 

0 

4.317 

2.218 

1.60 

-.1002 

.3808 

-.0748 

0 

5.122 

2.180 

2.00 

-.1064 

.3892 

-.  1040 

0 

5.  565 

2.152 

1.0 

-0.1295 

0.0417 

0 

0.  7280 

-0.  00803 

0 

6.723 

-.  10 

.0294 

. 09798 

.6476 

-.00644 

.8956 

5. 671 

0 

0 

.220 

.440 

0 

2. 000 

5.187 

.30 

-.0334 

.3277 

.1558 

.00607 

3.602 

5.  493 

.50 

-.0735 

.3384 

.0755 

.00588 

4.315 

6.012 

1.00 

-.0312 

.3065 

0 

.00338 

5.644 

7.850 

1.50 

-.0186 

.2382 

-.0114 

.00133 

6.662 

11. 125 

2.  00 

-.0089 

.1663 

-.0088 

.00034 

7.527 

17. 105 
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s obtained  for  the  cold  wall,  although  for  the  insulated  and 
lot  walls  a large  difference  is  obtained.  This  difference  is 
:lue  essentially  to  the  fact  that,  in  the  case  of  an  adverse 
pressure  gradient,  the  solutions  of  Low  (ref.  6),  which  re- 
semble the  series-type  solution  of  Howarth  (ref.  25),  depart 
from  Falkner-Skan  type  solutions  such  as  that  of  Hartree 
(ref.  26)  (e.  g.,  fig.  1).  An  important  consideration  for  the 
mse  of  the  heated  surface  with  an  adverse  pressure  gradient 
s that  the  flow  is  closer  to  separation  than  appears  permissi- 
ble for  a theory  based  on  small  pressure  gradients  such  as 
Jiat  of  reference  6 ; therefore,  for  this  case  the  present  calcu- 
ation  may  be  the  more  reliable.  Some  of  the  difference  in 
die  preceding  table  may  also  be  a Prandtl  number  effect. 

Good  agreement  is  also  obtained  for  heat  transfer  except 
‘or  the  case  of  the  heated  surface  with  favorable  pressure 
gradient.  Some  of  that  difference  might  also  be  a Prandtl 
lumber  effect. 

II.  AXISYMMETRIC  CONVERGENT-DIVERGENT  ROCKET  NOZZLE 

The  second  example,  that  of  a rocket  nozzle,  is  one  involv- 
ng  both  large  pressure  gradients  and  heat  transfer.  The 
lozzle  chosen  is  illustrated  in  figure  10.  It  has  a 25°  half- 
mgle  convergent  section  and  a 15°  half -angle  divergent 
section.  The  combustion -chamber  stagnation  pressure  is 
issumed  to  be  500  pounds  per  square  inch  absolute,  the 
stagnation  temperature  is  taken  as  4000°  R,  and  the  Prandtl 
lumber  is  assumed  to  be  0.78.  The  nozzle  wall  is  assumed 
cooled  to  a uniform  temperature  of  800°  R,  which  corre- 
sponds to  £w=  — 0.8.  For  the  assumed  3-inch  throat  di- 


ameter, the  rocket  has  a nominal  thrust  of  5550  pounds  for 
7=1.3.  Local  static  conditions  along  the  nozzle  wall  were 
obtained  using  one-dimensional  flow  relations. 

The  calculation  was  performed  by  the  linear  method  with 
4=0.372  and  B— 2.53.  In  order  to  eliminate  the  effect 
of  step  size  in  the  initial  portion  of  the  integration,  a series 
expansion  of  the  integrand  was  used  for  0 <(x/D)<^0.5. 
For  (x/D)^> 0.5,  the  step  size  taken  was  0.1.  The  resulting 
variation  of  n in  the  nozzle  is  also  shown  in  figure  10.  It  is 
seen  that,  in  a portion  of  the  nozzle  including  the  throat 
(1.2<(z/Z?)<3.5),  values  of  n are  obtained  which  require 
use  of  an  extended  correlation  curve  as  discussed  earlier,  in 
order  to  calculate  skin  friction,  heat  transfer,  and  displace- 
ment thickness.  No  extrapolation  is  needed  to  obtain 
momentum  thickness,  since  the  momentum  thickness  is 
related  to  n through  equation  (39). 

The  calculated  local  heat- transfer  rates  as  well  as  displace- 
ment and  momentum  thickness  are  shown  in  figure  11.  It 
is  seen  that  large  rates  of  cooling  are  required  in  the  neighbor- 
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hood  of  the  stagnation  point  and  the  nozzle  throat.  If  the 
cooling  were  to  become  insufficient,  these  seem  to  be  the  most 
likely  locations  of  failure.  The  required  local  cooling  rate 
to  maintain  constant  wall  temperature  decreases  sharply 
beyond  the  throat  of  the  nozzle. 

In  the  absence  of  more  appropriate  information,  it  has 
been  customary  in  recent  years  to  use  flat-plate  heat-transfer 

relations  in  estimating  heat  transfer  in  a nozzle. The  use 

of  such  a relation  in  the  current  problem  (Nuf-\lRew= 0.305 
for  Pr=0.78)  yields  values  indicated  in  figure  10.  It  is 
seen  that  for  this  problem  the  flat-plate  relation  seriously 
underestimates  the  amount  of  cooling  required  over  a large 
part  of  the  nozzle.  This  illustrates  the  importance  of  con- 
sidering the  effects  of  pressure  gradient  on  heat  transfer. 

The  momentum  thickness  is  seen  to  reach  a minimum 
value  at  the  nozzle  throat.  The  displacement  thickness 
is  a small  positive  quantity  at  the  stagnation  point  but  is 
negative  for  most  of  the  convergent  section  as  well  as  in 
the  vicinity  of  the  throat.4  The  over-all  thickness  (not 
shown  on  the  figure)  varies  from  6.1  to  7 .7  times  the  momen  turn 
thickness  in  going  from  the  initial  stagnation  point  to  the 
nozzle  exit. 

The  use  of  different  values  of  A and  B in  performing  the 
numerical  integration  would  have  approximately  the  fol- 
lowing effect:  With  the  values  .4=0.44  and  5=3.0  (from 
fig.  5),  the  momentum  thickness  would  be  about  10  percent 
smaller  in  the  vicinity  of  the  throat  than  the  values  in  figure  1 1 
and  would  be  within  5 percent  of  the  presented  values  over 
the  rest  of  the  nozzle.  With  4=0.335  and  5=2.34,  the 
momentum  thickness  at  the  throat  would  be  about  6 percent 
larger  than  the  value  presented.  The  effects  of  varying 


* This  unusual  result  produces  the  interesting  possibility  that,  for  a rocket  nozzle  with 
cooled  walls  and  viscid  flow,  a mass  discharge  coefficient  based  on  throat  area,  generally 
assumed  to  be  less  than  1 because  of  boundary-layer  “blockage”  at  tne  throat,  may  actually 
exceed  1.  A distinction  exists  between  this  phenomenon  and  that  of  negative  momentum 
thickness  (refs.  1,  10,  and  12)  associated  with  velocity  overshoot. 


A and  B on  skin  friction  and  heat  transfer  would  be  less 
than  3 percent  at  the  throat. 

CONCLUDING  REMARKS 

The  application  of  StewartsoiTs  transformation  to  the 
compressible  laminar-boundary -layer  equations  with  heat 
transfer,  yielded  a simple  first-order  system  of  ordinary 
differential  equations,  the  first  of  which  is  very  similar  to 
the  Karma u momentum  integral.  Dimensionless  shear  and 
heat-transfer  parameters  were  defined.  The  assumption  of 
correlation  of  these  parameters  in  terms  of  a momentum 
parameter  resulted  in  a complete  system  of  relations  for 
calculating  skin  friction  and  heat  transfer.  Knowledge  of 
velocity  or  temperature  profiles  is  not  necessary  in  using 
this  calculation  method.  Procedures  for  the  calculation 
of  the  longitudinal  distribution  of  correlation  number  are 
presented,  which  include  as  special  cases  the  method  of 
Th waites  and  that  of  Rott  and  Crabtree.  The  dimensionless 
parameters  introduced  herein  were  evaluated  from  the  exact 
solutions  of  reference  12. 

Calculations  of  an  example  involving  small  pressure 
gradients  have  shown  reasonable  agreement  between  this 
method  and  the  perturbation  method  of  reference  6 over 
the  same  range  of  Mach  number,  pressure  gradient,  and 
heat  transfer. 

The  method  is  also  applied  to  the  calculation  of  heat 
transfer  and  displacement  thickness  in  a highly  cooled; 
convergent-divergent,  axially  symmetric  rocket  nozzle.  The 
results  of  this  calculation  show  that  high  rates  of  heat  transfer 
are  obtained  at  the  initial  stagnation  point  and  at  the  throat 
of  the  nozzle.  Also  indicated  are  negative  displacement 
thicknesses  in  the  convergent  portion  of  the  nozzle;  these 
occur  because  of  the  high  density  within  the  lower  portions 
of  the  cooled  boundary  layer. 

Lewis  Flight  Propulsion  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Cleveland,  Ohio,  February  1 , 1955 


COMPRESSIBLE  LAMINAR  BOUNDARY  LAYER  WITH  HEAT  TRANSFER  AND  ARBITRARY  PRESSURE  GRADIENT  969 


APPENDIX  A 


SYMBOLS 


A 

a 

B 

Or 

C V 

d 

E 

H 

Ii,r 

h 

K 

k 

ksu 

L 

l 

M 

m 

N 


n 


Pr 

V 

R 


r 

S 


constant  from  N=A-\-Bn 
sonic  velocitj7 
constant  from  N=A-\-Bn 

local  skin-friction  coefficient.  Cr= — 

PufU-e 

specific  heat  at  constant  pressure 
nozzle-throat  diameter 

fA  TJ 

convection  thickness,  E—  J Sjj-dY 

form  factor,  H=6*/9 

physical  form  factor  for  Me  ~ 0,  i?tr=jp 

enthalpy 

37—1 

2(7-1) 

thermal  conductivity 
Sutherland's  constant 
arbitrary  length 

dimensionless  shear  parameter,  l = jj~ 

Mach  number 

exponent  from  Falkner-Skan  external  velocity  distri 
bution  Ue—  CXm 

momentum  parameter,  Ar=2[n(HtT+2)  +Z] 


Nu  Nusselt  number,  Nu~- 


KID. 

taw  t w 


1 *•  K U‘*el 

correlation  number,  n= 

ro 

L dpe 
pe  dx 

dimensionless  pressure  gradient,  P'= 

Prandtl  number,  Pr— 
static  pressure 

radius  of  axisymmetric  body 

Pw%% 


Reu,  Reynolds  number,  Rew=  w — 


heat-transfer  parameter,  r~nd  [j^  ^ 

enthalpy  function,  1 


U 

u 

V 

v 

X 


Y 

y 

a 


static  temperature 
adiabatic  wall  temperature 

transformed  longitudinal  velocity,  U—u^ =^r 

de 

longitudinal  velocity  component 
transformed  normal  velocity,  V=  — \px 
normal  velocity  component 

J’*  pe  ae 

o Podo 

coordinate  along  surface 

transformed  normal  coordinate,  Y=—  | — dy 

ciojo  Po 

normal  coordinate 

exponent  of  Prandtl  number  in  Reynolds  analogy 
parameter 

2 m 


"ra+1 


P pressure-gradient  parameter,  fi- 

7 ratio  of  specific  heats 

5 over-all  thickness 

5*  displacement  thickness 

6 momentum  thickness 

\ (p/po)  / tv 

(t/to)  \tw-pJCsu/  V to 

y dynamic  viscosity 

v kinematic  viscosity,  v-y.jp 

p mass  density 

i _ £>u 

t shear  stress,  r===M^ 

\[/  stream  function,  eq.  (6) 


Subscripts: 

e local  flow  outside  boundary  layer  (external) 

$ local  stagnation  value 

sp  stagnation  point 

tr  associated' transformed  quantity 
w wall  or  surface  value 

0 free-stream  stagnation  value 

1 initial  value 

A coordinate  used  as  subscript  denotes  differentiation 
with  respect  to  the  coordinate. 
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APPENDIX  B 


NUMERICAL  INTEGRATION  METHOD 


METHOD 


The  most  direct  method  of  solving  equation  (28)  is  by 
numerical  integration,  using  the  calculated  curves  of  N(n,Sw) 
for  determination  of  the.  right  member. 

An  integration  procedure  may  be  simply  indicated  by 
direct  integration  of  equation  (28).  The  resultant  integral 
equation  can  be  written: 

For  two-dimensional  flow, 


n= 


kx <B1> 


P,v) 

For  an  axially  symmetric  closed  body,  through  Mangler’s 
transformation  (ref.  26), 


NR2 

Ue 


dX 


(B2a) 


Since  the  integrands  contain  N(n),  which  is  unknown  at 
this  point,  no  simple  evaluation  is  possible.  In  fact,  these 
equations  are  actually  only  a condensed  notation  of  the  pro- 
cedure to  be  followed.  The  integration  must  be  carried  out 
piecemeal,  alternating  with  determination  of  the  left  member 
of  the  equation  and  iterating  for  accuracy. 

The  necessity  of  working  with  the  transformed  coordinates 
can  be  eliminated  by  considering  the  Stewartson  trans- 
formation from  Ue  to  ue.  For  example,  in  physical  coordi- 
nates equation  (B2a)  becomes 


n 


pf 


(m„  — — ) § NR2  d (f) 

a a*  m r w 

R2  Jo  / -■ (B^b) 


\ O'e  VeJ 


where  L is  any  fixed  length,  and  the  dimensionless  pressure 
gradient  P'  is  given  by 


jr  dpe  L d/pe 
pf dx *pe  dx 


(B3) 


Peu2e  7 Ml 

Similarly,  if  the  isen tropic  relation  plpy= constant  is  used 


in  equations  (31)  and  (32)  and  if  the  Stewartson  transfor- 
mation is  applied,  there  results: 

For  two-dimensional  flow, 


n 


pf  £o 


=M. 


(~)XJ ,! 


Nd 

1 T i 

) 

W 

f 

nx 

Me  ( 

h0\ 

KteJ 

K 

~ dMe  ~ 

kal 

(B4) 


For  an  axially  symmetric  flow  (closed  body), 

!(r) 


where  K= 


pf  kj 

t, 

37- 1 
:2(7-l)' 


n_=M_e  fto\K  CL 
/ to  R2  \te)  Jo 


NR2  d I 


M, 


(B5) 


INITIAL  VALUES 


When  the  numerical  integration  method  is  used,  certain 
considerations  are  necessary  in  order  to  start  the  solution 
properly.  There  are  two  possible  starting  conditions: 

(1)  sharp  edge  or  pointed  body,  where  6=0  and  n=0,  and 

(2)  stagnation  point,  where  Ue=ue=0. 

In  the  case  of  a boundary  layer  starting  from  a stagnation 
point,  the  initial  value  n i of  n is  determined  from,  the  condi- 
tion Ue=0,  Uex= constant  in  equation  (28).  For  two- 
dimensional  stagnation-point  flow,  the  Hartree  pressure- 
gradient  parameter  0 is  equal  to  1.0.  Since,  for  the  Falkner- 

.2(0-1) 


Skan  type  flow  considered,  AT= 


0 


n}  it  is  seen  that 


N=0  at  a two-dimensional,  stagnation  point.  This  fixes  n 
at  the  values  shown  in  figure  6,  which  were  obtained  from 
figure  4.  For  axisymmetric  stagnation-point  flow  over  a 
closed  body,  0 — K (ref.  3 1) , so  that  Afl  = — 2nx.  The  values  of 
nx  for  axially  symmetric  stagnation-point  flow  over  a closed 
body  as  obtained  from  figure  4 are  also  shown  in  figure  6. 
For  the  stagnation -point  flow  over  the  blunt  lip  of  an  open 
axisymmetric  body,  nsv  can  be  shown  to  have  the  two- 
dimensional  value. 
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APPENDIX  C 


LINEAR  METHOD  FOR  AXISYMMETRIC  FLOW 


For  axisymmetric  flows,  the  following  equation,  which  is 
equivalent  to  equation  (33),  is  obtained  by  application  of  the 
transformation  of  Mangier  (ref.  27): 


X 


where  R=R(x ) is  the  radius  of  the  body  at  station  x , 

K-2l^T )’ 

t d/Pe 

P,_r  dx 

ivM\ 


In  evaluating  the  coefficients  A and  B of  the  straight  line 
N=A+Bn  (31) 


A may  be  chosen  as  0.44  so  that  the  line  (31)  passes  through 
the  correct  value  of  A7  at  n= 0.  The  choice  of  B may  be 
made  so  that  the  line  (31)  goes  through  the  point  where 
N=—2n  in  order  to  match  the  conditions  at  an  axisymmetric 


stagnation  point. 


In  that  event,  B-  — 


For 


achieving  better  agreement  with  the  curves  of  figure  3 in 
certain  ranges  of  pressure  gradient,  a tangent  line  to  the 
curve  of  N against  n may  be  chosen  as  was  indicated  for 
two-dimensional  flow. 

The  three  possible  starting  conditions  are:  (1)  For  a 
pointed  body,  6—0,  n= 0.  (2)  For  a stagnation  point  on  a 

closed  body,  Ue=ue— 0 so  that  N=  — 2n.  Values  of  nsp  for 
this  axisymmetric  stagnation  point  are  shown  in  figure  5 and 
indicated  in  table  II  for  /?=}£.  (3)  For  a stagnation  point 

on  the  blunt  lip  of  an  open  axisymmetric  body,  it  can  be 
shown  using  the  axisymmetric  form  of  equation  (28)  that 
A7=0  so  that  nsp  is  that  for  two-dimensional  flow. 


APPENDIX  D 

INITIAL  VARIATION  OF  CORRELATION  NUMBER 


It  is  sometimes  helpful  to  have  an  analytical  expression  for 
the  initial  variation  of  correlation  number  as  a check  on 
the  numerical  calculations.  The  following  expressions  for 

are  d^ermined  from  equation  (28) : 

TWO-DIMENSIONAL  FLOW 

Sharp  edge: 

(P)  = —0.44  (— £)  (7) 

\dxj x- 0 \ Wte  / i=0  \te/x=0 

Stagnation  point  (blunt  body): 

/dn\  _ nsv  / Uexz\ 

W*-0  l+(dN\ 

\ cbn  ) Sp 

AXISYMMETRIC  FLOW 

For  axis3rmmetric  flow  the  initial  derivatives  must  be 
evaluated  from  the  following  equation : 

~ii2  ix  (u7;)=N(n’ Sw) 


(Dl) 


(D2) 


(D3) 


Closed  body  — 

Pointed  nose: 

(t)  = — 0.147  (— ) (~) 

\(lX/x=  0 V 'U'e /x  = 0 \^e/z=0 

Stagnation  point  (blunt  nose) : 

fdn\  n8P  (ue\  (RxA  1 

\dx  )x=o  1 1 (^1^  L \Uex)sp  \ttx)spj 

Open  body. — 

Sharp  lip : 

(p)  — 0.44  (*9  (?) 

\dX/x=  0 \ / z=0 

Stagnation  point  (blunt  lip) : 

(chi\  nsp  f (u,\  _0(R£\  "I 

\dx A-o  1 I ( dN\  L\Uei/»p  / jpJ 


(D4) 


(Do) 


(D6) 


(D7) 
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(c)  Model  C inboard  nacelle.  t 

Figure  8. — The  flow-field  parameters  and  their  effects  on  the  1 -P  variation  of  incremental  section  thrust  coefficient  for  an  isolated 

nacelle  and  several  wing-fuselage-nacelle  combinations.  ' ' 
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Angular  position,  R,  deg 


(d)  Model  C outboard  nacelle. 


Angular  position,  R,  deg 
(e)  Model  D. 


Figure  8. — Concluded. 

where  <pa  is  the  phase  angle  between  the  position  at  which 
the  maximum  magnitude  of  the  1-P  component  occurs  and 
the  0=90°  position.  As  noted  previously,  for  the  cases 
investigated,  values  of  <pa  were  found  to  be  quite  small 
Hence,  it  is  believed  plausible  to  make  the  approximatior 
that 

8C  COS  (pa  ~ 8Ct  j (2, 

A simplified  procedure  for  determining  the  amplitude  of  the 
1-P  aerodynamic  thrust  load  is  now  evident  which  requires 
only  the  solution  of  equation  (la)  with  the  foregoing  approx- 
imation. 


load  was  periodic,  (2)  the  components  were  all  integer  func- 
tions of  one  propeller  revolution,  and  (3)  no  odd-order  com- 
ponents above  the  fundamental  were  present.  For  example, 
at  the  specific  angular  positions  0=0°,  90°,  180°,  and  270°, 
expressions  for  determining  the  phase  and  amplitude  of  the 
1-P  component  are 

2 [(cn)n=90o— (cd)o=270o]=5cD  cos 


2 [(cn)n=o°""(cn)fi=i8oo]—5cn  sin 


(lb) 
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Figure  9. — Comparison  of  I P thrust  loads  as  computed  by  the 
procedure  of  this  report  with  those  computed  using  the  entire 
measured  flow  field  for  an  isolated  nacelle  and  several  wing-fuselagc- 
nacdle  combinations;  £=0.7,  Vco  = 165  mph,  nP=1250  rpin, 
/30.70=21.7°. 

The  introduction  of  this  simplified  procedure  reduces  the 
flow  field  information  required  to  the  values  of  the  param- 
eters at  the  Q=90°  and  270°  positions  (the  horizontal  center 
line  of  the  propeller  disk).  This  fact  and  certain  character- 
istics of  the  flow-field  parameters  preclude  the  need  for 
experimental  surveys  of  the  flow  field.  It  can  be  seen  in 
figure  8 that,  generally  speaking,  at  the  12=90°  and  270° 
positions  0 and  V ijVm  are  near  the  free-stream  values  of  0° 
and  1.0,  respectively,  as  noted  previously,  while  ^ is  at 
nearly  its  maximum  and  minimum  values.  Hence,  0 and 
Vi/Vm  can  be  approximated  by  the  free-stream  values. 
Values  of  on  the  horizontal  center  line  of  the  propeller  disk 
may  be  computed  by  the  methods  which  are  presented  and 
evaluated  in  Appendixes  B,  C,  and  D.  Thus,  the  need  for 
experimental  surveys  of  the  flow  field  has  been  obviated. 

To  indicate  the  accuracy  and  general  applicability  of  the 
procedure,  1 P thrust  loads  on  a propeller  computed  by  the 
procedure  are  compared  in  figure  9 with  those  presented 
in  figure  8 which  were  computed  by  16-point  computations 
based  on  all  measured  flow  parameters.  As  noted  above,  the 
values  of  0°  and  1.0  were  assumed  for  0 and  Vt/Vm  when 
applying  the  simplified  procedure.  Comparisons  in  figure 
9 are  at  the  0.7-radial  station  of  the  propeller  blade  for  all 
the  test  configurations.  Comparisons  of  radial  variations 
for  two  of  the  models  are  shown  in  figure  10  and,  as  further 
evaluation,  the  \ P blade  stresses  computed  using  these  load 
variations  are  compared  in  figure  11.  From  these  figures, 
it  is  seen  that  the  simplified  procedure  yielded  generally 
satisfactory  results  for  these  configurations.4 

4 A convenient  design  factor,  now  in  common  use.  for  indicating  the  relative  stress  levels  on 
propellers  for  various  flight  conditions  is  the  1-P  load  exciting  parameter  Aq  (refs.  1 and  2). 
By  definition,  A is  identical  to  the  absolute  values  of  ^ at  the  horizontal  center  line  of  the 
Propeller  disk. 


(a)  Model  B port  propeller. 

(b)  Model  B starboard  propeller. 

(c)  Model  C port  inboard  propeller. 

(d)  Model  C port  outboard  propeller. 

Figure  10.- — Comparison  of  the  radial  variation  of  the  1-P  thrust  load 
computed  by  the  procedure  of  this  report  with  that  computed  using 
the  entire  measured  flow  field;  1^  = 165  mph,  nv=  1250  rpm, 
fto-io=  21 . i °,  ocq=  10° . 
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(a)  Model  B.  (b)  Model  c- 

Figure  11. — Comparison  of  l-P  vibratory  stresses  resulting  from  l-P  thrust  loads  computed  by  the  procedure  of  this  report  with^those 
resulting  from  l-P  thrust  loads  computed  using  the  entire  measured  flow  field;  yoo  = 165  mph,  np=  1250  rpm,  0o.7o  — 21.7°,  aG=10°. 


Evaluations  of  the  methods  for  computing  the  values  of 
at  the  horizontal  center  line  of  the  propeller  disk  are 
presented  in  the  appendixes. 


CONCLUDING  REMARKS 


The  simplified  procedure  presented  herein  enables  the 
rapid  calculation  of  the  l-P  thrust  loads  on  propellers  of 
tractor  airplanes  in  pitch  at  zero  yaw,  without  the  need  for 
tedious  experimental  surveys  of  the  flow  field  at  the  pro- 
peller plane.  The  simplifications  of  the  procedure  have 
reduced  the  necessary  flow-field  information  to  a minimum; 
namely,  the  upflow  angles  at  the  horizontal  centerline  of  the 
propeller  disk.  These  angles  may  be  obtained  simply  by 


the  theoretical  methods  which  are  presented.  Thereby, 
the  need  for  experimental  survey  of  the  flow  field  is 
eliminated. 

The  evaluations  of  the  simplified  procedure  which  are 
shown  indicate  that  the  l-P  thrust  loads  computed  for  the 
airplane  configurations  investigated  are  generally  satis- 
factory. These  configurations  are  believed  to  be  typical  of 
current  designs  and  it  is  believed  that  equal  accuracy  could 
be  expected  for  configurations  generally  similar  to  those 
investigated. 


Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Mar.  21 , 1955 


APPENDIX  A 


COMPUTATION  OF  BLADE-SECTION  THRUST  AND  BLADE-SECTION  NORMAL  FORCE 


The  1-P  stress  problem  is  primarily  clue  to  flatwise  bending 
of  the  propeller  blade  resulting  from  1-P  oscillations  in  the 
blade  normal  force  as  the  propeller  turns  through  one 
revolution.  The  blade  normal  force  at  any  angular  and 
radial  position  is  the  sum  of  the  components  of  the  aero- 
dynamic loads  (i.  e.,  the  thrust  and  torque  forces)  perpen- 
dicular to  the  chord  line  of  the  blade  element. 

For  the  purposes  of  this  investigation,  it  was  desirable  to 
express  the  normal  force  in  as  simple  terms  as  possible.  The 
normal  force  on  a blade  element,  Nbi  may  be  expressed 
as 

ATi,—t  cos  Px+Jq  sin  px  (Al) 

where 

t section  thrust  force 
jq  section  torque  force 

Equation  (Al)  may  be  rewritten  in  coefficient  form  and 
both  the  section  thrust  and  the  section  torque  may  be 
expressed  in  terms  of  the  section  thrust  due  to  blade  lift 
only,  ctr 


CNb—ctl 


0 


tan  y\ 
cot  ip) 


COS  Px+Ctl 


0 


where  tan 


blade-section  drag 
blade-section  lift 


|^)  tan (*+7)  sink 

(A  2) 


Equation  (A2)  can  be  rearranged  as  follows 


c*i  f CQS  2(fc— <p)]+cos  (7+jg)\  / * 

Xb  cos  px  \ cos  (7— <p)  + COS  (7 +(p)  f ' ' 


When  conventional  propellers  are  operated  at  low  for- 
ward velocities  (i.  e.,  conditions  corresponding  to  take-off 
and  early  climb  where  high  1-P  excitations  are  encountered), 
the  blade  sections  have  high  values  of  lift  to  drag  ratio; 
hence  7 is  quite  small  as  is  the  angle  of  attack  of  the  blade 
section  which  is  equal  to  the  quantity  (Px—<p).  It  can  be 
seen  that  if  these  terms  are  neglected  in  the  above  expres- 
sion, the  term  in  the  bracket  becomes  unity  which  is  tanta- 
mount to  saying  that  the  drag  force  on  a blade  element  con- 
tributes little  to  the  blade  element  normal  force.  It  is 
cautioned  that  such  approximation  may  not  be  valid  for 
all  possible  operating  conditions.  For  simplicity7,  this 
assumption  regarding  the  normal  force  was  made  for  the 
work  of  this  report  and  the  normal  force  was  expressed  by 
the  approximate  relation 


cxb- 


cos  px 


(A4) 


Steady-state  theories,  applied  in  strip  analysis  form,  have 
been  developed  to  compute  the  aerodynamic  loads  on  pro- 
pellers operating  in  symmetrical  flow  fields  where  all  the 
inflow  is  perpendicular  to  the  propeller  plane  (e.  g.,  see 


ref.  11).  It  appeared  reasonable  that  application  of  this 
type  of  analysis  in  stepwise  computations  might  enable 
satisfactory7  computations  of  the  values  of  ctl  for  propellers 
operating  in  distorted  flow  fields  (thrust  axis  inclined  or 
noninclined).  The  blade-element  loads  depend  upon  the 
angle  of  attack  and  velocity  which  the  element  experiences. 
The  ve}ocitv  involved  is  that  in  the  plane  tangent  to  the 
blade  section  path  of  rotation,  VB  in  figure  12.  For  a rotat- 
ing bla^le  element,  the  magnitude  of  VB  is  defined  by  the 
inflow  yelocit}7  V*  and  the  rotational  velocity  7 mvDx.  If 
the  interference  effects  of  the  blades  on  each  other  are 
ignored'  the  angle  of  attack  of  the  blade  element  is  the 
blade  geometric  setting  px  minus  the  helix  angle  <p0. 


Figure  12. — Velocity  diagram  of  propeller  blade  section. 


The  distorted  flow-field  case  differs  from  the  symmetrical 
case  in  that  V*  is  not  always  perpendicular  to  the  propeller 
plane  nor  of  constant  magnitude,  but  varies  in  direction  and 
magnitude  with  angular  position  Q of  the  blade.  In  figure 
12,  subscript  1 represents  the  symmetrical  case  while  sub- 
scripts 2 and  3 represent  the  extremes  of  the  variation  for 
the  distorted  case.  Consequently,  it  is  apparent  that  these 
variation^  must  be  taken  into  account  in  the  computations. 

The  equation  for  the  coefficient  of  thrust  on  a blade 
element  fora  propeller  in  a symmetrical  flow  field  including 
blade  interference  effects  is 


where 


Ct  = KT^Z3 


57.3 


(cot  <p — tan  7) 

(COt'’+5fe)’ 


(AS) 


<P  <PoJrai 

ip0  tan”1  (Vc/irUpDx) 

oti  prppeller-induced  angle  of  inflow,  deg 

k Goldstein  correction  factor  for  a finite  number  of 

Jflades 

' 1 /blade-section  drag\ 

V blade-section  lift  / 


4 35S7  5 — 57 63 
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For  the  distorted  flow-field  case,  it  is  necessary  to  modify 
the  equation  to  account  for  variations  in  both  direction  and 
magnitude  of  V'  described  above.  Thus, 


c,=rf 


a,  (cot  p— tan  T)  / 


V'  sin  A* 
iu  ip  Dx  ) 


(A6) 


for  which  it  is  important  to  note  that 

( V'  cos  l \ 

ip0— tail  yTnpDx_y  gin  }) 

In  determining  (the  interference  effects),  the  assump- 
tion is  made  that  all  the  blades  are  operating  at  the  same 
flow  conditions  as  the  blade  being  considered. 

The  expression  for  c<  may  be  simplified  to  consider  only 
the  section  tlnust  due  to  blade  lift,  c,v  by  ignoring  the  blade 
drag  term,  tan  y.  Thus 


Ct=K^X3 


V'  sin  A2 
-irnpDx  ) 


(A?) 


This  is  the  expression  used  in  the  studies  to  calculate  the 
values  of  c,t  using  all  measured  values  of  the  flow-field  par- 
ameters. When  the  values  of  0°  and  1.0  are  substituted 
for  d and  V,/Va  as  in  the  simplified  procedure  of  the  report, 
V'  becomes  equal  to  V„.  Hence,  Vw  is  substituted  for  Vr 
in  the  last  term  of  equation  (A7)  and  in  the  expression 
for  <p0. 


where 


e A-  ^ . cot ” -v.  (l  (AS) 

57-3(cot»+^)"''  ’n’DX  ’ 

, / Va  cos  <p  ^ 

<p0— tan  sin 


APPENDIX  B 


METHODS  FOR  DETERMINING  THE  VALUES  OF  \p  AT  THE  HORIZONTAL  CENTER  LINE  OF  A PROPELLER  DISK 


The  value  of  \(/  at  the  horizontal  center  line  of  a propeller 
disk  is  the  summation  of  the  geometric  angle  of  attack  of 
the  thrust  axis  and  the  upwasli  angles  induced  by  the 
various  components  of  the  airplane  at  the  horizontal  center 
line  of  the  propeller  disk,  expressed  as 

^ — ttgcometric“l~  ewIngH“  ea(ijacent  bodies  + 6 body  containing  thrust  axis 

(Bl) 


To  determine  these  angles  theoretically,  the  total  angle  of 
attack  of  each  component  must  be  known  so  that  its  con- 
tribution to  i p can  be  computed.  Each  component  total 
angle  of  attack,  like  \f/}  is  the  result  of  a geometric  angle  of 
attack  plus  an  induced  angle  resulting  from  the  upwash 
of  other  components.  It  is  clear  that  to  obtain  an  exact 
total  angle  of  attack  for  each  component,  an  iterative 
process  would  be  required.  However,  within  engineering 
accuracy,  it  was  found  possible  to  avoid  this  process. 

In  the  case  of  the  wing,  it  was  found  that  ewlng  could  be 
adequately  predicted  by  considering  only  an  isolated  wing 
at  the  geometric  angle  of  attack;  that  is,  the  adjacent 
bodies  influenced  the  wing  total  angle  of  attack  so  slightly 
that  the  resultant  change  in  ewlng  was  negligible. 

This  conclusion  is  verified  in  figure  13  where  €wjng  com- 
puted by  the  method  presented  in  Appendix  C from  measured 
span  loading  on  a wing  affected  by  a nacelle  is  compared 
to  that  computed  for  the  isolated  wing.  The  differences 
are  seen  to  be  negligible. 

In  the  case  of  determining  the  correct  total  angle  of  attack 
for  a body,  it  was  found  that  the  effect  of  upwash  from  the 
wing  and  from  other  bodies  generally  could  not  be  ignored. 
The  wing  upwash  contribution  to  the  angle  of  attack  of  a 
body  can  be  computed  by  considering  only  the  wing  geo- 
metric angle  of  attack,  since  bodies  have  been  shown  to 
have  little  effect  on  the  wing  induced  upwash.  For  a wing- 
body  combination  (i.  e.,  a fuselage  or  single-engine  airplane) 
the  body  effective  angle  of  attack  is  taken  as  the  arithmetic 
sum  of  .the  geometric  angle  of  attack  of  the  body  and  the 


> 

q 

,31-f 

q 

1 

(b)  Spanwise  distribution  of  upwash. 

Figure  13. — Comparison  of  measured  spanwise  load  distribution  for 
an  isolated  wing  and  a wing-nacelle  combination,  and  the  resultant 
computed  upwash  distribution  at  a distance  of  one  chord  ahead  of 
the  wing  leading  edge;  M=  0.1S,  Cl  = 0.32. 
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value  of  wing  upwask  in  the  propeller  plane  at  the  axis  of  the 
body 

^efTy  ^geometric-}-  €wing  (B2) 

For  the  case  of  a configuration  having  more  than  one  body 
(i.  e.,  multiengine-type  airplanes  where  the  propulsive 
units  are  housed  in  nacelles  outboard  of  a fuselage)  the  total 
angle  of  attack  of  a second  body,  for  illustration  assumed 
to  be  a nacelle,  is  expressed  as 


aefT n ^geometric-!-  €wing“f"  ^adjacent  body  (B3) 

where  the  value  of  ewing  is  the  magnitude  of  wing  upwash 
in  the  propeller  plane  at  the  nacelle  axis.  The  value  of 
^adjacent  body  at  the  nacelle  axis  is  computed  for  the  adjacent 
bod}7  at  the  effective  angle  of  attack  determined  from  equa- 
tion (B2).  This  ignores  the  fact  that  the  adjacent  body 
is  under  the  influence  of  the  nacelle;  this  second-order  effect 
is  believed  to  be  negligible. 

While  wing  upwash  is  always  important,  the  importance 
of  considering  upwash  from  adjacent  bodies  when  obtaining 
a body  total  angle  of  attack  varies  widely  depending  on  body 
proximity,  relative  size,  and  longitudinal  position.  For 
example,  in  the  case  of  a multiengined  airplane,  the  effect 
of  one  nacelle  on  the  total  angle  of  attack  of  the  other  can 
be  showm  to  be  small  if  the  first  nacelle  lies  behind  the 
propeller  plane  of  the  second.  Thus  wing  sweep  would  vary 
the  importance  of  upwash  from  adjacent  nacelles  in  finding 
the  total  angle  of  attack  of  a given  nacelle.  On  the  other 
hand,  if  the  adjacent  body  were  large  compared  to  a nacelle, 
for  example,  a fuselage  where  the  fuselage  nose  was  down- 
stream of  the  propeller  plane,  its  effect  on  the  nacelle  total 
angle  of  attack  would  be  important.  Generally  speaking, 
any  body  which  extends  ahead  of  the  propeller  plane  at 
which  \f/  is  being  computed  will  have  a significant  effect  on 
the  total  angle  of  attack  of  the  body  containing  the  thrust 
axis  corresponding  to  that  propeller  plane;  for  example, 
usually  fuselages  and  inboard  nacelles  both  must  be  taken 
into  account  in  finding  the  total  angle  of  attack  of  the  out- 
board nacelle  in  four-engined  swept-wing  configurations, 
whereas  only  the  fuselage  significantly  affects  the  inboard 
nacelle. 

To  evaluate  the  use  of  equation  (Bl)  and  the  methods 
which  have  been  described,  the  variations  of  the  upwash 
angle  due  to  the  various  components  and  the  curve  repre- 
senting the  summation  of  these  and  the  geometric  angle  of 
attack  of  the  thrust  axis  are  shown  in  figure  14  for  several 
wing-nacelle-fuselage  combinations  at  a Mach  number  of 
0.22.  Also  shown  is  a comparison  of  these  results  with  the 
measured  values  which  indicates  good  agreement.  Similar 


comparisons  are  made  in  figure  15  for  the  wing-nacelle- 
fuselage  combination  described  in  reference  9 for  a Mach 
number  range  from  0.25  to  0.92.  In  computing  the  upwash 
for  this  combination,  account  was  taken  of  compressibility 
effects,  except  for  the  effects  on  the  body-induced  upwash, 
whose  mechanics  were  not  clearly  understood.  Good  agree- 
ment betw7een  computed  and  measured  upwash  angles  is 
indicated  up  to  a Mach  number  of  about  0.8.  Compressi- 
bility effects  are  discussed  more  fully  in  Appendixes  C and  D. 


(a)  Model  B. 

Figure  14. — Measured  and  predicted  upflow  angles  and  predicted 
upwash  components  at  the  horizontal  center  line  of  the  propeller 
disks  of  several  wing-fuselage-nacelle  combinations;  <*<7=10°. 
il/=0.22. 
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(b)  Model  C. 


(c)  Model  D. 


Figure  14. — Concluded. 
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Figure  15.— The  effects  of  Mach  number  on  the  upwash  at  the  horizontal  center  line  of  the  propeller  disks  of  a wing-fuselage-nacelle  combination 

utilizing  a swept  wing. 


APPENDIX  C 


A METHOD  FOR  COMPUTING  THE  WING-INDUCED  UPWASH  ANGLES  AT  THE  HORIZONTAL  CENTER  LINE  OF  A PROPELLER 

DISK 


PREDICTION  OF  THE  UPWASH  ANGLE  INDUCED  IN  THE  EXTENDED  WING- 
CHORD  PLANE  BY  WINGS  OF  ARBITRARY  PLAN  FORM 

It  was  shown  in  reference  12  that  for  a known  symmetrical 
load  distribution  on  a wing,  the  wing-induced  down  wash 
could  be  computed  by  use  of  influence  coefficients  designated 
avn  coefficients  which  were  presented  therein.  The  same 
basic  equations  derived  for  the  downwash  computations  are 
applicable  for  upwash  computations,  but  new  values  of  the 
&Pn  coefficients  are  required. 

The  upwash  can  be  found’ at  specific  points  in  the  extended 
chord  plane  between  the  wing  tips  and  ahead  of  the  wing 
leading  edge.  The  general  expression  for  the  upwash  is 
given  as 


where 


(yj,  Sa,nGn 

3"”' 


(Cl) 


Gn  dimensionless  circulation 


b F 


identical  to  the  load 


C\C 

coefficient  ^ at  span  station  n 
M free-stream  Mach  number 


b span  of  a wing  measured  perpendicular  to  the  vertical 
plane  of  S3nnmetry,  ft 

c local  chord  of  a wing  measured  in  a plane  parallel  to  the 
vertical  plane  of  symmetry,  ft 
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Cl 

n 


section  lift  coefficient  of  a wing, 


section  lift 


an  integer  defining  a span  wise  station  on  the  wing 
quarter-chord  line  for  which  the  value  of  circulation 
is  defined 


Qco 

w 


frce-stream  dynamic  pressure,  lb/sq  ft 

induced  velocity,  perpendicular  to  the  mean  chord  line 
of  the  wing,  positive  for  upwash,  ft/sec 

longitudinal  distance  from  the  wing  quarter-chord  line’ 
ft 


compressibility  factor,  -yjl—M2 

an  integer  defining  a specific  point  within  the  wing  plan 
form  for  which  the  boundary  condition  of  no  flow 
through  the  wing  is  applied 


longitudinal  coordinate  semispans 


The  avn  coefficients  are  obtained  from  figure  16.  The 
specific  stations  at  which  the  upwash  ma}7  be  found  corre- 
spond to  p=1,  2,  3,  4 or  ?7„=cos  (v7r/S)  =0.924,  0.707,  0.383 
and  0,  respectively.  For  convenience,  the  preceding  equa- 
tion is  rewritten  so  that  the  upwash  angle  and  loading  distri- 
bution are  in  terms  of  unit  lift  coefficient.  Thus 


(MV*  \ I ±a  (^L-\ 

\0CJKjr_-  2 " \CLcJn 


(C2) 


where 


1 


0CL  4tt/362/S 


[r2+(A)2]  [f2+(t+J?)2] 


+ 


Yr~  span  loading  coefficient 

t-' ifiav 

S wing  area,  sq  ft 


Kat 


average  chord  of  a wing,  ft 

wing  lift 


lift  coefficient  of  a wing, 


g.~s 


average  of  the  ratios  of  the  experimental  section  lift 


2tt 

curve  slope  to  the  theoretical  value  — ; all  at  the 


same  Mach  number 


Both  avn  and  CicjCLcat  are  affected  by  compressibility,  since 
they  have  been  determined  as  functions  of  the  parameters 
P(b2/S)/Kav  and  Ap. 


MODIFICATION  OF  THE  METHOD  TO  PREDICT  UPWASH  ANGLE  AT  POSI- 
TIONS ABOVE  AND  BELOW  THE  EXTENDED  WING-CHORD  PLANE 


This  modification  is  based  on  the  assumption  that  the 
vertical  variation  of  the  wing-induced  upwash  angle  is  sim- 
ilar to  that  induced  by  a simple  horseshoe  vortex;  that  is, 
that  a percentage  ratio  can  be  established  between  the  two. 
For  low  Mach  numbers,  the  bound  portion  of  the  horseshoe 
vortex  has  the  same  sweep  as  the  wing  quarter-chord  line,1 
and  lies  in  the  wing  chord  plane.  For  a value  of  97  and  r//3, 
the  vertical  variation  of  upwash  angle  due  to  a horseshoe 
vortex  can  be  obtained  from  the  following  equation  which 
corresponds  to  equation  (34)  of  reference  13. 


[(t//3)2+/vcos2  Ag]  [(r//3  tan  A3+cos2  Ag)]+[r2+(l -g)2]  { [T//j+(1  tan  Ag]} 


VlV//3+(l  — j?)  tan  A^]2+(l  — j/)2+  f 2 

L d K*  A»]> 


|"(r/W!+/?<ioS,A»](T^tallA|'  COS’ A,)  [(2 


V[r/0"K l — y)  tan  A^]2+(l  + i?)2+f2 

2,  tan  Ag—  rjP_ J ^ tjm  v 


(277  tan  Ag—  r/j3)2-t-^2/cos2  Ap_ 


cos 


FX»)+2,]'I 


V(*7  tan  Ap—  t/P)2+ti2+{2 


(CS) 


where 

97  lateral  coordinate  from  the  wing  longitudinal  center 
. line,  semispans 

f vertical  coordinate  from  the  wing  chord  plane,  semi- 
spans 

From  the  variation  thus  obtained,  the  upwash  angle  at 
any  position  above  or  below  the  extended  chord  plane  may 
be  expressed  as  a percentage  of  the  value  at  the  chord  plane. 


Based  on  the  foregoing  assumption,  the  value  obtained  on 
the  extended  wing-chord  plane  for  a wing  of  arbitrary  plan 
form  may  be  multiplied  by  this  percentage  value  to  obtain 
the  upwash  angle  induced  by  the  wing  at  the  same  position 
above  or  below  the  chord  plane.  A t}7pical  example  of  the 
variations  of  the  upwash  angle  expressed  in  percentage  ol 
the  wing-chord  plane  value  are  shown  ia  figure  17  for  a 
horseshoe  vortex  swept  back  40°. 

1 For  high  Mach  numbers,  the  horseshoe  vortex  should  have  a sweep  angle  Ap  given  bj 
tan  Ae=(tan  A)//3  in  accordance  with  the  Prandtl-Glauert  rule. 
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EFFECTS  OF  COMPRESSIBILITY  ON  THE  WING-INDUCED  UPWASH 

The  Prandtl-Glauert  rule,  which  accounts  for  the  effects 
of  compressibility,  is  directly  applicable  to  the  subject 
method.  The  basis  for  the  corrections  applied  to  the  method 
as  simply  stated  in  the  Prandtl-Glauert  rule  is  that  as  the 
Mach  number  is  increased,  the  span  load  distribution  of  a 
wing  distorts  as  though  its  longitudinal  dimensions  were 
increasing  as  the  ratio  1/0.  Thus,  the  effects  of  Mach  num- 
ber on  a given  wing  can  readily  be  considered  by  finding 
the  span  loading  at  zero  Mach  number  of  a properly  distorted 
wing. 

Since  the  wing-induced  upwash  distribution  is  directly 
dependent  upon  the  span  loading,  the  effects  of  compressi- 
bility on  this  factor  were  investigated.  A typical  example  of 
the  compressibility  effects  on  a span  loading  is  shown  in 
figure  18.  The  small  differences  which  are  shown  have 
little  significance  in  terms  of  the  upwash  induced  in  the 
extended  wing-chord  plane.  Hence,  the  span  load  for  zero 
Mach  number  can  be  used  satisfactority. 

It  can  be  seen  that  increasing  the  longitudinal  dimensions 
of  the  wing  results  in  increasing  the  angle  of  sweep  and 
increasing  each  local  chord  while  leaving  the  span  and  taper 
unaffected.  Thus,  the  distance  from  the  quarter-chord  line 
to  a given  point  in  the  chord  plane  must  also  be  increased 
by  the  ratio  1/0.  The  compressibility  effects  on  the  effective 
sweep  angle  are  sizable.  For  example,  increasing  the  Mach 
number  from  0.33  to  0.90  changes  the  effective  sweep  angle 
of  a 40°  sweptback  wing  from  41%°  to  62 ){°.  In  terms  of 
the  wing-induced  upwash,  this  effectively  increases  the  dis- 
tance from  a point  on  the  extended  wing-chord  plane  to  the 
vortex  core  and  thereby  reduces  the  core’s  influence  at  that 
point.  Hence,  the  values  of  r and  A must  be  corrected  to 
r/0  and  before  entering  the  charts  of  the  ayn  coefficients. 

It  is  obvious  that  for  a given  value  of  r/0,  the  compressi- 
bility effects  are  not  constant  for  all  sweep  angles.  To 
illustrate  this  point,  typical  examples  of  the  upwash  angle 
distribution,  spanwise  for  constant  values  of  r/0,  are  shown 
for  wings  with  0°  and  40°  of  sweep.  Figure  19  shows  there 


is  no  variation  of  the  upwash  angle  with  Mach  number  for 
an  unswept  wing  at  a given  r/0  since  tan  A is  zero.  However, 
for  the  wing  swept  back  40°,  it  is  shown  in  figure  20  that  an 
increase  from  a Mach  number  of  0.33  to  0.90  produced 
sizeable  changes  in  the  upwash  angle  distributions  at  a 
constant  r/0. 

PROCEDURE  FOR  APPLYING  THE  METHOD  TO  OBTAIN  THE  WING- 

INDUCED  UPWASH  ANGLES  AT  THE  HORIZONTAL  CENTER  LINE  OF 

THE  PROPELLER  PLANE 

The  first  step  is  to  obtain  the  span  load  distribution 
(e.  g.,  by  the  methods  of  ref.  12);  Mach  number  effects  on 
the  span  load  need  not  be  considered  as  shown  previously. 
Second,  determine  the  r/0  variation  and  the  value  of  Ap  at 
the  particular  Mach  number  for  the  propeller  plane  locations 
in  the  extended  wing-chord  plane.  The  maximum  and 
minimum  values  of  r/0  will  define  the  range  over  which 
computations  must  be  made.  Next,  compute  the  values  of 
e/CL  at  the  four  control  points  on  the  span  for  constant  values 
of  r/0  over  the  range  defined  above.  This  is  accomplished 
by  substituting  the  values  of  the  span  load  and  the  a,n 
coefficients  derived  from  the  charts  in  equation  (C2).  If 
necessary,  these  values  should  then  be  modified  for  dis- 
placements above  and  below  the  chord  plane  by  means  of 
equation  (C3).  The  fairing  of  the  resulting  data  points 
will  yield  the  spanwise  distributions  of  e/Cx,  for  constant 
values  of  r/0;  a plot  similar  to  figure  20.  Using  the  values 
of  r/0  previousty  determined,  the  propeller  plane  can  be 
located  on  this  plot  as  shown  in  figure  20  and  the  values 
of  c/Cl  determined  at  any  radial  station. 

To  illustrate  the  method  and  the  results  obtained,  the 
variations  of  r/0  and  ejOL  across  the  horizontal  center  line 
of  the  propeller  disks  of  two  representative  airplane  con- 
figurations are  shown  in  figures  21  and  22  for  Mach  numbers 
of  0.33  and  0.90.  The  geometric  characteristics  of  the  com- 
ponents of  these  configurations  were  identical  except  that 
one  wing  panel  was  unswept  and  the  other  was  swept 
back  40°. 


Influence  coefficient,  a 
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(a)  v—1,  n~  1.  (b)  »=1,  n=  2. 

Figure  16. — Influence  coefficients,  ayn,  for  symmetric  span  loading  plotted  as  a function  of  the  sweep  parameter,  A^,  for  various  distances 

ahead  of  the  wing  quarter  chord  line,  r//?. 
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Figcre  16. — Continued 
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Figure  16. — Continued. 


Influence  coefficient 


ON  CE-PER-RE  VOLUTION  OSCILLATING  AERODYNAMIC  THRUST  LOADS  ON  SINGLE-ROTATION  PROPELLERS 


995 


(p)  n~ 4. 

Fig  ore  16. — Concluded. 


Figure  17. — Variation  of  up  wash  of  a 40°  swept-back  horseshoe 
vortex  with  vertical  position. 
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Spanwise  station,  77,  fraction  of  semispan 


(a)  A = 0°. 

(b)  A — 40°. 

Figure  18. — A comparison  of  effects  of  compressibility  on  the  spanwise 
loading  coefficient  for  an  unswept  and  a swept-back  wing. 


Spanwise  station,  77,  fraction  of  semispan 


. Figure  19. — The  spanwise  distribution  of  upwash  at  constant  values  of 
t/0  for  an  unswept  wing  at  subsonic  Mach  numbers. 


0 .1  .2  .3  .4  .5  .6  .7  .8  .9  1.0 


Spanwise  station,  77,  fraction  of  semispan 

Figure  20. — The  effects  of  compressibility  on  the  spanwise  distribution 
of  upwash  at  constant  values  of  t//3  for  a wing  swept  back  40°. 
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Figure  21. — The  variation  of  the  longitudinal  parameter,  r//3,  at  the 
horizontal  center  line  of  the  propeller  disks  of  two  hypothetical 
airplanes  for  a low-  and  a high-speed  flight  condition. 


Figure  22. — The  variation  of  the  upwash  angle  at  the  horizontal 
center  line  of  the  propeller  disks  of  two  hypothetical  airplanes  for  a 
low-  and  high-speed  flight  condition. 


APPENDIX  D 

METHOD  FOR  COMPUTING  THE  BODY-INDUCED  UPWASH  ANGLES  AT  THE  HORIZONTAL  CENTER  LINE  OF  A PROPELLER  DISK 


COMPUTATION  OF  THE  UPWASH  ANGLES  AT  THE  HORIZONTAL  PLANE 
OF  SYMMETRY  OF  A BODY 

A method  was  developed  for  calculating  the  upwash 
angles  induced  at  the  horizontal  plane  of  symmetry  of  a 
finite  body  of  revolution  with  radius  which  varies  along  the 
longitudinal  axis. 

The  induced  upwash  at  the  horizontal  plane  of  symmetry 
of  a body  of  revolution  is  a result  primarily  of  the  displace- 
ment of  the  transverse  flow  about  the  body.  The  transverse 
velocity  W (see  fig.  1(b))  normal  to  the  bod}7  center  line 
results  from  the  body  being  at  an  angle  of  attack  to  the 
free-stream  velocity  as  shown  in  figure  1(b).  The  transverse 


flow  about  an  infinitely  long  cylinder  ma}7  be  obtained  by 
covering  the  longitudinal  axis  of  the  cjdinder  with  doublets 
of  moment  per  unit  length,  /u  (ref.  14).  The  potential 
function  d$  of  a doublet  element  of  strength  n dx  is 

d&= cos  Q sin  X d\  (Dl) 

where 

Tf 

X tan-1  -7 
x 

r'  distance  along  any  radial  line  from  the  body  longitudinal 
axis,  ft 
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x'  longitudinal  distance  from  any  doublet  element  on  the 
bod}7  longitudinal  axis  to  a transverse  plane  containing 
the  point  at  which  the  upwash  angle  is  to  be  computed, 
positive  downstream  from  the  doublet  element,  ft 

The  potential  function  for  a distribution  of  doublets 
along  the  longitudinal  axis  of  a finite  cylinder  is  obtained 
by  integrating  from  the  leading  edge  or  most  forward  point 
(LE)  to  the  trailing  edge  or  most  rearward  point  (TE) 
on  the  body. 


_ —cos  q txte  . 

4>= — - — r~  M sin  X dX 

Jk* 


Differentiating  equation  (D2)  with  respect  to  £2 
d&  sin  £2  CXte 


dQ  4tt  r 


q,  rxTE 

d XLE 


fx  sin  X d\ 


(D2) 


(D3) 


The  expression  for  the  velocity  Vq  tangential  to  a body  of 
revolution  and  perpendicular  to  the  transverse  plane  (see 
fig.  1(b)),  is 


T°“r'd£2 


(D4) 


Substituting  the  value  of  d$  from  equation  (D3)  in  (D4) 


Fn= 


sin  £2  Txte 


fj.  sin  X d\ 


(D5) 


If  a strength  of  ix=2i rRb2W  is  assigned  to  each  doublet 
representing  a cylinder  of  constant  radius  Rb)  equation 
(D5)  yields  the  tangential  velocity. 

For  a body  of  revolution  whose  radius  varies  with  position 
along  the  longitudinal  axis,  it  was  considered  that  each 
transverse  section  was  a section  of  an  infinitely  long  cylinder 
with  radius  equal  to  that  at  the  section.  The  doublet 
strength  \x  was  allowed  to  vary  as  Rb.  For  this  case,  the 
equation  for  the  tangential  velocity  VQ  becomes 


Fa 


sin  12  sin  a PXte 
: 0/«/\2  * 


7?  2 


(D6) 


When  a and  e are  small  angles,  the  upwash  angle  in  the 
horizontal  plane  for  0=90°  is  (see  fig.  1(b)) 


•^SPsC*****  <D7) 

As  has  been  shown  by  Munk  and  von  Karman,  for  calcula- 
tions of  potential  flow  in  the  vicinity  of  the  nose  of  a body, 
variations  in  the  body  radius  need  be  considered  only  over 
the  forward  half-body.  The  body  downstream  of  the 
midsection  can  be  assumed  to  continue  to  infinity  with  a 
radius  equal  to  that  at  the  midsection.  Therefore,  the 
upper  limit  XTe  can  be  assumed  to  be  i r.  The  integration 
is  accomplished  numerically  to  the  midsection,  after  which 
the  integral  becomes  a simple  one  because  of  the  assumed 
constant  radius. 


The  expression  in  equation  (D7)  is  for  closed  bodies  of 
revolution.  For  bodies  through  which  there  was  air  flow, 
in  applying  the  equation  the  surface  was  considered  to 
close  across  the  openings  as  if  there  were  no  through  flow. 

It  is  realized  that  the  axial  component  of  velocity  is 
somewhat  increased  over  the  free-stream  velocity  because 
of  the  variation  in  body  shape  along  the  longitudinal  axis. 
However,  these  increases  are  only  a small  percentage  of 
Vm  and,  therefore,  they  have  been  neglected.  Similarly, 
a radial  flow  is  induced  by  the  body  shape  variation,  but 
since  it  does  not  enter  into  the  computation  of  e at  the 
horizontal  plane  of  symmetry,  it  has  been  ignored. 

Minor  asymmetries  in  body  shape  downstream  of  the 
propeller  plane  were  found  to  have  little  effect  on  the  up- 
wash angles  induced  at  the  propeller  plane.  This  will  be 
demonstrated  during  the  evaluation  of  the  method.  If  the 
body  was  not  symmetrical  in  the  longitudinal  vertical  plane, 
it  was  found  satisfactory  to  use  the  mean  thickness  line  of 
the  body  when  determining  the  effective  angle  of  attack. 


Figure  23. — The  variation  of  upwash  angle  with  vertical  position  in  a 
transverse  plane  for  an  infinite  cylinder. 
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EXTENSION  OF  THE  METHOD  TO  POSITIONS  ABOVE  AND  BELOW  THE 
HORIZONTAL  PLANE  OF  SYMMETRY 


For  angular  positions  other  than  the  horizontal  plane  of 
symmetry  of  a body,  the  upwash  is  no  longer  a function  of 
the  induced  tangential  velocity  onhT,  but  is  also  affected  b}r 
the  induced  radial  velocity.  To  obtain  the  upwash  at  posi- 
tions other  than  the  horizontal  plane  of  SAunmetry  for  a 
finite  body  of  varying  radius  is  a difficult  task  for  which 
there  is,  at  present,  no  adequate  solution.  On  the  other 
hand,  the  upwash  at  any  point  about  an  infinite  cylinder  in 
incompressible  flow  may  be  obtained  quite  easily.  The 
value  of  e induced  by  an  infinite  cylinder  at  any  point  de- 
fined by  the  lateral  and  vertical  distances  from  the  body 
center  line,  yb  and  zb)  for  small  values  of  a may  be  deter- 
mined as 


AW  r 
e,Jb'z~vm-a\ 


[(W^)2+(WW; 


(DS) 


Variations  of  e per  unit  angle  of  attack  versus  lateral  posi- 
tion yb  for  several  vertical  positions  zb  are  shown  in  figure  23. 

EVALUATION  OF  THE  METHOD 

The  method  was  applied  at  the  horizontal  plane  of  sym- 
metry of  three  bodies  where  the  horizontal  center  line  of  the 
propeller  disk  was  coincident  with  the  horizontal  plane  of 
symmetry.  The  models  were  tested  in  the  Ames  40-  by  80- 
foot  wind  tunnel  at  a Mach  number  of  0.18  to  obtain  experi- 
mental values  of  the  upwash  angles  (ref.  5).  The  geometric 
characteristics  of  the  models  are  shown  in  figure  24.  Fig- 
ure 25  shows  comparisons  of  the  experimental  and  computed 
upwash  angle  distributions.  Good  agreement  is  apparent. 

A fourth  body,  which  was  not  symmetrical  in  the  longi- 
tudinal-vertical plane,  was  tested  in  the  Ames  12-foot  wind 
tunnel  (ref.  9)  through  a Mach  number  range  from  0.33  to 
0.92.  The  geometric  characteristics  of  the  body  are  shown 
in  figure  26.  Computations  were  made  for  this  body  assum- 
ing the  plane  of  symmetry  to  be  that  of  the  forebody  and 
ignoring  the  asymmetry  downstream.  The  comparisons 
shown  in  figure  27  at  the  lower  Mach  numbers  indicate  that 
the  asymmetry  had  little  effect  on  the  accuracy  of  the  com- 
putations. The  measured  and  computed  values  do  not 
agree  beyond  a Mach  number  of  0.6.  These  differences  are 
believed  due  to  the  onset  of  compressibility  effects  which 
have  not  been  taken  into  account  in  the  computations. 

An  indirect  evaluation  of  the  extension  of  the  method 
above  and  below  the  horizontal  plane  of  symmetry  is  shown 
by  the  results  of  the  computations  of  total  upwash  angles 
for  complete  wing-nacelle-fuselage  configurations  as  shown 
in  Appendix  B. 
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Figure  24. — Geometric  characteristics  of  three  nacelles  tested  at 
j\/=0.1S.  All  dimensions  are  in  inches. 
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Figure  27. — The  effects  of  Mach  number  on  the  upwash  parameter 
de/da  for  an  isolated  nacelle. 
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Figure  26. — Geometric  characteristics  of  nacelle  tested  from  Mach 
number  of  0.33  to  0.92.  All  dimensions  are  in  inches. 
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